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Figure 1: Results of 6 representative Foundation Models. The parentheses in the model names indicate the level of
inference-time reasoning effort. (a) Model performance across fine-grained topology subfields. (b) Performance across 3
difficulty levels: Level 1 (easiest) to Level 3 (most difficult).

Abstract001

Topological reasoning—the ability to iden-002
tify structural invariants under continuous003
deformations—is a cornerstone of human vi-004
sual cognition, yet it remains under-explored in005
modern AI systems. Existing benchmarks often006
treat topology superficially, lacking systematic007
coverage and depth. To bridge this gap, we in-008
troduce TopoEval, a meticulously curated topo-009
logical reasoning benchmark comprising 400010
high-quality problems adapted from real-world011
math competitions and professional textbooks.012
TopoEval features a rigorous hierarchical tax-013
onomy, spanning 4 major topological branches014
subdivided into 12 fine-grained subfields, and is015
graded across 3 difficulty levels. Incorporating016
tasks that demand complex visual reasoning,017
our dataset presents a comprehensive challenge018
to foundation models. Through extensive exper-019
imentation, we systematically investigate the020
impact of model scaling, reasoning depth, and021
prompt engineering strategies on performance.022
Furthermore, detailed error analysis unveils the023
deficiencies of current models in topological024

The dataset is available at https://
topoeval-site.pages.dev/.

reasoning, providing critical directions for de- 025
veloping systems with genuine visual under- 026
standing and reasoning capabilities. 027

1 Introduction 028

Topology, a fundamental branch of modern math- 029

ematics, studies properties of geometric objects 030

that remain invariant under continuous defor- 031

mations (Munkres, 2000), such as stretching and 032

bending without tearing or gluing. For instance, 033

although a coffee mug and a donut differ signifi- 034

cantly in geometric appearance, they are considered 035

equivalent in a topological sense because both con- 036

tain exactly one “hole” (as illustrated in Figure 2) 037

(Lee, 2012). Reasoning about structural invariants 038

is a hallmark of human visual cognition. Cognitive 039

studies indicate that this form of intuition, includ- 040

ing the ability to identify connectivity and holes, 041

emerges as early as infancy (Chien et al., 2012). As 042

foundation models increasingly become the central 043

pillars of modern artificial intelligence systems, a 044

fundamental question arises: Do current state-of- 045

the-art foundation models exhibit topological 046

understanding comparable to that of humans? 047
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Figure 2: Topological Equivalence: Both a coffee cup and a donut have one hole and can be mutually transformed via continuous
deformation without tearing or gluing. They are regarded as topologically equivalent.

Recent progress in foundation models has led048

to the emergence of increasingly capable systems,049

including the open-source Qwen3 (Alibaba Cloud050

AI Team, 2025), the open-weight LLaMA-4 (Meta051

AI, 2025), proprietary GPT-5.2 (OpenAI, 2025b)052

and Gemini-3 (Google DeepMind, 2025). These053

modern models simultaneously integrate advanced054

reasoning mechanisms and multimodal percep-055

tion. Enhanced reasoning capabilities, including ex-056

plicit chain-of-thought reasoning, self-consistency,057

and search-based inference strategies (e.g., Monte058

Carlo Tree Search), have led to notable improve-059

ments in complex logical and multi-step reason-060

ing (Sui et al., 2025; Xie et al., 2024). Advances061

in large-scale cross-modal alignment, including062

vision–language pretraining and instruction tuning063

over multimodal data, have substantially strength-064

ened visual understanding (Yin et al., 2024; Liu065

et al., 2023a). As a result, visual reasoning066

has emerged as a critical testbed for evaluating067

how effectively abstract reasoning and perceptual068

grounding are integrated within a single model (Lu069

et al., 2024). Many problems in topology can be070

viewed as visual reasoning problems.071

General-purpose visual reasoning datasets such072

as MathVista (Lu et al., 2024), MMMU (Yue et al.,073

2024), and MathVision (Wang et al., 2024) are not074

designed as dedicated benchmarks for topolog-075

ical visual reasoning, let alone curate questions076

spanning diverse subfields of topology. Further-077

more, the few topology-related problems included078

in these datasets are often superficial, exhibiting079

limited difficulty and depth. This scarcity of spe-080

cialized, high-quality data prevents a precise diag-081

nosis of model failures in understanding complex082

topological invariants.083

To address this gap, we introduce TopoEval,084

a benchmark specifically designed to evalu-085

ate topological reasoning in foundation models.086

TopoEval comprises 400 carefully curated topology087

problems, which systematically cover multiple sub-088

fields such as point-set topology, geometric topol-089

ogy, algebraic topology, and differential topology,090

and is further divided into 12 fine-grained subfields091

that capture most core topological concepts and 092

methods. It spans academic levels ranging from 093

K12 to professional training. A substantial portion 094

of these problems requires reasoning over visual 095

representations, with fine-grained annotations pro- 096

vided for dimensions such as image dependency, 097

visual complexity, and problem difficulty, thereby 098

enabling a multi-dimensional analysis of models’ 099

topological reasoning capabilities. We note that 100

TopoEval contains 400 problems, which is smaller 101

than some large-scale multimodal benchmarks (Liu 102

et al., 2023c; Li et al., 2023b). This difference 103

arises because many TopoEval items involve spe- 104

cialized topological concepts and require expert- 105

level adaptation from competition problems and 106

professional textbooks, making curation and ver- 107

ification substantially more time-consuming than 108

generic data collection. Indeed, in expert-curated 109

evaluations of advanced mathematics, benchmark 110

sizes are often similarly modest (Zheng et al., 2021; 111

Azerbayev et al., 2023; Poiroux et al., 2025). 112

Based on TopoEval, we conducted a large-scale 113

empirical study across diverse model settings, sys- 114

tematically evaluating a range of open-source and 115

closed-source models. We further investigated the 116

effects of reasoning depth and prompt engineering 117

strategies on model performance. Overall, even un- 118

der the optimal model configuration, the highest ac- 119

curacy achieved on the full dataset is only 73.00%. 120

The average accuracy of open-source and closed- 121

source models reaches 55.67% and 64.99%, respec- 122

tively, both substantially lower than the 86.60% 123

accuracy achieved by human experts. These re- 124

sults indicate that topological reasoning remains 125

a significant and unresolved challenge for cur- 126

rent foundation models. Notably, models exhibit 127

a pronounced deficiency on K12 level topology 128

problems. Although these problems do not rely on 129

complex specialized knowledge, they depend heav- 130

ily on intuitive understanding and imagination of 131

concepts such as knot and continuous deformation. 132

Even the strongest models perform substantially 133

worse than human experts on this subset, indicat- 134

ing a clear gap between current models and humans 135
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at the most fundamental and intuitive level of topo-136

logical understanding. In addition, model perfor-137

mance is markedly weaker in scenarios with strong138

reliance on visual information. As visual complex-139

ity or image dependency increases, model accuracy140

shows a clear downward trend. Importantly, this141

trend persists even when larger model scales or142

higher levels of reasoning effort are employed.143

Our main contributions are threefold:144

• Benchmark Construction: We introduce145

TopoEval, which, to the best of our knowl-146

edge, is the first benchmark specifically de-147

signed to evaluate topological reasoning in148

foundation models. It systematically covers149

multiple topological subfields, varying diffi-150

culty levels, and academic tiers ranging from151

K12 to professional.152

• Systematic Evaluation: We conduct a com-153

prehensive empirical evaluation of a wide154

range of mainstream foundation models and155

their inference settings, revealing that topolog-156

ical reasoning remains a persistent challenge157

even for state-of-the-art systems.158

• Analysis and Insights: Through fine-grained159

analysis and case studies, we uncover system-160

atic weaknesses in current foundation models161

regarding intuitive topological reasoning and162

visual structural understanding, providing new163

empirical evidence for their limitations in ab-164

stract structural cognition.165

2 Related works166

2.1 From Training-Time Scaling to167

Inference-Time Reasoning168

Long-standing improvements in foundation models169

have largely followed the classic scaling laws: by170

jointly increasing model parameters, training data,171

and compute, models achieve systematic perfor-172

mance gains across a wide range of tasks (Kaplan173

et al., 2020; Hoffmann et al., 2022). However, as174

model scales continue to grow, the cost of acquiring175

sufficiently large amounts of high-quality training176

data rises substantially, while marginal returns in-177

creasingly diminish (Villalobos et al., 2022; Chen178

et al., 2025). As a result, relying solely on training-179

time scaling is approaching practical bottlenecks.180

Against this backdrop, research attention has181

been shifting toward inference-time scaling, which182

aims to improve model performance by allocating183

more computation during inference (Snell et al., 184

2024). Reasoning-augmented frontier systems, in- 185

cluding xAI’s Grok 4.1 and Anthropic’s Claude 186

Opus 4.5, exemplify this direction (xAI, 2025b; An- 187

thropic, 2025a,c). Building on a base model, such 188

systems typically combine supervised fine-tuning 189

with reinforcement-learning-based post-training, 190

leveraging high-quality data to elicit stronger multi- 191

step reasoning behaviors and enhanced search over 192

reasoning paths (Ouyang et al., 2022; Bai et al., 193

2022). 194

Despite these advances, the sustainability of 195

inference-time scaling faces serious challenges. In- 196

specting models’ thought traces often reveals redun- 197

dant and unproductive reasoning, where excessive 198

deliberation increases computational cost and may 199

even harm accuracy on intuition-heavy problems 200

(Snell et al., 2024; Anthropic, 2025c). 201

Many problems in TopoEval benefit from geo- 202

metric intuition for efficient reasoning-path search, 203

making the benchmark well suited to evaluate 204

whether foundation models leverage such intuition 205

in topological reasoning, rather than relying on 206

indiscriminate increases in reasoning depth. 207

2.2 Visual Grounding and Hallucination in 208

Multimodal Reasoning 209

Multimodal Large Language Models (MLLMs) 210

typically learn shared representations of vision 211

and language through joint pre-training on large- 212

scale image–text pairs (Radford et al., 2021; Jia 213

et al., 2021). In this paradigm, models often em- 214

ploy frozen visual encoders aligned with large 215

language models via cross-modal projection lay- 216

ers or cross-attention mechanisms (Alayrac et al., 217

2022; Li et al., 2023a; Liu et al., 2023b). Within 218

this framework, visual grounding and hallucination 219

have emerged as central challenges (Peng et al., 220

2023; Chen et al., 2023; Liu et al., 2024). Prior 221

studies indicate that hallucination is particularly 222

pronounced when models fail to effectively exploit 223

visual evidence, instead relying on language priors 224

acquired during pre-training (Li et al., 2023c; Liu 225

et al., 2024). 226

In reasoning tasks governed by strong geomet- 227

ric properties, such as topology (Munkres, 2000), 228

issues of visual grounding and hallucination are 229

further amplified. Unlike general visual reasoning 230

tasks that primarily emphasize object recognition 231

or coarse-grained relationships, topological prob- 232

lems (e.g., analyzing mazes, knots, or continuous 233

deformations (Adams, 2004)) involve core struc- 234
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Question: 
Which point of the labyrinth can we reach starting from the point O

Compactness & Connectedness

?

Options: 
(A) A   (B) B   (C) C
(D) D   (E) E

Difficulty: Easy
Academic Level: K12
Image Dependency: Image present and required 
Visual complexity: Complex image

Knot Theory
Question: 
A jeweller has 12 pieces of chain, 
each with two links. He wants to 
make one big closed necklace of 
them, as shown. To do this he has 
to open some links (and close 
them afterwards). What is the 
smallest number of links he has to 
open? See image.

Answer: 
8

Difficulty: Difficult
Academic Level: K12
Image Dependency: Image present but irrelevant
Visual complexity: Complex image

Topological Spaces
Question: 
Let X1, X2 and X3 be topological spaces.
(1) The product space X1 × X2 is homeomorphic to the product space 
X2 × X1.
(2) The product space (X1 × X2) × X3 is homeomorphic to the product 
space X1 × (X2 × X3).
(3) There exists a topological space Y such that the product space 
X1 × Y is homeomorphic to X1.
Fill in the index of all statements that are always true, separated by 
commas: ___

Answer: 
(1),(2),(3)                                                                      

Difficulty: Medium
Academic Level: Professional
Image Dependency: No image
Visual complexity: No image

  
Question: 
What are the intermediate steps 
for deforming  continuously (a) 
into (b) in < image 1 >? Sort the 
figures in < image 2 > to show 
this process. 
Options: 
(A) (2)→(1)→(3)  
(B) (2)→(3)→(1)    
(C) (1)→(2)→(3)    
(D) (1)→(3)→(2)    
(E) (3)→(2)→(1

Surface & MCG

) 

Difficulty: Medium
Academic Level: K12
Image Dependency: Image present and required 
Visual complexity: Complex image

Homology & Cohomology

Difficulty: Medium
Academic Level: Professional
Image Dependency: Image present and required 
Visual complexity: Simple image

Homotopy & Covering Spaces
Question: 
Three rubber bands—yellow (the spiral), blue (the latitude), and green 
(the longitude)—are wrapped around a silver torus. Each rubber band is 
fixed at point O and allowed to deform freely on the surface of the torus, 
without breaking or detaching. Which rubber band can deform into the 
state of the other rubber band?
Options: 
(A) The yellow → the state of the blue. 
(B) The yellow → the state of the green.    
(C) The blue → the state of the green.
(D) The blue → the state of  the yellow.   
(E) None of the rubber bands can be deformed
      into the state of any other rubber band.

Difficulty: Medium
Academic Level: K12
Image Dependency: Image present and required 
Visual complexity: Simple image

Question: 
For the complex � shown in the picture, which statement about its 
second homology group �2(�) is correct?

Options: 
(A) �2(�) ≅ ℤ generated by �1 + �2.
(B) �2(�) ≅ ℤ2 with basis {�1, �2}.   
(C) �2(�) is the trivial group.
(D) �2(�) ≅ ℤ5 due to five edges �1 to �5. 

Figure 3: Example problem cards from TopoEval. Correct answers are highlighted in red. To facilitate understanding for
a general audience, we intentionally select a larger proportion of K12 level problems here, which does not reflect the true
distribution of the full dataset. Detailed dataset statistics are provided in Section 3.1.

tures composed of irregular curves and complex235

connectivity. Solving such problems requires pre-236

cise discrimination of geometric forms: even subtle237

local visual discrepancies may correspond to funda-238

mentally different entanglement patterns or connec-239

tivity structures, leading to divergent topological240

conclusions.241

As a benchmark centered on topological rea-242

soning, TopoEval places stringent demands on a243

model’s ability to capture fine-grained visual de-244

tails during inference. Furthermore, TopoEval in-245

troduces fine-grained evaluation dimensions, in-246

cluding image dependency and Visual Complex-247

ity. These dimensions enable a systematic analysis248

of performance trends with respect to visual diffi-249

culty, allowing researchers to disentangle whether250

observed performance gains arise from improved251

textual reasoning or from genuine advances in vi-252

sual perception.253

3 Datasets254

3.1 TopoEval Overview255

TopoEval is a curated benchmark for evaluating256

topological reasoning in foundation models. It con-257

tains 400 problems adapted from textbooks, lecture258

notes, and competition sources. Table 1 summa-259

rizes the dataset statistics, including the distribu-260

tion of question formats, difficulty levels, visual261

Table 1: Dataset statistics of TopoEval. Question length
excludes answer options for multiple-choice questions.

Statistic Number

Total questions 400

Question format
– Multiple-choice questions 324 (81.0%)
– Free-form questions 76 (19.0%)

Academic Level
– Professional 315 (78.8%)
– K12 85 (21.2%)

Image dependency
– No image 83 (20.8%)
– Image present but irrelevant 57 (14.2%)
– Image present and required 260 (65.0%)

Visual complexity
– No image 83 (20.8%)
– Simple image 158 (39.5%)
– Complex image 159 (39.8%)

Question length (words)
– Maximum 188
– Minimum 5
– Average 34.27

attributes, and question length. 262

TopoEval provides a fine-grained characteriza- 263

tion of visual attributes. Specifically, we categorize 264

image dependency into three levels: no image, im- 265

age present but irrelevant to solving the problem, 266

and image present and required for reaching the 267

correct solution. In addition, we explicitly annotate 268
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Figure 4: Branch–difficulty distribution of TopoEval. Inner
ring: four major topological branches; outer ring: three diffi-
culty levels.

visual complexity, distinguishing among problems269

with no image, simple images, and complex images.270

These fine-grained annotations enable systematic271

analysis of whether models can effectively integrate272

textual and visual information during reasoning, as273

well as whether they can accurately perceive and274

utilize fine-grained details in images to support cor-275

rect topological reasoning.276

Each problem is categorized into a hierarchi-277

cal taxonomy. At the top level, TopoEval spans278

four major branches—Point-set, Algebraic, Geo-279

metric, and Differential. Figure 4 visualizes the280

branch–difficulty distribution, showing broad cov-281

erage across branches and a balanced spread over282

difficulty levels. In addition, the dataset further283

subdivides the four major branches into twelve284

fine-grained topological subfields. For details, see285

Table 7.286

3.2 Data Collection287

We collaborated with researchers specializing in288

topology to identify reliable sources for TopoEval,289

including 14 textbooks/monographs, two sets of290

course lecture notes, and two competition or as-291

sessment systems. Concretely, TopoEval draws292

problems from standard topology textbooks and293

monographs (e.g., Topology (Munkres, 2000) and294

Elements of Algebraic Topology (Munkres, 1984)),295

course lecture notes (e.g., Lecture Notes on Point-296

Set Topology (Xiong, 2011) and Lecture Notes on297

Basic Topology (Ye, 1997)), as well as competition-298

style assessments that emphasize intuitive and vi-299

sual understanding (e.g., Math Kangaroo (Math300

Kangaroo Association, 2025) and Caribou Con-301

tests (Caribou Mathematics Contest, 2025)). 302

During data collection, we first apply GPT- 303

5.1 (OpenAI, 2025a) for OCR-based text extraction 304

from scanned pages. We then leverage foudation 305

models for automated consistency checks, filter- 306

ing out items with malformed notation or internal 307

contradictions. Finally, trained human reviewers 308

remove problems with insufficient topological con- 309

tent or unclear visual evidence, and adapt selected 310

items into evaluable multiple-choice or fill-in for- 311

mats following the curation protocol in Section 3.3. 312

3.3 Data Adaptation and Curation 313

Many topology problems in their original form are 314

presented as proof-based questions. While such 315

problems are fundamental to mathematical research 316

and education, they pose substantial challenges for 317

automated evaluation. One possible approach is to 318

formalize these problems and verify solutions us- 319

ing interactive theorem provers such as Lean or Is- 320

abelle (de Moura et al., 2015; Nipkow et al., 2002). 321

However, automatic formalization and automated 322

proof techniques remain at an early stage, and have 323

been shown to struggle with informal mathemat- 324

ics, visual inputs, and intuition-heavy reasoning, 325

making them unsuitable for reliably handling topol- 326

ogy problems of the kind considered in this bench- 327

mark (Avigad et al., 2014; Chen et al., 2021). We 328

therefore do not pursue this direction in this work. 329

To ensure evaluability and reproducibility, we 330

systematically adapt proof-based problems into 331

multiple-choice or fill-in-the-blank formats. More- 332

over, many studies have shown that, under such 333

question type, automated judging with foundation 334

models achieves near-perfect accuracy in answer 335

extraction and verification (Lu et al., 2024; Wang 336

et al., 2024). In addition, reformulating problems 337

into these formats helps mitigate evaluation set 338

leakage in foundation model assessment, as the 339

adapted questions are less likely to be directly 340

memorized or matched from existing solution cor- 341

pora (Chen et al., 2021; Zhou et al., 2023). 342

During the adaptation stage, we employ an LLM- 343

assisted annotation and adaptation system. The sys- 344

tem produces structured annotations covering can- 345

didate answers, fine-grained topological subfields, 346

image dependency, visual complexity, academic 347

level, and difficulty estimates. All outputs are sub- 348

sequently manually reviewed and validated by at 349

least one graduate student with formal training in 350

topology, who confirms the correctness of the final 351

answers and resolves any ambiguities introduced 352
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during automated adaptation. A detailed descrip-353

tion of the design of this annotation–adaptation354

system is provided in Appendix B. An online355

demonstration of the annotation system is avail-356

able at https://annotation1103.pages.357

dev/.358

Qwen3-VL-Instruct Mistralai GPT-5 Llama-40

20

40

60

Ac
cu

ra
cy

 (%
)

Scale-1 Scale-2 Scale-3

(a) Accuracy under different parameter scales.

GPT-5 GPT-5.2 Claude Opus 4.5 Gemini-3 Pro0

20

40

60

Ac
cu

ra
cy

 (%
)

None Minimal Low Medium High

(b) Accuracy under different inference-time reasoning effort
levels.

Figure 5: Scaling trends from training-time capacity to
inference-time computation. Please refer to Table 4 for the
exact model scale mappings.

4 Experiments359

In this section, we present a unified evaluation of360

a diverse set of representative foundation models361

on TopoEval and analyze how model families and362

inference configurations affect topological reason-363

ing performance. We first report overall accuracy364

and fine-grained results across the 12 topology sub-365

fields, and then examine scaling trends along two366

axes: parameter-side scaling and inference-time367

scaling (i.e., varying computation budgets at test368

time). Next, we analyze performance as a function369

of visual difficulty, focusing on image dependency370

and visual complexity. We further compare results371

across academic tiers, contrasting K12 problems372

with professional-level ones. Finally, we study373

prompt-based inference strategies, including Chain-374

of-Thought prompting and multi-sample aggrega-375

tion (Wei et al., 2022; Snell et al., 2024); however,376

under our setting, both strategies yield unstable377

gains (Tables 5 and 6).378

4.1 Experimental Setup 379

Following prior work on large-scale foundation 380

model evaluation, we select representative mod- 381

els based on established model comparison bench- 382

marks and public leaderboards (Lu et al., 2024; 383

OpenRouter, 2024). Our open-weight set covers 384

several major foundation model families, including 385

the Qwen3-VL family (Alibaba Cloud AI Team, 386

2025), LLaMA-4 variants (Meta AI, 2025), GLM- 387

4.6V (Zhipu AI, 2025), ERNIE-4.5-VL (Baidu Re- 388

search, 2025), and the Mistral/Ministral series (Mis- 389

tral AI, 2025). Our proprietary set consists of state- 390

of-the-art systems from major providers, including 391

GPT-5 and GPT-5.2 (OpenAI, 2025b), the Gemini- 392

3 series (Google DeepMind, 2025), the Claude-4.5 393

series (Anthropic, 2025b), and Grok-4 and Grok- 394

4.1 (xAI, 2025a). 395

Unless otherwise specified, all models are eval- 396

uated in a zero-shot setting. Model outputs are 397

judged by GPT-5-nano (OpenAI, 2025b), which 398

serves as a unified judge model for answer extrac- 399

tion, normalization, and correctness verification. 400

We randomly inspected 100 automatically evalu- 401

ated questions, and only one item was incorrectly 402

judged due to a failure in correctly extracting the fi- 403

nal answer. All experiments are conducted through 404

the OpenRouter API (OpenRouter, 2024), which 405

provides a unified interface for accessing both open- 406

weight and proprietary models. Unless otherwise 407

specified, the temperature parameter is set to 0 and 408

the Top-p is set to 0.75. 409

4.2 Experimental Results 410

Overall results. Figure 1 provides a high-level 411

overview of model performance across fine-grained 412

topology subfields and difficulty levels, while Ta- 413

ble 2 reports detailed accuracy results across all 12 414

subfields. Overall, proprietary models substantially 415

outperform open-weight models, yet a clear gap to 416

human experts remains across both aggregate and 417

fine-grained evaluations. In terms of overall accu- 418

racy, the strongest proprietary model is GPT-5.2 419

(high) at 73.0%, while the best open-weight model 420

is Qwen3-VL-235B-Thinking at 70.0%. By com- 421

parison, human experts achieve 86.6% accuracy, 422

leaving a 13.6-point gap to the best model. Across 423

fine-grained subfields, we observe consistent per- 424

formance disparities. Overall, models perform bet- 425

ter on subfields with lower image dependency and 426

lower visual complexity. Specifically, models per- 427

form strongest on Metric Spaces and Homology 428
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Table 2: Performance comparison across 12 fine-grained topology subfields. We report accuracy (%) for representative
models. Red indicates the best performance, and Blue indicates the second best (excluding Human Experts). The parentheses
in the model names indicate the level of inference-time reasoning effort. See Table 7 for the definitions of the 12 fine-grained
subfields. Results for the remaining models are reported in Table 8.

Model Overall Knot Surf 3M Hom Hty LDG VFld TopSp SmMfd Comb Metric Other

Random Chance 17.9 13.8 26.3 26.5 15.4 14.8 16.0 26.7 22.2 10.0 16.7 28.6 22.6

Proprietary Models

GPT-5 (minimal) 60.8 51.5 63.2 58.8 56.2 85.7 72.0 57.1 60.0 68.4 60.0 91.7 50.7
GPT-5 (high) 70.0 54.5 73.7 55.9 90.6 71.4 84.0 66.7 80.0 89.5 80.0 100.0 59.2
GPT-5.2 (none) 62.0 52.5 64.9 52.9 75.0 67.9 76.0 57.1 75.0 73.7 63.3 97.1 56.3
GPT-5.2 (high) 73.0 57.6 73.7 70.6 93.8 75.0 88.0 66.7 95.0 89.5 83.3 100.0 69.0
Gemini-3 Flash 70.8 53.5 75.4 64.7 93.8 75.0 92.0 71.4 95.0 89.5 80.0 100.0 66.2
Gemini-3 Pro (high) 71.8 54.5 75.4 64.7 93.8 78.6 92.0 71.4 95.0 94.7 80.0 100.0 66.2
Claude Opus 4.5 (low) 66.0 48.5 64.9 58.8 93.8 67.9 80.0 66.7 93.8 84.2 70.0 100.0 62.0
Claude Opus 4.5 (high) 71.0 54.5 71.9 70.6 96.9 71.4 92.0 71.4 93.8 89.5 83.3 97.1 64.8
Grok-4 Fast 65.5 47.5 66.7 58.8 90.6 67.9 80.0 66.7 93.8 84.2 70.0 97.1 60.6
Grok-4 66.5 48.5 68.4 58.8 93.8 71.4 80.0 71.4 93.8 84.2 70.0 100.0 62.0

Open-Weight Models

Qwen3-VL-235B-Instruct 59.0 38.4 64.9 52.9 90.6 57.1 80.0 57.1 90.0 78.9 60.0 97.1 57.7
Qwen3-VL-235B-Thinking 70.0 50.5 68.4 70.6 93.8 82.1 84.0 76.2 93.8 86.8 86.7 100.0 67.6
GLM-4.6V 66.0 45.5 66.7 58.8 93.8 67.9 76.0 66.7 93.8 92.1 73.3 100.0 64.8
ERNIE-4.5-VL 53.0 29.3 58.8 47.1 84.4 46.4 72.0 52.4 83.8 63.2 53.3 94.1 46.5
Mistral-Large 54.5 33.3 54.4 47.1 90.6 57.1 68.0 52.4 86.2 68.4 56.7 97.1 43.7
LLaMA-4 Maverick 52.5 31.3 50.9 41.2 84.4 50.0 72.0 47.6 83.8 68.4 43.3 94.1 45.1

Human Experts 86.6 82.5 88.0 79.5 98.0 92.0 95.0 85.0 99.0 95.0 90.0 100.0 81.5

& Cohomology. In contrast, the most challenging429

subfields are Knot Theory and 3-Manifolds & De-430

compositions. In Appendix E, we conduct a case431

study on a carefully selected, representative subset432

of problems from the dataset, where we categorize433

common error types and further examine whether434

the reasoning processes of models are correct even435

when their final answers are correct.436

Parameter-side vs. inference-time scaling. Fig-437

ures 5a and 5b compare parameter-side scaling and438

inference-time scaling. The results show that both439

increasing model size and allocating more computa-440

tion at inference time have the potential to improve441

model performance. However, for some model442

families (e.g., GPT-5), both scaling strategies ap-443

pear to gradually encounter bottlenecks. A closer444

inspection of Figure 5b further reveals that, for445

topological reasoning tasks, the performance gains446

from continuously increasing inference-time rea-447

soning effort are not stable. This is likely because448

certain topological reasoning problems rely more449

heavily on intuitive judgment and a thorough under-450

standing of visual information, rather than simply451

extending the length of the reasoning chain.452

Image dependency and complexity. Table 3 453

shows that model performance is highly sensi- 454

tive to both image dependency and visual com- 455

plexity. Here, Non-Ima denotes questions with- 456

out images; Dep-1 denotes questions with an im- 457

age that is present but not required; Dep-2 de- 458

notes image-required questions; and Com-1/Com- 459

2 denote questions with simple/complex images. 460

Across all model families, accuracy on Non-Ima 461

and Dep-1 is generally higher than the overall ac- 462

curacy, with relative gains ranging from -1.6% to 463

+31.9% (Non-Ima) and +6.6% to +43.7% (Dep- 464

1). In contrast, performance degrades systemati- 465

cally on Dep-2, with relative drops of about 5.7%– 466

17.2%, indicating persistent difficulty when visual 467

evidence is essential. A similar pattern holds for 468

visual complexity: Com-1 has a small effect for 469

most models, whereas Com-2 causes substantial 470

degradation across the board, with relative drops 471

ranging from 5.8% to 24.5% and often exceeding 472

15%. Overall, these results suggest that failures 473

on TopoEval are primarily driven by deficiencies 474

in vision-critical and structurally complex cases, 475

rather than insufficient textual reasoning alone. 476
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Table 3: Performance under image dependency and visual
complexity. For each model, the first row reports raw accuracy
(%). The second row reports the relative change w.r.t. Overall
( %). Green/red indicates improvement/degradation.

Model Overall Non-Ima Dep-1 Dep-2 Com-1 Com-2
GPT-5 (minimal) 60.8 61.4 78.9 56.5 65.8 55.3

+1.1% +30.0% -6.9% +8.4% -8.9%
GPT-5 (high) 70.0 84.3 86.0 61.9 70.3 62.3

+20.5% +22.8% -11.5% +0.4% -11.1%
GPT-5.2 (none) 62.0 63.9 75.4 58.5 65.8 57.2

+3.0% +21.7% -5.7% +6.2% -7.7%
GPT-5.2 (high) 73.0 89.2 82.5 65.8 73.4 64.2

+22.1% +13.0% -9.9% +0.6% -12.1%
Gemini-3 Flash 70.8 85.5 75.4 65.0 73.4 60.4

+20.9% +6.6% -8.1% +3.8% -14.7%
Gemini-3 Pro (high) 71.8 86.7 86.0 63.8 74.1 61.6

+20.9% +19.8% -11.0% +3.2% -14.1%
Claude Opus 4.5 (low) 68.2 84.3 84.2 59.6 73.4 54.7

+23.6% +23.4% -12.7% +7.6% -19.8%
Claude Opus 4.5 (high) 71.0 88.0 84.2 62.7 75.9 57.2

+23.9% +18.6% -11.7% +7.0% -19.4%
Grok-4 Fast 64.0 84.3 82.5 53.5 63.9 53.5

+31.8% +28.8% -16.5% -0.1% -16.5%
Grok-4 66.5 85.5 89.5 55.4 67.1 56.0

+28.6% +34.5% -16.7% +0.9% -15.8%
Qwen3-VL-235B-Instruct 58.8 57.8 78.9 54.6 62.7 55.3

-1.6% +34.4% -7.0% +6.7% -5.8%
Qwen3-VL-235B-Thinking 68.5 90.4 75.4 60.0 69.0 56.6

+31.9% +10.1% -12.4% +0.7% -17.4%
GLM-4.6V 66.0 75.9 82.5 59.2 70.9 56.0

+15.0% +24.9% -10.3% +7.4% -15.2%
ERNIE-4.5-VL 52.8 60.2 71.9 46.2 59.5 42.1

+14.2% +36.4% -12.5% +12.8% -20.1%
Mistral-Large 54.0 62.7 71.9 47.3 58.2 45.3

+16.0% +33.2% -12.4% +7.8% -16.1%
LLaMA-4 Maverick 52.5 65.1 75.4 43.5 58.9 39.6

+23.9% +43.7% -17.2% +12.1% -24.5%
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(a) GPT-5: parameter-side scaling (Nano → Mini → Base).
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(b) GPT-5.2: inference-time scaling (reasoning effort).

Figure 6: Academic-tier performance: K12 vs. Professional
(%) in different settings.

K12 vs. Professional. Figure 6 compares model477

performance on K12 and professional-level prob-478

lems and reveals a consistent tier gap under both479

inference-time scaling and parameter-side scaling.480

Taking GPT-5.2 as an example, as inference-time481

reasoning effort increases, overall accuracy rises482

from about 60% to about 70%, while accuracy on483

professional-level problems improves from roughly 484

68% to nearly 80%. In contrast, accuracy on K12 485

problems remains substantially lower, increasing 486

only from about 40% to about 55%, and exhibits 487

noticeable fluctuations at intermediate effort levels, 488

indicating unstable performance gains. A simi- 489

lar pattern is observed under parameter-side scal- 490

ing. For GPT-5, moving from smaller to medium- 491

sized models improves both overall and K12 perfor- 492

mance, but further increasing model size leads to a 493

decline in K12 accuracy (from about 50% to about 494

45%), while professional-level accuracy continues 495

to rise and approaches 80%. Overall, performance 496

on professional-level problems scales more reliably 497

with both model size and inference-time computa- 498

tion, whereas K12 problems remain a persistent bot- 499

tleneck even with larger models or higher reason- 500

ing budgets. A key reason for this disparity is that 501

K12 problems rely more heavily on intuitive and 502

perceptual visual reasoning rather than formalized 503

domain knowledge. As a result, simply increasing 504

a model’s knowledge capacity is often insufficient 505

to improve accuracy on such problems. Moreover, 506

K12 problems in TopoEval exhibit substantially 507

higher image dependency and visual complexity 508

than professional-level problems. This heightened 509

reliance on visual information makes it difficult for 510

models to compensate through increased parameter 511

scale or inference-time reasoning effort alone. 512

5 Conclusion 513

We introduce TopoEval, a curated benchmark for 514

systematically evaluating topological reasoning in 515

foundation models. TopoEval covers major topo- 516

logical branches and fine-grained subfields, with 517

annotations that characterize image dependency, 518

visual complexity, and problem difficulty. Our 519

results show that topological reasoning remains 520

challenging for current foundation models. Errors 521

are concentrated in cases requiring strong visual 522

grounding and intuitive structural understanding, 523

particularly on K12-level problems. These findings 524

indicate that current models still struggle to form 525

stable, structure-preserving interpretations from vi- 526

sual inputs. 527

We hope that TopoEval will serve as a useful di- 528

agnostic benchmark for future research, facilitating 529

more targeted investigations into visual grounding, 530

intuitive reasoning and topological understanding. 531
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Limitations 532

Exclusion of Formal Verification. Although au- 533

tomated formalization and theorem proving are534

active research areas in AI for mathematics, we535

did not use formal languages like Lean or Isabelle536

to construct the dataset. Proof assistants such as537

Lean, Coq, and Isabelle are widely used to formal-538

ize mathematics rigorously, but many problems in539

TopoEval rely on visual reasoning and intuition540

that current formalization techniques struggle to541

capture reliably (Naskręcki, 2024). Moreover, au-542

tomatic translation of informal mathematical text543

into a formal language remains a challenging task,544

especially for higher-level concepts typical of topol-545

ogy (Patel et al., 2023).546

Exclusion of Proof Generation Tasks. To547

ensure scalable and reproducible evaluation,548

TopoEval primarily uses multiple-choice and549

short-answer formats. Consequently, we do not550

assess a model’s ability to generate rigorous math-551

ematical proofs, even though constructing and ver-552

ifying such proofs is a core competency in pro-553

fessional topology. Given that automated formal-554

ization and proof verification techniques are still555

in their early stages for complex mathematics, we556

opted for this simplified approach.557

Absence of Topological Transformation-Based558

Data Synthesis. We did not use topological559

transformations, such as homeomorphisms, to560

batch-synthesize dataset instances, although such561

techniques could potentially generate synthetic562

problems and help alleviate dataset leakage (Ramos563

et al., 2025). This type of synthesis involves com-564

plex computational geometry and deep topological565

reasoning, which is beyond the scope of the current566

work (Hristov et al., 2025).567

Ethical Statement568

All questions in TopoEval are sourced from public569

educational and academic resources. This research570

strictly adheres to the objectives of non-profit edu-571

cational research and foundation model evaluation,572

ensuring that data usage complies with the "Fair573

Use" principles of the academic community. We574

solemnly declare our opposition to the use of this575

dataset or associated models for commercial profit,576

academic dishonesty, or any other scenarios that577

violate ethical standards.578

During the data dissemination process, we up-579

hold rigorous copyright protection principles:580

• Image Resource Management: We only581

publicly release images with explicit open- 582

source licenses (e.g., Public Domain or Cre- 583

ative Commons). Images with ambiguous or 584

restricted copyright status have been excluded 585

from the public dataset; for these cases, only 586

the question text, standard answers, and struc- 587

tured metadata are retained. 588

• Content Reconstruction: To prevent the di- 589

rect reproduction of original materials, all 590

questions have undergone substantial rewrit- 591

ing and paraphrasing. Furthermore, visual in- 592

formation has been converted into equivalent 593

abstract representations. Through these de- 594

identification and reconstruction techniques, 595

we ensure that the publicly released content 596

remains independent and irreversible, fully re- 597

specting the intellectual property rights of the 598

original authors. 599
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A Nomenclature and Mappings 834

This section provides auxiliary nomenclature and 835

mappings used throughout the paper to ensure clar- 836

ity, consistency, and reproducibility. Specifically,837

Table 4 defines the correspondence between dis-838

crete parameter-side scaling indices and concrete839

model variants within each model family, which840

is used to unify model size comparisons across841

different architectures. Table 7 summarizes the842

abbreviations, full names, and scopes of the 12843

fine-grained topology subfields in TopoEval, en-844

abling concise presentation and interpretation of845

fine-grained results.846

Table 4: Parameter-side scaling mappings. Within each
model family, scale is a discrete index from smaller to
larger parameter sizes.

Family Scale Full name

GPT-5
1 GPT-5 (Nano)
2 GPT-5 (Mini)
3 GPT-5 (Base)

Qwen3-VL
1 Qwen3-VL-8B
2 Qwen3-VL-30B
3 Qwen3-VL-235B

Ministral / Mistral
1 Ministral-3B-2512
2 Ministral-8B-2512
3 Mistral-Large-2512

LLaMA-4
1 LLaMA-4 Scout
2 LLaMA-4 Maverick

B LLM-assisted Annotation and847

Adaptation System848

This appendix describes the LLM-assisted anno-849

tation and adaptation system used to curate and850

standardize problems in TopoEval. The system851

is designed to support efficient human–AI col-852

laboration during dataset construction, while en-853

suring structural consistency, annotation reliabil-854

ity, and reproducibility. An online demonstration855

of the annotation system is available at https:856

//annotation1103.pages.dev/. Figure 7857

illustrates the overall interface and interaction flow858

of the LLM-assisted annotation system, highlight-859

ing the structured workflow and human-in-the-loop860

design.861

B.1 Design principles862

The system is guided by three high-level design863

principles. First, it follows a local-first paradigm:864

all intermediate drafts, annotations, and assets are865

created and stored locally by default, allowing an-866

notators to retain full control over data and reduc-867

ing unintended information leakage. Second, the868

system enforces schema-constrained generation, 869

requiring LLM outputs to conform to a predefined 870

structured record format rather than free-form text. 871

Third, it emphasizes iterative reliability, coupling 872

generation with automatic review and normaliza- 873

tion steps to mitigate common failure modes such 874

as inconsistent answers, malformed notation, or 875

rendering errors. 876

B.2 Structured problem representation 877

Each problem instance is represented as a struc- 878

tured record 879

r =
(
q, t, O, a, m, π

)
, 880

where q denotes the question text, t ∈ 881

{MCQ, FIB, PROOF} is the target question type, 882

O = {oi}ni=1 is the option set for multiple-choice 883

questions, a is the answer string, and m is metadata 884

such as topological subfield, source type, academic 885

level, and difficulty. The field π optionally refer- 886

ences an associated image. In addition, we annotate 887

whether the semantics of the problem depend on 888

the image, enabling later analysis of visual depen- 889

dency. 890

This structured representation allows annotation, 891

validation, and export processes to be handled uni- 892

formly across diverse problem types. 893

B.3 LLM interaction and role specialization 894

The system adopts a role-specialized interaction 895

pattern, in which different LLM agents are assigned 896

distinct responsibilities within the annotation work- 897

flow. These roles include text transcription from 898

images, LaTeX normalization, problem genera- 899

tion or completion, structured review, translation, 900

and question answering over the current draft. Al- 901

though prompts are customizable to accommodate 902

different mathematical domains, the roles them- 903

selves are kept fixed to maintain stable interfaces 904

and predictable behaviors. 905

LLM access is mediated through a lightweight 906

streaming interface that relays requests to a user- 907

specified endpoint without persistent storage of 908

prompts or outputs. This design supports flexible 909

deployment while keeping the annotation process 910

transparent and controllable by human annotators. 911
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B.4 Schema-constrained generation with 912

review loop 913

To ensure machine-readable outputs, the genera- 914

tion process is constrained to produce records that915

can be deterministically parsed into the predefined916

schema. Generated drafts are automatically audited917

by a reviewer agent that checks for structural valid-918

ity, answer consistency, and potential ambiguities.919

When a draft fails review, a summarized set of920

issues is fed back to the generator and the process921

is repeated for a bounded number of rounds. If922

no fully satisfactory version is obtained within the923

allowed iterations, the latest draft is retained but924

explicitly marked as requiring further human in-925

spection. This review loop improves robustness926

while preserving annotation throughput.927

B.5 MathJax-aware normalization928

Mathematical notation is normalized using a929

renderer-aware procedure. Instead of relying on930

generic LaTeX linting, the system detects render-931

ing errors by typesetting snippets with MathJax932

and extracting parser-level error signals. A dedi-933

cated normalization agent then proposes minimal934

corrections that preserve semantics while resolv-935

ing rendering failures. This mechanism is applied936

both interactively and in batch mode, improving937

consistency across the dataset.938

B.6 Multimodal context and integrity checks939

For problems involving visual information, images940

are attached as explicit multimodal inputs during941

generation and review. Image files are stored lo-942

cally and referenced via relative paths in exported943

datasets. The system maintains consistency checks944

between records and referenced images, enabling945

safe renaming, re-importing, and cleanup opera-946

tions.947

B.7 Human-in-the-loop curation948

Throughout the process, annotators remain in full949

control. All prompts and configurations are ed-950

itable, generation histories are retained for inspec-951

tion, and a dedicated question-answering assistant952

can be queried without modifying the current draft.953

Mandatory-field checks and explicit review status954

indicators reduce the risk of exporting incomplete955

or unreliable instances.956

Overall, this system provides a lightweight yet957

structured framework for LLM-assisted dataset cu-958

ration, balancing automation with expert oversight959

Table 5: Overall accuracy (%) under three inference variants:
Base (Instruct model), Base+CoT prompting, and Thinking
variants. Missing entries are marked as “–”.

Model line Base Base+CoT Thinking

Qwen3-VL-8B 48.5 46.2 59.5
Qwen3-VL-30B 54.5 55.0 64.8
Qwen3-VL-235B 58.8 57.5 68.5
GLM-4.6V 66.0 62.0 –

Table 6: Overall accuracy (%) with and without 3-sample
majority voting. ∆ reports absolute changes in percentage
points (pp) relative to the base setting of the same model.

Model line Base Base+3vote ∆ (pp)

Gemini-3 Flash 70.8 70.8 +0.0
Qwen3-VL-235B-Thinking 68.5 70.0 +1.5
GLM-4.6V 66.0 64.5 -1.5
Qwen3-VL-235B-Instruct 58.8 59.0 +0.3

and enabling the construction of high-quality, re-960

producible benchmarks such as TopoEval.961

C Additional Results962

This section reports supplementary experimental 963

results that are not included in the main paper due 964

to space constraints. Specifically, Table 8 presents 965

fine-grained performance across the 12 topology 966

subfields for additional models beyond those shown 967

in Table 2, providing a more complete view of 968

model behavior. Tables 5 and 6 further analyze 969

the effects of prompt-based inference strategies, 970

including Chain-of-Thought prompting and multi- 971

sample majority voting, focusing on their impact 972

on overall accuracy. These results support the ob- 973

servations in the main text that such strategies lead 974

to inconsistent and model-dependent performance 975

gains under our experimental setting. 976
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Figure 7: Overview of the LLM-assisted annotation and adaptation system. The interface supports structured problem
editing, role-specialized LLM interactions, automatic review and normalization, and explicit human-in-the-loop control during
dataset curation.

Table 7: Abbreviation mapping for the 12 fine-grained topology subfields. We also summarize each subfield’s scope
(including the major branch and typical concepts).

Abbr. Full name Scope (major branch + brief description)

TopSp Topological Spaces Point-set. Core axioms and basic notions of topological spaces (open/closed
sets, bases, continuity).

Metric Metric Spaces Point-set. Metric structures, convergence and completeness, and links between
metric and topological notions.

Knot Knot Theory Geometric. Knots/links, isotopy, invariants, and diagrammatic reasoning about
entanglement.

Surf Surface & MCG Geometric. Classification and structures of surfaces; mapping class groups and
basic surface invariants.

3M 3-Manifolds & Decompositions Geometric. 3-manifold intuition and standard decompositions (e.g., split-
ting/cutting along surfaces), low-dimensional topology reasoning.

LDG Low-Dimensional Geometry Geometric. Geometric structures and intuition in low dimensions (e.g., pla-
nar/3D geometric-topological interactions).

Comb Combinatorial Topology Geometric. Piecewise-linear / combinatorial viewpoints (simplicial complexes,
triangulations, discrete invariants).

Hom Homology & Cohomology Algebraic. Homology/cohomology as deformation-invariant descriptors (holes,
cycles), basic computations and interpretations.

Hty Homotopy & Covering Spaces Algebraic. Homotopy equivalence, fundamental group intuition, covering
spaces and lifting properties.

SmMfd Smooth Manifolds Differential. Smooth manifolds and smooth maps; local-to-global structure
under differentiability constraints.

VFld Vector Fields Differential. Vector fields, indices, and qualitative behavior on manifolds (e.g.,
flow/critical behavior).

Other Other Topics Mixed. A merged axis for rarer/overlapping subfields, including Compactness
& Connectednes, continuous maps & homeomorphisms, topological construc-
tions. . .
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Table 8: Additional results on the 12 fine-grained topology subfields. We report accuracy (%) for the remaining models not
shown in Table 2. Red indicates the best performance and Blue indicates the second best within this table (ties for best are all
marked in red and no blue is assigned for that column). The parentheses in the model names indicate the level of inference-time
reasoning effort.

Model Overall Knot Surf 3M Hom Hty LDG VFld TopSp SmMfd Comb Metric Other

Proprietary Models

GPT-5-Nano 63.5 45.5 61.4 52.9 75.0 60.7 92.0 52.4 75.0 78.9 80.0 100.0 59.2
GPT-5-Mini 70.8 57.6 68.4 61.8 84.4 71.4 84.0 57.1 95.0 94.7 73.3 100.0 63.4
GPT-5 (low) 66.8 47.5 66.7 55.9 81.2 75.0 80.0 66.7 80.0 86.8 70.0 100.0 60.6
GPT-5 (medium) 68.5 48.5 71.9 61.8 90.6 71.4 84.0 61.9 80.0 84.2 80.0 100.0 62.0
GPT-5.2 (low) 65.5 46.5 68.4 55.9 84.4 67.9 76.0 57.1 75.0 84.2 70.0 100.0 60.6
GPT-5.2 (medium) 61.3 53.0 23.0 23.0 87.5 42.9 84.0 66.7 80.0 84.2 73.3 100.0 49.4
Gemini-3 Pro (low) 64.8 45.5 61.4 61.8 90.6 71.4 76.0 66.7 85.0 84.2 70.0 100.0 52.1
Claude Haiku 4.5 58.8 41.4 63.2 55.9 84.4 60.7 72.0 52.4 80.0 78.9 56.7 97.1 52.1
Claude Opus 4.5 (medium) 68.0 47.5 66.7 58.8 90.6 75.0 84.0 66.7 90.0 89.5 70.0 100.0 60.6
Grok-4.1 Fast 65.2 46.5 66.7 58.8 90.6 67.9 80.0 66.7 93.8 84.2 70.0 100.0 56.3

Open-Weight Models

Qwen3-VL-8B-Instruct 48.5 40.9 43.9 47.1 43.8 71.4 52.0 57.1 50.0 42.1 40.0 66.7 49.3
Qwen3-VL-8B-Thinking 59.5 48.5 57.9 58.8 75.0 60.7 64.0 42.9 70.0 63.2 73.3 100.0 53.5
Qwen3-VL-30B-Instruct 56.5 44.4 61.4 52.9 87.5 60.7 76.0 61.9 90.0 68.4 56.7 97.1 50.7
Qwen3-VL-30B-Thinking 65.0 48.5 66.7 61.8 84.4 71.4 72.0 71.4 90.0 89.5 73.3 100.0 57.7
LLaMA-4 Scout 45.2 28.3 50.9 35.3 75.0 39.3 64.0 42.9 80.0 57.9 40.0 80.0 42.3
Ministral-3B-2512 33.8 18.2 33.3 29.4 53.1 25.0 52.0 28.6 68.8 42.1 20.0 52.9 31.0
Ministral-8B-2512 44.2 25.3 47.4 35.3 75.0 39.3 68.0 42.9 83.8 63.2 30.0 76.5 36.6
Ministral-14B-2512 46.5 29.3 50.9 35.3 78.1 39.3 64.0 47.6 86.2 63.2 36.7 80.0 36.6
Mistral-Large-2512 51.8 31.3 52.6 41.2 90.6 50.0 68.0 52.4 83.8 73.7 53.3 97.1 40.8
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D Prompt 977

This section summarizes the prompting protocols 978

used in our experiments. We design distinct prompt 979

templates for answering models and the judge 980

model, reflecting their different functional roles 981

in the evaluation pipeline. For answering mod- 982

els, we construct four standardized prompt vari- 983

ants. These variants cover both multiple-choice 984

and free-form questions, and further distinguish 985

whether explicit chain-of-thought (CoT) reason- 986

ing is requested. This design enables a controlled 987

comparison of reasoning behaviors while keeping 988

the task specification and output format consistent 989

across models. All answering prompts enforce a 990

strict JSON-only output format, which facilitates 991

reliable automatic parsing and downstream evalua- 992

tion. For the judge model, we adopt a single unified 993

judging prompt. The judge model is used exclu- 994

sively to extract final answers from model outputs 995

and determine correctness with respect to the gold 996

answers. It does not participate in problem solving 997

and is never exposed to gold labels during gener- 998

ation. Using a unified judge prompt ensures con- 999

sistent and reproducible evaluation across different 1000

models, question types, and inference settings. 1001

Answering Model Prompt A (MCQ, CoT=on)

You will answer a multiple-choice question. Some questions may have multiple
correct options.

You SHOULD output your chain-of-thought reasoning.
Output format rules (STRICT):
- Return ONLY a JSON object. No markdown. No extra text.
- JSON schema:{ "answer": "A" | "A,B,C", "cot": string }
- "answer" must contain ONLY letters among A,B,C,D,E.
- If multiple, separate by comma "," with NO spaces (example: "A,B,C").
- "cot" is your step-by-step reasoning.
Example:{ "answer": "B", "cot": "..." }
Question:<QUESTION>
Options:<OPTIONS>

Answering Model Prompt B (MCQ, CoT=off)

You will answer a multiple-choice question. Some questions may have multiple
correct options.

Output format rules (STRICT):
- Return ONLY a JSON object. No markdown. No extra text.
- JSON schema:{ "answer": "A" | "A,B,C" }
- "answer" must contain ONLY letters among A,B,C,D,E.
- If multiple, separate by comma "," with NO spaces (example: "A,B,C").
Example:{ "answer": "B" }
Question:<QUESTION>
Options:<OPTIONS>
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Answering Model Prompt C (Free-form, CoT=on)

Answer the following question.
You SHOULD output your chain-of-thought reasoning.
Output format rules (STRICT):
- Return ONLY a JSON object. No markdown. No extra text.
- JSON schema:{ "answer": string | number | boolean | list[string], "cot": string

}
- "answer" must be the final result.
- For fill-in with multiple blanks, you may output a list of strings.
- "cot" is your step-by-step reasoning.
Question:<QUESTION>

Answering Model Prompt D (Free-form, CoT=off)

Answer the following question without analysis.
Output format rules (STRICT):
- Return ONLY a JSON object. No markdown. No extra text.
- JSON schema:{ "answer": string | number | boolean | list[string] }
- "answer" must be the final result only (concise, no derivations).
Question:<QUESTION>

Judge Prompt

You are a strict evaluator. Decide whether the model answer should be counted as
correct.

First, extract the final answer/result from the model answer (keep it short). Do
NOT include any chain-of-thought.

Return ONLY a JSON object. No markdown, no extra text.
The JSON schema is:
{"verdict": "correct" | "incorrect" | "unjudgeable",

"extracted_answer": string|null,
"reason": string}

Example:{ "verdict": "correct", "extracted_answer": "3", "reason": "Matches the
gold answer." }

Question:<QUESTION>
Gold Answer:<GOLD>
Model Answer:<MODEL_ANSWER>

E Case Study 1002

This section presents a qualitative case study on a 1003

representative subset of problems from TopoEval. 1004

For each case, we analyze both the final answers1005

and the underlying reasoning processes of different1006

models. We categorize common failure modes into1007

three main types: knowledge deficiency, where es-1008

sential topological facts or definitions are missing1009

or misapplied; reasoning error, where intermedi-1010

ate logical steps are inconsistent or internally con-1011

tradictory; and image understanding error, where1012

models fail to correctly perceive or track critical1013

visual structures. Importantly, these case studies re- 1014

veal that a correct final answer does not necessarily 1015

imply correct reasoning. In several instances, mod- 1016

els arrive at the correct option through incomplete, 1017

fragile, or partially incorrect arguments. 1018
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Problem in Differential Topology

Let M be a smooth, closed, compact, connected, orientable surface in three-dimensional Euclidean space R3. Denote by K
the Gaussian curvature of M , and by dσ the area element on M . Consider the total curvature

I =

∫
M

K dσ.

Which of the following values can I attain? A: 8π B: 6π C: 2π D: −4π E: −6π

Answer: D

Model Response & Evaluation

Model Ministral-3b-2512: Invokes Gauss–Bonnet and writes I =
∫
M

K dσ = 2πχ(M). It then states that
for orientable closed surfaces the Euler characteristic depends on the genus g, listing examples such as the sphere
(g = 0 ⇒ χ = 2) and the torus (g = 1 ⇒ χ = 0), and also writes the general relation χ(M) = 2 − 2g. However, it
subsequently claims that the “double torus” (g = 2) still has χ(M) = 0, and concludes that the only possible totals are

I = 4π (sphere) or I = 0 (all other orientable surfaces). Since neither 4π nor 0 appears in the options, it answers None .

Evaluation: Incorrect.✗
Error type: Reasoning Error. The failure occurs at the step where the model asserts “g = 2 still has χ(M) = 0” and
therefore “all non-spherical orientable surfaces have χ = 0”. This directly contradicts the model’s own stated relation
χ(M) = 2− 2g, so its elimination of option D is unjustified.

Model Qwen3-vl-8b-instruct: Applies Gauss–Bonnet
∫
M

K dσ = 2πχ(M). For a connected orientable closed

surface of genus g, it uses χ(M) = 2− 2g, thus I = 4π(1− g). It notes g = 2 ⇒ I = −4π and answers D .

Evaluation: Correct.✓
Analysis: Uses Gauss–Bonnet and χ(M) = 2− 2g to derive I = 4π(1− g), then correctly matches g = 2 to option D
(despite some redundant double-checking).

Model Claude-haiku-4.5: Applies Gauss–Bonnet
∫
M

K dσ = 2πχ(M). For genus g, it uses χ(M) = 2−2g, hence
I = 4π(1− g). It checks the options via feasible Euler characteristics (even integers) and identifies g = 2 ⇒ I = −4π,

answering D .

Evaluation: Correct.✓
Analysis: Correctly reduces the problem to topological invariants via Gauss–Bonnet, ruling out impossible χ(M) values
and selecting g = 2 ⇒ I = −4π (option D).

Model Gemini-3-pro-preview: Applies Gauss–Bonnet
∫
M

K dσ = 2πχ(M). For a connected orientable closed
surface of genus g, it uses χ(M) = 2 − 2g, thus I = 2π(2 − 2g) = 4π(1 − g). Checking the options, it identifies

g = 2 ⇒ I = −4π and answers D .

Evaluation: Correct.✓
Analysis: Correctly applies Gauss–Bonnet with χ(M) = 2− 2g and matches g = 2 to option D.

Figure 8: A differential topology problem together with representative model responses and error analysis. Correct answers and
model’s answers are highlighted in red.
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Problem in Algebraic Topology

Fill in the blank. Let S be the Klein bottle. Compute

H1(S;Q) ∼= .

Answer: Q

Model Response & Evaluation

Model Ministral-3b-2512: States that the Klein bottle is a closed surface of genus 2, and claims that

H1(S;Q) ∼= Q⊕Q .

It further asserts that the second homology group satisfies H2(S;Q) ∼= Q, treating the Klein bottle analogously to an
orientable genus–2 surface.
Evaluation: Incorrect.✗
Error type: Knowledge Deficiency. The model lacks basic topological knowledge about the Klein bottle, incorrectly
treating it as an orientable surface of genus 2. This leads to an erroneous identification of its homology groups, including
both the rank of H1(S;Q) and the (nonexistent) top-dimensional rational homology.

Model Qwen3-vl-8b-instruct: Recalls the standard result H1(S;Z) ∼= Z⊕ Z/2Z. It then tensors with Q, noting
that the torsion summand vanishes, and concludes that

H1(S;Q) ∼= Q .

Evaluation: Correct.✓
Analysis: Correctly applies the universal coefficient theorem, observing that torsion in H1(S;Z) disappears over Q, leaving
a single free generator.

Model Claude-haiku-4.5: Derives H1(S;Z) by abelianizing the fundamental group π1(S) = ⟨a, b | aba−1 = b−1⟩,
obtaining Z⊕ Z/2Z. Tensoring with Q, it eliminates the torsion term and concludes

H1(S;Q) ∼= Q .

Evaluation: Correct.✓
Analysis: Correctly uses abelianization and the universal coefficient theorem to identify the rank–one rational homology
group.

Model Gemini-3-pro-preview: Starts from the known integral homology H1(S;Z) ∼= Z⊕ Z/2Z and applies the
universal coefficient theorem. It explicitly shows that Z/2Z⊗Q = 0, and concludes

H1(S;Q) ∼= Q .

Evaluation: Correct.✓
Analysis: Correctly computes rational homology by eliminating torsion and identifying a single free generator.

Figure 9: An algebraic topology problem on the Klein bottle together with representative model responses and error analysis.
Correct answers and model’s answers are highlighted in red.
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Problem in Geometric Topology

A circle is drawn on a pretzel with two holes (Image 1(a)). Show that it is possible to deform the pretzel so that the circle
will be in the position represented in Image 1(b). Sort the figures in Image 2 to show this process.

Multiple Choice:
A: (2)→(1)→(3) B: (2)→(3)→(1) C: (1)→(2)→(3) D: (1)→(3)→(2) E: (3)→(2)→(1)

Answer: E

Model Response & Evaluation

Model Ministral-3b-2512: The sequence (1)→(2)→(3) is interpreted as a continuous deformation of the pretzel.
The transformation is described informally in terms of “pulling” and “stretching”, without explicitly checking whether the

intermediate states align with the start and end configurations shown in Image 1. The final choice is C .

Evaluation: Incorrect.✗
Error type: Image Understanding Error. The correspondence between Image 1(a)/(b) and the intermediate states in Image 2
is mismatched, leading to an invalid ordering of deformation steps.

Model Qwen3-vl-8b-instruct: The reasoning repeatedly revisits which panel represents the initial configuration
and which represents the final one. Different assumptions are explored during the explanation, and the sequence is
eventually fixed by treating (1) as the starting state and (3) as the target, without establishing a consistent global topological

correspondence. This results in the selection C .

Evaluation: Incorrect.✗
Error type: Reasoning Error. Although local stretching and deformation are mentioned, the argument fails to maintain a
coherent global mapping across panels and terminates in an inconsistent sequence choice.

Model Claude-haiku-4.5: Image 1(a) is matched to state (3) and Image 1(b) to state (1). State (2) is treated as the
necessary intermediate configuration in which one handle is pulled through the loop by a continuous deformation. This

yields the ordering (3)→(2)→(1) and the choice E .

Evaluation: Correct.✓
Analysis: The global topological configuration is tracked consistently across all panels, and the intermediate deformation is
used to justify the final ordering.

Model Gemini-3-pro-preview: State (3) is identified as the starting configuration and (1) as the target. State (2) is
interpreted as the stage in which the right handle is pulled through the drawn circle during deformation. On this basis, the

sequence (3)→(2)→(1) is concluded, corresponding to E .

Evaluation: Correct.✓
Analysis: The ordering preserves a consistent mapping between the loop position and the deformed surface across states.

Figure 10: A topology deformation problem (pretzel with two holes) together with representative model responses and error
analysis. Correct answers and model’s answers are highlighted in red.
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Problem in Geometric Topology

As shown in the figure, which diagrams represent real knots (i.e., not unknots)?

Multiple Choice:
A: Only (a) B: Only (b) C: (a) and (b) D: None

Answer: A

Model Response & Evaluation

Model Ministral-3b-2512: Diagram (a) is identified as a trefoil knot, which is non-trivial. Diagram (b) appears

visually untwistable into a simple loop. Selects A .

Evaluation: Correct.✓
Analysis: The conclusion is correct, but the reasoning relies mainly on visual naming (“trefoil” vs. “untwistable”) rather
than an explicit analysis of the over/under crossing structure or a concrete Reidemeister-move sequence for diagram (b).

Model Qwen3-vl-8b-instruct: Diagram (a) is a trefoil knot. Diagram (b) is interpreted as a figure-eight knot with

four crossings. Selects C .

Evaluation: Incorrect.✗
Error type: Image Understanding Error. Diagram (b) is misidentified as a figure-eight knot despite containing only three
crossings. The actual over/under structure that permits simplification to the unknot is not examined.

Model Claude-haiku-4.5: Diagram (a) matches a standard trefoil configuration. Diagram (b) can be deformed into a

simple loop through continuous deformation. Selects A .

Evaluation: Correct.✓
Analysis: The classification is correct, but the argument appeals primarily to known knot types and invariants. A step-by-step
Reidemeister simplification demonstrating the triviality of diagram (b) is not explicitly constructed.

Model Gemini-3-pro-preview: Tracing the crossings in (b), one loop passes over the remaining strands twice

consecutively. A Reidemeister type II move removes a pair of crossings. Selects A .

Evaluation: Correct.✓
Analysis: A valid Reidemeister type II cancellation is correctly identified. However, after removing the crossing pair, a
residual kink remains, which would require an additional Reidemeister type I move to fully reduce the diagram to the
unknot. This final simplification step is left implicit.

Figure 11: A knot-identification problem with representative model responses and error analysis. Correct answers and model
answers are highlighted in red.
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Problem in Point-set Topology

A rabbit is placed in a maze containing several carrots. The rabbit can move freely along the corridors without crossing any
walls. How many carrots can the rabbit reach and eat?

Multiple Choice:
A: 7 B: 8 C: 9 D: 15 E: 16
Answer: B

Model Response & Evaluation

Model Ministral-3b-2512: The maze is treated as largely open, and carrots are counted by visually grouping them
into rows and regions (bottom, middle, top). Connectivity constraints imposed by the walls are not explicitly traced. Selects

E .

Evaluation: Incorrect.✗
Error type: Image Understanding Error. The reasoning conflates visible carrots with reachable carrots. No explicit path
tracing from the rabbit’s starting position is performed, and isolated chambers are incorrectly assumed to be accessible.

Model Qwen3-vl-8b-instruct: The solution attempts to enumerate carrots sequentially by imagining step-by-step
movement through the maze. However, the traversal repeatedly restarts and revises earlier counts, leading to inconsistent

intermediate totals. Selects None .

Evaluation: Incorrect.✗
Error type: Reasoning Error. Although the model recognizes that wall constraints matter, it fails to maintain a stable global
notion of reachability. Repeated recounting without a fixed connectivity map results in uncontrolled overcounting.

Model Claude-haiku-4.5: All carrots are first counted by partitioning the maze into upper, middle, and lower regions.

The corridors are then assumed to form a single connected component. Selects D .

Evaluation: Incorrect.✗
Error type: Image Understanding Error. The reasoning correctly distinguishes spatial regions but incorrectly assumes
global connectivity. Several carrots lie inside fully enclosed subregions that cannot be reached from the rabbit’s starting
position.

Model Gemini-3-pro-preview: To solve this puzzle, we need to trace the path the rabbit can take from its starting
position in the bottom right corner and count every carrot it can reach without crossing any purple lines. Starting at the
rabbit in the bottom right, we move up and encounter a carrot in the vertical corridor (Count: 1). From there, moving left

and then down leads to a dead end containing another carrot (Count: 2)... Selects C .

Evaluation: Incorrect.✗
Error type: Image Understanding Error. It seems to be a hallucination: in the figure, moving left and then down from that
corridor does not actually lead to a dead end with another carrot.

Figure 12: A maze-reachability problem with representative model responses and error analysis. Correct answers and model
answers are highlighted in red.
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