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ABSTRACT

We study optimal learning-rate schedules (LRSs) under the functional scaling
law (FSL) framework introduced in Li et al. (2025), which accurately models
the loss dynamics of both linear regression and large language model (LLM) pre-
training. Within FSL, loss dynamics are governed by two exponents: a source
exponent s > 0 controlling the rate of signal learning, and a capacity exponent
β > 1 determining the rate of noise forgetting. Focusing on a fixed training
horizon N , we derive the optimal LRSs and reveal a sharp phase transition. In
the easy-task regime s ⩾ 1 − 1/β, the optimal schedule follows a power decay
to zero, η∗(z) = ηpeak(1 − z/N)2β−1, where the peak learning rate scales as
ηpeak ≂ N−ν for an explicit exponent ν = ν(s, β). In contrast, in the hard-
task regime s < 1 − 1/β, the optimal LRS exhibits a warmup–stable–decay
(WSD) (Hu et al., 2024) structure: it maintains the largest admissible learning rate
for most of training and decays only near the end, with the decay phase occupying a
vanishing fraction of the horizon. We further analyze optimal shape-fixed schedules,
where only the peak learning rate is tuned–a strategy widely adopted in practice–
and characterize their strengths and intrinsic limitations. This yields a principled
evaluation of commonly used schedules such as cosine and linear decay. Finally,
we apply the power-decay LRS to one-pass stochastic gradient descent (SGD) for
kernel regression and show the last iterate attains the exact minimax-optimal rate,
eliminating the logarithmic suboptimality present in prior analyses. Numerical
experiments corroborate our theoretical predictions.

1 INTRODUCTION

Learning-rate schedules (LRSs) are a fundamental component of stochastic optimization, governing
the trade-off between optimization progress and statistical noise during training, and thereby shaping
convergence behavior. They play a central role in both theoretical analyses and practical algorithm
design in modern machine learning.

The formal study of learning-rate schedules dates back to the seminal work of Robbins & Monro
(1951), which established sufficient conditions for convergence of stochastic approximation, namely∑∞

k=1 ηk = ∞ and
∑∞

k=1 η
2
k < ∞. A canonical realization satisfying these conditions is the

polynomial-decay schedule ηk ∝ k−κ with κ ∈ (1/2, 1), which has been extensively adopted in the
analysis of both convex and non-convex optimization (Lacoste-Julien et al., 2012; Bubeck, 2014).
In linear regression, such schedules—when combined with iterate averaging (Ruppert, 1988)—can
achieve minimax-optimal convergence rates in a statistical sense (Bach & Moulines, 2013; Dieuleveut
& Bach, 2015; Mücke et al., 2019). More recently, a line of work has focused on the performance
of the last iterate, showing that exponential-decay schedules can attain nearly optimal rates without
averaging (Ge et al., 2019; Wu et al., 2022a; Zhang et al., 2024).

Despite the rich theoretical literature, two notable gaps remain. First, the learning-rate schedules that
are theoretically optimal or near-optimal in classical analyses—such as polynomial or exponential
decay—are rarely used in modern large-scale training. Second, practical training overwhelmingly
relies on alternative schedules, most notably cosine decay (Loshchilov & Hutter, 2016; Hoffmann
et al., 2022; Touvron et al., 2023) and warmup–stable–decay (WSD) (Zhai et al., 2022; Hu et al.,
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2024; Liu et al., 2024; Team et al., 2025). WSD schedules typically keep the learning rate constant
for the majority of the training horizon (often up to 80%) and defer decay to a short final annealing
phase. This stark contrast raises a fundamental theoretical question: why can schedules that delay
decay until the very end of training still perform well?

A key reason for these gaps is that most existing analyses do not derive learning-rate schedules
from a principled approach. Instead, they follow a “propose-and-verify” paradigm: a specific
schedule—typically motivated by classical sufficient conditions or heuristics—is posited a priori
and then shown to achieve a desired convergence rate under certain conditions. While this approach
provides useful guarantees, it decouples performance analysis from schedule design and offers
limited guidance on important questions such as which decay shapes are preferable and how optimal
schedules depend on problem characteristics like model capacity and task difficulty.

Recent work by Li et al. (2025) offers a complementary perspective in a controlled yet expressive
setting. Under feature-space linear regression with power-law structure (Bahri et al., 2024; Bordelon
et al., 2024; Lin et al., 2024; Paquette et al., 2024; Li et al., 2025), they derive a functional scaling law
(FSL) that expresses the loss as an explicit and analytically tractable functional of the learning-rate
schedule. Moreover, empirical evidence in Li et al. (2025) shows that this functional characterization
remains accurate in large language model (LLM) pre-training, despite the substantial gap between
the theoretical setting and practical LLM training. While the FSL provides a precise description of
how a given learning-rate schedule shapes the loss, it does not address the problem of learning-rate
schedule design, nor the characterization of optimal schedules.

In this paper, we focus on the problem of optimal learning-rate schedules (LRSs). Specifically, we
characterize the LRS that minimizes the final-step loss over a fixed training horizon N (equivalently,
a fixed data budget). Under the FSL framework, this problem can be formulated as a constrained
variational optimization problem, in which the loss is governed by a competition between signal
learning, controlled by the source exponent s > 0, and noise forgetting, determined by the capacity
exponent β > 1. Our main contributions are summarized as follows.

Optimal learning-rate schedules (LRSs). We derive that the optimal LRS depends critically on
the task difficulty. In the easy-task regime (s ⩾ 1− 1/β), the optimal LRS follows a power decay to
zero:

η∗(z) = ηpeak (1− z/N)
2β−1

,

where peak learning rate ηpeak ≂ N− 1+sβ−β
1+sβ . In contrast, in the hard-task regime (s < 1− 1/β), the

optimal LRS exhibits a WSD-like structure: the decay phase occupies only a oN (1) fraction of the
training horizon, while retaining the same power-decay profile as the easy-task regime. Figure 1(left)
provides an illustration of these optimal LRSs.

Shape-fixed optimality and capacity saturation. To isolate the essential structure underlying
optimal LRSs, we consider a class of fractional schedules of the form η(z) = η0 ζ(z/N), which
depend on training steps only through the relative progress z/N and exhibit a power-decay tail
near the end of training: ζ(x) ∝ (1 − x)γ as x → 1. Within this shape-fixed setting—where the
decay shape is fixed and only the peak learning rate is tuned—we uncover a capacity saturation
phenomenon: such schedules adapt to model capacity only up to β ⩽ γ + 1, beyond which the
achievable convergence rate saturates regardless of peak-rate tuning. Figure 1(right) summarizes this
behavior via a phase diagram of convergence rates over the (β, s) plane. This characterization clarifies
the strengths and limitations of widely used practical schedules; in particular, Figure 1(middle) shows
that cosine LRS (γ = 2; see Section 4) indeed exhibits the predicted saturation.

Improved convergence rates for kernel regression. Finally, to substantiate the predictions of the
continuous-time FSL analysis, we provide a rigorous discrete-time analysis showing that one-pass
SGD with a power-decay LRS attains the exact optimal convergence rate at the last iterate. To the
best of our knowledge, this is the first such result without logarithmic factors, improving upon prior
analyses based on exponential-decay LRS (Wu et al., 2022a; Lin et al., 2024; Li et al., 2025).
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Figure 1: (left) Illustration of optimal learning-rate schedules (LRSs): power decay in the
easy-task regime and WSD with power decay in the hard-task regime. (middle) Performance
comparison of cosine (γ = 2) and power-decay (γ = 4.2) LRSs for feature-space linear
regression with source exponent s = 0.8 and capacity exponent β = 5. Power decay achieves
the minimax-optimal rate N−βs/(βs+1), whereas cosine decay suffers from capacity saturation
and exhibits the suboptimal rate predicted by our theory (corresponding to the green region
in the right phase diagram). For each data size, we perform 500 independent runs of SGD,
and tune the peak learning rate to minimize the average final-step loss. (right) Phase diagram
of convergence rates under shape-fixed fractional LRSs (Theorem 4.3). Each region in the
(β, s) plane corresponds to distinct convergence rates. The vertical boundary β = γ + 1 marks
a capacity-saturation threshold induced by fixing the decay shape; in the green region, this
restriction leads to suboptimal convergence rates.

2 PRELIMINARIES

Notation. We write ≂ to denote equivalence up to a multiplicative constant factor, and ≲ (resp. ≳)
to denote an inequality up to a multiplicative constant factor. For two nonnegative functions f, g :
R⩾0 → R⩾0, we write f(t) ≂ g(t) if there exist constants C1, C2 > 0 (independent of t) such that
C1f(t) ⩽ g(t) ⩽ C2f(t), ∀ t ⩾ 0. We write a sequence aN = oN (1) if limN→∞ aN = 0.

2.1 FEATURE-SPACE LINEAR REGRESSION

Let D be a distribution over X × R and denote by DX the marginal on input domain X . Samples
(x, y) ∼ D satisfy y = f∗(x) + ϵ, where ϵ ∼ N (0, σ2) is independent of x. We assume f∗(x) =
⟨θ∗,ϕ(x)⟩ =∑∞

j=1 θ
∗
jϕj(x) for some feature map ϕ : X → ℓ2 and θ∗ ∈ ℓ2.

Assumption 2.1 (Hypercontractive features). For any u,v ∈ ℓ2, it holds that

Ex∼DX [⟨u,ϕ(x)⟩2⟨v,ϕ(x)⟩2] ≂ Ex∼DX [⟨u,ϕ(x)⟩2]Ex[⟨v,ϕ(x)⟩2].

Define the feature covariance operator by H = Ex∼DX

[
ϕ(x)ϕ(x)⊤

]
. Without loss of generality,

we assume that H is diagonalized. Let λ1 ⩾ λ2 ⩾ · · · ⩾ 0 denote its eigenvalues, ordered non-
increasingly. This assumption is without loss of generality due to the rotation equivariance of
SGD.

Let {(xk, yk)}N−1
k=0 be N samples drawn independently from D. To learn the target function, we

consider the linear model f(x;θ) = ⟨θ,ϕ(x)⟩ trained by one-pass SGD:

θk+1 = θk − ηk∇θ

(
1
2 (f(xk;θk)− yk)

2
)
, θ0 = 0, (1)

where (η0, η1, . . . , ηN−1) is the learning-rate schedule (LRS). We measure the performance using
the excess risk E(θ) := Ex∼DX

[
(f(x;θ)− f∗(x))2

]
. The choice of the LRS plays a crucial role in

determining the final-step performance. Our goal is to characterize the optimal LRS for a fixed N .

2.2 FUNCTIONAL SCALING LAWS

We adopt the FSL framework of Li et al. (2025) to characterize the impact of LRS on the final-step
loss and to identify optimal schedules. This framework operates under a power-law data assumption:
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Assumption 2.2 (Power-law structures). The following conditions hold for each j ∈ N+:

λj ≂ j−β , λj |θ∗j |2 ≂ j−(1+sβ). (2)

The condition λj ≂ j−β is referred to as the capacity condition, where the exponent β controls the
decay rate of the feature spectrum. A smaller β yields slower eigenvalue decay, corresponding to
a higher capacity. The condition λj |θ∗j |2 ≂ j−(1+sβ) is referred to as the source condition, which
quantifies the alignment between the target function and the feature space. The capacity exponent
s measures the relative difficulty: smaller values of s correspond to more challenging problems, in
which a larger fraction of the signal energy is concentrated in high-frequency components.

In the FSL framework, rather than working directly with the discrete SGD, one adopts a continuous-
time modeling perspective. Specifically, the discrete SGD is modeled by an Itô stochastic differential
equation (SDE) (Li et al., 2019; Orvieto & Lucchi, 2019). A central concept in FSL is the intrinsic
time, which encodes the effect of the LRS. At iteration k, the intrinsic time is given by tk :=

∑k−1
j=0 ηj .

At the continuous level, t = Γ(z) :=
∫ z

0
η(z) dz, where z and η(z) denote the continuous step and

learning rate z step, respectively. Under this intrinsic-time parametrization, the SGD dynamics are
modeled by the Itô SDE

dθ̄t = −∇E(θ̄t) dt+
√

φ(t)Σ(θ̄t)
1/2 dWt, (3)

where θ̄t denotes the parameter at intrinsic time t, φ(t) := η(Γ−1(t)) is the learning rate in intrinsic
time, Wt is a standard Wiener process, and Σ(θ̄t) denotes the covariance of gradient noise.

Theorem 4.4 of Li et al. (2025) shows that, in the label-noise–dominated regime σ ≳ 1 and under
the stability condition supt⩾0 φ(t) ⩽ C for a sufficiently small constant C > 0, the solution to the
SDE equation 3 satisfies, for all t ≳ 1,

E[E(θ̄t)] ≂ F [t] := (1 + t)−s︸ ︷︷ ︸
signal learning

+

∫ t

0

K(t− τ)︸ ︷︷ ︸
forgetting kernel

φ(τ) dτ, (4)

where K(t) := (1 + t)−(2−1/β). This FSL establishes a functional-level map from the LRS function
to the loss at intrinsic time t and notably, the two terms exhibits a clean interpretation:

• The signal-learning term corresponds to learning under full-batch gradient descent, cap-
turing the rate at which SGD extracts signal f∗. This rate is determined by the relative
difficulty s.

• The noise-accumulation term characterizes how the LRS changes the accumulation and
dissipation of gradient noise. The forgetting kernel K(t− τ) characterizes how the noise
injected at time τ still affects the loss at time t. Due to K(t) = (t+ 1)−(2−1/β), a higher-
capacity model (smaller β) tends to forget noise more slowly.

Remark 2.3. The theoretical and empirical evidence in Li et al. (2025) demonstrates that the FSL equa-
tion 4 can accurately model the effect of LRSs in feature-space linear regression, and even in large-
scale LLM pre-training. In this work, we take this FSL as a starting point for studying optimal
LRS—a direction that lies outside the scope of Li et al. (2025).

3 OPTIMAL LEARNING RATE SCHEDULES

We begin by asking the following natural question:

Given a data budget N , what is the optimal LRS when the loss dynamics follows the FSL equation 4?

To formalize the resource constraint, we move to domain of training steps. Let η(z) denote the learning
rate at (continuous) step z and define the intrinsic time t(z) =

∫ t

0
η(z) dz. Then, dτ = t′(z) dz and

η(τ) = t′(z). For a fixed N , by a change of variable, the noise term becomes∫ t(N)

0

K(t(N)− τ)φ(τ) dτ =

∫ N

0

K(t(N)− t(z))
(
t′(z)

)2
dz. (5)

4
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Hence, seeking the optimal LRS can be formulated as the resource-constrained variational problem:

min
t∈AC([0,N ])

F̄ [t] := (1 + t(N))
−s

+

∫ N

0

K(t(N)− t(z))
(
t′(z)

)2
dz

s.t. t(0) = 0,

0 ⩽ t′(z) ⩽ ηstability for a.e. z ∈ [0, N ].

(6)

where AC([0, N ]) denotes the set of absolutely continuous function over [0, N ]. The constraint
0 ⩽ t′(z) ⩽ ηstability enforces the nonnegativity of the learning rate and an upper bound required for
training stability (Wu et al., 2018; 2022b).

Before stating our characterization of the optimal LRS, we first clarify what constitutes a good LRS.
From equation 6, the signal-learning term favors a large intrinsic time t(N), which corresponds to
using a larger learning rate, whereas the noise-accumulation term favors a smaller learning rate. A
good LRS must balance these two competing effects.
Theorem 3.1 (Optimal learning-rate schedules). Let t∗ be a minimizer of equation 6 and define
η∗(z) := t′∗(z) and E∗

N = F̄ [t∗] be the final-step loss. Then the following holds.

• Easy-task regime (s ⩾ 1− 1
β ): the optimal LRS follows a power decay to zero:

η∗(z) = ηpeak

(
1 + oN (1)− z

N

)2β−1

, ηpeak ≂ N− 1+sβ−β
1+sβ , (7)

under which, the final-step loss satisfies

E∗
N ≂ N− sβ

sβ+1 .

• Hard-task regime (s < 1− 1
β ): the optimal LRS is a WSD form:

η∗(z) =

ηstability, 0 ⩽ z ⩽ N1,

ηstability

(
1 + oN (1)− z−N1

N−N1

)2β−1

, N1 < z ⩽ N,
(8)

where the ratio of the decay phase satisfies

r∗N :=
N −N1

N
≂ N− (1−1/β)−s

2−1/β = oN (1). (9)

Under this optimal LRS, the final-step loss scales as

E∗
N ≂ N−s.

This theorem provides a characterization of the optimal LRS under the assumption that FSL correctly
describes the loss dynamics. The proof is deferred to Appendix C.

We see that the optimal LRS depends critically on the task difficulty. In the easy-task regime, the
optimal LRS decreases monotonically from the beginning of training and follows a power decay to
zero. Moreover, the peak learning rate scales with the training horizon according to a power law. In
contrast, in the hard-task regime, the optimal LRS exhibits a WSD structure: it maintains the largest
admissible learning rate ηstability for most of training and decays only near the end. Notably, the
decay phase occupies only a vanishing fraction of the training horizon as N → ∞.

We next provide intuition for explaining these results through the trade-off between signal learning
and noise forgetting:

• The optimal decay shape. In both regimes, the decay phase follows a power-decay profile
whose exponent depends only on the capacity exponent β. Intuitively, higher-capacity
models forget noise more slowly and therefore require a faster decay of the learning rate to
ensure that injected noise dissipates sufficiently. More precisely, the optimal decay profile
satisfies φ∗(t) ∝ K(T − t)−1/2 in intrinsic time; see equation 19 and the accompanying
derivation. The power-decay form arises from the power-law behavior of the forgetting
kernel K(·).

5
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• The emergence of a prolonged stable phase for hard tasks. When s is small, the learning
problem is hard: signal learning progresses very slowly and requires a large intrinsic time.
In contrast, the rate of noise forgetting is governed by the capacity exponent β and is
independent of the task difficulty s. As a result, the optimal strategy is to maintain the largest
stable learning rate ηstability for an extended period, and to allocate only a short decay phase
at the end to eliminate accumulated noise. As predicted by equation 9, harder tasks (smaller
s) indeed need longer stable phases in the optimal LRS.

4 SHAPE-FIXED LEARNING-RATE SCHEDULES: OPTIMALITY AND
LIMITATIONS

The analysis in Section 3 provides a complete characterization of the optimal learning-rate schedule
(LRS) and the best achievable performance. Beyond optimality, these schedules share two salient
structural features: a fractional form, in which the schedule depends on training progress only
through the normalized step z/N , and a power-decay to zero in the terminal phase. To disentangle
the contributions of these two structures, we consider the following family of LRSs.
Definition 4.1 (Fractional LRS with power-decay tail). Given a training horizon N , a LRS ηN :
[0, N ] → R⩾0 is called fractional if it can be written as

ηN (z) = η0 ζ
( z

N

)
, z ∈ [0, N ], (10)

where η0 > 0 is the initial learning rate and the profile function ζ : [0, 1] → [0, 1] satisfies ζ(0) = 1.
It is said to have a power-decay tail if there exist constants γ > 0 and δ ∈ (0, 1) such that

ζ(x) ≂ (1− x)γ , ∀x ∈ [δ, 1]. (11)

Examples. This class of schedules includes nearly all commonly used in practice:

• Constant LRS ηN (z) ≡ η0: ζ(x) ≡ 1, corresponding to γ = 0.
• Cosine decay ηN (z) = 1

2η0(1 + cos(πz/N)): here ζ(x) = 1
2 (1 + cos(πx)). A Taylor

expansion at x = 1 yields ζ(x) = π2

4 (1− x)2 +O
(
|1− x|4

)
, and hence γ = 2.

• 1−sqrt decay ηN (z) = η0
(
1 −

√
z/N

)
: ζ(x) = 1 − √

x admits the expansion ζ(x) =
1
2 (1− x) +O

(
|1− x|2

)
, implying γ = 1.

• Power decay ηN (z) = η0(1− z/N)γ : ζ(x) = (1− x)γ , which satisfies Definition 4.1 for
any γ > 0. The case γ = 1 is commonly referred to as linear decay in the literature.

First, for a fractional LRS, the total intrinsic time is given by t(N) =
∫ N

0
η(u) du =

η0 N
∫ 1

0
ζ(x) dx. This reveals a key property of fractional schedules: when η0 is fixed, the to-

tal intrinsic time grows linearly with the training horizon N . As a result, fractional LRSs can provide
sufficient intrinsic time for signal learning. Second, the power-decay tail ensures that the learning rate
vanishes smoothly in the terminal phase, allowing SGD to forget accumulated noise at a controlled
rate.
Theorem 4.2 (Scaling law for fractional LRS). Let ηN be a fractional LRS, α = min{β, γ + 1}
and TN = η0N

∫ 1

0
ζ(x) dx. Then the final-step loss satisfies

F [ηN ] ≂ T−s
N + η0T

−(1− 1
α )

N

(
log TN

)1{β=γ+1}
. (12)

The quantity TN represents the total intrinsic training time. The second term in equation 12 exhibits
a capacity saturation effect: when the LRS decays more slowly than the forgetting kernel, noise
forgetting is governed by the decay rate of the LRS rather than the model’s intrinsic capacity. As
a result, the exponent α = min{γ + 1, β} acts as an effective capacity exponent governing noise
forgetting. In particular, choosing a fast-decay tail γ > β − 1 recovers the intrinsic capacity α = β.
At the boundary case γ + 1 = β, an additional logarithmic factor appears.

Fix the tail exponent γ and optimize only over the peak learning rate η0 on the right-hand side
of equation 12. Let η⋆0 denote the minimizer, and let E⋆

N be the resulting final-step excess risk.

6
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Theorem 4.3 (Optimal fractional LRS). Consider a fractional LRS with fixed tail exponent γ, and let
α = min{β, γ + 1}. Then:

• Easy-task regime (s ⩾ 1− 1
α ):

– If β = γ+1, then η∗0 ≂ N− s−1+1/α
s+1/α

(
logN

)− 1
s+1/α , E∗

N ≂ N− sα
sα+1

(
logN

) sα
sα+1 .

– If β ̸= γ + 1, then

η∗0 ≂ N− s−1+1/α
s+1/α , E∗

N ≂ N− sα
sα+1 .

• Hard-task regime (s < 1− 1
α ):

η∗0 ≂ 1, E∗
N ≂ N−s.

Comparing Theorem 4.3 with Theorem 3.1, we observe that fixing the decay shape and optimizing
only the peak learning rate shifts the boundary between the easy- and hard-task regimes from
s = 1− 1

β to s = 1− 1
α . Figure 1(right) provides a diagrammatic illustration of how the convergence

rate under fractional LRSs varies with (s, β) for different γ’s.
Remark 4.4. We observe that, in both regimes, a fractional LRS with decay exponent γ > β − 1
is sufficient to attain the same convergence rates as those achieved by the exact optimal LRS. By
contrast, the latter employs the sharper decay exponent γ = 2β − 1 and, in the hard-task regime,
requires a prolonged stable phase. This comparison highlights that an exact optimal LRS can differ
substantially from schedules that merely achieve optimal convergence rates.

Practical implications. The above analysis mirrors a common practice in large-scale training,
where one fixes the shape of LRS and tunes only the peak learning rate. Theorem 4.3 therefore
provides a principled understanding of both the strengths and limitations of this approach. In
particular, for a fractional LRS with power-decay exponent γ, tuning only the peak learning rate
achieves the optimal convergence rate whenever the model capacity satisfies β ⩽ γ + 1. In contrast,
when β > γ + 1, corresponding to lower-capacity models, this strategy can lead to suboptimal rates.

As concrete examples, cosine decay (γ = 2) achieves optimal rates for β ⩽ 3, while linear decay and
1−sqrt decay (γ = 1) achieve optimal rates for β ⩽ 2. Since modern deep learning models typically
operate in high-capacity regimes, these results may provide an explanation of why shape-fixed LRSs
perform well in practice.

5 SGD FOR KERNEL REGRESSION

In this section, we show that the optimal LRS derived within the continuous-time FSL framework
can be indeed transferred to discrete-time SGD for kernel regression.

A function K : X × X → R is said to be a kernel if there exists a feature map ϕ : X 7→
H such that K(x,x′) = ⟨ϕ(x),ϕ(x′)⟩H, where H is a separable Hilbert space. Consider the
hypothesis class H := {fθ = ⟨θ,ϕ(·)⟩H : θ ∈ H}. Then H is the reproducing kernel Hilbert
space (Aronszajn, 1950) corresponding to the kernel K. Suppose Ex∼DX [K(x,x)] < ∞. Then,
there exist nonnegative eigenvalues {λj}∞j=1 and an orthonormal system {ej}∞j=1 in L2(DX ) such
that K(x,x′) =

∑∞
j=1 λjej(x)ej(x

′), where the convergence is in L2(DX ×DX ).

Assumption 5.1 (Capacity condition). There exists a β > 1 such that λj ≲ j−β for all j ∈ N+.

Assumption 5.2 (Source condition). f∗ =
∑

j ajλ
s/2
j ej with

∑
j a

2
j ⩽ 1 for some s > 0.

These are classic capacity and source conditions, widely used in the study of kernel methods (Ying
& Pontil, 2008; Dieuleveut & Bach, 2015; Dieuleveut et al., 2017; Pillaud-Vivien et al., 2018; Guo
& Shi, 2019; Guo et al., 2024; Mao & Guo, 2024). Assumption 2.2 can be viewed as a power-law
variant of these conditions. Analogously, the capacity condition controls the effectively size of the
hypothesis space through the eigenvalue decay. The source condition captures the regularity of the
target function f∗. The parameter s measures how well the target aligns with the spectral geometry
of the kernel and a larger s implies a smoother target function.
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The following result from Caponnetto & De Vito (2007); Steinwart et al. (2009) established a lower
bound on the best achievable convergence rate, independent of the choice of estimator. Suppose
Assumption 5.1 and 5.2 hold. Let DN = {(xk, yk)}N−1

k=0 be a dataset of N samples drawn i.i.d. from
D. The minimax risk satisfies

inf
θ̂N

sup
D

EDN

[
E(θ̂N )

]
≳ N− sβ

sβ+1 , (13)

where the infimum is taken over all estimators θ̂N (i.e., measurable functions of DN ) and the
supremum is taken over all data distributions D satisfying the stated assumptions. This minimax
lower bound serves as a fundamental criterion for assessing the optimality of learning algorithms.

We now present our main result. Through a detailed analysis of the dynamics of SGD with the power
decay LRS, we derive the convergence rate of SGD with power decay.

Theorem 5.3 (Convergence rate of SGD with power decay). Suppose Assumptions 5.1 and 5.2 hold.
Consider LRS ηk = η0(1− k/N)γ . The following statements hold.

• Easy-task regime (s ⩾ 1− 1
β ). Choosing η0 ≂ N− sβ−β+1

sβ+1 and γ > β − 1 yields

E[E(θN )] ≲ N− sβ
sβ+1 .

• Hard-task regime (s < 1− 1
β ). Choosing η0 ≂ 1 and γ > s

1−s yields

E[E(θN )] ≲ N−s.

The proof is deferred to Appendix E.4 due to its technical complexity. The rate for the easy-task
regime matches the minimax optimal rate equation 13. In the hard-task regime, the obtained rate is
also optimal, in the sense that it coincides with the best rate achievable by one-pass SGD:

Proposition 5.4. Suppose that maxi∈[N ] ηi ≲ 1. If s < 1− 1
β , then supD E[E(θN )] ≳ N−s.

The supD denotes the supremum over all data distributions satisfying Assumption 5.1 and 5.2. The
proof of this proposition is deferred to Appendix E.5.

To the best of our knowledge, Theorem 5.3 provides the first theoretical guarantee that last-iterate
SGD attains the exact minimax-optimal convergence rate in the easy-task regime. Existing guarantees
achieving minimax rates rely on iterate averaging. Notably, this improvement is achieved by employ-
ing a power-decay LRS, which is inspired by our optimal LRS analysis under the FSL framework. By
contrast, the analyses in Lin et al. (2024) and Zhang et al. (2024) rely on exponential-decay LRS and
consequently incur additional logarithmic factors. Conceptually, power-decay LRSs precisely match
the power noise-forgetting dynamics, striking the optimal balance between signal learning and noise
dissipation; in contrast, exponential decay over-regularizes late iterations, leading to logarithmic
suboptimality for last-iterate SGD.

6 CONCLUSION

In this paper, we study optimal learning rate schedules (LRSs) under a fixed training horizon within
the functional scaling law framework. We derive optimal LRSs, identify their essential structural
properties, and use these insights to explain the empirical success of cosine decay and warmup–stable–
decay (WSD) schedules as well as their limitations. This characterization explains why different
schedules can behave similarly in some regimes, yet diverge sharply in others, as a function of task
difficulty and model capacity. Finally, we further leverage this structural understanding to improve
the last-iterate convergence rate of SGD for kernel regression.

The core insight underlying our analysis is a fundamental trade-off between signal learning and noise
forgetting. This perspective provides a unified lens for many existing LRSs and offers principled
guidance for designing new ones, thereby bridging theoretical and practical training regimes. A
promising direction for future work is to extend this analysis to more realistic optimization settings,
incorporating adaptivity, momentum, and batch-size effects.
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Alexander Hägele, Elie Bakouch, Atli Kosson, Loubna Ben Allal, Leandro Von Werra, and Martin
Jaggi. Scaling laws and compute-optimal training beyond fixed training durations. Advances in
Neural Information Processing Systems, 37:76232–76264, 2024. 13

Tom Henighan, Jared Kaplan, Mor Katz, Mark Chen, Christopher Hesse, Jacob Jackson, Heewoo
Jun, Tom B Brown, Prafulla Dhariwal, Scott Gray, and Others. Scaling laws for autoregressive
generative modeling. arXiv preprint arXiv:2010.14701, 2020. 13

Joel Hestness, Sharan Narang, Newsha Ardalani, Gregory Diamos, Heewoo Jun, Hassan Kianinejad,
Md Mostofa Ali Patwary, Yang Yang, and Yanqi Zhou. Deep learning scaling is predictable,
empirically. arXiv preprint arXiv:1712.00409, 2017. 13

9



486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539

Under review as a paper at the 2nd DeLTa Workshop, ICLR 2026

Jordan Hoffmann, Sebastian Borgeaud, Arthur Mensch, Elena Buchatskaya, Trevor Cai, Eliza
Rutherford, Diego de Las Casas, Lisa Anne Hendricks, Johannes Welbl, Aidan Clark, and Others.
Training compute-optimal large language models. arXiv preprint arXiv:2203.15556, 2022. 1, 13

Shengding Hu, Yuge Tu, Xu Han, Chaoqun He, Ganqu Cui, Xiang Long, Zhi Zheng, Yewei Fang,
Yuxiang Huang, Weilin Zhao, Xinrong Zhang, Zheng Leng Thai, Kaihuo Zhang, Chongyi Wang,
Yuan Yao, Chenyang Zhao, Jie Zhou, Jie Cai, Zhongwu Zhai, Ning Ding, Chao Jia, Guoyang Zeng,
Dahai Li, Zhiyuan Liu, and Maosong Sun. MiniCPM: Unveiling the potential of small language
models with scalable training strategies. arXiv preprint arXiv:2404.06395, 2024. 1

Arlind Kadra, Maciej Janowski, Martin Wistuba, and Josif Grabocka. Power laws for hyperparameter
optimization. arXiv preprint arXiv:2302.00441, 2023. 13

Jared Kaplan, Sam McCandlish, Tom Henighan, Tom B Brown, Benjamin Chess, Rewon Child, Scott
Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. Scaling laws for neural language models.
arXiv preprint arXiv:2001.08361, 2020. 13

Tanishq Kumar, Zachary Ankner, Benjamin F Spector, Blake Bordelon, Niklas Muennighoff, Man-
sheej Paul, Cengiz Pehlevan, Christopher Ré, and Aditi Raghunathan. Scaling laws for precision.
arXiv preprint arXiv:2411.04330, 2024. 13

Simon Lacoste-Julien, Mark Schmidt, and Francis Bach. A simpler approach to obtaining an O(1/t)
convergence rate for the projected stochastic subgradient method. arXiv preprint arXiv:1212.2002,
2012. 1

Binghui Li, Fengling Chen, Zixun Huang, Lean Wang, and Lei Wu. Functional scaling laws in kernel
regression: Loss dynamics and learning rate schedules. arXiv preprint arXiv:2509.19189, 2025. 1,
2, 3, 4, 13

Qianxiao Li, Cheng Tai, and E Weinan. Stochastic modified equations and adaptive stochastic
gradient algorithms. In International Conference on Machine Learning, pp. 2101–2110. PMLR,
2017. 13

Qianxiao Li, Cheng Tai, and E Weinan. Stochastic modified equations and dynamics of stochastic
gradient algorithms I: Mathematical foundations. Journal of Machine Learning Research, 20(40):
1–47, 2019. 4

Xiaoyu Li, Zhenxun Zhuang, and Francesco Orabona. A second look at exponential and cosine step
sizes: Simplicity, adaptivity, and performance. In International Conference on Machine Learning,
pp. 6553–6564. PMLR, 2021. 13

Licong Lin, Jingfeng Wu, Sham M Kakade, Peter L Bartlett, and Jason D Lee. Scaling laws in linear
regression: Compute, parameters, and data. arXiv preprint arXiv:2406.08466, 2024. 2, 8, 13

Licong Lin, Jingfeng Wu, and Peter L Bartlett. Improved scaling laws in linear regression via data
reuse. arXiv preprint arXiv:2506.08415, 2025. 13

Aixin Liu, Bei Feng, Bing Xue, Bingxuan Wang, Bochao Wu, Chengda Lu, Chenggang Zhao,
Chengqi Deng, Chenyu Zhang, Chong Ruan, and Others. DeepSeek-V3 technical report. arXiv
preprint arXiv:2412.19437, 2024. 2

Ilya Loshchilov and Frank Hutter. SGDR: Stochastic gradient descent with warm restarts. arXiv
preprint arXiv:1608.03983, 2016. 1

Kairong Luo, Haodong Wen, Shengding Hu, Zhenbo Sun, Zhiyuan Liu, Maosong Sun, Kaifeng Lyu,
and Wenguang Chen. A multi-power law for loss curve prediction across learning rate schedules.
arXiv preprint arXiv:2503.12811, 2025. 13

Yuan Mao and Zheng-Chu Guo. Online regularized learning algorithm for functional data. Journal
of Complexity, 82:101825, 2024. 7
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A RELATED WORK

Neural scaling laws. Hestness et al. (2017) first observed that the performance of deep learning
models follows predictable power-law relationships in model and data size, later formalized as neural
scaling laws (Kaplan et al., 2020). These laws have since guided large-scale training and been refined
across architectures and training regimes (Henighan et al., 2020; Hoffmann et al., 2022; Kadra et al.,
2023; Aghajanyan et al., 2023; Muennighoff et al., 2023; Kumar et al., 2024; Tissue et al., 2024;
Luo et al., 2025), with parallel theoretical efforts explaining their origins and mechanisms (Bordelon
et al., 2024; Lin et al., 2024; Bahri et al., 2024; Paquette et al., 2024; Lin et al., 2025; Yan et al.,
2025). Our work fits into this line of research by providing a scaling-law analysis of the design of
learning-rate schedules. In particular, we study the structure of optimal schedules by leveraging the
FSL framework introduced by Li et al. (2025).

Optimal learning-rate schedules for linear regression. Previous analyses of optimal learning-rate
schedules for linear regression often formulate the problem as an optimal control problem. However,
such analyses are technically challenging and typically restricted to low-dimensional settings or
isotropic Hessians (Li et al., 2017; Fahrbach et al., 2023). By contrast, leveraging the FSL framework,
we develop a principled variational approach to derive and analyze optimal LRSs.

Understanding cosine and WSD schedules. For cosine schedules, Li et al. (2021) attributes their
empirical success to a duration-aware property: the cumulative learning rate scales linearly with
the total training horizon while the learning rate itself decays to a horizon-independent minimum.
Standard polynomial decay schedules fail to satisfy this dual requirement. In this work, we generalize
this property through a class of fractional LRS and identify the regimes in which it attains optimal
rates and those in which it does not.

For WSD schedules, Wen et al. (2024) provide a river-valley landscape interpretation of their
dynamical behavior; Schaipp et al. (2025); Li et al. (2025) offer theoretical evidence for the benefits
of delayed decay but do not characterize the role of the decay shape itself. Meanwhile, existing
empirical studies reach seemingly conflicting conclusions: Defazio et al. (2023) and Bergsma et al.
(2025) advocate linear decay, whereas Hägele et al. (2024) report superior performance for concave
decay profiles such as 1 −√

x. In this work, we show that the optimal decay shape is determined
by the profile of the forgetting kernel, which governs the rate of noise forgetting. In addition, Luo
et al. (2025) numerically solve a variational problem based on a multipower-law model for LLM
pre-training and find that the resulting LRS takes a WSD form with a decay shape approximately
(1− x)1.5. Our analysis provides theoretical support for this empirical observation.

One-pass SGD for kernel regression. The convergence of one-pass SGD for kernel regression—
often formulated as high-dimensional feature-space linear regression—has received considerable
attention. In particular, Dieuleveut & Bach (2015) and Mücke et al. (2019) showed that averaged
SGD attains the minimax-optimal rates O(N− sβ

sβ+1 ) in the easy-task regime and O(N−s) in the
hard-task regime. Subsequent work demonstrated that iterate averaging can be replaced by the more
practical last iterate when learning-rate schedule is adopted, but the resulting rates typically incur
logarithmic factors (Wu et al., 2022a; Lin et al., 2024; Li et al., 2025). In this work, we remove these
logarithmic factors by employing power-decay schedules.

B PROOF SKETCH OF THEOREMS 3.1 AND 4.2

B.1 PROOF SKETCH OF THEOREM 3.1

Directly solving the variational problem equation 6 is hard due to the non-linearity. To address this,
we adopt a decoupled approach:

Step 1: Deriving the optimal profile under a fixed intrinsic time budget. We first fix the
total intrinsic time t(N) = T and optimize the schedule profile subject solely to this constraint.
Noting t = Γ(z) :=

∫ z

0
η(u) du and φ(t) = η(Γ−1(t)), the intrinsic-time constraint becomes

N =
∫ N

0
1 dz =

∫ T

0
1

η(z) dτ =
∫ T

0
1

φ(τ) dτ. For fixed intrinsic time, the signal-learning term is

13
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constant; we only need to minimize noise term:

min
φ:[0,T ]→R⩾0

∫ T

0

K(T − τ)φ(τ) dτ s.t.
∫ T

0

1

φ(τ)
dτ = N. (14)

Applying Cauchy-Schwarz inequality yields(∫ T

0

K(T − τ)φ(τ) dτ

)(∫ T

0

1

φ(τ)
dτ

)
⩾

(∫ T

0

√
K(T − τ) dτ

)2

.

Consequently, the noise term equation 14 is minimized when the equality condition holds, which
yields the optimal intrinsic-time profile:

φ∗(τ) =

∫ T

0

√
K(T − u) du

N
√
K(T − τ)

∝ 1√
K(T − τ)

= (1 + T − τ)1−
1
2β . (15)

This also translates to a power-decay in training steps: η(z) ∝ (1− z/N)
2β−1.

Step 2: Determining the optimal intrinsic time budget. Substituting equation 15 into equation 14,

the noise term under optimal LRS becomes
∫ T

0
K(T − τ)φ(τ) dτ = 1

N

(∫ T

0

√
K(T − τ) dτ

)2
≂

T
1
β

N . Consequently, the total excess risk is given by EN,T ≂ T−s + T
1
β

N . Minimizing this risk with

respect to T , we obtain the optimal intrinsic time horizon T ∗ ≂ N
β

1+sβ .

Step 3: Incorporating the peak learning-rate constraint. For the unconstrained solution, the
implied peak learning rate scales as

φ∗(0) ≂ N− 1+β(s−1)
sβ+1 .

This scaling exhibits two distinct regimes. (i) When s > 1 − 1/β, the exponent is negative, and
hence φ∗(0) → 0 as N → ∞. In this case, the stability constraint ηpeak ⩽ ηstability is asymptotically
inactive. (ii) When s < 1− 1/β, the unconstrained peak diverges as N → ∞, violating the stability
constraint. Consequently, the peak constraint becomes active and must be explicitly enforced.

To handle this regime, we apply the Karush–Kuhn–Tucker (KKT) conditions to the fully constrained
variational problem. Using Lagrange multipliers and exploiting the monotonicity of the optimal
profile, we show that the resulting optimal LRS exhibits a WSD-like structure.

B.2 PROOF SKETCH OF THEOREM 4.2

We first transform the training-step LRS into its intrinsic-time counterpart, denoted as φ(τ) ≂
η0ζ̄(τ/T ). Crucially, the fractional structure preserves in intrinsic time. Specifically, if the training-
step profile exhibits a power-decay tail, the intrinsic-time profile also possesses a power-decay tail,
satisfying ζ̄(x) ≂ (1− x)

γ
γ+1 for x ∈ [δ̄, 1] and some δ̄ ∈ (0, 1). Applying the FSL equation 4, we

derive

F [ηN ] ≂ T−s
N +

∫ TN

0

K(TN − τ)η0ζ̄

(
τ

TN

)
dτ

≂ T−s
N +

η0

T
1−1/β
N

∫ 1

0

ζ̄(x)

(T−1
N + 1− x)2−1/β

dx

(16)

We decompose the integral into two regions: [0, δ̄] and [δ̄, 1]. The asymptotic behavior is dominated
by the tail integral over [δ̄, 1]. We analyze the convergence based on the exponent comparison:

• Fast decay regime ( γ
γ+1 > 1 − 1

β ): In this case, the combined exponent satisfies γ
γ+1 −

(2− 1
β ) > −1, ensuring the integral converges absolutely:∫ 1

δ̄

ζ̄(x)

(TN + 1−1 − x)2−1/β
dx ≂

∫ 1

δ̄

(1− x)
γ

γ+1−(2− 1
β ) dx < ∞.

14
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• Slow decay regime ( γ
γ+1 < 1− 1

β ): Here, the integral diverges as x → 1. The term T−1
N

acts as a cutoff, yielding:∫ 1

δ̄

ζ̄(x)

(T−1
N + 1− x)2−1/β

dx ≂
∫ 1

δ̄

(T−1
N + 1− x)

γ
γ+1−(2− 1

β ) dx ≂ T
(1− 1

β )− γ
γ+1

N .

Combining the two regimes gives the rate T
−min{1− 1

β , γ
γ+1}

N . At the boundary γ
γ+1 = 1− 1

β , the tail
integral contributes an additional log TN factor.

Intuitively, when the LRS decays rapidly, the noise injection diminishes faster than the forgetting
kernel can dissipate it; consequently, the bottleneck becomes the decay rate of the forgetting kernel
itself. In contrast, when the LRS decays more slowly, the noise accumulation overwhelms the
forgetting mechanism, leading to a sub-optimal total noise forgetting.

C PROOF FOR THEOREM 3.1 (OPTIMAL LRS UNDER FSL)

In this section, we provide a detailed proof of Theorem 3.1, structured into the following three steps.
We define the auxiliary functions:

Φ(T ) = (1 + T )−s, L(T, t, t′) = K(T − t)(t′)2.

The objective functional in training step is then:

min
t∈AC([0,N ]),T

F̃ [t, T ] := Φ(T ) +

∫ N

0

L(T, t(z), t′(z)) dz

s.t. t(0) = 0, t(N) = T,

0 ⩽ t′(z) ⩽ ηstability for a.e. z ∈ [0, N ].

(17)

Directly solving the variational problem equation 17 is challenging due to the non-linearity of the
functional with respect to the LRS function. To address this, we adopt a decoupled approach and
decompose the proof into three steps.

C.1 STEP 1: DERIVING THE OPTIMAL PROFILE UNDER A FIXED INTRINSIC TIME BUDGET

We first fix the total intrinsic time t(N) = T and optimize the schedule profile subject solely to this
constraint (temporarily omitting the peak learning rate constraint). Formally, we apply the change of
variables z = t−1(τ). By the inverse function theorem, the differential transforms as:

dz =
dτ

t′(z)
=

dτ

η(z)
=

dτ

φ(τ)
.

Then, the requirement imposes the following integral constraint:

N =

∫ N

0

1 dz =

∫ T

0

1

φ(τ)
dτ,

which leads to the following variational problem of noise term:

min
φ:[0,T ]→R⩾0

∫ T

0

K(T − τ)φ(τ) dτ

s.t.
∫ T

0

1

φ(τ)
dτ = N.

(18)

Applying the Cauchy-Schwarz inequality yields(∫ T

0

K(T − τ)φ(τ) dτ

)(∫ T

0

1

φ(τ)
dτ

)
⩾

(∫ T

0

√
K(T − τ) dτ

)2

.

15
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Consequently, the noise term is minimized when the equality condition holds, which yields the
optimal intrinsic profile:

φ(τ) =

∫ T

0

√
K(T − u) du

N
√

K(T − τ)

= aN,T (1 + T − τ)1−
1
2β

(19)

where aN,T := 2β
N ((1 + T )

1
2β − 1). We have used K(t) = (1 + t)1/β−2.

Now, we proceed to derive the LRS in terms of training steps z. Recall that dτ
dz = φ(τ). Substituting

the profile from equation 19, we have

dτ

dz
= φ(τ) = aN,T (1 + T − τ)1−

1
2β , (20)

with boundary condition τ = 0 when z = 0.

Solving the ODE equation 20, we derive

z = a−1
N,T 2β(1 + T )

1
2β − a−1

N,T 2β(1 + T − τ)
1
2β ,

which implies the following intrinsic time function:

t(z) = 1 + T −
(
(1 + T )

1
2β − aN,T

2β
z

)2β

.

Differentiating with respect to z gives the training-step LRS:

η(z) = t′(z) =
2β

N

(
(1 + T )

1
2β − 1

)2β (
1 +

1

(1 + T )
1
2β − 1

− z

N

)2β−1

.

Remark C.1. We also provide an alternative proof for this step based on the variational method.
Please refer to Appendix F for details.

C.2 STEP 2: DETERMINING THE OPTIMAL INTRINSIC TIME BUDGET

Substituting the optimal intrinsic profile equation 19 into the noise term equation 18, we derive the
accumulated variance:∫ T

0

K(T − τ)φ(τ) dτ =
1

N

(∫ T

0

√
K(T − τ) dτ

)2

≂
T

1
β

N
.

Consequently, the total excess risk is given by

EN,T ≂ T−s +
T

1
β

N
.

Minimizing this risk with respect to T , we obtain the optimal intrinsic time horizon Topt ≂ N
β

1+sβ .

C.3 STEP 3: INCORPORATING THE PEAK LEARNING RATE CONSTRAINT

Based on the unconstrained solution, the implied peak learning rate scales as:

η(0) ≂ N− 1+β(s−1)
sβ+1 .

This scaling behavior reveals two distinct regimes:

• Easy-task regime (s > 1− 1/β): In this case, the exponent is negative, meaning η(0) → 0
as N → ∞. Consequently, the physical constraint ηpeak ⩽ ηstability is naturally satisfied
(inactive) for sufficiently large N .

16
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• Hard-task regime (s < 1 − 1/β): Conversely, the optimal unconstrained peak diverges
as N → ∞. This violates the stability constraint η(z) ⩽ ηstability. Therefore, the peak
constraint becomes active and must be explicitly incorporated into the optimization.

To address the hard-task regime, we apply the Karush-Kuhn-Tucker (KKT) conditions to solve the
fully constrained variational problem.

To explicitly incorporate the maximal learning rate constraint t′(z) ⩽ ηstability, we formulate the
Lagrangian in the training step domain. We introduce the Lagrange multipliers:

λ(z) ⩾ 0 (dual for t′(z) ⩽ ηstability), µ ∈ R (dual for t(N)− T = 0).

The generalized Lagrangian functional J is defined as:

J [t, T, λ, µ] = Φ(T ) +

∫ N

0

[
L(T, t, t′) + λ(z)

(
t′(z)− ηstability

)]
dz + µ

(
t(N)− T

)
.

Theorem C.2 (KKT condition). A feasible pair (t⋆, T ⋆) is optimal only if there exist multipliers
λ⋆ ∈ L∞([0, N ]) and µ⋆ ∈ R such that

(1) Euler–Lagrange stationarity: ∂tL− d

dz

(
∂t′L+ λ⋆

)
= 0, z ∈ (0, N);

(2) Boundary stationarity:
[
∂t′L+ λ⋆

]
z=N

+ µ⋆ = 0;

(3) Scalar stationarity (w.r.t. T ): Φ′(T ⋆) +

∫ N

0

∂TL dz − µ⋆ = 0;

(4) Primal feasibility: t⋆(0) = 0, t⋆(N) = T ⋆, t⋆ ′(z) ⩽ 1;

(5) Dual feasibility: λ⋆(z) ⩾ 0;

(6) Complementary slackness: λ⋆(z)
(
t⋆ ′(z)− ηstability

)
= 0; z ∈ [0, N ].

If t⋆ ′(z) < ηstability at some point, condition (6) forces λ⋆(z) = 0; where the derivative saturates
the bound (t⋆ ′ = ηstability), λ⋆ may be positive.

Direct analysis of the above KKT condition is still complicated. A key observation that make the
analysis easier is the following observation:
Proposition C.3 (Monotonicity). Let t∗ be the solution of equation 6. Then, z 7→ t′(z) must be
non-increasing.

Proof. To prove this, we only need to show for any fixed T , the corresponding minimizer t∗T is
decreasing. Hence, consider

GT (t) :=

∫ N

0

(
1 + T − t(z)

)−(2−1/β) (
t′(z)

)2
dz

=

∫ T

0

(1 + T − τ)−(2− 1
β )φ(τ) dτ

=:

∫ T

0

w(τ)φ(τ) dτ,

where the weight function w(·) is increasing.

A simple “bubble-sort” argument suffice to show that the optimal φ is non-increasing. Suppose a
feasible φ is not non-increasing. There must exist τ1 < τ2 such that φ(τ1) < φ(τ2). Then, we can
construct φ̃ by swapping the values on small intervals around τ1, τ2.

• The constraint
∫ T

0
1

φ̃(τ) dτ = N and boundedness constraint are unaffected by the swaps.

17
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• The change of integral:

∆ = [φ(τ2)− φ(τ1)](w(τ1)− w(τ2)) < 0.

Thus the swap strictly lowers the objective. Repeating finitely many swaps (or taking a limit) yields
a decreasing function with no larger cost, contradicting optimality. Hence a minimiser must be
decreasing.

Remark C.4. The above bubble-sort argument essentially adopts the (anti)-Hardy-Littlewood inequal-
ity.
Theorem C.5 (Stable-decay shape). If s < 1− 1/β, the optimal LRS must be stable-decay shape:

t′a,N1
(z) =

ηstability if 0 ⩽ z ⩽ N1

aηstability

(
1 + oN (1)− z−N1

N−N1

)2β−1

if N1 < z ⩽ N,
(21)

where a ∈ [0, 1] and N1 ∈ [0, N ].

Proof. Let Si = {z ∈ [0, N ] : t′(z) < ηstability}, Sb = {z ∈ [0, N ] : t′(z) = ηstability}. By the
monotonicity, either Si = [0, N ] or there exists a N1 such that Si = (N1, N) and Sb = [0, N1]. For
z ∈ Si, we must have λ(z) ≡ 0 by the complementary slackness. Hence, λ′(z) = 0 for z ∈ Si and
consequently, the LRS satisfy the Euler-Lagrange equation for z ∈ Si:

∂tL− d

dz
[∂t′L] = 0.

Following the derivation in Step 1, the solution must take the form:

t′(z) = aηstability

(
1 + oN (1)− z −N1

N −N1

)2β−1

.

Hence, we complete the proof.

Theorem C.6. Let r = (N −N1)/N , QN (a, r) = F̃ [ta,(1−r)N , T ] and

(a∗N , r∗N ) = argmin
a,r∈[0,1]

QN (a, r).

If s < 1− 1/β and N is suffiently large, we have a∗N = 1 and

r∗N ≂ N−γ , γ =
(1− 1

β )− s

1− 1
β + 1

.

Proof. Noting that γ > 0 for the hard regime, the optimal decay duration scales sublinearly with the
total number of training steps. As a result, the optimal LRS exhibits a stable–decay shape, with the
decay phase occupying only a tiny fraction of the total training steps.

Simplifying the objective function. By Theorem C.5, we know that

min
t

F̃ [t, T ] = F̃ [ta,(1−r)N , T ].

With this LRS equation 21, the total intrinsic time is

T = ηstability

(
N1 +

a(N −N1)

2β

)
.

Let T1 = N1, denoting the intrinsic time of the stable phase. Then, the LRS with respect to intrinsic
time can be expressed as

φ(τ) =

ηstability if 0 ⩽ τ ⩽ T1

aηstability

(
1− τ−T1

1+T−T1

)1− 1
2β

if T1 ⩽ τ ⩽ T.

18
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Here, we assume ηstability = 1 for simplicity. The noise term is given by∫ N

0

L(T, t, t′) dz

=

∫ T

0

(1 + T − t)−(2− 1
β )φ(τ) dτ

=

∫ T1

0

(1 + T − τ)−(2− 1
β ) dτ + a

∫ T

T1

(1 + T − τ)−(2− 1
β )

(
1− τ − T1

1 + T − T1

)1− 1
2β

dτ

=
1

1− 1
β

[
1

(1 + T − T1)
1− 1

β

− 1

(1 + T )1−
1
β

]
+

a

(1 + T − T1)
1− 1

β

∫ 1

0

(1− u)−1+ 1
2β du

=
1

1− 1
β

[
1

(1 + T − T1)
1− 1

β

− 1

(1 + T )1−
1
β

]
+ a

2β

(1 + T − T1)
1− 1

β

.

Hence, the total objective becomes

G(N1, a) :=

(
N1 +

a(N −N1)

2β

)−s

+
β

β − 1

(
[a(N −N1)/(2β)]

−(1− 1
β ) −

(
N1 +

a(N −N1)

2β

)−(1− 1
β )
)

+ 2βa

(
a

2β
(N −N1)

)−(1− 1
β )

.

Let a′ = a/2β, N1 = (1− r)N,α = 1− 1
β . Then, G̃(r, a′) := G((1− r)N, 2βa′) is given by

G̃(r, a′) = N−s(1− r + a′r)−s +N−α
[
(1 + 4β2a′)(a′r)−α − (1− r + a′r)−α

]
The optimal peak learning rate a∗N . Let B = 1− r + a′r (so B > a′r). Then,

∂G̃

∂a′
= r

[
−sN−sB−s−1 + αN−α

(
B−α−1 − (a′r)−α−1 + 4β2a′αr−α−1

)]
.

When s < α and N is sufficiently large, we have ∂G̃
∂a′ < 0. Hence, a∗N = 1.

The optimal decay duration. Let A(r) =
(
1− r + a′r

)−s
, B(r) = (a′r)−α −

(
1− r + a′r

)−α
.

When taking a = a∗N = 1, we have

G̃(r) := G̃(r, a∗N ) = N−s
(
1−r+a′r

)−s
+N−α

[
(a′r)−α−

(
1−r+a′r

)−α
]
= N−sA(r)+N−αB(r).

We can obtain that r∗N ≪ 1 and now we need to track the explicit scaling. When r ≪ 1, we have

A′(r) = s(1− a′) + oN (1), B′(r) = −(a′)−ααr−α−1 +ON (1).

Then, G̃′(r) = N−sA′(r) +N−αB′(r) = 0. This up to constants leads to

N−s −N−α(r∗N )−α−1 = 0 =⇒ r∗N ≂ N−α−s
α+1 .

This completes the proof.

D PROOFS FOR SECTION 4 (SHAPE-FIXED OPTIMALITY AND CAPACITY
SATURATION)

D.1 THE INTRINSIC-TIME PROFILE FUNCTION

Throughout this section, let ηN be a fractional LRS as is given in Definition 4.1:

ηN (z) = η0 ζ
( z

N

)
, z ∈ [0, N ],

19
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where η0 > 0 and ζ : [0, 1] → [0, 1] satisfies ζ(0) = 1. Define

ρ(x) :=

∫ x

0

ζ(u) du, ρ1 := ρ(1) ∈ (0, 1].

Since ζ(u) ⩾ 0, the map x 7→ ρ(x) is non-decreasing on [0, 1] and admits a generalized inverse ρ−1

on [0, ρ1].

The intrinsic time as a function of training steps is

t(z) :=

∫ z

0

ηN (u) du = η0N ρ(z/N), TN := t(N) = η0Nρ1.

Consequently, t(·) is non-decreasing on [0, N ]. Let z(t) denote a generalized inverse on [0, TN ].

Learning rate in intrinsic time. Following the FSL notation in equation 4, define the intrinsic-time
learning rate

φ(t) := ηN (z(t)), t ∈ [0, TN ].

We introduce the intrinsic-time profile function ζ̄ : [0, 1] → [0, 1] by

ζ̄(y) := ζ
(
ρ−1(yρ1)

)
, y ∈ [0, 1]. (22)

Then for any t ∈ [0, TN ] with y = t/TN , let x = z(t)/N . Then we have y = ρ(x)/ρ1. Hence
x = ρ−1(yρ1) and

φ(t) = η0 ζ̄

(
t

TN

)
, t ∈ [0, TN ].

Importantly, ζ̄ depends only on the fixed training-step profile function ζ and is independent of N .

Tail exponent under intrinsic-time The power-decay tail in Definition 4.1 is stated in training
step: there exist constants γ > 0 and δ ∈ (0, 1) such that

ζ(x) ≂ (1− x)γ , x ∈ [δ, 1].

The next lemma identifies the corresponding tail behavior of ζ̄.

Lemma D.1 (Intrinsic-time tail exponent). Assume ζ(x) ≂ (1 − x)γ for all x ∈ [δ, 1] with some
γ > 0. Let

δ̄ :=
ρ(δ)

ρ1
∈ (0, 1).

Then for all y ∈ [δ̄, 1],
ζ̄(y) ≂ (1− y)

γ
γ+1 .

Proof. Fix y ∈ [δ̄, 1] and define x := ρ−1(yρ1) ∈ [δ, 1]. Then ζ̄(y) = ζ(x) by definition.

Let A(x) :=
∫ 1

x
ζ(u) du = ρ1 − ρ(x). Since ζ(u) ≂ (1− u)γ on [δ, 1], integrating yields

A(x) ≂ (1− x)γ+1, x ∈ [δ, 1].

Moreover,

1− y = 1− ρ(x)

ρ1
=

ρ1 − ρ(x)

ρ1
=

A(x)

ρ1
≂ (1− x)γ+1.

Hence, for y ∈ [δ̄, 1],
1− x ≂ (1− y)

1
γ+1 .

Finally, using ζ(x) ≂ (1− x)γ on [δ, 1] and ζ̄(y) = ζ(x), we obtain

ζ̄(y) = ζ(x) ≂ (1− x)γ ≂
(
(1− y)

1
γ+1

)γ
= (1− y)

γ
γ+1 ,

which holds for all y ∈ [δ̄, 1].
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D.2 PROOF OF THEOREM 4.2

Proof. Recall K(u) = (1 + u)−(2−1/β) and set

p := 2− 1

β
∈ (1, 2), q :=

γ

γ + 1
∈ (0, 1).

By the intrinsic-time representation in Appendix D.1, the learning-rate function in intrinsic time
satisfies

φ(t) = η0 ζ̄

(
t

TN

)
, t ∈ [0, TN ],

and by Lemma D.1 there exists δ̄ ∈ (0, 1) such that

ζ̄(x) ≂ (1− x)q, x ∈ [δ̄, 1]. (23)

Applying the FSL equation 4 at the final intrinsic time TN gives

F [ηN ] ≂ (1 + TN )−s +

∫ TN

0

K(TN − τ)φ(τ) dτ. (24)

For TN ≳ 1, we have (1 + TN )−s ≂ T−s
N , so it remains to estimate the noise term

N (TN ) :=

∫ TN

0

(1 + TN − τ)−p φ(τ) dτ.

Substituting φ(τ) = η0 ζ̄(τ/TN ) and changing variables τ = TNx yield

N (TN ) = η0TN

∫ 1

0

(
1 + TN (1− x)

)−p
ζ̄(x) dx. (25)

We split the integral into an early region and a tail region. Decompose∫ 1

0

(
1 + TN (1− x)

)−p
ζ̄(x) dx =

∫ δ

0

(
1 + TN (1− x)

)−p
ζ̄(x) dx+

∫ 1

δ

(
1 + TN (1− x)

)−p
ζ̄(x) dx.

Define

Iearly :=

∫ δ

0

(
1 + TN (1− x)

)−p
ζ̄(x) dx, Itail :=

∫ 1

δ

(
1 + TN (1− x)

)−p
ζ̄(x) dx.

(i) Early region. For x ∈ [0, δ], we have 1 − x ⩾ 1 − δ, hence
(
1 + TN (1 − x)

)−p ≂ T−p
N

uniformly for TN ≳ 1. Therefore,

Iearly ≂ T−p
N

∫ δ

0

ζ̄(x) dx ≂ T−p
N ,

where
∫ δ

0
ζ̄(x) dx is a fixed positive constant absorbed into ≂. Therefore,

η0TNIearly ≂ η0TN · T−p
N = η0T

1−p
N = η0 T

−(1−1/β)
N . (26)

(ii) Tail region and the logarithmic boundary. For x ∈ [δ, 1], equation 23 gives ζ̄(x) ≂ (1− x)q ,
hence

Itail ≂
∫ 1

δ

(
1 + TN (1− x)

)−p
(1− x)q dx.

Let u = TN (1− x), so that dx = − du/TN and (1− x) = u/TN . Then

Itail ≂ T
−(q+1)
N

∫ TN (1−δ)

0

(1 + u)−puq du.

This gives

η0TNItail ≂ η0 T
−q
N

∫ TN (1−δ)

0

(1 + u)−puq du. (27)

The integral in equation 27 is governed by the behavior of (1 + u)−puq ∼ uq−p as u → ∞. We
distinguish three cases.
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• Case 1: q − p < −1 (equivalently β < γ + 1). Then
∫ TN (1−δ)

0
(1 + u)−puq du ≂ T q+1−p

N ,
so

η0TNItail ≂ η0 T
−q
N · T q+1−p

N = η0T
1−p
N = η0 T

−(1−1/β)
N .

• Case 2: q − p > −1 (equivalently β > γ + 1). Then the integral in equation 27 converges
to a positive constant, and hence

η0TNItail ≂ η0 T
−q
N = η0 T

−(1−1/(γ+1))
N .

• Case 3 (boundary): q− p = −1 (equivalently β = γ + 1). In this case, (1 + u)−puq ∼ u−1

as u → ∞, so ∫ TN (1−δ)

0

(1 + u)−puq du ≂ log TN .

Therefore,
η0TNItail ≂ η0 T

−q
N log TN = η0 T

−(1−1/(γ+1))
N log TN . (28)

Combining the early contribution equation 26 with the tail analysis above, we obtain

N (TN ) ≂ η0 T
−(1− 1

α )

N

(
log TN

)1{β=γ+1}
, α := min{β, γ + 1}.

Substituting this estimate into equation 24 and using (1 + TN )−s ≂ T−s
N proves the scaling law

F [ηN ] ≂ T−s
N + η0 T

−(1− 1
α )

N

(
log TN

)1{β=γ+1}
.

D.3 PROOF OF THEOREM 4.3

Proof. Recall

TN = η0N

∫ 1

0

ζ(x) dx ≂ η0N, α = min{β, γ + 1}.
By Theorem 4.2, the final-step loss satisfies

F [ηN ] ≂ T−s
N + η0 T

−(1− 1
α )

N

(
log TN

)1{β=γ+1}
. (29)

Using TN ≂ η0N , we rewrite the right-hand side as a function of η0:

F [ηN ] ≂ (η0N)−s + η
1/α
0 N−(1− 1

α )
(
log(η0N)

)1{β=γ+1}
. (30)

We minimize equation 30 over η0.

(i) Hard-task regime: s < 1− 1
α . We minimize equation 30 over the admissible range 0 < η0 ⩽

ηmax, where ηmax = Θ(1) is the stability upper bound.

We first show that in the hard regime, the noise term is uniformly negligible. Since 0 < η0 ⩽ ηmax =

Θ(1), we have η
1/α
0 ⩽ C and log(η0N) ≲ logN . Therefore, uniformly over η0 ∈ (0, ηmax],

η
1/α
0 N−(1− 1

α )
(
log(η0N)

)1{β=γ+1}
≲ N−(1− 1

α )(logN)1{β=γ+1}.

Because s < 1− 1
α , the power gap (1− 1

α )− s > 0, hence N−(1− 1
α )(logN)1{β=γ+1} = o(N−s).

Consequently,

F [ηN ] = (η0N)−s (1 + o(1)) uniformly for η0 ∈ (0, ηmax].

Since the leading term (η0N)−s is strictly decreasing in η0, the minimum over (0, ηmax] is attained
at the largest admissible value:

η∗0 = ηmax ≂ 1.

At this choice, TN ≂ N and thus

E∗
N = min

η0∈(0,ηmax]
F [ηN ] ≂ N−s.

This proves the hard-task statement, including the boundary case β = γ+1, where the extra log(η0N)

factor remains o(N (1− 1
α )−s).

22



1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241

Under review as a paper at the 2nd DeLTa Workshop, ICLR 2026

(ii) Easy-task regime: s ⩾ 1 − 1
α . In this regime, the optimal choice balances the two terms in

equation 30. We consider two cases.

• Case 1: β ̸= γ + 1. Then the logarithmic factor is absent and equation 30 becomes

F [ηN ] ≂ (η0N)−s + η
1/α
0 N−(1− 1

α ).

Balancing the two terms gives

η−s
0 N−s ≂ η

1/α
0 N−(1− 1

α ),

i.e.
η
s+1/α
0 ≂ N−(s−1+1/α).

Hence

η∗0 ≂ N− s−1+1/α
s+1/α . (31)

Substituting into either term yields

E∗
N ≂ (η∗0N)−s ≂ N− sα

sα+1 .

• Case 2 (boundary): β = γ + 1. Then α = β and the second term in equation 30 carries the
logarithmic factor:

F [ηN ] ≂ (η0N)−s + η
1/α
0 N−(1− 1

α ) log(η0N).

In the easy-task regime, the minimizer is characterized by balancing the two terms. Balancing
gives

η−s
0 N−s ≂ η

1/α
0 N−(1− 1

α ) log(η0N),

equivalently,

η
s+1/α
0 log(η0N) ≂ N−(s−1+1/α). (32)

Let

a :=
s− 1 + 1/α

s+ 1/α
∈ [0, 1), b :=

1

s+ 1/α
.

Then equation 32 is equivalent to

η0 ≂ N−a
(
log(η0N)

)−b
. (33)

Multiplying by N yields

η0N ≂ N1−a
(
log(η0N)

)−b
.

Since 1− a = 1
s+1/α > 0, the right-hand side diverges, hence η0N → ∞ and log(η0N) is

well-defined for large N . Taking logarithms in this equation gives

log(η0N) = (1− a) logN − b log
(
log(η0N)

)
+O(1) = (1− a) logN +O(log logN).

In particular, log(η0N) ≂ logN . Substituting this back into equation 33 yields

η∗0 ≂ N−a(logN)−b = N− s−1+1/α
s+1/α (logN)−

1
s+1/α . (34)

Substituting into the signal term gives

E∗
N ≂ (η∗0N)−s ≂ N− sα

sα+1 (logN)
sα

sα+1 .
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E PROOFS FOR SECTION 5 (DISCRETE-TIME SGD AND KERNEL
REGRESSION)

E.1 PRELIMINARIES FOR KERNEL METHODS

In this section we review the kernel regression setting as in Section 5. Given a feature map ϕ : X → H,
we define the kernel

K(x,x′) = ⟨ϕ(x),ϕ(x′)⟩H.
Define the sampling operator S : H → L2(DX ) by

(Sθ)(x) := ⟨θ,ϕ(x)⟩H.
Under Ex∼DX [K(x,x)] < ∞, the operator S is well-defined and bounded. We introduce two
self-adjoint positive operators:

T := S∗S : H → H, I := SS∗ : L2(DX ) → L2(DX ),

where T is the covariance operator,

T (θ) = Ex∼DX

[
⟨θ,ϕ(x)⟩H ϕ(x)

]
,

and I is the kernel integral operator given by

(Ig)(x) =
∫

K(x,x′) g(x′) dDX (x′).

Spectral systems and the bridge between L2 and H. The nonzero eigenvalues of T and I
coincide. Let {(λj , ej)}j⩾1 be the spectral system of I in L2(DX ), so that

K(x,x′) =
∑
j⩾1

λjej(x)ej(x
′).

with convergence in L2(DX ×DX ). Let {vj}j⩾1 ⊂ H be eigenvectors of T such that

T vj = λjvj , ⟨vi,vj⟩H = δij .

Then the two bases are linked by the standard relation

ej(x) = λ
−1/2
j ⟨vj ,ϕ(x)⟩H, (35)

where the equality holds in L2(DX ).

Capacity and source conditions. We recall the capacity and source condition in Assumption 5.1
and 5.2:

• (Capacity condition) There exists β > 1 such that λj ≲ j−β .

• (Source condition) There exists s > 0 and coefficients {aj}j⩾1 with
∑

j⩾1 a
2
j ⩽ 1 such

that
f∗(x) =

∑
j⩾1

aj λ
s
2
j ej(x).

We note that the source condition can be equivalently stated in the space H. That is,

θ∗ =
∑
j⩾1

aj λ
s−1
2

j vj =
∑
j⩾1

θ∗jvj .

where the coefficient θ∗j = aj λ
s−1
2

j . Note that when s < 1, the sequence {θ∗j } may not be square-
summable, so the corresponding θ∗ may not belong to H as a vector; however, each coefficient θ∗j
is well-defined, and this is sufficient for our coordinate-wise SGD analysis below. We also assume
w.l.o.g. that f∗ lies in the closure of span{ej} (otherwise its orthogonal component is not learnable
by any fθ and only contributes an irreducible constant error).
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E.2 ANALYSIS OF ONE-PASS SGD

We consider the standard kernel regression model

y = f∗(x) + ϵ, ϵ | x ∼ N (0, σ2),

and let {(xk, yk)}N−1
k=0 be i.i.d. samples from D. Define the population squared risk by

R(f) :=
1

2
E(x,y)∼D

[
(f(x)− y)2

]
.

Using y = f∗(x) + ϵ and E[ϵ] = 0, E[ϵ2] = σ2, we have

R(f) =
1

2
Ex

[
(f(x)− f∗(x))2

]
+

σ2

2
.

The last term is the irreducible noise level. Accordingly, we define the excess risk

E(f) := 1

2
Ex

[
(f(x)− f∗(x))2

]
.

Recall the RKHS H induced by K, where each f ∈ H satisfies the reproducing property f(x) =
⟨f,K(x, ·)⟩H.

One-pass SGD in RKHS. For a single sample z = (x, y), define the instantaneous loss

ℓ(f ; z) :=
1

2
(f(x)− y)2, f ∈ H.

Its gradient in the RKHS H is given by

∇ℓ(f ; (x, y)) = (f(x)− y)K(x, ·) ∈ H.

Indeed, for any g ∈ H, the directional derivative satisfies

d

dt
ℓ(f + tg; (x, y))

∣∣∣∣
t=0

= (f(x)− y) g(x) = ⟨(f(x)− y)K(x, ·), g⟩H,

where we used the reproducing property g(x) = ⟨g,K(x, ·)⟩H.

Starting from f0 = 0 ∈ H, one-pass SGD updates fk by

fk+1 = fk − ηk∇ℓ(fk; (xk, yk)) = fk − ηk
(
fk(xk)− yk

)
K(xk, ·), k = 0, . . . , N − 1. (36)

Translating the update to H. Under the feature representation fθ(·) = ⟨θ,ϕ(·)⟩H, the update
equation 36 is equivalent to the parameter update

θk+1 = θk − ηk
(
⟨θk,ϕ(xk)⟩H − yk

)
ϕ(xk), k = 0, . . . , N − 1. (37)

with θ0 = 0. For each j ⩾ 1, define the coordinates

θk,j := ⟨θk,vj⟩H, uj
k := θk,j − θ∗j .

Using yk = f∗(xk) + ϵk and taking inner products with vj in equation 37, we obtain

uj
k+1 = uj

k − ηk

(
⟨uk,ϕ(xk)⟩H − ϵk

)
⟨vj ,ϕ(xk)⟩H, (38)

where uk denotes the error vector in eigen-coordinates, i.e., ⟨uk,vj⟩H = uj
k for all j ⩾ 1.

Conditioned on uk, the drift satisfies

E
[
⟨uk,ϕ(xk)⟩H ⟨vj ,ϕ(xk)⟩H

∣∣uk

]
= ⟨uk, T vj⟩H = λju

j
k.

Define the centered noise

ξjk := ⟨uk,ϕ(xk)⟩H ⟨vj ,ϕ(xk)⟩H − λju
j
k − ϵk ⟨vj ,ϕ(xk)⟩H. (39)

Then E[ξjk | uk] = 0, and equation 38 can be rewritten as

uj
k+1 = (1− ηkλj)u

j
k − ηkξ

j
k. (40)
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Our goal is to control the excess risk

E(θk) :=
1

2
Ex

[
(fθk

(x)− f∗(x))2
]
.

Using equation 35, we have the L2(DX ) expansion

fθk
(x)− f∗(x) =

∑
j⩾1

√
λj u

j
k ej(x),

and therefore
E(θk) =

1

2

∑
j⩾1

λj(u
j
k)

2. (41)

In particular, bounding E[E(θk)] reduces to bounding the second moments E[(uj
k)

2] for all j ⩾ 1.
Squaring equation 40 and conditioning on uk, the cross term vanishes since E[ξjk | uk] = 0, yielding

E
[
(uj

k+1)
2 | uk

]
= (1− ηkλj)

2(uj
k)

2 + η2kE
[
(ξjk)

2 | uk

]
. (42)

Taking expectation gives

E
[
(uj

k+1)
2
]
= (1− ηkλj)

2E
[
(uj

k)
2
]
+ η2kE

[
(ξjk)

2
]
. (43)

Proposition E.1. For any k ⩾ 1 and any j ⩾ 1,

E
[
(uj

k)
2
]
=

k−1∏
i=0

(1− ηiλj)
2(uj

0)
2 +

k−1∑
i=0

η2i E
[
(ξji )

2
] k−1∏

ℓ=i+1

(1− ηℓλj)
2.

Proof. Iteratively unroll equation 43.

Intrinsic time and excess risk bound Define the intrinsic time

tk :=

k−1∑
i=0

ηi, k ⩾ 1, t0 := 0.

Assume ηmax := max0⩽i⩽N−1 ηi ⩽ λ−1
1 . Then for any 0 ⩽ i < k and any j ⩾ 1,

k−1∏
ℓ=i

(1− ηℓλj)
2 ⩽ exp

(
− 2λj

k−1∑
ℓ=i

ηℓ

)
= exp

(
− 2λj(tk − ti)

)
.

Combining this with Proposition E.1 and equation 41 yields

2E[E(θk)] ⩽
∑
j⩾1

λje
−2λjtk(uj

0)
2 +

k−1∑
i=0

η2i
∑
j⩾1

λje
−2λj(tk−ti+1) E

[
(ξji )

2
]
. (44)

Recall the hypercontractivity condition in Assumption 2.1. It gives that

Ex∼DX

[
⟨u,ϕ(x)⟩2H⟨v,ϕ(x)⟩2H

]
⩽ C · Ex

[
⟨u,ϕ(x)⟩2H

]
Ex

[
⟨v,ϕ(x)⟩2H

]
. (45)

Proposition E.2. Suppose equation 45 holds and ϵk ∼ N (0, σ2) is independent of xk. Then for any
k ⩾ 0 and any j ⩾ 1,

E
[
(ξjk)

2
]
⩽ λj

(
2C E[E(θk)] + σ2

)
.

Proof. Recall the definition

ξjk =
(
⟨uk,ϕ(xk)⟩H − ϵk

)
⟨vj ,ϕ(xk)⟩H − λju

j
k.

Let Ak := ⟨uk,ϕ(xk)⟩H ⟨vj ,ϕ(xk)⟩H and Bk := ϵk ⟨vj ,ϕ(xk)⟩H. Then ξjk = (Ak − E[Ak |
uk])−Bk since E[Ak | uk] = λju

j
k.
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Conditioned on uk, we have E[Bk | uk] = 0 and E[Ak − E[Ak | uk] | uk] = 0. Moreover, ϵk is
independent of xk and uk, hence the cross term vanishes:

E
[
(Ak − E[Ak | uk])Bk | uk

]
= 0.

Therefore,

E
[
(ξjk)

2 | uk

]
= E

[
(Ak − E[Ak | uk])

2 | uk

]
+ E

[
B2

k | uk

]
⩽ E[A2

k | uk] + E[ϵ2k] · E
[
⟨vj ,ϕ(xk)⟩2H

]
.

The second term equals σ2λj because

E
[
⟨vj ,ϕ(x)⟩2H

]
= ⟨vj , T vj⟩H = λj .

For the first term, apply equation 45 with u = uk and v = vj :

E[A2
k | uk] = E

[
⟨uk,ϕ(xk)⟩2H ⟨vj ,ϕ(xk)⟩2H | uk

]
⩽ C · E

[
⟨uk,ϕ(xk)⟩2H | uk

]
E
[
⟨vj ,ϕ(xk)⟩2H

]
.

Using E[⟨vj ,ϕ(xk)⟩2H] = λj and

E
[
⟨uk,ϕ(xk)⟩2H | uk

]
= Ex∼DX

[
⟨uk,ϕ(x)⟩2H

]
= 2 E(θk),

we obtain E[A2
k | uk] ⩽ 2C λj E(θk). Combining the two bounds yields

E
[
(ξjk)

2 | uk

]
⩽ λj

(
2C E(θk) + σ2

)
.

Taking expectation over uk gives the desired bound.

Proposition E.3. Assume ηmax ⩽ λ−1
1 and equation 45 holds. Then for any k ⩾ 1,

2E[E(θk)] ⩽
∑
j⩾1

λje
−2λjtk(uj

0)
2 +

k−1∑
i=0

η2i
(
2C E[E(θi)] + σ2

)∑
j⩾1

λ2
je

−2λj(tk−ti+1).

Proof. Plug Proposition E.2 into equation 44 and use

λje
−2λj(tk−ti+1) · E[(ξji )2] ⩽ λje

−2λj(tk−ti+1) · λj

(
2C E[E(θi)] + σ2

)
.

The following proposition provides a uniform bound on the excess risk, when the maximal learning
rate is smaller than a certain constant. We note that tr(T ) =

∑
j⩾1 λj = E[K(x,x)] < ∞.

Proposition E.4 (Uniform boundedness of the excess risk). Assume equation 45 holds, and ηmax <
1

2C tr(T ) . Then
sup
k⩽N

E[E(θk)] ≲ 1.

Proof. From Proposition E.3, the first term satisfies∑
j⩾1

λje
−2λjtk(uj

0)
2 ⩽

∑
j⩾1

λj(u
j
0)

2 = 2 E(θ0).

For the second term, use η2i ⩽ ηmaxηi = ηmax(ti+1 − ti) and obtain
k−1∑
i=0

η2i
∑
j⩾1

λ2
je

−2λj(tk−ti+1) ⩽ ηmax

∑
j⩾1

λ2
j

∫ tk

0

e−2λj(tk−t) dt

= ηmax

∑
j⩾1

λj

2

(
1− e−2λjtk

)
⩽

ηmax

2
tr(T ).

Let Mk := max0⩽i⩽k E[E(θi)]. Then Proposition E.3 implies

2E[E(θk)] ⩽ 2E(θ0) +
ηmaxtr(T )

2

(
2CMk−1 + σ2

)
.

Taking maximum over k and using ηmax < (2Ctr(T ))−1 yields Mk ≲ 1 by induction.
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With this uniform bound, we obtain the following bound on the excess risk.

Lemma E.5. Under the assumptions of Proposition E.4, for any k ⩾ 1,

E[E(θk)] ≲
∑
j⩾1

λje
−2λjtk(uj

0)
2

︸ ︷︷ ︸
Sk

+

k−1∑
i=0

η2i
∑
j⩾1

λ2
je

−2λj(tk−ti+1)

︸ ︷︷ ︸
Nk

.

Proof. By Proposition E.4, we have E[E(θi)] ≲ 1 uniformly in i ⩽ k. Hence in Proposition E.3, the
factor (2C E[E(θi)] + σ2) is bounded by a constant and can be absorbed into ≲.

E.3 BOUNDING SIGNAL LEARNING AND NOISE ACCUMULATION

We now bound the two terms Sk and Nk in Lemma E.5. They correspond to the signal-learning term
and the noise-accumulation term in the FSL equation 4. Since our goal is the final-step excess risk
E[E(θN )], it suffices to bound SN and NN . We denote the total intrinsic time by T = tN .

E.3.1 SIGNAL-LEARNING TERM SN

Proposition E.6 (Bound on SN ). Assume the source condition in Assumption 5.2. Then

SN :=
∑
j⩾1

λje
−2λjtN (uj

0)
2 ≲ T−s,

where T = tN .

Proof. Since θ0 = 0, the source condition implies uj
0 = −θ∗j = −ajλ

s−1
2

j , hence

SN =
∑
j⩾1

a2j λ
s
je

−2λjT .

Using
∑

j⩾1 a
2
j ⩽ 1 and supλ⩾0 λ

se−2λT ⩽ (s/(2eT ))s, we obtain SN ≲ T−s.

E.3.2 NOISE-ACCUMULATION TERM NN

We first provide a lemma that will be useful in the bound of NN .

Lemma E.7. Assume the capacity condition λj ≲ j−β for some β > 1. Then for all τ > 0,∑
j⩾1

λ2
je

−2λjτ ≲ min
{
1, τ−2+ 1

β

}
.

Proof. Let λj ⩽ c j−β . Then∑
j⩾1

λ2
je

−2λjτ ⩽ c2
∑
j⩾1

j−2βe−2cτj−β

≲
∫ ∞

1

x−2βe−2cτx−β

dx.

With the change of variables u = x−β (so x = u−1/β , dx = 1
βu

−1/β−1du), the integral is bounded
by

1

β

∫ 1

0

u1− 1
β e−2cτu du ⩽

1

β

∫ ∞

0

u1− 1
β e−2cτu du ≂ τ−2+ 1

β .

This yields the τ−2+1/β bound. The constant bound follows from
∑

j⩾1 λ
2
j ⩽ λ1

∑
j⩾1 λj =

λ1tr(T ) < ∞.
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Noise term NN for power decay. We consider the power decay schedule

ηi = η0

(
1− i

N

)γ
, i = 0, 1, . . . , N − 1,

and the intrinsic time tk =
∑k−1

i=0 ηi.
Lemma E.8 (Intrinsic time for power decay). For γ > 0, we have

tN ≂ η0N, tN − ti+1 ≂ η0N
(N − i− 1

N

)γ+1

, i = 0, . . . , N − 1.

Proof. Both relations follow from comparing the sums with the corresponding integrals:
N−1∑
i=0

(
1− i

N

)γ
≂ N

∫ 1

0

(1− x)γ dx,

N−1∑
ℓ=i+1

(
1− ℓ

N

)γ
≂ N

∫ 1

(i+1)/N

(1− x)γ dx.

Proposition E.9 (Noise term for power decay). Assume the capacity condition and η0 ≲ 1. Let
ηi = η0(1− i/N)γ with γ > 0. Suppose β ̸= γ + 1. Then

NN :=

N−1∑
i=0

η2i
∑
j⩾1

λ2
je

−2λj(tN−ti+1) ≲ η0 T
−min{1− 1

β , γ
γ+1},

where T = tN .

Proof. By Lemma E.7,∑
j⩾1

λ2
je

−2λj(tN−ti+1) ≲ min
{
1, (tN − ti+1)

−2+ 1
β

}
.

Let m = N − i− 1 and choose a cutoff m0 such that

m0 ≂ N t
− 1

γ+1

N ⇐⇒ tN

(m0

N

)γ+1

≂ 1.

We split the sum into m ⩽ m0 (near the end, use the bound ⩽ 1) and m > m0 (use the polynomial
bound). Using ηi = η0((m+ 1)/N)γ and Lemma E.8, we have the following bound.

(i) Tail part m ⩽ m0.
m0∑
m=0

η20

(m+ 1

N

)2γ
≲ η20 N

−2γ m2γ+1
0 ≂ η0 t

− γ
γ+1

N .

(ii) Head part m > m0. Using tN − ti+1 ≂ tN (m/N)γ+1 and ηi = η0(m/N)γ , we have

η2i (tN − ti+1)
−2+ 1

β ≲ η20

(m+ 1

N

)2γ
· t−2+ 1

β

N

(m
N

)(γ+1)(−2+ 1
β )

= η20 t
−2+ 1

β

N

(m
N

)−2+ γ+1
β

.

Let ν := −2 + γ+1
β . Then∑

m>m0

η2i (tN − ti+1)
−2+ 1

β ≲ η20 t
−2+ 1

β

N

∑
m>m0

(m
N

)ν
.

The head part We then consider two cases of the head part.

• Case 1: γ > β − 1 (i.e., ν > −1). Since (m/N)ν ⩽ 1 for m ⩽ N , we have∑
m>m0

(m/N)ν ≲ N , and hence∑
m>m0

η2i (tN − ti+1)
−2+ 1

β ≲ η20 t
−2+ 1

β

N ·N ≂ η0 t
−(1− 1

β )
N ,

where we used tN ≂ η0N .
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• Case 2: γ < β − 1 (i.e., ν < −1). In this case,
∑

m>m0
(m/N)ν ≲ N (m0/N)ν+1, so∑

m>m0

η2i (tN − ti+1)
−2+ 1

β ≲ η20 t
−2+ 1

β

N ·N
(m0

N

)ν+1

.

Since m0 ≂ N t
−1/(γ+1)
N , we have(m0

N

)ν+1

= t
− ν+1

γ+1

N = t
−( 1

β− 1
γ+1 )

N ,

and therefore ∑
m>m0

η2i (tN − ti+1)
−2+ 1

β ≲ η20 N t
−2+ 1

γ+1

N ≂ η0 t
− γ

γ+1

N ,

again using tN ≂ η0N .

Combining the two cases yields the following bound on the head part:∑
m>m0

η2i (tN − ti+1)
−2+ 1

β ≲ η0 t
−min{1− 1

β , γ
γ+1}

N .

Then we finish the proof by combining (i) and (ii).

E.4 PROOF OF THEOREM 5.3

Proof. By Lemma E.5 with k = N ,

E[E(θN )] ≲ SN +NN .

Let T := tN . Proposition E.6 gives SN ≲ T−s. Proposition E.9 gives

NN ≲ η0 T
−µ, µ := min

{
1− 1

β
,

γ

γ + 1

}
.

Moreover, Lemma E.8 yields T = tN ≂ η0N . Hence

E[E(θN )] ≲ (η0N)−s + η0(η0N)−µ. (46)

(i) Easy-task regime (s ⩾ 1− 1
β ). Choose γ > β − 1, so that µ = 1− 1

β . Let x := η0N . Then
equation 46 becomes

E[E(θN )] ≲ x−s +N−1x1/β .

Balancing yields xs+1/β ≂ N , i.e.,
η0 ≂ N− sβ−β+1

sβ+1 ,

and substituting back gives E[E(θN )] ≲ N− sβ
sβ+1 .

(ii) Hard-task regime (s < 1− 1
β ). Take η0 ≂ 1 (a sufficiently small constant so that Proposition E.4

applies). Then T ≂ N and
E[E(θN )] ≲ N−s +N−µ.

If γ > s
1−s then γ

γ+1 > s. Together with s < 1− 1
β we have µ > s, so N−µ ≲ N−s and therefore

E[E(θN )] ≲ N−s.

E.5 PROOF OF PROPOSITION 5.4

Proof. Let ηmax := max0⩽i⩽N−1 ηi and assume ηmax ≲ 1. We prove that there exists a data
distribution D satisfying Assumptions 5.1 and 5.2 such that E[E(θN )] ≳ N−s. This implies the
desired lower bound on supD E[E(θN )].

Recall from equation 40 that for each j ⩾ 1,

uj
k+1 = (1− ηkλj)u

j
k − ηkξ

j
k, with E[ξjk | uk] = 0.
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By the second-moment update equation 43, we have

E[(uj
k+1)

2] = (1− ηkλj)
2E[(uj

k)
2] + η2kE[(ξ

j
k)

2] ⩾ (1− ηkλj)
2E[(uj

k)
2].

Iterating this inequality yields, for any k ⩾ 1,

E[(uj
k)

2] ⩾
k−1∏
i=0

(1− ηiλj)
2 (uj

0)
2. (47)

Fix an operator spectrum λj = j−β (which satisfies the capacity condition with parameter β). Choose
a target function supported on a single eigen-direction:

f∗(x) = λ
s/2
j∗ ej∗(x), i.e., aj∗ = 1, aj = 0 (j ̸= j∗),

where the index j∗ is to be determined. This target function satisfies the source condition (Assump-
tion 5.2) with

∑
j a

2
j = 1. We also take the regression noise to satisfy ϵ | x ∼ N (0, σ2) with σ2 > 0.

Note that the lower bound below only uses equation 47, and therefore it does not depend on the noise
distribution.

We initialize θ0 = 0, so uj
0 = −θ∗j . For the above f∗, the corresponding coefficients in H satisfy

θ∗j∗ = λ
s−1
2

j∗ and θ∗j = 0 for j ̸= j∗, hence

(uj
0)

2 =

{
λs−1
j∗ , j = j∗,

0, j ̸= j∗.
(48)

Recall E(θk) = 1
2

∑
j⩾1 λj(u

j
k)

2 (cf. equation 41). Combining equation 47 and equation 48 gives

E[E(θN )] ⩾
1

2
λj∗ E[(uj∗

N )2] ⩾
1

2
λj∗

N−1∏
i=0

(1− ηiλj∗)
2λs−1

j∗ =
1

2
λs
j∗

N−1∏
i=0

(1− ηiλj∗)
2.

Let T := tN =
∑N−1

i=0 ηi. Since T ⩽ ηmaxN ≲ N , it suffices to show E[E(θN )] ≳ T−s. Define

j0 := min
{
j ⩾ 1 : ηmaxλj ⩽ 1

2

}
.

For any j ⩾ j0, we have ηiλj ⩽ 1/2 for all i, and thus 1− x ⩾ e−2x for x ∈ [0, 1/2]. This gives

N−1∏
i=0

(1− ηiλj)
2 ⩾

N−1∏
i=0

e−4ηiλj = e−4λjT .

Hence for any j∗ ⩾ j0,

E[E(θN )] ⩾
1

2
λs
j∗ e

−4λj∗T . (49)

Let

j∗ := max

{
j0,

⌈(
4T

s

)1/β
⌉}

.

If
⌈(

4T
s

)1/β⌉
⩾ j0, then λj∗ = j∗−β ≂ s

4T and equation 49 yields

E[E(θN )] ≳
( s

4T

)s
e−s ≳ T−s.

If instead
⌈(

4T
s

)1/β⌉
< j0, then j∗ = j0 and λj∗ is a positive constant (depending only on ηmax).

Moreover, in this case T ≲ 1/λj0 , hence λj0T ≲ 1 and equation 49 gives E[E(θN )] ≳ 1 ≳ T−s.

In both cases, we have shown E[E(θN )] ≳ T−s. Finally, since T ⩽ ηmaxN ≲ N , we conclude

E[E(θN )] ≳ T−s ≳ N−s.
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F AN ALTERNATIVE PROOF OF OPTIMAL INTRINSIC-TIME LRS PROFILE
(STEP 1)

F.1 A QUICK INTRODUCTION TO VARIATIONAL CALCULUS

Consider the simplest setting

F [f ] =

∫ b

a

L
(
z, f(z), f ′(z)

)
dz,

where f : [a, b] → R is admissible1 and L (the Lagrangian) is smooth.

Euler–Lagrange equation. Take a smooth perturbation h with h(a) = h(b) = 0 and set fε =
f + εh. The first variation is

δF [f ;h] =
d

dε
F [fε]

∣∣∣∣
ε=0

=

∫ b

a

(
∂fLh+ ∂f ′Lh′

)
dz =

∫ b

a

(
∂fL− d

dz
(∂f ′L)

)
h(z) dz,

where the last step uses the integration by part and h(a) = h(b) = 0).

1For instance, f ∈ C1([a, b]) with prescribed boundary values f(a) = A, f(b) = B.
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Because this must vanish for all such h, the integrand is zero:

d

dz
( ∂f ′L)− ∂fL = 0 (Euler–Lagrange)

Beltrami identity. If L = L(f, f ′) has no explicit z-dependence, multiply the Euler–Lagrange
equation by f ′ and integrate once:

d

dz

(
f ′ ∂f ′L− L

)
= 0 =⇒ L− f ′ ∂f ′L = C (Beltrami)

where C is a constant. The quantity L − f ′∂f ′L is (up to sign) the Legendre transform of L with
respect to f ′ and is conserved – an analogue of energy conservation.

F.2 PROOF OF OPTIMAL INTRINSIC-TIME LRS PROFILE

Let us start by fixing the total intrinsic time T . Then, the problem becomes

min
t

∫ N

0

L(T, t(z), t′(z)) dz (50)

s.t. t(0) = 0, t(N) = T.

The Beltrami identity implies

(1 + T − t)−(2− 1
β )(t′)2︸ ︷︷ ︸

L

− t′ · 2(1 + T − t)−(2− 1
β )t′︸ ︷︷ ︸

t′∂t′L

= C.

This gives

φ(t) = t′ = C(1 + T − t)1−
1
2β = φ(0)

(
1− t

1 + T

)1− 1
2β

. (51)

This means that the optimal LRS follows a power law with respect to the intrinsic time. Now we turn
to derive the LRS in terms of training steps. Note that equation 51 gives

dt

dz
= φ(0)

(
1− t

1 + T

)1− 1
2β

=⇒ φ(0)−1

(
1− t

1 + T

)−(1− 1
2β )

dt = dz

=⇒ −φ(0)−12β(1 + T )

(
1− t

1 + T

) 1
2β

= z − C

By maching the end point t(0) = 0, t(N) = T , we obtian the following intrinsic time function:

t(z) = 1 + T −
(
(1 + T )

1
2β − aN,T

2β
z

)2β

,

where aN,T = 2β
N ((1 + T )

1
2β − 1). Differentiating with respect to z gives the physical LRS:

η(z) = t′(z) =
2β

N

(
(1 + T )

1
2β − 1

)2β (
1 +

1

(1 + T )
1
2β − 1

− z

N

)2β−1

(52)

The above derivation means that for any fixed T , the solution to the Euler-Lagrange equation
∂tL− d

dz (∂t′L) = 0 is given by Eq. equation 52.
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