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ABSTRACT

We study optimal learning-rate schedules (LRSs) under the functional scaling
law (FSL) framework introduced in Li et al. (2025), which accurately models
the loss dynamics of both linear regression and large language model (LLM) pre-
training. Within FSL, loss dynamics are governed by two exponents: a source
exponent s > 0 controlling the rate of signal learning, and a capacity exponent
B > 1 determining the rate of noise forgetting. Focusing on a fixed training
horizon N, we derive the optimal LRSs and reveal a sharp phase transition. In
the easy-task regime s > 1 — 1/3, the optimal schedule follows a power decay
to zero, *(2) = Npeax(l — 2/N)?P~1, where the peak learning rate scales as
Npeak ~ IN ¥ for an explicit exponent v = v(s, ). In contrast, in the hard-
task regime s < 1 — 1/, the optimal LRS exhibits a warmup-stable—decay
(WSD) (Hu et al., 2024) structure: it maintains the largest admissible learning rate
for most of training and decays only near the end, with the decay phase occupying a
vanishing fraction of the horizon. We further analyze optimal shape-fixed schedules,
where only the peak learning rate is tuned—a strategy widely adopted in practice—
and characterize their strengths and intrinsic limitations. This yields a principled
evaluation of commonly used schedules such as cosine and linear decay. Finally,
we apply the power-decay LRS to one-pass stochastic gradient descent (SGD) for
kernel regression and show the last iterate attains the exact minimax-optimal rate,
eliminating the logarithmic suboptimality present in prior analyses. Numerical
experiments corroborate our theoretical predictions.

1 INTRODUCTION

Learning-rate schedules (LRSs) are a fundamental component of stochastic optimization, governing
the trade-off between optimization progress and statistical noise during training, and thereby shaping
convergence behavior. They play a central role in both theoretical analyses and practical algorithm
design in modern machine learning.

The formal study of learning-rate schedules dates back to the seminal work of Robbins & Monro
(1951), which established sufficient conditions for convergence of stochastic approximation, namely
Sre i me = coand > po i < oo. A canonical realization satisfying these conditions is the
polynomial-decay schedule ny, o< k™" with k € (1/2,1), which has been extensively adopted in the
analysis of both convex and non-convex optimization (Lacoste-Julien et al., 2012; Bubeck, 2014).
In linear regression, such schedules—when combined with iterate averaging (Ruppert, 1988)—can
achieve minimax-optimal convergence rates in a statistical sense (Bach & Moulines, 2013; Dieuleveut
& Bach, 2015; Miicke et al., 2019). More recently, a line of work has focused on the performance
of the last iterate, showing that exponential-decay schedules can attain nearly optimal rates without
averaging (Ge et al., 2019; Wu et al., 2022a; Zhang et al., 2024).

Despite the rich theoretical literature, two notable gaps remain. First, the learning-rate schedules that
are theoretically optimal or near-optimal in classical analyses—such as polynomial or exponential
decay—are rarely used in modern large-scale training. Second, practical training overwhelmingly
relies on alternative schedules, most notably cosine decay (Loshchilov & Hutter, 2016; Hoffmann
et al., 2022; Touvron et al., 2023) and warmup—stable—decay (WSD) (Zhai et al., 2022; Hu et al.,
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2024; Liu et al., 2024; Team et al., 2025). WSD schedules typically keep the learning rate constant
for the majority of the training horizon (often up to 80%) and defer decay to a short final annealing
phase. This stark contrast raises a fundamental theoretical question: why can schedules that delay
decay until the very end of training still perform well?

A key reason for these gaps is that most existing analyses do not derive learning-rate schedules
from a principled approach. Instead, they follow a “propose-and-verify” paradigm: a specific
schedule—typically motivated by classical sufficient conditions or heuristics—is posited a priori
and then shown to achieve a desired convergence rate under certain conditions. While this approach
provides useful guarantees, it decouples performance analysis from schedule design and offers
limited guidance on important questions such as which decay shapes are preferable and how optimal
schedules depend on problem characteristics like model capacity and task difficulty.

Recent work by Li et al. (2025) offers a complementary perspective in a controlled yet expressive
setting. Under feature-space linear regression with power-law structure (Bahri et al., 2024; Bordelon
et al., 2024; Lin et al., 2024; Paquette et al., 2024; Li et al., 2025), they derive a functional scaling law
(FSL) that expresses the loss as an explicit and analytically tractable functional of the learning-rate
schedule. Moreover, empirical evidence in Li et al. (2025) shows that this functional characterization
remains accurate in large language model (LLM) pre-training, despite the substantial gap between
the theoretical setting and practical LLM training. While the FSL provides a precise description of
how a given learning-rate schedule shapes the loss, it does not address the problem of learning-rate
schedule design, nor the characterization of optimal schedules.

In this paper, we focus on the problem of optimal learning-rate schedules (LRSs). Specifically, we
characterize the LRS that minimizes the final-step loss over a fixed training horizon /N (equivalently,
a fixed data budget). Under the FSL framework, this problem can be formulated as a constrained
variational optimization problem, in which the loss is governed by a competition between signal
learning, controlled by the source exponent s > 0, and noise forgetting, determined by the capacity
exponent 5 > 1. Our main contributions are summarized as follows.

Optimal learning-rate schedules (LRSs). We derive that the optimal LRS depends critically on
the task difficulty. In the easy-task regime (s > 1 — 1/[3), the optimal LRS follows a power decay to
Zero:

Me(2) = Tpea (1 — 2/N)? 71,

. _14s8-8 . .
where peak learning rate 7peqx ~ N~ 157 . In contrast, in the hard-task regime (s < 1 —1//3), the

optimal LRS exhibits a WSD-like structure: the decay phase occupies only a oy (1) fraction of the
training horizon, while retaining the same power-decay profile as the easy-task regime. Figure 1(left)
provides an illustration of these optimal LRSs.

Shape-fixed optimality and capacity saturation. To isolate the essential structure underlying
optimal LRSs, we consider a class of fractional schedules of the form n(z) = 79 {(z/N), which
depend on training steps only through the relative progress z/N and exhibit a power-decay tail
near the end of training: {(x) o« (1 — x)" as  — 1. Within this shape-fixed setting—where the
decay shape is fixed and only the peak learning rate is tuned—we uncover a capacity saturation
phenomenon: such schedules adapt to model capacity only up to 5 < v + 1, beyond which the
achievable convergence rate saturates regardless of peak-rate tuning. Figure 1(right) summarizes this
behavior via a phase diagram of convergence rates over the (3, s) plane. This characterization clarifies
the strengths and limitations of widely used practical schedules; in particular, Figure 1(middle) shows
that cosine LRS (y = 2; see Section 4) indeed exhibits the predicted saturation.

Improved convergence rates for kernel regression. Finally, to substantiate the predictions of the
continuous-time FSL analysis, we provide a rigorous discrete-time analysis showing that one-pass
SGD with a power-decay LRS attains the exact optimal convergence rate at the last iterate. To the
best of our knowledge, this is the first such result without logarithmic factors, improving upon prior
analyses based on exponential-decay LRS (Wu et al., 2022a; Lin et al., 2024; Li et al., 2025).
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Figure 1: (left) Illustration of optimal learning-rate schedules (LRSs): power decay in the
easy-task regime and WSD with power decay in the hard-task regime. (middle) Performance
comparison of cosine (v = 2) and power-decay (y = 4.2) LRSs for feature-space linear
regression with source exponent s = 0.8 and capacity exponent S = 5. Power decay achieves
the minimax-optimal rate N ~7/(%s+1) 'whereas cosine decay suffers from capacity saturation
and exhibits the suboptimal rate predicted by our theory (corresponding to the green region
in the right phase diagram). For each data size, we perform 500 independent runs of SGD,
and tune the peak learning rate to minimize the average final-step loss. (right) Phase diagram
of convergence rates under shape-fixed fractional LRSs (Theorem 4.3). Each region in the
(8, s) plane corresponds to distinct convergence rates. The vertical boundary 8 = v + 1 marks
a capacity-saturation threshold induced by fixing the decay shape; in the green region, this
restriction leads to suboptimal convergence rates.

2 PRELIMINARIES

Notation. We write =~ to denote equivalence up to a multiplicative constant factor, and < (resp. =)
to denote an inequality up to a multiplicative constant factor. For two nonnegative functions f, g :
R>o — Rsg, we write f(t) =~ g(t) if there exist constants C1, C; > 0 (independent of ¢) such that
Cyf(t) < g(t) < Caf(t), YVt = 0. We write a sequence ay = oy (1) if limy_,0c ay = 0.

2.1 FEATURE-SPACE LINEAR REGRESSION

Let D be a distribution over X x R and denote by Dy the marginal on input domain X'. Samples
(x,y) ~ D satisfy y = f*(x) + ¢, where € ~ N(0,0?) is independent of x. We assume f*(x) =
(0", ¢(x)) = 322, 07 ¢;(x) for some feature map ¢ : X' — (% and 6* € °.

Assumption 2.1 (Hypercontractive features). For any u, v € ¢2, it holds that

Exp[(1, 0(x))* (v, 6(x))*] = Ex~py (1, 6(x))*|Ex[(v, 6(x))].

Define the feature covariance operator by H = Exp, [¢(x)¢(x) "]. Without loss of generality,
we assume that H is diagonalized. Let Ay > Ay > --- > 0 denote its eigenvalues, ordered non-
increasingly. This assumption is without loss of generality due to the rotation equivariance of
SGD.

Let {(xx,yx)}n_, be N samples drawn independently from D. To learn the target function, we
consider the linear model f(x;80) = (0, ¢(x)) trained by one-pass SGD:

Ori1 =0k — leVo(%(f(Xk; 0y) — Z/k)2>, 6, =0, (D
where (19,71, .. .,nn—1) is the learning-rate schedule (LRS). We measure the performance using

the excess risk £(0) == Ex~p, [(f(x;0) — f*(x))?] . The choice of the LRS plays a crucial role in
determining the final-step performance. Our goal is to characterize the optimal LRS for a fixed V.

2.2 FUNCTIONAL SCALING LAWS

We adopt the FSL framework of Li et al. (2025) to characterize the impact of LRS on the final-step
loss and to identify optimal schedules. This framework operates under a power-law data assumption:



Under review as a paper at the 2nd DeLLTa Workshop, ICLR 2026

Assumption 2.2 (Power-law structures). The following conditions hold for each j € N :

N8, X057 = (e, )

The condition A\; = 4§78 is referred to as the capacity condition, where the exponent /3 controls the
decay rate of the feature spectrum. A smaller 3 yields slower eigenvalue decay, corresponding to
a higher capacity. The condition A;|0} |2 = j~(1+P) is referred to as the source condition, which
quantifies the alignment between the target function and the feature space. The capacity exponent
s measures the relative difficulty: smaller values of s correspond to more challenging problems, in
which a larger fraction of the signal energy is concentrated in high-frequency components.

In the FSL framework, rather than working directly with the discrete SGD, one adopts a continuous-
time modeling perspective. Specifically, the discrete SGD is modeled by an Itd stochastic differential
equation (SDE) (Li et al., 2019; Orvieto & Lucchi, 2019). A central concept in FSL is the intrinsic
time, which encodes the effect of the LRS. At iteration k, the intrinsic time is given by ¢ = Z;:é ;.

At the continuous level, t = I'(z) := [ 1(z) dz, where z and 7)(z) denote the continuous step and
learning rate z step, respectively. Under this intrinsic-time parametrization, the SGD dynamics are
modeled by the 1t6 SDE

46, = —VE(,) At + /(1) (8,)/? dWy, 3)

where 6, denotes the parameter at intrinsic time ¢, (¢) := n(I'~1(¢)) is the learning rate in intrinsic
time, W, is a standard Wiener process, and 3(6;) denotes the covariance of gradient noise.

Theorem 4.4 of Li et al. (2025) shows that, in the label-noise—dominated regime ¢ 2 1 and under
the stability condition sup,>, ¢(t) < C for a sufficiently small constant C' > 0, the solution to the
SDE equation 3 satisfies, for all ¢ > 1,

t
BlE@)] = Flt = (1407 + [ Klt—7) p(n)dr @)
S—— 0
signal learning forgetting kernel

where K(t) := (1 4 t)~(3~1/8)_ This FSL establishes a functional-level map from the LRS function
to the loss at intrinsic time ¢ and notably, the two terms exhibits a clean interpretation:

* The signal-learning term corresponds to learning under full-batch gradient descent, cap-
turing the rate at which SGD extracts signal f*. This rate is determined by the relative
difficulty s.

* The noise-accumulation term characterizes how the LRS changes the accumulation and
dissipation of gradient noise. The forgetting kernel K(¢ — 7) characterizes how the noise
injected at time 7 still affects the loss at time ¢. Due to () = (¢t 4+ 1)~(>~1/8)_a higher-
capacity model (smaller 3) tends to forget noise more slowly.

Remark 2.3. The theoretical and empirical evidence in Li et al. (2025) demonstrates that the FSL equa-
tion 4 can accurately model the effect of LRSs in feature-space linear regression, and even in large-
scale LLM pre-training. In this work, we take this FSL as a starting point for studying optimal
LRS—a direction that lies outside the scope of Li et al. (2025).

3 OPTIMAL LEARNING RATE SCHEDULES

We begin by asking the following natural question:
Given a data budget N, what is the optimal LRS when the loss dynamics follows the FSL equation 4?

To formalize the resource constraint, we move to domain of training steps. Let 77(z) denote the learning
rate at (continuous) step z and define the intrinsic time ¢(z) = fg 1(z) dz. Then, dr = ¢'(z) dz and
n(7) = t'(z). For a fixed N, by a change of variable, the noise term becomes
N
2

HN)
/ K(t(N) — m)e(r)dr = K(t(N) —t(2)) (¢'(2))" d=. 5)

0 0
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Hence, seeking the optimal LRS can be formulated as the resource-constrained variational problem:

N
. _ s 12
el Flt] = (1+tN))" + /0 K(t(N) —t(2)) (t'(2))" dz
s.t. t(0) =0,

0 < t'(2) < Mstabitity forae. z € [0, N].

(6)

where AC([0, N]) denotes the set of absolutely continuous function over [0, N]. The constraint
0<t(2) < Nstability enforces the nonnegativity of the learning rate and an upper bound required for
training stability (Wu et al., 2018; 2022b).

Before stating our characterization of the optimal LRS, we first clarify what constitutes a good LRS.
From equation 6, the signal-learning term favors a large intrinsic time ¢(N'), which corresponds to
using a larger learning rate, whereas the noise-accumulation term favors a smaller learning rate. A
good LRS must balance these two competing effects.

Theorem 3.1 (Optimal learning-rate schedules). Let t, be a minimizer of equation 6 and define
n*(z) == t,.(z) and EY = Ft.] be the final-step loss. Then the following holds.

* Easy-task regime (s > 1 — % ): the optimal LRS follows a power decay to zero:

1+s3—8

. z\26-1 _
n (Z) = Tlpeak (1 + ON(I) - N) ) Tlpeak ~ N~ THsE @)
under which, the final-step loss satisfies
sB
ENn ~ N7 sp+1,

* Hard-task regime (s < 1 — % ): the optimal LRS is a WSD form:

Nstability 0<2z< Ny,
n*(z) = 261 ®)
Tstability (1 +on(1) — N_Nll) , N1 <z<N,
where the ratio of the decay phase satisfies
N —-N _(-1/p)=s
Py = L N~ =75 =on(1). 9)
N
Under this optimal LRS, the final-step loss scales as
En ~ N7,

This theorem provides a characterization of the optimal LRS under the assumption that FSL correctly
describes the loss dynamics. The proof is deferred to Appendix C.

We see that the optimal LRS depends critically on the task difficulty. In the easy-task regime, the
optimal LRS decreases monotonically from the beginning of training and follows a power decay to
zero. Moreover, the peak learning rate scales with the training horizon according to a power law. In
contrast, in the hard-task regime, the optimal LRS exhibits a WSD structure: it maintains the largest
admissible learning rate 7)stability for most of training and decays only near the end. Notably, the
decay phase occupies only a vanishing fraction of the training horizon as N — oc.

We next provide intuition for explaining these results through the trade-off between signal learning
and noise forgetting:

* The optimal decay shape. In both regimes, the decay phase follows a power-decay profile
whose exponent depends only on the capacity exponent 8. Intuitively, higher-capacity
models forget noise more slowly and therefore require a faster decay of the learning rate to
ensure that injected noise dissipates sufficiently. More precisely, the optimal decay profile
satisfies * (t) oc (T — t)~'/? in intrinsic time; see equation 19 and the accompanying
derivation. The power-decay form arises from the power-law behavior of the forgetting
kernel C(+).
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* The emergence of a prolonged stable phase for hard tasks. When s is small, the learning
problem is hard: signal learning progresses very slowly and requires a large intrinsic time.
In contrast, the rate of noise forgetting is governed by the capacity exponent 5 and is
independent of the task difficulty s. As a result, the optimal strategy is to maintain the largest
stable learning rate nstability for an extended period, and to allocate only a short decay phase
at the end to eliminate accumulated noise. As predicted by equation 9, harder tasks (smaller
s) indeed need longer stable phases in the optimal LRS.

4 SHAPE-FIXED LEARNING-RATE SCHEDULES: OPTIMALITY AND
LIMITATIONS

The analysis in Section 3 provides a complete characterization of the optimal learning-rate schedule
(LRS) and the best achievable performance. Beyond optimality, these schedules share two salient
structural features: a fractional form, in which the schedule depends on training progress only
through the normalized step z/N, and a power-decay to zero in the terminal phase. To disentangle
the contributions of these two structures, we consider the following family of LRSs.

Definition 4.1 (Fractional LRS with power-decay tail). Given a training horizon N, a LRS 7y :
[0, N] = Rx is called fractional if it can be written as

() =m¢(~),  zel0N], (10)

where 79 > 0 is the initial learning rate and the profile function ¢ : [0, 1] — [0, 1] satisfies (0) = 1.
It is said to have a power-decay tail if there exist constants v > 0 and § € (0, 1) such that

()= (1—=x)7, Ve [d1]. (11)
Examples. This class of schedules includes nearly all commonly used in practice:

» Constant LRS 7y (2) = n9: {(x) = 1, corresponding to v = 0.
* Cosine decay nn(z) = 1no(1 + cos(mz/N)): here ((z) = (1 + cos(rz)). A Taylor
expansion at z = 1 yields {(z) = %2(1 —2)>+ O(|1 — z[*), and hence y = 2.

* 1-sqrt decay 1y (z) = no(1 — /2/N): ((z) = 1 — /z admits the expansion ((z) =
(1 —2)+O(|]1 — z/?), implying y = 1.

» Power decay 1y (z) = no(1 — z/N)7: {(z) = (1 — x)7, which satisfies Definition 4.1 for
any v > 0. The case v = 1 is commonly referred to as linear decay in the literature.

First, for a fractional LRS, the total intrinsic time is given by ¢(N) = fON n(u) du =

no N fol ¢(x) dx. This reveals a key property of fractional schedules: when 7 is fixed, the to-
tal intrinsic time grows linearly with the training horizon N. As a result, fractional LRSs can provide
sufficient intrinsic time for signal learning. Second, the power-decay tail ensures that the learning rate
vanishes smoothly in the terminal phase, allowing SGD to forget accumulated noise at a controlled
rate.

Theorem 4.2 (Scaling law for fractional LRS). Let 1y be a fractional LRS, o = min{g, v + 1}
and Ty = noN fol ¢(x) dz. Then the final-step loss satisfies

s —(-1 1{B=~+1
Finn] = Ty +170TN(1 “)(logTN) (B=rt1}

12)
The quantity Ty represents the total intrinsic training time. The second term in equation 12 exhibits
a capacity saturation effect: when the LRS decays more slowly than the forgetting kernel, noise
forgetting is governed by the decay rate of the LRS rather than the model’s intrinsic capacity. As
a result, the exponent & = min{~y + 1, 3} acts as an effective capacity exponent governing noise
forgetting. In particular, choosing a fast-decay tail v > 3 — 1 recovers the intrinsic capacity o = 3.
At the boundary case v + 1 = 3, an additional logarithmic factor appears.

Fix the tail exponent v and optimize only over the peak learning rate 779 on the right-hand side
of equation 12. Let 7§ denote the minimizer, and let £}, be the resulting final-step excess risk.
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Theorem 4.3 (Optimal fractional LRS). Consider a fractional LRS with fixed tail exponent vy, and let
a =min{f,v + 1}. Then:

* Easy-task regime (s > 1— 1):

s—1+1/a sa

—IfB=y+1 thennf = N~ F7s (logN) 7% | &% = N~#57 (log N) ™17,
- IfB#~v+1, then

. _s—141/a N _ _sa
g ~ sFi/a EN = N~ sot1,

* Hard-task regime (s < 1 — é ):
no ~ 1, Ey~N7*

Comparing Theorem 4.3 with Theorem 3.1, we observe that fixing the decay shape and optimizing
only the peak learning rate shifts the boundary between the easy- and hard-task regimes from
s=1- % tos=1— é Figure 1(right) provides a diagrammatic illustration of how the convergence

rate under fractional LRSs varies with (s, 8) for different ’s.

Remark 4.4. We observe that, in both regimes, a fractional LRS with decay exponent v > 5 — 1
is sufficient to attain the same convergence rates as those achieved by the exact optimal LRS. By
contrast, the latter employs the sharper decay exponent v = 23 — 1 and, in the hard-task regime,
requires a prolonged stable phase. This comparison highlights that an exact optimal LRS can differ
substantially from schedules that merely achieve optimal convergence rates.

Practical implications. The above analysis mirrors a common practice in large-scale training,
where one fixes the shape of LRS and tunes only the peak learning rate. Theorem 4.3 therefore
provides a principled understanding of both the strengths and limitations of this approach. In
particular, for a fractional LRS with power-decay exponent v, tuning only the peak learning rate
achieves the optimal convergence rate whenever the model capacity satisfies 5 < v + 1. In contrast,
when 3 > v + 1, corresponding to lower-capacity models, this strategy can lead to suboptimal rates.

As concrete examples, cosine decay (7 = 2) achieves optimal rates for 3 < 3, while linear decay and
1—sqrt decay (v = 1) achieve optimal rates for 8 < 2. Since modern deep learning models typically
operate in high-capacity regimes, these results may provide an explanation of why shape-fixed LRSs
perform well in practice.

5 SGD FOR KERNEL REGRESSION

In this section, we show that the optimal LRS derived within the continuous-time FSL framework
can be indeed transferred to discrete-time SGD for kernel regression.

A function K : & x X — R is said to be a kernel if there exists a feature map ¢ : X +—
H such that K(x,x") = (¢(x), d(x'))m, where H is a separable Hilbert space. Consider the
hypothesis class # = {fg = (0,¢(-))m : @ € H}. Then H is the reproducing kernel Hilbert
space (Aronszajn, 1950) corresponding to the kernel K. Suppose Exp, [K(xX,%)] < oo. Then,
there exist nonnegative eigenvalues {);}52; and an orthonormal system {e;}52, in L?(Dx) such

that K (x,x’) = 3772, Aje;(x)e;(x'), where the convergence is in L?*(Dx x Dy).
Assumption 5.1 (Capacity condition). There exists a 5 > 1 such that \; < j —Bforall j € N,.

Assumption 5.2 (Source condition). f* = 3", a; /\;/ ®e; with >, a7 < 1 for some s > 0.

These are classic capacity and source conditions, widely used in the study of kernel methods (Ying
& Pontil, 2008; Dieuleveut & Bach, 2015; Dieuleveut et al., 2017; Pillaud-Vivien et al., 2018; Guo
& Shi, 2019; Guo et al., 2024; Mao & Guo, 2024). Assumption 2.2 can be viewed as a power-law
variant of these conditions. Analogously, the capacity condition controls the effectively size of the
hypothesis space through the eigenvalue decay. The source condition captures the regularity of the
target function f*. The parameter s measures how well the target aligns with the spectral geometry
of the kernel and a larger s implies a smoother target function.
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The following result from Caponnetto & De Vito (2007); Steinwart et al. (2009) established a lower
bound on the best achievable convergence rate, independent of the choice of estimator. Suppose
Assumption 5.1 and 5.2 hold. Let Dy = {(x,yx)}n o be a dataset of N samples drawn i.i.d. from
D. The minimax risk satisfies

inf sup Ep, {g(éN)} > N~ (13)
6y D

where the infimum is taken over all estimators 0 ~ (i.e., measurable functions of Dy) and the
supremum is taken over all data distributions D satisfying the stated assumptions. This minimax
lower bound serves as a fundamental criterion for assessing the optimality of learning algorithms.

We now present our main result. Through a detailed analysis of the dynamics of SGD with the power
decay LRS, we derive the convergence rate of SGD with power decay.

Theorem 5.3 (Convergence rate of SGD with power decay). Suppose Assumptions 5.1 and 5.2 hold.
Consider LRS i, = no(1 — k/N)7. The following statements hold.

* Easy-task regime (s > 1 — 7) Choosing g ~ N~ “F and v > B — 1 yields
E[S(HN)] N~ 5ﬁ+1

* Hard-task regime (s < 1 —

Elg(6n)] S N7°.

The proof is deferred to Appendix E.4 due to its technical complexity. The rate for the easy-task
regime matches the minimax optimal rate equation 13. In the hard-task regime, the obtained rate is
also optimal, in the sense that it coincides with the best rate achievable by one-pass SGD:

Proposition 5.4. Suppose that max;enyn; S 1. If s < 1 — 4, thensupp E[E(On)] 2 N°.

The supp denotes the supremum over all data distributions satisfying Assumption 5.1 and 5.2. The
proof of this proposition is deferred to Appendix E.5.

To the best of our knowledge, Theorem 5.3 provides the first theoretical guarantee that last-iterate
SGD attains the exact minimax-optimal convergence rate in the easy-task regime. Existing guarantees
achieving minimax rates rely on iterate averaging. Notably, this improvement is achieved by employ-
ing a power-decay LRS, which is inspired by our optimal LRS analysis under the FSL framework. By
contrast, the analyses in Lin et al. (2024) and Zhang et al. (2024) rely on exponential-decay LRS and
consequently incur additional logarithmic factors. Conceptually, power-decay LRSs precisely match
the power noise-forgetting dynamics, striking the optimal balance between signal learning and noise
dissipation; in contrast, exponential decay over-regularizes late iterations, leading to logarithmic
suboptimality for last-iterate SGD.

6 CONCLUSION

In this paper, we study optimal learning rate schedules (LRSs) under a fixed training horizon within
the functional scaling law framework. We derive optimal LRSs, identify their essential structural
properties, and use these insights to explain the empirical success of cosine decay and warmup—stable—
decay (WSD) schedules as well as their limitations. This characterization explains why different
schedules can behave similarly in some regimes, yet diverge sharply in others, as a function of task
difficulty and model capacity. Finally, we further leverage this structural understanding to improve
the last-iterate convergence rate of SGD for kernel regression.

The core insight underlying our analysis is a fundamental trade-off between signal learning and noise
forgetting. This perspective provides a unified lens for many existing LRSs and offers principled
guidance for designing new ones, thereby bridging theoretical and practical training regimes. A
promising direction for future work is to extend this analysis to more realistic optimization settings,
incorporating adaptivity, momentum, and batch-size effects.
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A RELATED WORK

Neural scaling laws. Hestness et al. (2017) first observed that the performance of deep learning
models follows predictable power-law relationships in model and data size, later formalized as neural
scaling laws (Kaplan et al., 2020). These laws have since guided large-scale training and been refined
across architectures and training regimes (Henighan et al., 2020; Hoffmann et al., 2022; Kadra et al.,
2023; Aghajanyan et al., 2023; Muennighoff et al., 2023; Kumar et al., 2024; Tissue et al., 2024,
Luo et al., 2025), with parallel theoretical efforts explaining their origins and mechanisms (Bordelon
et al., 2024; Lin et al., 2024; Bahri et al., 2024; Paquette et al., 2024; Lin et al., 2025; Yan et al.,
2025). Our work fits into this line of research by providing a scaling-law analysis of the design of
learning-rate schedules. In particular, we study the structure of optimal schedules by leveraging the
FSL framework introduced by Li et al. (2025).

Optimal learning-rate schedules for linear regression. Previous analyses of optimal learning-rate
schedules for linear regression often formulate the problem as an optimal control problem. However,
such analyses are technically challenging and typically restricted to low-dimensional settings or
isotropic Hessians (Li et al., 2017; Fahrbach et al., 2023). By contrast, leveraging the FSL framework,
we develop a principled variational approach to derive and analyze optimal LRSs.

Understanding cosine and WSD schedules. For cosine schedules, Li et al. (2021) attributes their
empirical success to a duration-aware property: the cumulative learning rate scales linearly with
the total training horizon while the learning rate itself decays to a horizon-independent minimum.
Standard polynomial decay schedules fail to satisfy this dual requirement. In this work, we generalize
this property through a class of fractional LRS and identify the regimes in which it attains optimal
rates and those in which it does not.

For WSD schedules, Wen et al. (2024) provide a river-valley landscape interpretation of their
dynamical behavior; Schaipp et al. (2025); Li et al. (2025) offer theoretical evidence for the benefits
of delayed decay but do not characterize the role of the decay shape itself. Meanwhile, existing
empirical studies reach seemingly conflicting conclusions: Defazio et al. (2023) and Bergsma et al.
(2025) advocate linear decay, whereas Hégele et al. (2024) report superior performance for concave
decay profiles such as 1 — /. In this work, we show that the optimal decay shape is determined
by the profile of the forgetting kernel, which governs the rate of noise forgetting. In addition, Luo
et al. (2025) numerically solve a variational problem based on a multipower-law model for LLM
pre-training and find that the resulting LRS takes a WSD form with a decay shape approximately
(1 — )5, Our analysis provides theoretical support for this empirical observation.

One-pass SGD for kernel regression. The convergence of one-pass SGD for kernel regression—
often formulated as high-dimensional feature-space linear regression—has received considerable
attention. In particular, Dieuleveut & Bach (2015) and Miicke et al. (2019) showed that averaged
SGD attains the minimax-optimal rates O(N _55%) in the easy-task regime and O(/N ~*) in the
hard-task regime. Subsequent work demonstrated that iterate averaging can be replaced by the more
practical last iterate when learning-rate schedule is adopted, but the resulting rates typically incur
logarithmic factors (Wu et al., 2022a; Lin et al., 2024; Li et al., 2025). In this work, we remove these
logarithmic factors by employing power-decay schedules.

B PROOF SKETCH OF THEOREMS 3.1 AND 4.2

B.1 PROOF SKETCH OF THEOREM 3.1

Directly solving the variational problem equation 6 is hard due to the non-linearity. To address this,
we adopt a decoupled approach:

Step 1: Deriving the optimal profile under a fixed intrinsic time budget. We first fix the
total 1ntr1ns1c t1me t( ) = T and optimize the schedule profile subject solely to this constraint.
Noting ¢ = foz ) du and @(t) = n(I'~%(t)), the intrinsic-time constraint becomes

N = fo 1dz = fo n s dr = fo so 507y dr. For fixed intrinsic time, the signal-learning term is
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constant; we only need to minimize noise term:

T T
min / K(T —1)p(r)dr s.t. / ——dr =N. (14)
0 0

©:[0,T]=Rxo

Applying Cauchy-Schwarz inequality yields

</OTIC(T—T)¢(T)dT> (/j(p%m) > (/OT\/K(T—T)dTY.

Consequently, the noise term equation 14 is minimized when the equality condition holds, which
yields the optimal intrinsic-time profile:

_ fOT\/IC(T—u)du 1

N/K(T —1) > KT —7)

©*(1) =(1+T 1), (15)

This also translates to a power-decay in training steps: 1(z) o (1 — z/N)** 1.

Step 2: Determining the optimal intrinsic time budget. Substituting equation 15 into equation 14,
2
the noise term under optimal LRS becomes fOT K(T —7)p(r)dr = (foT VKT —7) d’T) ~
1

1 1
%. Consequently, the total excess risk is given by Ex 7 ~ T7° + % Minimizing this risk with

respect to 7', we obtain the optimal intrinsic time horizon 7% <~ N T+5

Step 3: Incorporating the peak learning-rate constraint. For the unconstrained solution, the
implied peak learning rate scales as

1+B8(s—1)
©*(0) = N~ " sp¥1 .

This scaling exhibits two distinct regimes. (i) When s > 1 — 1/, the exponent is negative, and

hence ¢*(0) — 0 as N — oo. In this case, the stability constraint Tpeak < Tstability 1 asymptotically

inactive. (i) When s < 1 — 1/, the unconstrained peak diverges as N — oo, violating the stability

constraint. Consequently, the peak constraint becomes active and must be explicitly enforced.

To handle this regime, we apply the Karush—Kuhn-Tucker (KKT) conditions to the fully constrained
variational problem. Using Lagrange multipliers and exploiting the monotonicity of the optimal
profile, we show that the resulting optimal LRS exhibits a WSD-like structure.

B.2 PROOF SKETCH OF THEOREM 4.2

We first transform the training-step LRS into its intrinsic-time counterpart, denoted as ¢(7) ~
1o¢(7/T). Crucially, the fractional structure preserves in intrinsic time. Specifically, if the training-
step profile exhibits a power-decay tail, the intrinsic-time profile also possesses a power-decay tail,
satisfying ((z) ~ (1 — 2)7T for z € [5, 1] and some § € (0,1). Applying the FSL equation 4, we
derive
Fin =Tyt + [ Ky = () dr
0 Tn

1 _
—s Mo C(I)

~Tv® + dx
v+ 7 |, T

We decompose the integral into two regions: [0, 6] and [0, 1]. The asymptotic behavior is dominated
by the tail integral over [4, 1]. We analyze the convergence based on the exponent comparison:

(16)

>1-— %): In this case, the combined exponent satisfies —1~ —

¢ Fast decay regime ( P

0
y+1
(2 - %) > —1, ensuring the integral converges absolutely:

! C 1
((z) _ )
/3 (Ty +171 —z)2-1/8 dz =~ 5 (1—z)7+ B dr < oo.
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* Slow decay regime (# <1- %): Here, the integral diverges as z — 1. The term Tlgl
acts as a cutoff, yielding:

1 ; 1
() = o1 -1 gy = TR
/5 (Tt +1—x)2-1/8 dz ~ 5 Iy +1-2)7 Pdr =Ty .

.. . . —min{l-3,-35}
Combining the two regimes gives the rate T’y K

integral contributes an additional log Ty factor.

. At the boundary 75 =1 — %, the tail

Intuitively, when the LRS decays rapidly, the noise injection diminishes faster than the forgetting
kernel can dissipate it; consequently, the bottleneck becomes the decay rate of the forgetting kernel
itself. In contrast, when the LRS decays more slowly, the noise accumulation overwhelms the
forgetting mechanism, leading to a sub-optimal total noise forgetting.

C PROOF FOR THEOREM 3.1 (OPTIMAL LRS UNDER FSL)
In this section, we provide a detailed proof of Theorem 3.1, structured into the following three steps.
We define the auxiliary functions:
®(T)=(1+T)"% L(T,t,t') = KT —t)(t")>.
The objective functional in training step is then:
~ N ,

teACIgE(iJ?N]),T Flt, T] :== ®(T) +/0 L(T,t(z),t'(z)) dz

st. t(0)=0, t(N)=T,
0 < '(2) < Nstabitity forae. z € [0, N].

7)

Directly solving the variational problem equation 17 is challenging due to the non-linearity of the
functional with respect to the LRS function. To address this, we adopt a decoupled approach and
decompose the proof into three steps.

C.1 STEP 1: DERIVING THE OPTIMAL PROFILE UNDER A FIXED INTRINSIC TIME BUDGET

We first fix the total intrinsic time ¢(N) = T and optimize the schedule profile subject solely to this
constraint (temporarily omitting the peak learning rate constraint). Formally, we apply the change of
variables z = t~!(7). By the inverse function theorem, the differential transforms as:

dr dr dr

U k) el

Then, the requirement imposes the following integral constraint:

N T 4
N = / 1dz = / ——dr,
0 o ¢(7)

which leads to the following variational problem of noise term:

dz

#:[0,T]=Rx0

s.t. N.
/0 (7)
Applying the Cauchy-Schwarz inequality yields

( [ -t d7> ( [ ()d> . ( [ veT= d)

15
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Consequently, the noise term is minimized when the equality condition holds, which yields the
optimal intrinsic profile:
B fOT VKT —u)du
- NJVK(T—7) (19)
= aNVT(l +T — 7')1_ﬁ

o(7)

where a7 == 22 ((1+ T)25 —1). We have used K(t) = (1 +t)1/#=2.

Now, we proceed to derive the LRS in terms of training steps z. Recall that % = (7). Substituting
the profile from equation 19, we have

dr 4
o =" =anr(1+T—7)""7, (20)
with boundary condition 7 = 0 when z = 0.

Solving the ODE equation 20, we derive
2= ayy28(1+T)% — a3y 2800+ T —7)%7,

which implies the following intrinsic time function:

23 °
Differentiating with respect to z gives the training-step LRS:

w6 =6 =2 (arnd 1) 1+ —— -2 o
N (1+7T)% —1 N '

Remark C.1. We also provide an alternative proof for this step based on the variational method.
Please refer to Appendix F for details.

Hz)=1+T— ((1+T)21ﬁ _INT )w.

C.2 STEP 2: DETERMINING THE OPTIMAL INTRINSIC TIME BUDGET

Substituting the optimal intrinsic profile equation 19 into the noise term equation 18, we derive the
accumulated variance:

2 1
4 1" T8
/0 K(T —1)p(r)dr = i ( ; \/’C(T-T)dT) ~

Consequently, the total excess risk is given by

5N,T ~T7°+ N

Minimizing this risk with respect to 7', we obtain the optimal intrinsic time horizon To, ~ N T+55

C.3 STEP 3: INCORPORATING THE PEAK LEARNING RATE CONSTRAINT

Based on the unconstrained solution, the implied peak learning rate scales as:

_14+8(s—1)

n(0) = N~ +#71
This scaling behavior reveals two distinct regimes:
+ Easy-task regime (s > 1 — 1/5): In this case, the exponent is negative, meaning 7(0) — 0

as N — oo. Consequently, the physical constraint 7peax < 7jstability 1S naturally satisfied
(inactive) for sufficiently large N.

16
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* Hard-task regime (s < 1 — 1/5): Conversely, the optimal unconstrained peak diverges
as N — oo. This violates the stability constraint 7(z) < 7stability. Lherefore, the peak
constraint becomes active and must be explicitly incorporated into the optimization.

To address the hard-task regime, we apply the Karush-Kuhn-Tucker (KKT) conditions to solve the
fully constrained variational problem.

To explicitly incorporate the maximal learning rate constraint ¢/(z) < Nstability, We formulate the
Lagrangian in the training step domain. We introduce the Lagrange multipliers:

A(z) =20 (dual for t'(2) < Nstability ), pw€R (dualfort(N)—T =0).
The generalized Lagrangian functional 7 is defined as:

N
Tt T, \pu = &T) + /0 [L(T,t,t’)+/\(z)(t’(z)fnmbﬂity)} dz + p(t(N) =T).

Theorem C.2 (KKT condition). A feasible pair (t*,T*) is optimal only if there exist multipliers
A* € L*(]0, N]) and pi* € R such that

d
(1) Euler—Lagrange stationarity: 0L — &(@/L + /\*> =0, z€ (0,N);
(2) Boundary stationarity: [(%L + )\*} v +u” =0;
N
(3) Scalar stationarity (w.rt. T): &' (T*) + / OrLdz — p* =0;
0

(4) Primal feasibility: t*(0) =0, t*(N)=T*, t"'(z)<1;
(5) Dual feasibility: \*

(6) Complementary slackness:  \*(z) (t*’(z) — nstability) =0; z € [0, N].

If t*/(2) < Nstability at some point, condition (6) forces A*(z) = 0; where the derivative saturates
the bound (t*" = 7stability), A* may be positive.

Direct analysis of the above KKT condition is still complicated. A key observation that make the
analysis easier is the following observation:

Proposition C.3 (Monotonicity). Let t* be the solution of equation 6. Then, z — t'(z) must be
non-increasing.

Proof. To prove this, we only need to show for any fixed T, the corresponding minimizer ¢7, is
decreasing. Hence, consider

Gr(t) = /ON(1 +T—1(2)) 7P ()% a2
:/T(l—I—T—T)(zé)(p(T)dT
0

-/ " wlr)e(r)dr,

where the weight function w(+) is increasing.

A simple “bubble-sort” argument suffice to show that the optimal ¢ is non-increasing. Suppose a
feasible ¢ is not non-increasing. There must exist 73 < 79 such that ¢(71) < ¢(72). Then, we can
construct ¢ by swapping the values on small intervals around 71, 75.

* The constraint fOT ﬁ d7 = N and boundedness constraint are unaffected by the swaps.

17



Under review as a paper at the 2nd DeLLTa Workshop, ICLR 2026

* The change of integral:
A = [p(72) = p(m)](w(m1) — w(r2)) <O0.

Thus the swap strictly lowers the objective. Repeating finitely many swaps (or taking a limit) yields
a decreasing function with no larger cost, contradicting optimality. Hence a minimiser must be
decreasing. O

Remark C.4. The above bubble-sort argument essentially adopts the (anti)-Hardy-Littlewood inequal-
ity.
Theorem C.5 (Stable-decay shape). If s < 1 — 1/, the optimal LRS must be stable-decay shape:

Tstability fo<z< Ny

N, 2P 2n
Ostability (1 +on(1) — N_Nll) if N1 < z< N,

t:;,Nl (2) =

where a € [0,1] and Ny € [0, N].

Proof. Let S; = {z € [0, N] : t/(2) < Nstability }, 56 = {z € [0, N] : t/(2) = Nstabitity }- By the
monotonicity, either S; = [0, N] or there exists a N7 such that S; = (N1, N) and S, = [0, N1]. For
z € S;, we must have A(z) = 0 by the complementary slackness. Hence, \'(z) = 0 for z € S; and
consequently, the LRS satisfy the Euler-Lagrange equation for z € S;:

d
atL - &[at/l/] - 0

Following the derivation in Step 1, the solution must take the form:

o 28-1
N_-N, '

t'(2) = anstabitity (1 +on(1)

Hence, we complete the proof. O

Theorem C.6. Letr = (N — Ni)/N, Qn(a,r) = Flto,1—ryn,T] and

(ay,rN) = argmin Oy (a, ).
a,ref0,1]

Ifs<1—1/Band N is suffiently large, we have o’y = 1 and

(1-24)—s

, YE
1-1+1

Proof. Noting that v > 0 for the hard regime, the optimal decay duration scales sublinearly with the
total number of training steps. As a result, the optimal LRS exhibits a stable—decay shape, with the
decay phase occupying only a tiny fraction of the total training steps.

Simplifying the objective function. By Theorem C.5, we know that
min F[t, T] = Flto,q-rn T.

With this LRS equation 21, the total intrinsic time is

a(N — N-
T= Tlstability (Nl + (1)) .

2p

Let 77 = Ny, denoting the intrinsic time of the stable phase. Then, the LRS with respect to intrinsic
time can be expressed as

Tstability ifo< <y

@(T) = Ty )17ﬁ

ATstability (1 R ifTy <7<T.

18
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Here, we assume 7)s¢ability = 1 for simplicity. The noise term is given by

N
L(T,t,t")dz

[
/

S~

1+T—1t) —(2- )<p(7')d7'

T

_ 1-25
(1+T—7)~ %) (1—T & ) dr

14T -7)"%54d /
+ T T4+ a 14T -1,

Th

1 1 a ! Ciia
- 1 1 1—1 1—1 1—1 (1 *U) 2% du
—Jla+T-m)F a1 (L+T-11)"% Jo
1 1 1 203
= 1 1—1 1—1 t+a 1—1
=3 |+T-T)'"7% (1+T) (1+T—-Ty)
Hence, the total objective becomes
CL(N—Nl) —F
N =N+ ———
om0 = (0 2557
T R I AR 1 R
B-1 ' ' 23
a -(1-%)
+ 28a (w(N — Nl))

Leta’ =a/26, Ny =(1—r)N,a=1-— % Then, G(r,a’) := G((1 — )N, 28a’) is given by
é(r, ad)=N"* 1—-r+adr) " +N° [(1 +4B8%a)(a'r)™ — (1 —r + a'r)_o‘]

The optimal peak learning rate a;. Let B=1—r+a'r (so B > a'r). Then,

6G
aa [ sN— SB s—1 +OéN (Bfozfl _ (alr)fafl +452a/arfa71)] .
When s < o and N is sufficiently large, we hav gf, . ,ah =1,

The optimal decay duration. Let A(r) = (1 —r+a'r) ", B(r) = (a/r)™* — (1 —r+a'r) "
When taking a = a}y = 1, we have

G(r) :== G(r,ak) = N_s(l—r—i-a’r)_S—&-N_”‘[(a'r)_“—(1—r+a’r)_a} = N"°A(r)+N*B(r).

We can obtain that 3, < 1 and now we need to track the explicit scaling. When r < 1, we have
A'(r)=s(1—-d') +on(1), B'(r) = —(a)"“ar "' 4+ On(1).
Then, G'(r) = N=5A'(r) + N~*B'(r) = 0. This up to constants leads to
N = N"(ry) ' =0 = ry = N a5,

This completes the proof. O

D PROOFS FOR SECTION 4 (SHAPE-FIXED OPTIMALITY AND CAPACITY
SATURATION)

D.1 THE INTRINSIC-TIME PROFILE FUNCTION

Throughout this section, let ) be a fractional LRS as is given in Definition 4.1:

nn(2) = 1o C(%) . zel0,N],
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where 19 > 0 and ¢ : [0, 1] — [0, 1] satisfies (0) = 1. Define

/ ((u) du, p1 = p(1) € (0,1].

Since ¢(u) > 0, the map = +— p(x) is non-decreasing on [0, 1] and admits a generalized inverse p~*
on [07 pl}

The intrinsic time as a function of training steps is
t(z) = / nn(u) du =noN p(z/N), Ty =t(N)=n9Nps.
0
Consequently, ¢(+) is non-decreasing on [0, N]. Let z(¢) denote a generalized inverse on [0, Tn].

Learning rate in intrinsic time. Following the FSL notation in equation 4, define the intrinsic-time
learning rate

o(t) =nn(z(t),  te[0,TN].
We introduce the intrinsic-time profile function ¢ : [0, 1] — [0, 1] by

((y) = C(p‘l(ym))a y € [0,1]. (22)

Then for any ¢ € [0,Tn] with y = t/Tn, let z = z(t)/N. Then we have y = p(x)/p1. Hence
x = p~(yp1) and

w()—no<<TtN) t [0, Tw].

Importantly, ¢ depends only on the fixed training-step profile function ¢ and is independent of .

Tail exponent under intrinsic-time The power-decay tail in Definition 4.1 is stated in training
step: there exist constants v > 0 and ¢ € (0, 1) such that

() = (1—x)", x € [0,1].
The next lemma identifies the corresponding tail behavior of C.

Lemma D.1 (Intrinsic-time tail exponent). Assume ((x) ~ (1 — )" for all x € [4, 1] with some
v > 0. Let
- ]
5= 20 ¢ (0,1,
P1
Then for all y € [6,1],

Cly) = (1 —y)7H.

Proof. Fixy € [8,1] and define = == p~*(yp1) € [0, 1]. Then {(y) = ¢(z) by definition.

Let A(x f C(u) du = p1 — p(x). Since ¢(u) ~ (1 —u)” on [4, 1], integrating yields
Ax) = (1 —x)7 z € [4,1].

Moreover,

l—y=1- p(ﬂ?) _ P1 —p(l’) _ A(Jj) — (l_x)’qul'

P1 P1 P1

Hence, for y € [§, 1],

1

11—z~ (1—y)>rt.
Finally, using () =~ (1 — 2)” on [, 1] and {(y) = ((x), we obtain

which holds for all y € [6,1]. O
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D.2 PROOF OF THEOREM 4.2
Proof. Recall K(u) = (1 +u)~2~1/5) and set
v

1
=2—-—-¢€(1,2), =——2¢€(0,1).
p=2-5€02), =501

By the intrinsic-time representation in Appendix D.1, the learning-rate function in intrinsic time

satisfies
[t
p(t) = UoC(T) ) t€[0,Tn],
N

and by Lemma D.1 there exists § € (0, 1) such that
((x) = (1—x)4, x € [5,1]. (23)

Applying the FSL equation 4 at the final intrinsic time Ty gives

Flonl = (1+Ty) ™ + /O N Ky - ) ele) dr (24)
For Ty 2 1, we have (1 + Tv)~® = T, so it remains to estimate the noise term

Tn
N(Ty) = /0 (1+Ty —7)Pp(r) dr.

Substituting ¢ (7) = 1o {(7/T) and changing variables 7 = Ty yield

N(Tn) =Ty /01 (1+Tn(1— x))_PC(x) dz. (25)
We split the integral into an early region and a tail region. Decompose
/1(1 +Tn(1—2)) " {(z) dz = /(S
Di:ﬁne i

§ 1
Tearty ::/0 (1+Tn(1—2)) " {(2) da, Tiait ::/6 (1+Tn(1—2) " {(z) da.

1 —

(1+Tn(1—2)) " {(2) dx—|—/(S (1+Tn(1—2)) " {(z) da.

(i) Early region. For z € [0,4], wehave 1 — 2 > 1 — ¢, hence (1 + T (1 —2)) " = Ty"
uniformly for Ty 2 1. Therefore,

1
Tearly ~ T&p/ ((z) de = Tx?,
0
where f06 () dz is a fixed positive constant absorbed into ~. Therefore,
N0TN Learty ~ noTw - Tn" = noTn * =m0 Tﬁ(lfl/ﬁ)- (26)

(ii) Tail region and the logarithmic boundary. For = € [§, 1], equation 23 gives ((x) =~ (1 — )9,
hence

1

Lan = / (1+Tn(1— x))_p(l —x)? dx.
5
Letu =Ty (1 — x), so that dx = — du/Ty and (1 — z) = u/Tn. Then
T (1-8)
Lo =~ TJG(Q—H) / (1+w) Pu? du.
0
This gives

T (1-6)
noT'n Itail = Mo Tﬁq/ (1 +u)"Pu? du. (27)
0

The integral in equation 27 is governed by the behavior of (1 + u) Pu? ~ u?? as u — oo. We
distinguish three cases.
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* Case 1: ¢ —p < —1 (equivalently 8 < v + 1). Then fTN(lf‘;)

o (14 u)Puldu ~ TE P,
$0

NN Tain ~ 1o Ty ? - TX{H_p = 770T11[_p = Tg(lfl/ﬁ).

» Case 2: ¢ — p > —1 (equivalently S > v + 1). Then the integral in equation 27 converges
to a positive constant, and hence
TN Teait = 10 T = o Tﬁ(lfl/(wl))-

* Case 3 (boundary): ¢ — p = —1 (equivalently 3 = ~ + 1). In this case, (1 4+ u) Pu? ~ u =1
as u — 09, SO

Tn(1-0)
/ (14 u) Pu? du ~ log Ty.
0
Therefore,
10T Liait = 10 T log Ty = 1 T " log Ty (28)
Combining the early contribution equation 26 with the tail analysis above, we obtain
(11 -

N(Tn) = no TN(1 ) (log TN)l{ﬂ (A a :=min{3,v+ 1}.

Substituting this estimate into equation 24 and using (1 + T )~® = T’ * proves the scaling law

s —(1-+ 1{B=y+1
Flnn] = Ty —|—770TN(1 “)(logTN) (b=t }.

O
D.3 PROOF OF THEOREM 4.3
Proof. Recall
1
TN:nON/ ¢(z)dx = noN, a = min{j,y + 1}.
0
By Theorem 4.2, the final-step loss satisfies
—s -(1-1 1{f=~+1
Flan] = T* +m0 Ty "7 (log Tn) 7771, (29)
Using Ty = 19N, we rewrite the right-hand side as a function of 7g:
s (11 1{B=7+1
Flaw] = (noN) = + 5N~ (log (30 N)) 1771 (30)
We minimize equation 30 over 7.
(i) Hard-task regime: s < 1 — 1. We minimize equation 30 over the admissible range 0 < 79 <

Nmax> Where Nmax = O(1) is theaétability upper bound.

We first show that in the hard regime, the noise term is uniformly negligible. Since 0 < 179 < Nax =
O(1), we have né/a < C and log(noN) < log N. Therefore, uniformly over 79 € (0, max]

n(l)/aNf(lfé)(log(nON))l{ﬁ:'vH} < Nf(lfi)(logN)l{[i:fqul}'

Because s < 1 — L, the power gap (1 — 1) — s > 0, hence N~ (=) (log N)1/=1+1} = o(N %),
Consequently,

Fnn] = (noN)~° (1 + 0o(1)) uniformly for 79 € (0, Nmax]-

Since the leading term (n9N)~* is strictly decreasing in 7, the minimum over (0, 7] is attained
at the largest admissible value:
778 = Tmax ~ 1.
At this choice, Ty =~ N and thus
Exv= min Fn] =N~
10 € (0,Mmax]
This proves the hard-task statement, including the boundary case 5 = + 1, where the extra log(noN)

factor remains o N (1= &)=5).
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(ii) Easy-task regime: s > 1— 1,

equation 30. We consider two cases.

In this regime, the optimal choice balances the two terms in

* Case 1: B # v + 1. Then the logarithmic factor is absent and equation 30 becomes
—s 1 —(-1
Flaw] = (oN) ™ 4 *N=0~).
Balancing the two terms gives

ne N =t/ ONTOmw),

i.e.
s+1/a —(s— «a
e Jo _ N—(s=1+1/a)
Hence
_s—141/a
na‘ ~ N stie 31D

Substituting into either term yields
E = (M N) ™" = N7

* Case 2 (boundary): 8 = v + 1. Then o = [ and the second term in equation 30 carries the
logarithmic factor:

Flan] = (noN) = + 15/ “N~=0=2) log(1o N).

In the easy-task regime, the minimizer is characterized by balancing the two terms. Balancing

gives
g N~ = ny/ “N~1=) log(1pN),
equivalently,
gt log (o N) = N (571510, (32)
Let
a;_m €0,1), b= ﬁ

Then equation 32 is equivalent to

—a —b
o =~ N~ (log(noN)) (33)
Multiplying by N yields
—a —b
N = N (log(noN)) .

Since 1 —a = m > 0, the right-hand side diverges, hence o N — oo and log(noV) is
well-defined for large N. Taking logarithms in this equation gives

log(noN) = (1 — a)log N — blog(log(noN)) + O(1) = (1 — a)log N + O(loglog N).

In particular, log(n9N) ~ log N. Substituting this back into equation 33 yields

s—1+1/a

=~ N~%(log N)™" = N~ 5172 (log N) ™ 7= (34)

Substituting into the signal term gives

Ex =~ (MgN)™* = N™757 (log N) 731
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E PROOFS FOR SECTION 5 (DISCRETE-TIME SGD AND KERNEL
REGRESSION)

E.1 PRELIMINARIES FOR KERNEL METHODS
In this section we review the kernel regression setting as in Section 5. Given a feature map ¢ : X — Hi,

we define the kernel
K(x,x") = (¢(x), ¢(x') .
Define the sampling operator S : H — L?(Dx) by
(50)(x) = (0, P(x))n.

Under Exp, [K(x,x)] < oo, the operator S is well-defined and bounded. We introduce two
self-adjoint positive operators:

T=8S:H—-H  I:=855:L*Dy)— L*(Dx),
where 7T is the covariance operator,
T(e) = EXNDX[<97 ¢(X)>H ¢(X)] )

and 7 is the kernel integral operator given by
Z0)(0) = [ Koxex) g0 aDx ().

Spectral systems and the bridge between L? and H. The nonzero eigenvalues of 7 and T
coincide. Let {()\;,e;)};>1 be the spectral system of Z in L?(Dy), so that

K(x,x') =) \ej(x)e;(x').
j=z1
with convergence in L?(Dx x Dyx). Let {v;};>1 C H be eigenvectors of 7 such that
Tvi=Xvj, Vi, Vi)u = b
Then the two bases are linked by the standard relation
ej(x) = A% (v, p(x))m, (35)

where the equality holds in L?(Dy).

Capacity and source conditions. We recall the capacity and source condition in Assumption 5.1
and 5.2:

* (Capacity condition) There exists 5 > 1 such that \; < j =8,
* (Source condition) There exists s > 0 and coefficients {a;};>1 with }° .-, a? < 1such
that .
P =) a7 ej(x).
jz1
We note that the source condition can be equivalently stated in the space H. That is,

0* = Z(lj /\;%IV]‘ = ZH;VJ

Jjz1 j>1

s—1
where the coefficient 67 = a; /\jT. Note that when s < 1, the sequence {0;} may not be square-
summable, so the corresponding 68* may not belong to H as a vector; however, each coefficient 67
is well-defined, and this is sufficient for our coordinate-wise SGD analysis below. We also assume
w.l.o.g. that f* lies in the closure of span{e;} (otherwise its orthogonal component is not learnable
by any fg and only contributes an irreducible constant error).
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E.2 ANALYSIS OF ONE-PASs SGD

We consider the standard kernel regression model
y=[f"(x)+e €| x ~N(0,0%),
and let {(x, yk)}fcvgol be i.i.d. samples from D. Define the population squared risk by

R(f) = %E(x,y)ND [(f(x) - Z/)2]~

Using y = f*(x) + ¢ and E[¢] = 0, E[¢?] = 02, we have

1

R(f) = 5 Bx[(F(0) = F1(0)] + 5

The last term is the irreducible noise level. Accordingly, we define the excess risk

E(F) = 3 El(F0) ~ £(0)7).

Recall the RKHS # induced by K, where each f € H satisfies the reproducing property f(x) =

(fs KX, ))n-
One-pass SGD in RKHS. For a single sample z = (x, y), define the instantaneous loss
1
(f2) =3 —v?, e

Its gradient in the RKHS # is given by
VU] (%) = (f(x) —y) K(x,-) € H.

Indeed, for any g € H, the directional derivative satisfies

d

T+t xy)| = (fx) -y g(x) ={(fx) -y K ), gn,

t=0

where we used the reproducing property g(x) = (g, K (X, -)}#.
Starting from fo = 0 € H, one-pass SGD updates f; by

frer = fi =V frs (e, 91)) = i — e (Fs (k) — yr) K (xk, ), k=0,...,N—1. (36)

Translating the update to H. Under the feature representation fg(-) = (8, ¢(-))m, the update

equation 36 is equivalent to the parameter update
Or+1 =01 — i ((Or, d(x1))m — yi) d(x), k=0,...,N—1.

with 8y = 0. For each j > 1, define the coordinates
9k7j = <0k,vj>]HI7 ufc = H;W- - 9;

Using y,, = f*(xx) + €, and taking inner products with v; in equation 37, we obtain
af. 1 = 1, — e (s Dxe))is — ) (v, Sxi)u
where u;, denotes the error vector in eigen-coordinates, i.e., (ug, Vj>H = ufc forall j > 1.
Conditioned on uy, the drift satisfies
E[ (e, @(xk))e (Vi d(xi))m | ur] = (e, Tvj)m = Ajui,.
Define the centered noise
& = (up, (xx))m (Vi, d(xi))m — Ajul, — ex (v, d(x1))m-
Then E[¢) | ug] = 0, and equation 38 can be rewritten as

up g = (1= mAj)ug, — gy

25

(37

(38)

(39)

(40)



Under review as a paper at the 2nd DeLLTa Workshop, ICLR 2026

Our goal is to control the excess risk
1 *
E(0r) = 5 Ex[(fo, (x) = f*(x))°].
Using equation 35, we have the L?(Dy ) expansion
fo (%) = £7(x) = > W/, uj e5(x),
Jjz1
and therefore

1 .
£(6y) = 52Aj(u7€)2. (41)

Jjz1
In particular, bounding E[£(6},)] reduces to bounding the second moments E[(u7)?] for all j > 1.
Squaring equation 40 and conditioning on uy, the cross term vanishes since E[¢}, | ug] = 0, yielding

E[(u}y1)? ] = (1= medg)?(wl)? + m2E[(E)? | ur]. (42)
Taking expectation gives
E[(u}1)*] = (1= meA)*E[(u])?] + niE[(€)7]. (43)
Proposition E.1. Forany k > 1 and any j > 1,
A k—1 _ k—1 ‘ k—1
E[(w})?] = T = n:x)?(d)* + > _n?E[(€)?] T @ —ner)
i=0 i=0 L=i+1
Proof. Tteratively unroll equation 43. [

Intrinsic time and excess risk bound Define the intrinsic time
k—1
ty = Zm, k>1, to .= 0.
i=0

ASSUME Nax ‘= MaAXo<i<N—1 i < )\fl. Then forany 0 < ¢ < kand any j > 1,

k-1 k-1
H(l — 77[/\]-)2 < exp( —2); Z ’r]g) = exp( — 2)\j(tk — ti)).
=i =i

Combining this with Proposition E.1 and equation 41 yields

k—1
QE[E(Ox)] < Y Aje 2 (uh)? + > i D> Nje Pl B(¢])?). (44)
1=0

jz1 i= j=1

Recall the hypercontractivity condition in Assumption 2.1. It gives that
Exp[(u,@(x))5i(v, ¢(x))ii] < C - Ex[(u, ¢(x))if] Ex[(v, d(x))]. (45)
Proposition E.2. Suppose equation 45 holds and €;, ~ N(0,?) is independent of x;.. Then for any
k>0andanyj > 1, A
E[(€])?] < \;(2CE[E(O)] + o).
Proof. Recall the definition
& = ((we ¢x))m — ) (v, Sx)m — A

Let Ak = (uk,qb(xk)m <Vj7 (z)(Xk))H and Bk = €k <Vj,¢(xk)>]1.]1. Then gi = (Ak — E[Ak |
uy|) — By since E[Ay, | ug] = \jul.
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Conditioned on ug, we have E[By, | u,] = 0 and E[A, — E[A | ug] | ux] = 0. Moreover, ¢ is
independent of x; and ug, hence the cross term vanishes:

Therefore,
E[(¢)? | ] = B[(Ax — E[Ax | w])® | ue] +E[B} | uy]
E[A}, | ug] +E[ei] - E[{v;, ¢(xx))ii]-
The second term equals 02 \; because
E[(vj, p(x)E] = (vi, Tvj)u = A
For the first term, apply equation 45 with u = u; and v = v;:
E[A7 | wy] = E[(ug, ¢(0))iE (vj, d(xi)) i | wi] < O E[(uy, ¢(xi))f | wi] E[(v5, o(xx))E]-
Using E[(v;, ¢(xx))3] = A; and
E[(ur, (i) | ur] = Exvpy [(ur, ¢(x)i] = 2E(6r),
we obtain E[A? | ui] < 2C \; £(0)). Combining the two bounds yields
E[(€])? | uk] < \;(2CE(6k) + 0?).
Taking expectation over uy gives the desired bound. O

Proposition E.3. Assume nyax < )\fl and equation 45 holds. Then for any k > 1,

k-1
)] < Z/\jefz)‘ft’f 2+ an (2CE[£(0)] + o? Z)\Q i(t—ti1)
i1 i=0 i>1

Proof. Plug Proposition E.2 into equation 44 and use
Njem Pt R[(€])?] < e POt L\ (2CB[E(6:)] + o).
O

The following proposition provides a uniform bound on the excess risk, when the maximal learning
rate is smaller than a certain constant. We note that tr(7) = >~ A; = E[K (x,x)] < cc.

Proposition E.4 (Uniform boundedness of the excess risk). Assume equation 45 holds, and nyax <

1
m . Then

sup E[£(0;)] S 1
k<N

Proof. From Proposition E.3, the first term satisfies
D xe PN ) <N (uf)? = 2€(60).
izl j=1

For the second term, use 1? < Nmax?)i = Tmax(ti+1 — t;) and obtain

3 ) g 3 [0

j=1 j=1

= Nmax Z %(1 _ efzxjtk) < 7)n;x (7).
i>1

Let My, :== maxo<;<kx E[£(0;)]. Then Proposition E.3 implies

nmaxtr(T)
2

Taking maximum over k and using 7.y < (20tr(7)) ! yields M}, < 1 by induction. O

2E[£(6,)] < 2E(8o) + (20 Mj_y + 02).
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With this uniform bound, we obtain the following bound on the excess risk.

Lemma E.5. Under the assumptions of Proposition E.4, for any k > 1,

k—1
E[£(6r)] < Z Ajem 2t ()2 45 2 Z )\‘?672A_7(tk7ti+1) .
0

j=1 i= ji>1

Sk N

Proof. By Proposition E.4, we have E[£(0;)] < 1 uniformly in ¢ < k. Hence in Proposition E.3, the
factor (2C E[£(0;)] + o?) is bounded by a constant and can be absorbed into <. O

E.3 BOUNDING SIGNAL LEARNING AND NOISE ACCUMULATION
We now bound the two terms Sy, and Ny in Lemma E.5. They correspond to the signal-learning term

and the noise-accumulation term in the FSL equation 4. Since our goal is the final-step excess risk
E[£(6y)], it suffices to bound S and Ny. We denote the total intrinsic time by T' = t .

E.3.1 SIGNAL-LEARNING TERM Sy

Proposition E.6 (Bound on Sy). Assume the source condition in Assumption 5.2. Then

S = T A () < 7,

j=1

where T = ty.
. s=1
Proof. Since 8y = 0, the source condition implies uf) = —9;‘ = —ajAj 2 hence
_ 2\s _—2)\;T
Sy = Zaj )\je it
j=1

Using 3, a5 < 1and supy5o A M < (s/(2¢T))%, we obtain Sy < T, O

E.3.2 NOISE-ACCUMULATION TERM Ny

We first provide a lemma that will be useful in the bound of Ay .

Lemma E.7. Assume the capacity condition \; < j =P for some B > 1. Then for all T > 0,

. . o4l
g )\?672/\37 < mm{l, T 2+ﬁ}.
Jjz1

Proof. Let \; < cj~”. Then

oo
2\ - _ i—B _ _ -8
§ /\?6 22X, T < 02 § j 2[36 2cTyj 5 / T 256 2cTx dz.

j>1 j>1 1

With the change of variables v = 2—# (so z = u~'/#, dz = %u‘l/ﬁ_ldu), the integral is bounded
by

1 ' 1-% —2cru 1 > 1-% —2cru -2+
E u Pe du < B u Pe du = 7 B
0 0

This yields the 7=2*1/# bound. The constant bound follows from dois1 AT <N Disi A =
)\1tI‘(T) < 00. O
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Noise term Ny for power decay. We consider the power decay schedule

b\ Y
771':770(1—%), i=0,1,...,N —1,

and the intrinsic time ¢}, = Zf;ol ;.

Lemma E.8 (Intrinsic time for power decay). Fory > 0, we have
N-i—-1 > v+
o i

=0,....,N—1.
N 07 Y

tN ~ 770N, tN — ti—‘,—l ~ noN(

Proof. Both relations follow from comparing the sums with the corresponding integrals:

N711 AL AR N711 Y on [ a—era
;(_N) ~ /0<‘x> , E_Ei;l(‘N) SN

O

Proposition E.9 (Noise term for power decay). Assume the capacity condition and g < 1. Let
1 =no(1 — ¢/N)Y with~ > 0. Suppose 3 # v+ 1. Then

N—-1
_ . —t. — mi J .
NN — § 77122 /\36 22X (tn—tit1) 5 nOT mln{l 5 -y+l}’
i=0  j>1

where T = tpy.

Proof. By Lemma E.7,
Z )\?e_Q’\f(tN_““) < min {1, (tn — ti+1)_2+% }
j=1
Letm = N — ¢ — 1 and choose a cutoff m such that
mo v+1 o

JR
mQZNtNW+1 < tN(W) ~1

We split the sum into m < mg (near the end, use the bound < 1) and m > mg (use the polynomial
bound). Using 1; = no((m + 1)/N)” and Lemma E.8, we have the following bound.

(i) Tail part m < mg.

m+ 1\27 _ oyl e
n(%(i) S ﬂgN 2Vm07+ ~ oty

~

(]

m=0

(ii) Head part m > mqg. Usingty —t;11 ~ ty(m/N)** 1 and n; = no(m/N)?, we have

o4l m+1\2r 241 /my\O+D(-2+3) —241 rmy —2HE
Nty —tiv1) 2TF S 2(7) B( ) =ty B(ﬁ) .

Mo N “UN N

Letv:= -2+ VT# Then
2 —241 9 ,—2++% m\ Y
Z n; (tn — tig1) S oty Z (N) _
m>mgo m>mo
The head part We then consider two cases of the head part.
*Case 1: v > 8 —1 (e, v > —1). Since (m/N)* < 1 for m < N, we have
> msmo (M/N)” < N, and hence
_o4 1 -2+ —(1-1
Z i (tn — tit1) B nﬁtN PN = UOtN( 5)7
m>mgo

where we used ¢y ~ 1o V.
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e Case2: v < f3—1(.e,v < —1). Inthis case, (m/N)* < N (mo/N)**1, so

m>mgo
2 —24% 2,72+3 mo\ Yt
Z mi(tn —tip) 7T S gty 7 N(W> '
m>mg
Since mgy =~ Nt;,l/(w_l), we have
(o)™ iy = b
N =iy =iy )

and therefore
9 o4l 9 —24 L . . A
Z n; (tn — tig1) +5 SNty 7= oty
m>mg

again using ty ~ 1o V.
Combining the two cases yields the following bound on the head part:

—min{1-1 o
Z n?(tN_ti+1)_2+[% S WOtlel{l /”711},

m>mgo

Then we finish the proof by combining (i) and (ii). O

E.4 PROOF OF THEOREM 5.3

Proof. By Lemma E.5 with k = N,
E[E(On)] S Snv +Nn.
Let T := t. Proposition E.6 gives Sy < T~*. Proposition E.9 gives

1
Ny S mT™", Mizmin{1—7’7}.
Moreover, Lemma E.8 yields " = ¢t ~ 19N. Hence

E[E(On)] S (moN)™* +no(moN)~H. (46)

(i) Easy-task regime (s > 1 — 1). Choosey > 3 —1,sothat u = 1 — %, Let 2 := nyN. Then
B v H B U
equation 46 becomes
E[£(On)] Sz + N~ tal/5,
Balancing yields z°t1/# = N, i.e.,

__sB—B+1
No ~ N sA+1

and substituting back gives E[£(0x)] S N —h

(ii) Hard-task regime (s < 1— %). Take ng ~ 1 (a sufficiently small constant so that Proposition E.4
applies). Then ' <~ N and
E[EON)] SN2+ N7H

If v > 12 then ﬁ > s. Together with s < 1 — % we have y > s, 50 N=# < N~° and therefore

E[£(Ox)] < N5 O

E.5 PROOF OF PROPOSITION 5.4

Proof. Let Nmax = Maxogi<n—17; and assume nmax S 1. We prove that there exists a data
distribution D satisfying Assumptions 5.1 and 5.2 such that E[£(0y)] = N~°. This implies the
desired lower bound on supp E[E(Oy)].

Recall from equation 40 that for each j > 1,

u{c+1 = (1 — nk)\j)ui — T]kfi, with ]E[fi | llk.] =0.
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By the second-moment update equation 43, we have
E[(u}11)°] = (1= meX)’El(w})?] + nRE[(€1)%] = (1 — miy)*El(up)°].
Iterating this inequality yields, for any k£ > 1,

k—1

E[(u])?] > [](1—nidj)* (ud)*. (47)
1=0

Fix an operator spectrum \; = j —B (which satisfies the capacity condition with parameter 3). Choose
a target function supported on a single eigen-direction:

Fx) =XCe(x), ie. ap=1,a;=0(#5"),

where the index j* is to be determined. This target function satisfies the source condition (Assump-
tion 5.2) with 3 a? = 1. We also take the regression noise to satisfy ¢ | x ~ N'(0,0%) with 0 > 0.
Note that the lower bound below only uses equation 47, and therefore it does not depend on the noise
distribution.

We initialize 8, = 0, so ué = —07. For the above f*, the corresponding coefficients in H satisfy
7. = A;7 and 07 = 0 for j # j*, hence
; Xoh =g
(uj)Q — { AR .*’ (48)
0 0,  J#I
Recall £(6;) = 1> is1 (uff)2 (cf. equation 41). Combining equation 47 and equation 48 gives

N—-1 N—-1

1 1 . 1,
BIE(ON)] > 5 MBIk )Y > 5 A ] (=g 2X50 = 2o TL (= mae)?
=0 =0

LetT =ty = Zﬁvz_ol 7. Since T' < Nmax N S N, it suffices to show E[E(Oy)] 2 T—*. Define

1)

For any j > jo, we have n;A; < 1/2forall 4, and thus 1 — = > e~2% for x € [0,1/2]. This gives

N

jo = min {j 2 1: NmaxAj

N-1 N-1
H (1—miX)* > H e 1N = =N,
i=0 i=0

Hence for any j* > jo,
E[E(ON)] =

* = max {jm Kf) Uﬂ } |

As e T (49)

N | =

Let

S

It [(g)”ﬂ > jo, then \j- = j*~# = 2% and equation 49 yields

ElE6N) 2 (4

E N e > s,
4T)€ ~

If instead [(%) 1/5—‘ < jo, then j* = jo and A= is a positive constant (depending only on Nmax).

Moreover, in this case T’ S 1/\,, hence A;,T' < 1 and equation 49 gives E[€(Oy)] 2 1 2 T .

In both cases, we have shown E[£(0y)] 2 T~ . Finally, since T < maxN S N, we conclude
E[£(0x)] 2 T~ 2 N~
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F AN ALTERNATIVE PROOF OF OPTIMAL INTRINSIC-TIME LRS PROFILE
(STEP 1)

F.1 A QUICK INTRODUCTION TO VARIATIONAL CALCULUS

Consider the simplest setting

where f : [a,b] — R is admissible' and L (the Lagrangian) is smooth.

Euler-Lagrange equation. Take a smooth perturbation i with h(a) = h(b) = 0 and set f. =
f + eh. The first variation is

d

SF[fsh) = L FIf] = /ab (ath +OpL h’) dz = /ab (afL - % (af,L)) h(z)dz,

where the last step uses the integration by part and h(a) = h(b) = 0).

"For instance, f € C"([a, b]) with prescribed boundary values f(a) = A, f(b) = B.
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Because this must vanish for all such h, the integrand is zero:
d
e (0pL)—0fL=0 (Euler-Lagrange)

Beltrami identity. If L = L(f, f’) has no explicit z-dependence, multiply the Euler-Lagrange
equation by f/ and integrate once:

%(f’ Op L — L) =0 = L-—fopL=C (Beltrami)

where C' is a constant. The quantity L — f’0/ L is (up to sign) the Legendre transform of L with
respect to f” and is conserved — an analogue of energy conservation.

F.2 PROOF OF OPTIMAL INTRINSIC-TIME LRS PROFILE

Let us start by fixing the total intrinsic time 7'. Then, the problem becomes

mtin/ON L(T,t(2),t(2))dz (50)
s.t.£(0) = 0,4(N) =T.
The Beltrami identity implies
(A+T—t)" C D)2t 204+T—t)" 3¢ =C.

L t'0y L

This gives
; t '
ot)=t' =C(1+T —1t)"" 28 = (0) (1) . 5D

This means that the optimal LRS follows a power law with respect to the intrinsic time. Now we turn
to derive the LRS in terms of training steps. Note that equation 51 gives

dt ¢\
Rl 1o —
A < 1 +T)

t _(1_ﬁ)

L

= —(0)7"28(1+7) (1 — 1iT> YL

By maching the end point ¢(0) = 0,t(N) = T, we obtian the following intrinsic time function:

t(z) =1+T — ((1+T);ﬁ _anT )25,

28
where ay 7 = %((1 + T)ﬁ — 1). Differentiating with respect to z gives the physical LRS:
28 25 ) 281
1 z
n(z) =t =2 (+DF 1) (14— - = (52)
N (1+T)% -1 N

The above derivation means that for any fixed 7', the solution to the Euler-Lagrange equation
L — <L (dy L) = 0 s given by Eq. equation 52.
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