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Abstract

We study a broad class of methods for the joint estimation of multiple sparse symmetric
matrices that incorporates group and fusion penalties for borrowing strength across related
matrices. This class includes extensions of popular methods for precision and covariance
matrix estimation as well as PCA. We show that these methods can be unified through
the lens of computational sufficiency, a recently proposed theory that can reveal hidden
commonalities between seemingly disparate methods yielding both theoretical insights into
the underlying optimization problems and practical advantages in terms of computational
efficiency. We derive a universal screening rule that applies simultaneously to all methods
in this class, allowing us to reduce the search space to block diagonal matrices. This enables
streamlined algorithms that drastically reduce the runtime, making the methods far more
scalable and practical for high-dimensional data analysis.

1 Introduction

In high-dimensional data analysis, estimating multiple sparse symmetric matrices has emerged as a cru-
cial problem, especially when data is collected from different but related populations. These matrices are
often used to represent relationships between variables, such as covariances or conditional dependencies.
Applications of such estimators arise in diverse fields, including genomics, neuroscience, and finance, where
understanding underlying patterns across multiple groups of observations is essential. However, as the di-
mensionality of the data grows, the estimation process becomes computationally challenging, particularly
when the goal is to maintain sparsity in the resulting matrices.

Graphical Lasso (Yuan & Lin, 2007; Friedman et al., 2008) is a widely used method for estimating a sparse
precision matrix, where the focus is on identifying conditional dependencies between variables. However, in
many practical settings, there is interest in extending Graphical Lasso to jointly estimate multiple precision
matrices corresponding to different but related populations. To address this, recent extensions of Graphical
Lasso have incorporated additional penalties that encourage similarity and shared structure across the ma-
trices, such as the Fused Lasso penalty (Danaher et al., 2014; Monti et al., 2014; Yang et al., 2015) and the
Group Lasso penalty (Danaher et al., 2014). These extensions enable more accurate modeling of complex,
multi-population data by borrowing strength across the matrices. However, they also come with significant
computational costs, limiting their scalability to large datasets.

Beyond Graphical Lasso, other methods in matrix estimation include sparse PCA (principal component
analysis) (d’Aspremont et al., 2004; Zou et al., 2006; Vu et al., 2013) and sparse covariance matrix estimation
(Rothman, 2012; Xue et al., 2012; Liu et al., 2014). Like Graphical Lasso, these methods face similar
computational challenges, especially when adapted to multi-population data.

Recognizing the computational burden of these methods, various authors have developed screening rules
to enhance efficiency. Screening rules eliminates irrelevant features, reducing the search space and boost
computational efficiency. These rules, applied to both Graphical Lasso (Witten et al., 2011; Mazumder
& Hastie, 2012) and its extensions for estimating K related matrices (Danaher et al., 2014; Yang et al.,
2015), exploit the structure of the problem by determining when the solution is a block diagonal matrix.
This allows the algorithm to restrict the search space to block diagonal matrices rather than all matrices,

1



Under review as submission to TMLR

significantly reducing the computational complexity. Screening rules thus play a crucial role in improving
algorithm efficiency without sacrificing accuracy of the estimates.

A recent theory, computational sufficiency (Vu, 2018b;a), provides a framework for identifying shared re-
ductions in the input data across a family of estimators. These reductions allow for recovering a solution
to the original problem while revealing hidden commonalities between the estimators, as they rely on the
same data simplifications. This insight not only highlights structural connections but also leads to significant
algorithmic speed-ups. Vu (2018b) applied this theory to a class of sparse symmetric matrix estimators, un-
covering previously unknown relationships between Graphical Lasso (Friedman et al., 2008) and sparse PCA
(Vu et al., 2013). In the process, they recovered existing screening rules for Graphical Lasso and established
new screening rules for the sparse PCA problem and a broader class of penalized estimation methods that
share similar invariances in their loss functions.

1.1 Contributions

In this paper, we consider a family of multiple sparse symmetric matrix estimators that operate on K
symmetric d × d matrices X(1), . . . ,X(k) ∈ Rd×d. We organize these matrices into a tuple:

X = (X(1), . . . ,X(K)) .

These matrices are usually computed from data collected from K different populations. For example, X(k)

could be the sample covariance matrix of the data collected from the kth population, or it could be a matrix
of nonparametric rank-based correlation coefficients such as the Kendall’s tau or Spearman’s rho (Liu et al.,
2012). In any case, we take an abstract view treating these matrices as input to the estimation problem.

The main contributions of this paper are as follows:

1. We examine a general family of multiple sparse symmetric matrix estimators, including extensions
of Graphical Lasso, sparse PCA, and sparse covariance matrix estimators, that utilize Lp norm and
generalized Lasso penalties for borrowing strength across matrices.

2. We discover hidden commonalities among these estimators by introducing computationally sufficient
reductions. This is achieved through a shared reduction utilizing a joint single-linkage thresholding
operator.

3. We develop new screening rules that reduce the search space to block diagonal matrices, leading
to substantial gains in computational efficiency. These rules not only recover established screening
techniques for the Graphical Lasso but also uncover novel screening rules applicable to sparse PCA
and other estimators. Importantly, these rules are universal and apply to all estimators in the family
simultaneously.

It is important to emphasize that prior to this work, no screening rules existed for the general family of
estimators we consider. Existing screening rules for Graphical Lasso (Witten et al., 2011; Mazumder &
Hastie, 2012) apply only to the single-matrix case (K = 1) without fusion penalties. Extensions to joint
Graphical Lasso (Danaher et al., 2014; Yang et al., 2015) handle specific fusion penalties but do not extend
to sparse PCA, sparse covariance estimation, or the broader class of fusion penalties we consider. Our
framework subsumes all of these as special cases: setting K = 1 and λ2 = 0 recovers the single-matrix
screening rules. Moreover, our screening rules are universal—they apply simultaneously to all estimators in
the family, including those for which no screening rules previously existed. This universality reveals a hidden
structural commonality: despite their different loss functions and intended applications, all estimators in the
family depend on the data through the same reduced representation.

In the remainder of the paper, we introduce the family of multiple sparse symmetric matrix estimators in
Section 2, discuss algorithms in Section 3, and present experimental results in Section 5. We conclude with
a discussion in Section 6. All proofs are deferred to the appendix.
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Notation Some of the notation we use in this paper is as follows: ⟨·, ·⟩ is either a Euclidean inner product
between vectors or the trace inner product between matrices; ∥·∥q is the Lq norm of a vector, ∥·∥1,1 is the
elementwise L1 norm of a matrix, and ∥·∥2

F = ⟨·, ·⟩ is the squared Frobenius norm of a matrix. Given a
tuple X of K matrices of the same dimensions, we use the superscripted X(k) to denote the kth matrix in
the tuple, and subscripted Xij to denote the K−vector formed by ijth entries of the matrices in the tuple.

2 Joint Estimation of Multiple Matrices

In this section, we introduce a family of estimators designed to jointly estimate K sparse symmetric matrices.
These estimators are formed by adding together the loss functions of separate L1-penalized single matrix
estimators and a penalty across the matrices that encourages structural similarities. Our family will consist
of all estimators formed in this way, where the loss function satisfies a certain invariance property. But
before explaining this abstraction, we first review the Graphical Lasso, its extension to the Joint Graphical
Lasso, and other single matrix estimators that can be extended to multiple matrices. Then we introduce our
unifying framework which encompasses all of these examples and others simultaneously.

2.1 From Single to Joint Graphical Lasso

The Graphical Lasso (Yuan & Lin, 2007; Friedman et al., 2008) is a popular method for estimating a precision
matrix, i.e. an inverse covariance matrix, from high-dimensional data. The nonzero entries of the resulting
estimate can be used to make inferences about an underlying graphical model for the data. The estimator
is defined as a minimizer of following convex loss function over positive semidefinite matrices θ:

L(X, θ, λ1) = − log det(θ) + ⟨X, θ⟩ + λ1∥θ∥1,1 , (2.1)

where X is a sample covariance matrix and λ1 > 0, ∥θ∥1,1 is the sum of the absolute values of the entries of
θ, and λ1 is the L1 penalty parameter—larger values induce more sparsity in the solution.

Graphical Lasso produces an estimate of single precision matrix. However, in many cases, data may originate
from multiple distinct distributions. For instance, a cancer researcher may have gene expression data corre-
sponding to various subtypes of a particular cancer. In such a scenario, the set of genes (variables) would be
shared, but the underlying precision matrices could differ across cancer subtypes, making it advantageous
to estimate distinct precision matrices for each subtype.

Given that the samples are different subtypes of a particular cancer, we expect some degree of similarity
between the precision matrices, so applying Graphical Lasso separately for each subtype may not be the
most efficient use of the data. Instead, it is preferable to estimate these precision matrices jointly, modifying
the optimization problem to encourage shared structure across subtypes. Several researchers have extended
the Graphical Lasso framework to facilitate the joint estimation of multiple precision matrices. Given a
K-tuple X of sample covariance matrices, the Joint Graphical Lasso minimizes over a K-tuple of symmetric
matrices Θ the composite penalized loss function:[

K∑
k=1

L(X(k), Θ(k), λ1)
]

+ λ2P(Θ) . (2.2)

This loss is formed by adding separate instantiations of the Graphical Lasso loss (2.1) for each matrix, and
a fusion penalty P that encourages similarities among the estimated precision matrices. We give specific
examples in the next section.

Several extensions of Graphical Lasso have been proposed along these lines. Danaher et al. (2014) extend
Graphical Lasso by incorporating Fused Lasso penalties on a complete graph and Group Lasso penalties.
Smooth Incremental Graphical Lasso (Monti et al., 2014) and Fused Multiple Graphical Lasso (Yang et al.,
2015) apply Fused Lasso penalties on chain graphs. See also Pircalabelu et al. (2016); Pircalabelu & Claeskens
(2020); Wu et al. (2019); Gibberd & Nelson (2014); Zhang et al. (2019); Hallac et al. (2017); Tsai et al. (2022);
Qiu et al. (2016); Cai et al. (2016) for more examples.
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2.1.1 Fusion Penalties

We consider two classes of entrywise fusion penalties in this paper. The first class consists of Generalized
Lasso penalties (see Tibshirani & Taylor, 2011), which are defined by a full row rank matrix B and take the
form:

PB(Θ) =
∑

ij

∥BΘij∥1 , (2.3)

where Θij denotes the K-vector formed by collecting the (i, j)th entries of all matrices in the tuple, thereby
enforcing structural similarity across these corresponding elements.

An example of such a penalty is the generalized Fused Lasso penalty, which takes B to be an m×K oriented
incidence matrix of a graph with m edges on K vertices, e.g. a chain graph or a complete graph. In the case
of a chain graph, the Fused Lasso penalty encourages smoothness across the precision matrices, while in the
case of a complete graph, it encourages similarity without regard to the ordering of the matrices.

The second class of fusion penalties are Lq Group Lasso penalties (Yuan & Lin, 2006), which are given by,

Pℓq (Θ) =
∑

ij

∥Θij∥q , (2.4)

where q ∈ [1, ∞]. Common choices are q = 2 and q = ∞, which Here, for p = ∞ we get the l∞ norm penalty
and for p = 2 the Group Lasso penalty.

2.2 Single Matrix Estimators

In the previous section, we saw how Graphical Lasso can be extended to the joint estimation of K related
precision matrices by combining separate single Graphical Lasso problems with a fusion penalty. Here we
show more examples of single matrix estimators that can be extended in a similar way. These include
methods for Sparse PCA, sparse covariance matrices, and the parameter matrix of an Ising model. These
estimators and others of a similar form can be extended to multiple sparse symmetric matrices in the same
way as the Joint Graphical Lasso.

We consider sparse symmetric matrix estimators based on the L1 penalized loss
LA(X, θ, λ1) = A(θ) − ⟨X, θ⟩ + λ1∥θ∥1 , (2.5)

where A is a proper closed convex function possibly taking extended real values, called the generator, and X
is a symmetric matrix, e.g. a sample covariance matrix. The loss function is a generalization of the penalized
log-likelihood of an exponential family with A playing the role of a log-partition function.

Graphical Lasso Graphical Lasso (2.1) is a special case of (2.5) with

A(θ) =
{

−log det(−θ) if − θ ⪰ 0
+∞ otherwise.

(2.6)

Note that here θ is the negative precision matrix, i.e. the θ in (2.1) is actually −θ in (2.5) with this A.

Sparse PCA D’Aspremont et al. (2004) introduced a convex relaxation of the sparse PCA problem for
a single eigenvector. This was later extended to the case of r < d eigenvectors by Vu et al. (2013). They
recognized that PCA could be formulated in terms of rank-r projection matrices and considered the convex
hull of these matrices, the Fantope:

Fr = {θ ∈ Rd×d | ⟨I, θ⟩ = r, 0 ⪯ θ ⪯ I} .

This is the set of symmetric matrices with eigenvalues between 0 and 1 and whose trace is r. Then the
convex relaxation of the sparse PCA problem is formulated as (2.5) with the generator A taken to be the
convex indicator function of the Fantope, i.e.

A(θ) =
{

0 if θ ∈ Fr

+∞ otherwise.
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Sparse Covariance Unlike the Graphical Lasso, estimating a covariance matrix by combining a Gaussian
log-likelihood with an L1 penalty leads to a challenging nonconvex problem (Bien & Tibshirani, 2011). Simple
methods based on thresholding the sample covariance matrix have been proposed (Rothman et al., 2009)
and can be viewed as penalized least squares estimators, but they do not guarantee positive definiteness of
the estimate. To address this, Rothman (2012) proposed a method that introduces a log-determinant barrier
that forces the estimator to be positive definite. Their estimator takes the form of (2.5) with

A(θ) =
{

1
2 ∥θ∥2

F + τ log det(θ) if θ ⪰ 0
+∞ otherwise,

where τ > 0 is a small positive constant.

Xue et al. (2012) pointed out that the log-determinant penalty can be problematic when the smallest eigen-
value of the true covariance matrix is not bounded away from zero. They instead proposed an estimator
that takes the form of (2.5) with

A(θ) =
{

1
2 ∥θ∥2

F if θ ⪰ ϵI

+∞ otherwise
,

where ϵ > 0 is a lower bound on the smallest eigenvalue of the true covariance matrix. This estimator was
also proposed by Liu et al. (2014).

Sparse Ising Model Our last example is the Ising model, which is a popular Markov Random Field
model for multivariate binary data (Ravikumar et al., 2010). Given d-vectors with −1 and +1 entries, the
Ising model is a discrete analog of the Gaussian graphical model. The L1-penalized maximum likelihood
estimator of the interaction matrix θ in such a model takes the form of (2.5) with the generator A given by
the log-partition function of the Ising model:

A(θ) = log

 ∑
u∈{−1,+1}p

exp(⟨uu⊤, θ⟩)

 .

Solving the resulting optimization problem is challenging, and extending this model to multiple matrices is
even more so, but we will show later that the reductions that we propose can be applied to this problem as
well.

2.3 Families of Joint Estimators with Invariant Generators

In the previous sections, we introduced (i) several single-matrix estimators and their associated generator
functions, and (ii) two classes of entrywise fusion penalties. We now combine these building blocks into a
unified framework that encompasses all of those methods as special cases. This subsection defines the family
of joint estimators that we will analyze throughout the rest of the paper.

Our starting point is the general recipe used in (2.2). For any generator A and fusion penalty P, we consider
the composite penalized loss

LA,P(X, Θ, λ1, λ2) =
K∑

k=1
LA(X(k), Θ(k), λ1) + λ2P(Θ). (2.7)

The first term in the loss,
K∑

k=1
LA(X(k), Θ(k), λ1) (2.8)

is simply the sum of the K single-matrix losses defined by the generator A. whereas the second term, λ2P(Θ),
couples the K matrices and induces similarity across their corresponding entries through the chosen fusion
penalty. This construction yields a broad class of joint multiple–matrix estimators in which λ1 controls
sparsity, and λ2 controls similarity across matrices (through the fusion penalty P).
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The loss is proper, closed, and convex in Θ, so it always admits at least one minimizer. Because the minimizer
may not be unique, our estimators return the set of minimizers rather than a single point. Formally, this is
expressed as a map

TA : (Rd×d)K → 2(Rd×d)K

Here,

• (Rd×d)K is the space of K symmetric matrices, and

• 2(Rd×d)K denotes the power set of that space, i.e., all possible subsets.

Thus, the output is a set of solutions rather than a single matrix tuple.

Before formally defining the estimator family, we highlight a structural property of the generator A that
plays a key role in the reduction results developed later.

A generator A is said to be diagonal sign–conjugation invariant if

A(DθD) = A(θ) for any diagonal matrix with entries + 1 or − 1 along its diagonal. (2.9)

Definition 2.1. Let A : Rd×d → R∪{+∞} be a closed convex function defined on symmetric matrices and P
be either the Generalized Lasso penalty (2.3) or the Group Lasso penalty (2.4). The family of estimators with
diagonal sign conjugation invariant generators, denoted MP(λ1, λ2), consists of the set-valued estimators

TA : (Rd×d)K → 2(Rd×d)K

defined by
TA(X) = arg min

Θ
LA,P(X, Θ, λ1, λ2) , (2.10)

as A ranges over all closed convex functions that are invariant under conjugation by diagonal sign matrices,
i.e. A(DθD) = A(θ) for any diagonal matrix with entries +1 or −1 along its diagonal.

This definition formalizes the full family of joint estimators. It is straightforward to verify that the diagonal
sign conjugation invariance property is satisfied by all of generators of the single matrix estimators that
we have introduced in the previous section. The invariance condition is essential for the unified reduction
results to follow. In particular, we will show that for a fixed fusion penalty P and penalty values λ1 and λ2,
there is shared reduction that can be applied to all estimators in the family MP(λ1, λ2).

3 Computationally Sufficient Reductions

Computational sufficiency (Vu, 2018b) provides a theoretical framework to identify a common reduction in
the input shared by all estimators in a family. In this section, we first introduce computational sufficiency
and then present a computationally sufficient reduction for our family of estimators in Definition 2.1 and
discuss its consequences.

3.1 Computational Sufficiency

The basic idea of computational sufficiency is to extend the likelihood interpretation of the classical notion
of statistical sufficiency to families of estimators without requiring a formal statistical model. We would like
to say that all estimators in a family share a common reduction R in the sense that the estimators depend
on the data x only through R(x). One difficulty with this is that for estimators based on optimization,
there may not be a unique solution for a given x, so that the choice of solution may introduce a dependency
beyond the data. So instead we require that if there is a solution, then at least one solution depends only
on R(x).
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Definition 3.1. (Vu, 2018b) Let M be a collection of set-valued functions T : X → 2T . A function
R : X → Y is computationally sufficient for M if for each T ∈ M, there exists a set-valued function
fT : Y → 2T such that

fT (R(x)) ⊆ T (x) ∀ x ∈ X

and fT (R(x)) ̸= ∅ whenever T (x) ̸= ∅.

The function R in Definition 3.1 is a reduction if it is not injective. In that sense, the definition says that
if a computationally sufficient reduction exists, then the estimators in the family M depend on the data
only through the reduction. When such a reduction is known concretely, it can give insight into similarities
between the estimators in the family, and can also yield insight into the structure of the solution space.

In addition to these benefits, computational sufficiency ensures that applying the reduction R does not alter
the solution of any estimator in the family. If an estimator T (x) has a unique solution, then the output
obtained by solving the reduced problem—namely fT (R(x))—is exactly the same solution: no information
relevant to the minimizer is lost. If T (x) is set-valued, then the definition guarantees that the reduced problem
still returns a solution that is one of the valid minimizers of the original full-data problem. Thus, whether
the estimator yields a unique solution or a full solution set, the reduction introduces no approximation error
whatsoever.

Moreover, this equivalence is entirely algorithm-agnostic. The definition makes no assumptions about how
the estimators in M are computed; any optimization method applied to the reduced problem will return
solutions that remain valid for the original problem. Thus, computational sufficiency is a purely statistical
and geometric property of the estimators, not a property of a particular algorithm or implementation.

When a concrete reduction exists, it therefore provides both conceptual insight—revealing what aspects of
the data truly matter for all estimators in the family—and practical benefits, since one may work with a
lower-dimensional or simplified representation of the data without altering the resulting solution set.

In the context of our family of estimators in Definition 2.1, we will (1) construct an explicit reduction R
that is computationally sufficient for MP(λ1, λ2) and (2) show that it can be used to simplify the search for
solutions of (2.7) simultaneously across all estimators in MP(λ1, λ2).

3.2 Joint Single-Linkage Thresholding is Computationally Sufficient

For our family of estimators MP(λ1, λ2), we will use a reduction based on joint single-linkage thresholding.
Roughly speaking, it will construct a graph G dependent on the data tuple X, fusion penalty P, and penalty
parameters λ1, λ2; then output a tuple whose matrices are block diagonal with blocks corresponding to
connected components of G. We defer the details of the graph construction to Section 3.3.
Definition 3.2. Given a data tuple X, fusion penalty P, and penalty parameters λ1, λ2 we may construct
a graph G on vertices {1, . . . , d} according to Section 3.3. Then SLCP(X, λ1, λ2) ∈ Rd×d is the binary
clustering matrix associated with the connected components of G:

[SLCP(X, λ1, λ2)]ij =
{

1 if i = j or i ∼G j

0 otherwise,

where i ∼G j if there is a path from i to j in G, i.e. they are in the same connected component. The joint
single-linkage thresholding operator SLTP(X, λ1, λ2) is defined as the Hadamard product of SLCP(X, λ1, λ2)
with each matrix in a K tuple of matrices:

SLTP(X, λ1, λ2)(Z)
= (SLCP(X, λ1, λ2) ◦ Z(1), . . . , SLCP(X, λ1, λ2) ◦ Z(K)) .

Theorem 3.3. Let R(X) be the tuple-valued reduction

R(X) = SLTP(X, λ1, λ2)(X) ,
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Then for each T ∈ MP(λ1, λ2) and Θ̂ ∈ T (R(X)),

SLTP(X, λ1, λ2)(Θ̂) ∈ T (X) .

Therefore, we may take as in the Definition 3.1,

fT (R(X)) = {SLTP(X, λ1, λ2)(Θ̂) | Θ̂ ∈ T (R(X))} ,

so that R is computationally sufficient for the family MP(λ1, λ2) of estimators defined in Definition 2.1.

Theorem 3.3 formalizes a key structural simplification shared by all estimators in MP(λ1, λ2). Although
these procedures may differ in how they solve their respective optimization problems, they all operate on
data only through the same reduced form R(X) and any solution produced by an estimator on the reduced
data can be “lifted back” to a valid solution on the original data simply by reapplying the same thresholding
operator. This has several immediate implications:

Common preliminary computation Every estimator begins with the same reduction step, regardless of
how the rest of the procedure is formulated. The graph G encodes all pairwise relationships across the K
matrices that are strong enough—relative to λ1 and λ2 —to force coordinates to behave as a single fused
block. Constructing G therefore identifies the essential grouping structure that any valid solution must
respect.

Shared reduced search space After reduction, all optimization takes place over the image of
SLTP(X, λ1, λ2), a space of block-diagonal tuples whose blocks correspond exactly to the connected compo-
nents of G. This is not an approximation: the theorem guarantees that searching outside this block-diagonal
space cannot produce any additional valid solutions for any estimator in the family. The block structure is
thus an intrinsic property of the fusion penalty and the data, not of a specific algorithm.

Computational benefits Since SLCP(X, λ1, λ2) is block diagonal (up to permutation), each estimator can
restrict its optimization to block-separable problems. When blocks are small or when many coordinates get
fused together, the dimensionality of each subproblem decreases substantially. Standard algorithms for these
estimators can then be adapted to operate on each block independently, often reducing runtime by orders of
magnitude.

Dependence on λ1 and λ2 The amount of reduction is data-adaptive. If all entries satisfy X(k)
ij ≤ λ1, the

entire family collapses to estimators over diagonal matrices: the penalty forces every off-diagonal entry to
fuse to zero. If λ1 = λ2 = 0, then the operator introduces no constraints and we recover the full original
search space. Intermediate values produce intermediate block structures.

3.3 Penalty-Specific Graphs

In the previous section, we presented the main theorem and discussed its implications. An important detail
left to address is the structure of the graph G depending on (P,X, λ1, λ2) that is required by the joint
single-linkage thresholding operator.

Let V = {1, . . . , d} and E ⊆ V × V denote the vertex and edge sets of the graph G, respectively. Our
objective is to determine the edge set E for each specific fusion penalty. We focus on identifying conditions
under which (i, j) /∈ E. These conditions are derived as part of the process to prove the theorem and further
details are included in the appendix. In the following, let X(k)

ij denote the (i, j) entry of the k-th matrix in
the input tuple X.

3.3.1 Group Lasso Penalty

For the Group Lasso penalty Pℓq
, the construction of the penalty-specific graph is simple. Let r ∈ [1, ∞]

such that 1/q + 1/r = 1, i.e. so that ℓr is dual to ℓq. Then

(i, j) /∈ E ⇐⇒
K∑

k=1
max(|X(k)

i,j | − λ1, 0)r ≤ λr
2 .

8



Under review as submission to TMLR

For example, if q = ∞, then r = 1 and the condition simplifies to

(i, j) /∈ E ⇐⇒
K∑

k=1
max(|X(k)

i,j | − λ1, 0) ≤ λ2 .

3.3.2 Generalized Lasso Penalty

For the Generalized Lasso penalty PB , the condition for elimination of an edge (i, j) involves verifying a set
of linear inequalities in the input tuple X. Let

gij(y) = ⟨Xij , y⟩ − λ1∥y∥1 − λ2∥By∥1 .

Then
(i, j) /∈ E ⇐⇒ gij(y) ≤ 0 for all y ∈ RK .

On the surface, this condition seems complex. However, using similar ideas from Yang et al. (2015) we can
reduce the condition to verifying a finite set of linear inequalities. Note that gij is piecewise linear, because
it is the pointwise maximum of linear functions, and that its regions of linearity form a finite partition of
RK into polyhedral cones. Each of these cones is generated by the conic hull of a finite set of points, and so
it suffices to verify the condition at these points. Notably, these points depend only on the matrix B and
not on the input X nor the penalty parameters λ1, λ2. So the process of finding these points can be done
once for a given B. We provide more details in the appendix.

4 Algorithmic Consequences

In the previous sections, we established computationally sufficient reductions for the family of estimators
with diagonal sign–conjugation invariant generators (Definition 2.1). These results hold independently of
how any particular estimator is computed: the reduction introduces no approximation error, does not rely
on algorithmic details, and preserves the full solution set for every estimator in the family.

In this section, we illustrate how these mathematically exact reductions can be used to improve practical
algorithms. The goal here is not to propose new optimization methods or to claim that our theoretical
guarantees depend on these implementations. Rather, we show how the block structure induced by the
reduction naturally leads to simpler subproblems, reduced dimensionality, and faster runtimes in concrete
settings.

We begin by outlining the general strategy for incorporating the reduction into existing optimization routines.
We then present two representative examples based on extensions of Sparse PCA via Fantope Projection:
one with a Group Lasso (L2) penalty and another with a Fused Lasso penalty. These examples demonstrate
how the reduction can be integrated into practice; the theoretical results themselves hold for any algorithm
that computes an estimator in the family.

4.1 General Recipe

Fix a family of estimators MP(λ1, λ2) as in Definition 2.1. The general recipe is as follows:

1. Construct the penalty-specific graph G dependent on the data tuple X, fusion penalty P, and penalty
parameters λ1, λ2.

2. Find the connected components of G.

3. Compute the computationally sufficient statistic R(X) by zeroing out any Xij such that i and j are
in different connected components.

4. Then for any T ∈ MP(λ1, λ2), we run an algorithm for T using R(X) as input and restricting the
feasible set to those tuples Θ where Θij = 0 whenever i and j are in different connected components.
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Details of implementation matter, of course, but we note that the first three steps require at worst linear time
in the size of X, i.e. O(d2K) operations. It is the fourth step that is estimator-specific and will require more
work to implement. In the case of the Graphical Lasso, the computation can be completed decoupled across
the connected components, but for other estimators in the family that may not be the case. Nonetheless,
the reduced feasible set can be exploited to reduce the computational cost of the algorithm. We illustrate
this with an enhancement of an ADMM algorithm for Joint Sparse PCA.

4.2 Example: Joint Sparse PCA

Consider an extension of Sparse PCA via Fantope Projection (Vu et al., 2013) to the case where we have
data from K distinct but related groups. We add a Group Lasso penalty to borrow strength between the K
different groups. The optimization problem, following Section 2 is given by

arg min
Θ

[
K∑

k=1
ιFr (Θ(k)) − ⟨X(k), Θ(k)⟩ + λ1∥Θ(k)∥1,1

]
+ λ2Pℓ2(Θ) .

where ιFr is the convex indicator of the trace-r Fantope.

Drawing inspiration from algorithms for Sparse PCA via Fantope Projection (Vu et al., 2013) and Group
Graphical Lasso (Danaher et al., 2014), we adopt the ADMM framework (Boyd et al., 2011) to solve the
optimization problem. In general, the ADMM algorithm can be applied to (2.1) by splitting the objective
function into two parts: one for the generator and linear term, and the other for the sparsity and fusion
penalties. Then each iteration of the algorithm steps through computing a proximal operator associated
with the generator, computing a proximal operator associated with the sparsity and fusion penalties, and
updating the dual variables associated with the split.

For Joint Sparse PCA, the major steps become:

1. Fantope projection : This step involves an eigendecomposition and transformation of the eigen-
values.

2. Generalized thresholding : This step involves solving the proximal operator for the sparse Group
Lasso penalty which involves applying elementwise soft-thresholding followed by Group Lasso thresh-
olding.

3. Update the dual variables.

The major bottleneck of the iteration is the Fantope projection step. Since we know from R(X) the block
diagonal structure of the solution, we can can reduce the eigendecomposition to be block-wise; this allows the
eigen decomposition to be computed on each block independently, significantly reducing the computational
cost. After the eigendecomposition, we recouple the blocks by a transformation of the union of the eigenvalues
from all of the blocks. Details of the algorithm are given in the appendix.

If instead of a Group Lasso penalty, we had a Fused Lasso penalty, i.e. with PB for an oriented incidence
matrix B, the algorithm would be similar, with the only difference being that in the second step, we would
replace the proximal operator for a Sparse Group Lasso penalty with the proximal operator for a Sparse
Fused Lasso penalty. In this case Hoefling (2010) provides an efficient algorithm for computing the proximal
operator, and the bottleneck of the algorithm in the Fantope projection step can be mitigated in the same
way as before.

5 Numerical Experiments

We demonstrate the advantages of computationally sufficient reduction by comparing the runtime of two
variants of ADMM algorithms for Joint Sparse PCA and Joint Graphical Lasso with an L2 Group Lasso

10
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Figure 1: Comparison of joint Sparse PCA and joint Graphical Lasso with Group Lasso penalty using
ADMM, with and without computationally sufficient (CS) reductions. The plot shows the runtime over 100
penalty values, with facets representing the number of matrices and the x-axis showing the matrix dimension.
ADMM + CS reduces runtime by 75%.

penalty. For both estimators, a major bottleneck of the algorithm is the computation of a proximal operator
associated with the generator A. This requires an eigendecomposition. For the first variant, we use a
standard ADMM algorithm, while for the second variant, we incorporate computationally sufficient (CS)
reductions as illustrated in Section 4.2 to reduce the eigendecomposition to a block-wise eigendecomposition.

Our comparison focuses on the time required to compute the estimator for 100 combinations of the penalty
parameters, using the same stopping criterion for both variants. For each method, we select five different
levels of the L1 penalty λ1. For each L1 penalty, we further select twenty different fusion penalty parameters
λ2 to cover a broad range of scenarios. In our experiments, we perform joint estimation of K = 2, 3, 5
matrices, with matrix dimensions ranging from 100 × 100 to 500 × 500.

To simulate these matrices, we first generate a sparse base matrix, where the non-zero elements are randomly
drawn from a standard normal distribution. To create matrices for different subgroups, we add a newly
generated sparse rank-1 matrix to each, ensuring that this additional matrix differs across subgroups. Using
these class-specific covariance matrices, we generate 500 observations from a multivariate normal distribution
for each class, and the sample covariance matrices from these observations serve as input for the estimations.

Further details of the simulation, including the computational specifications and a link to the anonymized
code, are provided in the appendix.

Figure 1 presents the simulation results. Computationally sufficient reductions yield a 75% reduction in
runtime, with the advantage growing as matrix dimensions increase. This trend is expected to continue as
the maximum dimensions extend further.

6 Discussion

In this paper, we present a unified framework for the joint estimation of multiple sparse symmetric matrices,
incorporating group and fusion penalties to leverage shared structure across related matrices. By examining
a family of methods, including extensions of Graphical Lasso, sparse PCA, and covariance estimation with
Lp and generalized Lasso penalties, we provide both theoretical insights and practical advancements in
computational efficiency.

A key contribution is the identification of a shared computational structure through the lens of computa-
tional sufficiency, which uncovers hidden commonalities among seemingly distinct estimation problems. This
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unification enhances our theoretical understanding of the optimization challenges and enables the derivation
of a universal screening rule that reduces the search space to block diagonal matrices. Our empirical anal-
ysis demonstrates that this reduction significantly improves runtime, making the methods more scalable for
high-dimensional applications.

While these screening rules provide substantial computational benefits, their current limitation lies in the
assumption of a common block diagonal structure for all matrices. This may not be optimal in scenarios
where matrices exhibit distinct block patterns. A crucial direction for future work is to relax this assumption,
allowing for varied block structures across matrices. For instance, in cases with Fused Lasso penalties, where
solutions are piecewise constant, we can further refine the feasible set by identifying points of discontinuity
within each matrix, thereby enhancing computational efficiency without enforcing uniformity.

In conclusion, our proposed framework offers significant advancements in both theory and practice for sparse
matrix estimation. Despite existing limitations, the generality and flexibility of the computational sufficiency
approach indicate promising avenues for future extensions. Exploring more adaptable screening rules is likely
to yield even greater scalability and applicability in complex high-dimensional data analysis.
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