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Abstract

We study the problems of distributed online and bandit convex optimization against an adaptive
adversary. Our goal is to minimize the average regret on M machines working in parallel over
T rounds that can communicate 12 times intermittently. Assuming the underlying cost functions
are convex, our results show collaboration is not beneficial if the machines have access to the
first-order gradient information at the queried points. We show that in this setting, simple non-
collaborative algorithms are min-max optimal, as opposed to the case for stochastic functions,
where each machine samples the cost functions from a fixed distribution. Next, we consider the
more challenging setting of federated optimization with bandit (zeroth-order) feedback, where the
machines can only access values of the cost functions at the queried points. The key finding here
is to identify the high-dimensional regime where collaboration is beneficial and may even lead to
a linear speedup in the number of machines. Our results are the first attempts towards bridging the
gap between distributed online optimization against stochastic and adaptive adversaries.

1. Introduction

We consider the following distributed regret minimization problem on M machines with horizon T':

1 1
min_—— Y fef) - min— > f'(@), (1)

{I?ZEX};ZTTU]W] T me[M],te[T) me[M],te[T]

where f{™ is a non-negative, convex cost function observed by machine m at time ¢, and x}" is the
model it plays. This formulation captures distributed learning problems where the data is generated
in real-time but isn’t stored, e.g., mobile keyboard prediction [11, 12] and self-driving vehicles
[7, 20]. We want to solve this problem in the intermittent communication (IC) setting [29, 31]
where the machines work in parallel and are allowed to communicate R times with K time steps in
between communication rounds. The IC setting captures the expensive nature of communication in
collaborative learning, such as in cross-device federated learning [15, 17].

The IC setting has been widely studied over the past decade [1, 2, 4, 5, 23, 25, 27, 32-34].
Most existing works consider the “stochastic” setting where { f/"}’s are sampled from a distribu-
tion specified in advance. However, real-world applications may have distribution shifts, unmodeled
perturbations, or even an adversarial sequence of cost functions, all of which violate the fixed distri-
bution assumption. To alleviate this issue, in this paper, we extend our understanding of distributed
online optimization to “adaptive” adversaries that could potentially generate a worst-case sequence
of cost functions. Although some recent works have underlined the importance of the adaptive set-
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ting [3, 9, 10, 16, 18], our understanding of the optimal regret guarantees for problem (1) is still
lacking.

We first show that, under usual assumptions, there is no benefit of collaboration if all the ma-
chines have access to the gradients, a.k.a. first-order feedback for their cost functions. Specifically,
in this setting, running online gradient descent on each device without any communication is min-
max optimal for problem (1). Thus, we move to the harder setting of bandit convex optimization
with two-point feedback. We study a natural variant of FEDAVG equipped with a stochastic gradi-
ent estimator due to Shamir [22]. We show that collaboration reduces the variance of the stochastic
gradient estimator and is thus beneficial for problems of high enough dimension. We prove a linear
speedup in the number of machines for high-dimensional problems, which mimics the stochastic
setting [28, 31].

2. Setting
This section introduces notations, definitions, and assumptions used in our analysis.

Notation. We denote the horizon by T' = KR. >, =<,= denote inequalities up to numerical
constants. We denote the average function by fi(*) = +; > omep J{"(¢) forall ¢ € [T]. We use

14 to denote the indicator function for the event A. Our model space is denoted by X C R?. We
denote the expected averaged regret by Reg(M, K, R) in all the settings.

Function classes. We consider two common [13, 21] function classes in this paper: (i) F& B, the
class of convex, differentiable, non-negative and G-Lipschitz functions, i.e., Vz,y € X, |f(z) —
f(y)| < G|z —y|l,, with bounded optima, i.e., ||[z*], < B, ¥V z* € argmingex f(x); (ii)
FH.B (he class of convex, differentiable, non-negative and H-smooth functions, i.e., Vz,y € X,
IVf(z) = Vf(y)lly, < H |z~ y|,, with bounded optima. F&B includes linear cost functions,
while FHB consists of quadratic functions denoted by .7:[?7;3. We also define F&H:B .—
j:G,B N j:'H,B.

Adversary model. Note that in the most general setting, each machine will face arbitrary func-
tions from a class F at each time step. Our algorithmic results are for this general model, which
is usually referred to as an “adaptive’ adversary. We also consider a weaker ‘“stochastic” ad-
versary model to aid comparison. More specifically, the adversary cannot adapt to the sequence
of the models used by each machine but must fix a distribution in advance for each machine, i.e.,
Vm € [M], Dy, € A(F) such that at each time ¢ € [T, f/* ~ D,,. An example of this easier
model is distributed stochastic optimization where f/"(-) := f(-; 2" ~ Dy,) € F for f(+;-) € F.

Oracle model. We consider two kinds of access to the cost functions in this paper. Each machine
m € [M] for all time steps ¢ € [T'] has access to one of the following: (i) gradient of f;™ at a
single point, a.k.a., first-order feedback; or (ii) function values of f;* at two different points, a.k.a.,
two-point bandit feedback.

We consider two more assumptions controlling how similar the cost functions look across ma-
chines and the average regret at the comparator [24]:

Assumption 1 'Vt € [T,z € X, 37 3 cpan IV (2) — Vii(z)|3 < ¢2 < 4G2.

1. Woodworth et al. [30] consider a more relaxed assumption in the stochastic setting: V x €
X, 5 Dmepn) 1B [V (232)] = V()5 < ¢ < AG® for £() = 57 3,0 cany Benpn [V f(252))-
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Assumption 2 V z* € arg mingcy Zte[T} fi(x), % Zte[T] fi(x*) < F.. For non-negative func-
tions in F&H:B this implies + D telT] IV fe(z)3 < HF, (cf, Lemma 4.1 [24]).

Min-max regret. We can finally define our problem class. We use P i ,r(F) 1= F OMKR (o
denote all selections of M K R functions from a class F. We use the argument (, F) to further
restrict this to selections that satisfy Assumptions 1 and 2 respectively. Furthermore, with a slight
abuse of notation, we use the superscript 1 to denote first-order feedback and (0, 2) to denote two-
point zeroth-order feedback to the cost functions. In this paper, we consider four problem classes:
PJI\J,K,R(]:G’Dv Q), P]?&?K,R(]:G’B: Q)s 7)]1\4,K,R(-7:H’B7 ¢, Fy), PZ%KR(}—G’H’B, ¢, Fy). And we are
interested in characterizing the min-max regret for these classes. In particular, for a problem class
‘P, we want to characterize up to numerical constants the following quantity:

1 1

_ E m(,m\ _ : m 2

R(P)i=minmaxBy | o >, f'G)-min—— > f'"=)], @
te[T],me[M] te[T],me[M]

where A is a randomized algorithm producing models x}"’s. For stochastic adversaries, the expec-

tation is also taken over the randomness of sampling from the distributions D,,, € A(F).

3. Collaboration doesn’t help with First-order Feedback

We first consider the class 77]1\4, K, r(F G.B (). Note the following bound is always true for any
stream of functions and sequence of models:

SN I SN CORETTID DI TN S DRSO RN ST

mée[M] \t€[KR)] te[KR) te[K R],me[M] te[KR]

This means we can upper bound regret in equation 1 by running online gradient descent (OGD)
independently on each machine and not collaborating at all. In other words:

GB

VT
The min-max rate for a single machine follows classical results using vanilla OGD (c.f., Theorem
3.11in [13]). But can collaborative algorithms beat this natural baseline? No!

Consider the problem where the functions don’t vary across the machines but may change with
time. This problem satisfies Assumption 1 with ¢ = 0. In this problem, the machines jointly
see only 7' different functions but can make M first-order queries to the functions at each time step.
However, these additional queries are not useful as there is a known sample-complexity lower bound
of GB/V/T for Pl g p(F &B) (c.f., Theorem 3.2 [13]) which holds for any number of first-order
queries at each time step. This implies that,

GB

Na =R (Pll,K,R('FGD)) <R (lew,K,R(]:G’B, Q). 4

Combining equations (3) and (4), we conclude that R (le\/[ Kk r(F G.B ¢ )) =GB/ V/T. Or in other
words, there is no benefit of collaboration when the machines have first-order feedback.

12

R (7)11\4,K,R(fG’D7 () =R (Pll,K,R(]:G’D)) (3)
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We recall several interesting functions, such as quadratics, that don’t lie in F&Z but lie in
FH:B_ To understand the latter class we look at problems in 77]1\/[7 xkr(F H.B ¢ F,). In the single
machine setting, we know that OGD incurs a regret of H B2 /T +VHF,B/ VT (c.f., Theorem 3
[24]). This serves as the non-collaborative baseline. Unfortunately, there is again a matching sample

complexity lower bound for 7311 xkr(F 2B [) (c.f., Theorem 4 [28]). Using a similar argument as
before, we can obtain that,

HB*> /HF,B

T T
which suggests that regret doesn’t improve with collaboration, either.

Thus, when the machines have first-order feedback for their own objectives, they do not benefit

from collaboration. The commonality between these problems is that even when the functions are
the same across the machines, the hardest instances within the problem class do not benefit from
the additional gradient accesses. This is not surprising because linear functions are the hardest
lipschitz and smooth functions in the adversarial online setting, and they are fully specified by their
gradient. This suggests that we should consider settings where machines have weaker oracles than
first-order and may benefit through collaboration. One such setting is with stochastic first-order
oracles because, with additional stochastic gradients, the machines can reduce the variance of their
gradient estimator. This is one mechanism through which collaboration helps in the stochastic
setting [28, 31], and we see next that it naturally arises in bandit convex optimization.

1%

R(Prrxr(FTE, ¢ F)) (5)

4. Online Local SGD Algorithm with Two-point Bandit Feedback

Algorithm 1: FEDOSGD (7, §) with two-point bandit feedback
Initialize (" = 0 on all machines m € [M]
fort € {0,...,KR— 1} do
for m € [M] in parallel do
Sample uy” ~ Unif(S4—1), i.e., a random unit vector
Query function f;™ at points (', 22 := (& 4 dul, 2™ — dul™)
Incur loss (f/" (x}* + duy”) + fi™*(xf* — dui"))
Compute stochastic gradient at point «}* as g;" =
if (t +1) mod K = 0 then
Communicate to server: (z}* — 7 - g;")
On server z;11 ﬁ EmE[M} (" —n-g")
Communicate to machine: ="\ | < r¢11

d(f(z +5u§”)7§(:p;”' —ou"))uy®
2

else
m m m
L Ty S Xy — NGy

In this section, we study distributed bandit convex optimization with two-point feedback [6,
22], i.e., at each time step, the machines can query the value (and not the full gradient) of their
cost functions at two different points. We analyze the online variant of the FEDAVG or LOCAL-
SGD algorithm, which is common in the stochastic setting. We call the algorithm FEDOSGD and
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describe it in Algorithm 1. In line 7, we use the stochastic gradient estimator, originally proposed
by Shamir [22] and based on a similar estimator by Duchi et al. [6]. For a smoothed version of
the function f"(z) := E,[f/"(x + du)], this estimator satisfies (c.f., Lemmas 3 and 5 [22]) for all
te[T],me [M]andz € X,

B (0] = Vi) and B, |[o) - Vi@))] = e

Equipped with this gradient estimator, we can prove the following guarantee for PJI\;[UK r(F GB ().

Theorem 1 Consider tﬁeproblem class ngKR(}“G’B, ). Withn = G—%-min {1, %, m },
the queried points {x,"’ }tT’Tf‘LJJ’Q:l of Algorithm 1 satisfy:
1 : GB  GBVd GBd'/*
E|f"(@}) - fi(a)] = + +lgsr ———,
OMER 2 Jie) =) = e T kR T T R

te[K R],me[M],j€[2]
where x* € argmin,cpad Zte[ KR fi(x), and the expectation is w.r.t. the choice of function queries.

When K = 1, the above bound reduces to the first two terms, which are known to be tight for
two-point bandit feedback [6, 13] (see Appendix A), making FEDOSGD optimal. When K > 1,
we would like to compare our results to the non-collaborative baseline as we did in section 3.
Using the gradient estimator proposed by Shamir [22], the non-collaborative baseline gets regret

@) (GBﬂ/\/ KR). Thus, as long as d > K2, FEDOSGD is better than the non-collaborative

baseline. Furthermore, if d = K?M?, then the second term in the upper bound dominates, and
FEDOSGD gets a “linear speed-up” in the number of machines. Unfortunately, the bound doesn’t
improve with smaller ¢.

Note that the lipschitzness assumption is crucial to the two-point gradient estimator in algorithm
1. While there are gradient estimators that don’t require lipschitzness or bounded gradients [8],
they do require stronger assumptions such as bounded function values. To avoid making these
assumptions, we skip looking at the problems in PJ[\)}I?K, r(F H.B ¢ F,) and look at the problems in

Py p(FOHB . CFy).

Theorem 2  Consider the problem class 77]0\&2[( r(F GH.B ¢ F,). With appropriate 1 (c.f., lemma
6), the queried points {:)::nj }T’M’2 of Algorithm 1 satisfy:

t,m,j=1
1 i HB?> GBVd GB VHF,B
S B[ - e < 22, GBVE | 6B
2MKR KR MKR +KR VKR

te[K R],me[M],j€[2]
H1/3B4/3G2/3d1/3 Hl/SB4/3<2/3

+ 1g>1 - min { K1/3R2/3 + R2/3

VCGBAY4 L (B GBdY/* . W;gB}

KY/R VR KY4/R VR

where x* € arg min, cpa Zte[ KR ft(x), and the expectation is w.r.t. the choice of function queries.
The regret is also upper bounded as in theorem 1 for the corresponding step size.
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The above result is a bit technical, so to interpret it, we consider the simpler class ]-"“G;LB of linear
functions with bounded gradients. Linear functions are the “smoothest” Lipschitz functions as their
smoothness constant H = 0. We can get the following guarantee for this class:

Corollary 3 Consider the problem class P](\)fK R(fg;o’B, ¢, Fy). With appropriate 1 (c.f., lemma

6), the queried points {z}"™ }tTnjyjzzl of Algorithm 1 satisfy:

srer S EUPEr- e

k1A
te[KR],me[M],je[2] KVY4\/R

=< +
VKR +MKR

where x* € argmin,cpa Zte[ KR fi(x), and the expectation is w.r.t. the choice of function queries.

Unlike general Lipschitz functions, the last two terms are zero for linear functions when ¢ = 0
and the upper bound is smaller for smaller (. In fact, when K = 1 or ( = 0, the upper bound
is tight [6]. More generally, when K < max(1, G?¢?d, G?d/¢?>M?) then FEDOSGD is optimal.
Recall that in this setting, the non-collaborative baseline obtains a regret [24] of O(GB+vd/VKR).
Thus, the benefit of collaboration through FEDOSGD again appears in high-dimensional problems
in P&?KR(.FG’H’B, ¢, F) similar to what we discussed for P]?)[?K’R(FG’B, ¢, Fy).

5. Conclusion

In this paper, we show that, in the adaptive bandit setting, the benefit of collaboration is very similar
to the stochastic setting, where the collaboration is useful when: (i) There is stochasticity in the
problem and (ii) The variance of the gradient estimators is “high” [31] and reduces with collabora-
tion. There are several open questions and directions:

1. Does collaboration provably not help for the smaller class 73]1\4 xr(F GH.B ¢ F,)? This
might require new proof techniques.

2. Is the final term tight in Theorems 1 and 2? We don’t know any lower bounds in the intermit-
tent communication setting against an adaptive adversary. Perhaps there is no gap between the
stochastic and adaptive adversaries, and we can use existing techniques and online-to-batch
conversion to provide a tight lower bound.

3. When K is large, but R is a fixed constant, the average regret of the non-collaborative baseline
goes to zero, but our upper bounds for FEDOSGD don’t. It is unclear if our analysis is loose
or if we need to modify the algorithm, for instance, add projection steps.

4. How to obtain second-order methods in the distributed online setting, especially in the inter-
mittent communication setting? This only makes sense when the worst-case functions are not
linear, which we might expect in the distributed setting [26].

5. For stochastic linear bandits, collaborative methods have been shown to attain optimal regret

with very few rounds of communication [14]. What structures in the problem can we further
exploit to reduce communication?
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Appendix A. Proof of Theorem 1

In this section and the next one, we consider access to a first-order stochastic oracle as an inter-
mediate step before considering the zeroth-order oracle. Specifically, each machine has access to a
stochastic gradient g;"* of f/" at point x}", such that it is unbiased and has bounded variance, i.e.,
forallx € X,

Elgp" («7")]af"] = V f"(a}") and E |[lgf" (2]") — V" (27")II2 !fvﬂ <o’

In algorithm 1, we constructed a particular stochastic gradient estimator at 2" with 02 = G?d.
We can define the corresponding problem class le\fK r(F B () when the agents can access a
stochastic first-order oracle. We prove the following lemma about this problem class:

Lemma 4 Consider the problem class PJEOK R(]:G’B, ). If we choose n = GLGT - min {1, @,

VG 1 mT-M . . . )
PV d 1K>1\/E}’ then the models {x} }t,m:1 of Algorithm 1 satisfy the following guarantee.

1 GB 0B (\/O'GB GB)
Z + 1>t

D E[fi"(x") — fi"(2%)] =2 +
MKRte[KRLmG[M] b t VKR +MKR vR VR

where x* € argmin, cpa Y ek ) (@), and the expectation is w.r.1. the stochastic gradients.

Proof Consider any time step ¢ € [K R] and define ghost iterate ; = 7 > mem) ¢ (Which not
might actually get computed). If K’ = 1, the machines calculate the stochastic gradient at the same
point, Z;. Then using the update rule of Algorithm 1, we can get the following:

2

M
— 77 m m m m
Ey [l — 25| = Ec | |20 — Z Vi) =2t + e S (V) - o @)
m=1 9
2
= * (12 7]1&2 27775 — * m(,..m
=z -z ||2+W Z Vi (x") Y Z (T — 2", V" (@]")) +
me[M] 9 me[M]
2
= * (12 77152 27715 m * m..m
=z —= ||2+W Z VI (i) Y Z (xf" — 2", V" (z}"))
mée[M] 9 me[M]
2 = m m 20—2
F sy SE D (o = F V) +
me[M]
2
~ 2n m(omy _ (o
< th—x*Hg Z VI _ﬁt Z (fi" (@) = fi" (@)
me[M] 9 me[M]
2 7 m(,.m ;o
+ kot - A’}t > (el =3 V) + L
me[M]

10
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where E; is the expectation conditioned on the filtration at time ¢ under which z}"*’s are measurable,
and the last inequality is due to the convexity of each function. Re-arranging this leads to

> VI

7 2 P = ) < 5 (19— 01— B [ —a*I]) +

mE[M 2n me[M] 2
1 o em nio?
+]1K>1'M Z Et(%ﬁ _mtvvft ( )>+2tw
me[M]
1 o
< = = k|2 = )2 ﬁ 2 -
< 5 (1= 213~ B [l - 213]) + 5 (024
G
+ 1g>1- i Z Eflla* = Zelo] - ©)
me[M]

The last inequality comes from each function’s G-Lipschitzness. For the last term in (6), we can
upper bound it similar to lemma 8 in Woodworth et al. [30] to get that

1 _
17 2 Ellef = zll)) < 20 + G)Kn. @)
me[M]
Plugging (7) into (6) and choosing a constant step-size 7, and taking full expectation we get
1
Sy E — @) < 5 ([Ele 2P|, B [z - 2715))
n 2
mE[M]

2
<G2 M>+11K>1 2G(0 + G)K

Summing this over time ¢ € [K R] we get,

1 m(,.m m(, .k ”j' —SL'*H
M Z E[f" (@) — fi"(x )]ﬁ% G* + M+]1K>1 oGK + 1g>1 - (GK

me([M],te[T]
B2 ) 0.2 5
Finally choosing,
B , { GVM VG 1 }
N =—= " min
GVT o T 1gs1VoK 1gsiVE

we can obtain,

1 BVT
i > E[f"Ga) - fM2")] 2 GBVT + 1gs1 - VoGBVKT + 1gs1 - GBVET + J\/Mf.
me[M],te[T]

(®)
Dividing by K R finishes the proof. |

11
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Remark 5 Note that when K = 1, the upper bound in Lemma 4 reduces to the first two terms,
both of which are known to be optimal due to lower bounds in the stochastic setting, i.e., against
a stochastic online adversary [13, 19]. We now use this lemma to guarantee bandit two-point
feedback oracles for the same function class. We recall that one can obtain a stochastic gradient
for a “smoothed-version” f of a Lipschitz function f at any point x € X, using two function value
calls to f around the point x [6, 22].

With this lemma, we can prove Theorem 1.

Theorem 1 Consider the problem class ngK R(}"G’B, C). Withn = %-min {1, %, W }
' i K>1
the queried points {x;"’ }f%il of Algorithm 1 satisfy:
1 : GB  GBVd GBdY*
E [ m xm] _ m x* j _"_ _"_ . ,
OMER 2 Je) =) 2 e T ke T T VR

te[K R],me[M],j€[2]
where x* € arg min,cpad Zte[ KR fi(x), and the expectation is w.r.t. the choice of function queries.

Proof First, we consider smoothed functions

FIM(@) = Bytmif(s,) L (@ + u)),

for some 0 > 0 and S;_; denoting the euclidean unit sphere. Based on the gradient estimator in (2?)
proposed by Shamir [22] (which can be implemented with two-point bandit feedback) and Lemma
4, we can get the following regret guarantee (noting that ¢ < ¢;v/dG for a numerical constant c;,
c.f., [22]):

1 ; 1 : GB  GBVd GBd/*
Elvmr 2 W@ | a2 W= =t e GBLT
MKR te[K R],me[M] MKR te[K R],me[M)] \/ﬁ \/m \/E

where the expectation is w.r.t. the stochasticity in the stochastic gradient estimator. To transform
this into a regret guarantee for f we need to account for two things:

1. The difference between the smoothed function f and the original function f. This is easy to
handle because both these functions are pointwise close, i.e., sup,cy | f(z) — f(z)] < G6.

2. The difference between the points £7* at which the stochastic gradient is computed for ftm
and the actual points :c;n’l and xzn’2 on which we incur regret while making zeroth-order
queries to f;". This is also easy to handle because due to the definition of the estimator in ??,
2 2™ € Bs(2™), where Bj(z) is the Ly ball of radius & around .

In light of the last two observations, the average regret between the smoothed and original functions
only differs by a factor of 2G9, i.e.,

1 m.i 1 "o
Eloer > W) -1 S )

te[K R],me[M],j€[2] te[K R],me[M]
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GB  GBVd GBd'/*
<G+ + +1 .
VKR VMKR ' VR
GB | GBVd GBd'/*
= + +1r>1- )
VKR +VMKR VR
where the last inequality is due to the choice of § such that § < Df/lgl (1 + %). |

Appendix B. Proof of Theorem 2

Similar to before, we start by looking at le\/fK r(F GH.B ¢ F.). We first prove the following
Lemma:

Lemma 6 Consider the problem class PM K, p(FEHB ¢ F,). The models {l‘?]}tTﬂ]yzl of Algo-
rithm 1 with appropriate 1 (specified in the proof) satisfy the following regret guarantee:

1 e m s s, HB? oB . [ GB +HF,B
kR EUPE - = G+ T i { 22 VO

te[K R],m€e[M]

H1/3B4/3O_2/3 H1/3B4/3C2/3 \/CTTB
+ 1xg~1 - min . + by
K1/3R2/3 R2/3 K1/4\/§ \/ﬁ
vVGoB n vG(B
KY/4/R VR

where x* € argmin, pd Zte[ KR] fi(x), and the expectation is w.r.t. the stochastic gradients. The
models also satisfy the guarantee of lemma 4 with the same step-size.

Proof Consider any time step ¢ € [K R] and define ghost iterate Z; = 47 > mem) ¢ (which not
might actually get computed). Then using the update rule of Algorithm 1, we can get:

mE[M] m=1 2
2
* Un m(,..m 27715 7715202
= ||z — 2|3 2 Z V)| — —r Z ( V(@) + Vi
mée[M] 9 me[M]

M
me[M] 9 me[M]
2 2 2
+ kst Z (" — 2, V( ))“‘UE\Z
me[M]
2
* 2 m m m *
<lz—al3+ 15 | Yo VENED| T8 Y (e - @)
me[M] 9 mée[M]
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2m _ n;o’
Tl 57 > @t =2, V@) + 3\/[ :

where [E; is the expectation taken with respect to the filtration at time ¢, and the last line comes from
the convexity of each function. Re-arranging this and taking expectation gives leads to

2

1 _ 2 _ 2 Nt m(,.m
7 L E — A1) < 5 (Bl = 23 = B [l7es — 3] ) + 5y | D0 VA
me[M} me[M] 9
1 m m(,.m 77t0
+ 11 55 %{}Em —a V) 5 O

Bounding the blue term. We consider two different ways to bound the term. First note that
similar to lemma 4 we can just use the following bound,

2

G2
E| Y VirEm| < m2 (10)
me[M] 9

However, since we also have smoothness, we can use the self-bounding property (c.f., Lemma 4.1
[24]) to get,

2

H H
AR 2 VAED| <3 Y (PE - M)+ 5 D @) an

me[M] 9 me[M] mE[M

Bounding the red term. We will bound the term in three different ways. Similar to lemma 4,
we can bound the term after taking expectation and then bounding the consensus term similar to
Lemma 8 in Woodworth et al. [30] as follows,

1 m m m G —
i E [{}" — Z¢, Vfi" (2} MSM > E(laf — 2ly)
me[M] me[M]
T(t)+K—1
<2G(0c +G) Z ny, (12)

t'=r1(t)

where 7(t) maps ¢ to the last time step when communication happens. Alternatively, we can use
smoothness as follows after assuming 7, < 1/2H,

o S Rl - w VA = 57 YD Bl - VARG - VAGE),

mE [M] me([M]
1 _ 1 m( m 7
< |37 2 Eler =l |57 Do EIVA @) = V@),
me[M] me[M]
< | SR |2 S HE o — w2+ 20
= M t tllo M t tllo )
me[M] me[M]
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2H m -2 1 m =2

Sﬁ Z E |27 — Z¢[l5 + 2¢ M Z E{laf® — Z¢]5,
me[M] me[M]

< 22H(0’K + CPK?) + 20, (o VK + CK), (13)

where we used lemma 8 from Woodworth et al. [30] in the last inequality. We can also use the
lipschitzness and smoothness assumption together with a constant step size 7 < 1/2H to obtain,

1 m o m(,.m G m o~
1 2 Bl = V@) < 47 Y Elllaf — il
me[M] me[M]
< nG(oVK + CK). (14)

Combining everything. After using a constant step-size 7, summing (9) over time, we can use
the upper bound of the red and blue terms in different ways. If we plug in (10) and (12) we recover
the guarantee of lemma 4. This is not surprising because F& B C F&B  Combining the upper
bounds in all other combinations assuming 1 < ﬁ, we can show the following upper bound

Reg(M,K,R){HBQ_F oB i {GB \/HF*B}
min , ,
KR - KR MKR VKR VKR
.| HY3BY352/3  HY3BA323  \JioB (B VGoB  J/G(B
+ 1x~1 min + + + ’ :
K1/3R2/3 R2/3 K1/4/R VR KY4/R VR

where we used step size,

,{1 BVM { B B }
7 = min ——,max ,

P TR , 1ML )
2H /KR GVKR VHF.KR

1 . B2/3 B2/3 B B
-max { min R , R ,
Trs1 H1/352/3K2/3R1/3 H1/3C2/3 KR/3% K3/4 /CUR (K 'R

. B B
min ,
{K3/4\/GO'R KVCGR} }}
This finishes the proof. |

It is now straightforward to prove Theorem 2 similar to the proof for Theorem 1 by replacing
o with G?d:

Theorem 2 Consider the problem class Pz?/f[( r(F GH.B ¢ F,). With appropriate 1 (c.f,, lemma
6), the queried points {:E:nj }T’M’2 of Algorithm 1 satisfy:

t,m,j=1
1 i HB? GBVd GB VHF.B
S B[ - )] 2 e vd , T
2MKR KR MKR VKR VKR

te[K R],me[M],j€[2]

H1/3B4/3G2/3d1/3 HI/SB4/3<2/3
K/3R2/3 + R2/3

+ 1gs1 ‘min{

15



DISTRIBUTED ONLINE AND BANDIT CONVEX OPTIMIZATION

. VCGBA' (B GBd'  G(B
KR VR KYV*VR VR [

where x* € arg min,cpd Zte[ KR fi(x), and the expectation is w.r.t. the choice of function queries.
The regret is also upper bounded as in theorem 1 for the corresponding step size.
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