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Abstract

Decentralized Actor-Critic (AC) algorithms have been widely utilized for multi-agent rein-
forcement learning (MARL) and have achieved remarkable success. Apart from its empirical
success, the theoretical convergence property of decentralized AC algorithms is largely un-
explored. Most of the existing finite-time convergence results are derived based on either
double-loop update or two-timescale step sizes rule, and this is the case even for centralized
AC algorithm under a single-agent setting. In practice, the single-timescale update is widely
utilized, where actor and critic are updated in an alternating manner with step sizes being
of the same order. In this work, we study a decentralized single-timescale AC algorithm.
Theoretically, using linear approximation for value and reward estimation, we show that
the algorithm has sample complexity of @(5_2) under Markovian sampling, which matches
the optimal complexity with a double-loop implementation (here, O hides a logarithmic
term). When we reduce to the single-agent setting, our result yields new sample complexity
for centralized AC using a single-timescale update scheme. The central to establishing
our complexity results is the hidden smoothness of the optimal critic variable we revealed.
We also provide a local action privacy-preserving version of our algorithm and its analysis.
Finally, we conduct experiments to show the superiority of our algorithm over the existing
decentralized AC algorithms.

1 Introduction

Multi-agent reinforcement learning (MARL) (Littman, 1994; Vinyals et al., 2019) has been successful in
various models of multi-agent systems, such as robotics (Lillicrap et al.,; 2015), autonomous driving (Yu
et al., 2019), Go (Silver et al., 2017), etc. MARL has been extensively explored in the past decades; see, e.g.,
(Lowe et al., 2017; Omidshafiei et al., 2017; Zhang et al., 2021; Son et al., 2019; Espeholt et al., 2018; Rashid
et al., 2018). These works either focus on the setting where a central controller is available, or assuming
a common reward function for all agents. Among the many cooperative MARL settings, the work (Zhang
et al., 2018) proposed the fully decentralized MARL with networked agents. In this setting, each agent
maintains a private heterogeneous reward function, and agents can only access local/neighboring information
through communicating with its neighboring agents on the network. Then, the objective of all agents is to
jointly maximize the average long-term reward through interacting with environment modeled by multi-agent
Markov decision process (MDP). They proposed the decentralized Actor-Critic (AC) algorithm to solve this
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MARL problem, and showed its impressive performance. However, the theoretical convergence properties of
such class of decentralized AC algorithms are largely unexplored; see (Zhang et al., 2021) for a comprehensive
survey. In this work, our goal is to establish the finite-time convergence results under this fully decentralized
MARL setting. We first review some recent progresses on this line of research below.

Related works and motivations. The first fully decentralized AC algorithm with provable convergence
guarantee was proposed by (Zhang et al., 2018), and they achieved asymptotic convergence results under
two-timescale step sizes, which requires actor’s step sizes to diminish in a faster scale than the critic’s step
sizes. The sample complexities of decentralized AC were established recently. In particular, (Chen et al., 2022)
and (Hairi et al., 2022) independently proposed two communication efficient decentralized AC algorithms
with optimal sample complexity of O(¢~2log(¢~!)) under Markovian sampling scheme. Nevertheless, their
analysis are based on double-loop implementation, where each policy optimization step follows a nearly
accurate critic optimization step (a.k.a. policy evaluation), i.e., solving the critic optimization subproblem to
g-accuracy. Such a double-loop scheme requires careful tuning of two additional hyper-parameters, which are
the batch size and inner loop size. In particular, the batch size and inner loop size need to be of order O(s~1)
and O(log(¢71)) in order to achieve their sample complexity results, respectively. In practice, single-loop
algorithmic framework is often utilized, where one updates the actor and critic in an alternating manner by
performing any constant algorithmic iterations for both subproblems; see, e.g., (Schulman et al., 2017; Lowe
et al., 2017; Lin et al., 2019; Zhang et al., 2020). The work (Zeng et al., 2022) proposed a new decentralized
AC algorithm based on such a single-loop alternative update. However, they have to adopt two-timescale step
sizes rule to ensure convergence, which requires actor’s step sizes to diminish in a faster scale than the critic’s
step sizes. Due to the separation of the step sizes, the critic optimization subproblem is solved exactly when
the number of iterations tends to co. Such a restriction on the step size will slow down the convergence speed
of the algorithm. As a consequence, they only obtain sub-optimal sample complexity of (’)(5_%). In practice,
most algorithms are implemented with single-timescale step sizes rule, where the step sizes for the actor’s and
critic’s updates are of the same order. Though there are some theoretical achievements for single-timescale
update in other areas such as TDC (Wang et al., 2021) and bi-level optimization (Chen et al., 2021a), similar
theoretical understanding under AC setting is largely unexplored.

Indeed, even when reducing to single-agent setting, the convergence property of single-timescale AC algorithm
is not well established. The works (Fu et al., 2021; Guo et al., 2021) established the finite-time convergence
result under a special single-timescale implementation, where they attained the sample complexity of O(e~2).
Their analysis is based on an algorithm where the critic optimization step is formulated as a least-square
temporal difference (LSTD) at each iteration, which requires to sample the transition tuples for @(5’1) times
to form the data matrix in the LSTD subproblem. Then, they solve the LSTD subproblem in a closed-form
fashion by inverting a matrix of large size. Later, (Chen et al., 2021a) obtained the same sample complexity
using TD(0) update for critic variables under i.i.d. sampling. Their analysis highly relies on the assumption
that the Jacobian of the stationary distribution is Lipschitz continuous, which is not justified in their work.

The above observations motivate us to ask the following question:

Can we establish finite-time convergence result for decentralized AC' algorithm with single-timescale step sizes
rule?'

Main contributions. By answering this question positively, we have the following contributions:

o We design a decentralized AC algorithm, which employs a single-timescale step sizes rule and adopts
Markovian sampling scheme. The proposed algorithm allows communication between agents for
every K., iterations with K. being any integer lies in [1, (’)(5_%)]7 rather than communicating at each
iteration as adopted by previous single-loop decentralized AC algorithms (Zeng et al.; 2022; Zhang
et al., 2018).

e Using linear approximation for value and reward estimation, we establish the finite-time convergence
result for the proposed algorithm under standard assumptions. In particular, we show that the
algorithm has a sample complexity of O(¢72), which matches the optimal complexity up to a

LAs convention in (Fu et al., 2021), when we use "single-timescale", it means we utilize a single-loop algorithmic framework
with single-timescale step sizes rule.
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logarithmic term. In addition, we show that the logarithmic term hidden in the “O” can be removed
under the i.i.d. sampling scheme. These convergence results are valid for all the above mentioned
choices for K..

e To preserve privacy of local actions, we propose a variant of our algorithm which utilizes noisy local
rewards for estimating global rewards. We show that such an algorithm will maintain the optimal
sample complexity at the expense of communicating at each iteration.

Our key technical result is to reveal the hidden smoothness of the optimal critic variable, so that we can derive
a sufficient descent on the averaged critic’s optimal gap under the single-timescale update. Consequently,
we can resort to the classic convergence analysis for alternating optimization algorithms to establish the
approximate ascent property of the overall optimization process, which leads to the final sample complexity
results. We also designed a Lyapunov function to analyze the descent of the objective function with a
single-timescale update under the decentralized setting.

When we reduce to the non-decentralized case, i.e., the single-agent setting, our results yield new sample
complexity guarantees for the classic centralized AC algorithm using a single-timescale update scheme.

Discussion on a concurrent work. We note that there is a concurrent work (Olshevsky & Gharesifard,
2023) which also analyzes the single-timescale AC algorithm and achieves similar complexity results. Their
analysis is based on the small gain theorem, which is different from ours. These two analysis frameworks
provide useful insights for the AC algorithm from different perspectives. (Olshevsky & Gharesifard, 2023)
shows that the coupled expression on the errors of actor and critic can be fit into a non-linear small gain
theorem framework, which bounds the actor’s error by desired order. Our analysis reveals the hidden
smoothness of the optimal critic variable so that approximate descent on the critic’s objective can be achieved.
In addition, (Olshevsky & Gharesifard, 2023) considers the single-agent setting while our analysis deals
with the more general decentralized setting. Moreover, (Olshevsky & Gharesifard, 2023) analyzes the i.i.d.
sampling scheme where the single agent is assumed to have access to the transition tuples from the stationary
distribution and the discounted state-visitation distribution. By contrast, our setting considers the practical
Markovian sampling scheme, where the transition tuples are from the trajectory generated during the update
of the agents.

2 Preliminary

In this section, we introduce the problem formulation and the policy gradient theorem, which serves as the
preliminary for the analyzed decentralzed AC algorithm.

Suppose there are multiple agents aiming to independently optimize a common global objective, and each
agent can communicate with its neighbors through a network. To model the topology, we define the graph as
G = (N, &), where N is the set of nodes with |[A| = N and £ is the set of edges with || = E. In the graph,
each node represents an agent, and each edge represents a communication link. The interaction between
agents follows the networked multi-agent MDP.

2.1 Markov decision process

A networked multi-agent MDP is defined by a tuple (G, S, {A"}icn), P, {r" }ie(n),7)- G denotes the communi-
cation topology (the graph), S is the finite state space observed by all agents, A* represents the finite action
space of agent i. Let A:= A! x --- x AN denote the joint action space and P(s'|s,a) : S x A x S — [0,1]
denote the transition probability from any state s € S to any state s’ € S for any joint action a € A.
r’: S x A — R is the local reward function that determines the reward received by agent i given transition
(s,a); v € ]0,1] is the discount factor.

For simplicity, we will use a := [a',--- ,a”] to denote the joint action, and # € RV to denote concatenation

of all actor’s joint parameters of all actors, with 6° € R%. Here, without loss of generality, we assume that
every agent has the same number of parameters for notation brevity. The MDP goes as follows: For a given
state s, each agent make its decision a® based on its policy a’ ~ my:(-|s). The state transits to the next state
s’ based on the joint action of all the agents: s’ ~ P(:|s,a). Then, each agent will receive its own reward
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r(s,a). For the notation brevity, we assume that the reward function mapping is deterministic and does not
depend on the next state without loss of generality. The stationary distribution induced by the policy my and
the transition kernel is denoted by pir, (s).

Our objective is to find a set of policies that maximize the accumulated discounted mean reward received by
agents

0* = arg max J (6
0

Z’Yk T\Sk, Ok ] : (1)

=0

Here, k represents the time step. 7(sy, ar) == & Zfil (s, ay) is the mean reward among agents at time
step k. The randomness of the expectation comes from the initial state distribution p(s), the transition
kernel P, and the stochastic policy myi(-|s).

2.2 Policy gradient Theorem

Under the discounted reward setting, the global state-value function, action-value function, and advantage
function for policy set 6, state s, and action a, are defined as

Z 7(sk,ar)|so = s] (2)
Qr,(s,a) Z 7(sk,ar)|so = s, aoal
k=0
Ar,(s,a) := Qnr,(8,a) — Vi, (3).
To maximize the objective function defined in (1), the policy gradient (Sutton et al., 2000) can be computed
as follow
1
VGJ(G) = E5~d7r9 ,a~Te [MAM (5, a)l/Jm) (Sa a)] )

where dr, (s) := (1 — ) Y_pey 7*P(si = s) is the discounted state visitation distribution under policy my, and
Yry (8,a) := Vlogmy(s,a) is the score function.

Following the derivation of (Zhang et al., 2018), the policy gradient for each agent under discounted reward
setting can be expressed as
1—

Vo J(0) = B, s [ L Ay (5, (5 ai)] . (3)

3 Algorithms

3.1 Decentralized single-timescale Actor-Critic

We introduce the decentralized single-timescale AC algorithm; see Algorithm 1. In the remaining parts of
this section, we will explain the updates in the algorithm in details.

In fully-decentralized MARL, each agent can only observe its local reward and action, while trying to maximize
the global reward (mean reward) defined in (1). The decentralized AC algorithm solves the problem by
updating actor and critic variables alternatively on an online trajectory. Specifically, we have N pairs of
actor and critic. In order to maximize J(#), each critic tries to estimate the global state-value function V,(s)
defined in (2). Then, each actor updates its policy parameter based on approximated policy gradient. We
now provide more details about the algorithm.

Critics’ update. We will use w’ € R% to denote the i, critic’s parameter and @ := % vazl w' to represent
the averaged parameter of critic. Each critic approximates the global value function as Vi, (s) ~ V. (s).
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Algorithm 1: Decentralized single-timescale AC (reward estimator version)

1: Initialize: Actor parameter 6y, critic parameter wg, reward estimator parameter \o, initial state so.
2: for k=0,---,K—1do

3:  Option 1: i.i.d. sampling:

4: Sk~ o, (8), an ~ o, (*|Sk), Sk+1 ~ P(-|Sk, ak).

5. Option 2: Markovian sampling:

6: ar ~ o, (-|Sk), Sk+1 ~ P(|sw, ar).

7

8:  Periodical consensus: Compute @}, and \; by (4) and (7).
9:

10: for ¢=0,---, N in parallel do

11: Reward estimator update: update A, by (8).
12: Critic update: Update Wi“ by (5).

13: Actor update: Update 6}, by (6).

14:  end for

15: end for

The critic’s approximation error can be categorized into two parts, namely, the consensus error % Doicy lwt =
w||, which measures how close the critics’ parameters are; and the approximation error || — w*(6)||, which
measures the approximation quality of averaged critic.

In order for critics to reach consensus, each critic exchanges its parameters with neighbors and perform the
following update

(4)

@f = {Zf_l Wilw] if k mod K. =0

wi otherwise.

Here, K. denotes the consensus frequency. The communication matrix W € R™*" is usually determined
artificially in practice and can be sparse, which means that the number of neighbors for each agent is much
fewer than the total number of agents. Thus, the cost for each consensus step is usually much lower than a full
synchronization over the network. The detailed requirements of matrix W will be discussed in Assumption 5.

To reduce the approximation error, we will perform the local TD(0) update (Tsitsiklis & Van Roy, 1997) as
wi1 = Mr, (@} + Brge(ée, i), (5)

where € := (s, a, s') represents a transition tuple, ¢’(¢,w) := (£, w)VV,,(s) is the update direction, & (¢, w) =
ri(s,a) + vV, (s") — Vi(s) is the local temporal difference error (TD-error). fy is the step size for critic at
iteration k. IIr_ projects the parameter into a ball of radius of R, containing the optimal solution, which
will be explained when discussing Assumptions 1 and 2.

Actors’ update. We will use stochastic gradient ascent to update the policy’s parameter, which is calculated
based on policy gradient theorem in (3). The advantage function A, (s,a) can be estimated by

8(&,0) :==7(s,a) + YV (8") = Viro (),

with a sampled from 7y(-|s). However, to preserve the privacy of each agents, the local reward cannot be
shared to other agents under the fully decentralized setting. Thus, the averaged reward 7(sg,ay) is not
directly attainable. To this end, we adopt the strategy proposed in (Zhang et al., 2018) to approximate the
averaged reward. In particular, each agent i will have a local reward estimator with parameter \* € R%,
which estimates the global averaged reward as 7(sk, ax) = xi (S, ax)-

Thus, the update of the 4;, actor is given by

02+1 = 02 + akg(flw Wz-s-h /\’]L;:+1>1/}Tr€i (Ska aiﬁ)? (6)
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Algorithm 2: Decentralized single-timescale AC (noisy reward version)

1: Initialize: Actor parameter 0o, critic parameter wo, initial state so.
2: for k=0,--- ,K—1do

3:  Option 1: i.i.d. sampling:

4: sk~ o, (8), an ~ o, (*|Sk), Sk+1 ~ P(|Sk, ar).
5. Option 2: Markovian sampling:

6: ar ~ o, (-|Sk), Sk+1 ~ P(|sw, ar).

7

8:  Periodical consensus: Compute &} by (4).
9:

10: for ¢=0,---, NN in parallel do

11: Global reward estimation: estimate 7x(sk, ax) by (9).
12: Critic update: Update Wi“ by (5).

13: Actor update: Update 6}, by (10).

14:  end for

15: end for

where 6(€,w, \) := 7z (s,a) + Vi, (s') — Vi (s) is the approximated advantage function. «y is the step size for
actor’s update at iteration k.

Reward estimators’ update. Similar to critic, each reward estimator’s approximation error can be
decomposed into consensus error and the approximation error.

For each local reward estimator, we perform the consensus step to minimize the consensus error as

Si S WEX, itk mod K, =0
e Ay otherwise.

To reduce the approximation error, we perform a local update of stochastic gradient descent.
N1 = Try (N + 707 (€, AL)), (8)

where gt (&, \) := (r'(s,a) — #x(s,a))V#x(s, a) is the update direction. 7y is the step size for reward estimator
at iteration k. Note the calculation of ¢%(£,\) does not depend on the next state s’; we use & in (8) just for
notation brevity. Similar to critic’s update, IIg, projects the parameter into a ball of radius of Ry containing
the optimal solution.

In our Algorithm 1, we will use the same order for oy, B, and 1 and hence, our algorithm is in single-timescale.

Linear approximation for analysis. In our analysis, we will use linear approximation for both critic
and reward estimator variables, i.e. V., (s) := ¢(s)Tw; #r(s,a) := ¢(s,a)T A, where ¢(s) : S — R% and
o(s,a) : S x A — R% are two feature mappings, whose property will be specified in the discussion of
Assumption 1.

Remarks on sampling scheme. Acquiring unbiased stochastic gradients for critic and actor variables
requires sampling from p,, and dr,, respectively. However, in practical implementations, states are usually
collected from an online trajectory (Markovian sampling), whose distribution is generally different from g,
and dr,. Such a distribution mismatch will inevitably cause biases during the update of critic and actor
variables. One has to bound the corresponding error terms when analyzing the algorithm.

3.2 Variant for preserving local action

Note that in Algorithm 1, the reward estimators need the knowledge of joint actions in order to estimate
the global rewards. Inspired by (Chen et al., 2022), we further propose a variant of Algorithm 1 to preserve
the privacy of local actions. It estimates the global rewards by communicating noisy local rewards. As a
trade-off, the approach requires O(log(¢~!)) communication rounds for each iteration; see Algorithm 2.
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Let 7"}'c represents r};(sk, ay) for brevity. The reward estimation process goes as follow: for each agent i, we
first produce a noisy local reward 7 = ri (1 + z), with z ~ N(0,0?). Thus, the noise level is controlled by
the variance o2, which is chosen artificially. When the noise level o2 increases, the local reward’s privacy
will be strengthen. In the meantime, the variance of the estimated global reward will increase. To estimate
the global reward, each agent i first initialize the estimation as f,"c,o = 7. Then, each agent i perform the
following consensus step for K, times, i.e.

N
fi,lJrl :Zwijfz,lv ! :0717"' )K’I‘_ 1. (9)
j=1

The reward 7}, ;. will be used for estimating the global reward for agent i at ky, iteration. As we will
see, the error |Fti7l+1 - % ZZJ\LI 7i| will converge to 0 linearly. Hence, to reduce the error to e, we need

K, = O(log(¢71)) rounds of communications for each iteration. Based on the estimated global reward, the
isp, actor’s update is given by

k1 = O+ (g, + Vi (87) = Vs (8))m, (55, ak). (10)

4 Main results

In this section, we first introduce the technical assumptions used for our analysis, which are standard in the
literature. Then, we present the convergence results for both actor and critic variables.

4.1 Assumptions

Assumption 1 (boundedness of rewards and feature vectors). The local rewards are uniformly bounded, i.e.,
there exists a positive constant rmax such that for all feasible (s,a) and i € [N], we have |r*(s,a)| < Tmax-
The norm of feature vectors are bounded such that for all s € S, a € A, ||¢(s)|| < 1, ||o(s,a)]] < 1.7

Assumption | is standard and commonly adopted; see, e.g., (Bhandari et al.;, 2018; Xu et al., 2020; Zeng
et al., 2022; Shen et al., 2020; Qiu et al., 2019). This assumption can be achieved via normalizing the feature
vectors.

Assumption 2 (sufficient exploration). There exists two positive constants Ay, A, such that for all policy g,
the following two matrices are negative definite

Apg = Egnpu(5)[0(3) (70(s)" = 6(5)")]

AO,Lp = ESNMQ(S),GNTI'Q("S) [—4/7(8, a)@(& a)TL

With Amax(A6,6) < A, Amax(A0,0) < Ay, where Amax () represents the largest eigenvalue.

The Assumption 2 characterizes a strong convexity-like property of critic and reward estimator’s objective
function, and thereby ensures sufficient decrease of the estimation error for each update. It will be satisfied
when infy s , mo(a|s) > ¢ for all policy mg,s € S,a € A with ¢ being positive. Thus, it can be understood
as an exploration assumption on policy m. (see Proposition 3.1 of (Olshevsky & Gharesifard, 2023) for
more detail). This assumption is widely seen in analysis of AC algorithms; see, e.g. (Shen et al., 2020; Xu
& Liang, 2021; Zeng et al., 2022). Together with Assumption 1, we can show that |w*(0)| < R, := s,

[A(O)]| < Ry := 7';'\‘:", which justifies the projection step. In practice, one can estimate R, and R) online;

see Section 8.2 of (Bhandari et al., 2018) for one approach. We provide more details for the projection in
Appendix C.

Assumption 3 (Lipschitz properties of policy). There exists constants Cy, Ly, L such that for all policy
parameter 0,0', s € S and a € A, we have (1). |mg(als) — my:(a]s)] < Lr||0 — 0']]; (2). ||vo(s, a) — g (s,a)]| <
Lyl|0 = 0']; (3). [[¥e(s,a)|| < Cy.

2Through out the paper, we will use || - || to represent the Euclidean norm for vectors and Frobenius norm for matrices.
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Assumption 3 is common for analyzing policy-based algorithms; see, e.g., (Xu et al., 2019; Wu et al., 2020;
Hairi et al., 2022). The assumption implies the smoothness of objective function J(6). It holds for policy
classes such as tabular softmax policy (Agarwal et al., 2020), Gaussian policy (Doya, 2000), and Boltzmann
policy (Konda & Borkar, 1999).

Assumption 4 (mixing of Markov chain). There exists constants k > 0 and p € (0,1) such that

supdry (P(sk € -|so = s,79), o) < kp", Vk.
seS

Assumption 4 is a standard assumption; see, e.g. (Bhandari et al.; 2018; Wu et al., 2020; Xu et al.; 2019). The
assumption always holds for irreducible and aperiodic Markov chain. It ensures the geometric convergence of
state to the stationary distribution.

Assumption 5 (doubly stochastic weight matrix). The communication matriz W is doubly stochastic, i.e.
each column/row sum up to 1. Moreover, the second largest singular value v is smaller than 1.

Assumption 5 is a common assumption in decentralized optimization and multi-agent reinforcement learning;
see, e.g., (Sun et al., 2020; Chen et al., 2021b; 2022). Tt ensures the convergence of consensus error for critic
and reward estimator variables.

4.2 Sample complexity for Algorithm 1

Theorem 1. Suppose Assumptions 1-5 hold. Consider the update of Algorithm I under Markovian sampling.
Let ap, = JL? for some positive constant &, P = ﬁ—iak, and Ny = %ak and K. < O(K1/4), where K is
the total number of iterations. Then, we have

K N )
;;;E ka — w*(Qk)Hz] <0 (1 \g/FK>
_[lfiiv:]E [Hve"](ek)”ﬂ <0 (lo\g/;K> +0 (gapp + 6sp) ) (11)
k=11:=1

where Cy, Chy are positive constants defined in proof.

The proof of Theorem 1 can be found in Appendix D.l. It establishes the iteration complexity of
O(log? K /VK), or equivalently, sample complexity of O(s72) for Algorithm 1. Note that actors, crit-
ics, and reward estimators use the step size of the same order. The rate matches the state-of-the-art sample
complexity of decentralized AC algorithms up to a logarithmic term, which are implemented in double-loop
fashion (Hairi et al., 2022; Chen et al., 2022). The approximation error is defined as

Vi (8) — Vw*(g)(s)’z + ’F(s,a) — = (0) (5, a)’2 . (12)

Eapp ‘= Hela}zXESNM [

The error €4y, captures the approximation power of critic and reward estimator. When using function
approximation, such an error is inevitable. Similar terms also appear in the literature (see, e.g., (Xu et al.,
2020; Agarwal et al., 2020; Qiu et al., 2019)). &4pp becomes zero in tabular case. The error e, represents
the mismatch between the discounted state visitation distribution d., and stationary distribution fir,. It is
defined as

2
1
£sp 1= ACY <logp KT+ p) (1—7)%.

By policy gradient theorem (3), the states should be sampled from discounted state visitation distribution
in order to attain unbiased estimation of policy gradient. Nevertheless, the state distribution converges to
stationary distribution pr, due to Markov chain’s mixing, which inevitably introduces the sampling error .
Similar terms also appear in (Zeng et al., 2022; Shen et al., 2020). When -~ is close to 1, the error becomes
small. This is because d,, approaches to pr, when v goes to 1. In the literature, some works assume that
sampling from d,, is permitted, thus eliminate this error; see, e.g., (Chen et al., 2021a).
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Complexity result under i.i.d. sampling. Under the i.i.d. sampling scheme, state can be directly
sampled from pr, and dr,. In this case, the logarithmic term caused by the Markovian mixing time, and the
error €5, caused by the distribution mismatch, can be avoided. In this sense, one can attain the iteration
complexity of O(1/vK), or equivalently, sample complexity of O(s~2).

4.3 Sample complexity for Algorithm 2

Theorem 2. Suppose Assumptions 1-5 hold. Consider the update of Algorithm 2 under Markovian sampling.
Let oy, = f for some positive constant & and B, = 26;\¢ ay, K, =log(K'/?), K. < O(K'Y*), where K is the

total number of iterations. Then, we have

L~y i * log? K
= IS E[lwh - (600)] <o< : )

k=11i=1
K N 2

1 log® K B

& XS ENaI0) < 0 (FEE) + 0, + e (13
k=11:=1

where the constants are defined in proof.
The proof of Theorem 2 can be found in Appendix D.2. It establishes the sample complexity of @(5_2) for

Algorithm 2. The ef ,, captures the approximation error of the critic variables, which is defined as

Eapp = mgXIESNM {

Vo () — Vw*w)(s)ﬂ .

The Algorithm 2 preserves the privacy of local actions and requires less parameters than Algorithm 1 since
there is no reward estimator. The cost is that it needs to communicate O(log(¢~!)) times for each iteration.

4.4 Proof sketch

We present the main elements for the proof of Theorem 1, which helps in understanding the difference between
classical two-timescale/double-loop analysis and our single-timescale analysis. The proof of Theorem 2 follows
the similar framework.

Under Markovian sampling, it is possible to show the following inequality, which characterizes the ascent of
the objective.

N
B (O] = 700) 2 3 [FEIVaT 01 + FEl € whn: M)

—8CTarEllw” (0r) — wi1 * — 4CTRE[N" (1) — Ay
— O(log®(K)ai) — O((Eapp + esp)aar)- (14)

To analyze the errors of critic [|w*(0x) — wj,,||* and reward estimator ||A*(6x) — A}, [|?, the two-timescale
analysis requires O(ay) < min{O(Bx), O(nr)} in order for these two errors to converge. The double-loop
approach runs lower-level update for O(log(s71)) times with batch size O(¢~1) to drive these errors below
¢ and hence, they cannot allow inner loop size and bath size to be O(1) simultaneously. To obtain the
convergence result for single- timescale update, the idea is to further upper bound these two lower-level errors
by the quantity O(axE| g5 (&, wi, 410 Ak +1) |?) (through a series of derivations), and then eliminate these errors
by the ascent term %E| gk (&, w), 1, Apyq) I

We mainly focus on the analysis of critic’s error through the proof sketch. The analysis for reward estimator’s
error follows similar procedure. We start by decomposing the error of critic as

N

Z i1 = @ O)* =D (lwfipr = Brrll* + [@rs1 = w™ (00 (15)

=1
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The first term represents the consensus error, which can be bounded by the next lemma.

Lemma 1. Suppose Assumptions | and 5 hold. Consider the sequence {wi} generated by Algorithm 1, then
the following holds

K
ko k—t
[Quis1]l < = Hlwol +4VNCs Y v ',

t=0

where wy, := (Wi, w1, Q=1 — %llT, v € (0,1) is the second largest singular value of W.

Based on Lemma | and follow the step size rule of Theorem 1, it is possible to show ||Qwy.41]|? = Ef\il lwsyq—
Op11]|? = O(K?232). Let K, = (9(6,:%), we have ||Qwy1]|? = O(Bk), which maintains the optimal rate.
To analyze the second term in (15), we first construct the following Lyapunov function

Vi = —J(0) + ok — o B0 + [ — X (6. (16)

Then, it remains to derive an approximate descent property of the term ||@;, — w*(6%)||* in (16). Towards that
end, our key step lies in establishing the smoothness of the optimal critic variables shown in the next lemma.

Lemma 2 (Smoothness of optimal critic). Suppose Assumptions 1-3 hold, under the update of Algorithm 1,
there exists a positive constant L, o such that for any policy parameter 61,602, it holds that

[Vw*(01) — Vw*(62)|| < Lo 261 — 02,

This smoothness property is essential for achieving our O(1 /V K) convergence rate.

To the best of our knowledge, the smoothness of w*(6) has not been justified in the literature. Equipped with
Lemma 2, we are able to establish the following lemma.

Lemma 3 (Error of critic). Under Assumptions 1-5, consider the update of Algorithm 1. Then, it holds that
Efl@k+1 —w* (Or1)[%] < (1 + Coa)|@n+1 — w* (6112

N
o . ) .
+ 5 D IElge (€r whir, Mg )P + O(a})- (17)
=1
Elllort1 — w* (0)[17] < (1 — 2268k |k — w*(64) |12
+ Cx, BrBr—zx + Cryk—z, k- (18)

Here, Zk := min{z € NT|kp*~! <min{ag, Bx,nx}}, Co, Ny are constants specified in appendiz, and Ci,
and Ck, are of order O(log(K)) and O(log*(K)) respectively.

Plug (18) into (17), we can establish the approximate descent property of @, — w*(63)]|? in (16):
Efllors1 —w* (Or+0)[1%] < (1 + Cor)(1 = 2065 e — w” (0|

N
% . . .
+ Zk § IE[g% (&ks whp1, Nogp DII? + O(Cke, BBz + Crsiz, Bi)- (19)
1=1

Finally, plugging (14), (17), and (19) into (16) gives the ascent of the Lyapunov function, which leads to our
convergence result through steps of standard arguments.

Remarks on update step. In Algorithms 1 and 2, the actor and critic update once for each iteration. This
update scheme can be generalized to the case where actor and critic update arbitrary number of constant
steps without affecting the order of the sample complexity. In particular, suppose that actor updates C, steps
per iteration, and let 92  be the actor’s update direction at iteration k. The bounds (14) and (19) become

ELJ (1)) = J(6) >Z[ E|[Vo: J (61|

= 8C o Ellw* (Or) — whyq ||

- 4CwakE||/\*(9k) - Z+1||2] - O(Og logQ(K)ai) - O((gapp + 5817)0%)
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Figure 1: Averaged reward versus sample complexity and communication complexity. The vertical axis is the
averaged reward over all the agents. The result is averaged over 10 Monte Carlo runs.

Efl @1 — w" (Ok+)[%] < (14 Coo)(1 = 22981 )| — w” (0 )|

N
« .
+ Zk > IBIgL LI + O(Cr, BiBr—zi + CaClcy 0k 24 Bi)

=1

where we replace the norm bound ag||g; (&, Wi 1, Ajy )]l = O(ax) with ||lg¢ ;|| and apply Cauchy-Schwartz
inequality: ||g;k|| < Callgi (& wiy1s Ahiq)ll- When Cy is a constant that is not related to K, these two
bounds recovers (14) and (19). Hence, we can follow exactly the same proof procedure and obtain the O(s~2)
sample complexity result as before. When critic update C. > 1 steps per iteration, the expected temporal
difference error will decrease for each step by controlling step size, so that the bound in (19) still holds. Thus,
updating critic for multiple steps will not affect the sample complexity.

4.5 Convergence of single-timescale decentralized NAC

The natural Actor-Critic (NAC) (Peters & Schaal, 2008) is a popular variant of AC algorithm, which enjoys the
convergence to a global optimum (with compatible function approximation error) instead of a local stationary
point. While our main focus is the convergence of the single-timescale AC algorithm, we find that the proof
technique can be directly extended to establish the global convergence of single-timescale decentralized NAC.
For reference, we design such an algorithm and provide its convergence result in Appendix I as a by-product
of our single-timescale AC’s analysis. To the best of our knowledge, this is the first convergence result of
single-timescale NAC. However, our analysis only establishes a O(¢~%) rate for the algorithm. This result
is sub-optimal compared with the existing best complexity of O(e=3) (Chen et al., 2022), which is based
on the double-loop implementation. The main reason for the sub-optimality is that in comparison with the
double-loop update, the critic variables under the single-timescale update will inevitably converge slower due
to the change of the actor’s parameter in each iteration. Based on the classical NAC’s analysis, the slower
convergence of critic variables will result in a worse convergence rate of the optimality gap. Please refer to
Appendix E for more discussions on the sub-optimality.

5 Numerical results

5.1 Experiment setting

We adopt the grounded communication environment proposed in (Mordatch & Abbeel, 2018). Our task
consists of IV agents and the corresponding N landmarks inhabited in a two-dimension world, where each
agent can observe the relative position of other agents and landmarks. For every discrete time step, agents
take actions to move along certain directions, and receive their rewards. Agents are rewarded based on the
distance to their own landmark, and penalized if they collide with other agents. The objective is to maximize

11
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the long-term averaged reward over all agents. Since we focus on decentralized setting, each agent shall not
know the target landmark of others, i.e., the reward function of others. To exchange information, each agent
is allowed to send their local information via a fixed communication link. Through all the experiments, the
agent number N is set to be 5, and the discount factor -y is set to be 0.95.

5.2 Comparison with existing decentralized AC algorithms

In this section, we compare the proposed algorithm with existing decentralized AC algorithms under
the cooperative MARL setting (Chen et al., 2022; Zeng et al., 2022) in terms of sample complexity and
communication complexity. In the sequel, we refer Algorithm 1 as "SDAC-re" and Algorithm 2 as "SDAC-noi"
(see Appendix 2). The algorithm proposed in (Chen et al., 2022) is referred as "DLDAC", which is based
on double-loop implementation. The algorithm proposed in (Zeng et al., 2022) is denoted by "TDAC-re",
which is based on two-timescale step size implementation. For comparison, we also implement a noisy reward
version of "TDAC-re" and denote it by "TDAC-noi".

Comparison to double-loop decentralized AC. For "SDAC-re" and "SDAC-noi", we set oy = 0.01(k +
D705 B = 0.1(k+1)"%%,m, = 0.1(k +1)"°5 K, = 5,0 = 0.5, K, = 2. For '"DLDAC", we fix T, = 50,
T, =10, T' =5, N. = 10, N = 100, ¢ = 0.1 *, which is adopted by their paper (see comparisons under
different hyper-parameters in Appendix A). We set a = 0.01, 8 = 0.1 for "DLDAC" since we observe that
larger step sizes will result in divergence. We have to mention that such a inner loop size T, = 50 in "DLDAC"
is not necessarily consistent with the theory of a double-loop algorithm, in which the loop size should be
proportional to O(e~1). The sample complexity and communication complexity results are shown in Figure 1.
For the sample complexity, "SDAC-noi" enjoys a faster convergence compared with "DLDAC". In terms of
communication complexity, "DLDAC" achieves better performance as it applies mini-batch technique and
thereby requires less communication rounds when using the same amount of samples. Such a mini-batch
approach can also be adopted to our proposed algorithms. Thus, we implement a mini-batch version of our
proposed algorithms, which we refer as "SDAC-noi-batch" and "SDAC-re-batch", respectively. We set 10 as
the batch size for actor, critic, and reward estimator. We can see that by applying mini-batch update, these
two variants achieve significantly better communication complexity compared with "DLDAC". This is because
our algorithm updates actor for more times compared with "DLDAC" under the same communication rounds.

Average Reward
I

-12 SDAC-noi
—— SDAC-re
—— TDAC-noi
—— TDAC-re

0 2 4 6 8 led
Sample Complexity

Figure 2: Comparison between the proposed algorithms and two-timescale decentralized AC algorithms (Zeng
et al., 2022). The results are averaged over 10 Monte Carlo runs.

Comparison with two-timescale decentralized AC. We fix K. =1, K,. = 5 for this experiment. We
set ar = 0.01(k+1)7%% B = 0.1(k +1)7%% and n; = 0.1(k + 1)~ for "SDAC-re" and "SDAC-noi"; we
set a = 0.01(k +1)7%¢ B, = 0.1(k +1)7%%, and nx = 0.1(k + 1)%% for "TDAC-re" and "TDAC-noi". The
sample complexity is presented in Figure 2. We can observe that the convergence speed of "SDAC-noi" is

3Note that we adopt the notations in (Chen et al., 2022). Here, T, is the inner loop size, T). is the communication number for
each outer loop, T” is the communication number for reward consensus, N is the batch size for actor’s update, and N, is the
batch size for critic’s update.
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slightly better than that the two-timescale counterpart "TDAC-noi". In addition, when using reward estimator
for the global reward estimation, we see that "SDAC-re" has much more stable convergence behavior than
"TDAC-re", and achieves significantly higher rewards.

| |
@ o
L L

Average Reward
I

Average Reward
|

=12 4 cons-1
cons-5
cons-10 cons-1
cons-20 — cons-5

|
-
~

L

0 2 4 6 8 1lea 0 4 8 12 16 1e3
Sample Complexity Communication Complexity

Figure 3: Ablation study on the consensus periods. The results are averaged over 10 Monte Carlo runs.

5.3 Ablation study on different choices of K,

We compare the performance of "SDAC-noi" under different choices of consensus periods K.. In particular,
we set a = 0.01(k +1)7%5, B, = 0.1(k +1)7%5, K, =2, 0 = 0.5 and examine the consensus periods K, of
1, 5, 10, and 20, respectively. The corresponding sample complexity and communication complexity results
are summarized in Figure 3. Evidently, in terms of sample complexity, the convergence becomes slower and
relatively unstable as the consensus period K. increases. Therefore, when the communication cost is low,
choosing a small K. will yield a better performance. We also plot the communication complexity under the
consensus periods of 1 and 5. We can see that the communication complexity of "cons-5" outperforms "cons-1"
after 12 x 10% communications. Thus, when the communication cost is expensive and high averaged reward is
required, one may use large K. and run the algorithm for a relatively large number of iterations.

6 Conclusion and future direction

In this paper, we studied the convergence of fully decentralized AC algorithm under practical single-
timescale update. We showed that the algorithm will maintain the optimal sample complexity of @(5*2)
and is communication efficient. We also proposed a variant to preserve the privacy of local actions by
communicating noisy rewards. Extensive simulation results demonstrate the superiority of our algorithms’
empirical performance over existing decentralized AC algorithms. However, directly extending our single-
timescale AC’s analysis technique to single-timescale NAC will result in a sub-optimal sample complexity.
We leave the study on improving the convergence rate and design a more efficient single-timescale NAC
algorithm as promising future directions.
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Figure 4: Comparison between the proposed algorithms and the double-loop decentralized AC algorithm that
uses mini-batch update. The results are averaged over 10 Monte Carlo runs.

A Additional simulation results

In this section, we provide more experiments which compare the proposed algorithms with double-loop based
decentralized AC algorithm under different batch sizes and inner loop sizes.

1. Actor’s batch size. We fix T = 50, T/ = 10, N, = 10, * which is adopted by (Chen et al., 2022).
We examine values of N in {10,50,100}. The results are in Figure 4a. We observe that the best
choice of actor’s batch size N is 50, and the proposed "SDAC-noi" converges faster than it in terms
of sample complexity.

2. Critic’s batch size. We fix T, = 50, T, = 10, N = 100, which is adopted by (Chen ct al., 2022).
We examine values of N, in {2,10,50}. The results are shown in Figure 4b. As we can see, "DLDAC"
with smaller critic’s batch sizes can achieve better sample complexity, indicating that the variance
of critic’s update is relatively small and the mini-batch update is not needed for this task. Our
proposed "SDAC-noi" achieves better convergence compared with the double-loop decentralized AC
under different choices of N,.

4Note that we adopt the notations in (Chen et al., 2022). Here, T¢ is the inner loop size, T/ is the communication number for
each outer loop, NV is the batch size for actor’s update, and N, is the batch size for critic’s update.
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3. Inner loop size. We fix T = 10, N = 100, N, = 10, which is adopted by (Chen et al., 2022). We
examine values of T, in {5,20}. The results are shown in Figure 4c. We can see that the proposed
"SDAC-noi" enjoys a better convergence in terms of sample complexity.

B Auxiliary lemmas

In this section, we provide some auxiliary lemmas, which serves as the preliminary for the proof of main
theorems and lemmas.
The following two lemmas present the Lipschitz properties of the objective function and value function.

Lemma 4 ((Zhang et al., 2019), Lemma 3.2). Suppose Assumption 3 holds, then there exists a positive
constant L such that for any policy parameter 61 and 03, we have ||V J(61) — VJ(02)]| < L||61 — 62]|.

Lemma 5 ((Shen et al., 2020), Lemma 4). Suppose Assumption 3 holds, for any policy parameter 61,60 and
s € S, there exits a positive constant Ly such that

[VVa, (8| < Lv
|V7Tel (S) - VT"BZ (8)| < LVHHl - 92”

The next lemma shows that the stationary distribution is Lipschitz continuous with respect to policy.
Lemma 6 ((Wu et al., 2020), Lemma B.1). For any policy parameter 61 and 0s, it holds that

drv (1o, 119,) < |A|Lx(log, k7" + (1= p)71)]|61 — 2
drv (o, © 76, 1o, © mo,) < JA|Lx(1+1og, k™1 + (1= p)~1)[|61 — 62|
drv (pe, ® To, @ P, pe, ® mp, @ P) < |A|Lr(1 + log, V41— p) Y161 — 6.
We will define L, := |A|Lx(log, k™" 4 (1 — p)~') for the proof of main theorems and lemmas.

The following lemma characterizes the geometric mixing of the Markov chain.

Lemma 7 ((Shen et al., 2020), Lemma 1). Suppose Assumption / holds, then there exists k > 0, p € [0,1]
such that for any policy parameter 6 we have

su}?S dry (P((sk, ak, Sk+1) € *|S0,m9), e @ m9p @ P) < K",
sp€

where pg is the stationary distribution induced by my and transition kernel P(|s,a).

The next lemma bounds the error of the discounted state-visitation distribution and the stationary distribution.

Lemma 8 ((Shen et al., 2020), Lemma 2). Suppose Assumption / holds, then for any policy parameter 0,
there exists & > 0, p € [0,1] such that

_ 1
dTV(dﬂ’enuﬂ'e) < Q(Ing’i ! + ip)(l - ’7)

The following lemma bounds the total variation distance between state distribution under a fixed policy and
that under an updating policy. The lemma is used for analyzing the sampling error.
Lemma 9. Consider the Markov chain:

Ok—= P Ok—z+1 Ok—1 P 0 P
Sk—z =7 Qk—z —7 Sk—z41 — 7 Qk—z41 """ — 7 Ak—1 —> Sk —7 Ak —7 Sk4+1-

Also consider the auziliary Markov chain with fixed policy:
Ok — = P Ok—» - Ok—» - P . Ok . P .
Sk—z = Qk—z —> Sk—z+41 — 7 Qk—z41 """ —> Q-1 —> Sk —— Ak = Sk+1-

Let & = (sk, ag, Sk+1) be sampled from chain 1, and Ek := (8k, Gk, Sk+1) be sampled from chain 2. Then we
have
z—1

- 1
dry (B(&k € [Ok—z, sk—241), P(Ek € [Ok—z, 56-241)) < 5 > AL |0k —m — Ok |-

m=0
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Proof.
dry (P& € ), P(& € )
/ / P(sk = ds,ar = a, g1 = ds') —P(3) = ds,dr = a, 541 = ds')|
seS Js'eS aEA
/ Z |P(si = ds,ar, = a) — P(3, = ds,a), = a)|/ P(sky1 = ds'|sp = ds,ar = a)
Saca s'eS
/ Z\IP’ (sx = ds,ar = a) —P(3; = ds,ar, = a)|
SacA
1
_ 2/ S [B(sy, = ds)mg, (alds) — B(5y = ds)rg, . (alds)
SacA
<5 |3 IPlow = sy alds) ~ Plsi = ) (ala)
SacA
1
+ = 2 / Z |P(sy, = ds)mg,_, (a|ds) — P(5; = ds)mg,__ (a]ds)]
SacA
1
<5 [ AL~ O lP(or = )
seS
1
+ 7/ |P(sy = ds) — P(5 = ds)| Z mo,_. (alds)
2 seS
acA
1 -
= 5 ML |0 = Ozl + drv (P(sk € ), P(3) € ). (20)

The second term can be bounded as

dTv(P(Sk S -),P(gk S ))
1

_ f/ IP(si, = ds) — P(3 = ds)|
2 s'eS

1
= f/ | Z/ P(sk_1 =ds,ar_1 = a,s, =ds') —P(3_1 = ds,a_1 = a, 3 = ds’)|
€S 4ecA

IN

1/ / P(sk_1 =ds,ar_1 = a,s, =ds') —P(3_1 = ds,a_1 = a, 3 = ds’)|

2 s'eS ac A SES

= dry (P(&-1 € ), P(§r-1 € 7). (21)
Combined (20) and (21), we obtain

dry (P(¢ € ), P&k € ) < dry (P(§p-1 € ), P(&—1 € 1)) + %IA\LﬁIHk — Op—z||-

Sum over z — 1 steps, we obtain
z—1

dry (P& € ), P& € )) < dry (B - € ), BEr € )+ 3 O [AlLelsm— 5]

m=0

z—1
1
=5 2 MAILallk—m — 1z
m=0

Next, we present some mathematical facts that are useful in our analysis.
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Lemma 10 ((Chen et al., 2021b), Lemma F.3). For a doubly stochastic matriz W € RN*N and the difference
matriz Q := I — 117, it holds that for any matriz H € RN*N |\W*H|| < v*|QH]|, where v is the second
largest singular value of W.

Lemma 11 (descent lemma in high dimension). Consider the mapping F' : R — R™. If there exists a
positive constant L such that

IVF(z) = VF(y)llr < Lllz —yl, Va,y € dom(F), (22)

then the following holds
L 2
1£(y) = F(z) = VF(2)(y - 2)|| < 5 vmlly —z|"

Proof. Observe that (22) directly implies the smoothness of each entry Fj:

IVE(z) = VE @) < [[VF(x) = VF(y)llr < Lllz -y

Define
zi(x,y) = Fi(y) — Fi(z) = VFi(2)" (y — 2).
We have
IF(y) = F(z) = VF(@)(y — @)l = | > zi(, )
i=1
L
<y/m5lly —2l?)?
L
= 2l - o,
where the inequality follows the descent lemma. O

Lemma 12 (Lipschitz property of multiplication). Suppose f(x) and g(z) are two functions bounded by C'y
and Cy, and are L¢- and Lg-Lipschitz continuous, then f(x)g(x) is CyLg + CyLs-Lipschitz continuous.

Proof.

1 (z1)g(er) = f(z2)g(2)ll = [ f(21)g(21) — f@1)g(w2) + f(21)g(22) — f(22)g(22)]
< f@)lllger) = g(@a)ll + 11 f (1) = f(22)llg(z2)]
< (CpLg + CyLyg)xr — 22|

O

Lemma 13 (invertible property of matrix). If a square matriz A satisfies lim;_,o, A = 0, or equivalently,
IA(A)| < 1, then I — A is invertible.

Proof.
t t t+1
J— 1 t = 1 t — t
i Y = Y- 3
=1 — lim A™!
t—o00
=1

Since I is invertible, by the rank inequality rank(AB) < min(rank(A),rank(B)), I — A and lim;_, ZZ:O At
will be full rank and thereby invertible. O
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C Supporting lemmas

Before proceeding to the analysis of critic variables, we justify the uniqueness of fix point for critic and reward
estimator variables under the update (5) and (8), respectively. Define the following notations

Ag,s = E[p(s)(v9(s)" = o(s)")], (23)
Agp = E[p(s,a)p(s,a)"],

bo,g = E[¢(s)7(s,a)],

by == E[p(s, a)7(s, a)],

with expectation taken from s ~ pg(s),a ~ mp, s’ ~ P. The optimal critic and reward estimator variables given
policy 6 will satisfy Ag gw*(0) + bg,¢ = 0; Ag ,A* () + g, = 0. By Assumption 2, Ag 4 and Ay, are negative
definite with largest eigenvalue Ay and A,, which ensures the unique solution w*(#) = —A, éb9,¢; A (0) =
—A;;bgm. Let R, := %, Ry := ™= Then the norm of optimal solutions will be bounded as [|w* ()] <
) »
R, ||A*(0)]| < Ry, which justifies the projection step of the Algorithm 1. In practice, the knowledge of
Ay and A, may not be available. One can estimate projection radius online using the methods proposed in
Section 8.2 of (Bhandari et al., 2018).
We slightly abuse the notation by overwriting V;, as Vy. To study the error of critic, we introduce the
following notations (crf. £ := (s, a, s’))
8'(&,0) == 7r"(s,a) +7Va(s') — Va(s)
3(&,0) :=7(s,a) +yVa(s") — Va(s)
w) =7 (s,a) + 79(s") "'w — ¢(s)w
)

= ¢(s,a)" A +70(s") Tw — ¢(s)" w, (24)

li
=

o,
(§,w A

For the ease of expression, we further define

gh (& w, A) = 0(&,w, \)tbgi (s, a"),
L& w) = 67(&,w)e(s),
Fe(&,w) = 0(&,w)d(s),
9e(0,w) == B¢y [9c(€,w)]. (25)

C.1 Error of critic

The following lemmas and propositions serves as the preliminary for establishing the approximate descent
property of the critic variables’ optimal gap.

Proposition 1 (Lipschitz continuity of w*(0) (Wu et al., 2020)). Suppose Assumptions 1, 2, 3, and 4 hold,
then there exists a positive constant L, such that for any 01,0 € RN%  we have

[ (61) = w™(02)I] < Lo |[61 — O2]].

Lemma 14 (smoothness of stationary distribution). For any 0,0’ € R?, there erists a positive constant L,»
such that || Ve (s) — Ve (s)|| < Ly2||0 —6¢').

The proof of this Lemma consists of two main steps: 1) Derive the expression of the gradient and 2) establish

that the gradient is Lipschitz continuous. For the first part, we follow the main idea in (Baxter & Bartlett,
2001).

Proof. For a given policy my, we define the transition probability Py(s|s’) := )" ms(als’)P(s|s’,a). By the
Assumption 4, there exists a stationary distribution pg(s) which satisfies for all state s
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s'esS
Define the following notations
po = [po(s1), o (s2), -+ 5 o (sn)]” RISIx1
Py(s) := [Pa(s|s1), Pa(s]s2), -~ , Pa(s]sn)]" RISIx1
P(0) := [Py(s1), Pa(s2), - , Pa(sn)] RISIXIS|
Ve = [Vio(s1), Vie(s2), -, Vg (sn)] RioxIS|
VPy(s) := [VPy(s]s1), VPo(s|s2), -, VPs(s]sn)] RoxIS|

Upon taking derivative with respect to 6 on both sides of (26), we have

Ve (s Z Vo (s')Py(s|s') + po(s")VoPo(s|s')
s'eS
= VePy(s) + VPy(s)ue (27)

(27) can be written in compact form as

Vg = VugP(0) + [V Ps(s1)pe, -, VPa(sn) 6] (28)

Therefore, we have

[VPo(s1)p, -+ s VPy(sn)pe] = Vig(I — P(0))
= V(I — (P(0) — epq)),

where the second inequality is due to Vuge = V(uge) = V1 = 0.

We now show that I — (P(6) — eu}) is invertible. The first step is to show lim; oo (P(6) — eul )t = 0. Let
P, i represent P(#), pg for simplicity, we first show (P — eu®)! = Pt — P*=1leu™ by induction. Observe that
when ¢t = 1, this is trivially satisfied. Suppose the equality holds for ¢ = k, then

(P— e )k+1 (Pk Pk_lel,LT)P— (Pk _ Pk‘—leuT)eMT
— Pk+1 _ Pk*leuT —PkeﬂT+Pk71(€/,LT)2
— PkJrl o Pke,uT,

where the second equality is due to (26) such that ey’ P = eu” and the last equality is due to u’'e = 1.

Therefore, we have

lim (P(6) — ) = lim (P(6)" — P(6)" "enf) = el — e =0,

t—o0 t—o0

which together with Lemma 13 justifies that I — (P(0) — eu? ) is invertible. Thus, we have

Vg = — (P(0) — eug))_l[VPg(sl)ug, o, VPy(sn)pe]- (29)
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We will utilize Lemma 12 to prove the Lipschitz property of Vyg. We first show the Lipschitz continuous of
the first term. Let A(0) to represent I — (P(0) — eul’), then we have

1A(61) — A(0:2)I] = || P(61) = P(62) + e(po, — po,)" |

< ||[P(61) = P(82)]| + lle(po, — po,)" |

= [ D7 1D (ra,(als’) — mo,(als) P(sls', a)[2 + /|S]lla, — e, |
s5,8'€S acA

< [0 O (e, (als') = ma, (als) P(s]s', @))% + /ISl 1o, — o, |
s5,8'€S acA

< DD LARL2)00 = 652 Plsls’, )2 + V/[S[Lu 161 — 6]
s'eS seS

= VISI(|AILx + Ly)[|61 — 02].
where the second inequality uses triangle inequality. The last inequality is due to Lipschitz continuous of the
policy specified in Assumption 3, and Lipschitz continuous of uy implied by Lemma 5.

To see that A~1(#) is Lipschitz continuous and bounded, observe that

AT (01) — A7 (02)] = [|AT1(62)(A(G2) — A(61)) A7 (64)]]
< AT O NAT OV A(62) — ABy)]
< VISIAILz + L) [IAT 01 AT @) 1102 — 611, (30)
where the first inequality uses Cauchy-Schwartz inequality, and the last inequality uses the Lipschitz continuous

of A(6) in (30). Since ||A(0)]| is bounded, ||A~(6)]| is also bounded (due to invertibility), which justifies that
the first term in (29) is Lipschitz continuous and bounded.

We now consider the second term in (29). For any state s

IV Py, (8)ko, — YV Po, (8) o, || = ||V Po, (8) (10, — 110,) + (VPo, (5) — V Py, (5)) 120, ||

<V Py, (5) (10, — pos)|| + [[(V Po, (5) — V P, (5)) 10, |
IV Pa, (s)||ll126, — 120, + IV Po, (s) — V Pa, (5)][ 26, ||
<> |IVme, (als')P(s|s', a) || L ]| 61 — 62

s’€eSacA
+ > IV, (als) = Vo, (als’)) P(s|s, a) |
s’eSacA

< [SIANCr Ly + L) |61 — 62]),

IA

which justifies the Lipschitz continuous of VPy(s)ug. Define B(6) := [VPy(s1)ug, -+ , VPo(8n) g, we have
1B(61) — B(62)| < |S1*/|A|(CrLys + Lx) 61 — b2]].

Since Vg = A7H(0)B(0), with A=1(0) and B(#) being Lipschitz continuous and bounded. Therefore,
according to Lemma 12, there exists a positive constant L, o which satisfies

Vo, — Vg, || < Ly2||01 — 62

O

Proposition 2 (restatement of Lemma 2, Lipschitz continuity of Vew*(8) (Chen et al., 2021a)). Suppose
Assumptions 1-/ holds, then there exists a positive constant L, o such that

[Vow™ (1) — Vow™ (02)[|r < Lu 2

0 — 0.
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Proof. The proof follows the derivation of Proposition 8 of (Chen et al., 2021a). However, they make
assumption that pg(s) is Lipschitz continuous, which we have justified in Lemma 14. We present the proof
for the completeness.

We have w*(0) = 7140_7(125[)9@, where Ay 4 is defined in (23). The Jacobian of w*(#) can be calculated as
Vow*(0) = —V@(Ae_jbb@’q;)
= —A; (VoA g) Ay Lbo.s — Ao.o(Vobo,g)- (31)
We can utilize Lemma 12 to show the Lipschitz continuity of Vw*(6). We have to verify the Lipschitz
continuity and boundedness of Ao_’(lz)7 bo,s, VoAs,4, and Vgbg 4.

The Lipschitz continuity and boundedness of A (125 has been shown in (30. Let by and by represent by, ¢, bg,,¢,
we have

11 = bo|| = [E[7(s, a, s")p(s)] — E[r(5, a, &' )¢(§)]H
sup Ir(s,a,s)o(s)IIP((s, a, 8" € ) = P((5,4,5 € )| rv

< rmaXIIP((S, a,s" €-)—P((3,a,5 €))||lrv
< 2|A|LA(1+1log, k™" + (1= p) |61 — 62,

where the last inequality follows Lemma 6.

IA

We now analyze VgAg 4. We first define
A(s,s') = d(s) (v (s') — d(s))",  b(s,a,s") :=1(s,a,8)P(s).

as

VoAgs =V Z tio(s)mo(als)P(s'|s, a) A(s, s')

= [Veuo(S)We(aB)P(S'I&a)A(S,S’) + 1o Vomo(als)P(s'|s,a) A(s, s")] .
By Lemma 14 and Lemma 6, and Assumption 3, ug(s), mg(als), Vapue(s), Veme(a|s) are Lipschitz continuous
and bounded. Therefore, VgAg 4 is Lipschitz and bounded.

Finally, we analyze Vgbg 4 by following the same technique.

Vobg.p = Vo Z po(s)mg(als)P(s'|s,a)b(s,a,s")

= Z [Voug(s)mg(als)P(s'|s,a)b(s,a, s") + pe(s)Veme(als)P(s'|s,a)b(s,a,s")] .
By Lemma 14 and Lemma 6, and Assumption 3, ug(s), mg(als), Voug(s), Vema(als) are Lipschitz continuous
and bounded. Thus, Vgby ¢ is bounded and Lipschitz continuous.

We have shown the Lipschitz continuity and boundedness of A, (115, bo.¢, VoAg e, and Vgby 4. Therefore, by
applying Lemma 12, we conclude that there exists a positive constant L, o such that Vew*(#) in (31) is
L, 2-Lipschitz continuous.

Lemma 15 (descent of critic’s optimal gap (Markovian sampling)). Under Assumptions 1-5, with wgi1
generated by Algorithm 1 given wy and 6 under Markovian sampling, then the following holds

L,
E[||@rs1 — w* (Orr1)|?10k] < (1 +4L,Nay + Q’QCgN\/d9a§> E||@rq1 — w* (01)]|?

LE}Q k -
+ (2’C§N+LiC§N> a2 + TZ (96 (& wiprs A )]IP. (32)

26



Published in Transactions on Machine Learning Research (01/2023)

Elllrt1 — w* (0)1%10] < (1 = 2X681)El0r — w* ()1 + Cre, BrBr—zs + Crcy Oth—z4 Bre- (33)

where the constants are defined as Ck, := 4CsCsZk + C2, Ck, := 4C1CoZ + 2C35CoZ% + Cs, Z =
min{z € N*|sp*~! < min{ak, Bx,nx}}-

Proof. We begin with the optimality gap of averaged critic variables

[@rt1 — @ (Ors)|?
= [|@kt1 — W (Ok) + ¥ (Ok) — w0 (O 41)|1?
= [lor 41 — @ (O)I1? + [lw* (Ok) — 0" Orr)I” + 2(@k41 — 0" (64), w* (1) — @™ (Ok41))
< lwrgr — w* (ORI + NLECFag + 2(@ks1 — w*(0k), Vo ()" (O — Ok 1))
+ 2(@p 11 — W (k) W (Ok) — w* (Ok11) — Ve ()" (O — Orr1)), (34)

where the inequality is based on the Lipschitz of w*(#) implied by Proposition 1

lw* (01) — w* (Orr1)II* < LENOk — Ok |,
N
16 = Orir > = D llewwd (s wios Mg (550 aj) > < Nai G, (35)
i=1
with Cp := C5Cy, and Cj is defined in (39).
The third term in (34) can be bounded as

(@Org1 — w*(Ok), Vo™ (0r) " (Ok — Or11))

< w1 — w* @) IV (k)" Ok — Orra) |
< IV (0n)l[|wr+1 — 0™ (0) 116k — Ot |
< Loll@rsr — @™ (0) 10k — Ot |

N
<3 Lol @rer — w0 (00194 (€ w1 M)
i=1
N «
— * ki i %
<Y (Loa]|@rer — w0 (00)]° + 5 190 (6, Wi Ne) ) (36)
i=1

where the second inequality follows Proposition 1, the third inequality uses triangle inequality, and the last
inequality uses Young’s inequality.

The last term in (34) can be bounded as
E(@k+1 — W (0k), w* (0) — w* (Ohr1) — V' (k)" (6 — Opr1))

L2
< 2’2 VdoE||@pi1 — w* (0k) ||10k+1 — Okl

2
“21|0p11 — Ok

L2
< TQ\/dH]EH‘DkH — W (k)12 10r11 — Onl|* +

L? L?
< %VdeNCgaiE”@kH — W (O)[” + 2’2 S0 (37)
The first inequality uses Lemma 11. The second inequality is induced by Young’s inequality. The last
inequality follows (35).

Plug (36) and (37) into (34) will yield (32).
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We now prove (33). By the critic update rule, we have (crf. g.(0,w) = E¢op, [9e(§, w)].)
El|ok+1 — w* (0)]1* = El|Lr,, @k + Bre(Er, ©x)) — M, w*(0x)]°

(@)
< E|l@x, + Brge(&s@r) — w* (01
= [l@r — w*(00) 1 + BRENGe(Ex, @) |1* + 2BkE[(@r — w* (0k), Elge(Er, @1)])]
(i)
< low — @™ (O)I17 + BRCF + 2Bk{@n — w* (0x), Elge (&, r)])
= |l@r — w* (O)* + BRCE + 281 (@ — w* (1), 9e(Or, Br))

+ 2Bk E{wr — w” (0k), E[ge Sk, @r)] — ge(Ok, @r)), (38)
where (i) is due to the non-expansiveness of projection to convex set, and (ii) follows
19e(& W)l < [r(s,a) +76(s)Tw — ¢(s)Tw| < rmax + (1 +7)Ru = C. (39)

The product in the third term in (38) can be bounded as

(@i — w(Ok), 9e (O, k) = (W — w™ (), Benpo, [9e(&rr Wr)])
= (Wr = w"(Ok), E¢npo, [9c(Ek, k) — ge(Ok, w™ (0k))])
= Bie@r — w*(0k)s Egmpig, [0(5)(70(s") — (5)) |01 (@1 — w*(61)))
= Brlwr — w™(0k), Agy 0 (Wr — w* (0k)))
< =ApBrllon — w* (0% (40)
Here the first equality is due to critic’s optimality condition g.(0k, w*(0k)) = Eg,npg, [Ge (&, w* (0k))|0k] = 0.
The last inequality uses the negative definiteness of Ay, 4 of Assumption 2.
Plug (10) to (38) gives
Ell@g+1 — " (0)[1* < (1= 22685 |or — w*(0x)|1* + 52 CF
+ 2Bk (@ — w*(0k), E[ge (ks 0k)] — ge (O, Or))- (41)

We now bound the last term in (41). By Lemma 16, for any 2 € N, we have

E(wr — w*(0k), g &k, Ox) — ge(Ok, Or))

z—1

< C1E|0k — Ok || + CoB[| @k — k2|l + Cs Y Efl0k—m — Ok + Csrp™™!
m=0

W) & :

<C1 Y Ell0k—nt1 — Oknl + Co Y Ell@k_ni1 — Grnll

n=1 n=1

z—1 z—m

+ 03 Z Z E‘lek—m—n-&-l - 9k—nl—n|| + CSHPZ71

m=0 n=1

z—1 z—m

<2010 ) apn +2C2C5 ) Bron+C3Cs ) D homn + Csip™

n=1 n=1 m=0 n=1
(? 2C,Cyzag_, +2C2Cs2 Bk, + C3C2(2 — 1)ag—, + Cgrp™ 1, (42)
where the (i) uses triangle inequality, (i7) uses the non-increasing property of step sizes.
Let z = Zg, we have (crf. Zg := min{z € N*|sp*~! < min{ak, Bk, nx}})
Ewr = w*(6k), ge(Ers @) = ge(Bk, @r))
<201CgZg -z, +205C5 Zi Bz, + C3CoZicoi—z, + Cstp—zy . (43)
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Plug (43) into (41) will yield
k1 — @™ (On)II* < (1 = 2Xg85) @ — w™(00)|* + C3 53
+4C1CoZg -z, +4CoCs Zk Bz + 2C3Co Zicth— 7, + 2050tk 7 -
By defining Cg, :=4C2Cs5Z + Cg, Ck, = 4C1CoZ + 2C3CyZ% + Cs, we complete the proof. O
Lemma 16. Consider the sequence generated by Algorithm 1, for any z € NT, we have

E{wr, — w*(0k), 9e (&> @r) — ge(Ok, @r)) < Crl|0k — Oz || + Cal|or — @r—||
z—1

+C5 ) Ok — Ozl + Csrp™™", (44)

m=0

where Cy; = 4R,Cs|A|L.(1 + log,, k1 + (1 —p7Y) + 2050, Co = 4(1 + Y)R, + 2Cs5, C3 =
AR, C;s|A|Lx, Cs := 8R.,Cs.

Basically, this lemma shows that the term on the left hand side of (44) is of order O(ay + B4).

Proof. Consider the Markov chain since timestep k — z:

Ok—= P Ok—z41 Ok—1 P 0 P
Sk—z =7 Qk—z —7 Sk—z41 — 7 Qk—z41 """ — 7 Ak—1 —> Sk —7 Ak —7 Sk4+1-

Also consider the auxiliary Markov chain with fixed policy since timestep k — z:

Ok—= P Ok—2 . Ok—z . P Oz . P
Sk—z = Qk—z =7 Sk—z+41 —> Qk—z41 """ —> Q-1 —> Sk —— Ak — Sk+1-
Throughout the proof of this lemma, we will use 6, 0 0,0 € ,5 as shorthand notations of
Ok, O —2, Wy Wi — 2, §ky ki
For the ease of expression, define
A1, 0,w) = (w = w"(0), ge(§,w) — ge(0,w)).

Therefore, we have

(@r — W™ (Ok), Ge(Ek, Wk) — Ge(Ok, i) = A1(§, 0,0

=A1(,0,0) — A1(&,0",0) + A1(€,0",0) — Ay (&,0,0")
I, Iy
+A(E,0,0") — AL(E, 0,0+ AL (€,0,). (45)

13 14

~

I; can be expressed as

I = (@0 = w(0), 4§, @) — 9e(60,0)) — (@ — w™(6"), Ge(§, @) — ge(0, @)
= (0= w(0), 4e(§,@) = 9¢(0,0)) — (@ — w(6), Ge(§, @) — ge (0, @)
+ (W (0) = w(0'), 9e(8, @) — ge (0, @))
< @ = w™(O)llge (0", @) = ge(8, D) + lw™(8) — w™ ()11 (&, @) — ge(6", D). (46)

The first term can be bounded as

@ = w*(O)llge(0', @) = ge(8, D)|| < 2Ry |[Eermpy [Ge(€,0)] — Eerp [Ge (€5 @)]]]
< 4R, sup ge(&; @) ldry (g @ T @ P, g @ w9 @ P)

< AR, Csdry (uy @ 7 @ P, jg @ 79 @ P)
< 4R Cs| AL (1 +log, s~ + (1= p)~ )0 - &', (47)
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where the first inequality is due to w < R, induced by the projection step of critic’s update. The third
inequality is due to [|g.(&, )| < Cs, and the last inequality follows Lemma 6.

By the Lipschitz conitinuous of w*(#) proposed in Proposition 1, the second term in (46) can be bounded as

lw*(0) — w*(0")|[[|c(&, @) — ge(0,@)|| < Leo||0 — 0'||]|ge (&, @) — ge(0, @)
< 2C5L,)0 — 0| (48)

Plug (47) and (48) into (46), we can bound I; as

I < (4R,C5|A|Lr(1 +1og, k™" 4+ (1 — p)~") + 2C5L.,) |6 — ¢ (49)

I> can be decomposed by

s 9e(€@0) = ge(0',@)) — (@& — w™(0'), ge (€, ") — ge(0', &)
"), Ge(€0) = ge(0',@)) — (@& — w™(0'), ge (&, @) — ge(0', @)
+ (W' = w(#),9e(& @) = ge(&,0") — ge(0', @) + ge
= (0 =W (0),9e(& W) — ge(0', @)
+ (@' = w(0),9c(& ) — ge(&,0") — ge(0', @) + ge(0', "))
< 2G50 — wH(@)]] + (@' = W (0'), 9e(§, @) = Ge(€, D) = ge(0', @) + g (6, 0")).

The last term can be bounded as

(@ = w™(6"),90(8, ) = 5e(§, &) = ge(0', @) + g (6, &)

< @ = w (@)1 (115e(8, @) = ge(€, ) + llge (0, &) — g (8, @)I)

< 2Ry (196(8, @) = Ge(§, @) + llge (0", &) — ge (6", &)I)

< 2Ry (19e(€, @) = 9e(§, )| + By 1196(§, ") = ge(&, @)1)

< AR, (14 7)llw = &', (50)

where the first inequality applies Cauchy-Schwartz inequality and triangle inequality, the second inequality
follows the projection of each critic step. The last inequality is due to

13:(€,@) = ge(&, @)l = 6(s) (ve(s)" (& = &) = d(s)" (@ — &)
<lle(s) (@ = &) + lle(s) T (@ — &)
< (@49 fw -

Thus, I> can be bounded as

Ir < (4(1 + )R, + 2C5) | — &' (51)

We bound I35 as

]EU3|9/’ sk—z—l—l} - E[A1(€7 9/7“01) - Al(ga 017 @/)w/a Sk—z+1]
<2 Slgp |A1(£7 9/7(1}/)| dTV(]P)(g € "9/3 Sk,z+1),P(£ € '|917 Skfz+1))

<8R, Csdry (P(€ € 10, sk—241), P(E € [0, $—211))
z—1
< 4AR,Cs| ALy > [|0k—m — Ok |- (52)

m=0

Here, the second inequality is due to ||A1(&, 0", &")] < ||w' — w*(0)]|]|ge(&, w') — go(0',w")|| < 4R, Cs, and the
last inequality is according to Lemma 9.
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We now bound Iy

]E[I4|9/7 (DI7 8k+271] = ]E[Al(g7 9/7 (I)/)|9/, a}/’ Sk*Z«l»l]
< sup 8460/ IP(E € A 3ems2) = 10 & 7 P

<8R, Csdyy (P(Z € -0, $t—241), por @ mgr @ P)
S 8Rw05"{p2717 (53)
where the last inequality follows Lemma 7.

Plug (49), (51), (52), and (53) into (45), we get

E[A1(€,60,0)] < (4RuC5|AILa(1 +log, ™ + (1 = p)™1) + 205 Lo E||6) — 61|
+ (4(1+7) Ry + 205 E @ — @i

z—1
+ (ARuCs|AlLx) > B[ — O]
m=0
+8R,Cskpt,
which completes the proof. O

C.2 Error of reward estimator

The analysis for the error of reward estimator is similar to critic. To see this, we only need to change g.(¢,©)
into g.(&,\) = (r(s,a) — ¢(s,a)TA)¢(s, a) to recover most of the proofs.

Lemma 17 and 18 are the counter parts of Lemma 15 and 16 for reward estimator.

Lemma 17. Suppose Assumptions 1 , 2, 3, 4 hold, with Axy1 generated by Algorithm 1 given A\ and 0y,
under Markovian sampling, then the following holds

_ L2 _
E[[|Ars1 = A (Or41)]1%165] < < ;’2 INV deai) ElXes1 — X (0c) 7
L3, . :
+ (2 02N+L§002N> IZ ga fka)\k+1a k+1)]||2' (54)
=1
El[Aks1 = A (0e) 1710k] < (1= 2med) 1Ak — X (00) 1> + Creaitiio—zs + CriahOth—z4» (55)

where Cl(g = 4CsC \Zx + Ci, CK4 = 4C5Cy 2 + 2C7CQZ%( + Cs,Zx = min{z S N+|sz—1 <
min{ag, B, N }}, Ox = Tmax + Ba > maxg oz [[(7(s,a) — A o(s, a)p(s, ).

Lemma 18. Consider the sequence generated by Algorithm 1, for any z € NT, we have
E[(Ae — A*(0), Gr (ks A) — gr Ok Ae))] < Cs 10 — Oz || + Coll Ak — Aie—z |

z—1

+Cr Y Ok—m — O]l + Csrp™", (56)

m=0

where Cy 1= 4R)\C)\|A‘L7r(1 + logp k4 (1 — p)il) + 2C\Ly,Cs := 4Ry + 2C),C; := 4R)\C)\|A‘L7r, Cyg :=
SR)\C.

C.3 Consensus error

Lemma 19 (restatement of Lemma 1, bound of consensus error). Define the matriz representation of critics
and reward estimators’ parameters as wy = [wi, - ,wN T, A= (AL, ANTL Let Q :=1 — —11T then
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the consensus error can be expressed as S |lwk — @x]|® = [|Qurl?, SN, 1AL — k]2 = |QAR]%. Suppose
Asssumption 5 holds. Let {wi}r, {\i}r be the sequence generated by the Algorithm 1, then for any k > 1,
the following inequalities hold

k
ko k—t
1Qui | < v lwol| +4VNCs > B Fe ! (57)
t=0
k k k—t
QAN < w7 Aol + 4VNCY Y B 1, (58)
t=0

where v € (0,1) is the second largest singular value of W.

Proof. We will prove the bound in (57) for the critic variables. The analysis for reward estimator in (58)
follows the same routine. To simplify the notation, we will use g}, to represent ¢-(&x,w}) throughout the
proof of this lemma. We also use €}, to represent the projection update e}, := Ilg, (w}, — Brkg}) — (W) — Brgh)-
Define gy, := % Zfil g ex = % Zi\il e};, and the corresponding matrix exressions as

)" )7,

(g)7, (e}
Gy = JE = :

(g2)T (e

According to the update rule of critic variables, the following equalities holds

Wwy — ﬁka + Ey, if kmod K.=0
Wri1 = . (59)
wi — BrGr + Ey, otherwise.
To bound the consensus error, We first bound the consensus error of critic’s update as
N @ |
1QGK = | D llgh — axll> < 1| D_ 2llgil1? + 2l|gell? < 2VNCs. (60)
i=1 i=1
N N 4 ) N e -
QBRI = 4| D llei —ell? < | D 2lleill> + 2exll> < | Y 2820gil% + 2821161 < 28.VNCs,  (61)
i=1 i=1 i=1

where (i) is due to ||gi|| < Cs; (i4) is ensured by the convexity of the projection set.
We now study the consensus error of critic variables. Let k' = LKLJ * K. By the update rule in (59), we have

Quir = QWwyr—1 — B —1QGk -1 + QEy 1
= WQwy -1 — Br—1QGk -1 + QEk 1

E'—1 t=k'—1
=WQwp—x. — », BWHFTHQG + Y wNHQE, (62)
t=k'— K. k'—K.

=

where the second equality is due to the doubly stochasticity of matrix W implied by Assumption 5:
QW =W — %11TW =W - %WllT = WQ. The last equality is indicated by the update rule that

K —2 K —2
Wh/—1 = Wh/— K, — Z BeGy + Z E;.
t=k'—K. t=k'—K.
Expand the recursion in (62), we have
o E'—1 k' —1
Quir = W Quo — > WBQG, + Y WQE,,
t=0 t=0
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’
where ¢; := [7k ;(1_t]. Therefore, the kyj, iteration’s consensus error can be expressed as
.

Qui = Qui — Y BQG + > QF,

t=k’ t=k’
y k k
=Wk Quy— Y WBQG, + Y W*QE,.
t=0 t=0

Take norm on the each side of (63) and apply triangle inequality, we get

k k
1Qurll < W Quoll + > B W QG| + > W QE|

t=0 t=0

@ k k
< VR woll + Y B IG + Y v E|

t=0 t=0

k
on + 4\/NC§ Z B¢t

t=0

o ||wo||+4fcszﬁwc—

(1)
< vKe

where (7) inequality uses Lemma l(J and the fact that the spectral of @ is less than 1; () is due to (60) and
(61); (4i%) uses the fact that k > # —land (%1 = [th + %-\ [At t} — 1> k=t _ 1. Thus, the
proof for (57) is completed. The proof of (58) follows a similar procedure, we leave it as an exer01se to reader.

C.4 Error of actor

The following lemma characterizes the sampling error of actor.

Lemma 20. Consider the sequence generated by Algorithm 1, for any z > 1 we have

Eenpuay, [8(€, k) vo: (sk, ak)] — E[O(Ex, Ok )vbg; (sk, ai )]
z—1
< 2Cpkp" 4 Cra Y 0k — Ozl + Cusl|Ok — Op—z|| + Crall0f — ;.. I,

m=0

where Cg := 2Cy|A|Ly, Ci3:=|A|L(log, k™' + (1 —p)~")Cy+2(1 + )Ly, Ciy:=2C5Ly.

Proof. Consider the Markov chain since timestep k — z:

P k—z+1 Or—1 P Ok P
Skz—>akz—>8k z+1—>ak 241 T Af— 1—>8k—>ak—>8k+1

Also consider the auxiliary Markov chain with fixed policy since timestep k — z:

Ok—= P Ok—2 . Ok—2 . P Ok P
Sk—z —> Qg—z —> Sk—zq] —> Azl " —> Ap—1 — Sk = ag — Sk+1-

Throughout the proof of this lemma, we wil use 1g: to represent 1y: (s, at) for brevity.

We define the following notation for the ease of discussion

AB (57 9) = Eﬁfvu(a [6(57 6>¢01] - 6<§a 9)%1]

Then our objective is to bound

E[|| Az, Ok )] O]
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We decompose [|A3z(&x, 0x)|| by applying triangle inequality

A3 (ks Or) || < | A3 (ks Ok) — Az (Ers Or—2) ||
n
+ | A3k, Or—2) — Az(Ek, Ok—s) |
Iy
+ (| A5 (&, O—2)| - (65)
N— ————

I3

We apply triangle inequality again to bound I; as

Iy <168k Ok—2)0ei = 0(&k, Ok ) ||

bis
+ [ Eempio, 16(8,0k)00: ] — Eenpg,  [16(8,0k—2)0g: ] (66)
it
Il(l) can be bounded as
I = 110(8k, O )tbg; — 0(&k, O )
< Hé(flﬁ akfz)wgz_z - (5(5]@7 ek)welic—z ||

+ 1168k, Ok ) 0o — 0(&k, O ) ||
< v (Vor . (") = Vo (5) + (Vo,_.(s) = Vo, (") [¥—.
+ 16(&k, O )bg: = 0(&k, Or)bp:
S A +7)Lv 0k — Or—zll + 16(8k, Ox)to;  — 6(&k, Ok )0 |l
< (L +7)Lv |10k — Ozl + CsLy|6; — 05 I, (67)

where the second last inequality follows the Lipschitz continuous of value function in Lemma 5, and the last
inequality uses Lipschitz continuous of 1)g:.

152) can be bounded as

@ = E¢npio, [0(6, 0x)00i ] — Eempug,_[0(,0k—2)00: ]I
= Eempo, (606, 00—2)b0; ] — Bempun, 1006, 062)00;_ ]
+ By, [5(6,05)0; — (6, 00—2)by ]l
< [A|L(log, k™" + (1 = p) ") Col|6), — x|
+ [ Eenpug, [0(6,0r)tbg; — 6(€,0h—2) ;|
< |A|L(log, &7 + (1 — p) 1) Col|6r — Or—s||
+ (L)L 0 — Oz | + CsLyll6f — 6. (68)

where the first inequality applies Lemma 6, and the last inequality uses the derivation in (67).

Combine (67) and (68), we have

I < |.A|L(logp K4 (1= p) o0k — Or—2|
+2(1 4+ 7)Lv |0k — Ox—=|| + 2C5 Ly |6}, — 0. || (69)
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We now bound I, as

E[L2] = El|0(E, Or—2)05, . — 0(&, On—2)5, __ |
< 2Slglp H5(§79k7z)1/}9272||dTv(P(€~k € |Ok—z,5k—2), P(&k € |0k—2, 55—2))

z—1

S 200 Z ‘A|L7r||0k7m - ekfz”a (70)

m=0

where the last inequality follows Lemma 9.

I3 can be bounded as
I3 = ]E”Eé’\“#ekfz [5(£a ekfz)wli—z] - 5(516; 9k727ﬁ(§kﬁ)H
< QSIEIP 16(€, 0x—2)p, __Nldry (P& € |0z, Sk—2), i, ® T9,_. @ P)
< 2Cpkp™ 1, (71)

where the last inequality follows Lemma 7.

Plug (69), (70), and (71), we have

[Eenpa, (06, k) g; (K, ai)] — E[5(Er. Ok )tg; (ks a)] |
z—1

< 2Cyrp™ ! + 2051y |6 — 6 .|l +2Co S | AILx 8- — Or—|
m=0

+ (JAIL(log, k™" + (1 = p)71)Co + 21 +7) Ly) 10k — Or—: ||,

which completes the proof.

O
D Proof of main results
D.1 Proof of Theorem 1
Let 0, € RN be the stack of actors’ parameter at timestep k. By Lemma 4, we have
L 2
E[J(Ok+1)] = J () 2 E[(VI (), Or1 = Ok)] = 5 110k+1 — O]
N . A L& .
=D E[(VorJ(08). 0k = 00)] = 5 D l0hsr — 4
i=1 i=1
N ) , ) L & , ) )
= Z E [O‘k<v6iJ(9k>7 9o (& Whps )\;c+1)>] - 5@% Z Ellge (&ks Wit1 )‘;c+1)||2
i=1 i=1
Y ora e
k k 4 % %
>3 [0 T O + S [gh (€ hrs M) I
i=1
Ok i i i L
— S0 (0h) ~ B [gh (€ whors Absn)] 1] = 5 NCBa, (72)
where the expectation is taken over & under Markovian sampling. The last inequality is due to
9860wk M) | = |[806s ks Mgy (0, ah) | < C5C = Car (73)
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For brevity, we will use ¢9}; to represent 1/191:‘ (sk, a};). The gradient bias can be bounded as

Vo (6k) — B[94 &k Wit Moy 1) W1 k+1]H
< 4|V T(00) — B [5(6, 00wy ||| +4 | [(60e0. 00) — (Er 0" 00|

Il 12

‘ 2

+ 4[R5k, (00) — 8ew whr g || +4 B [(5t0,hn) — 86 b M ] [ (7)
I3 Iy
where the inequality uses ||a + b+ ¢ + ¢||> < 4||a||? + 4][b]|> + 4//¢||* + 4]|d||%.
We bound I; as
I = [ VoI (00) — E [3(k, 6) 0y 161 H2
= |Bema, [5(6.00)00,108] ~  [3(cn, By on] |
< 2B, (506,005 00] — B, [5(6,00)00, 108 || +2 [ e [506, O)tglon] — B [5(6, 0010 100] |

I{l) 152)
(75)

From now on, we will use & ~ dg to denote s ~ dn,,a ~ 7(:|s),s’ ~ P for notational simplicity. I; is the
sampling error under perfect value function estimation of critic. It can be bounded as

B [1016,] = || 90 70) ~ & [5(6, 0000 00] |

= B, 56001 0] ~ B, [ 0000 ]|

2
< <2 up H5(§,9k)¢9; drv (pe, ® m9, @ P,dy, ® 7o, @ P)>

(®)
< (209dTV (/"Lek ) dak ))2
(41) 1
< 16C3(log, k™" + ;)2(1 -7,
where (i) uses (73); (ii) follows Lemma 8. Define e, := 4C7(log, k™" + %)2(1 — )2, then we have

I < e, (76)

By Lemma 20, 152) can be bounded as

z—1 2
I < <209HPZ1 +Chz Y N0k—m — Ozl + CrallOk — || + Cial|6], — 9i_z||>

m=0

z—1 z—m 2
< <209mpz_1+012 Z Z 10k—m—nt1 — Ok—ml| +0132H9/c nt1 — Okl +014ZH919 i1 — Ok n”)

n=1 n=1 n=1
( 1)

2
(200HPZ '+ C1aNCy ap—, +C13NzCgoy—, + 014200ak—z>

< 16CFK*p** ™2 + 2C’12C’92 ai_, +4C3N?22Chai _, + 40322 Cha (77)
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where the second inequality uses triangle inequality, and the last inequality applies (a + b+ ¢ + d)?
4a? + 4b? + 4c® + 4d%. Let z = Zg := min{z € NT|kp*~! < min{axk, Bk,nx}}. Then we have

1 < Craotz, (78)
where we define C, = 16C; + 2C3,C3 Z% + AC{3N?Z3.Ch + 4C3, Z3.C3. Thus, we have

I <degy+ Criaj_yg, . (79)
The term I describes the approximation quality of linear function class, it can be bounded as
‘2
2}

7 [Vag, (511) = Vo 0y (41| +

1, = [ (661, 00) — (610" 00y
Vg [y(m,ek) — (e 00 [y

Vg (51) = Vir ) (51
(2i1)

< 203, (WQIE |:’V9k(5k+1) - VW*(ek)(Sk+1)‘2:| +E UVek (%) — Vw*(e’“)(sk)ﬂ>

(2i47)
< 20514

Y o2 C2E [

app = 4Cw5app (80)

where (7) applies Cauchy Schwarz inequality and triangle inequality; (ii) is due to ||@[19;'C < Cy, which
is ensured by Assumption 3; (iii) uses |a + b|? < 2|a|? + 2|b|?; (iiii) follows the definition of the critic’s

approximation €rror:
g :=max 4/ E
app * 0 S~ o

I3 captures the error of critic’s estimator, which can be bounded as
Bl = || [ (36w (00)) — (6. i) vy |||
<E [18<§k,w*(9k)) —§(&wi)| H%i 2]
< G2 [[v(sns1)” (w7 (0k) — whin) — 0(sn) (" (Bk) — wiy)[*]
<Cj (2E [!W(Skﬂ)T (@ (0k) — wiy1) ﬂ +2E [!¢(Sk)T (@ (Ok) — wis1) ﬂ)

< C3 (2B [9(sir )1 [ (60) = whaa [*] + 2B [o(si) | o (B0) = whoa]|*])

<202 (1 +2) || (8k) — wip||” < 4C2 || (0r) — wia || s (82)

Vg (8) — Vw*(@)(s)r} (81)

where the last inequality is due to [|¢(s)]| < 1, which is specified by Assumption 1.

I, characterizes the error of reward estimator, which can be bounded as
E[L] = H]E [( gkawk—i-l) (fkawz+17)\2+1 ) ¢91 ‘)‘k-s-l] H

<E Ug(fkawlicﬂ) - S(gk’w;c%»l’ )‘Z+1)‘ H%; WQH}

< Cl/JE U (Sk, ak) (p(8k7(lk)T)\z+1|2 |)‘§<:+1:|

< 3 (2B [[7(sk, an) = @(sps @) X" 0)]] + 2E [[p(si @) A" (06) = (st @) Aia]* Ny )
< 20,/)6 + 2031 |

N (0k) = Nt || (83)

app
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where the f,,, in the last inequality is the approximation error of reward estimator, which is defined as

_ . 2
Eapp = max \/ESNM Ur(s, a) — Fx-(0y (s, a)| ]

Combining (79), (80), (82), and (83) gives us the bound of the gradient bias error as
IV F(Ok) — Elga €k Wi 1, XMy )II* < 16(esp + Clicapp) + 16CT [|w™ (1) — wy 4[|

+8CYIIN (0k) = N |* +4CK, 0%, (84)
Plug (84) into (72), we get
EL(0h1)] — T (61) > Z (BEIToT O + g (G ko NI
—8%%]1*3”01 () = wWisr |* = ACTARE[N*(Ok) — Aoy |?)
L
— §Ncga§. —2NCk, 03 _ gz, — 8(esp + Chapp) N . (85)
Consider the Lyapunov function
Vi = —J(0r) + || — w0 (0)|* + || — X (0) || (86)

The difference between two Lyapunov functions will be

E[Vi1] — E[Vi] = E[J(00)] — E[J(011)] + El@rsr — " O |? — Elloe — (6]
+ B[R — X0 — Bl A — A (0]

<

-

« « i i
(=190 T OO = SEElgh (e i) 2)

i=1

L
+2NCk ap_z, + 5chgai + 8(esp + Cieapp) Ny
N .
+ Z 8CarE|w* (0r) — wi1 1> + Ell @41 — w* (Orr1)|* — Ellr — w*(65)]?

i=1

Is

N
+ D ACT BN (0k) = Nt [ + Bl Akrr = A (Org ) 1P = E[ A = A (00)[>. (87)

i=1
Is
The first two terms of Is can be bounded as
N
> 8CTakE[w* (6k) — Dkt1 + Dkp1 — Wi |* + Ell@ka — w* (1)1
i=1

I
.MZ

I
—

8C2UE|@rs1 — whi |2+ 8C2UE] @it — w0 (B0 + Ell@rss — w* (Bhs)I

7

< 8CT okE|wpr1 — w* (Ok)1* + Ellwrt1 — w* (Ors1)I” + My,
L2
< ( w 2 2’2 FN/ deai) Ellwr1 — w* (0c)?
LE} 2002N a a i i i 2
+ <72 + LngN o‘i + Z Z ||IE [ga(gkvwk—i-l? >‘k+1)} || + akMkl? (88)
1=1
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where the equality is due to

Mz

*(Ok) = Drp1s Dpt1 — Wigr) = (W (Ok) — Drg1, Orp1 — Dp1) = 0.
z=1

The first inequality follows the Lemma 19, where My, is defined as

k 2 k
My, = 1/%72||w0|\2 + 16NC? (Z b’tuchtl> + 8V NCspre ! Zﬁtuﬁ;f*
t=0

t=0

The last inequality follows (32) in Lemma 15.

Plug (88) into (87), and define Cy := min {c | 4L, Nay + 803,0% + L ZCGQN\/ paz < cak}, we get

2 2 n\72

12 ,C2N
Is < (14 Coap)E||wg+1 — w*(@k)||2 + (’220 + LZC§N> ai

N
+ o D Bl (€ i, Ny )1 + ax My,
<[(1 4 Coar) (1 — 22 Bk) — 1E|@r — w* (0x)]1?
+ (1 + Coo)(Cr, P Br—zy + CKQBkak Z)

L2 ,C}N
+ (UJQ20 + L303N> R +F Z H]E 9a (8 Wit Ay H2 + My,

i=1
where the last inequality follows (33) in Lemma 15.

By letting S = 55> ax, we can ensure

(14 Coar)(1 —2Xs6k) < 1

Therefore, I can be bounded as

i1
+ (1 + Coa)(Cr, Bifi—zi + Cry Breti—z, )-

N 2 272
Ak i i i L5 2G5 N
Is < e Z g8 (s hg 15 Mo )]I* + x M, + (2 + LLCEN | of

By applying Lemma 17 and following the similar procedure, we can bound Ig as

L I3,C3N?
Is < = D IBlgG (ks whass N )]IP + M, + | 57— + IRCEN | of
i=1
+ (14 Croar) (Crymini—zx + Cr MeOr—zy )-

with n, = Cw 2. C1o and My, are defined as

{

k 2 &
My, = VI%IZ?QHAOHQ +16NC3 <Z ntyli(Ctl) + SWCAVKLE71 ntul;;ctfl.

t=0

2
Ly,

QN\/dgozi < cak} ,
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Plug (90) and (91) into (87), we have

E[Vis] - vk<z Ve (02 + (M, + My )y

(1 + Coar) (Cr, -z + Criy Br0k—z,)
+ (14 Croo) (CryMii—zx + Cry M-z, )

L
+ <2NC§ + CH) a4+ 8(esp + ChappN) o, (93)

o, 2+Lk 2

where Cq1 := C’gN( + L2 + L3).

By letting oy, =
as

for some positive constant a, and recall 8 = C 2 Ok Tk = C“’ sy, we can telescope (93)

sk

1 e 2 _ 2E[Vy] ) -
EZZ Vo T ORI < =22 4 16(esp + CheappN) + 72 > (M + Mi)
k=0 i=1 k=0

+(2+ QOgak)(CKl P Bk 7z + Ck, ﬂk U7y

+(2+ 20100%)(01(377%—2,{ + CK470%—ZK)
ay oy
+ (LNCj 4 2C11) ou,. (94)

The summation of My, can be bounded as

k 2 k
ZMkl :Z v e ~2||wo% + 16N C2 (th,}’?&*) +8\/NC5VK%_1Z@V’CKC -1
t=0

k=0 t=0

t=0

K 2 i
2wol? + 16NC26E (S v ) 48N, Y we !
oMk
0 t=0

2

(1) K:
< Z (VK‘ ?Jlwoll® + 16N055k2<7)
k=0

W) woll? 16NC2B K2 K K.

< Y

= v2(1 — 2/ Ee)2 V2(1 —v)? 8 NCSﬁk(l—VKC)Z/(l—V)

= O(BiK?2) = O(VK), (95)

where the second equality is according to the step size choice. (i) is due to

M1 1
<K V<K —— .
¢ ZZ:(:) ‘vl -v)

(ii) is due to Yr, yE Tl = m The last equality uses K, = O(K'/*). By following similar

arguments, we can show that Ef:o My, = O(VK). Therefore, the third term in (94) is of order (’)(\/%)

Finally, by noticing Cg, = O(log ai) Ck, = O(log ) Ck, = O(log aik), Cr, = O(log? aik), we obtain the
desired iteration complexity of (f) or equlvalently, the sample complexity of O(e2).

+8\/70§1/KC Bkl/(l-[{—cy)>

-
<
XT‘

t

i
<

D.2 Proof of Theorem 2

Define the update of actor 7 using the noisy reward as

9 (&, Wlif-s-l) = Fi,Kr(Slw ag) + ’7¢(5/)Twliq+1 - ¢(3)Twlic+1- (96)
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Following the derivation of (72), we have

N
EL 01 = T00) = Y [ S0 T OO + G IIElgh (€, w1

i=1
oL i i L
=S8 V0 T (00) — Elgi(ér b)) — 5 NChad. (97)
Similarly to the proof of Theorem 1, the gradient bias term can be decomposed as as

IVo: T (01) = Elgh (& wig)II* < 4 Vi T (00) — E[5(Ex, 00 )0 ]I
+4|E[(5(&, ewh— 3(&k, w* (O1))) s ][I
+4 \\E[(S(&,w*wk))li 8(n whi1)) o)1
+ 4|[B[(7 (5, ax) — ;Ku ax)) g (98)

Iy

I, I, I3 can be bounded following the derivation of (84), (80), and (82), respectively. Plug these bounds
into (97), we have

=

B Gun)] = 60 2 3 (SBINa SO + FBlgi €I - SCHuEl (B) — wha )

Qe _ i L
- Z 701/2)”7’1«(% ar) = 7 i, (s an)[|* = §N03aﬁ
=1

—2NCk, 03 _ g, — 8(esp + Cheh,p ) Nay. (99)

app

SR - | T :
Define 7y k, = [r k,»*** »Tk.i,)” - The reward bias can be bounded as

> k(s an) = 7 g, (31 an) 1P = 1Q7% i, |1

= QW™ 7y o (s, an)||?

< V|0 (sk ar)|?

N
=2 (ko (5w ar) = Trlsw, an)l® + 17 (se. an) 1)
i=1
< VN (02 + rax), (100)
where o2 is the variance of the reward noise. Let K, = 1 log, ay, and define Cy5 := 02 + r2,,. Plug (100)

back to (99), we have

Mz

k g i i * i
B (O1)] = J(00) 2 D~ (SEIVo T O + GEllgh (€ wihon) I = 8CEaE|w* (0r) — i |?)

N\Z“

7

+ —(C15 + C2L)a3 — 2NCK5a%7ZK 8(esp + Cws Nay,.

app )

Consider the Lyapunov function
Vi, o= —J(0r) + l@r — w*(0x)[1*.
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The difference between two Lyapunov functions is
ol a @
k k 7 i
EVira] ~E[Vil < 3 (= 519070012 = SEEllgh (6 b))

+ Clgai — ZNCKSOéi_ZK (€Sp + 01/)5 )NOék

app

Z =27

+ Y BCE|w* (k) — wis I* + Ellrs1 — w (Brs1)I* — Ellor — o™ (61)II°
i=1

Is

I5 can be bounded by following the derivation of (90). Thus, we have
E[Vk+1] — E[Vy]

N
< Z ||V91 0)1? + 50160% —2NCk,f_z, —8(esp + Chely)Nay,

+ (1 + Coar)(Cr, BrBr—zw + Cry Brok—zy ) + My, g, (101)

w 2CGN2

where Ci6 := C15 + CZL + + L2.

Telescoping (101), we have

]E[V ] 2 &
2 < 0
7];);E||v91 ” Ko + 16( 3P+Cw6app ?;Mkl +016ak

+(1+Cgak) (CKlﬁBk ZK+CK2ﬂkak ZK)'

The term 2 Z?:o My, has been bounded in (95). Let ap = \/“% for some positive constant &, B = g\‘; Qg
will yield the desired rate.

E Natural Actor-Critic variant and its convergence

In this section, we propose a natural Actor-Critic variant of Algorithm 1, where the approach of calculating
the natural policy graident under the decentralized setting is mainly 1nsp1red by (Chen et al., 2022). We show
that the gradient norm square of such an algorithm will converge with the optimal sample complexity of
O(e73). Moreover, the algorithm will converge to the global optimum with the sample complexity of O(e~°).
In the rest of this section, we first explain the update of the algorithm, and then prove its convergence.

E.1 Decentralized natural Actor-Critic

The natural policy gradient (NPG) algorithm (Kakade, 2002) can be viewed as a preconditioned policy
gradient algorithm, which updates as follow:

Ort1 = O — . F(0x) VI (0), (102)

where F/(0) := Esva,, a~mo [Ya(s,a)bg(s,a)T] is the Fisher information matrix (FIM). The natural Actor-
Critic (NAC) uses the critic variable to estimate the gradient. The main challenge for implementing NAC lies
in the estimation of the matrix-vector product F(6},)7V.J(0y), especially under the decentralized setting. The
work (Chen et al., 2022) proposes to solve the following subproblem in order to estimate the product in a
decentralized way:

h(0y) = argmin fy, (h) := %hTF(Hk)h —VJ(0r)Th. (103)
h
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Algorithm 3: Decentralized single-timescale NAC

1: Initialize: Actor parameter 0y, critic parameter wo, reward estimator parameter Ao, initial state so, natural
policy gradient estimation hg.o.

2: for k=0,---,K—1do

3:  Option 1: i.i.d. sampling:

4 Sk N/wk(')vak N7T9k('|5k)75k+1 NP('lskvak)'

5. Option 2: Markovian sampling:

6:  ag ~ 7o, (-[sk), Sk+1 ~ P(:|sk, ax).

7.

8

9

Periodical consensus: Compute @, and A, by (4) and (7).

10: for ¢=0,---,N in parallel do

11: Reward estimator update: Update A}, by (8).
12: Critic update: Update wiﬂ by (5).

13: Actor update:

14: Collect N, transition samples based on Markovian/i.i.d sampling.
15: for k' =1,--- K, do

16: Estimate Zx’ ,, Yn € [Ng] using (104).

17: Update hk,k’+1 by (l()())

18: end for

19: Update 6}, by (107).

20:  end for

21: end for

Such a problem can be solved by using (stochastic) gradient descent, where the gradient is calculated by
F(0r)h — VJ(0r). For the centralized setting, the gradient w.r.t. each agent can be approximated as
~+ ZnNil V5, (8ns @l )1, (0, an)"h—gi(En, Wig1, Aky1). However, when considering the decentralized setting,
the term z, := vy, (8p,a,)Th = Zi\;l V5, ($n,an)Th' is not accessible for each agent. To approximate this
value under the decentralized setting, agents compute 2}, 5 := 1 (sn,an)" b’ locally and then perform the
following communication step for K, steps:

N

S = WYz, Yn€ [N, K =0, K.~ 1. (104)

j=1
As we will see, the value N Z;,k’ converges to z, linearly. Thus, the gradient of the subproblem (103) for
agent ¢ can be approximated as:

N,

o N Yo o .

Ve, (P ) = A Zwék<sn5afrz)thKZ ~ Ga(&ns Wht1, Akr1)- (105)
@ p=1

Then, each agent i performs the following update for K, steps to estimate the natural policy gradient
direction:

h?c,k’—&-l = Hch(hi:,k/ - Qvfék (hk,k/))v (106)

where ¢ is a positive constant step size. Since the norm of optimal direction is bounded by Cj :=
Amax(F(0)~1)Cy, we project the vector into a ball of norm Cj for each update. Finally, we perform
the approximate natural policy gradient step as:

9;&1 =0} — akh};,KQ~ (107)

E.2 Convergence of natural Actor-Critic

In this section, we establish the sample complexity of Algorithm 3. We first introduce an additional
assumption.
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Assumption 6. (invertible FIM) There exists a positive constant \p such that for all policy 0, Amin (F(0)) >
AF.

Assumption 6 ensures that F(6) is positive definite so that the problem ( (H) is strongly convex for all policy.
Such an assumption is also adopted by (Chen et al.; 2022; Xu et al., 2021; Liu et al.; 2020).

We now show the sample complexity of the Algroithm 3 in terms of gradient norm and the global optimality
gap. To keep the analysis concise, we will consider the i.i.d. sampling scheme where we can directly sample
transition tuples (s,a,s’) from the stationary distribution p,. Extending the analysis to the Markovian
sampling scheme essentially follows the similar technique as in AC’s analysis, which introduces an additional
O(log(e™1)) error terms caused by Markov chain mixing, and an error of order O(2- =) due to the mismatch
between i, and dr,.

Theorem 3 Suppose Assumptions 1-0 hold. Consider the update of Algorithm 3 under the i.i.d. sampling.
Let oy, = \ﬁ for some positive constant &, 8, = C/\ oy, 0 < 202 , N, = OWK), K, =0(log(K'/?)),K, =

O(log(K/%)). Then, the following hold

1 X 1
— E[|Ve: J(6)]°] < <> + O(gapp + Esp) (108)
K k=1 1=1 \/E
1 E 1
% S JO") - J(r) <0 <K1/4> + O(Eapp + Esp + Eactor)- (109)
k=0

The error €4y, and e, are defined in (12) and (4.2), respectively. The error 4040, is referred as "compatible
function approximation error", which is defined as:

Eactor 1= MAX mdin Esd,, a~mo (Yo (s, a)'d — Ag,(s,a))?].

Such an error captures the expressivity of the policy parameterization class: it measures the error of
approximating A, (s,a) using 1y(s,a) as feature. The error becomes 0 when using the softmax-tabular
parameterization; see more discussions in Section 6 of (Agarwal et al., 2019).

Based on Theorem 3, Algorithm 3 needs K = O(¢~2) iterations to achieve e-error for gradient norm square,
and thus attains the sample complexity of K N Ko = 6(6*3), which matches the best existing sample
complexity of NAC (Xu et al., 2020; Chen et al., 2022). In terms of the global optimality gap, the algorithm
requires K = O(e~%) 1terat10ns to achleve e-error, and thus has the sample complexity of KN, K, = (5(6*6).
Such a sample complexity is worse than the best existing sample complexity of (’3(5*3) (Xu et al., 2020; Chen
et al., 2022).

We now explain the gap for the sub-optimal sample complexity. Mimicking the analysis of (Chen et al., 2022)
allows to establish the following inequality:

1 K 1 K N
= J<9*>E[J(0k>]s0<ZZE||w (6] ])

k=0 =1i=1
K

( ZZEHwk —w (9k)||> +0 (K;) (110)
k=11i=1

While our analysis can obtain the iteration complexity of O( f) for [V.J(60x)||?, we can only achieve O( % )

P—‘??‘

iteration complexity for critic’s error |jwy — w*(fx)||. This is because our algorithm uses single-timescale
update, where the critic’s error inevitably converges slower than that of double-loop based algorithms which
have (9(\/—%) complexity for the critic’s error at each iteration. Therefore, the sample complexity in terms of
global optimality gap of our single-timescale NAC is dominated by this critic’s error term, resulting in the
final complexity of O(¢7%). Nevertheness, the bound (110) is not necessarily tight. We leave the research on
the tight bound of single-timescale NAC as a future work.
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E.3 Proof of Theorem 3
By Lemma 4, we have

L
E[J(Ok+1)] — J(Or) > E(VoJ (0k), Ok +1 — Ok) — 5||9k+1 — Okll?

® L
> axB(VoJ (0k), hi) = 5 NCia]

= E(VoJ (0k), F(0r) ' 9o (Eks Wit 1, Met1))

+ aE(VoJ (0k), his — F(0) ™" ga(Eks Wit 1, Akt1)) — éN(j%ai
Y R E(F(01) "2V (01), F(0) ™2 ga (€ wiers Mest)
+ (Vo J(0k), hie — F(0r) " ga (&, W1, A1) — %NC,%@%
= SO 2VoT 00 + T 1FO6) ™ Elga (G i1, Ars)]IP
- %‘|F(0k)71/2v9<](0k) — F(01) " /*E[ga (& wh1, Met1)]]?
+ arE(VoJ (0k), his — F(0k) " ga(Eks Wit 1, Akt1)) — %NC‘%ai

(44%)

2 *C *1Ve (00)]1* + - A% 1Elga(Er, wh1s M)

2
— 7)\;1 Vo J (6x) — Elga (& wis1, Aes1)] I
I
L
— 40 C} |E[hg] = F(01) ™ Elga(&r wrt1, Mer1)][| —ENC;ZLaiv (111)
Iz

where (i) is due to [0}, — 01| < Cj := ApCy. Note that we use hj to represent hj, , for simplifying the
notation. (i7) uses deCOHlpOblthIl of positive definite (PD) matrix. Speaﬁcally, let A be PD matrix, then by
eigenvalue decomposition, A = VAVT for some orthonormal matrix V. Define A=/2 := VA~Y/ 2VT, then
(x, A= y) = (A=Y2, A=1/2y) for any z and y. (iii) uses le < MF)7Y) < ARt and Young’s inequality.

I, represents the error of gradient bias, which we have bounded when analyzing the error of AC. By (84), we
have

N
Z [16(esp + C2eapp) + 16C3[|w™ (0r) — why |12 + 8CZ N (0) — Nis 7] - (112)

To bou@ I, we need to bound the error of hy . We start with the gradient bias Wheil estimating Ay x.
Define V fi o (hi i) := VE(Or) hy i — E[ga(fk,w@_l, )‘Z—H)]’ then it is easy to see that V fy x/(hg k) is the
unbiased gradient of the following problem

1 . )
§hf,k/VF(9k)hk,kf — Elga (ks why1s M) R g

Define the following notation for the ease of expression:

N,
~ . 1 <
vflz,k/(hk-,k’/) = Z’l/)OT Sn, G n)¢9k (Snaan) hk k' 7ga(§k k' wk+17)‘k+1)

n=1

Vg (i) = [V o (haer)s -V N (i)

N,

~ . N <& L ) ) .

Vfii,k/(hk,k’) = A E wejc (Sma:L)Z;L,KZ - gfz(gk,k’awi:+17)‘lbc+1)
@ p=1

V froe (hiesir) = [V g (i )y, VR (i) )-
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We now analyze the error at outer-loop iteration k. For notational simplicity, we omit the subscript £ for
the prementioned notations, e.g. we use Vf}, (hi), V frr (hir), Vi (hir), V fir (hgr) to represent the above
notations, respectively.

IV frr (hr) =V o (i) |2 < 2|V for (i) — ¥ o (i) |2 +2 |V o (i) = N o (|2 -

I3 Iy

I3 can be bounded as

Iy = | Z w ($ns @) 0o (8n, an)T — F(0)) ||

< ” Z 7/)0 snaan)'M]G(Snvan)T (9))”26%

n=1
< Eq‘},cﬁ. (113)
I, can be bounded as
N 2
Iy =Y |t (sn, al, ( ZNan — (50, an) hk/>
i=1

<*NC¢ZZH%K — Zn.k. |17

1=1 n=1
2 N,
‘” Z QW= 2, ]2
NC2 Na
N ZVK |zn0l? < NCLC2VE (114)

Let K, =

¢ < NjN}, then K, = O(log N%l) Combine (113) and (114) gives us

4CyC3

IV fi (har) = ¥ frr (i) |2 < N

We now analyze the error of hy /. Note that we omit the subscript £ here for simplifying notation. Define

h* = arg;nin fo(h) := RTF(0)h := —Egrpiy[ga (&, w0, N)] T A (115)

It is easy to see that the function on the RHS is strongly convex, since F'(6) is positive definite w.r.t. h. We
bound the optimal gap by

Ellw 1 = h7|[* = Ell by — oV fir (har) = b7
= E|hy — h*||* = 20E(hy — B,V frr (b)) + 0> [V fur (B ) ||
< Ellhw — h¥|[* = 20B(har — h*, ¥ fior (b)) + 20E(ha = B,V fro (B ) = ¥ fir (i)
+ 20|V fio (hi I + 202 |1V e (i) = ¥ e ()|
< (1= ARl — 2 = 20(fie () = F°) + 20B{hes — 1, ¥ fir(har) = ¥ i (i)
+ 20°[% fir (P )1 + 202V fir (i) = ¥ e ()|
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< (1= oAp)E[|hp — h*||> = 20(1 — 20C3) (frr (hir) = [)
+ 20B(hir — h*, ¥ fior () = V o (ha)) + 20° |V fao (B ) = ¥ e () ||
(444) _ _
< (1= oAp)E|hwr = h*[|” + 20E(hyr — h*, ¥ fio (hir) = V fro (hir))
+ 20|V frr (hir) — Y fir (i) |2

(itid) A . 20 . _
< (1- Q)Ellh — B+ (E +20°) IV far (har) =V for (B[,

where f is the optimal value of f(n) defined in (115), and the inequality follows the property of Ap-strongly
convex function: f(ha) > f(h1) + (VF(h1), ho — ha) + 2E||hy — hol|?, Vh1, ha. (i) uses the PL condition

implied by Ap-strong convexity: f(h*) — f(h) < — QAF ||V?(h)||2, Vh. (iii) is due to step size rule that
0 < g (iiii) applies Young’s inequality.
P

Use the above induction, we have

" A . A _ _
Ellhw, — b2 < (1= Z55)%e|lho — | +Z 1-£5y(2 +2g WY fica—e(hc,) = V fic, (B, )|
oA 40
<4C?(1 - TF)KG + (= oz + —)ch

a

Let K, = min{c € N*[40?(1 — &r)c = (W + 32)CHCE -}, then K, = O(log(R-)). Define Cig :=
(169 + 169)0402 we have

2C
L =E|hg, —h*|? < =2, (116)
Nq
Plug (112) and (116) back to (111), we have
O‘k —2 2, % — 1 i i i 2 2 2Cs
E[J(Ok41)] — J(Ok) > E Vi J (Or)[I" + 7>\F||F(9k) Elgs (&k wip1> NP + axC3 N,

+ 8>\F (sp + Cleapp) +8AR Collw* (1) — wipa I* + 4AF CFIN* (k) — Mg [1%]
Consider the Lyapunov function

VE = —J () + A5 (lwow — " (@)1° + A = A“(00) 1)
The difference of the Lyapunov function is

E[VF) — E[V*] = E[J (k)] — E[J (0x+1)] + Ap' (Ellwii1 — w* (1) [* = Ellwr, — w (0x)]I?
+E[err = A (Or) [ — EllAk — A (0:)])

N
g 2C
< 3 | CTBIVa IO + GEAF ) Bl ks AP + €2
i=1

[N
A5 | D 8O (0k) = iyt I? + Ell@rss — " (1) |* — Ellor — w*(9k)||21

Li=1

Is

r' N
+ At 2405,%15':”)\*(%) = X1 P F El kg1 = X (Orr1) 1> — El[ A — )\*(ak)”Q]
Li=1
Ig
+ 8N AR (gsp + Clheapp)- (117)
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By following the similar procedures through (87) to (91), we can bound I5 and Is as

I < (1+ Cioay)C3 B} + 1ZE||F 01) ™" 9a (Eks Wi1s Mg |12+ @My, + Caoa (118)

«
Is < (1+ Corag)C3ni; + IkA ' ZEHF (01) 7" 98 (s Wis 15 Mot ) 1? + @ Mi, + Cozaf, (119)

where Cig, Cog, Ca1, Cag are some positive constants. Plug (118) and (119) back to (117), we have

N
5 2C
E[VA) — BVY] < 315 OBV T (00| + 0xCF =5 + Olof + 5 + )
=1
+ (My, + Mg, )i, + O(esp + €app) ot (120)
By telescoping (120), we can get
K N 2 2
1 4C2%V, 8C;C1s B?
E|| Vg J(05)|> < —2— . . ¢ ko N
;; Vo TOWI* < 2=+ Olesy + eapp) + —— + Olan+ 2 + O
| X
+ 403? > (My, + My,)
k=0
By (95), My, + Mkz = (9(\/%) when K, < O(K'/*). Therefore, let C,a be some positive constants. Set
N, =CVK, ay = T By = ak, e = 20/\ ayg, we obtain the desired result of (108).

We now prove (109). Let Eg- denote the expectation over s ~ dg,.,a ~ mg«(-|s). By the smoothness of
log mg(als), we have

o+ [log mg, ., (als) — log g, (als)]
Lya?
> axEg-[tbg, (s,a)" hy] — %CZ

> i Bo- [, (5,a)” (hi, — h*(01))] + arEo-[te, (5, a)Th* (0) — Aq, (s,a)]
Lyaj,

+ Oék]Eg*[Agk (s,a)] — C,%
Lyaj,

C?.
2 h

> —aCyllhe — B (0k) | — arvEactor + ar(J(07) — J(0k)) —

By telescoping the above inequality and rearranging terms, we have

K
236~ (0 < KL%EQ* log mc(als) — log wo(als)] + v/Emeror

k=1

chnhrh* )] + ZLW’“

K=
The term ||y, — h*(05) || < [ — F(0) " E[ga(Ers wir1, Mol + 1E[ga (s wit1, 1] — F~IV I (0x) . Since
by the (116) and (84), these two terms are of order O( 1/2) and O(||wk — wi+t1|| + €app), respectively, we

conclude that ||hy — h*(0y)]| is of order O(||wg — w*(0r)|| + aapp) By following the step size rule as suggested
by Theorem 3, we obtain the desired result.
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