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Abstract

Graph diffusion models have recently been proposed to synthesize entire graphs, such as
molecule graphs. Although existing methods have shown great performance in generating
entire graphs for graph-level learning tasks, no graph diffusion models have been devel-
oped to generate synthetic graph structures, that is, synthetic nodes and associated edges
within a given graph, for node-level learning tasks. Inspired by the research in the com-
puter vision literature using synthetic data for enhanced performance, we propose Diffusion
on Graph (DoG), which generates synthetic graph structures to boost the performance of
GNNs. The synthetic graph structures generated by DoG are combined with the origi-
nal graph to form an augmented graph for the training of node-level learning tasks, such
as node classification and graph contrastive learning (GCL). To improve the efficiency of
the generation process, a Bi-Level Neighbor Map Decoder (BLND) is introduced in DoG.
To mitigate the adverse effect of the noise introduced by the synthetic graph structures,
a low-rank regularization method is proposed for the training of graph neural networks
(GNNs) on the augmented graphs. Extensive experiments on various graph datasets for
semi-supervised node classification and graph contrastive learning have been conducted to
demonstrate the effectiveness of DoG with low-rank regularization. The code of DoG is
available at https://anonymous.4open.science/r/DoG/.

1 Introduction

Diffusion models (Song et al., 2021¢; Song & Ermon, 2019a; Ho et al., 2020) have gained prominence as a class
of generative models capable of producing high-quality synthetic data (Gao et al., 2023; Rombach et al.,
2022; Baranchuk et al., 2022). Building upon the success of diffusion models, conditional diffusion mod-
els (Rombach et al., 2022; Ho & Salimans, 2022) utilize external information such as text descriptions, class
labels, or images in the noising and denoising phases, steering the generation process towards contextually
relevant outcomes. Building on these advancements, recent studies (Trabucco et al., 2023; Azizi et al., 2023)
employ class-conditional diffusion models to produce labeled synthetic data, which is then incorporated into
the training datasets of classification tasks as a form of data augmentation. Following the success of diffu-
sion models in the visual and textual fields, graph diffusion models (Niu et al., 2020; Jo et al., 2022; Haefeli
et al., 2022; Vignac et al., 2023; Limnios et al., 2023) have recently been studied to tailor diffusion models
to tackle the specific challenges of synthesizing graph-structured data. This adaptation has broadened the
scope of synthetic graph generation, allowing for the creation of complex, realistic graphs that preserve the
fundamental characteristics of real-world datasets. Although current models are predominantly aimed at
generating complete graphs (Niu et al., 2020; Jo et al., 2022; Haefeli et al., 2022) or small graphs (Vignac
et al., 2023; Limnios et al., 2023) resembling the graphs in the given graph datasets for graph-level learning
tasks, there remains an unexplored potential in generating synthetic graph structures for node-level classifi-
cation tasks within a single graph. The synthetic graph structure refers to both the synthetic nodes and the
edges connecting them within the same graph as illustrated in Figure 1.

In this work, we focus on node-level generation, aiming to synthesize graph structures within a given graph.
Limited training data is a common issue in graph datasets. For example, only 140 of 3327 nodes in Cite-
seer (Sen et al., 2008b) are in the training set. Inspired by the synthetic data augmentation methods from
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Figure 1: Ilustration of the aug- (a) Cora (b) Citeseer

mented graph after adding the syn-
thetic graph structures to the original
graph.

Figure 2: Node classification accuracy of GCN on Cora and Citeseer
trained with different numbers (N') of synthetic nodes added. Vy, is
the set of labeled training nodes in the original graph.

the computer vision literature (Azizi et al., 2023; He et al., 2022), we propose a new research direction of
using synthetic graph structures to increase the number of training nodes and thereby improve the node
classification performance. Figure 2 illustrates that the performance of GCN trained on augmented graphs
increases with suitably more synthetic structures added to the training set.

We propose a novel Diffusion Model on Graph (DoG), which, to the best of our knowledge, is the first graph
diffusion model to generate synthetic graph structures comprising both synthetic nodes and the synthetic
edges associated with the synthetic nodes within a single given graph. DoG comprises a novel Graph
Autoencoder (GAE) and a Latent Diffusion Model (LDM). The encoder of the GAE encodes node attributes
and edges connecting to the nodes into a continuous latent space, and the decoder of the GAE decodes
latent features to node attributes and edges connecting to the nodes. The LDM aims at synthesizing the
latent features of the synthetic graph structures. When trained with Classifier-free Guidance (CFG) (Ho &
Salimans, 2022), the LDM can generate the latent features of the synthetic graph structures where the node
belongs to a specific class. Decoding the neighbors of a node from the latent space in the entire graph can be
computationally expensive, considering that a node can potentially connect to any other nodes within the
graph as its neighbors. To overcome this issue, our DoG features a Bi-Level Neighborhood Decoder (BLND),
which reconstructs the edges connecting to a node in a hierarchical manner. The nodes in the graph are first
divided into several clusters using a balanced clustering method. Instead of finding the neighbors of a node
among all the other nodes in the entire graph, BLND first finds the clusters where the neighbors of that node
reside by decoding the latent features into an inter-cluster neighbor map through an inter-cluster decoder.
Then, BLND finds the neighbors within each identified cluster by decoding the latent features conditioned on
the cluster index into an intra-cluster neighbor map with an intra-cluster decoder. Combining the synthetic
graph structures generated by DoG with the original graph, we obtain an augmented graph, illustrated in
Figure 1, for the downstream node-level learning tasks.

Due to the inherent randomness in the forward process of diffusion models (Ho et al., 2020) and the difficulty
in accurately conditioning the LDM with class signals (Fu et al., 2024), the synthetic graph structures
inevitably contain noise. Consequently, training node classifiers directly on these augmented graphs may
result in degraded performance (Azizi et al., 2023). Let Vp denote the set of labeled training nodes in the
original graph. Let N’ denote the number of synthetic nodes generated by our DoG, which measures the
amount of synthetic graph structures added to the augmented graph. As illustrated in Figure 2, while the
performance of GCN trained on augmented graph increases with more synthetic graph structures added
when N’ < 3|Vy|, more synthetic graph structures added to the augmented graph hurts the performance of
the vanilla GCN severely when N’ > 3|V|. As a result, it remains an important and interesting problem to
effectively train GNNs on the augmented graph, which can be very noisy due to the noise in synthetic graph
structures. To this end, we propose a low-rank learning method inspired by the low frequency property
illustrated in Figure 5 in Section C of the appendix. The low frequency property suggests that the low-rank
part of features learned by a GNN cover the majority of the information of the training labels. Motivated by
this observation, we add a low-rank regularization term in the training loss of a GNN for node-level learning
tasks, such as node classification and graph contrastive learning, on the augmented graph. The low-rank
regularization term encourages that only the low-rank part of the features learned by a GNN is used for
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classification, so that the noise in the synthetic graph structures in the high-rank part of the features would
mostly not affect the performance of the GNN. We evaluate the semi-supervised node classification accuracy
of GCN trained with low-rank regularization and regular GCN with different amounts of synthetic graph
structures added to the augmented graph. As illustrated in Figure 2, the GCN trained with the low-rank
regularization constantly outperforms the vanilla GCN and exhibits more stable performance than the vanilla
GCN with different amount of synthetic nodes added to the augmented graph. Such results suggest that our
low-rank learning method significantly reduces the adverse effect of the noise in the augmented graph when
more synthetic structures are introduced.

1.1 Contributions

First, we propose a diffusion model on graph-structured data, termed Diffusion on Graph (DoG). To the best
of our knowledge, DoG is the first node-level graph diffusion model that synthesizes nodes and associated
edges in a single given graph. In contrast, previous graph diffusion models focused on generating entire
graphs by learning diffusion models from graph-level learning datasets. Our DoG model also features a novel
Bi-Level Neighborhood Decoder (BLND), which efficiently reconstructs the edges connecting to a node in a
bi-level hierarchical manner.

Second, we propose a low-rank learning method that trains GNNs or GCL models on the augmented graph
with low-rank regularization, which largely mitigates the adverse effect of the noise from the synthetic graph
structures. The low-rank learning method uses a low-rank regularization term in the usual training loss by
cross-entropy, which is inspired by the low frequency property illustrated in Figure 5 in Section C of the
appendix. Our low-rank learning method enjoys both strong theoretical guarantee in terms of the error
bound for the test loss presented in Section A of the appendix, and compelling empirical results. Extensive
experiment results in Table 1 and Table 2 of training GNNs and GCL models on augmented graphs with
low-rank regularization suggest that the low-rank learning method effectively reduces the adverse effect of
noise in the synthetic graph structures. In addition, results in Table 3 show that the low-rank regularization
method significantly outperforms existing data selection methods for learning with noisy data.

Different from existing node-level graph augmentation methods reviewed in Section 2.2, DoG is among the
first to generate synthetic graph structures which improve the prediction accuracy of GNNs for node classi-
fication by enlarging the size of the training set. The augmentation method of DoG is orthogonal to existing
node-level data augmentation methods. For example, existing node-level augmentation methods, such as
GraphMix (Verma et al., 2021), FLAG (Kong et al., 2022), and NODEDUP (Guo et al., 2024), can be directly
applied to the training of GNNs on the graphs augmented by DoG with enhanced performance. Results in
Table 4 show that DoG can significantly improve the performance of models trained with GraphMix, FLAG,
and NODEDUP. As a result, DoG is expected to generate broad impact in the graph learning literature as
a new graph augmentation method.

2 Related Works

2.1 Diffusion Models

Score-based diffusion models, which smoothly transform data to noise using a diffusion process and synthesize
samples by learning and simulating the time reversal of this diffusion (Song et al., 2021c), have demonstrated
superior performance across a wide range of generation tasks (Ho et al., 2020; Song & Ermon, 2019a; Gao
et al., 2023; Rombach et al., 2022; Baranchuk et al., 2022). As DDPM suffers from large computational
overhead in the sampling process, many recent works (Song et al., 2021d;b; Song & Ermon, 2020) focus on
accelerating DDPM. For instance, LDM (Rombach et al., 2022) significantly improves the computational
efficiency and the quality of generated images by training DDPM on the latent features of the training data
encoded by pre-trained autoencoders. Recently, graph diffusion models have also been widely studied to
generate synthetic graphs (Niu et al., 2020; Jo et al., 2022; Haefeli et al., 2022; Jo et al., 2022; Zhou et al.,
2024). Early works (Jo et al., 2022; Haefeli et al., 2022; Vignac et al., 2023) on graph diffusion seek to design
discrete diffusion models tailored to the discrete nature of the adjacency matrix of graph data. Inspired by
LDM (Rombach et al., 2022), SaGess (Limnios et al., 2023) embeds the graph structures and features of
entire graphs into latent features and trains a DDPM on the latent feature space. Albeit the above efforts
have been made to adopt diffusion models to generate synthetic graphs, all existing graph diffusion models



Under review as submission to TMLR

are designed for graph-level synthetic data generation, which cannot be generalized to node-level generation
within a single graph. In contrast, our work aims to generate synthetic graph structures, that are, synthetic
nodes and the associated edges at the same time for node-level learning tasks.

2.2 Generative Data Augmentation and Data Selection

Node-level Graph Data Augmentation. Node-level graph data augmentation methods enhance the
training of GNNs on graphs by modifying the structure, features, or labels of nodes in the graph (Zhao
et al., 2023). Structure augmentation methods (Gasteiger et al., 2019; Zhao et al., 2021; Rong et al., 2020;
Feng et al., 2022) modify the connectivity of nodes in the graph by either adding or removing edges. Feature
augmentation methods (You et al., 2020; Kong et al., 2022) randomly alter the node features during the
training process. For instance, FLAG (Kong et al., 2022) iteratively augments node features with gradient-
based adversarial perturbations during training to improve the performance of GNNs at the test time.
Label augmentation methods adjust the labels of nodes in the training set. For example, Mixup-based
methods (Han et al., 2022; Wang et al., 2021; Verma et al., 2021) such as GraphMix (Verma et al., 2021)
create interpolations of existing labeled nodes for the training of GNNs. NODEDUP (Guo et al., 2024) is
the first work that enlarges the training set of the graph by duplicating nodes in it.

Generative Data Augmentation. Synthesizing informative training data as data augmentation for im-
proving the performance of deep neural networks remains a vital yet challenging research area. Existing
works predominantly focus on synthesizing training data through pre-trained deep generative models, such
as Generative Adversarial Networks (GANs) (Zhang et al., 2021; Li et al., 2022) and diffusion models (He
et al., 2022; Tian et al., 2023; Yuan et al., 2022; Bansal & Grover, 2023; Vendrow et al., 2023). For instance,
recent works(Sariyildiz et al., 2023; Lei et al., 2023; Azizi et al., 2023) leverage conditional latent diffusion
models, such as Stable Diffusion(Saharia et al., 2022) to create class-conditioned samples for training image
classification models.

Training on Noisy Synthetic Data. Despite the promising results of introducing synthetic data into
the training of classification models, it is well-known that synthetic data generated by diffusion contain
noise (Azizi et al., 2023; Trabucco et al., 2023; Na et al., 2024), which attributed to the randomness of the
forward process (Ho et al., 2020) and the difficulty in accurately conditioning the LDM with class signals (Fu
et al., 2024). To mitigate this issue, recent works (Sariyildiz et al., 2023; Lei et al., 2023; Zhou et al., 2023)
data selection methods, TopoFilter (Wu et al., 2020) and NGC (Wu et al., 2021) employ prompt engineering
to generate synthetic data with improved quality for training downstream tasks(Sariyildiz et al., 2023; Lei
et al., 2023; Zhou et al., 2023). However, these methods are sensitive to the design of prompts and are
limited to multi-modal generative models. Beyond directly improving the quality of generated synthetic
data, methods such as data selection (Han et al., 2018; Yu et al., 2019; Song et al., 2021a; Nguyen et al.,
2020; Song et al., 2023), which selects a high-quality subset from the noisy training data to improve the
performance of deep learning models, can also be used to select high-quality synthetic data for the training
of downstream tasks. To this end, we also survey data selection methods for learning with noisy data. To
demonstrate the superiority of our method in learning with noisy synthetic graph structures, we adapt data
selection methods, TopoFilter (Wu et al., 2020) and NGC (Wu et al., 2021) to the settings of graph learning
and establish baselines that use them to select a high-quality subset of the synthetic nodes. We then train
GNNs on the original graph combined with the synthetic graph structures selected by these data selection
methods.

2.3 Low-Rank Learning

Low-rank learning methods (Candés et al., 2011) have emerged as pivotal tools to mitigate noise, and enhance
representation learning. For instance, (Yang & Cohen, 2015) introduced the technique of singular value
pruning, which applies low-rank constraints within neural network layers to improve both performance and
computational efficiency. Following that, (Hu et al., 2013) adopts Truncated Nuclear Norm Regularization
(TNNR) to perform selective minimization of singular values to precisely recover the low-rank matrices under
noisy conditions. The integration of TNNR in tensor completion tasks has also seen notable improvements,
particularly through the application of tensor singular value decomposition (t-SVD) (Liu et al., 2017; Zhang
et al., 2020). Following that, a recent study (Indyk et al., 2019) further improved the low-rank approximation
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Figure 3: The overall framework of synthetic node generation process. The structure of the Bi-level Neighbor
Map Decoder (BLND) is illustrated in Figure 4.

methods for better practical efficacy. In the graph domain, low-rank learning methods have also been widely
studied to improve the robustness of GNNs against noise and adversarial attacks (Savas & Dhillon, 2011;
Entezari et al., 2020; Jin et al., 2020; Alchihabi et al., 2023; Xu et al., 2021).

3 Preliminaries

We first establish the notations for the attributed graph in Section 3.1. Furthermore, a comprehensive
overview of Diffusion Models (DMs), Latent Diffusion Models (LDMs), and Classifier-free Guidance (CFG)
is provided in Section B of the appendix.

3.1 Attributed Graph and Notations

An attributed graph with N nodes is denoted by G = (V,&,X). Here, V = {v1,vs,...,vun} represents the
nodes, and £ C V x V represents the edges. Node attributes are given by X € R¥*P  where each row
X; € RP corresponds to the attributes of node v;. The adjacency matrix A € {0, 1}V*¥ of graph G defines
connections such that A;; = 1 if (v;,v;) € €. Each row A; represents the connections of node v;. An
augmented adjacency matrix, A = A +1I, includes self-loops. The diagonal degree matrix of this augmented
matrix is D. The neighborhood N (i) = {j | A;; = 1} includes node v; itself and all nodes connected to
v;. The notation [N] denotes all natural numbers from 1 to N inclusive. [A]. stands for the i-th row of a

K2
matrix A. |||, denotes the p-norm of a vector or a matrix.

4 Methods

4.1 Diffusion on Graphs (DoG)

Graph Autoencoder (GAE). To encode a node v; into a latent feature with the encoder of the Graph
Autoencoder (GAE), we first generate a latent feature of the node attribute X; as f(X;), where f(-) is
a Multi-Layer Perceptron (MLP) layer, which consists of a linear layer followed by an activation function
ReLU. To incorporate the information from the edges connected to v;, we add positional embeddings to the
node attributes of v;’s neighbors. Positional embedding methods (Ma et al., 2021; You et al., 2019) have
been used in GNNs to encode the relative positions of nodes in the graph. In our work, the positional indexes
are used to encode the positions of neighboring nodes of nodes in the graph into the latent space. For each
neighbor j € NV (i), we modify the node attributes as X’ = X; 4+ pos(j), where pos(-) is a function converting
the position index into an embedding vector (Vaswani et al., 2017). We apply two Graph Attention Network
(GAT) (Velickovi¢ et al., 2018) layers to aggregate the information in {X; | 7 € N(i)} into a single latent

feature Z;. Next, we concatenate Z; with f(X;) to obtain the latent feature of node v; by Z; = f'(Z;| (X)),
where f’ is another MLP layer encoding the concatenated features to the latent space of LDM with lower
dimension D’. After encoding a node v; in the graph to latent feature Z;, the decoder of the GAE reconstructs
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the node attribute XZ and its associated edges KZ The node attributes XZ are reconstructed by three
consecutive MLP layers. The edges connected to the node are reconstructed by the Bi-Level Neighborhood
Decoder (BLND) introduced below. The overall framework of DoG is illustrated in Figure 3.

Bi-Level Neighborhood Decoder (BLND). Decoding the node attribute from the latent space can
be achieved following existing designs of autoencoders (Zhai et al., 2018). However, decoding the edges
connected to a node from the latent space in the entire graph can be computationally expensive, considering
that a node can potentially connect to any other nodes within the graph as its neighbors. To address this
challenge, we propose a Bi-Level Neighborhood Decoder (BLND), which decodes each latent feature into
an inter-cluster neighbor map and an intra-cluster neighbor map defined below. Preparing Inter-Cluster
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Figure 4: The structure of the Bi-Level Neighborhood Decoder (BLND), which generates an inter-cluster
neighbor map and an intra-cluster neighbor map for each node.

Neighbor Map and Intra-Cluster Neighbor Map. We first divide the nodes in the graph into several
clusters of similar size by applying balanced K-means clustering (Malinen & Frénti, 2014) on the node
attributes. The number of clusters, denoted by K, is decided by cross-validation on each dataset. We set the
maximal capacity of each cluster to M = [%1 After clustering the nodes into K clusters, we assign an index
to each node within its respective cluster by ordering them according to their indices in the entire graph.
For each node v;, the BLND first reconstructs an inter-cluster neighbor map which is denoted by a matrix
C e {0, 1}NXK, where C;;, = 1 if and only if there exists at least some node v; in cluster k which is connected
to node v;. Our BLND then reconstructs the intra-cluster neighbor map between each node and each cluster,
and the intra-cluster neighbor map is denoted by a three-dimensional tensor M € {0, 1}NXKXM. Mikm =1
if and only if the node v; is connected to the m-th node in cluster k. The detailed reconstruction processes
for C and M are described in the following paragraph.

Training the GAE with Bi-Level Neighborhood Decoder. As illustrated in Figure 4, BLND recon-
structs the inter-cluster neighbor map and intra-cluster neighbor map with two branches of MLP decoding
layers. For each node v;, BLND first reconstructs its inter-cluster neighbor map C; with one MLP layer.
After that, the predicted cluster indices C(7) = {k € [K]|Cix = 1} are separately fed to an embedding layer

to generate a set of class-conditional features Z(i) = { g(k) e RP' |k e C (z)} using the class-conditional em-

bedding method in Classifier-free Guidance (Ho & Salimans, 2022), where g contains one text embedding
layer followed by an MLP layer. Next, each of the class-conditional features g(k) € Z (i) is concatenated with
the latent feature of the other branch for decoding the intra-cluster neighbor map by M;x = ¢'(Z;||g(k)),
where ¢’ is another MLP layer. The class-conditional embedding enables the parameter-sharing of the de-
coder layers for reconstructing intra-cluster neighbor maps of different clusters and thus largely reduces the
computation cost for reconstructing the edges connected to a node in a large graph.

In our work, we train the GAE with BLND by minimizing the node reconstruction loss and the bi-level edge
reconstruction loss

~ 112 ~112 12
b= [x-X[0 o+ (Je-ef;+|m-m])) g
—_———

Node Reconstruction Loss  Bj [ evel Edge Reconstruction Loss

where ||-||, denotes the Euclidean norm. The node reconstruction loss aims to reconstruct the node attribute.
The bi-level edge reconstruction loss aims to reconstruct the inter-cluster neighbor map and the intra-cluster
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neighbor map. With the reconstructed inter-cluster neighbor map and the intra-cluster neighbor map, we
can easily obtain the edges connected to the nodes in the graph.

4.2 Conditional Generation of Synthetic Graph Structures in Latent Space

After finishing the training of GAE, the node attributes and the edges connected to the nodes in the graph
can be encoded into a continuous low-dimensional latent space. To generate synthetic graph structures, which
are synthetic nodes and associated edges, we train a conditional Latent Diffusion Model (LDM) (Rombach
et al., 2022) with Classifier-Free Guidance (CFG) (Ho & Salimans, 2022) on the latent features. The labels
of synthetic nodes and Gaussian noises are fed to the LDM model to sample latent features of synthetic
graph structures by Equation (17) in Section B of the appendix. With the conditional LDM trained on the
latent space, we can generate latent features of the synthetic graph structures. Next, we reconstruct the
generated latent features into the node attributes and the edges associated with the nodes. Let Vp C V
denote the set of labeled nodes in the original graph G, and Vi, denotes the set of generated synthetic nodes
by DoG. Let the node attributes of Viyn generated by DoG be Xyn. Let C' be the number of classes, and
Ny be the number of synthetic nodes for each class. N’ = CNy = |[Vsyn| is the number of the synthetic
nodes. Let Yy, = {g’/}}f\il denote the set of the labels of the synthetic nodes. Let 7 = {ZZ}N . denote the
i=
latent features of the synthetic graph structures. Let Ay, € RY "*N denote the edges of the synthetic nodes
generated by our DoG. Then the augmented synthetic graph structure is (Vsyn, Xsyn, Asyn). The adjacency
matrix of the augmented graph is A,ue = [A Agyn; Agyn A] € RVAN)X(N+N) “and the node attributes of
the augmented graph is X,u, = [X; Xgyn] € RN+N)XD - The augmented graph, which is the combination
of the original graph G and the synthetic graph structure, is then denoted by Gaug = (VU Vsyn, Xaug, Aaug)-
The set of labeled nodes in Gaug is Vi, U Vsyn their labels are Y7, U Yy, Algorithm 1 and Algorithm 2 in
Section D of the appendix describe the training algorithm of the DoG and the generation process of the
augmented graph Gayg in details.

4.3 Low-Rank Regularization

After obtaining the augmented graph Gaug = (V U Vsyn, Xaug; Aaug) With N = N + N’ nodes, we can train
Graph Neural Networks (GNNs) for node classification on it. However, due to the randomness of the forward
process in diffusion models (Ho et al., 2020) and the difficulty in accurately conditioning the LDM with class
signals (Fu et al., 2024), the synthetic graph structures in the augmented graph inevitably contain noise,
which can degrade the performance of GNNs trained on it. To address this issue, we propose a low-rank
learning method with a low-rank regularization in the training of the GNNs on the augmented graph to
enforce the learned feature kernel to be low-rank, whose motivation is discussed below.

Motivation of Learning Low-Rank Features. Let Y = [y1;y2;...;¥5] € {0,1}NXC be the ground
truth label matrix of all the nodes in the augmented graph, where C' is the number of classes. Let K be
the gram matrix of the node representations H € RV*? which is calculated by K = H'TH € RV*N, H
can be the input to the last linear layer of the GNN trained for node classification or the output of the
graph encoder in graph contrastive learning (GCL). By the low frequency property on the augmented graph
illustrated in Figure 5 of Section C of the appendix, the projection of Y on the top r eigenvectors of K with
a small rank 7, such as r = 0.2V, covers the majority of the information in Y. This observation motivates
using the low-rank part of the features H, or equivalently the low-rank part of the gram matrix K, for node
classification. This is because the low-rank part of the features H covers the dominant information in the
ground truth label matrix Y. Through mostly using only the low-rank part of H for node classification, the
negative affect of the noise introduced by the synthetic graph structures in the high-rank part of the features
H on a trained GNN is reduced.

~\ N ~ ~ —~ ~
Learning with Low-Rank Regularization. Let {)\Z} with Ay > Agy... > )\min{N a} > Amin{]v d}+1 =
i=1 ; ,

..., = 0 be the eigenvalues of K. In order to encourage the features H or the gram matrix K to be low-rank,

we explicitly add the truncated nuclear norm ||H]| = ZTILTU \i to the training loss function of semi-

ro+1 <1
supervised node classification. The starting rank rq < min(N,d) is the rank of the features H we aim to

keep in the node representation, that is, if [|H||, = 0, then rank(H) = ro. To enforce the features H or the
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gram matrix K to be low-rank in the training of the GNNs, we regularize the training by adding a low-rank
regularization term, which is the truncated nuclear norm [|HJ|, , to the usual cross-entropy loss:

min L(W) = — Z KL (y;, [softmax (HHW)],) + ||HJ|,, (2)

v, €V

Here KL is the KL divergence between the label y; and the softmax of the classifier output at node wv;.
7 > 0 is the weighting parameter for the truncated nuclear norm ||HJ|, . We use a regular gradient descent
to optimize (2) with a learning rate n € (0, %) The low-rank regularization can also be adapted to graph

contrastive learning (GCL) methods by addlng the truncated nuclear norm [[HJ|, ~to the training loss of
the GCL methods. GCL methods usually optimize a contrastive loss, such as the InfoNCE loss (Hassani &
Ahmadi, 2020), to train a graph encoder that generates discriminative node representations H. By jointly
optimizing the truncated nuclear norm [[HJ|, ~with the contrastive loss of GCL methods, the learned node
representations H can also be enforced to be low-rank. The rank rq is tuned by the standard cross-validation
described in Section 5.1. DoG enhances the training of GNNs with a selected number of synthetic nodes,
which is also decided by cross-validation as described in Section 5.1.

Theoretical Justification for Low-Rank Regularization on the Augmented Graph. The classifier
in the optimization problem (2) is in fact a linear classifier with output HW, and the predicted class scores
are the softmax of such output. In Section A.1 of the appendix, we present the upper bound for the test
loss of the linear classifier HW trained on the augmented graph under the standard setting for transductive
learning (Vapnik, 1982; El-Yaniv & Pechyony, 2009; Tolstikhin et al., 2014). The test loss is the Euclidean
distance between the output of the linear classifier, HW, on the test nodes and the ground truth class label
on the test nodes.

The upper bound for the test loss of the linear classifier is formally described in (4) of Section A.1 of the
appendix. Such upper bound (4) theoretically justifies the usage of the low-rank regularization term ||H]||,.

in the regularized training loss (2) for the linear classifier on the augmented graph, because a smaller ||H]|,
renders a lower upper bound for the test loss, benefiting the prediction accuracy for node classification using
such linear classifier.

4.4 Complexity Analysis

In our work, we proposed a novel decoder, BLND, to reconstruct the edges connected to a node in the
graph. To show its efficiency, we analyze the inference time complexity and the parameter size of the GAE
with BLND. For comparison, we also analyze the inference time complexity and the parameter size of GAE,
where BLND is replaced by a regular edge decoder that directly reconstructs the adjacency matrix A. For
ease of comparison, we denote the number of parameters and inference cost of all the MLP and GAT layers
except BLND as Sypp and Cypp respectively. For a node v; in the graph, let d; = Zk 1 Cix be the number
of clusters predicted to be connected to v;. Let D’ be the dimension of the input feature for BLND. The
inference time complexity of GAE with BLND is O(K D’ +d; D' M + Cypp), where O(K D) is the additional
complexity for computing the inter-cluster neighbor map and encoding the cluster indices. O(d; D' M) is the
computation cost for computing the intra-cluster neighbor map. In contrast, the inference time complexity
of GAE with a regular edge decoder is O(D' KM + CyLp). We note that d; is upper bounded by the degree
of the node v;. In most graph datasets, the average degree of nodes is usually very small. For instance, on
Pubmed, where the average node degree is 2.25, we have d; < 2.25. As a result, D'(K + d;M) < D'KM.
For example, setting K = 100 and M = 198 on Pubmed, we find that the inference time complexity of
GAE with BLND is O(545.5D’ + Cyrp), which is much more efficient than the regular edge decoder whose
inference time complexity is O(19800D" + Cyp). In general, the inference time complexity of GAE with
BLND is much lower than that of GAE with a regular edge decoder.

In addition, the parameter size of GAE with BLND is D> + D'K + D'M + Syip, where D’? is the number
of parameters in the layer for encoding cluster indices. D’K is the number of parameters in the layer for
predicting the inter-cluster neighbor map. D’M is the number of parameters in the layer for reconstructing
the intra-cluster neighbor map. It is noted that the reconstruction of the intra-cluster neighbor map of
different clusters shares the same MLP decoder, as illustrated in Figure 4. In contrast, the parameter size



Under review as submission to TMLR

of GAE with a regular edge decoder is D' K M + SyiLp. Because K + M < KM, the parameter size of GAE
with BLND is much smaller than that of GAE with a regular edge decoder. For example, KM = N = 19717
on Pubmed with M = 198 and K = 100.

To thoroughly study the complexity of GAE with BLND, we also analyze its training time complexity.
Let tipain be the number of training epochs. The training time complexity of GAE with BLND should be
O((KD'+ KMD' + Cyrp)Ntirain)- The time of training and data generation for both DoG and the variant
of DoG, which replaces BLND with an MLP decoder reconstructing the entire neighbor map, is shown in
Table 9 in Section F.3 of the appendix. DOG trains the GAE with BLND to encode node features and edges
into low-dimensional latent features, which improves the efficiency of the diffusion process by reducing the
dimension of input features. We remark that existing works on accelerating LDMs (Castells et al., 2024;
Yang et al., 2023) can also be adapted to accelerate the diffusion process of DoG.

5 Experiments

In this section, we perform empirical evaluations of DoG on public graph benchmarks. In Section 5.1, we
discuss the experimental setup and implementation details. In Section 5.2, we present the evaluation results of
DoG for semi-supervised node classification and graph contrastive learning. Comprehensive ablation studies
on DoG are performed in Section 5.3. Although the experiments are mostly conducted on homophilic graph
datasets in this section, we also demonstrate the effectiveness of DoG on heterophilic graph datasets in
Table 7 in Section F.1 of the appendix. More additional experiment results are deferred to Section F of
the appendix. In Section F.2 of the appendix, we evaluate the quality of the generated synthetic graph
structures. In Section F.3, we evaluate the training time and synthetic data generation time of DoG. In
Section F.4, we list the cross-validation results of the hyper-parameters on different graph datasets.

5.1 Experimental Settings

Implementation Details. We evaluate our method on five public benchmarks that are widely used for
node classification, namely Cora, Citeseer, Pubmed (Sen et al., 2008a), Coauthor CS, and ogbn-arxiv (Hu
et al., 2020). Details on the statistics of the dataset are deferred to Table 6 in Section E.1 of the appendix.
To generate synthetic nodes, we first train the GAE on the input graph.

The training of the GAE in DoG is divided into two phases. In the first phase, we only optimize the node
reconstruction loss in Lgag for 1000 epochs. In the second phase, we optimize both the node reconstruction
loss and the bi-level edge reconstruction loss in Lgag for another 1000 epochs. We use Adam optimizer with
a learning rate of 0.001 for the training of the GAE. The weight decay is set to 1 x 107°. We keep track of
the exponential moving average (EMA) of the model during the training with a decay factor of 0.995. We
set the number of clusters, K, in BLND to 100 in our experiments.

We use the AdamW optimizer to optimize the LDM with a learning rate of 0.0002 and a weight decay factor
of 0.0001. The same embedding layer as in Classifier-Free Guidance (CFG) Ho & Salimans (2022) is used
to encode the class information, which is described in Section B of the appendix. The guidance strength of
CFG is set to 0.5 in our experiments. A three-layer Multilayer Perceptron (MLP) is used as the denoising
model in the LDM, whose hidden dimension is set to 512. We train LDM for 3000 epochs and keep track of
the exponential moving average (EMA) of the model during the training with a decay factor of 0.995. We
perform all the experiments in our paper on one NVIDIA Tesla A100 GPU. In Table 9 in Section F.3 of the
appendix, we present the training time and data generation time of DoG.

Tuning 79,7, and N’ by Cross-Validation. We tune the rank 7, the weight for the truncated nuclear
loss 7, and the number of synthetic nodes N’ by standard cross-validation on each dataset with different
models. Let rog = [ymin{N,d}| where v is the rank ratio. Let N’ = §|V.|, where 8 characterizes the
amount of synthetic nodes. We select the values of v, 7, and g by performing 5-fold cross-validation on
20% of the training data in each dataset. In addition, the models are trained for only 40% of the total
epoch numbers in the cross-validation process. These strategies ensure the efficiency of the cross-validation
process. The value of v is selected from {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. The value of 7 is selected from
{0.05,0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5}. The value of § is selected from {1,2,3,4,5,6,7,8,9,10}. The
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selected values of ro,7, and N’ on each dataset for different models are shown in Table 10 in Section F.4 of
the appendix. As shown in Table 11 in Section F.4 of the appendix, the time for the cross-validation process
on different datasets is acceptable and does not largely increase the computation cost of the training process.

Compared Methods. In our experiments, we first compare our method with eight semi-supervised node
classification methods, namely GCN (Kipf & Welling, 2017), GAT (Velic¢kovi¢ et al., 2018), APPNP (Klicpera
et al., 2019), S?GC (Zhu & Koniusz, 2020), SGFormer (Wu et al., 2023), and EXPHORMER (Shirzad
et al., 2023). In addition to semi-supervised node classification methods, we also apply DoG to graph
contrastive learning (GCL) methods and compare them with eight state-of-the-art GCL methods, including
DGI (Velickovi¢ et al., 2019), GMI (Peng et al., 2020), GCA (Zhu et al., 2021), MVGRL (Hassani &
Ahmadi, 2020), GraphMAE (Hou et al., 2022), BGRL (Thakoor et al., 2022), SGCL (Sun et al., 2024), and
GGD (Zheng et al., 2022).

5.2 Experimental Results

Semi-supervised Node Classification. To validate the effectiveness of Degree of Graph (DoG) in enhanc-
ing the performance of Graph Neural Networks (GNNs) for semi-supervised node classification, we applied
DoG to augment the graph data in the training process of three distinct GNN architectures, including the
vanilla GCN (Kipf & Welling, 2017) and EXPHORMER (Shirzad et al., 2023). We train each model on
the augmented graphs following their corresponding original implementation details. We use the standard
split following the baseline methods Kipf & Welling (2017); Shirzad et al. (2023) for all the nodes from the
original graph. The synthesized nodes are added to the training set. We run all experiments 10 times and
report the mean and standard deviation of the accuracy. Results in Table 1 show that models incorporating
DoG significantly outperform their corresponding baseline models, achieving state-of-the-art performance
across all datasets. In addition, the results in Table 1 show that the data augmentation with synthetic graph
structures alone, which are denoted as DoG w/o low-rank, also brings significant performance improvements
over the base models. For example, DoG w/o low-rank improves the performance of EXPHORMER by 1.4%
on Citeseer. Combined with low-rank regularization, the improvement is further enhanced to 1.9%.

Table 1: Semi-supervised node classification performance on benchmark datasets. The best results on each
dataset are highlighted in bold. The number of synthetic nodes added into different datasets is deferred to
Table F.4 in Section F.4 of the appendix.

Methods ‘ Cora Citeseer Pubmed Coauthor CS ogbn-arxiv
GCN (Kipf & Welling, 2017) 81.7+0.4 70.5+£0.3 79.4+0.4 92.9+0.1 71.7+£0.3
GAT (Velickovié et al., 2018) 83.0+0.7 72.5+0.7 79.0+0.3 93.6 £0.7 73.2+£0.2
APPNP (Klicpera et al., 2019) 83.3+0.5 71.8+£0.5 80.1+0.2 94.0+0.3 70.3+0.3
S2GC (Zhu & Koniusz, 2020) 83.5+£0.2 73.6 £0.5 80.2+0.5 93.8+0.1 71.2+0.3
SGFormer (Wu et al., 2023) 84.5+0.8 72.6 £0.4 80.3 £0.6 93.7+£0.4 72.6 £0.1
EXPHORMER (Shirzad et al., 2023) 84.1+0.8 72.9+0.4 83.2+0.6 95.7+0.2 72.44+0.3
DoG w/o low-rank (GCN) 83.0+03 (11.3) 724+03(119) 81.6+02(122) 94.0+03(11.1) 727+0.4 (11.0)
DoG (GCN) 840403 (12.3) 73.6+04 (13.1) 828+03(134) 945402 (11.6) 731403 (11.4)
DoG w/o low-rank (EXPHORMER) | 85.1+0.5 (1 1.0) 743403 (11.4) 843+03 (11.1) 96.7+04 (11.0) 734405 (1 1.0)
DoG (EXPHORMER) 85.7+£0.4 (11.6) 74.8+£0.2(119) 84.6+0.4 (}11.4) 96.9+0.3 (11.2) 73.4+0.3 (11.0)

Graph Contrastive Learning. To demonstrate the power of DoG in augmenting the graph data for
node-level learning tasks, we also perform experiments for using DoG to perform data augmentation in the
training of graph contrastive learning (GCL) methods. We adhere to the experimental settings described in
previous works (Hassani & Ahmadi, 2020; Thakoor et al., 2022; Sun et al., 2024) on GCL. After finishing
the GCL pre-training, the encoders of the GCL methods are used to extract the node representations of all
the nodes. Next, we evaluate the quality of the node representations by training a logistic regression model
on the training data of each dataset for node classification. We run all experiments 10 times and report
the mean and standard deviation of the accuracy. Results in Table 2 demonstrate that DoG significantly
improves the performance of GCL methods. For instance, DoG (MVGRL) improves the performance of
MVGRL by 2.4% on Pubmed. In addition, DoG (MVGRL) improves the performance of MVGRL by an
average of 1.64% across the five benchmarks.
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Table 2: Node classification performance with features learned from graph contrastive learning on benchmark
datasets. The best results on each dataset are highlighted in bold.

Methods ‘ Cora Citeseer Pubmed Coauthor CS ogbn-arxiv
DGI (Velickovié¢ et al., 2019) 81.7+ 0.6 71.5+£0.7 77.3+£0.6 92.2+0.6 65.1+£0.4
GMI (Peng et al., 2020) 82.7+0.2 73.0£0.3 80.1+£0.2 91.0+£0.0 69.6 £ 0.3
GCA (Zhu et al., 2021) 82.7+0.2 73.0£0.3 80.1+£0.2 91.0+0.0 69.6 £ 0.3
MVGRL (Hassani & Ahmadi, 2020) 82.9+0.7 72.6 £0.7 79.4+0.3 92.1+£0.1 68.1+0.1
BGRL (Thakoor et al., 2022) 80.5+0.5 71.0£0.5 79.5 £0.5 93.3+0.1 71.6 £0.2
SGCL (Sun et al., 2024) 82.5£0.3 71.9+£0.5 81.2+£0.5 93.3£0.2 71.0£0.1
GraphMAE (Hou et al., 2022) 83.4+0.5 73.0+£0.5 81.9+£0.5 93.0£0.1 71.8+£0.2
GGD (Zheng et al., 2022) 83.9+0.6 73.0£0.6 81.3+£0.8 92.7+04 71.6 £0.5
DoG (MVGRL) 84.1+04 (11.2) 74.0+0.5(114) 81.8+0.3(124) 935+0.1(114) 69.9+0.1(11.8)
DoG (GraphMAE) 84.7+05 (11.3) 743+09 (11.3) 83.2+0.5(11.3) 94.2+0.1 (11.2) 72.8+0.2(11.0)
DoG (GGD) 85.2+0.5 (11.3) 74.4+0.5(114) 828+0.6(11.5) 939+03(11.2) 173.0+0.3(114)

5.3 Ablation Study

Ablation Study on the Low-Rank Regularization. In this section, we study the effectiveness of low-
rank regularization in DoG for node classification. Since low-rank regularization is applied to mitigate the
noise in the synthetic graph structures generated by the diffusion models, we compare low-rank regularization
with two other data selection methods, namely TopoFilter (Wu et al., 2020) and NGC (Wu et al., 2021), that
are proposed for learning with noisy data. Although the data selection methods are not specifically designed
for learning with graph data, they can be easily adapted to perform data selection on the synthetic nodes
added to the training set in the training process. GCN is used as the base model for this ablation study. It
is observed from the results in Table 3 that low-rank regularization significantly improves the performance
of node classification on the augmented graphs generated by DoG. DoG outperforms its counterpart with-
out low-rank regularization by an average of 1.44% in classification accuracy on the five graph datasets.
Furthermore, DoG outperforms the best results of the two data selection methods by an average of 1.02%
in classification accuracy on the five graph datasets, highlighting its advantages in mitigating the adverse
effects of noise in synthetic graph structures over existing methods.

Table 3: Ablation Study on the Low-Rank Regularization in DoG and Comparison with Data Selection
Methods. The best results on each dataset are highlighted in bold.

Methods ‘ Synthetic Graph Structures ‘ Cora Citeseer Pubmed Coauthor CS ogbn-arxiv

GOCN (Kipf & Welling, 2017) No 81.7+04 70.5£0.3 79.4+0.4 92.9+0.1 T1.7£0.3

GON with low-rank No 82.6+0.5 (10.9) 728+07(123) 8L0£05(11.6) 93.6+0.4(10.7) 724404 (10.7)
DoG w/o low-rank (GCN) Yes 83.0+03 (11.3) 724103 (11.9) B8L6E02(122) 940+03 (T L1) 72.7+04 (1 1.0)
DoG w/o low-rank (GCN) + TopoFilter (Wu et al., 2020) Yes 83.0+0.3 (11.3) 723£0.6(11.8) 81.3£03 (119 93.6+02(10.7) 72.14+0.3(10.4)
DoG w/o low-rank (GCN) + NGC (Wu et al., 2021) Yes 829402 (11.2) 721404 (11.6) 812+03(11.8) 935402 (10.6) 72.14+0.6(10.4)
DoG (GCN) Yes 84.0£0.3 (123) 73.6+0.4 (13.1) 82.8+0.3(134) 94.5+0.2 (11.6) 73.1+0.3 (11.4)

In addition to studying the performance of low-rank regularization in mitigating noise in synthetic graph
structures. We also perform an ablation study by applying low-rank regularization to vanilla GCN trained
on the original graph. The results in Table 3 show that applying low-rank regularization vanilla GCN can
boost the performance by an average of 1.44% in classification accuracy on the five graph datasets. This
improvement can be further boosted to 2.24% after combining augmentation with synthetic graph structures
and low-rank regularization, demonstrating the effectiveness of augmentation with synthetic graph structures
in DoG.

Comparison with Existing Node-Level Data Augmentation Methods. DoG is among the first to
generate synthetic graph structures that improve the prediction accuracy of GNNs for node classification by
enlarging the size of the training set. The augmentation method of DoG is orthogonal to existing node-level
data augmentation methods. For example, GraphMix (Verma et al., 2021), FLAG (Kong et al., 2022), and
NODEDUP (Guo et al., 2024) can be directly applied to the training of GNNs on the graphs augmented
by DoG. GraphMix (Verma et al., 2021) creates interpolations of existing labeled nodes for the training of
GNNs s following the idea of Mixup (Zhang et al., 2018). FLAG (Kong et al., 2022) iteratively augments node
features with gradient-based adversarial perturbations during training to improve the performance of GNNs
at the test time. NODEDUP (Guo et al., 2024) duplicates low-degree nodes in the training set and then
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connects the duplicated nodes to their original versions to enlarge the training sets. The results in Table 4
show that DoG performs better than GraphMix, FLAG, and NODEDUP when applied to EXPHORMER.
In addition, combining DoG with GraphMix, FLAG, or NODEDUP further improves the performance of
DoG on all the datasets.

Table 4: Results of DoG combined with GraphMix (Verma et al., 2021), FLAG (Kong et al., 2022), and
NODEDUP (Guo et al., 2024). The values in the parentheses are the improvements over the baseline model

EXPHORMER (Shirzad et al., 2023).

Methods ‘ Cora Citeseer Pubmed Coauthor CS ogbn-arxiv

EXPHORMER (Shirzad et al., 2023) 84.1£0.8 729+0.4 83.2£0.6 95.7+£0.2 724+£0.3

DoG (EXPHORMER) 85.7+04 (11.6) 748+02(119) 84.6+04 (114 969403 (11.2) 734+0.3(11.0)
NODEDUP (EXPHORMER) (Guo et al., 2024) | 84.7+0.4 (10.6) 73.7+£0.7 (10.8) 83.6+0.4 (104) 95.8+04 (10.1) 72.7+0.2(10.3)
NODEDUP + DoG (EXPHORMER) 85.8+0.5 (11.7) 752406 (123) 84.9+04 (117 97.04+06(11.3) 73.5+04 (11.1)
FLAG (EXPHORMER) (Kong et al., 2022) 85.3+0.3 (11.2) 744+03(113) 838+0.5(10.6) 960405 (10.3) 72.7+0.3(10.3)
FLAG + DoG (EXPHORMER) 85.8+0.5 (11.7) 175.4+0.5(125) 85.0+0.3 (118 97.0+05 (11.3) 73.7+0.5(11.3)
GraphMix (EXPHORMER) (Verma et al., 2021) | 85.2+0.3 (1 1.1) 742403 (11.3) 839+0.5(10.7) 96.1+05 (104) 728+0.3(104)
GraphMix + DoG (EXPHORMER) 86.1+0.5 (12.0) 752+0.5(123) 85.0+£0.4(118) 97.1+0.4 (114) 73.6+0.5(11.2)

Ablation Study on the Balanced K-means Clustering in BLND. To verify the effectiveness of
the balanced K-means clustering algorithm used in BLND, we perform an ablation study by replacing the
balanced K-means clustering algorithm with random partitioning in the Bi-Level Neighborhood Decoder
(BLND). Instead of splitting the nodes into 100 clusters with K-means, the nodes are randomly split into
100 groups, where each group has less than Hg—ol nodes and N is the number of nodes in the graph. We
also conducted a sensitivity analysis on the value of K in the balanced K-means clustering on Cora with
GCN as the base model. The results in Table 5 demonstrate that balanced K-means clustering significantly
outperforms random partitioning, Furthermore, the performance of DoG with BLND is not sensitive to K.

Table 5: Ablation Study on Balanced K-means Clustering in Bi-Level Neighborhood Decoder (BLND).

Cluster NumberK‘ 10 25 50 100 150 200
Cora ACC ‘84.1 83.9 84.0 84.0 839 838

100 (Random Partition)
82.8

In addition, we present the evaluation results of DoG on heterophilic graph datasets in Table 7 in Section F.1
of the appendix. We evaluate the quality of the generated synthetic graph structures on different graph
datasets in Table 8 in Section F.2 of the appendix. The training time and synthetic data generation time of
DoG are presented in Table 9 in Section F.3 of the appendix.

6 Conclusions

In this work, we propose a novel graph diffusion model termed Diffusion on Graph (DoG). DoG is designed to
generate synthetic graph structures, which consist of the synthetic nodes and the synthetic edges connecting
to the synthetic nodes. The synthetic graph structures generated by DoG can then be combined with the
original graph to form an augmented graph for the training of node-level learning tasks, including node
classification and graph contrastive learning. In addition, a Bi-Level Neighbor Map Decoder (BLND) is
introduced in DoG to improve the efficiency of the generation process. To mitigate the adverse effect of the
noise introduced by the synthetic graph structures, a provable low-rank regularization method is proposed.
Extensive experiments on various graph datasets for both node classification and graph contrastive learning
have been performed to demonstrate the effectiveness of DoG.
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A Theoretical Results

Our low-rank regularization is theoretically inspired by Theorem A.1 in this section. We consider the semi-
supervised or transductive node classification task on the original graph formulated in Section 3.1. The
results can be straightforwardly applied to the augmented graph with the original graph replaced by the
augmented graph.

Following the standard setting in transductive learning (Vapnik, 1982; El-Yaniv & Pechyony, 2009; Tolstikhin
et al., 2014), we suppose that a set V;, C V with |V;| = m is sampled uniformly without replacement
from V as the labeled training nodes, and the remaining nodes Vy = V \ V,, are the test nodes. Let
Y = [y1;¥2;--- ,yN] € {0, 1}NXC be the ground truth label matrix of all the nodes in the original graph.
Using the features H € RNV*4 on the original graph generated by the methods describe in Section 4.3, the
optimization problem of semi-supervised or transductive node classification is

. T 1 &
i EOW) = 3 KLy, ot (W) ).
Vi L

For a matrix A with IV rows, we use [A],, to denote the submatrix of A formed by rows of A corresponding
to the test nodes, that is, all the rows A; with v; € Vy form the submatrix [A],, . [A]), is defined
in the same way. For the gram matrix K = HH' with eigenvalues A\ > Xs... > Ay, we denote by
KVL,VL = [I:I} Vi [I:I] ‘T}L the submatrix of K formed by rows and columns of K corresponding to nodes in
V.

We define F(W,t) .= HW® as the output of the classifier after the ¢-th iteration of gradient descent on
L(W) for t > 1. We have the following theoretical result on the loss of the unlabeled test nodes Vi; measured
by the gap between F(W,t) and Y.

Theorem A.l. Let m > ¢N for a constant ¢ € (0,1), and rg € [N]. Assume that a set Vy C V with
|[VL| = m is sampled uniformly without replacement from V as the labeled training nodes, and the remaining
nodes Vy = V \ Vy, are the test nodes. Then for every x > 0, with probability at least 1 — exp(—x), after
the ¢-th iteration of gradient descent on the training loss L(W) for all ¢ > 1, we have

2

= w11
~ - 2 H H
S%H(IN—UKVL,VL)t [Y]VLH T aro ( \/H I \/H L, @7 (3)
where ||I;IHT0 = Ziv:ro Ni, Co,c1,co are positive numbers depending on {/N\Z}z e and 7o with 8 =

maxie (v (K],

It is noted that Usest (t) = 1/u - H (W, t) — H is the test loss of the unlabeled nodes measured by the

Euclidean distance between the classifier output F(W,t) and the training label matrix Y. We remark that
the truncated nuclear norm HHHT0 appears on the RHS of the upper bound (2).
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A.1 Upper Bound for the Test Loss of a GNN trained on the Augmented Graph

We now consider the bound for the test loss of a GNN trained on the augmented graph. Suppose that the
labeled training nodes in the augmented graph Vy, are sampled uniformly without replacement from all the
nodes of the augmented graph, V U Vs, and the remaining nodes Vi = [N]\ VL, are the test nodes. By
applying Theorem A.1 to the augmented graph and using features H in Section 4.3 to replace the features
H in Theorem A.1, we conclude that the test loss of a GNN trained on the augmented graph is bounded by

oo 1) = | [F(W,6) = Yy, | <

2 1 1 Hj, H|, Co
+c1ro(+>+ \/” ”°+\/| by )y 22 (4)
F u m u m u

where ||H]|, is the truncated nuclear norm defined in Section 4.3, co, c1, o are positive numbers depending

on {Xz} - and 1o with 78 = max,; ey Ki. Ky, p, = [Hlp, [H]\T)L is the submatrix of K defined in
i€ ’

2 (v =Ky, v,) Y],

Section 4.3 formed by rows and columns of K corresponding to nodes in V..

(4) theoretically justifies the usage of the truncated nuclear norm |[HJ|, in the regularized training loss (2)
for GNNs on the augmented graph, as a smaller ||HJ|, leads to a tighter bound for the test loss. Moreover,
when the low frequency property holds, which is usually the case as demonstrated by Figure 5 in Section C

of the appendix,

(In — 7Ky, VL)t (Y], H would be very small with enough iteration number ¢.
: F

A.2 Proof of Theorem A.1

We present the proof of Theorem A.1 below.

Proof. 1t can be verified that at the ¢-th iteration of gradient descent for ¢ > 1, we have

WO =W - [, AW - Y] . (5)
It follows by (5) that
[F),, WO = [H], WO -y [H],, (], AW Y]
= [F),, WO K,y [AWOD -] (6)
With F(W,t) = HW® it follows by (6) that
[F(W.t) = Y], = (In—nKy,v,) [F(W,t-1) - Y], .
It follows from the above equality that
[F(W,) = Y], = (In — 7Ky, 1,)" [F(W,0) = Y], == (Iv —nKv,,)" [Y],, . (7)
so that As a result of (7), we have
|Fow. Y], | <@ —nKv,0) ¥, ] (8)

We apply (Yang, 2024, Corollary 3.7) to obtain the following bound for the test loss %H [F(W,t) = Y], ||f7

2

eew.n - ¥

u

2
+c¢; min r(u,m, Q)+ 702307 (9)
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with

where cg, c1, co are positive numbers depending on {S\i}ie[N] and 7o with 78 = max;c|n] [K}

It follows by (7) and (9) with @ = r( that

1 . 2
“Neew, ) - v H
uH[ ( ) ]EU F
C t 2 1 1 ZH S\q Z-H S\q Cox
0 > Y q=ro q=ro 2
< ol = ) (9, [ g <u+m) * T\ e (0

which completes the proof using the notation HIZIHT0 = ZN X

B Preliminaries of Diffusion Models

Diffusion models (DMs) (Sohl-Dickstein et al., 2015; Ho et al., 2020) are latent variable models that model
the data xy as Markov chains xp - - - xg, with intermediate variables sharing the same dimension. DMs can
be described with two Markovian processes: a forward diffusion process ¢(x1.7 | Xo) = HZ;I q(x¢ | x¢—1)

and a reverse denoising process pp(xo.7) = p(XT) HtT:l po(xt—1 | x¢). The forward process gradually adds

Gaussian noise to data x;:
q(x¢ | x4—1) = N(Xt; V1= Bixi1, Bi1), (11)

where the hyperparameter 81. controls the amount of noise added at each timestep ¢. The S1.r are chosen
such that samples x7 can approximately converge to standard Gaussians, i.e., ¢(xr) ~ N(0,I). Typically,
this forward process q is predefined without trainable parameters.

The generation process of DMs is defined as learning a parameterized reverse denoising process, which aims
to incrementally denoise the noisy variables x7.; to approximate clean data xq in the target data distribution:

pe(thl | Xt) - N<thl;ll'9<xtat)7p§:[)a (12)

where the initial distribution p(x7) is defined as N'(0,I). The means pg typically are neural networks such
as U-Nets for images or Transformers for text, and the variances p; typically are also predefined.

As latent variable models, the forward process ¢(x1.7|xp) can be viewed as a fixed posterior, to which the
reverse process pg(Xo.7) is trained to maximize the variational lower bound of the likelihood of the data.
However, directly optimizing the likelihood is known to suffer serious training instability (Nichol & Dhariwal,
2021). Instead, (Song & Ermon, 2019b; Ho et al., 2020) suggest a simple surrogate objective:

Lont = By cononillle = €0 (x,8)]12, (13)

Intuitively, the model gy is trained to predict the noise vector € to denoise diffused samples X; at every
step t towards a cleaner one X;_1. After training, we can draw samples with €9 by the iterative ancestral
sampling:

€0(X¢, 1)) + pre, (14)

Vi-af
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with e ~ M(0,1). a; and §; are constants with regard to the time ¢. The sampling chain is initialized from
Gaussian prior X ~ p(X7) = N(Xr7;0,1I).

Latent Diffusion Models (LDMs) (Rombach et al., 2022) extend the capabilities of standard Diffusion
Models (DMs) by introducing a latent space representation that reduces the dimension of the data involved
in the diffusion process. In LDMs, data Xj is first mapped to a lower-dimensional latent representation Zj,
which undergoes the diffusion process instead of the high-dimensional original data. This mapping is defined
by an encoder network g.(Xo) = Zo. The forward process in LDMs involves gradually adding Gaussian
noise to the latent representations Z;:

Q(Zt | thl) = N(Zt; vV 1- Btztfla 5t1)7 (15)

where (1.7 are hyperparameters controlling the noise addition, similar to DMs. The reverse process in LDMs
aims to reconstruct the clean latent representation Zg from the noisy representation Zg by:

po(Zi—1 | Zy) = N(Zy—1; po(Zy, 1), 1), (16)

with the reconstructed latent data Z, subsequently transformed back to the original data space using a
decoder network gq(Zo) = Xo. This lower-dimensional approach enhances computational efficiency and
often improves the quality of the generated samples.

Classifier-Free Guidance (CFG) (Ho & Salimans, 2022) combines a conditional noise predictor
€o(X¢, C,t) and an unconditional noise predictor e¢(Xy, t) in the sampling process to improve sample quality
and enforce class guidance. CFG can be easily incorporated into LDMs with the sampling process formulated
as follows:

1
X1 = ——=(Xs — &l

V1=105 1—a?

where Z ~ N(0,1). oy, B; and p; are constants with regard to the time t. €, = (14w)ep(Xy, C, t)—weg(Xy, t),
and w is the guidance factor.

€t) + pie, (17)

C Low Frequency Property

In this section, we propose the low frequency property, which suggests that the low-rank projection of
the ground truth clean labels possesses the majority of the information of the clean labels, and projection
of the label noise is mostly uniform over all the eigenvectors of a kernel matrix used in classification. The
eigen-projection and the signal concentration ratio on five graph datasets, including Cora, Citeseer, Pubmed,
Coauthor-CS, and ogbn-arxiv, are illustrated in Figure 5.

D Algorithms for the Training of DoG and the Generation of the Augmented Graph

Algorithm 1 describes the training algorithm of DoG, which comprises two steps. The first step, which is
from Line 1 to Line 5 in Algorithm 1, describes the training of the GAE. The second step, which is from
Line 7 to Line 13, describes the training of the LDM. Algorithm 2 describes the generation process for the
augmented graph G,yg.

E Additional Experiment Settings

E.1 Datasets

In our experiment, we evaluate our method on five public benchmarks that are widely used for node repre-
sentation learning, namely Cora, Citeseer, Pubmed (Sen et al., 2008a), Coauthor CS, and ogbn-arxiv (Hu
et al., 2020). We summarize the statistics of all the datasets in Table 6. For all our experiments, we follow
the default separation (Shchur et al., 2018; Mernyei & Cangea, 2020; Hu et al., 2020) of training, validation,
and test sets on each benchmark.
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Figure 5: Eigen-projection (first row) and signal concentration ratio (second row) on the augmented graph for
Cora, Citeseer, Pubmed, Coauthor-CS, and ogbn-arxiv. To compute the eigen-projection, we first calculate
the eigenvectors U of the kernel gram matrix K € R¥*Y computed by a feature matrix F € R¥*? then the
projection value is computed by p = é Zil UTY(C)/HY(C) H; € R™, where C is the number of classes, and

Y € {0,1}V*C is the one-hot labels of all the training data in the augmented graph, Y (© is the ¢-th column
of Y. The eigen-projection p, for r € [min(N,d)] reflects the amount of the signal projected onto the r-th
eigenvector of K, and the signal concentration ratio of a rank r reflects the proportion of signal projected onto
the top r eigenvectors of K. The signal concentration ratio for rank r is computed by ||p(”) ||2, where p(1:7)
contains the first r elements of p. For example, by the rank r = 0.2min {N 7d}, the signal concentration
ratio of Y for Cora, Citeseer, and Pubmed are 0.844, 0.809, 0.784, 0.779, and 0.787, respectively. We refer
to such property as the low frequency property, which suggests that we can learn a low-rank portion of
the observed label Y, which covers most information in the ground truth clean label while only learning a
small portion of the label noise.

: Map the node attributes X and the adjacency matrix A to the of the GAE as Xayns Asyn = gd(Z)
latent space using the encoder g, of the GAE as H = g.(X, A).
: for t <+ 1 to t,pm do
9:  Sample a Gaussian noise € ~ N(0,I)
10: Get latent feature Zy, = {Z;|v; € V1. } of Vp,
11:  Update 6 by 0 < 8 —V|eo(Zr, Y1) — €|
12: end for
13: return The parameters of the GAE w and the parameters of the
LDM 6

1 Get Aqug = [A Agyn; Asyn A] and Xaug = [X; Xayn]
: return Gaug = (V U Vayn, Xaug, Aaug)

Algorithm 1 Training DoG (Training the GAE and the LDM) Algorithm 2 Generation of the Augmented Graph Gaug
Input: The input attribute matrix X, adjacency matrix A, the train- Input: The input attribute matrix X, adjacency matrix A,
ing epochs of the GAE tgag, the labels Yy, of the labeled nodes the training epochs of the GNN tgnN, the number of
V1, and the training epochs of the LDM t1,pm added nodes M, and the labels of the synthetic data
Output: The parameters of the GAE w and the parameters of the {@.}N'l
i=
LDM 6 Output: The augmented graph Gaug = (v u
1: Obtain the inter-cluster neighbor map C and the intra-cluster Veyns Xaug, Aaug)-
neighbor map M by applying balanced K-Meamns clustering on 1: for i + 1 to M do
9 X_ L . GA 2: Sample a Gaussian noise € ~ N'(0,I)
. Initialize the parameter w of the E 3: Set the class label of the i-th synthetic node to y;
3: for t + 1 to tgag do ~ ) ~
4: Update w by w < w — NV Laoag with Loag from Eq.(1) 4: Generate H; from e with the LDM for class y;
5: end for 5: end for__ = N .
6: Initialize the parameter @ of the LDM. 6: Decode Z = {Z;};_; to Xayn aniASyn with the decoder
7
8

® 3

F Additional Experiment Results

F.1 Evaluation on Heterophilic Graphs
In this section, we study the effectiveness of DoG for semi-supervised node classification on four widely used

heterophilic graph datasets, namely Texas, Film, Chameleon, and Squirrel (Pei et al., 2020). We apply DoG
to ACM-GCN (Luan et al., 2022), which is a widely used GNN for semi-supervised node classification on
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Table 6: The statistics of the datasets.

Dataset ‘ Nodes Edges Features  Classes
Cora 2,708 5,429 1,433 7
CiteSeer 3,327 4,732 3,703 6
Pubmed 19,717 44,338 500 3
Coauthor CS | 18,333 81,894 6,805 15
ogbn-arxiv 169,343 1,166,243 128 40

heterophilic graphs. Results in Table 7 show that DoG can also largely enhance the performance of GNN
for semi-supervised node classification on heterophilic graph datasets. In addition, the results show that
the data augmentation with synthetic graph structures alone, which are denoted as DoG w/o low-rank,
also brings significant performance improvements over the base model. For example, DoG w/o low-rank
improves the performance of ACM-GCN by 1.4% on Squirrel. Combined with low-rank regularization, the
improvement by DoG is further enhanced to 2.0%.

Table 7: Evaluation results of DoG on heterophilic graphs.

Methods ‘ Texas Film Chameleon Squirrel
ACM-GCN (Pei et al., 2020) 95.1+3.2 41.6+1.1 69.0 £ 1.7 58.0+1.9
DoG w/o low-rank (ACM-GCN) | 96.2+2.3 (11.1) 428+1.4 (11.2) 70.0£1.6 (11.0) 594+14 (114)
DoG (ACM-GCN) 96.6+2.1 (11.5) 43.2+1.2(11.6) 70.6+1.4(11.6) 60.0+1.3(12.0)

F.2 Study on the Quality of the Generated Synthetic Graph Structures

In this section, we study the quality of the generated synthetic graph structures by comparing two heuristic
metrics on graph characteristics, which are the homophily ratio and the average node degree, between the
original graph and generated synthetic graph structures. The homophily ratio, defined as the proportion of
edges that connect nodes of the same class among all edges, verifies the structural integrity of synthetic edges
in the generated synthetic graph structures compared to the edges in the original graph. The average node
degree measures the connectivity pattern of nodes within a graph. By comparing the average node degree
of the original graph with that of the synthetic graph structures, we can evaluate how well the connectivity
patterns of the original graph are maintained in the synthetic graph structures. The results in Table 8 show
that both the average node degree and homophily ratio of the generated synthetic graph structures closely
match those of the original graph.

Table 8: The statistics of the datasets.

Dataset Homophily Ratio Average Node Degree
Original Graph  Synthetic Graph Structures | Original Graph  Synthetic Graph Structures

Cora 0.81 0.82 4.0 3.8

CiteSeer 0.74 0.75 2.9 2.8

Pubmed 0.80 0.81 4.5 4.6

Coauthor CS 0.80 0.78 8.9 8.6

ogbn-arxiv 0.66 0.66 13.8 13.6

F.3 Training Time and Synthetic Data Generation Time

To study the efficiency of BLND, we compare the training time between our GAE with BLND and GAE
without BLND. In addition, we also compare the time for generation of our DoG and DoG without BLND
in its GAE. All evaluations are conducted using a single Nvidia A100 GPU. It is observed from the results in
Table 9 that BLND significantly reduces the computation cost of the training and synthetic graph structure
generation. For instance, the training of GAE without BLND takes over five times the training time of
our GAE with BLND on ogbn-arxiv. In addition, BLND also significantly reduces the time for synthetic
graph structure generation. For instance, the data generation without BLND takes over four times the data
generation time of our DoG with BLND on ogbn-arxiv.
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Table 9: Time for the training of GAE and LDM in DoG and data generation with DoG on different datasets.

Datasets | Training Time (minutes) | Generation Time (s/sample)

| GAE GAE without BLND LDM | DoG  DoG without BLND
Cora 11 16 39 0.049 0.066
Citeseer 14 18 41 0.052 0.067
Pubmed 41 129 154 | 0.067 0.073
Coauthor CS 52 145 179 | 0.074 0.088
ogbn-arxiv 301 1690 315 | 0.130 0.426

F.4 Cross-Validation Results

Tuning 79,7, and N’ by Cross-Validation. The selected values of rg,7, and N’ on each dataset for
different models are shown in Table 10. Since we set rg = [ymin {N,d}] and N’ = §|V.| in Section 5.1,
we show the optimal values of v,7, and § in Table 10. Since we train different models for 40% of the total
number of epochs on 20% of the training data, the cross-validation process does not largely increase the
computation overhead for using DoG to augment the training of models for node classification and GCL.

Table 10: Selected rank ratio v and truncated nuclear loss’s weight A for each dataset.

Methods Hyperparameters | Cora  Citeseer Pubmed Coauthor CS ogbn-arxiv
T 0.10 0.15 0.20 0.10 0.10
DoG (GCN) 5 0.2 0.2 0.2 0.2 0.2
B 3 3 2 1 1
T 0.10 0.10 0.20 0.10 0.15
DoG (EXPHORMER) 5 0.2 0.2 0.2 0.2 0.2
B 1 3 2 2 1
T 0.15 0.15 0.20 0.10 0.10
DoG (MVGRL) 5 0.2 0.2 0.2 0.2 0.2
B8 2 2 2 1 1
T 0.10 0.10 0.25 0.10 0.10
DoG (GraphMAE) y 0.2 0.2 0.2 0.2 0.2
B 2 3 1 2 1
T 0.15 0.10 0.25 0.10 0.05
DoG (GGD) ¥ 0.2 0.2 0.2 0.2 0.2
B 2 2 3 1 2

Table 11: Time for selecting optimal number synthetic nodes N’ with cross-validation.

Cross-validation Time (minutes)

Datasets
DoG (GCN) DoG (EXPHORMER) DoG (MVGRL) DoG (GraphMAE) DoG (GGD)
Cora 2.5 10.5 13.5 16.5 1.5
Citeseer 2.0 11.4 15.4 18.4 1.4
Pubmed 12.4 39.5 52.5 58.5 10.5
Coauthor CS 14.7 42.5 57.5 63.5 11.5
ogbn-arxiv 37.1 90.5 104.5 117.5 33.5
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