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Abstract

Current state-of-the-art methods for differentially private model training are based
on matrix factorization techniques. However, these methods suffer from high
computational overhead because they require numerically solving a demanding
optimization problem to determine an approximately optimal factorization prior
to the actual model training. In this work, we present a new matrix factorization
approach, BSR, which overcomes this computational bottleneck. By exploiting
properties of the standard matrix square root, BSR allows to efficiently handle
also large-scale problems. For the key scenario of stochastic gradient descent
with momentum and weight decay, we even derive analytical expressions for
BSR that render the computational overhead negligible. We prove bounds on the
approximation quality that hold both in the centralized and in the federated learning
setting. Our numerical experiments demonstrate that models trained using BSR
perform on par with the best existing methods, while completely avoiding their
computational overhead.

1 Introduction

We study the problem of differentially private (DP) model training with stochastic gradient descent
(SGD) in the setting of either federated or centralized learning. This task has recently emerged
as one of the most promising ways to train powerful machine learning models but nevertheless
guarantee the privacy of the used data, which led to a number of studies, both theoretical as well
as application-driven [[Abadi et al., 2016, |Yu et al., 2020, [Zhang et al., 2021} |Kairouz et al., 2021},
Denisov et al., [2022]. The state of the art in the field are approaches based on the matrix factorization
(MF) mechanism [Li et al.| 2015, Henzinger et al., [2024]], which combines theoretical guarantees
with practical applicability [Choquette-Choo et al., 2023alc.bl 2024ﬂ It is based on the observation
that all iterates of SGD are simply linear combinations of model gradients, which are computed at
intermediate time steps. Consequently, the iterates can be written formally as the result of multiplying
the matrix of coefficients, called workload matrix, with the row-stacked gradient vectors. To preserve
the privacy of the training data in this process one adds suitably scaled Gaussian noise at intermediate
steps of the computation. The MF mechanism provides a way to select the noise covariance structure
based on a factorization of the workload matrix into two matrices.

Identifying the minimal amount of noise necessary to achieve a desired privacy level requires solving
an optimization problem over all possible factorizations, subject to data participation constraints. For
some specific settings, the optimal solutions have been characterized: for streaming learning, when
each data batch contributes at most once to the gradients, [Li et al.|[2015]] presented a formulation of
this problem as a semi-definite program. |Henzinger et al.|[2024] proved that a square root factorization

"Note that this specific type of MF should not be confused with other occurrences of matrix factorization in,
potentially private, machine learning, such as in recommender systems [Shin et al.,2018| |Li et al.| 2021].
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of the workload matrix is asymptotically optimal for different linear workloads, including continual
summation and decaying sums.

In this work, our focus lies on the settings that are most relevant to machine learning tasks: workload
matrices that reflect SGD-like optimization, and participation schemes in which each data batch can
potentially contribute to more than one gradient vector, as it is the case for standard multi-epoch
training. Assuming that this happens at most once every b steps, for some value b > 1, leads to the
problem of optimal matrix factorization in the context of b-min-separated participation sensitivity.
Unfortunately, as shown in Choquette-Choo et al.|[2023a], finding the optimal matrix factorization in
this setting is computationally intractable. Instead, the authors proposed an approximate solution
by posing additional constraints on the solution set. The result is a semi-definite program that is
tractable, but still has high computational cost, making it practical only for small to medium-sized
problem settings.

Subsequent work concentrated on improving or better understanding the factorizations for specific
algorithms, such as plain SGD without gradient clipping, momentum, or weight decay [Koloskova
et all, |2023]] or specific, e.g. convex, objective functions [Choquette-Choo et al. [2024]]. Often,
streaming data was asssumed, i.e. each data item can contribute at most to one model update, which
is easier to analyze theoretical, but further removed from real-world applications [Dvijotham et al.|
2024]. A concurrent line of works has also focused on scaling matrix factorizations for large-scale
training. [McMahan et al.| [2024] extended the Buffered Linear Toeplitz (BLT) mechanism to support
multi-participation in federated learning, improving privacy-utility tradeoffs, while ensuring memory
efficiency. McKenna| [2024] improved DP Banded Matrix Factorization’s scalability, enabling it
to handle millions of iterations and large models efficiently. These advancements enhance the
practicality of differentially private training in real-world applications.

Our work aims at a general-purpose solution that covers as many realistic scenarios as possible. Our
ultimate goal is to make general-purpose differentially private model training as simple and efficient
to use as currently dominating non-private technique. Our main contributions are:

1. We introduce a new factorization, the banded squared root (BSR), which is efficiently
computable even for large workload matrices and agnostic to the underlying training
objective. For matrices stemming from SGD optimization potentially with momentum
and/or weight decay, we even provide closed form expressions.

2. We provide general lower bounds on the approximate error for any factorization, along with
specific upper and lower bounds for the BSR, Square Root, and baseline factorizations,
in the contexts of both single participation (streaming) and repeated participation (e.g.,
multi-epoch) training.

3. We demonstrate experimentally that BSR’s approximation error is comparable to the

state-of-the-art method, and that both methods also perform comparably in real-world
training tasks.

Overall, the proposed BSR factorization achieves training high-accuracy models with provable
privacy guarantees while staying computationally efficient even for large-scale training tasks.

2 Background

Our work falls into the areas of differentially private (stochastic) optimization, of which we remind
the reader here, following mostly the description of Denisov et al.|[2022]] and |(Choquette-Choo et al.
[2023a]. The goal is to estimate a sequence of parameter vectors, © = (01,...,0,) € R%, where
each 0; is a linear combination of update vectors, x1, . ..,x; € R¢, that were computed in previous
steps, typically as gradients of a model with respect to training data that is meant to stay private. We
assume that all 2; have a bounded norm, ||z;|| < ¢. Compactly, we write © = AX, where the lower
triangular workload matrix A contains the coefficients and X € R™*? is formed by stacking the
update vectors as rows. With different choices of A, the setting then reflects many popular first-order
optimization algorithms, in particular stochastic gradient descent (SGD), potentially with momentum
and/or weight decay. Depending on how exactly x4, ..., x, are obtained, the setting can express
different centralized as well as federated training paradigms. To formalize this aspect, we adopt the
concept of b-min-separated participation |[Choquette-Choo et al.,[2023a]]. For some integer b > 1,
it states that if a data item (e.g. a single training example in central training, or a client batch in



Algorithm 1 Differentially Private SGD with Matrix Factorization

Input: Initial model 6, € R?, dataset D, batchsize b, matrix C € R™*™, model loss 00, d),
clipnorm ¢, noise matrix Z € R™*? with i.i.d. entries ~ A(0, s?), where s = o sensy, ;(C).
fori=1,2,... ,ndo

S; +{d1,...,dn} € D select a data batch, respecting the data participation constraints
giev‘gé(ﬁi_l,dj)) fOI'j:L...,m
X — Z;n:l clip;(g;)  where clip;(d) = min(1,¢/||d||)d
T; — x; + C[C_1Z][Z’]
0; + update(0;_1, &;), // SGD model updates
Output: © = (0,...,60,)

federated learning) contributed to an update z;, the earliest it can contribute again is the update z; .
Additionally, let 1 < k < ¥ be the maximal number any data point can contribute. In particular, this
notion also allows us to treat in a unified way streaming data (b = n or k = 1), as well as unrestricted
access patterns (k = n with b = 1), but also intermediate settings, such as multi-epoch training on a
fixed-size dataset.

The matrix factorization approach [Li et al.l [2015]] adopts a factorization A = BC' of the workload
matrix and computes OMF = B(CX + Z), where Z is Gaussian noise that is chosen appropriately to
make the intermediate result C X + Z private to the desired level. Algorithm[I]shows the resulting
algorithm in pseudocode. It exploits the fact that instead of explicit multiplication by C' and B,
standard optimization toolboxes can be employed with suitably modified update vectors, because
also OMF = A(X + C~17), and multiplication by A corresponds to performing the optimization.

Different factorizations recover different algorithms from the literature. For example, B = A, C = Id
recovers DP-SGD [Abadi et al.,2016]], where noise is added directly to the gradients. Conversely,
B =1d, C = A simply adds noise to each iterate of the optimization [Dwork et al.l[2006]]. However,
better choices than these baselines are possible, in the sense that they can guarantee the same levels
of privacy with less added noise, and therefore potentially with higher retained accuracy. The reason
lies in the fact that B and C' play different roles: B acts as a post-processing operation of already
private data. Hence, it has no further effect on privacy, but it influences to what amount the added
noise affects the expected error in the approximation of ©. Specifically, for Z ~ N(0; sId),

Ez||© — 0|} = EZ| BZ|% = s°|| B||- (1

In contrast, C'X is the quantity that is meant to be made private. Doing so requires noise of a strength
proportional to C’s sensitivity, sens(C) := supy, x: ||CX — CX'||r, where the neighborhood
relation, X ~ X', indicates that the two sequences of update vectors differ only in those entries
that correspond to a single data itenﬂ As shown in (Choquette-Choo et al.|[2023a], in the setting of
b-min-separated repeated participation, it holds that

senshb(C) < max Z |(CTC)[M']

mwellyp
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where Il , = {w C {1,...,n} : 7| <EA{i,j} Cm = i=7 V |i—j| >0)},Iis the set of
possible b-min-separated index sets with at most & participation. Furthermore, (2)) holds even with
equality if all entries of C' 'C' are non-negative.

Combining (T) with s = sens, ,(C) yields a quantitative measure for the quality of a factorization.

Definition 1. For any factorization A = BC, its expected approximation error is

1
E(B,C) = \/IEZH@ — OMF||2, [ = %senskyb(C)HBHp, 3)

where the 1/+/n factor is meant to make the quantity comparable across different problem sizes.

?As proved in|Denisov et al.|[2022] Theorem 2.1], establishing privacy in this non-adaptive setting suffices
to guarantee also privacy in the adaptive setting, where the update vectors depend not only on the data items but
also the intermediate estimates of the model parameters, as it is the case for private model training.



The optimal factorization by this reasoning would be the one of smallest expected approximation error.
Unfortunately, minimizing (3) across all factorizations it is generally computationally intractable.
Instead, |Choquette-Choo et al.|[2023al] propose an approximately optimal factorization.

Definition 2. For a workload matrix A, let S be the solution to the optimization problem
arg Sgn}sn trace[A'A S| subjectto diag(S) =1 and S; ;=0 for |i—j|>b (@)
esy :

where S is the cone of positive definite n x n matrices. Then, A = BC'is called the approximately
optimal factorization (AOF), if C is lower triangular and fulfills C'C = S.

The optimization problem (@) is a semi-definite program (SDP), and can therefore be solved numeri-
cally using standard packages. However, this is computationally costly, and for large problems (e.g.
n > 5000) computing the AOF solution is impractical. This poses a problem for real-world training
tasks, where the number of update steps are commonly thousands or tens of thousands.

Solving (@) itself only approximately can mitigate this problem to some extent, but as we will discuss
in Section 4] this can lead to robustness problems, especially because the recovery of C' from S in
Definition[2] e.g. by a Cholesky decomposition, tends to be sensitive to numerical errors.

3 Banded Square Root Factorization

In the following section, we introduce our main contribution: a general-purpose factorization for the
task of differentially private stochastic optimization that can be computed efficiently even for large
problem sizes.

Definition 3 (Banded Square Root Factorization). Let A € R"*"™ be a lower triangular workload
matrix with strictly positive diagonal entries. Then, we call A = C? the square root factorization
(SR), when C denotes the unique matrix square root that also has strictly positive diagonal entries.
Furthermore, for any bandwidth p € {1,...,n}, we define the banded square root factorization of
bandwidth p (p-BSR) of A, as

A = BlrlgIPl (5)
where C'P! is created from C' by setting all entries below the p-th diagonal to 0,
B {C[m‘] ifi—j<p

, and B'Pl = A(CP)~1. (6)
0 otherwise.

Note that determining the SR, and therefore any p-BSR, is generally efficient even for large workload
matrices, because explicit recursive expressions exist for computing the square root of a lower
triangular matrix [Bjorck and Hammarling}, |1983, |Deadman et al., 2012].

In the rest of this work, we focus on the case where the workload matrix stems from SGD with
momentum and/or weight decay, and we show that then even closed form expressions for the entries
of CIP| exist that renders the computational cost negligible.

3.1 Banded Square Root Factorization for SGD with Momentum and Weight Decay

We recall the update steps of SGD with momentum and weight decay:
0; = ab;_1 —nm; for m; = Bm;_1 + x5 @)

where z1, ..., x, are the update vectors, > 0 is the learning rate and 0 < 8 < 1 is the momentum
strength and 0 < o < 1 is the weight decay parameter. Note that our results also hold for 5 = 0, i.e.
without momentum, and for a = 1, i.e., without weight decay. In line with real algorithms and to
avoid degenerate cases, we assume [ < « throughout this work. The update vectors are typically
gradients of the model with respect to its parameters, but additional operations such as normalization
or clipping might have been applied.

Unrolling the recursion, we obtain an expression for ; as a linear combination of update vectors as

0, = anj(Zo/_kﬁk_j). (3)
j=1  k=j



Consequently, the workload matrix has the explicit form A = nA, g for

ap 0 0 [P 0
aq ap 0 e 0 j . X
) L oIt gitt
Aa.ﬂ _ as aq a ... O with a; = Z azﬁ]—z _ B . )
: N i=0 a=p
Ap—-1 apn—2 ... a1 Qo

As one can see, A, g is a lower triangular Toeplitz-matrix, so it is completely determined by the
entries of its first column. In the following, we use the notation LDToep(my, ..., m,) to denote a
lower triangular Toeplitz matrix with first column my, ..., my,, i.e. Ay g = LDToep(ag, ..., an_1).
Our first result is an explicit expression for the positive square root of A, s (and thereby its p-BSR).
Theorem 1 (Square-Root of SGD Workload Matrix). Ler A, s be the workload matrix (). Then
Ao p = C’iﬁ for Co 3 = LDToep(co, ..., Cn—1), withcg = 1 and ¢; = > 1_ o 'r;_ir; 3 for
7 =1,...,n — 1 with coefficients r; = |(_1/2) | Foranyp € {1,...,n}, the p-banded BSR matrix
C ‘ap ‘ﬁ is obtained from this by setting all coefficients c; = 0 for j > p.

Proof sketch. The proof be found in Appendix Its main idea is to factorize A, s into a product
of two simpler lower triangular matrices, each of which has a closed-form square root. We show that
the two roots commute and that the matrix C, g is their product, which implies the theorem. O

3.2 Efficiency

We first establish that the p-BSR for SGD can be computed efficiently even for large problem sizes.

Lemma 1 (Efficiency of BSR). The entries of C(Lp’ ‘ﬁ can be determined in runtime O(plogp), i.e., in
particular independent of n.

Proof sketch. As alower triangular Toeplitz matrix, C (lf lﬁ is fully determined by the values of its first
column. By construction ¢y 1, ..., ¢, = 0, so only the complexity of computing c1, .. ., c,—1 mat-
ters. These can be computed efficiently by writing them as the convolution of vectors (airi)izo,‘_.’p,l
and (ﬂim)i:o’m,p_l and, e.g., employing the fast Fourier transform.

Note that for running Algorithm[I] the matrix B of the factorization is not actually required. However,
one needs to know the sensitivity of C(lf !8 as this determines the necessary amount of noise. The
following theorem establishes that for a large class of matrices, including the BSR in the SGD setting,
this is possible exactly and in closed form.

Theorem 2 (Sensitivity for decreasing non-negative Toeplitz matrices). Let M =
LDToep(my, . .., mn—_1) be a lower triangular Toeplitz matrix with decreasing non-negative entries,
ie.

mo > mq > ma > ...Mu_1 > 0. Then its sensitivity (Z)) in the setting of b-min-separation is

) ) o\ 1/2
n—1 [min{k—1,i/b}

=X X mes , (10)

k—1
senshb(M) = H ZM['vl""jb]
j=0 i=0 j=0

where M. 1 i) denotes the (1 + jb)-th column of M.

Proof sketch. The proof can be found in Appendix [F2] It builds on the identity (2)), which holds
with equality because of the non-negative entries of M. Using the fact that the entries of M are
non-increasing one establishes that an optimal b-separated index setis {1,1+b,--- , 1+ (k — 1)b}.
From this, the identity (T0) follows. O

Corollary 1. The sensitivity of the p-BSR for SGD can be computed using formula (10).

Proof sketch. 1t suffices to show that the coefficients cg, ..., c,_1 of Theorem[I] are monotonically
decreasing. We do so by an explicit computation, see Appendix



3.3 Approximation Quality — Single Participation

Having established the efficiency of BSR, we now demonstrate its suitability for high-quality model
training. To avoid corner cases, we assume that 7 is an integer, which does not affect the asymptotic
behavior. We also discuss only the case in which the update vectors have bounded norm ( = 1.
Results for general ¢ can readily be derived using the linearity of the sensitivity with respect to (.

We first discuss the case of model training with single participation (kK = 1), where more precise
results are possible than the general case. Our main result are bounds on the expected approximation
error of the square root factorization that, in particular, prove its asymptotic optimality.

Theorem 3 (Expected approximation error with single participation). Let A, g € R"*™ be the
workload matrix Q) of SGD with momentum 0 < 3 < 1 and weight decay parameter 0 < « < 1,
where o« > (. Assume that each data item can contribute at most once to an update vector (e.g.
single participation, k = 1). Then, the expected approximation error of the square root factorization,
Aap = C'zﬂ, Sulfills

1 1
< <
1< S(Caﬂ’caﬂ) = (a _ 5)2 log 1— a2 (11
fora < 1, and
log(n+1) -1 1+ log(n)
rﬂa,X{l7 4} S 5(Cl7ﬂ7017/j) S W (12)

Proof sketch. For the proof, we establish a relations between sens; ,,(C') and ||Cy, g|| r, and then we
bound the resulting expressions by an explicit analysis of the norm. For details, see Appendix[F5] [

The following two results provide context for the interpretation of Theorem 3]
Theorem 4. Assume the setting of Theorem Then, for any factorization A, g = BC with
CTC >0, the expected approximation error fulfills

Q(1) fora <1,

£(B,C) = {Q(log n) fora = 1. (13)

Proof sketch. The theorem is the special case k = 1 of Theorem 8] which we state in the next section
and prove in Section[F.9] O

Theorem 5. Assume the setting of Theorem[3| Then, the baseline factorizations Ay 3 = Aq,p - 1d
and Ay g = 1d-Aq g fulfill, for o < 1,

VITapB NG

E(Anp,1d) = N E D +o(l) and E(A1p,1d) < m +o(v/n)
(14)
B V1+ap Vn
E(d, Anp) = N TS +0o(1) and E(Id, A1) < - +o(v/n).
(15)

Proof sketch. The result follows from an explicit analysis of the coefficients, see Appendix [

Discussion.  Theorems [3]to[5] provide a full characterization of the approximation quality of the
square root factorization as well as its alternatives: 1) the square root factorization has asymptotically
optimal approximation quality, because the upper bounds in Equation (T2)) match the lower bounds in
Equation (T3)); 2) the AOF from Definition 2] also fulfills the conditions of Theorem[d Therefore, it
must also adhere to the lower bound (I3)) and cannot be asymptotically better than the square root
factorization; 3) the approximation qualities of the baseline factorizations in Equation and
are asymptotically worse than optimal in the o = 1 setting, and worse by a constant factor for o < 1.
The BSR factorization can be applied even in more general scenarios, such as with varying learning
rates. However, in this case, the workload matrix will no longer be Toeplitz. This makes it difficult to
provide analytical guarantees for the matrix, but it can still be applied numerically.



3.4 Approximation Quality — Repeated Participation.
We now provide mostly asymptotic statements about the approximation quality of BSR and baselines
in the setting where data items can contribute more than once to the update vectors.

Theorem 6 (Approximation error of BSR). Let A, 3 € R"*" be the workload matrix @) of SGD
with momentum 0 < 8 < 1 and weight decay 0 < o < 1, with o > . Let Ay g = BLpLgCloflﬁ, be

its banded square root factorization as in Definition (3} Then, for any b € {1,...,n}, p < b, and
ke{l,...,%} it holds:

nklo
bl ~lpl Og (\/ gp) +0p(VE) fora =1,
E(By 5, Cylg) = p (16)

O38.p,a (\/%) fora < 1.

Proof sketch. For the proof, we separately bound the sensitivity of C' Lp ‘5 and the Frobenius norm of

B Lp ‘6 The former is straightforward because of the matrix’s band structure. The latter requires an
in-depth analysis of the inverse matrix’ coefficient. Both steps are detailed in Appendix [F7} O

The following results provide context for the interpretation of Theorem [6]

Theorem 7 (Approximation error of Square Root Factorization). Let A, g € R"*" be the workload
matrix (O) of SGD with momenium 0 < 3 < 1 and weight decay 0 < o < 1, with o« > . Let

Ao p = Ci, g be its square root factorization. Then, for any b € {1,...,n} and k = 3 it holds:
O3 (k\/logn—i—\/%logn) fora =1,
£(Ca,p,Cayp) = (17)
B4, (\/E) fora < 1.

Proof sketch. We bound sensy, ,(C\,g) and |Cy || r using the explicit entries for Cy, g from Theo-
rem (I} Details are provided in Appendix [F.8] O

Theorem 8. Assume the setting of Theorem @ Then, for any factorization A, g = BC with
CTC > 0, the approximation error fulfills

Vklogn fora =1,
£(B,C) > 18
( ) {\/E fora < 1, (18

Proof sketch. The proof is based on the observation that || X|| ¢||Y || r > || XY« for any matrices
X,Y, where || - ||, denotes the nuclear norm. To derive (I8)), we show that sensy ,(C) is lower

bounded by % |C|| F, and derive explicit bounds on the singular values of A, 3. O

Theorem 9. Assume the setting of Theorem@ Then, the baseline factorizations Ao g = Aap - 1d
and Ay g = 1d - A, g fulfill

nl@ fora=1 —k\/ﬁ fora =1,
E(Aag,1d) >4V 2 : £(1d, An ) >4 V3 (19)
VE fora < 1. Vk fora < 1.

Proof sketch. The proof relies on the fact that the workload matrices can be lower bounded compo-
nentwise by simpler matrices: An 3 > Aq,0and A, o > Id. For the simpler matrices, the bounds (T9)
can then be derived analytically, and the general case follows by monotonicity. O



Discussion.  Analogously to the case of single participation, Theorems[6]to[9] again establish that
the proposed BSR is asymptotically superior to the baseline factorizations if & = 1. A comparison of
Theorems and suggests that, at least for maximal participation, k = % and p = b, the bandedness
of the p-BSR improves the approximation quality, specifically in the practically relevant regime
where b < n. While none of the methods match the lower bound of Theorem [6] we conjecture that
this is not because any asymptotically better methods would exist, but rather a sign of Equation (T8)
is not tight. Both theoretical consideration and experiments suggest that a term linear in & should
appear there. For o < 1, all studied methods are asymptotically identical and, in fact, optimal.

4 Experiments

To demonstrate that BSR can achieve high accuracy not only in theory but also in practice, we compare
it to AOF and baselines in numerical experiments. Our results show that BSR achieves quality
comparable to the AOF, but without the computational overhead, and it clearly outperforms the
baseline factorizations. The privacy guarantees are identical for all methods, so we do not discuss
them explicitly.

Implementation and computational cost. We implement BSR by the closed-form expressions
of Theorem (T)). For single data participation, we use the square root decomposition directly. For
repeated data participation we use p-BSR with p = b. Using standard python/numpy code, computing
the BSR as dense matrices are memory-bound rather than compute-bound. Even sizes of n = 10, 000
or more take at most a few seconds. Computing only the Toeplitz coefficients is even faster, of course.

To compute AOF, we solve the optimization problem (@) using the cvxpy package with SCS backend,
see Algorithm [B|for the source codeﬂ With the default numerical tolerance, 10~%, each factorization
took a few minutes (n < 100) to hours (n < 500) to several days (n > 700) of CPU time. Note
that this overhead reappears for any change in the number of update steps, n, weight decay, «, or
momentum, 3, as these induce different workload matrices. In our experiments, when the optimization
for AOF did not terminate within 10 days, we reran the optimization problem with the tolerance
increased by a factor of 10. The runtime depends not only on the matrix size but also on the entries.
In particular, we observe matrices with momentum to be harder to factorize than without. For large
matrix sizes we frequently encountered numerical problems: the intermediate matrices, S, in (@),
often did not fulfill the positive definiteness condition required to solve the subsequent Cholesky
decomposition for C. Unfortunately, simply projecting the intermediates back to the cone of positive
semi-definite matrices is not enough, because the resulting C' matrices also have to be invertible and
not too badly conditioned. Ultimately, we adopted a postprocessing step for .S that ensures that all its
eigenvalues were at least of value y/1/n, which we find to be a reasonable modification to ensure
the stability of the convergence. Enforcing this empirically found value leads to generally good
results, as our experiments below show, but it does add an undesirable extra level of complexity to the
process. In contrast, due to its analytic expressions, BSR does not suffer from numerical problems.
It also does not possess additional hyperparameters, such as a numeric tolerance or the number of
optimization steps.

Apart from the factorization itself, the computational cost of BSR and AOF are nearly identical. Both
methods produce (banded) lower triangular matrices, so computing the inverse matrices or solving
linear systems can be done within milliseconds to seconds using forward substitution. Note that, in
principle, one could even exploit the Toeplitz structure of p-BSR, but we found this not to yield any
practical benefit in our experiments. Computing the sensitivity is trivial for p-BSR using Corollary [I]
and it is still efficient for AOF by the dynamic program proposed in |(Choquette-Choo et al.|[2023a].

Expected Approximation Error.  As a first numeric experiment, we evaluate the expected
approximation error for workload matrices that reflect different SGD settings. Specifically, we use
workload matrices (@) for n € {100, 200, .. ., 1000, 1500, 2000}, with o« = {0.99,0.999,0.9999, 1},
and S € {0,0.9}, either with single participation, ¥ = 1, or repeated participation, b = 100,
k = n/100. Figure [l| shows the expected approximate error, £(B, C), of the proposed BSR, AOF, as
well as the baseline factorizations, A = A -Id and A = Id - A in two exemplary cases. Additional
results for other privacy levels can be found in Appendix

3 Additional experiments with gradient-based optimizers can be found in Appendix
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Figure 1: Expected approximation error of BSR, AOF and baseline factorizations for two different
hyperparameter settings (left: & = 0.999, 8 = 0, right: o = 1, 8 = 0.9) with repeated participation
(b =100, k = n/100). See Section[d]for details.
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Figure 2: Classification accuracy (mean and standard deviation over 5 runs with different random
seeds) on CIFAR-10 for BSR, AOF, and baselines for (¢, §) = (4,107°) for independent training
runs. Left: one epoch, different batch sizes. Right: different number of epochs, constant batch size.

The results confirm our expectations from the theoretical analysis: in particular, BSR’s expected
approximation error is quite close to AOF’s, typically within a few percent (left plot). Both methods
are clearly superior to the naive factorizations. For large matrix sizes, BSR sometimes even yields
slightly better values than AOF (right plot). However, we believe this to be a numeric artifact of us
having to solve AOF with less-than-perfect precision.

Private Model Training on CIFAR-10. To demonstrate the usefulness of BSR in practical settings,
we follow the setup of |Kairouz et al.| [2021]] and report results for training a simple ConvNet on the
CIFAR-10 dataset (see Table[I]in Appendix [C|for the architecture). Specifically, we adapt Google’s
reference implementation of DP-SGD in jax Bradbury et al.[[2018] to work with the different matrix
factorizations: BSR, AOF, and the two baselines. To reflect the setting of single-participation training,
we split the 50,000 training examples into batches of size m € {1000, 500, 250, 200, 100, 50, 25},
resulting in n € {100, 200, 400, 500, 1000, 2000} update steps. For repeated participation, we fix the
batch size to 500 and run k € {1,2,...,10, 15,20} epoch of training, i.e. n = 100k and b = 100.
In both cases, 20% of the training examples are used as validation sets to determine the learning rate
n € {0.01,0.05,0.1,0.5, 1}, weight decay parameters « € {0.99,0.999,0.9999, 1}, and momentum
B €{0,0.9}. Figure shows the test set accuracy of the model trained with hyperparameters that
achieved the highest validation accuracyﬂ One can see the expected effect that in DP model training,
more update steps/epochs do not necessary lead to higher accuracy due to the need to add more noise.
The quality of models trained with BSR is mostly identical to AOF. When training for a large number
of epochs it achieves even better slightly results, but this could also be an artifact of us having to
solve AOF with reduced precision in this regime. Both methods are clearly superior to the baselines.

*Such a setting would not optimal for real-world private training, because the many repeated experiments
reduce the privacy guarantees [Papernot and Steinkel 2021] |Kurakin et al},2022| |Ponomareva et al., 2023|]. We
nevertheless adopt it here to allow for a simpler and fair comparison between methods.



5 Conclusion and Discussion

We introduce an efficient and effective approach to the matrix factorization mechanism for SGD-
based model training with differential privacy. The proposed banded square root factorization (BSR)
factorization achieves results on par with the previous state-of-the-art, and clearly superior to baseline
methods. At the same time, it does not suffer from the previous method’s computational overhead,
thereby making differentially private model training practical even for large scale problems.

Despite the promising results, some open questions remain. On the theoretical side, the asymptotic
optimality of BSR without weight decay is still unresolved because the current upper bounds on the
expected approximation error do not match the provided lower bounds. Based on the experimental
results, we believe this discrepancy lies with the lower bounds, which we suspect should be linear in
the number of participations. We observe that BSR achieves results comparable to AOF, although
we cannot currently prove this due to the insufficient understanding of AOF’s theoretical properties;
nonetheless, we consider it a promising research direction. On the practical side, it would be
interesting to extend the guarantees to even more learning scenarios, such as variable learning rates.
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Appendix

A General introduction to differential privacy.

Differential privacy [Dwork] [2006] is a robust framework designed to provide strong privacy guaran-
tees for statistical analyses and data sharing. It aims to protect individual data points in a dataset while
still allowing meaningful aggregate information to be extracted. Unlike traditional data anonymization
techniques, which might involve removing identifiers or aggregating data, differential privacy offers a
mathematical definition of privacy that quantifies the amount of privacy loss and ensures that the risk
of identifying any individual’s data remains low, even when combined with other data sources.To
formalize this concept, a randomized mechanism M is said to provide (e, §)-differential privacy if,
for all data sets D and D’ that differ in one element, and for all subsets of the mechanism’s output
space S:
Pr[M(D) € S] < e -Pr[M(D’) € S]+§

For a detailed introduction to differential privacy, we recommend the books "The Algorithmic

Foundations of Differential Privacy" by Dwork and Roth| [2014] and "The Complexity of Differential
Privacy" by |Vadhan| [2017].

B Source code for computing AOF

Algorithm 2 Source code for computing AOF using cvxpy.

import cvxpy as cp
import numpy as np

def banded_factorization(A, b):
n len(A)
X cp.Variable ((n, n), PSD=True)

# cp.matrix_frac(A, X) = tr(A.T @ X"-1 @ A)
objective = cp.Minimize (cp.matrix_frac(A.T, X) * np.ceil(n / D))
constraints = [cp.diag(X) == 1]

for i in range(b, n):
constraints += [cp.diag(X, i) == 0, cp.diag(X, -i) == 0]

prob = cp.Problem(objective, constraints)
return prob.solve(solver=’SCS’), X.value

C Network architecture for CIFAR-10 experiments

Table 1: ConvNet architecture for CIFAR-10 experiments

Conv2D(channels=32, kernel=(

3 strides=(1, 1), padding="SAME’, activation="relu’)
Conv2D(channels=32, kernel=(3
3

strides=(1, 1), padding="SAME’, activation="relu’)
(2, 2))

3), strides=(1, 1), padding="SAME’), activation="relu’)

Conv2D(channels=64, kernel=(3, 3), strides=(1, 1), padding="SAME’), activation="relu’)

MaxPool(kernel=(2, 2), strides=(2, 2))

Conv2D(channels=128, kernel=(3, 3), strides=(1, 1), padding="SAMFE’), activation=relu’)

Conv2D(channels=128, kernel=(3, 3), strides=(1, 1), padding="SAMFE’), activation=relu’)

MaxPool(kernel=(2, 2), strides=(2, 2))

Flatten()

Dense(outputs=10)

3),
3),

MaxPool(kernel=(2, 2), strides=
Conv2D(channels=64, kernel=(3,

3
3
5
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D Additional Experimental Results

In this section we provide additional experiments comparing BSR, AOF and baselines: Figures[3]
and [ and following tables show their expected approximation error (lower is better) for workload
matrices stemming from SGD with different hyperparameter settings. Figure[5) and following tables
show the accuracy of resulting classifiers on CIFAR-10 (higher is better) for different privacy levels.

The results show the same trends as the one in Section[d] BSR achieves almost identical expected
approximation error as AOF, and results in equally good classifiers. In some cases, results for BSR
even improve over AOF’s. Presumably this is because of numerical issues in solving the optimization
problem for AOF.
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Figure 3: Expected approximation error of p-BSR, AOF and baseline factorizations with Imultiple
participations and p = b = 100.
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expected factorization error
n  BSR sqrt AOF 1d A

100 24 24 2.2 7.1 10.0
200 3.6 4.0 3.5 142 224
300 48 5.5 4.6 212 374
400 59 6.9 5.7 283 548
500 69 84 6.7 354 742
600 8.0 9.9 7.7 425 954
700 9.0 11.3 86 49.5 118.3
800 10.1 12.8 9.5 56.6  142.8
900 11.1 14.2 104 63.7 168.8
1000 12.1 15,7 11.3 70.7 196.2
1500 172 23.1 15.7 106.1 352.1
2000 222 306 19.9 141.5 535.7

Table 2: Numeric results for Figure [3|as well as a plain square root decomposition: a = 1, 8 = 0,
k=1b=k/n

expected factorization error
n  BSR  sqit  AOF Id A

100 139 139 133 61.8 92.9
200 229 257 224 1323  213.2
300 314 374 31.0 2029  361.2
400 39.7 49.1 393 273.6  532.6
500 48.0 61.0 474 3443 7247
600 56.2 73.0 554  415.0 935.3
700 64.3 8.1 63.2 485.7 1163.0
800 725 972 711  556.4 1406.6
900 80.6 109.5 788  627.1 1665.2
1000 88.7 121.8 90.6 697.8 19379
1500 129.2 184.2 137.2 1051.3 3491.5
2000 169.7 247.8 196.9 1404.9 5322.6

Table 3: Numeric results for Figure[3]as well as a plain square root decomposition: & = 1, 8 = 0.9,
k=1b=k/n

expected factorization error
n  BSR sqrit AOF Id A

100 24 24 2.2 7.1 10.0
200 36 3.9 3.5 141 222
300 48 54 46 21.0 36.9
400 5.8 6.9 5.7 279 539
500 6.9 83 6.6 34.8 727
600 79 9.7 7.6 41.6  93.1
700 8.9 11.1 85 48.4 115.1
800 99 125 94 55.1 1384
900 109 139 103 61.8 163.0
1000 11.8 153 11.1 68.5 188.7
1500 16.5 223 15.2 101.1 332.6
2000 21.0 29.1 19.7 132.6 496.8

Table 4: Numeric results for Figure [3]as well as a plain square root decomposition: « = 0.9999,
B=0,k=1b=k/n
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expected factorization error
n BSR  sqit  AOF 1d A

100 139 139 132 61.6 924
200 228 255 223 1314 2114
300 31.2 37.0 30.8 2009  356.7
400 393 486 389 270.0 524.0
500 473 60.1 46.8 3386  710.3
600 553 71.7 545 406.8  913.3
700 63.1 833 621 4746 1131.5
800 709 95.0 69.6 541.9 1363.5
900 78.6 106.6 77.0 608.8 1608.1
1000 86.2 1183 881 6753 1864.6
1500 123.7 176.5 131.0 1001.3 32984
2000 1599 2344 187.0 1317.1 49379

Table 5: Numeric results for Figure[3]as well as a plain square root decomposition: « = 0.9999,
8=09,k=1b=k/n

expected factorization error
n BSR sqrt AOF Id A

100 2.3 2.3 2.2 6.9 9.5
200 3.5 3.8 34 133 205
300 4.6 5.1 44 193 331
400 55 6.4 54 25.0 46.7
500 64 7.6 6.2 304 61.1
600 7.2 8.7 70 354 76.0
700 8.0 9.8 7.7 402 91.2
800 87 108 84 44.8 106.5
900 94 11.8 9.1 49.2 122.0
1000 10.0 12.8 9.7 533 1374
1500 13.0 17.2 125 71.6 212.7
2000 154 21.1 148 86.9 2829

Table 6: Numeric results for Figure [3]as well as a plain square root decomposition: o = 0.999,

B=0k=1b=k/n

expected factorization error
n  BSR  sqrt  AOF Id A

100 13.5 13.5 129  59.8 88.6
200 218 242 214 124.0 1958
300 29.2 343 289 1845 3199
400 36.1 44.0 358 2414 4553
500 425 533 422 2952 598.5
600 486 62.3 481 346.0 746.7
700 54.3 709 53.7 3942 898.2
800 59.8 79.2 59.0 440.0 1051.7
900 65.0 87.2 64.1 483.6 1205.9
1000 70.0 95.0 71.8 525.1 1360.2
1500 919 1303 951 708.4 2113.9
2000 110.3 161.0 115.0 861.2 2816.2

Table 7: Numeric results for Figure |3| as well as a plain square root decomposition: o = 0.999,
8=09k=1b=k/n
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expected factorization error
n BSR sqit AOF 1Id A

100 2.1 2.1 2.0 54 6.6
200 3.0 3.1 2.9 8.7 11.2
300 3.7 38 3.6 11.2 149
400 43 45 4.2 133 18.1
500 4.8 5.0 4.7 151 208
600 5.2 5.5 5.2 16.6 23.3
700 5.7 6.0 5.6 181 255
800 6.1 6.4 6.0 194 275
900 6.4 6.8 6.4 20.7 294
1000 6.8 7.2 6.8 219 31.2
1500 8.3 8.9 83 27.0 389
2000 9.6 103 9.6 313 454

Table 8: Numeric results for Figure [3]as well as a plain square root decomposition: & = 0.99, 8 = 0,
k=1b=k/n

expected factorization error
n  BSR sqit AOF 1d A

100 109 109 105 46.2 614
200 16.2 170 159 79.9 106.7
300 20.3 21.7 20.0 1045 144.0
400 23.6 257 234 1245 1754
500 26.6 29.1 264 141.7 202.7
600 29.2 32.1 29.1 157.1 226.9
700 317 349 315 1711 2488
800 339 375 33.8 184.0 268.9
900 36.0 40.0 359 196.1 287.7
1000 38.0 423 381 207.4 305.3
1500 46.7 52.2 46.8 256.9 381.4
2000 54.1 60.6 56.0 298.2 444.6

Table 9: Numeric results for Figure [3]as well as a plain square root decomposition: o = 0.99,
8=09,k=1b=k/n

expected factorization error
n BSR sqit AOF Id A

50 22 22 20 5.0 7.1
100 24 24 22 7.1 10.0
200 26 26 24 100 141
400 2.8 28 2.7 142 200
500 29 29 27 158 224

1000 3.1 31 29 224 316
2000 33 33 3.2 316 447

Table 10: Numeric results for Figure das well as a plain square root decomposition: & = 1, 8 = 0,
b=0
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expected factorization error

n  BSR sqrt AOF 1d A
50 114 114 106 38.2  60.3
100 139 139 133 61.8 929
200 16.3 16.3 157 93.5 136.5
400 18.6 18.6 17.8 136.8 196.5
500 193 19.3 18.6 154.0 220.5
1000 21.6 21.6 23.9 220.7 314.0
2000 23.8 23.8 27.1 314.1 445.7

Table 11: Numeric results for Figured]as well as a plain square root decomposition: & = 1, 5 = 0.9,
b=20

expected factorization error

Table 12: Numeric results for Figure [d]as well as a plain square root decomposition: o = 0.9999,

B8=0,b=0

Table 13: Numeric results for Figure [d]as well as a plain square root decomposition: o = 0.9999,

B=09,b=0

Table 14: Numeric results for Figure ] as well as a plain square root decomposition: o = 0.999,

B=0,b=0

n BSR sqit AOF Id A
50 21 21 20 50 7.1
100 24 24 22 7.1 10.0
200 26 26 24 100 14.0
400 2.8 28 2.7 140 196
500 29 29 27 156 21.8
1000 3.1 31 29 21.7 30.1
2000 3.2 3.2 31 29.7 406

expected factorization error

n  BSR sqit AOF Id A
50 114 114 106 38.2  60.2
100 139 139 132 61.6 924
200 16.2 16.2 156 929 1352
400 184 184 17.7 135.0 192.7
500 19.1 19.1 18.4 1514 215.2
1000 21.1 21.1 234 213.5 299.1
2000 23.0 23.0 26.0 294.5 404.7

expected factorization error

n BSR sqt AOF 1Id A
50 21 21 20 50 6.9
100 2.3 2.3 2.2 6.9 9.5
200 25 25 24 94 128
400 2.7 2.7 26 125 16.6
500 2.7 27 26 136 1738
1000 2.8 2.8 2.7 169 20.8
2000 2.8 2.8 28 194 222
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expected factorization error

n  BSR sqrt AOF 1d A
50 112 112 104 37.6 59.0
100 135 135 129 59.8 88.6
200 155 155 149 87.7 124.2
400 17.0 17.0 16.5 120.7 163.3
500 174 174 17.0 132.0 175.6
1000 184 184 20.0 166.1 206.6
2000 18.8 18.8 20.8 192.6 220.5

Table 15: Numeric results for Figure ] as well as a plain square root decomposition: o = 0.999,
8=090b=0

expected factorization error

Table 16: Numeric results for Figure 4] as well as a plain square root decomposition: o = 0.99,

B=0,b=0

Table 17: Numeric results for Figure 4] as well as a plain square root decomposition: o = 0.99,

B=09,b=0

n BSR sqit AOF Id A
50 20 20 19 43 56
100 2.1 2.1 20 54 6.6
200 21 21 21 62 7.0
400 2.1 2.1 21 6.6 7.1
500 21 21 21 67 71
1000 2.1 2.1 21 69 71
2000 21 21 21 70 7.1

expected factorization error

n BSR sqit AOF 1Id A
50 9.8 98 9.2 328 487
100 109 10.9 10.5 46.2 614
200 115 11.5 11.2 56.5 66.9
400 11.7 11.7 11.6 62.3 67.7
500 11.8 11.8 11.7 634 67.7
1000 11.9 119 12.2 65.6 67.7
2000 119 119 123 66.7 67.7
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CIFAR-10 (single participation) CIFAR-10 (repeated participation)
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Figure 5: Classification accuracy (mean and standard deviation over 5 runs with different random
seeds) on CIFAR-10 for BSR, AOF, and baselines for independent training runs. Top row: classi-
fication accuracy on CIFAR-10 with (¢,8) = (2,107°). Bottom row: classification accuracy on
CIFAR-10 with (e, ) = (8,107°). Left plots: one epoch, different batch sizes. Right plots: different
number of epochs, constant batch size.

accuracy
number of updates BSR AOF Id A

50 295+£21 315£1.0 314+£23 218+£21
100 348+22 362+3.0 308£08 227+19
200 345£08 372422 335+16 18.7+3.1
400 358+1.7 364+11 275£11 174424
500 36.3+20 379407 27.7+£07 172418

1000 36.2+£13 35.7+11 272+10 13.6=£1.8
2000 33.0+1.7 334+11 21.9+21 127+£15

Table 18: Numeric values for results in Table@left plot (CIFAR-10, single participation, (e, ) =
(4,1075).
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accuracy
number of epochs BSR AOF 1d A

348+22 362+3.0 308+£08 227£19
4244+06 43.6+1.0 36.3+£19 21.3+24
448+1.0 46.1+£0.7 36.6+0.5 19.2+3.1
458 +0.7 46.6+0.6 36.6+t1.1 20.2=£3.0
46.0£09 46309 37.0+£06 21.3£1.5
46.0£08 458+09 373+14 201=£25
45.6+0.7 46.5+09 366+1.1 19.6+34
459+0.7 46.6+0.8 35.8+£0.5 188=£2.2
46.7+0.7 46.7+0.8 348+£1.0 176+£1.6
10 476+£05 47.6+0.8 349+1.1 16.8+2.7
15 503£0.7 479£08 33.0£08 17.8+1.0
20 53.1+£16 470£0.2 35.0+0.7 17.7+£1.2

Table 19: Numeric values for results in Table [2|right plot (CIFAR-10, repeated participation, (¢,0) =
(4,1075).

O 0NN W~

accuracy
number of updates BSR AOF Id A

50 298+27 315+14 302+15 208=£08
100 31.2+09 340+£15 298=£12 16.5+29
200 309+14 315+19 260£16 159423
400 32.14+09 33.3+08 248424 14.7+2.0
500 31.6+23 328+18 238+14 149420

1000 302+16 30.1+£11 175+£0.7 125+£1.5
2000 299+2.0 305£12 161+10 11.3+1.1

Table 20: Numeric values for results in Table [5] top left plot (CIFAR-10, single participation,
(6,0) = (2,1077).

accuracy
number of epochs BSR AOF Id A

31.24+£09 340+15 29.8+£1.2 16.5£29
345+£10 36.5+£06 30.1+09 186=£2.1
36.8+23 38.0+12 313+£14 176=£1.6
39.2+£21 401+16 28.8+09 174+£21
404+19 41.0+09 284+1.0 16.1+£2.1
41.3£0.7 41.8+13 283+£09 152=£13
422+16 44.14+09 284+1.0 154+£1.9
43.3+12 444+11 289+14 161x+1.7
441+04 4524+05 28.6+£0.5 15.6=£1.6
10 443+£18 438=+£03 27.7+15 158=+09
15 449+11 439+08 273+1.1 149=£1.0
20 45.7+£12 430£13 269+15 142+£09

Table 21: Numeric values for results in Table [5 top right plot (CIFAR-10, repeated participation,
(€,0) = (2,1077).

O 00 JNWNB W —
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accuracy
number of updates BSR AOF Id A

50 314+£18 322+20 326+34 253£14
100 37.7+26 39.7+19 383+£13 26.3£2.7
200 40.3+1.8 412+1.0 356=£05 25.8%+1.7
400 38.8+1.1 396+£1.0 344+14 221+48
500 404+11 405+06 33.1£15 224+25

1000 40.7+1.0 400£06 282411 16.1+4.2
2000 39.2+15 376=£15 235+£1.7 16.3+1.5

Table 22: Numeric values for results in Table [5|bottom left plot (CIFAR-10, repeated participation,
(6,0) = (8,1072).

accuracy
number of epochs BSR AOF 1d A

37726 39719 383+£13 263£27
447+14 458+12 36.8+£1.0 26.8+2.0
491+10 49.6+0.8 402+1.1 246=£1.5
51.2+1.0 51.1+16 40.8+1.7 24.1+£3.7
53.3+14 54.0+12 41.44+03 24.0+20
545+06 53.8+0.2 409+04 24.0+£3.0
55.5+£0.8 55.5+09 39.9+13 245422
95.7£09 558=+05 41.0+14 25.1+2.1
55.9+0.5 55.7+11 41.7+0.6 23.7£2.9
10 56.2+12 51.1+£0.7 406+1.1 23.6=£3.5
I5 56.0£06 523+05 39.3+1.0 21.3+£23
20 55.2+12 538=£05 381+14 206+£28

Table 23: Numeric values for results in Table [5|bottom right plot (CIFAR-10, repeated participation,
(6,6) = (8,107°).

O 0NN W~

E Experimental Results for Different Optimizers

In this section we report on experimental results when different optimizers are used to (approxi-
mately) solve the AOF optimization problem (). Besides cvxpy (CVX) these are standard gradient
descent (GD) and the Limited-Memory Broyden-Fletcher-Goldfarb-Shanno algorithm (LBFGS).
The latter two we implement in jax using the optax toolbox. Similar to [[Granqvist et al., 2024,
ftrl_mechanism.py], we use an adaptive line-search for the step size of the gradient-based meth-
ods, which at the same time ensures the positive definiteness constraints of the optimization problem.
Our implementation differs from theirs, however, in that our learning rate is not restricted to shrink
monotonically, thereby avoiding premature termination.

E.1 Runtime

We report the runtimes for the different methods in Tables [24]to[39] For comparison, we also include
results for BSR and the CVX optimizers with three tolerance levels in the same settings, where
practically feasible. Note that while the experiments for BSR and CVX used a single-core CPU-only
environment, the experiments for GD and LBFGS were run on an NVIDIA H100 GPU with 16
available CPU cores. As a consequence, the absolute runtimes are not directly comparable between
the methods, but they should rather be seen as illustrations of the scaling behavior of the method for
different workload types and problem sizes.

Indeed, the results show a clear trend: BSR is the fastest, with almost no overhead. Even for the
largest problem sizes of n = 10000, BSR never took more than 2.5s to despite running in the
single-core CPU-only setup. GD and LBFGS benefit strongly from the GPU hardware. In the
multiple participation setting (p = 100,k = n/p), they solve most workload sizes within a few
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Table 24: « = 1.0, 8 =10.9,p =100, k = n/p

n \ BSR \ GD LBFGS \ CVX(t0l=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 28.5s 1m39s 4.5s 7m18s 1h27m30s
200 | < 1s 1m10s 2m31s 37.1s 21m00s 10h35m00s
300 | < 1s 1m44s 3ml4s 2m16s 1h12m40s 22h36m40s
400 | < 1s 2m35s 3m46s 6m06s 2h14m50s 53h03m20s
500 | < 1s 3md7s 4m47s 11m45s 5h31m40s 90h50m00s
600 | <1s 4m27s Smlls 26m50s 17h36m40s 40h16m40s
700 | < 1s S5m13s 6m12s 47m50s 22h10m00s 66h23m20s
800 | < 1s 5m52s Tm30s 1h29m40s 38h03m20s 164h26m40s
900 | < 1s 6m20s Tm29s 1h45m30s 62h30m00s 253h53m20s

1000 | < 1s 6m55s 8mO01s 1h59m40s 83h36m40s 245h00m00s
1500 | < 1s 10ml11s 11m49s 6h08m20s 121h23m?20s timeout
2000 | < 1s 13m39s 13m21s 15h10m00s 297h13m20s timeout
5000 1.1s | 1h0O9m55s 33m00s — — —
10000 1.6s | 6h07m10s  1h47m39s — — —
Table 25: « = 1.0, 8 =0.0,p = 100, k = n/p
n \ BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 1.4s 12.3s 5.6s 48.6s 33.4s
200 | < 1s 2.4s 20.0s 1m09s 2m38s 3m39s
300 | < 1s 3.4s 25.0s 2m?25s 11m23s 19m20s
400 | < 1s 6.4s 30.2s 12m15s 26m10s 1h14m40s
500 | < 1s 6.8s 36.6s 33m10s 1h07mO00s 2h53m20s
600 | < 1s 9.8s 44.1s 52m00s 7h45m00s 4h53m20s
700 | < 1s 12.8s 51.5s 1h34m50s 14h30m00s 17h48m20s
800 | < 1s 13.2s 54.3s 3h33m20s 17h26m40s 26h55m00s
900 | < 1s 17.9s 59.1s 4h43m20s 27h18m20s 41h06m40s
1000 | < 1s 22.9s 1m09s 7Th31m40s 45h33m20s 57h30m00s
1500 | < 1s 47.3s 1m36s 29h43m20s 84h43m20s 200h50m00s
2000 | < 1s 1m24s 1m45s 68h53m20s 258h36m40s timeout
5000 2.4s 16m35s 4m18s — — —
10000 1.6s | 2h29m46s  14m23s — — —

minutes, except the largest ones, which for GD can take a few hours. In the single participation setting
(k = 1), LBFGS also occasionally need several hours to converge. In general, stronger weight decay
(smaller «) tends to lead to lower runtimes, while the use of momentum (5 = 0.9) to higher times
until convergence. CVX (on weak hardware) is orders of magnitude slower than the other methods.
Furthermore, its runtime grow approximately cubic with the problem size, whereas for GD and
LBFGS the relation is not too far from linear. Note that despite the stable patterns described above,
all runtime results should be taken with caution, because internal parameters of the optimization,
such as the convergence criterion and the specific implementation of the line search can substantially
influence the overall runtime as well.

E.2 Expected Approximation Error

Figures [6] and [7] report the expected approximation errors achieved by the different optimizers of
AOF (@) and by BSR. For CVX, we report the smallest error value across all tolerance levels for
which the optimization converged.

The curves show several clear trends. GD and LBFGS generally perform similarly, and achieve
expected approximation errors slightly (at most a few percent) lower than BSR. An exception are the
problems with momentum (5 = 0.9) in the single participation setting, where it appears that SGD
occasionally fails to find the optimum for large problem sizes (n > 1500). CVX performs comparably
to the other methods for problems without momentum (8 = 0). With momentum, however, the
solutions it find are often worse than the other methods, especially in the single-participation setting
and for medium to large problem sizes (n > 500). Presumably, even smaller folerance values would
be require here, which, however, would result in even longer runtimes.
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Table 26: o« = 0.9999, 5 = 0.9,p = 100, k =n/p

n \ BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 29.9s 1m35s 6.1s 3m42s 47m00s
200 | < 1s 1m10s 2m33s 36.3s 18m00s 6h56m40s
300 | < 1s 1m45s 3m04s 1m48s 40m30s 25h46m40s
400 | < 1s 2m32s 3m46s 6m21s 2h35m20s 57h13m20s
500 | < 1s 3m32s 4m?29s 11mO05s 5h41m40s 24h08m20s
600 | < 1s 4m21s 4m56s 10m41s 13h36m40s 41h56m40s
700 | < 1s S5m10s 5m37s 54m20s 20h33m20s 76h56m40s
800 | < 1s 5m39s 6m20s 1h21m40s 38h20m00s 158h53m20s
900 | < 1s 6m25s TmO05s 2h16m00s 51h06m40s 268h20m00s
1000 | < 1s 6m56s Tm46s 2h11mO00s 68h03m20s 223h20m00s

1500 | < 1s 10m09s 10m15s 8h08m20s 115h50m00s timeout
2000 | < 1s 13m39s 12m09s 12h46m40s 247h13m20s timeout
5000 2.4s | 1h10m18s 26m09s — — —
10000 2.6s | 6h06m46s 1h10m10s — — —
Table 27: a = 0.9999, 5 = 0.0, p = 100, k = n/p
n \ BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 1.2s 13.7s 6.0s 14.1s 20.3s
200 | < 1s 2.3s 18.5s 1m04s 4ml5s 4m00s
300 | < 1s 3.5s 23.8s 4m03s 15m10s 10m51s
400 | < 1s 5.3s 29.7s 7m45s 14m32s 19m50s
500 | < 1s 6.1s 38.5s 22m10s 1h23m50s 2h44m20s
600 | < 1s 8.9s 43.3s 29m40s 3h46m40s 8h23m20s
700 | < 1s 12.0s 44.5s 1h56m50s 12h03m20s 12h11m40s
800 | < 1s 12.7s 51.6s 3h43m20s 16h40m00s 23h56m40s
900 | < 1s 16.1s 1mO02s 5h11m40s 26h30m00s 30h33m20s
1000 | < 1s 20.3s 1mO05s 8h23m20s 40h33m20s 41h23m20s
1500 | < 1s 39.8s 1m19s 35h50m00s 78h53m20s 170h00mO00s
2000 | < 1s 1m10s 1m27s 72h30m00s 239h26m40s timeout
5000 1.1s 9m4ls 3ml5s — — —
10000 2.5s | 1hOOm37s  10mS51s — — —
Table 28: « = 0.999, 5 = 0.9, p = 100, k = n/p
n \ BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 32.6s 1m52s 3.7s 3m36s 58m10s
200 | < 1s 59.0s 2m08s 36.1s 20m50s 8h10m00s
300 | < 1s 1m25s 2m36s 3m38s 37m30s 25h48m20s
400 | < 1s 1m54s 3m02s 4m48s 1h30m00s 56h56m40s
500 | < 1s 2m13s 3m33s 13m45s 2h58m20s 84h43m20s
600 | < 1s 3m07s 3m57s 26m20s 9h51m40s 41h56m40s
700 | <1s 3m04s 4m09s 52m30s 13h10mO00s 85h33m20s
800 | < 1s 3m?28s 4m18s 59m00s 28h03m20s 164h43m?20s
900 | < 1s 3m59s 4m33s 57mO00s 39h10mO00s 280h33m20s
1000 | < 1s 4m34s Sm21s 1h27m00s 59h43m20s 258h03m20s
1500 | < 1s Sm48s Sm21s 4h41m40s 81h40m00s timeout
2000 | < 1s Tm26s 5m28s 14h16m40s 219h10m00s timeout
5000 | < 1s 34m57s 9m16s — — —
10000 2.5s | 2h42ml14s 28m36s — — —
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Table 29: « = 0.999, 5 = 0.0, p = 100, k = n/p

n \ BSR GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 1.1s 11.5s 7.3s 28.0s 27.6s
200 | < 1s 2.0s 15.6s 1m10s 46.8s 3m06s
300 | < 1s 3.1s 21.3s 3m39s 6m32s 8m10s
400 | < 1s 3.8s 26.0s 8m19s 30m30s 29m50s
500 | < 1s 4.6s 30.3s 9m47s 44m50s 2h17m50s
600 | < 1s 5.3s 29.3s 48m30s 2h01m40s 1h59m50s
700 | < 1s 6.1s 39.5s 1h10m20s 6h50m00s 7h01m40s
800 | < 1s 6.7s 38.6s 3h16m40s 13h10m00s 13h50m00s
900 | < 1s 7.9s 37.4s 5h26m40s 21h51m40s 28h03m20s

1000 | < 1s 9.8s 45.1s 6h26m40s 30h50m00s 32h46m40s

1500 | < 1s 12.8s 52.1s 29h26m40s 77h13m20s 49h43m20s

2000 | < 1s 16.6s 50.3s 70h00mO00s 91h23m20s 174h26m40s

5000 1.3s | Iml19s 1m29s — — —

10000 2.4s | 6m40s 3m23s — — —
Table 30: « = 0.99, 5 =0.9,p =100, k =n/p

n \ BSR GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 15.8s Im12s 3.5s 1m28s 1h19m10s
200 | < 1s 19.0s 1mQ09s 14.4s 22m00s 11h23m20s
300 | <1s 19.6s Iml15s Im10s 2h29m50s 30h16m40s
400 | < 1s 24.5s 1m23s 3m07s 4h55m00s 59h43m20s
500 | < 1s 23.8s 1m21s 6m55s 13h06m40s 67h30m00s
600 | < 1s 28.7s 1m20s 24m10s 31h40m00s 44h43m20s
700 | < 1s 33.4s 1m24s 36m10s 61h23m20s 78h53m20s
800 | < 1s 33.7s 1m29s 48m20s 73h36m40s 146h06m40s
900 | < 1s 39.2s 1m37s 1h06m50s 50h00mO00s 280h33m20s

1000 | < 1s 37.3s 1m32s 1h53m30s 66h06m40s 274h43m20s

1500 | < 1s 53.9s 1m44s 7h36m40s 302h46m40s timeout

2000 | < 1s 1mO07s 1m50s 22h45m00s timeout timeout

5000 | < 1s S5m56s 2m51s — — —

10000 2.4s | 29m34s 7m45s — — —
Table 31: « = 0.99, 5 = 0.0, p = 100, k =n/p

n \ BSR GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 1.0s 9.9s 3.9s 9.0s 15.9s
200 | < 1s < 1s 9.8s 30.3s 1m40s 1m38s
300 | < 1s <1s 10.2s 2mlls 2mlls 1m50s
400 | < 1s 1.2s 11.4s 11m16s 10m36s 4m16s
500 | < 1s 1.3s 14.6s 24m10s 17m40s 22m20s
600 | < 1s 1.3s 10.6s 32m00s 39m00s 1h44m00s
700 | < 1s 1.4s 10.7s 1h06m10s 1h33m20s 1h46m30s
800 | < 1s 1.5s 11.2s 1h43m30s 3h36m40s 2h41m20s
900 | < 1s 1.6s 11.3s 3h15mO00s 7h23m20s 8h21m40s

1000 | < 1s 1.8s 13.0s 5h11m40s 8h31m40s 9h26m40s
1500 | < 1s 2.7s 12.7s 20h10m00s 29h10m00s 30h00mO00s
2000 | < 1s 3.2s 12.5s 46h40mO00s 31h56m40s 33h03m20s
5000 | < 1s 17.0s 18.3s — — —
10000 1.4s | 1m26s 42.7s — — —

26



Table 32: « =1.0,3=09, k=1

n \ BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | <1s 28.5s 1m39s 2.3s 1m46s 50m20s
200 | < 1s 1m02s 2m08s 25.5s 31mO00s 7h15m00s
300 | < 1s 1m37s 3m07s 1m45s 1h53m40s 21h03m20s
400 | < 1s 2m25s 3m34s S5m48s 5h00mO00s 50h00mO00s
500 | < 1s 2m39s 4m05s Tm38s 12h28m20s 71h40m00s
600 | < 1s S5m10s 5m32s 26m30s 25h48m20s 43h20m00s
700 | < 1s 4m?22s 5m30s 37m10s 49h26m40s 94h26m40s
800 | < 1s 4m?22s S5m42s 1h09m40s 57h30m00s 175h16m40s
900 | < 1s 5m37s 6m25s 2h04m50s 36h23m20s 305h33m20s

1000 | < 1s 6m53s 6m32s 2h19m?20s 53h03m20s 260h00m00s
1500 | < 1s 10m24s 10mO08s 13h13m20s 242h30m00s timeout
2000 | < 1s 13m39s 12m45s 33h03m20s 64h10m00s timeout
5000 1.1s | 1h10m17s 44m58s — — —
10000 | < 1s | 6h06m27s  2h30m09s — — —

Table 33: « = 1.0,=0.0,k =1

n \ BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 1.4s 12.3s 6.8s 6.4s 19.6s
200 | < 1s 3.7s 21.8s 45.3s 2m53s 4m32s
300 | < 1s 3.3s 25.1s 3m00s 11m09s 7m37s
400 | < 1s 9.5s 33.8s 6m34s 19m30s 52m00s
500 | < 1s 19.3s 50.4s 16m10s 41m40s 22m50s
600 | < 1s 9.6s 42.9s 51m20s 2h26m40s 2h16m20s
700 | < 1s 20.3s 54.3s 1h47m10s 4h40m00s 5h45m00s
800 | < 1s 33.0s 1mO00s 3h06m40s 9h40mO00s 12h18m20s
900 | < 1s 57.2s 1m22s 5h06m40s 14h05m00s 16h28m20s

1000 | < 1s 1m12s 1m39s 7h03m20s 21h13m20s 28h20m00s
1500 | < 1s 1m54s 1m39s 24h51m40s 80h16m40s 53h20m00s
2000 | < 1s 5m39s 2m56s 61h56m40s 110h33m20s 146h23m20s
5000 2.5s 35m20s 4m19s — — —
10000 1.6s | 5h1lml5s 13m51s — — —

Table 34: @« = 0.9999, 5 =09,k =1

n \ BSR \ GD LBFGS \ CVX(t0ol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 29.9s 1m35s 6.5s Sml2s 1h14mO00s
200 | < 1s 1mO05s 2m13s 34.4s 33m20s 10h03m20s
300 | < 1s 1m38s 2m49s 2m52s 1h41m10s 29h43m20s
400 | < 1s 2m30s 3m29s 2m35s 6h30m00s 30h00mO00s
500 | < 1s 2m?29s 4m03s Tml17s 11h55m00s 75h50m00s
600 | < 1s 4m57s 4m58s 19mO00s 26h40m00s 41h40mO00s
700 | < 1s S5m13s Tm24s 42m?20s 43h36m40s 99h10m00s
800 | < 1s 3m59s 5m13s 53m40s 56h23m20s 167h30m00s
900 | < 1s Sm04s Sm47s 1h27m30s 34h10m00s 302h46m40s

1000 | < 1s 6m53s 6m12s 2h15m10s 54h10m00s 274h10m00s
1500 | < 1s 10mO05s 13mO04s 12h23m20s 308h20mO00s timeout
2000 | < 1s 13m37s 9m39s 35h00m00s timeout timeout
5000 2.5s | 1h10m23s 28m03s — — —
10000 2.5s | 6h06m15s  1h54m24s — — —
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Table 35: &« = 0.9999, 5 =0.0,k =1

n \ BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 1.2s 13.7s 5.1s 21.5s 17.3s
200 | < 1s 3.1s 20.5s 55.7s 3m45s 7mO08s
300 | < 1s 2.9s 22.7s 2m58s 4m10s 8m32s
400 | < 1s 9.3s 34.4s 6m59s 31m30s 26m20s
500 | < 1s 19.3s 48.9s 30m40s 1h03mO00s 41m40s
600 | < 1s 8.2s 41.8s 1h24m40s 2h06m40s 1h22m10s
700 | < 1s 17.7s 47.9s 1h54m40s 5h25m00s 4h38m?20s
800 | < 1s 30.3s 57.8s 2h26m50s 8h36m40s 7h43m20s
900 | < 1s 45.0s 1m15s 4h36m40s 13h58m20s 15h35m00s

1000 | < 1s 1mO1s 1m23s 8h23m20s 18h46m40s 22h43m20s
1500 | < 1s 1m28s 1m33s 28h03m20s 80h33m20s 91h23m20s
2000 | < 1s 3m56s 2mlls 64h26m40s 98h36m40s 126h06m40s
5000 2.5s 58m03s 4m57s — — —
10000 2.5s | 6h00m13s 11m30s — — —

Table 36: « =0.999, 5 =09,k =1

n | BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 32.6s 1m52s 3.5s 6m20s 1h28m10s
200 | < 1s 1mO00s 2m13s 32.2s 26m30s 8h36m40s
300 | < 1s 59.6s 2m?20s 2m21s 2h50m00s 28h20m00s
400 | < 1s 2m08s 2m56s 5m53s 3h36m40s 58h03m20s
500 | < 1s 4m05s 4m19s 9m40s 13h16m40s 72h30m00s
600 | < 1s 2m03s 3m35s 12m33s 22h50m00s 44h10mO00s
700 | < 1s 2m30s 3mS51s 47m50s 46h06m40s 101h40m00s
800 | < 1s 3m33s 4mO1s 1h06m20s 78h03m20s 145h00m00s
900 | < 1s 4m08s 4m39s 1h40m20s 88h36m40s 305h33m20s

1000 | < 1s S5m35s Sm31s 2h42m00s 50h00mO00s timeout

1500 | < 1s 10m10s 7m?29s 10h10mO00s 280h33m20s timeout

2000 | < 1s 13m47s 9m12s 26h08m20s timeout timeout

5000 | < 1s | 1h10m19s 21mO05s — — —

10000 2.5s | 6h08m30s 45m33s — — —
Table 37: « = 0.999, 3=0.0,k =1

n | BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 1.1s 11.5s 5.9s 6.3s 32.4s
200 | < 1s 2.4s 16.8s 47 .4s 1m30s 1m54s
300 | < 1s 6.3s 31.3s 2m48s 7ml7s 17m40s
400 | < 1s 5.0s 27.8s 8m10s 17m30s 42m50s
500 | < 1s 9.4s 33.0s 13m49s 45m50s 1h06mO00s
600 | < 1s 13.6s 40.9s 50m20s 1h04m20s 3h21m40s
700 | < 1s 19.3s 48.0s 1h53mO00s 3h06m40s 3h21m40s
800 | < 1s 25.5s 52.3s 2h45m50s 7h03m20s 8h45m00s
900 | < 1s 34.5s 1m07s 3h55m00s 9h23m20s 13h15m00s

1000 | < 1s 42.4s 1m10s 5h46m40s 17h08m20s 18h21m40s
1500 | < 1s 1m35s 1m40s 26h55m00s 54h10m00s 56h40m00s
2000 | < 1s 2m45s 2ml4s 60h33m20s 52h13m20s 82h30m00s
5000 | < 1s 21m16s 4m32s — — —
10000 2.4s | 1h59m54s  12md4s — — —
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Table 38: « =0.99,8=09,k=1

n \ BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)
100 | < 1s 15.8s 1m12s 3.6s 1m53s 35m00s
200 | < 1s 15.6s 1m14s 31.8s 14m57s 9h00mO00s
300 | < 1s 22.5s 1m15s 1m45s 51m30s 22h15m00s
400 | < 1s 33.6s 1m33s 3m56s 2h19m00s 61h40m00s
500 | < 1s 41.1s 1m33s 17m20s 3h31m40s 73h53m20s
600 | < 1s 47.8s 1m40s 31m50s 8h40m00s 41h40mO00s
700 | < 1s 54.5s 1m50s 51m30s 20h26m40s 89h26m40s
800 | < 1s 1mO03s 1m53s 1h12m40s 39h43m20s 140h00mO00s
900 | < 1s 1m12s 1m55s 2h09m30s 56h06m40s 270h00mO00s

1000 | < 1s 1mO05s 2m02s 3h20mO00s 61h06m40s 265h16m40s
1500 | < 1s 1m53s 2m05s 13h46m40s 124h26m40s timeout
2000 | < 1s 2m16s 2ml4s 32h30m00s 319h26m40s timeout
5000 | < 1s 11m48s 3m20s — — —
10000 2.5s | 1h02m59s Tm50s — — —
Table 39: « = 0.99, 5 =0.0,k =1
n \ BSR \ GD LBFGS \ CVX(tol=0.01) CVX(tol=0.001) CVX(tol=0.0001)

100 | < 1s 1.0s 9.9s 3.8s 8.1s 22.1s

200 | < 1s 1.7s 14.0s 30.8s Im15s 2m02s

300 | <1s 2.5s 18.8s 1m18s 5m23s 8mO00s

400 | < 1s 3.0s 19.6s 3m45s Tm4ls Tm43s

500 | <1s 3.5s 23.9s 9m51s 14m17s 38m30s

600 | < 1s 4.4s 26.4s 33m20s 35m00s 45m20s

700 | < 1s 4.3s 24.7s 1h02m20s 1h22m40s 1h42m10s

800 | < 1s 4.8s 27.8s 1h31m40s 2h27m50s 2h56m40s

900 | < 1s 5.4s 28.7s 2h11m10s 4h01m40s 4h26m40s

1000 | < 1s 5.6s 30.3s 2h51m40s 5h45m00s 6h45m00s
1500 | < 1s 8.5s 39.3s 11h21m40s 17h55m00s 17h26m40s
2000 | < 1s 11.5s 42.9s 26h46m40s 45h00mO00s 42h46m40s
5000 | < 1s 57.1s 1mO07s — — —
10000 1.3s | 4m58s 2md42s — — —
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Figure 6: Expected approximation error for AOF with GD, LBFGS and CVX optimizers as well as
for BSR in the multiple participations setting.
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Figure 7: Expected approximation error for AOF with GD, LBFGS and CVX optimizers as well as
for BSR in the single participation setting.
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F Complete Proofs

In this section, we provide the complete proofs for our results from the main manuscript. For the
convenience of the reader, we also restate the statements themselves.

F.1 Proof of Theorem[]

Theorem 1 (Square-Root of SGD Workload Matrix). Let A, 3 be the workload matrix (9). Then
Anp = C2 4 for Co g = LDToep(co, . .., cn_1), with co = 1 and ¢; = Y31_jo?"'rj_iri 3 for
7 =1,...,n — 1 with coefficients r; = |(71i/2) | Foranyp € {1,...,n}, the p-banded BSR matrix
C Lp) ‘ﬂ is obtained from this by setting all coefficients c; = 0 for j > p.

Proof. We observe that A, 3 can be written as

1 0 ... 0 1 0 0
« 1 ... 0 153 1 ... 0
Aap = . . . X ) ) ] .| = Ea x E (20)
an.—l an.—2 . .. 1 Bn-—l 67{—2 . 1
1 0 0
1/2 1 1 0
Relying on the result from Henzinger et al.| [2024], that E;’~ = with
m—1 Th—2 ... 1
TR = ‘ (7}6/ 2) , one can check that the square roots of the matrices E,,, F'g are:
1 0 ... 0 1 0 ... 0
B ary 1 ... 0 E1/2 B £ry 1 ... 0
a : : R B : : o
o r, 1 a2, ... 1 B o B e ... 1
(21)

An explicit check yields that these matrices commute, i.e. E}y/ zEé/ 2= E;/ QEé/ ?. Therefore

1 0 ... 0 .
Cap= A;/ﬁ = Eé/Q X Eé/z = C,l 1 oY , with ¢, = Zairirk,iﬁk_i. (22)
ot Cnoz ... 1 =
O

F.2 Proof of Theorem 2l

Theorem 2 (Sensitivity for decreasing non-negative Toeplitz matrices). Let M =
LDToep(my, . .., m,—_1) be a lower triangular Toeplitz matrix with decreasing non-negative entries,
ie.

mg > myp > Mg > ...Mmyuy—1 > 0. Then its sensitivity @]) in the setting of b-min-separation is
o\ 1/2
k—1 n—1 [min{k—1,i/b}
sensy »(M) = H ZM['71+jb]” = Z Z Mi—jb , (10)
j=0

i=0 =0

where M. 1 i) denotes the (1 + jb)-th column of M.
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Proof. Because all entries of M are positive, so are the entries of M T M. Therefore, the condition is
fulfilled such that (2)) holds with equality, and

sensi,b(M) = max (MTM)[Z‘,j] = max f(m,m)  for Z Z M. iy, My 1),
ijen g iem jen’

(23)

where Il , = {7 C {1,...,n} : 7| <EkA{i,j} Cm = i=j V |i—j| >b)}. Wenow
establish that {1,1+b,...,1 4 (k — 1)b} is an optimal index set, which implies the statement of the
theorem.

To see this, let 7* be any optimal solution and let +* € 7* be a column index that is not as far left as
possible, i.e., 7\ {¢*} U {i* — 1} would be a valid index set in IIj, ;. If such an index i* exists, we
split 7* into the left indices, which are smaller than ¢*, and the remaining, right, ones: 7 = 73 Uy
with7y ={i|ienmNi<i*},np={i|i€mAi>i*"}. Then, weconstructanewindexsetin

*

Wthh the left indices are kept but all right ones are shifted by one posmon to the left: 7’ = 7} U 3 R
with 7% = {i — 1 | i € 7}, }. By the condition on i*, we know 7" € Iy, ;.

We now prove that f (7', ') > f(m, ), so 7’ must also be optimal. First, we observe two inequalities:
for any 7,5 > 1:

(M iy, M j—1y) = (Mg, ML j1) + Mn—ipamn—jv1 2> (Mg, M. ), (24)
and fori > 1,7 > 1:

n

(M[.,i],M[.,qu:Z > My j—1] = Z MMy j 41 (25)

=1 l=j—1
n—1

= Z My—iMy—j41 +  MpiMpj (26)
I=j-1

> Zml—i—lml—j (27)
n n

> muimi_j =Y My, My = (M., M), (28)

1=1
where the last inequality holds because by assumption m;_;_1 > my_; forl > 7 + 1.

Now, we split f(7’,7') and f(n’, ') into three terms: the inner products of indices below i*, the
ones of terms above ¢* and the ones between both,

[ 7%) = f(xp,7L) + f(g, 7R) + 2/ (7L, TR)- (29)
fa' ') = flrp i) + (T ) +2f (7], T ) (30)
The first term appears identically in both expressions. The second term fulfills
FERTR) = D (Mg, M) = Y (M _q, M. ;_y) (3D
ijesy, ijETY
> > (Mg, My ) = f(mh,R) (32)
L,JETE

by Equation (24). The third term fulfills
S %R = 2 D0 My M) = 30 > (M, My ) (33)

i€y jefTy, i€ny jETy

> Z Z (M., M. ) = f(77,TR) (34)

i€my jETY

by Equation (28). In combination, this establishes f (7', 7') > f(7*,7*), and since 7* was already
optimal, the same must hold for 7’
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Using the above construction, we can create a new optimal index sets, 7*, until reaching one that does
not contain any index ¢* as described anymore. Then 7* = {1,1+b,...,1+(l—1)b} forsome ! € N
must hold. If | = k, the statement of Theorem [2]is confirmed. Otherwise, 7’ = {1,...,1+ (k—1)b}
is superset of 77*, so because of the positivity of entries, f (7', 7') > f(x*,7*) must hold. Once
again, because * was optimal, the same must hold for 7/, which concludes the proof. O

F.3 Proof of Corollary/[l|

Corollary 1. The sensitivity of the p-BSR for SGD can be computed using formula (10).

Proof. From (HI) we know that C,, g is a Toeplitz matrix with coefficients (1, ¢y, ..., c,—1), Where
cj =Yl gairr; i for0 < B < a <1, withr; = |(7 1/2)| = 4;,whereB = (2;) is the
i—central binomial coefficient. It suffices to show that ¢; > ¢; 41 forany j € {1,...,n —1}.

First, we show for the r; coefficients:

1 /24 1 [(2i+2 1 (24)! 1 (2 +2)! (35)
T — Ty = — — = — — —
R TA S A S R | 454030 A (i )+ 1)!
1 (27)! 1(2¢+2)(20+1 21+ 1
- LGN _LBIERARIE DY 2Ly (36)
4% 414! 4 (i+1)(+1) 20+ 1)
T 1
_ - ; 37
2(i 4+ 1) 72t 7
where C; = j%Bj = 3-51-1 (27) is the j-th Catalan number.
Now, we study the case o = 1. If = 0, then ¢; = ¢ = - -+ = ¢, = 1, so monotonicity is fulfilled.
Otherwise, i.e. 0 < 8 < 1, we write
Ck — Cht1 = Zn(rkﬂ' — Thp1-i) 8" — T BT (38)
1 -1 k—i 1 k+1
> 5 D 5 BiCkiB T = oy B B (39)
i=0

Gl <
= T |2 > BiCy i = Bry1B
i=0

(40)

Using the classic identity between Catalan numbers, 2 Zf:o By_;C; = By41, e.g. [Batir et al.| 2021}
Identity 4.2] we obtain

4k+1 [QZBC,C ; /—5)] >0, (41)

where the last inequality follow from the fact that 3~* — 3 > 0 foreachi = 0,...,k and any 3 < 1.
This proves the monotonicity of cy,.

For a < 1, we observe that ¢; = ad S7_ 77y, 79~ for y = § < 1. Clearly, the sequence ol is
decreasing, and by the above argument, the sum is decreasing, too. Consequently, c; is the product of
two decreasing sequences, so it is also decreasing, which concludes the proof. O

F.4 Useful Lemmas

Before the remaining proofs, we establish a number of useful lemmas.
Lemma 2. For any C € R™ "™ with CTC > 0 it holds for any b € {1,...,n} that

senst ,(C) = [|C]|2,00, 42)

where [|C|3 o, = maxi1,...n [[Cpa1%
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Proof. This follows directly from Theorem [2}
sensib(C) = max cTcl,; = max CTClii = max ||C[.7m|2. (43)

welly, < i=1,..., n i=1,...,n
1,JET

Lemma 3. For any C € R"*" with C"C > 0 it holds foranyb € {1,...,n} and k € {1,..., %}
that

k
~[|ClI% < sensf (C) < K[ CI7, (44)

Proof. We first show the upper bound. Observe that for any m C [n]:

S CTCL; = > (CrLapCr) < D ICalliCt s 45)

1,JET i,jET 1,JET
=Q_ICal)® < = lICkall* < IxllIClfF (46)
iem 1€

Therefore, using Theorem 2}

sens?(C') = max [CTC; <k|C|% 47)
el b i,JET

For the lower bound, we introduce some additional notation. Let II;, be the set of b-separated index
sets with exactly k elements. Then, from Theorem@ we obtain

2 = > T i1 — >
sensj, ,(C) ﬂrggifbijew[C 0 Jnax eW[C Clii Jnax. S(m) > max S(m),  (48)

with the notation S(I) = 3, [|Cy. 4||? for any index set I C {1,...,n}.

Now, we prove by backwards induction over k = 1,..., 7:
k 2
max S(m) > —[|C|/% (49)
welly, n

As base case, let k = %. Denote by m; := {i,4 + b, +2b,...,i+ (n—b)} fori = 1,...,bthe
uniformly spaced index sets. By construction they all fulfill 7; € II,, o and | J;_, m; = [n], where the
union is disjoint. Therefore

max S(m)> max Sm >
ﬂenn/b i=1,.

b
1
2 S ([n]) = 3 ICI%- (50)

@\)—l

This proves the statement [@9), because ; = TL in this case.

n

As an induction step, we prove that if @9) holds for some value k£ < %, then it also holds for
k—1>1.
e, S(m) and j* = argmin; .. S({j}), such that we know that S({j}) <

15(n*). Now, set ' = 7* \ {j*}. Because 7" € IIj,_1, it follows that

Let 7* € argmax

. , k-1, . k-1
max S§(m) > S(n') = S(x*) - S({j}) = ——S(r") = ——||C|%, (51)
melly_y k n
where in the last step we used the induction hypothesis. This concludes the proof. O
Lemma 4. For C, g as in (1), and k = 1, it holds that
n n—j n—1
fzch«scaﬁ,cﬁ <> (52)
7j=11i=0 1=
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Proof. From Lemmas [3and 2] we obtain

2 n—1
(o Ca) < = |Capllsensso(Cos) < (sensio(Ca)) < IO = Tt (59
i=0
where the last identify follows from the explicit form of C, 3. The lower bound follows from

1 1
€(Cap, Cap) = —=[Caspllr sensi p(Ca,p) > ~[Cl7 (54)

vn

and again the explicit form of ||C/|%. O

Lemma 5. Forr; = |(~ 1/2)\ = 4%(?) it holds that:

ro =1 and r = and in general forj > 1. (55)

1
R S N
27 \/
Proof. The double inequality is a particular case of a more general pair of binomial inequalities when

k=jand m = 2j:

m m m
2mH(k/m) < < 2mH(k:/m) 36

Sk(m — &) =\ ) =V ok m = ! (56)
where H (k/m) is the binary entropy function, with H(1/2) = 1. The proof of the general result
@, can be found in MacWilliams and Sloane| [[1977, Chapter 10, Lemma 7, p309]. O
Lemma 6. Let ¢, = Z?:o ajrjrk_jﬁk’j as in (I). Then ¢y = 1, and for j > 1:

% ol

—— < < —¥-. 57
AR N e o7

Proof. We exploit the upper and lower bounds from Lemma [5] First, we write ¢, =
ok Z?:o rirk—;y) with v 1= g Then we check immediately that ¢g = 1 and ¢; = (o + 8) =

1+ <515
For 7 > 2 we derive the upper bound by

j-1 j-1
= =r(l+a7) + > orriint < Z (58)
i=1
1+~ 2 4 Jr—1 ﬁ—l A 1
— + —— < — + —7! + ——= 7" (59)
N ;m/]—l vl vt T j—l;
Vr—1 , 1 1
= —(1+Y)+ (60)
m™/j ™i—1(1-5)
(WVr=DVi+T (A+9%)  Vi+T 1 1
= . _ + == . (61)
Vi ™I+l Vi-Ta/i+1(1-7)
~— ——
=1 <V3<2
3 1 1 1
< —= < —= ; (62)
Ti+1(l=7) " Vi+1(1—=7)
which proves the upper bound on a;. The lower bound for j > 1 follows trivially from
; al al
>adrs > — > 63
Y AN/ )
O
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Lemma 7. Forj € {1,...,n} it holds

i—1
log(j+1) _x~ 2 _ 1+1ogj
< for (64)
< S RIT)
T R ()
for o =1, and otherwise
j—1
1 1
1<y @< log ( ) (65)
= i = 3)2 2
2= a—pe B\1a
Proof. We first prove the result for & = 1. Combining Lemmas 4] and [6] we obtain
Jj—1 Jj—1 J .
1 1 1 1  1+4logj
2 < = g = 66
D e D Dk sy D O e (©0
j—1 j—1 j .
1 1 1 1 _log(j+1)
2
> =2 -2 (67)
= 4Z:Oz—|—1 41,:1 7 4
For o < 1, if follows analogously:
7j—1 j—1 2 oo 2%
1 a”’ 1 a“t 1
LS eplivica-prd i -pr ®licaz) Y
j-1 J=l 9 I 2i o 9 2i
1 a 1 @ 1 @ «
25 - - - - - 69
01_44 1+1 4a2zz 4@2[22 Z z} (69)
=0 =0 i=1 i=1 i=j+1
1 1 Q20+
— N _ } 70
= a2[0g<1—a2> G+ 11 —a2) 70)
where the last term emerges from Zfijﬂ a: > a?(iﬁl) Sl = a?(j:l) — O

Lemma38. Let0 < S <a <1 Letoy > --- > 0, be the sorted list of singular values of A, . If
a< 1l thenforj=1,...,n:

1 1
—_— <5 < —mMmM 71
Cra8) =~ 7= w05 7y
and
n
Ifao=1,thenforj=1,...,n,
2 1 n 1 n
z Sl g < — 73
A1 7518 7
and consequently
g(n+1)1og(n+1)<”A | < (n+ 1 +logn) 74)
i 1+43 = LAl = 1+73

Proof. The statements on the singular values follow from the following Lemma 9} because A, g =
E,Es. Because E, and Ejg are diagonalizable and they commute, we have 0, (Eg)o;(E,) <
0j(EaEp) < 01(Eg)o;(Eq). For a < 1 the lower bound follows from || A, g||« > trace A, g, and

n

the upper bound follows from the identity [|Aq g« = >_5_; 0.

For o = 1, the bounds follow from the same identity together with the fact that

log(n+1) <Y % < log(n) + 1. (75)

J=1
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Lemma 9 (Singular values of E;). For 0 <t <1, let E; = LDToep(1,t,...,t""1) € R"*", Then
the singular values o1(E}) > -+ > on(Fy) fulfill fori =1,... n:

1 1 1
—— <ogi(B) <—— for0<t<], and oi(E) = ————

76
1+t 1-1¢ (76)

7—

|

sin (

jus
n+: 2

[N

Proof. We follow the steps of |SebastienB|[2017], and use that the singular values of E} are the recipro-
cals of the singular values of £, *, which themselves are the eigenvalues of (F;)~*((E;)~ ") =: T,
ie,fore=1,...,n:

1

0,(Ey) = ——o (77)
! )\nJrl*j (T)
The £, L and T can be computed explicitly as
1 0 0 0 ... 0 1 4 0 . 0
-t 1 0 0 ... 0 14 ¢ 0
0o -t 1 0 ... 0 o
Bt = . T=]o S !
: T P 2
0 ... 0 —t 1 0 . PR
0 ... 0 0 —t 1 - +
Lemma 10. All eigenvalues, p, of T fulfill
(1-t)?<p<(1+1)? (79)

Proof. By Gershgorin’s circle theorem [Gershgorin, [1931]], we know that 4 fulfills i) |1 — | < ¢, i.e.
1—t<t<pu<l+torii)|l+t2—pu[<2tie1—2t+t><pu<1+2t+t2 Fort € [0,1] the
first condition implies the second, so (79) must hold. O

Case I: For ¢ < 1, the statement follows from Lemma[I0]in combination with (77).

1 -1 0 ... 0
-1 2 -1 ... 0
Case II: For ¢ = 1 the matrix simplifiesto 7' = | Do - | . Note that T' is not
o ... -1 2 -1
o ... 0 -1 2

exactly Toeplitz, because of the top left entry, so closed-form expressions for the eigenvalues of
tridiagonal Toeplitz matrices do not apply to it. Instead, we can compute its eigenvalues explicitly.
Matrices of this form have been studied by [Elliott [[I953]; for completeness, we provide a full proof
here.

Let 1 be an eigenvalue of T" with eigenvector ¥ = (U, ..., ¥,,_1). From the eigenvector equation
TV = p¥ we obtain
p¥o =¥y — Uy (30)
Ui ==V + 20 — Upyy fork=1,...,n—2 (81)
1 =V, 2 +2¥, (82)
which yields a linear recurrence relation
Upt1 =2 — )V — Uy fork=1,...,n—2 (83)
with two boundary conditions
Uy = (1—p)% (84)
Wpp=(2— 1) p 1. (85)

We solve the recurrence relation using the polynomial method [Greene and Knuth| |[1990|]. The
characteristic polynomial of (83) is P(z) = 22 + (u — 2)2z + 1. Its roots are

ri:2iuj: (2*,“)27 2-p)Eiya—(2—p)®

. . 1= . —e (86)
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for some value 6 € [0, 27). Note that the expression under the second square root is positive, because
of Lemma|10| The last equation is a consequence of, [r4|? = 1 (2 — p)? 4+ (4 — (2—p)?)) = 1.
Consequently,

p=2—2R(e"%) =2 — 2cosh. (87)
From standard results on linear recurrence, it follows that any solution to (83) has the form ¥; =

c1(ry)? + co(r—)? for some constants ¢y, co € C. The fact that ¥; must be real-valued implies that

c1 = cg =: ae'® for some values o € R, ¢ € [0, 27). Dropping the normalization constant (which
we could recover later if needed), we obtain

U = ¢ PHI0) 4 =00 — 9 cos(¢p + 56). (88)
Next, we use the boundary conditions to establish values for ¢ and 6.

Equation (83)) can be rewritten as

cos(¢ + (n —2)0) = 2cos(f) cos((n — 1)0) (89)
which, using 2 cos(a + ) = cos(a + b) + cos(a — b), simplifies to
0 = cos(¢ + nb) (90)

Consequently, ¢ + nf = %77 + k7 must hold for some k € N.
Equation (84) can be rewritten as
cos(¢ + 0) = (2cos(0) — 1) cos(¢) 1)
which simplifies to
cos(¢) = cos(d — ¢) (92)

One solution to this would be § = 0, but that would implies ;¢ = 0, which is inconsistent with T’
being an invertible matrix. So instead, it must hold that ¢ = % + km for some k € N.

Combining both conditions and solving for § we obtain

$+k 1
0= T =T+ kw for some k € N. (93)
Each such value 0y, for k& € {0,...,n — 1} yields an eigenvector with associated eigenvalue p =
2 — 2cos B, = 4sin*(6;/2). Now, follows from this in combination with {77). O

F.5 Proof of Theorem[3

Theorem 3 (Expected approximation error with single participation). Let A, g € R"*" be the
workload matrix Q) of SGD with momentum 0 < 8 < 1 and weight decay parameter 0 < o < 1,
where « > [3. Assume that each data item can contribute at most once to an update vector (e.g.
single participation, k = 1). Then, the expected approximation error of the square root factorization,
Aap = Ciﬁ,fulﬁlls

1 1
< <
1 — g(Ca,ﬁ7Ca,ﬁ) — (Oé _ ,8)2 log 1— OZ2 (11)
fora < 1, and
log(n +1) —1 1+ log(n)
max{l, 4} S 5(017570175) S W (12)

Proof. The proof consists of a combination of Lemmas ] and[7} Because in the single participation
k =1, so we need just the first column of matrix Cy, g:

1+logn
n—1 7(1 —3)? foraa =1,
E(Cap,Cap) <D i < 1 1 (94)
i=0 (a= B log [~ a2 otherwise.



which proves the upper bounds. For the lower bounds, for any o < 1:

—1

132 153
E(Cup,Ca) EEZOZ zﬁ > 0 =1 (95)
Also, for o = 1:
1 i 1 & log((n+1)!) _ log(n+1)—1
) > = 2> — Y log(j+1) = >
ECLpCup) 270 ) el 2 1 208+ 1) 2 90
because log( (n + 1)!) > (n+ 1)log(n + 1) — n. O

F.6 Proof of Theorem 5

Theorem 5. Assume the setting of Theorem[3| Then, the baseline factorizations Aq p = Ao, - 1d
and A, g = 1d-Aq g fulfill, for o < 1,

VI+ap Fol) and E(Ays1d) < —Y" 4 o(ym)

E(Aq g, 1d) =
(a1 VI —ap)(1-a?)(1-5?) V2(1-B) "
_ vVi+ap NG
E(Id, Anp) = N D +o0o(1) and E(Id, A1) < -5 +0(f)(15)
Proof. For oo = 1, by Lemma 2] we have:
= =y 1_Bl+1 n 26 i )
enblellg Za—§< —ﬁ) :(1—5) - 225 22/82
(97)
_ n B 26n+1 ﬁ2n+2 B n
T1-p2 (1-p)p + 1-B2(1—-p2) (1-p)2 (1+0(1)). (98)
For a < 1:
n—1 ) n—l( i1 _BZ+1)
sensy ,(Aa,p) 2 a; = N YL (99)
1 n—1 n—1
:a_ﬁ[oﬂio( —QaB;aﬁ +52Z§%(5)] (100)
_ 1 a? 2a03 B2
) {1_0[2—1_065—1-1_52](14-0(1)) (101)
1+ ap
T—aBi-aa—g " e (102
Together with

Aslt/n =1 Y (n3) lzﬁi] Iy e-n[HEA] am

=0 i=0 j=0

n—1
= ﬁ D (n— )1 — 257t 4 gF2) (104)
__m*D o) = L (1+0(1) (105)




as 3 < 1 and the sum Z" ! j33+1 is uniformly bounded by 3 ZJ 0 JB = 1Bﬁ)2

For a < 1:
n—1 n—1
1 (oﬂ“ ﬂ]+1 a]+1 634.1
| Aa,pll7/n = EZ(”—J)(— Z =BT o) aos)
j=0 7=0

_ 14+ ap
(1-ap)(1—a?)(1-p5?)

where the second equality due to the fact that we average over the sequence jz7+! which converges
to 0 for |z| < 1. O

(1+0(1)) (107)

F.7 Proof of Theorem 6]

Theorem 6 (Approximation error of BSR). Let A, 3 € R"*" be the workload matrix @) of SGD
with momentum 0 < 8 < 1 and weight decay 0 < oo < 1, witha > (. Let Ay g = BLPIBCLplﬁ, be

its banded square root factorization as in Definition l Bl Then, forany b € {1,...,n}, p < b, and
ke{l,..., 3} itholds:

O3 ( nklogp) + Ogyp(\/%) fora =1,
g(BY, Ol = Vop (16)

O8.p,a (\/%) fora < 1.

Proof. Consider a Lower Triangular Toeplitz (LTT) matrix multiplication:

aq 0 N 0 b1 0 N 0 C1 0 N 0
as ay ce 0 % b2 b1 ce 0 _ C2 C1 ce 0 (108)
Ap Qp—1 ... aq bn bn—l PN b1 Cp, Cn—1 .- C1

where ¢; = Zz=1 @;bn41—i so the LTT structure is preserved with multiplication that allows us to
work with sequences and their convolutions rather than matrix multiplication. For instance, we would
write the previous product in the form:

(a1y... an) * (b1,...,bn) = (c1,...,Cpn). (109)
The inverse of the Lower Triangular Toeplitz matrix remains a Lower Triangular Toeplitz (LTT)
matrix because we can find a unique sequence (cy, . .., ¢,) such that:
(cl,...,cn)*(al,...,an):(1,07...,0) (110)
Jj—1 1
;= —— d 111
Cj = Z Cjj+1—i, and €1 = al ( )

with the restriction that a; # 0; otherwise, the original matrix was not invertible. We consider the
banded square root factorization A, g = BlflﬁC’Lp ‘5 which is characterized by the following identity:

(bo, “ee 7bn—1) * (1,61, SR ,Cp_l,O, [SPN ,O) = (1,01, “ee 7Cn—1) * (I,Cl, SR ,Cn_l). (112)
We will bound the Frobenius norm of the LTT matrix (bg, . ..,b,—1). By the uniqueness of the

solution, we obtain that for the first p values we have b; = ¢;. For the next p values we have the
following formula:
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bpyj & bpCi A by = Cppj o CppaCp1 o Gy (113)
bptj + bprjm1c1 4 +bpcj = 2(Cpaj + -+ 6pc5) - (114)

By induction argument, we can see that b, ; = 2¢,4; for 0 < j < p — 1. For the remaining n — 2p
values we will prove convergence to a constant.

oIt _ gt

p—
ij_ici =a; =, - (115)
j=0 a=p

We make an ansatz for the solution of the linear recurrence in the form:

Qi+t Bit+1 ,
bj = — =1 - +Oéjyj, (116)
(a=B) X e (a=p) 2 B~
where y; represents the error terms, which will be proven to converge to 0. The sequence y; satisfies
the following recurrence formula:

p—1
- Z yj_icia (117)
i=1

We denote w; = cja™J which is a decreasing sequence because the values correspond to the C1,8/a
matrix. We rewrite the recurrence in matrix notation:

-1 Yr—1 Yk

— W1 — W2 — W3 . —Wp—2 —Wp
1 0 0 e 0 0 Yk—2 Yk—1
0 1 0 .o 0 0 Yk—3 Yk—2
= . 11
o 0 1 .. 0 0 Yt Vi3 (118)
0 0 0o ... 1 0 Yk—b Yh—b+1

To show that the error terms y; goes to 0 as j goes to infinity, we first study the characteristic
polynomial of the associate homogeneous relations:

g = N w AP w0 A+ wp. (119)

Because 1 > wy > wy > -+ > wp—1 > 0, it follows from Schur’s (relaxed) stability condi-
tion [Nguyen et al.,|2007, Theorem 1] that all its (complex) roots lie inside of the open unit circle.
Therefore, all solutions to the homogeneous relation converge to zero at a rate exponential in j and
yj = o(1) and 327, 47 = Oq.5,(1). Then we can bound the Frobenious norm of the matrix Blcflﬂ
as:

n—1 p—1 n—1 a2j+2 )
SIS SRS SR 5 oy} (120)

R N =

We use the following lower bound for the sum of w;:

T
A
3
L

1
—— > /p+1-1 (121)

J+1

<
Il
=}
N | —
<
Il
=}

Combining these bounds we can upper bound the Frobenious norm of the matrix BL” |/3 the following
way:



1 o?
1 Ou ity
HB|P| I12/n (a - B)? Og( a2> + VPF+1—1)2(a — )2 + Oa,p,p(1) fora <1
1+ log(p) n—

=92 T U=A T )2

+ 0, 5(1) fora = 1.
(122)

Simplifying for the leading terms in asymptotics, we have:

Oa,5p(1) fora <1

Og <Z> +0,5(1) fora=1.

1B, (123)

Sensitivity of C' Iﬁp . For the b-min-separation participation sensitivity we have the following bound
for any p < b:

k 1
_ (aﬁ)210g(1a2> fora <1
sens? ,(C7,) Z (124)
1+ log(p)
5 fora = 1.
(1-5)
Combining sensitivity with the upper bound for the Frobenious norm we obtain:
Op,a.5(VE) fora <1
g(lﬂf|’(ﬂp‘) k1 (125)
g 04 % +04,(VE) fora=1.
O

F.8 Proof of Theorem [7|for Square Root Factorization

Theorem 7 (Approximation error of Square Root Factorization). Let A, g € R"*™ be the workload
matrix Q) of SGD with momentum 0 < 3 < 1 and weight decay 0 < « < 1, with o« > . Let
Aap = C’g} g be its square root factorization. Then, forany b € {1,...,n} and k = 3 it holds:

04 (k+\/logn + Vklogn ora=1,
E(CapsCag) = o (1iog &n) / (17)

@a,ﬁ(\/g) fora < 1.

Proof. We prove the case without weight decay (o« = 1) and with weight decay (o < 1) separately.
Case 1) no weight decay (o = 1).

We start by bounding the b-min-separation sensitivity:

k—1k—1

sens?b(C’l”g) = Z Z«Olﬁ)["ib}’ (01”3)[.,‘71,]» (126)

i=0 j=0
Consider a scalar product for a general pair of indices, j > i:

n—1—j

((C1,8) 15 (Crp)L, Z CLCj—itt- (127)
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Using the bounds on ¢, (6)) for « = 1 we can lower and upper bound this sum by:

"’ZH 1 ”i 1 1 n—j dw
Crtjirt < 1 . / 4 (128)
P TUTTE = (1- )2 & < VtGG—i+t) - 1=8)02Jo  a(j—i+a)
n—1—j —J —j
1y 1 /" J dx
CtCi_igt > — - —_— (129)
; tCj—itt 4; /j—z—i-t) 4 1 z(j —i+x)
We can compute the indefinite integral explicitly:
d .
/ v _F (j Z) rC (130)
Valj—i+a) z

for F(a) =2log (/2 +1+ \/%) In combination, we obtain the upper and lower bound for (126):

1./(75— z) 1., . (] - z)
= =) = 2 f(7—1) <{(Cp)i, (Cp)j) < - ). (131)
(228) - 6= < (@niCa < gt (22
Now we are ready to bound the sensitivity of the matrix C g:
k-1 E—1 k—1
sensj, ,(C1,5) Z (C1.8)ibs (C1,8)ib) +22 Z ((C1,8)ibs (C1,8) jb) (132)
i=0 i=0 j=i+1

k—1 9 k—1 k—1 i
(log(n —ib) + 1) + ——= f () (133)
and, analogously

sens? ,(C1,p) Zlog n —ib) + > {f (l‘i — Z) — f(b(j — i))} (134)

i=0 O<i<j§k71

Firstly, using (£)* < k! < k*, we bound the sum of the logarithms:
k
Zlog (n—jb) = Z logb + log j] = klogb+ logk! < klogb+ klogk = klogn, (135)
j=1

k—1
Zlog(n—jb) =klogb+ logk! > klogb+ klogk — k = klogn — k. (136)
§=0

To upper bound the last term in sensitivity lower bound (134), we use the auxiliary inequality

= 2log (w/ + 1+ f) —= to derive:

) o 1 231 4 o 8 e
5 2 feG-i)< \/ > Vi—i Vb4 2 P \6§3x/l3k3

0<i<j<k—1 0<i<j<k—1

To bound the final term we establish the following inequalities for f(a):

1 1 1 1
a)QIOg(\/a+1+\/;>log(a+1)+2log<1+m> (138)
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1 1
log ( + 1) < f(a) < log < +1) + 2log 2
a a

Then we can bound the first double sum in (I34) as

> log<’?_lf>< > f(iii.)< >

—1
0<i<j<k—1 J 0<i<j<k—1 J 0<i<j<k—

To bound the term 3 7, i), log ( £) we use the following

. k—2 N
k—3 (k_z)kfzfl
1 =1lo -—
Z Og(] 2) H (k—i—1)!
0<i<j<k—1 =0
EF=l(k —1)k=2.. . 2!
=loe o oy o8
k—1

k-1 , . j
= log 1_1 (f;) = jlog(i+1) =Y jlog(k — j)

=1
k—1

=1 j=1

<.

Z log(j) — log k! + 2k log k —

Now, using that z log z is a monotomcally increasing function,

k—
log ( ) +2k?log 2.
1 J—

identities:

k
= (G — Dlog(j) = >_(k — j)log(j)
k—

21.32.43 | gk
1k=1.2k=2  (k —1)!
k—1
j=1
klogk!

E—i E
Z Z log( ><2/ xlogxdr + klogk + k — k* log k + k*
J— 1

0<i<j<k—1
2

k
:kzlogk—?+klogk—k—k2logk+k2

< k2

N W

As a lower bound, we obtain

k—i k—1
Z log(. Z) 22/ xlogadr — klogk + klogk — k(k — 1) log(k — 1)
J—1 1

0<i<j<k—1

= (k—1)%log(k — 1) — (k

= —(k—l)log(k—l)—w—i-klogk

k‘2
>
- 2

Therefore, combining the upper bound (146)) and the lower bound (T49) yields

L2 i) s
> s(i=g) e

0<i<j<k—1

k? < 3k2,

4k:2
B>
5

12
Tl) + klogk — k(k —1)log(k — 1)

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)

(149)

(150)
(151)

(152)

(153)

(154)

Combining all three terms together we obtain the following bounds for the squared sensitivity (134):
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k 6

Sensk b(Cl B) ﬁ(logn + ].) + ka (155)
sens? ,(C' ﬁ 1 -1 8 —_k3/2 ng 156
io(C1s) = 4( ogn —1) — 3vh T (156)

Now, we recall the bounds for the Frobenius norm of the matrix C1 3 [7]and (96)):

log(n+1) -1

logn+1
L <Gl <

- R (157)
(1-p)?

With the auxiliary inequality /% + \/g < +Va+b < \/a+ v/band combining (T53) and the bounds
on Frobenius norm ([7) and (96) we get that:

E(Cy3,C18) < 7\/E 2(logn—l—l)—l—\f75k2\/logn—i—1 (158)
(1-5) (1 - B)
E(C15,Crp) > i\/E(logn 1)+ log(n) —14/1 — 20 (159)
LU= 2\/ ENG

Making the lower bound well-defined requires n > 45, otherwise one can simply take
E(C1,3,C1,3) > 1. As a final step, we combine both inequalities in the following asymptotic
statement:

E(C1,3,C1,3) =0BOp (\/Elogn + kvlogn) , (160)

which concludes the proof of the case without weight decay.
Case 2) with weight decay (« < 1).
As above, we first express the b-min-separation sensitivity of the matrix C, g in terms of inner

products,
k—1

sensy, ;(C, Ca.8)iv, (Ca,g)jb)- (161)
1=0 j

??‘
,_.

I
=]

and then consider a scalar product for a general pair of indexes j > i:

n—1-—j

((Cap)is (Cap); Z CiCiivt- (162)

Now, we use the bounds on ¢; from Lemmal6|for o < 1, to upper and lower bound this sum with the

following expression, where v = ﬁ
(CopeCopy < 25 i o

o, )i [eY § Y § - -

g P92 & Jur )ittt A=A —a)Gi—i
(163)

i n—1—j 2,5 i—1
ot ol

((Ca,p)ir (Cap)s) = (164)

> .
Z VE+ DG —i+rt+1) — 4/j—i+1

We substitute these bounds into Equation (T6T)) to obtain the following upper bound for sensitivity of
matrix C, g:
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k—1

2 abl—1)

2 Co/ < Co/ b CO/ 1 + — 165
sensj ,(Ca,p) < ;« 8)ib (Cop)i) 020 _a)vi ; = (69

k 1 2 .
< 1 b(j—1) 166
T (a=p)? Ogl—a2+(1—v)2(1—a2)\/5jz>:ia (1o

k 1 2ka’

< 1 167
Sa—82 1@ T I a)l— eV e

where the second inequality is due to Equation (93).

A lower bound for the sensitivity follows directly from Lemma 3}
sensiyb(Caﬁ) > k||Cq gllr > k. (168)

The Frobenius norm of the matrix C, g is the same as that for one round participation; thus, we could
reuse Inequalities (93):

1 o 1
(a — B)? g;1—oz2'

By merging the bounds for sensitivity and Frobenius norm, we derive the following bounds for error:

1 < [|CasllB/n <

(169)

1 1 2a°
E(Ca,p, Cap) < Vk lo + 170
(Covg) ) (a—p)2 B1-az (1—7)2(1 —a2)(1 —a’)vb (7o
E(Cap,Cap) > VEk. (171)
The combination of these results yields the following asymptotic statement:
£(Ca.p,Ca,p) = Oap(VE), (172)
which concludes the proof. O

F.9 Proof of Theorem|[§|

Theorem 8. Assume the setting of Theorem [§] Then, for any factorization A, g = BC with
CTC > 0, the approximation error fulfills

Vklogn ora =1,
£(B.C) = © 4 (18)
vk fora <1,
Proof. Let A, 3 = BC be any factorization with CC'" > 0. From Lemmait follows that
1 vk vk
E(B,C) = —=|1Bllrsensis(C) 2 LEIBIRICr 2 Lo Ausl. AT
where || - ||. denotes the nuclear norm, and the last inequality follows from its variational form,
[ M|« = mingx y.xyr=n [|[X]|F[|[Y] 7. The statement of the Theorem follows by inserting the
corresponding bounds on || A |, from Lemmalg] O

F.10 Proof of Theorem[9]

Theorem 9. Assume the setting of Theorem@ Then, the baseline factorizations Ay g = Aqp - 1d
and Ay g = 1d-A, g fulfill

nk fora=1 b fora=1,
E(Aag,1d) > 4V 2 : £(1d, An ) >4 V3 (19)
VE fora < 1. Vk fora < 1.
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Proof. Casel) A, 3 = BC with B= A, gand C =1d. Itis easy to check that sensy ;,(C) =
Vk, so E(B,C) = \/?HAQ gllr. Because Ay o < Ay p < BAO‘ o componentwise, we have for
a=1,
nin+1)
2

1 _n(n+1)
m”Al,OHF =20 p)e

which implies the corresponding statement of the theorem. For 0 < o < 1, we use that 4 o > Id
componentwise, s0 || Aqa0l/% > || Id||% = n, which conclude the proof of this case.

Case2) A, 3 = BCwithB=Idand C = A, 3. We observe that | Id || » = v/n, so
E(B,C) =sensy p(Aa.p)- (175)

= [Avoll < |41 lE < (174)

Again, we use the fact that A, 0 < Ay 5 < =
so from Equation (T0) we know

Senskb H E ocO [-,144b]

ﬁ Aq 0. Now A, o fulfills the conditions of Theoreml

(176)

We first study (T76) for o = 1. Then, from the explicit structure of A; o = LDToep(1,1,...,1) one
sees that the vectors inside the norm have a block structure

U1

k—1 i
(Aro) 10 = | ° with v, =|:|eR’ (177)
§=0 o i
k
fori=1,...,k,and v = S R™bk, appears only if k < % Now we check
k
k
Il ||2+Z||v1||2 - (n—bk)k2+b(Zz2) (178)
i=0 i=1
k(k+1)(2k+1
= nk? bk b% (179)
> nk? — %bk?’ > 1 k2 (180)
- 3 — 3 )
because bk > n. Consequently
kv/n
sensy »(A41,8) > (181)
RRVCR
which concludes the proof of this case. For o« < 1, A, g > Id componentwise readily implies
sensy p(Aa.5) > VE, (182)
which implies the statement of the theorem. O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our abstract and introduction clearly states our claims, the contributions made
in the paper, the main assumptions and limitations.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the limitation of the approximately optimal matrix factorization
methods. We emphasize that the bounds for the banded square root factorization are
asymptotic and should be perceived together with the numerical experiments.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: All lemmas and theorem state the necessary assumptions. We provide proof
sketches in the main text and proofs for all results in the appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: For the factorization error comparison, which we consider to be the main
experimental results, we have explicit descriptions of the procedures together with the code
included in the appendix. For the model training, we adapted the public code from prior
work [Choquette-Choo et al.,[2023c]], and we describe the changes in the appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide the code for the approximately optimal matrix factorization. The
code for model training is adapted from the publicly accessible code, see above.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We use the same setting as |Choquette-Choo et al.|[2023c]] and report to have
the same hyperparameters for the training.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: we report error bars and indicate that experiments were performed multiple
times to ensure reliability and statistical significance.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:[Yes]
Justification: Our experiments run on commodity hardware.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have acquainted with the guidelines and preserve the anonymity of the
authors in the paper.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: Our work is about model training while preserving data privacy. We mention
this in the manuscript.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We have cited all the papers which have results and code used in our paper.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
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has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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