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ABSTRACT

Learning rate warm-up — increasing the learning rate at the beginning of
training — has become a ubiquitous heuristic in modern deep learning, yet
its theoretical foundations remain poorly understood. In this work, we pro-
vide a principled explanation for why warm-up improves training. We rely
on a generalization of the (Lo, L1)-smoothness condition, which bounds lo-
cal curvature as a linear function of the loss sub-optimality and exhibits
desirable closure properties. We demonstrate both theoretically and em-
pirically that this condition holds for common neural architectures trained
with mean-squared error and cross-entropy losses. Under this assumption,
we prove that Gradient Descent with a warm-up schedule achieves faster
convergence than with a fixed step-size, establishing upper and lower com-
plexity bounds. Finally, we validate our theoretical insights through exper-
iments on language and vision models, confirming the practical benefits of
warm-up schedules.

1 INTRODUCTION

Training modern machine learning models requires a careful choice of hyperparameters. A
common practice for setting the learning rate (LR) is to linearly increase the LR in the
beginning (warm-up stage) (Goyal et al., 2017; Vaswani et al., 2017) and gradually decrease
at the end of the training (decay stage) (Loshchilov & Hutter, 2016; Vaswani et al., 2017;
Hoffmann et al., 2022b; Zhang et al., 2023; Dremov et al., 2025).

Decaying the LR is a classical requirement in the theoretical analysis of SGD, ensuring
convergence under broad conditions (Defazio et al., 2023; Gower et al., 2021), and it has
been consistently observed to improve empirical performance (Loshchilov & Hutter, 2016;
Hu et al., 2024; Héagele et al., 2024). Recent work further demonstrates that decaying step
sizes can improve theoretical guarantees by yielding tighter bounds (Schaipp et al., 2025).
By contrast, the practice of linearly increasing the LR at the start of training (warm-up
phase) has become nearly ubiquitous in modern deep learning (He et al., 2016; Hu et al.,
2024; Hégele et al., 2024), yet a clear theoretical understanding of why it helps optimization
remains elusive. This raises the central question we address in this paper:

Why does LR warm-up improve training, and under what conditions can
its benefits be theoretically justified?

A growing body of empirical work points to several advantages of warm-up, including: (4)
mitigating training instabilities (Kosson et al., 2024; Goyal et al., 2017; Zhang et al., 2023),
reducing the variance of stochastic gradients (Liu et al., 2019), and improving the robustness
to the choice of the peak LR (Wortsman et al., 2023; Kalra & Barkeshli, 2024). However,
these explanations remain fragmented and do not clarify why warm-up is effective, nor to
what extent it is actually necessary.

In order to provide a theoretical justification for warm-up, we will rely on a special smooth-
ness condition that relates curvature to sub-optimality. We then demonstrate how this
condition naturally provides an explanation for the benefits of warm-up schedules. Specifi-
cally, we make the following contributions:



Under review as a conference paper at ICLR 2026

1. We discuss a natural extension of (Lo, L1)-smoothness, which we call (Hg, Hy)-
smoothness, where the local smoothness is bounded by a linear function of the loss
sub-optimality. This extension enjoys desirable properties such as closeness under
finite sums and affine transformations.

2. We provide both theoretical and empirical evidence that the (Hp, Hy)-smoothness
condition holds for various neural network architectures trained with mean-squared
error (MSE) and cross-entropy (CE) losses.

3. We theoretically demonstrate that, in the function class defined by our proposed
condition, Gradient Descent (GD) achieves faster convergence with a warm-up step-
size than with a fixed step-size. We do that by obtaining both upper complexity
bounds for GD with a warm-up step-size and lower complexity bounds for GD with a
fixed step size.

4. Finally, we provide empirical evidence that the theoretical warm-up scheme is also
useful in training language and vision models.

2  RELATED WORKS

Warm-up. LR scheduling plays a central role in the success of modern deep learning
training pipelines. A wide range of scheduling strategies, including LR decay, annealing,
and warm-up, have been developed to improve convergence and generalization (McCandlish
et al., 2018; Sutskever et al., 2013; Touvron et al., 2023).

Among these different strategies, warm-up has become a key component in modern training
pipelines, particularly for Transformers (Vaswani et al., 2017; Goyal et al., 2017). Tt is
commonly credited with enhancing training stability (Kosson et al., 2024; Gotmare et al.,
2018), improving robustness to the choice of LR (Wortsman et al., 2023), and enabling
the use of larger peak LR (Kalra & Barkeshli, 2024). Warm-up has also been linked to
improved generalization, either by reducing mini-batch gradient noise (Liu et al., 2019),
encouraging convergence to flatter minima (Smith et al., 2020), or by complementing other
scheduling techniques (Huang et al., 2020; Xiong et al., 2020; Wortsman et al., 2023). From
a geometric perspective, Gilmer et al. (2021); Roulet et al. (2024) observed that warm-up
induces a sharpness reduction phase in which the largest Hessian eigenvalue decreases.

Although warm-up is well supported by empirical evidence (Vaswani et al., 2017; Wortsman
et al., 2023; Dremov et al., 2025), its theoretical foundations remain limited. Most existing
convergence analyses of (stochastic) gradient-based optimizers focus on the decay phase.
For example, Wen et al. (2024) uses a river-valley model to study neural loss landscapes,
but their framework focuses on the stable and decay stages of the LR. Likewise, Schaipp
et al. (2025); Attia & Koren (2025) showed that decaying LR provides theoretical benefits
and that convergence bounds closely align with empirical training curves, yet their analysis
does not account for the warm-up phase. Kondo & Tiduka (2025) analyze a scheme with
exponentially increasing batch size and LR, showing faster convergence for gradient descent
(GD). Yet, the requirement of rapidly growing batches limits its practicality.

Finally, several complementary explanations for the role of warm-up have been proposed.
For instance, Xiong et al. (2020) attribute the necessity of warm-up in Transformer training
primarily to the placement of layer normalization. In a different vein, Kosson et al. (2024)
demonstrate that explicitly constraining the norm of parameter updates—similar to gradient
clipping—can only partially reduce the reliance on warm-up.

Despite extensive prior research on warm-up, we are not aware of any theoretical framework
that explains its benefits in terms of convergence. In this work, we address this gap by
relying on a smoothness-type condition that upper bounds the curvature of the landscape
using an affine expression of the function sub-optimality. Training under such condition
turns out to be benefited by LR warm-up.

Generalized Smoothness. The conventional smoothness assumption in optimization
theory requires the Hessian to satisfy a uniform bound ||[VZf(w)||< L, but this con-
straint proves to be overly restrictive when applied to neural network training, as noted
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by Zhang et al. (2019). To address this limitation, they introduced the more flexible
(Lo, L1)-smoothness condition, which allows the Hessian norm to grow linearly with the
gradient magnitude: ||[V2f(w)||< Lo + L1||V f(w)| for non-negative constants Lo, L1 > 0.
This relaxed framework naturally motivates gradient normalization techniques—both soft
normalization and hard clipping—as optimal LR strategies that can significantly improve
gradient descent convergence rates (Zhang et al., 2020; Zhao et al., 2021; Faw et al., 2023;
Wang et al., 2023; Gorbunov et al., 2024; Vankov et al., 2024; Li et al., 2023).

Despite its advantages, the (Lo, L1)-smoothness condition suffers from several shortcomings
that limit its practical applicability, especially in explaining warm-up schedules. From a
theoretical perspective, the class of (Lg, L1)-smooth functions does not possess the closeness
property under fundamental operations such as summation and affine transformations (see
Section 3). Since these operations are ubiquitous in neural network architectures, this
limitation restricts the framework’s general applicability.

More problematically, at the beginning of training, the gradient-dependent nature of the
(Lo, L1)-smoothness condition leads to counterintuitive implications for LR scheduling. In
some cases, the gradient norm is observed to increase during the early iterations (Xie et al.,
2023; Defazio et al., 2023; Defazio, 2025). As a result, the (Lo, L1)-bound becomes increas-
ingly loose, which theoretically prescribes decreasing step sizes through gradient clipping.
This stands in direct contrast to empirical best practices, where increasing LR are typically
employed at the beginning of training. We emphasize that this issue is specific to the be-
ginning of training; beyond the warm-up phase, decreasing step sizes is consistent with the
theoretical condition.

These theoretical and practical inconsistencies highlight the need for a more sophisticated
smoothness characterization that can adequately capture and explain LR warm-up dynam-
ics. Since the gradient norm is problematic in the (Lo, L1)-smoothness condition, a natural
candidate to replace it is the function value sub-optimality, which decays monotonically and
gives a direct measure of the optimization target. We name this modified smoothness class as
(Hy, Hy)-smoothness. Interestingly, a recent work by Vaswani & Babanezhad (2025) made
a similar observation in a different context, showing that Armijo line search can achieve
faster convergence than GD with a constant step-size. Their analysis verifies this condition
for several simple models but relies on additional assumptions from Taheri & Thrampoulidis
(2023): (i) bounding the gradient norm by the function sub-optimality, (i7) adopting the un-
realistic exponential loss, (7i¢) assuming data separability, and (iv) restricting trainability to
the input layer. In contrast, our analysis establishes the validity of the (Hyp, Hy)-smoothness
condition under a mild regularity assumption on the weights, which can be ensured either
implicitly through gradient-based optimization or explicitly via standard L2 regularization.
Although this work is not the first to propose extending (Lg, L1 )-smoothness, we go beyond
prior work to demonstrate the applicability of this condition when training neural networks
(see Section 3) and by establishing key properties of these functions (see Appendix B). !

3 THE (Hy, H;)-SMOOTHNESS CONDITION

Building on our observation that function value sub-optimality is more suitable than the
gradient norm to measure curvature, we will focus on the following smoothness condition.

Definition 3.1. A function f:R?¢ — R with minimum f* > —oc is called (Ho, Hy)-smooth
for some Hy, H; > 0, if for any w € R? we have

V2 f(w)ll2< Ho + Hi(f(w) — f*).
H = {f:R? =R | f is (Ho, Hy)-smooth} denotes the class of all (Hy, Hy)-smooth functions.
Based on simple derivations, we can check that any (Lo, L1)-smooth function also satisfies

(Hy, Hy)-smoothness. Hence, the (Hy, H;)-smoothness class contains the previously studied
(Lo, L1)-smooth class. In addition, we show that # is closed under finite sums and affine

LA recent work (Liu et al., 2025) that appeared online on 09.09.2025 studies a warm-up stage
using a similar condition. We discuss the differences in Appendix A.
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transformations, in contrast to the (Lo, L1)-smooth class, for which simple counterexam-
ples demonstrate that neither operation is preserved. Formal statements and proofs of the
aforementioned claims are deferred to Appendix B. Finally, Definition 3.1 admits a natural
extension in which the linear dependence on sub-optimality f(w) — f* is replaced by any
monotone increasing function £ of f(w) — f*, in the spirit of Li et al. (2023). We leave the
study of this generalization to future work.

3.1 THEORETICAL JUSTIFICATION OF (Hy, H1)-SMOOTHNESS
3.1.1 STANDARD FEEDFORWARD NETWORKS

In this section, we demonstrate that under mild regularity conditions on the weights —
enforced either implicitly by constraining the weight space or explicitly via L2 regularization
— the (Hy, Hq)-smoothness condition holds for a range of basic deep learning architectures.
Detailed proofs are provided in Appendix C.

Results under Balancedness. A known property of gradient flow in feedforward neu-
ral networks is that the weight matrices {W;}‘_, evolve in a balanced manner, satisfying
Wi(t) TWi(t) = Wig1(t)Wig1(t) T for linear networks and ||[W;(t)||r= [|[W;t1(t)||r for non-
linear networks (Du et al., 2018, Theorem 2.2 and Corollary 2.1). Note that the second
property is weaker than the first. The “strong” balancedeness property holds even in non-
linear networks if the activation between the layers W; and W; 1 is linear.

Proposition 3.1. Consider a deep linear network with ¢ layers and MSE loss:
f(W) = f(Wla"'awf) = ||Y_W1W2W5X||12:\’

where Y € REX™ are the labels, X € R¥*™(d < m) is the input, and W; € R™-1X" yhere
ng = ¢ and ng = d are networks’ weights. In the space of strongly balanced weights, i.e.,
when W, W; = W W,y for alli € [( — 1], it holds that

IV2F(W)l2 < Ho + Hi(f(W) = f*),

where exact forms of Hy and Hy are provided in equations (5) and (6) in the Appendiz.

We further discuss the case of deep non-linear networks with only one leaky ReLU non-
linearity preceding the output layer.

Proposition 3.2. Let f be defined as
FOV) = f(Wh, o W) = | = Wig(Wa X .. Wi X[

where ¢ is leaky-ReLU activation function with slopes 1 and b, i.e., ¢(x) = max{bzr,z},
0 < b <1, and matrices Y, X,{W;}._, defined as before. Assume that over the course of
GD:

o dnin(WTW1) > h > 0.

o The layers {W;}_, are weakly balanced, i.e., |Wi|p= ... = |[Wi|p-

e The layers {W;}{_, are strongly balanced, i.e., W, W; = W WL, fori e {2,...,(}.
Then it holds that

IV2f(W)ll2< Ho + Hif(W) (= (Ho + Hyif*) + Hi(f(W) — %)),

where the exact forms of Hy and Hy are provided in equations (17) and (18) in the Appendiz.

In the Appendix, we present a generalization of Proposition 3.2 in the case that the network
has (£—1) non-linearities (Proposition C.1). In this case though, we need to raise f(W)— f*
to a power depending on the depth of the network. We can still use our theory to explain
the benefit of warm-up even in this case, as explained in Appendix A (see equation (3)).

Results under L2 Regularization. Analogous to balancedness, another approach to
constraining the weight space is through L2 regularization. In this section, we present results
that validate the (Hy, H;)-smoothness condition for two-layer neural networks with general
activation functions, considering both MSE and cross-entropy losses under L2 regularization.
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Proposition 3.3. Consider a 2-layer neural network with MSE loss and L2 regularization:
A A
FOW) = f(W1, Wa) = |V = Wip(WaX) [§ + 5 IWallf + 57 [ Wallf,

where ¢ is an activation function, such that |¢(x)|< Cilz|, |¢'(2)|< Co and |¢" (z)|< Cs for
all x € R, and matrices Y, W1, Wy are defined as before. Then, it holds

IV2f(W)ll2< Ho + Hif(W) (= Ho + Hi f* + Hi(f(W) — f*)),
for Hy and Hy defined as in equations (31) and (32) respectively.

We conclude our discussion of this section with the case of binary classification.

Proposition 3.4. Consider a 2-layer non-linear model with cross-entropy loss and L2 reg-
ularization:

FW) = f(W1,Ws) = =Y log(P) " — (L= Y)log(1 — P)T + W2 + 3 [W2lz,

where Y € R™™ are true labels, and P = o(W1¢(W2X)) is the output of the model with the
activation function ¢ such that |¢(x)|< Cilz|, |¢' (x)|< Cy and |¢'(x)|< Cs for all x € R,
sigmoid function o, and weight matrices Wy € RY>™ W, € R™*4, Then, it holds

IV2f(W)ll2< Ho + Hif(W) (= Ho + Hif* + Hi(f(W) = f*))
for Hy and Hy defined as in equations (36) and (37) respectively.

Remark 3.1. The results of Propositions 3.3 and 3.4 can be extended to a more general
class of activations that satisfy |p(x)|< Co + Cil|x|, which covers more practical examples
such as sigmoid.

In Appendix E, we show that (Lg, L1)-smoothness fails to hold even for simple two-layer
networks under L2 regularization or weight balancedness, thereby highlighting its limitations
in capturing the loss landscape of neural networks.

3.1.2 TRANSFORMERS

In this section, we study a simple transformer architecture with a single attention layer
trained under L2 regularization, following the setup of Zhang et al. (2024). We show that
its in-context loss function is (Hp, Hy)-smooth.

The input data is encoded into a single matrix Z, € RU@+D*(+1)  This matrix contains n
training tokens and one query token. The training tokens cover the first n columns of the
matrix, while the query token the last one. The label of the query’s feature is initialized at
0.
ZO — ry T2 ... ITn Lquery c R(d+1)><(n+1).
Yy Y2 oo Un 0

The model’s objective is to predict the true value for this entry. The model is defined
by Z1 = Zy + %PZOM - 0(ZFQZy), where the trainable parameters are P and Q (Q is a
re-parametrization of the standard Key and Query matrices). M = diag(l,1,...,1,0) is
a fixed mask and ¢ is a general activation applied to the attention scores. The output of
the model is § = [Z1](a41),(n+1) and the cost function for one task with true target e is
f(P,Q) = £(J, Ytrue), where £ is some loss function (MSE for continuous variables or cross-
entropy for binary ones). The most interesting property of transformers is their ability to
learn in-context, i.e., minimize an in-context cost function defined below.

Definition 3.2. Let D, be a distribution over an input space X, H a set of functions
X =Y, and Dy a distribution over functions in H. Let £: Y XY — R be a loss function,
S={(x1,y1,-- -, Tn,yn) : x; € X,y; € Y} be the set of finite-length sequences of (x,y) pairs
and Fy = {fo: Sx X = Y,0 € O} be a class of functions parameterized by 6 in some set
©. Forn > 0, we say that a model f : S x X — Y 1is trained on in-context examples of
functions in H under loss £ w.r.t. (D, Dy) if f = fo, where 6 satisfies

0¢e argmineeeEj:(m,h(rl),‘..’xmh(mn),mqum-y) er (])7 h(xquwy))]

where Tj, Tquery are chosen i.4.d. from D, and h ~ Dy is independent. j represents a
prompt.
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Figure 1: Local smoothness approximation versus training loss for language models of vary-
ing sizes on the FineWeb dataset, using SGD at a constant LR of 10~4. Each dot repre-
sents estimated local smoothness and stochastic training loss, with color indicating training
progress, while the black dashed line shows the best linear fit. For much of early training,
the relation is well-approximated by a line, aside from the very initial phase where smooth-
ness behaves differently. This deviation likely arises because the linear fit reflects only an
upper bound, suggesting that a more complex functional dependence may be necessary.

The following result holds under mild conditions on the distribution of the training tokens:

Proposition 3.5. Consider the transformer model as described before, for in-context learn-
ing in continuous variables with MSFE loss, or in binary variables with CFE loss. ¢ is assumed
to satisfy the conditions of Proposition 3.4 and f;(P, Q) is the L2 reqularized loss correspond-
ing to the j-th prompt. Consider the reqularized in-context loss function

f(P,Q) =E;[f;(P, Q)]

Assume that D, is sub-gaussian and the distribution of y = h(x) is sub-exponential. Then,
it holds

IV2f(P,Q)ll2< Ho + H1f(P,Q)(= Ho + Hyf* + Hi(f(P,Q) — f"))

for some positive and finite constants Hy and Hy.

The proof can be found in Appendix D.

3.2  EMPIRICAL JUSTIFICATION OF (Hj, H;)-SMOOTHNESS

We next turn to verifying the proposed condition in practical settings. Specifically, we ex-
amine Transformer-based language models with 70M, 160M, and 410M parameters trained
using the NanoGPT implementation (Radford et al., 2019; Karpathy, 2022). Experiments
are carried out on the FineWeb dataset (Penedo et al., 2024) with SGD and a small con-
stant LR of 10~*. Using such a conservative LR allows the optimizer to progress slowly,

thereby probing the landscape around initialization in more detail. To approximate the

v -v
IV s, (wrtr) — fs"’l(wk)”, where S}, denotes the
i1 —wpl|

mini-batch at iteration k, following prior work (Zhang et al., 2019; Riabinin et al., 2025).
As shown in Figure 1, the estimated smoothness decays approximately linearly, indicating
that the proposed condition provides a reasonable smoothness approximation for real-world
models. The only exception is a brief initial phase where the trend deviates from linear-
ity, likely because the condition acts as an upper bound, implying that a more expressive
functional form may be needed to describe the behavior fully.

local smoothness at iteration k, we compute

We next turn to image classification on ImageNet32 (Chrabaszcz et al., 2017), training both
ResNet50 (He et al., 2016) and ViT-Tiny (Dosovitskiy et al., 2020). The results, shown in
Figure 2, indicate that a linear function provides a good approximation of the relationship
between local smoothness and training loss. Compared to language models, however, the
points are more widely dispersed and have larger variance. Taken together, Figures 1 and 2
support the view that (Hp, Hy)-smoothness offers a reasonable approximation of smoothness
in the early stages of training.

An important point to notice in both Figures 1 and 2 is that by selecting a sufficiently small
learning rate, we restrict SGD to the sharpness-reduction phase identified in prior work (Kalra
& Barkeshli, 2024; Kalra et al., 2023). Our condition provides an accurate characterization
of this phase, as the smoothness constant decreases roughly linearly with the loss. Once this
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Figure 2: Local smoothness approximation against train loss during training a ResNet50
(left) and ViT-Tiny (right) on ImageNet32, using SGD with a constant LR 1074,

phase concludes, SGD transitions into the progressive sharpening phase (Cohen et al., 2021),
during which the smoothness constant rises again; see Figure K.1. In the latter regime, our
condition no longer reliably predicts smoothness behavior (it applies only to the reduction
phase).

4 THEORETICAL ANALYSIS UNDER (Hj, H1)-SMOOTHNESS

We study the minimization problem min,, f(w), which appears in various machine learning
applications. Here w € R? denotes parameters of some model, d is the number of parameters,
and f is the loss that measures the performance. We define f* := min,, f(w) > —oc as the
optimal loss. The set S contains all global minimizers of the objective f. The proofs of this
section are deferred to Appendix G and I.

4.1 NOTATION AND ASSUMPTIONS

We conduct our analysis for well-known classes of non-convex functions, presented below.

Definition 4.1 (Liu et al. (2023)). A function h satisfies the Aiming condition with a
constant 8 > 0 around the set X, if (Vh(w),w — wx(w)) > O(h(w) — h*) holds for all
w € R%. Here, mx(w) is the projection of w onto the set X, and h* = min,,cga h(w).

Definition 4.2 (Polyak (1963)). A function h satisfies Polyak-Lojasiewicz (PL) condition
with a constant p > 0, if ||[Vh(w)||?> 2u(h(w) — h*) holds for all w € R?.

4.2 LOWER BOUNDS AND CONVERGENCE OF GD WITH CONSTANT STEP-SIZE

To enable a meaningful comparison between the step-size schedule suggested by the
(Ho, H1)-condition and an alternative fixed step-size strategy, we derive lower complexity
bounds for the latter. The approach follows the idea of Theorem 4 in Zhang et al. (2019):
we first consider a rapidly growing function and show that, for GD to converge, the step-size
must be sufficiently small. Next, we examine a slowly growing function and demonstrate
that this previously derived step-size constraint leads to slow convergence of the algorithm.
The complete proof can be found in Appendix I.

Theorem 4.1. Let f belong to the class H of (Ho, H1)-smooth functions. Then it holds:

1. To satisfy |V f(wk)| < e for a general non-convex function f, GD with constant
step-size initialized at wq, needs at least

Hy(f(wo)—f*) flwo)—f*—26% . .
K2 1og(1f(w0)07f*)+1 0o tterations.

2. To satisfy f(wg) — f* < e for convex function f, GD with constant step-size initial-
ized at wg, needs at least

Hy (f(wo)=f") flwo)—f"—¢
L e (T D E ™

iterations.

3. To satisfy f(wg) — f* < e for u-PL function f (but not necessarily convex), GD
with constant step-size initialized at wg, needs at least

H (f(wo)—£") flwo)—F* . )
K = 4 et wo =71 108 (Of) iterations.
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This result covers the one in (Zhang et al., 2019) as a special case, and it also covers convex
(thus also functions that satisfy the Aiming condition) and u-PL functions.

4.3 CONVERGENCE OF GD wWITH ADAPTIVE WARM-UP STEP-SIZE

Next, we turn to the analysis of GD under Assumption 3.1 with an adaptive step-size of the
form

M = T T2 (Flan) ) (1)
prescribed by (Hy, Hq)-smoothness. Since the function sub-optimality decreases at the be-
ginning of training, the theoretical step-size follows a warm-up-like scheme. In the general
non-convex case, the derived upper bound in Theorem G.1 provides only numerical improve-
ment over a constant schedule.

To achieve tangible improvements, additional convexity-like assumptions are necessary. The
loss landscape of neural networks exhibits additional structure. Prior studies indicate that,
near a minimizer, neural network loss surfaces often display a convex-like geometry (Klein-
berg et al., 2018; Guille-Escuret et al., 2023; Islamov et al., 2024; Tran et al., 2024). This
observation has motivated relaxations of convexity, such as the aiming condition (Liu et al.,
2023) and quasar-convexity (Hardt et al., 2018), which have been leveraged in the analysis
of various gradient-based algorithms (Gower et al., 2021; Hinder et al., 2020; Fu et al., 2023).
Importantly, these conditions are satisfied by certain classes of non-convex functions (Hardt
et al., 2018; Liu et al., 2023).

Theorem 4.2. Assume that [ is (Hy, Hy)-smooth, and it satisfies the Aiming condition
with constant 8 around the set of global minimizers S. Then the iterates of GD with adaptive
step-size 0 - ny, satisfy

40 Hodist(wo,S)?

. 2
flwg) — f* <e after at most e + 40H1d12t2(w°’3)

iterations.

To derive a tighter convergence rate, we split the iterations into two parts — small and large
function values — and analyze them separately. The convergence rate in the convex setting
is recovered by setting § = 1. Notably, the 1/e term depends only on Hy, as in the standard
convex GD theory, while H; influences only the constant term. Comparing the bounds in
Theorem 4.2 and Theorem 4.1, we observe that GD with a warm-up adaptive step-size
outperforms the fixed step-size version when H;(f(wg) — f*)/e is large, i.e., when
the algorithm is poorly initialized or a high precision solution is required. This factor can
be significant, potentially even exponential in Hydist(wp,S) (Gaash et al., 2025). These
findings offer a theoretical justification for the practical need for a warm-up when network
initialization is sub-optimal.

Next, we consider another widely studied class of structured non-convex functions, which
encompasses the u-PL functions—known to hold for sufficiently over-parameterized networks
(Liu et al., 2022). Moreover, PL is considered the weakest sufficient condition ensuring
linear convergence of GD (Karimi et al., 2016).

Theorem 4.3. Assume that f is (Ho, Hy)-smooth, and it satisfies u-PL condition. Then
the iterates of GD with adaptive step-size ny satisfy

flwg) — f*<e after at most 4051 (f(wo) — f*) + % log zg‘l’s iterations.

Similar to the convex case, the e-dependent term in GD with a warm-up adaptive step-size
leads to faster convergence whenever Hi(f(wg) — f*) is substantially larger than Hy.

In Appendix A, we demonstrate that our proof techniques in both Theorems 4.2 and 4.3
can be used for a more general class of functions, where the function sub-optimality in
Definition 3.1 is raised to the power p > 1, extending the benefits of the theoretical warm-
up to a broader class of functions.

4.4 EXTENSION TO THE STOCHASTIC SETTING

In a standard training setup, the function f has a finite sum structure, namely,

flw) = 2370 fi(w) ()
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Figure 3: Performance of Adam (for 70M and 160M) and AdamW (for 410M with weight decay
A = 0.1) when training language models with three warm-up strategies: (Hy, H;) warm-up
with tuned C, tuned linear warm-up, and no warm-up. The last 20% of iterations is a linear
decay from the peak LR to 107° in all cases.
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Figure 4: Effective LR with (Hy, H;) warm-up when training language models on the
FineWeb dataset for the peak LR 1072, varying parameter in (Hy, H;) warm-up.

where n is the size of the training dataset, and each f; represents a loss on i-th sample.
We define the minimum of each loss f = min, f;(w). To study the convergence in the
stochastic setting, we need an interpolation condition, which is typically satisfied for over-
parameterized networks (Ma et al., 2018). Analytically, it means that f* = f; for all i € [n].

Theorem 4.4. Assume that the problem (x) satisfies the interpolation condition. Assume
that each f; is (Ho, H1)-smooth and satisfies the Aiming condition around the set of global
minimizers S. Then the iterates of SGD wyy1 = w, — NV fs, (wi) with a step-size

_ 0 .
"k = T0H,+20M: (fs, (wr)—T%,) and batch Sy, C [n] satisfy

20H0diSt(U)0, 8)2
02(K +1)

5 o min {fww) = "z} <

We observe that the convergence rate depends on Hy, mirroring the deterministic result in
Theorem 4.2. The convergence metric we use is non-standard, adopted because uniform
convergence over all component functions {f;}? ; cannot be ensured. With probability at

e 2
most % the sub-optimality f(wx) — f* can be larger than 25131 for any k €
{0,..., K}. Nonetheless, the failure probability vanishes with K’ — oo, implying convergence

after a sufficiently large number of iterations with high probability.

5 EXPERIMENTS

We next evaluate the warm-up schedule derived from (Hy, H;)-smoothness on two bench-
marks: transformer language modeling on FineWeb and ViT-Tiny training on ImageNet-32,
both of which are known to benefit from warm-up. This section aims to highlight the merits
of warm-up, particularly the gains obtained from the (Hy, H1)-smoothness—driven schedule
rather than to achieve state-of-the-art performance. To demonstrate the validity of the the-
oretical warm-up schedule, we compare linear and no warm-up with the following (Hy, Hy)
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Figure 5: Performance of AdamW with weight decay A = 0.05 when training ViT model on
the ImageNet32 dataset with three warm-up strategies: (Ho, H1) warm-up with tuned C,
tuned linear warm-up, and no warm-up. All LR schedules follow cosine decay after the
warm-up phase.

warm-up scheduling: where fgs, (wg) is the stochastic loss at iteration k,

Nk
max{1,fs, (wx)/C}’
C' is the parameter of (Hy, H;) warm-up, that controls the warm-up length. Here 7, follows
the WSD schedule (language modeling) or cosine annealing (ViT training) with no warm-up.
All training details are reported in Appendix J.

Language Modeling. We train language models of three sizes: 70M, 160M, and 410M
near Chinchilla optimum (Hoffmann et al., 2022a). When training 70M and 160M models,
two baselines are Adam (Kingma & Ba, 2014) with WSD schedule (Hu et al., 2024) with
20 % decay stage and tuning the warm-up stage in {0%, 10%,20%}. When training 410M
model, we also add weight decay A = 0.1 (Loshchilov & Hutter, 2017). We report the mean
of 3 runs, with the shaded area showing the min—max range.

In this setup, nx in (Hg, H;) warm-up follows the WSD schedule without warm-up (i.e.,
the LR starts directly at its peak) with a 20% decay phase. This can be viewed as a hard
counterpart of the theoretical step-size considered in our convergence analysis. We tune the
parameter C', which determines the length of the (Hy, Hy) warm-up, over the set {3.5,4, 4.5}
(which was found to yield good results empirically). For all warm-up schedules, we tune the
peak LR over {3-107%,1072,3-1073,1072}. Figure 3 shows that the theoretically motivated
(Hy, H1) warm-up performs competitively with linear warm-up, which is the standard choice
in practice, and both warm-up schedules improve over training without warm-up. We also
demonstrate the evaluation of the effective LR in Figure 4. We observe that (Hy, H;) has a
significantly different warm-up shape than a linear one.

Image Classification. Next, we repeat the study on ViT-Tiny using cosine annealing
for ny (replacing WSD) while keeping the same warm-up mechanisms. For the (Hy, Hy)
warm-up, we sweep C' € {3,3.5,4}; for linear warm-up, we vary the warm-up length in
{0%,5%,10%}. For each schedule, we grid-search the peak LR over {3 - 107%,1073,3 -
1072,1072,3 - 1072}. As in the previous setting, Figure 5 shows that (Hy, H;) warm-up
matches linear warm-up, and both outperform training with no warm-up. The right sub-
figure in Figure 5 presents the effective LR. Similar to the previous case, the warm-up
substantially differs from the linear warm-up. We report the mean of three runs, with the
shaded area showing the min—max range.

6 LIMITATIONS AND FUTURE WORK

Our experiments show that the (Hy, H;) condition provides a relatively tight curvature
bound at the start of training. However, we observe that (i) the bound can be improved in
the initial iterations for some architectures, particularly LLMs, and (i¢) a phase transition
occurs after warm-up, where the bound begins to deteriorate. A promising direction for
future work would be to identify curvature upper bounds that remain valid across the
entire training trajectory, therefore going beyond the warm-up phase. Another promising
direction for tightening the smoothness bound is to extend the proposed condition to a layer-
wise setting, since different network blocks may exhibit varying conditioning. This would
necessitate a deeper understanding of how the final loss depends on each block. Finally, our
experiments show that the theoretically motivated LR warm-up can match the performance
of linear warm-up, though further investigation is needed before it could be applied as a
practical replacement — an objective beyond the scope of this work.

10
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Table A.1: Summary of the comparison between our work and (Liu et al., 2025).

| This Work

(Liu et al., 2025)

We study the condition:

Proposed condition V2 f(w)||2< Ho + Hi(f(w) — *)

They propose the condition:
IV2f (w)ll2< Ho + Hy(f (w) = f*)”

1. General deep linear network of
arbitrary width with MSE loss
under balancedness
2. Deep non-linear network of arbitrary
width a single non-linearity
under balancedness
in the second last layer with MSE loss
3. 2-layer network with arbitrary activation

Theoretical Evidence

1. Toy MLP model with 4 parameters,
no activation between
middle layers, and with CE loss
2. Toy recurrent model with 2 parameters,
no activation between
middle layers, and CE loss

MSE and CE losses
with L2 regularization

GPT-2-like language models of size
70M, 160M, 410M on FineWeb dataset,
ResNet50 and ViT models on ImageNet32,
where warm-up does bring better performance

ResNet18 on CIFAR10 and
small NanoGPT-like on Tiny Shakespeare,

Empirical Evidence
which can be trained without warm-up

General non-convex setting:
with numerical improvements General non-convex setting:

without improvement in the worst case

Structured non-convex setting:
(under the Aiming and PL conditions?
with the benefits of a warm-up schedule
(Convex case is a special case of
analysis under the Aiming condition)

Convex setting:
with the benefits of a warm-up schedule

Theoretical Analysis Stochastic setting:
high-probability analysis
for general non-convex functions
without improvement in the worst case

Stochastic setting:
in-expectation analysis under Aiming and interpolation
with the benefits of a warm-up schedule

Lower bounds:
substantially different from each other “hard-to-optimize” functions

Tested theoretical warm-up schedule:

W where 7,

Tested theoretical warm-up schedule:
follows WSD or cosine annealing

M = g min i% B o}
Tested workloads: with tuned Ky, K1
Training of GPT-2-like language models of size .
70M, 160M, 410M on the FineWeb dataset, and Tested worlsloads:
ViT-Tiny on ImageNet32 X ResNet18 on CIFAR10
with benefits from the theoretical warm-up schedule without benefits from the theoretical warm-up

comparable to a linear warm-up

Experimental results

A COMPARISON TO LIU ET AL. (2025)

In this section, we provide a detailed comparison against a concurrent work by Liu et al.
(2025). In the following section, we discuss in more detail the differences between our work
and their work. The summary of the discussion is presented in Table A.1.

A.1 THE PROPOSED CONDITIONS

Liu et al. (2025) proposed the following condition with a general power p > 0:
IV2f(w)]|< Ko+ Ki(f(w) — f*)°. (2)

The condition we study in the main part of the paper is a special case of (2) with p = 1. Liu
et al. (2025) proves the convergence in the convex setting under (2), demonstrating benefits
of the theoretical warm-up schedule. The proposed theoretical step-size is similar to ours in
(1). However, their results can be simply recovered from our analysis for the p =1 case.

Indeed, assuming p > 1 and that the iterates {wy}< , stay in the set {w | f(w) — f* <
f(wp) — f*}, which is the case for GD, we can simplify (2) as follows

IV f(w)ll2< Ko + Kp(f(w) = f*)7 < Ko+ Kp(f(wo) = f)* 7 (f(w) = f*), (3)

i.e., Definition 3.1 holds with Hy = Ky and Hy; = K,(f(wq) — f*)?~!. Therefore, the results
of Theorem 4.2 apply, leading to the iteration complexity of GD with adaptive warm-up
schedule of the form

Kodist(wg, S)? n K, (f(wo) — f*)P~ dist(wo, S)?

K =
0 02%¢ 02

This matches the bound in Liu et al. (2025) up to constants when 6 = 1, and shows that the
adaptive schedule converges faster whenever (f(wg)— f*)/e > 1. Given the simplification in
(3), it remains open whether the convergence under the general condition (2) can be further
tightened.
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In Proposition C.1, we show that deep non-linear networks with Leaky-ReLU activations
satisfy (2), albeit under stronger assumptions than Proposition 3.2. Moreover, Proposi-
tion 3.3 covers L2-regularized networks with two layers and arbitrary activations. If one
considers deeper networks, p increases with the number of layers ¢.

A.2 THEORETICAL EVIDENCE

We show that Definition 3.1 holds for several standard architectures: (i) an ¢-layer lin-
ear network with MSE loss under balancedness (Proposition 3.1); (i4) an ¢-layer nonlinear
network with a single activation before the output and MSE loss under balancedness with
leaky ReLU (Proposition 3.2); and (iii) two-layer networks with MSE (Proposition 3.3)
and cross-entropy losses (Proposition 3.4) under L2 regularization. These results provide
clear theoretical evidence that the proposed condition is a good proxy for neural-network
smoothness. By contrast, concurrent work by Liu et al. (2025) validates the condition only
on a toy MLP model and a recurrent model with fewer than four parameters and sigmoid
activation, leaving its extension beyond such simple cases unclear.

A.3 EXPERIMENTAL EVIDENCE

Liu et al. (2025) empirically test the proposed condition on two setups: ResNet18 trained
on CIFAR-10 (Krizhevsky, 2009) and a small NanoGPT-style transformer (6 blocks, 384-
dimensional embeddings, 6 attention heads) trained on the Tiny Shakespeare dataset
(Karpathy, 2015). They present smoothness versus training loss in a log-log scale, which
leaves open how well the condition aligns with empirical behavior. Moreover, they show that
these models train efficiently without learning-rate warm-up, and that warm-up offers no
benefit (see Table 1 in Liu et al. (2025)). This might question whether the proposed condi-
tion still holds for models where warm-up is essential. In contrast, we validate the condition
on much larger models, where warm-up is crucial for achieving improved performance (see
Figures 3 and 5).

A.4 THEORETICAL ANALYSIS

Deterministic Setting. Liu et al. (2025) establish convergence guarantees for GD in both
convex and general non-convex regimes. In the non-convex case, their worst-case analysis
shows that an adaptive warm-up schedule offers no advantage over a constant step size
beyond numerical factors, which is consistent with our findings. Benefits emerge in the
convex setting, which is again similar to our results. In contrast, we extend the analysis
beyond convexity, demonstrating the benefits of warm-up under Aiming and PL conditions,
which are known to hold for sufficiently wide networks.

Stochastic Setting. The convergence guarantees in Liu et al. (2025) and our work are
not directly comparable. We focus on finite-sum minimization in expectation under the
Aiming condition and interpolation, showing that, under these assumptions, SGD with an
adaptive warm-up schedule attains performance comparable to GD in the deterministic case.
By contrast, Liu et al. (2025) analyze general non-convex objectives under almost surely
bounded variance or the almost-sure ABD assumption (Khaled & Richtérik, 2020) with high
probability, where their results do not demonstrate warm-up benefits analogous to those in
the deterministic setting.

Lower Bounds. Both works provide lower bounds for constant step-size GD, however, the
“hard-to-optimize” functions and proof techniques are different.

A.5 EMPIRICAL RESULTS

We test the theoretically inspired LR warm-up schedule of the form where

k
max{l,fgk(wk)/C} ’
Ny, follows WSD or cosine annealing schedule, fg, (wg) is the current stochastic loss and C'is
the parameter of (Hy, H1) warm-up schedule. The proposed (Hy, H1) warm-up schedule is
used when training language models of size 70M, 160M, and 410M on the FineWeb dataset
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and the ViT-Tiny model on the ImageNet32 dataset. Our empirical results demonstrate
that the proposed theoretical warm-up with tuned C' matches the performance of a linear
warm-up and improves over a no-warm-up baseline. In contrast, Liu et al. (2025) conducts
experiments when training the ResNet18 model on the CIFAR10 dataset. Their results
demonstrate that the theoretical warm-up schedule Mﬁ maX{K%], m} with tuned
Ky and K7 matches the performance of linear and no warm-up baselines.

B ARITHMETICS OF (Hy, H;)-SMOOTH FUNCTIONS

First, we provide a formal proof of the conjecture mentioned in Section 3. In other words,
the following result demonstrates that the class of (Hy, H1)-smooth functions contains all
(Lo, L1)-smooth functions.

Proposition B.1. Assume that f is (Lo, L1)-smooth and bounded from below, i.e.,
V2 f(w)||< Lo + L1||Vf(w)|| and f* > —oco. Then f satisfies Definition 3.1 with
LOL1 H1 _ 4L% + I/L1 :

b)
v 2v

H0:L0+

where v satisfies the equality v = e V2.

Proof. We start with Lemma 2.2 in Gorbunov et al. (2024)

IV £(w)l*< %(Lo + L[V f(w)D(f(w) = f7)

e 197 ) P~ 22V 1) () — 1) = 222 (w) ) <0

We need to solve this quadratic inequality w.r.t. ||V f(w)||. The discriminant is

azg
V2

(Fw) = FP2 441 20 (w) — 17) > 0= L (fw) — ) + 20

V2 v

(f(w) = f7) >0,

i.e., it is positive. Since ||V f(w)[|> 0, we should also satisfy

2L (f(w) — £) + /B (F(w) = £2)° + L (F(w) - £7)
2

IV Sl <
QL ) - 1y Brtwr - 12 - 1)
<2 )+ 0 ) - )
= 204 S () - 1),

where (i) follows from the inequality va + b < v/a + v/b for any a,b > 0, (ii) — from the
inequality vab < S+ g for any a,b > 0. Therefore, we obtain
IV2f(w)|| < Lo + La[|V f(w)]
LOL1 4L% + I/L1
_|_
v 2v
which means that the function f is (Hy, Hq)-smooth.

(f(w) = f7),

O

Next, we demonstrate that operations like summation preserve (Hy, H; )-smoothness. First,
we show that the class of (Hy, Hy)-smooth functions is closed under summation.

2One can check numerically that v € (0.56,0.57).
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Proposition B.2. Let f and g be (H&H{)— and (HY, H{)-smooth respectively. Then
h = f+ g is (Ho, H1)-smooth with

Ho = (H{ + Hf + max{H], HI\n* — H f* — H¢*), and H, = max{H{ K H?}.

Proof. By Definition 3.1, we have

IV?f(w)ll< Hy + H{ (f(w) = f*),  [IV?g(w)|< HY + H{ (9(w) - g°).

Therefore, we have
IV2h(w)|| = [V f(w) + VZg(w)]|
< V2 f(w)||+][V2g(w)]|
< H{ + H{ (f(w) — f*) + H§ + H{ (g(w) — g*)
< (H{ + H) + max{H{, H{}(f (w) + g(w)) — H{ f* = H{g"
= (H} + HY + max{H], H\n* — H] f* — HYg*) + max{H] , H?}(h(w) — h*).

=Hy =H,

Note that h* > f* + g*. Therefore, we have
max{H{, H{}n* — H] f* — H{g* > H{n* + H{h* — H] f* — H{¢* >0,
i.e., HQ > 0.

The next proposition shows that the class of (Hy, H)-smooth functions is closed under
affine transformation.

Proposition B.3. Let g:R? — R be (HY, HY)-smooth, A € RY*P be an arbitrary matriz,
and b € R? be an arbitrary vector. We define f:RP — R as f(w) = g(Aw +b). Then f is
(H, H)-smooth with

HY = [ AI*(HS + Hi(f* ~ ¢7)).  H{ = ||A|*HY,

where f* = minyere f(w), ¢* = mingera g(y).

Proof. First, note that

F* = min g(Aw+b) > min g(y) = g°,

since the first minimum is taken in Im(A). Second, note that V2 f(w) = ATV2g(Aw + b) A.
Therefore,

IV2f(w)]| = |ATV2g(Aw + b) A|
< ATV g(Aw + b) -l All
< [|Al*(H§ + HY (9(Aw +b) — g"))
= [|AIPHE + |AIPHY (f (w) = £* + " = g")
= [[AIP(H + Hy(f* = %)) + |AIPHY (f (w) = 7).
O

In the next proposition, we demonstrate that the class of (Lg, L1)-smooth functions is not
closed under summation.

Proposition B.4. There exist two (Lo, L1)-smooth functions fi, fo: R — R such that their
sum f = f1 + fo does not belong to the class of (Lo, L1)-smooth functions.
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Proof. Let us consider two functions fi and fo defined as

w w
fi(w) = / (u + sin(u?))du, fo(w) = / (—v + sin(v?))dv.
0 0
Then we have
fl(w) = wtsin(w?), fI'(w) = 1+2wcos(w?), fy(w) = —w+sin(w?), f3 (w) = —142w cos(w?).
Therefore, we have
a(w)|< 1+ 2w cos(w?)] < 1+ 2w,
and
[ 2(w)|Z [Fw + sin(w?)[> |w|—|sin(w?)|> |w|-1.
This implies that for |w|> 1
[fla(w)]< 14 20w|< 3+ 3(Jw|—1) <3+ 3|f] 5 (w)].
For |w|< 1, we have | f{'5(w)|< 3. Thus, both functions are (Lo, Ly )-smooth with Ly = Ly =
3. They sum is f(w) :’2sin(w2), for which we have
f/(w) = 2sin(w?), f’(w) = 4w cos(w?).
Now we consider points {w,, }5°_; with w,, = +/mm. At these points, we have
fwy) =0, f"(wm) = 4w, — oo.
If f were (Lo, L1)-smooth, then we would have
()< Lo + Ll (wm)|< Lo.
This contradiction concludes the proof. O

We now show that there exists an affine transformation that does not preserve (Lg, Ly)-
smoothness.

Proposition B.5. There exist a (Lo, L1)-smooth function g:R?> — R and a matriz A €
R**Y such that a function f(w) = g(Aw) does not belong to the class of (Lo, L1)-smooth
functions.

Proof. Let us consider A = (é) , b =0, and g(y1,y2) = h(y1)e¥? with h(y1) = cos(y1)e¥.

We know that
R (y1) = e¥* (cos(y1) —sin(y1)), h"(y1) = —2sin(y;)e’".

Y2 n 1 — pY2 h" 1 W 1
Vy(y) = € <h((51)))’ Vigly) = e <h/((lgl)) h((gl)))

Therefore,

Note that
R (y1)| = 2e” [sin(y1)|< 2€”* [cos(y1)|+2e [cos(y1) — sin(y1)|= 2[A(y1)[+2[R (y1)].
Therefore, we have
IV29(¥)ll2 < IV29(y)llr

= /(1" (y1))? +2(0 (y1))? + (h(y1))?

< e \/A(h(yr) + 1 (y1))? + 2(1' (11))? + (h(y1))?

< e /8((y1))? + 8(1'(y1))? + 2(h'(41))? + (A(y1))?
< V106”2 /(h(y1))? + (W (41))?

)?

Note that |Vg(y)||= e¥2y/(h(y1))? + (W (y1))2. Therefore, we obtain the bound || V2g(y)|2<
V10| Vg(y)||. Now we consider the function f(w) = g(Aw) = g(w,0) = h(w). For f, we have
' (w) = e¥(cos(w) —sin(w)), f"(w) = —2sin(w)e™.

We consider the points {wy, }m=100 with wy, = 7 + 27wm. Therefore, cos(w,) = sin(wn,) =
v/2/2. This implies, that at these points f’(w,) = e*(v/2/2 — v/2/2) = 0 and f"(w,,) =
—v/2e%m. Thus, we obtain that |f”(wy,)|— co with m — oo, while |f’(wy,)|= 0. This

implies that f does not satisfy (Lo, L1)-smoothness for any Lo, L; > 0.

O
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C MISSING PROOFS FOR SECTION 3.1.1

Proposition 3.1. Consider a deep linear network with € layers and MSE loss:
W)= f(We,..., Wo) = ||Y = Wi Wa.. . W, X|3,

where Y € ReX™ are the labels, X € R>™(d < m) is the input, and W; € R™%-1%" where
ng = ¢ and ny = d are networks’ weights. In the space of strongly balanced weights, i.e.,
when W, W; = W, .1 W, for all i € [¢ — 1], it holds that

IV2f(W)lla < Ho+ Hi(f(W) = f*),

where ezact forms of Hy and Hy are provided in equations (5) and (6) in the Appendiz.

£—2

20—2 —2
- £=1 202 1 = 22 =1 e2 1 2 -2
Hy =407 ((2d 7 )T (W) 1Yl ||X||§+(2d 7)) (/\ml(XXT)) 1Y|g*

and
1 2 1 o
Hy=A | 245) 57 (55 Y2 4ogs 2 (L T
o <( o Amin(XXT) Il +(247)= Amin(XXT) X2
2d T )T L = VIET X
2 )¢ s
e (Amin(XXT)) Yl 112 ) - o

Proof. The proof is split in two parts: first we obtain an upper bound for the norm of the
Hessian and second a lower bound for the loss value.

Upper bound for the Hessian norm: One can find an explicit formula for the Hessian
of such neural network in Kawaguchi (2016), Lemma 4.3.

The Hessian of f in vectorized form has blocks in the (i,j) position for j < 4, that are of
the form

0*f
Ovec(W;)vec(W5)

=2((Wy .. Wii1) @ (Wigy .. . W X)) T (Wh oo . W21) @ (Wygq ... WeX)T)

||X|2> ;

+2(Wig1 . Wist) T @ (Wigr ... WeX)) (L, ® (Wh .. . W, X —Y) T W1 ... W;_1)),

where W1W0, Wg+1Wg =1.

For j =7, we have
0% f

Ovec(W;)vec(W;)

The spectral norm of the Hessian in vectorized form is upper bounded by the sum of the
spectral norms of each such block. Indeed, let M be an N x N block symmetric matrix:

Mll M12 MlN

M, My -+ My
M = . . .

My M)y -+ My

where each M;; is a matrix block.

A fundamental result for block matrices states that the spectral norm of a block matrix is
bounded by the spectral norm of the matrix formed by the spectral norms of its blocks. Let

22

=2((Wy .. Wii1) @ Wiy .. . W X)) T (Wh o . W1) @ (Wigq ... WeX)T).



Under review as a conference paper at ICLR 2026

us define a real symmetric N x N matrix M where each element (M )i; is the spectral norm
of the corresponding block M;;:

[Mirll2  [[Mizllz -+ [[Minl2
- [Mizlla  [[Maallz -+ [[Man]|2
[Minll2 [[Manll2 -+ [[Mnnl2
The inequality is then: 5
| M ||2< || M]]2

Since the spectral norm is always upper bounded by the Frobenius norm, it holds

N N N N
SO IMG13 <> 0> 1Mo

i=1 j=1 i=1 j=1

1M |l2< || M|lr=

Thus, indeed, it holds
N N
1Ml2< > 7 I1Mi - (7)
i=1j=1

Going back to the Hessian, we can upper bound the spectral norm of the (4, j) block using
only the weak form of balancedness ||W;|lp= ||[Wit1|lr (which is implied by the strong form
of balancedness).

For 1 < j <i < ¥, we have
0% f
Ovec(W;)vec(W;)

=2/[(Wy .. Wii1) @ Wiy ... W X)) T (Wy ... W) @ (Wigq ... WeX)T)

+2(Wigr . Wic1) T @ (Wiga ... WeX)) (L, @ (Wh .. . WX = Y)TW1. W;20) |l
<2((Wh oo Wit)) @ (Wi - . We X)) T (W W 1) @ (Wigq ... WeX) T2
+2/{(Wig1 .o . Wis) T @ (Wigr .. . WeX)) (L, @ (Wh .. . WX =) TW.W;21)]|2
< 2Wi[[F2IX[3+20Wa 521X 12/ f (V).

For the last inequality, we used that for matrices A and B

o [[A® Bll2= [[All2[| B2
o [[All2=[[AT]|2

o [|AB[2< [[All2]| B2

o [|All2< [|A]lp.

For j =1 and 1 < i < ¢, we have

82f — TN\T T
8vec(Wi)veC(W1) = 2((W1 . Wlfl) X (W2+1 - WZX) ) (Ic & (W2 S WgX) )
+2((Wao o . Witt)T @ (W1 .. WeX)) (L, @ (Wi... WX —Y)7T),
thus o
< 20—2 2 -2 )
‘ Svec (W vee (W) |, = 2[Wally X2 Wallg "1 X 2/ f (W)

For j =1 and i = ¢, it holds
o f
Ovec(W;)vec(Wy)

=2(Wy.. . Wel1) @ X)(I. ® (Wa... W, X)T)

+2(Wy.. . Wiei) T @ X) (I, @ (Wh ... WX —=Y)T),
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thus again
i < WA B2 WA X o/ O,
ovec(Wy)vec(Wr) ||, — F F
For the case that 1 < j < ¢ and ¢ = ¢, we have
>’f T
=2 W X W .. W X
8V€C(W¢)V€C(Wj) ((Wl WZ 1) & )((Wl WJ 1) ® (WJ+1 Wf ) )

+2(Wig1.. . Wee) T @ X)(In, @ (Wi ... WX = Y)Wy ... W;_9).

Again, we have

>*f 20-2 2 -2
< 2||W; X||5+2]|W X W).
Srea ey |, < WA IE 21X B420Wa 21X 2/ T
Similarly, we have for the diagonal blocks that
o/ < 2WallF 21 X115
ovec(Wy)vec(W;) ||, — F

In summary, since we have (¢2 — £)-many off-diagonal blocks and /-many diagonal blocks in
the Hessian, its norm is bounded as

V2 F(W) |2 27 [WAIZ 2N X (342062 = OIWAIIE 21 X l2/ F(W). (8)
Lower bound for the loss value: It holds
Wi WX |2 =Te(X W, ... W, W, Wi W,... W, X)
> Anin (XX D) T (W, . W) W WW, . W). (9)

In order to deal with the last term, we use the strong balancedness assumption:

W, W WS W W W W W Wy W, = W, W W W W W, W W WL W =
W, W W W W Wa W, WaWy ... W, =W, ... W, W, W, W WaW, W, Wy ... W,
W, W W W W W W, W W .. W,
and the process continuous until we reach the expression

(W, W)W, W, W W W W WaWaWes W ... W, W (W, Wy).

We can now do the same process starting from W3 and so on. Repeating this process ¢/2
times if £ is even and (¢ — 1)/2 if £ is odd, we arrive to the expression

(W We) ... (W, We) = (W W)

£—times

Since the eigenvalues of (W, W;)¢ are ¢ powers of the eigenvalues of W, W, we can use the
generalized mean inequality and derive

Te(W, We)*)  Te((W, We)® _ [Wellg _ WAl

d - dt dt a

thus I 2
Wi
(W W) > HE (10)
Notice that we made use of the weak balancedness assumption ||W;||p= ||W1||F.
Combining inequalities (9) and (10), we get
7l
(Wi . WeX[[p> )/ Amin(X X T) —=—. (11)

2

Now, we take the following cases:
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o If |Wy ... W X|r< 2||Y ||, then, by inequality (11), we have

-1 1
Wye<2d T ———||Y]lr,
Wil 25— sl e
thus
2(;2
- 1
Wil2t2< (og =~y
[Whllg "< Amin(XXT)” (I3
and

£—2
[

_ 1
Wi < (27— ||V
W[ < Amm(XXT)” i3

In this case, we have by equation (8) that

20-2
1 1 ‘
IV2F(W)lle < 262 <2d : ,(XXT)IIYIIF> 1113

£—2

2%~ 0) (zlelnYnF) X [l2r/F V).

Amin (X XT)

o If ||W1 - WgX||F> 2||Y||F, then

VIW) =W WX =Y |p= [Wi... WeX[lp—[Y]r

¢
> (W1 ... WeX||p > Amin(XXT)HVVel_HlF-
2 2d T
The last inequality follows by inequality (11).
In this case, it holds
1 =
20—2 £-1,20-2 2 202
[Whllg "< (2d=2 ) @ (M) fw) =
and
1 s
W62< 207 ) T (e | W)
Wil < @) F (g ) SO0
By equation (8), we have
0— 0— 1 2 20-2
V2F(W)2 < 202(2d = )7 [ ————— W) || X |12
IVl <2027 (s ) OV X
1 7
22— 0)(2d 7 )T [ — e | =X

20—2

2 £-1,20-2 1 2t 2
=|265(2d=) 7 A (XX T) X112

#2008 = 00a )P () ||X2> Fowy,

25

(12)
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In general, we can sum the left hand sides of equations (12) and (13) and obtain

127l < 220057 (g ) IVIT

220 - 0P () VIR IX2VF)

2 —1 22 2 1 % 2
2t (2d )T m X ]2

£—2

+2(2 - 0)(2d7 )T (M) X||2> FW)*e. (14)

113

If f(W) < 1, then 1/ f(W) < 1 and inequality (14) becomes

20—2

1202 1 27
IV W) < (mzd 7 (o) VT
1 [[2
-2 2
2 - 00 () W ||X|2>
9 L= 202 1 e 9
+(2065(2d72) 7 Ao (XXT) X112

(2 - (2T 7 (m)”n){nz)ﬂwﬂﬂ (15)

Ix3

It holds that %2—;2 > &, thus, if f(W) > 1, we have \/f(W) < f(W)% and inequality (14)
becomes

20—2
£-1 20-2 1 =N
V207l < 2200 )7 (e ) | VIR IR

—1 2@ 2 1 20
<2f2(2d )T <)\(m) X3

+2(6* - 0)(2d 4= )Z : <>\rnin(1m)|X”2

£—2

ol
~|

A —0)(2d )T (Am(lXXT))w ||X||2> fOV)SE. )
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Summing the right hand sides of (15) and (16) and using ¢? — ¢ < ¢?, we obtain

£—2

£ 20-2 1 =
IV2fF(W)l2 < 4 ((Qd )7 (W) ||Y||F ||X||2
2 1 Ea
(2d ) <)\mm(XXT)> ||Y|| ||X||2>

20-2
rae (0P (— ) X
Amin (XX T) 2

£—2

+(2d T )T ()\mm(lm>u X2

=1, £-2 1 o 2 202
+(2dz )7 Mo (XXT) 1Y I X|l2 ) f(W) 2.

The above imply that f satisfies

£—1

[V2f(W)ll2< Ho + HiVF(W) T
for Hy and H; defined as in equations (4) and (6).

It is easy to see that if | V2 f(W)|2< Ho + Hy f(W)¢ for some ¢ < 1, it holds [|[V2f(W)||2<
Ho+Hy, if f(W) <1, and ||V2f(W)|2< Ho+H, f(W), if f(W) > 1. In both cases, it folds
IV2f(W)|2< (2Ho+ Hy) + Hy f(W). We can also add and subtract Hy f* in the right-hand
side and get the desired result.

O
Proposition 3.2. Let f be defined as
FW) = f(Wh,.. ,We) = Y = Wip(WaXs... W X))

where ¢ is leaky-ReLU activation function with slopes 1 and b, i.e., ¢(x) = max{bzx,zx},
0 < b <1, and matrices Y, X,{W;}._, defined as before. Assume that over the course of
GD:

o dnin (W' W) > h > 0.

o The layers {W;}_, are weakly balanced, i.e., |Wi|p= ... = |[Wi|r-

e The layers {W;}{_, are strongly balanced, i.e., W, W; = W W, forie {2,...,(}.
Then it holds that

IV2f(W)l2< Ho + Hif(W) (= (Ho + Hif*) + Hi(f(W) = ),
where the exact forms of Hy and Hy are provided in equations (17) and (18) in the Appendix.

£=2 0—2

16d€—2”Y”2 4dé—2||Y||2 20—2 4 20—2
Hy=0 | ——1F |x T IF X|o+2 ( —— ' X
o=t hb2)\mm(XXT)“ Iz (th)\min(XXT)> X2+ (th)\min(XXT)d 1112
. (17)
an
—
164" 2 4d2|Y )2\
P2 F 0—2
=0 ey X+ (hb?Amin(XXT)> I1X12+2 <hb2)\ xx)’ |XH2
(18)

Proof. The proof is divided into two parts, similarly to the proof of Proposition 3.1: the
first obtains an upper bound for the norm of the Hessian, while the second obtains a lower
bound on the loss value.
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The first part in the proof of Proposition 3.1 was easy, as one has ready formulas for the
Hessian. In this case, the situation is more involved and we come up with a more general
process to estimate the spectral norm of the Hessian based on the gradient finite differences.
This process works for any non-linear network with activations ¢; that are either ReLU or
leaky-ReLU (we re-use this calculation in Proposition C.1).

Upper bound for the Hessian norm: To simplify the notation, we set
Zy =Wy X

Ap_1 = do—1(Zy)
Zyp1=Wo_ 1Ay

Zy = WaAy

Ay = ¢1(Z)
Z1=WiA = F.

By the backpropagation algorithm for the gradient, we have that the gradient of f can be
computed as

of _ <47
W, 0; A,

where 9; is defined recursively as
0h=-2Y-F)
8y = W 61 @ ¢(Z2)

0; = Wi—il(siq © ¢ _1(Zs).

We need to upper bound the difference of the gradient defined in two distinct, sufficiently
close points W = (Wq,...,W;) and W = (Wq,...,W,). We also define

dist(W, W) :=

¢
> IWi = W3
i=1

It holds that

_ Py of -
V(W) Vf(W)HF_; 8Wi(W) 8Wi(W) .
We have
0 0 - o _ _ _
‘8V{/i(W) - 81/{/1- (W) LT 16: A = 6 AT e < 16:lle )| As — Aillp+ Aillpll6; — &lle. (19)

Here we use a bar to denote the sequences of matrices related to the point . We deal with
the four sequences appearing in this upper bound one by one, starting from A;. We can
equivalently deal with A; as the only difference will be to substitute W in place of W.

We have
A = di(Wip1Aigq), fori=1,...,0—2,
thus
[Aille= [l¢i Wir1 Ais1) [p< [[Wit1 Aipa[[p= [[Wallr || Aiga[|p.

The inequality follows from the fact that ¢; is leaky-ReLU, thus |¢;(x)|< |z| and the last
equality by the weakly balanced assumption, i.e. that |W;||g= ||W1]F.
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This implies that
HAille< Wl | Aemall= W gea (WeX) e < Wl (1 X |2 (20)

Similarly, it holds
[ Al < (W[ 1 X - (21)
Now, we deal with A; — 4;:

|Ai = Aillp= [|¢s(Wis1Ais1) — di(Wir1 A1) [r < [Wig1 Aigr — Wig1 Aia|lp<
|Air1llelWis1r — Winallp+HI Wil | Aigr — Aipa|[r<
[Ais1llpdist(W, W) + [[Whllpl|Ait1 — Aital|r-

By an induction argument, we can get the bound

-1
14; — Ayllp < ( > IIAkIIIIVVlI’“_i_1> dist(W, W) + [Walg ™" [ A1 = Ar-a ]l
k=i+1

and by inequality (20), we have

-1
[4; — Asllr < < > ||W1||§k||W1k_l_1> dist(W, W) || X [la+[Willi = [ We = Wellp | X |2
k=i+1

—1
< < > IIWlllﬁ_kllWlk’1> dist (W, W)[| X [|o+[[ W1 [[5*~* dist (W, W)|| X 2.

k=i+1
(22)

Now we move to §;. It holds
18:lle=IW;L16:-1 © @1 (Z) e < IWicallelli—alle= [Wallel|di—1 e

This implies that
181w < Wi ll5 161 o= 2 WAl F(W)

18: e < 2[W 5"/ F (D). (23)

For the sequence §; — &;, we have

16; = 8ille= [IW;L16i-1 © ¢f_1(Z:) = W, 16i1 © 61 (Z))|Ir

and similarly

and since all entries of Z; are non-zero and Z; is taken sufficiently close to Z;, these two
points feature the same activation pattern, thus ¢_,(Z;) = ¢;_,(Z;). This gives

16; = Sille < W16 — W18 lle < [Wicallplldim1 — Simt e 16—t e | Wis1 — Wisallp
< [Whllelldi—1 — i1 llp+I0i—1 || pdist (W, W).

By induction, we have

1
18 = lle < 3 18l [Wa i~ dist (W, W) + [ 5 161 — B e
k=i—1

1
<20/ V) D0 IWallg Wl dist(W, W) + Wil (161 — 6 e
k=i—1

The second inequality in the previous derivation follows by inequality (23).
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For ||61 — 61]|r, we have

61 = d1llp= 2[W1 Ay — Wi Ay ||[p< 2[Wilpl|Ar — Ay[|p+2[| Ay [|g [ W1 — Wi |lp<

2||W1||F<<Z”W1|F Wt 2) + WAl )dist(W, WX la+2[ W[5 dist(W, W)X || 2=

2 (”WlF((Z”Wl'F Wt 2) + ||W1||§_2> + ||W1||%‘1> dist (W, W)X |-

Thus,

1
16: = ille< 24/ FOV) D Wl Wi~ dist (W, W)+

k=i—1
2wl <||W1||F<<Z”W1”F N 2) + Wl ) + ||W1|§_1> dist (W, W) | X2
(24)

Combining inequalities (19),(21),(22),(23) and (24), we get

of of
ow; 8W( V)

-1
2[Wallg "t/ f(W) << > IWlll‘é_kIIWlllkZl) + ||W1||§_1_1> dist (W, W)X [+

F

(W) -

k=i+1

1
2 Wllg X 2/ SOV) D WAl W dist (W, W)+

k=i—1

k=2

-1
2| Wl IWAllE ! <|W1IIF<<Z|W1||i1_’“IIW1||’“_2> + IIWllfé_?) + |W1||§_1> dist(W, W)|| X |3,
thus
| #0m) - &0,

dist(W, W) -

-1
2[Wa [y '/ F(W) (( > Il 1) +Wallg 1) X 12+

k=i+1

1
2Wallp X N2/ FOV) D IVl Wl "+

k=i—1

2|W1||§_i|W1II%_1<IIW1F<<ZIIW1IF S 2) +(IWallE ) + ||W1||f§1> X135

and taking the limit as W — W, we get
|07 — it om
W—>W dlst(W W) -
200 = )| X 2| Wrllg 2V FW) + 20 = DIX Wil 2V FW) +2(6 = DIWAIE 21 X[13=
200 — D[ X2/ FW) W[5 2 +2€ W[5 21 X |3

This is because, when W — W, it holds W; — W7.
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For the total gradient difference, we have

5 _
[7£07) = V7)), i H i) = i 07|
W—>W dlst(W W —W dist(W, W)
20(¢ — )IIWﬂI% 21 X [|2/F (W) + 202 W | 272 X |13
It holds || ( ||
VW) —-Vf(W
VZEW)|le= 1 E
IV2FW)lle= lim dist(W,W) :
thus ., oo
V2 F(W)|l2< 2006 — D)W |52 1 X 2/ F (W) + 262 W |32 X113 (25)

Notice that this is the same upper bound as the one provided in (8).

Lower bound for the loss value: For lower bounding f(W), we have
W1 (Wa .. WeX)|B = Aanin (W1 W) [ (W ... WeX) 7
> ho?||Way .. . W, X |2
L
a2

The first inequality is obtained by standard inequalities in linear algebra, while the third is
obtained by the same reasoning we used to obtain (11), together with the assumption that
[[W1llg= ||W2||[g=--- = ||We|lr. The second inequality comes from the fact that

lo(S)IIE> 6115,

> hb*Amin (XX 1) (26)

for any matrix S. Indeed, .
[6(S)[[F= Tr(6(S) " ¢(S))
and, after denoting the entries of S by s;;, we have that the diagonal entries of ¢(S) T ¢(S)

are of the form
Z bzzksz?ka
k

where
, (b ifsiu <0,
L, if s > 0.

szkslk > b2 Z s2 = b Tr(S).

In any case, we have

Now, we take the following cases:

o If |[Wiop(Wy ... WpX)||r< 2|Y||F, then, by equation (26), we have

d2—2 Y 2
w2 32
RO2Amin (X XT)
and -
d£—2| Y 2 20—2
Wil ()
Bb2 Amin (XX 1)
In this case, we have by equation (25) that
8d€—2 Y 2
192 s s < S

ho* Apin (X XT)

e ) (‘W”Y'> IXIVFOP).  @2n)

ho2 Amin (XX T)
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o If [Wi(Wa ... WeX)|[p> 2||Y]|p, then

VW) =[[Wig(Wa ... W, X) = Y|[p> [[Wip(Wa ... W X)|[r—[IY|[r

Wid(Wy .. . W, X W&t
2H 19( 22 v )”Fz\/ﬁb Amin(XXT)”2;J|§ .
2

The last inequality follows by inequality (26).
In this case, it holds

_ 4
WAl 2<

02
T AP Apmin(XXT) W),

and

£—2
20—2

4
-2 (-2
W< (e @)
By equation (25), we have

82

2
P —
IV 100l < i s

2 F(W)IX13

4

£—2
202 20-3
220 (@) SONER K 9)

Summing the right hand sides of inequalities (27) and (28)

£—2
8£2dZ72 Y 2 4d€72 Y 2 20—2
IV 07)la= ey X420 — 0 (i ) IXT/ )+
Y2 o ) ) 4 s by 203
(X Ty IXIRI W) 200 = 0| Gy rexery AU

It holds gg—:g < 1 and we take the following cases:

If f(W) < 1, we have

£—2
8£2d8—2||y|‘2 4dZ—2||Y||2 20—2
2F W)l < B X[[34-2(£2 = £) | g o X

£—2

4 22 82

+2(62 ) (hb2/\'(XXT)d€_2> ||X||2+md€_2\|X||§f(W)-

If f(W) > 1, then we have

8024 2| Y||2 8¢2

2 < — - T WF _jx|2 712y (v vT
IV WIlle< gy ex Xl (hbﬂmin(XXT)

d P X 3+

2 gy (AdEYIE )\ : 1)
2(6% = 1) M (XXT) [ X[l2+2(67 — £) md 1 X][2 | fFOW).

Thus, ||V2f(W)||2 is always upper bounded by the sum of the last two bounds. Incorporating
02 — ¢ < 02, we derive

32



Under review as a conference paper at ICLR 2026

1602 |3 ad2 v\
IV2f(W)]2 < €2 W(XXFT)HXH%‘FZ (W) [ X1]2

£—2
4 2\

—2
16 4d672||y|‘2 20—2
2 0—2 2 F
t¢ thAmin(XXT)d ”X|2+2<hb2)\min(XXT)> 112

£—2
4 -2\ *?
i <hb2>\min(XXT)d > ”X|2> W),

which is the desired result.

Proposition C.1. Let f be defined as

f(W) = f(Wl, ceey We) = HY — W1¢1(W2¢(W3 N (bg,l(WgX) . ))||2F
F

where ¢; is leaky-ReLU activation function with slopes 1 and b;, i.e., ¢;(x) = max{b;z,x},
0 < b; <1, and matrices Y, X, {Wi}le defined as in Proposition 3.2. Assume that over the
course of GD:

 nin (W, W) > hy >0, fori=1,...,0—1.

o The layers W; are weakly balanced, i.e., |Wi|lg= ... = ||W||F.

Then, [ satisfies
IV2f(W)|l2< Ho + Hy f(W)H(< Ho + 27 2Hy f* + 2 2H (F(W) — £5)0°),

where
2y -2 9y 20—2
Hy :=2((0 — 1) I ”Fe - | X || +402 I ”FZ - | X5+
V )\min(XXT)Hq',;l mbz V )\min(XXT)Hi;l mbz
20(0 — 1)41=2)/2 X 2024(26=2)/2 X2
. TTe—1 _2(#2)/2” 2t — T\Te 1 _2(2#2)/2H I2
(Amin (X XTI 0,02) (Amin (X XTI Z10,i02)
and
2
2V 2000 — 1)46=2)/2
Hy =20(0 1) V- X[+ bV 15
Amin (X XT)II;Z) V/Rib; Amin (XX T2 hb? ) (=272

2@24(28—2)/2
(Amin (XX T)ILZ i) 2422

+ 1X 13-

Proof. We adopt again the notation
Zy =W X

Ap1 = ¢o—1(Zy)
Zo—1 = Wp_14p1

Ly = W2A2
A = ¢1(22)
7, = WA, = F.
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Similarly to the proof of Proposition 3.2, we can obtain the bound

IV F(W)2< 2600 = V)[IWallg 21 X [/ F (V) + 23| Wi |51 X5 (29)
This is because the analysis of this part in the proof of Proposition 3.2 is valid for a general
deep non-linear network.
We now move to a lower bound for the loss value. For i =1,...,¢ — 2, we have

WAL i (VT2 A 2 il (Wi A [ 2 W A [
and by induction,
WL ALF > (IZ2Rb?) [Weer Aea |7

(T2 Rab?) Ammin (W, Wem1)[| Ae—a |3
(T2 07) Aunin (W W) e (We X)) |17

v

m:
m:

v

Hf fh b2 hé 1b1’ 1>‘m1n(XXT)||WZ||F
T Z3ib2) he—1b}_y Aunin (X XT) W1 |13
(T2 1ab?) Amin (XX T) [ W7 ][ (30)

We have repeatedly used the assumption that Ay, (W; W) > h; and that
165 (S) 17> 07 [|S|I%
for any matrix S, as we did in the proof of Proposition 3.2.

To derive inequality (30), we also used the weak balancedness assumption, that is, all [|W;||r
have the same norm.

We proceed by considering the following cases:

o If |1 A1]| < 2||Y]| p, we have by inequality (30) that
2|Y|[r

\/ m1n XXT H

[Wil[r<

thus (by inequality (29))

£—2
v2f<W>F<2e<e—1>< e \m) X2/ F7)
min i=1 1Y

0—2
2lY|r ,
+202 Y2
( Amin (X XTI /Toab; X112

o If |W1 Ay||F> 2|V F, we write

W1 AL |2
FO) = 1Y = W32 (W3 A2 > I

By inequality (30), it holds

4f(W)
min(XXT)Hf;% hib? .

W< <

Combining with inequality (29), we get
20(0 — 1)4(¢=2)/2
2
Wlls <
IV Wlle < (Amin(XXT)Hf;llhibg)w—?)/z( (
2424(2572)/2
Chonin (X XTI ) 2072

W)X |2/ f(W)

+ (fW)) 272 X 3.
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Merging the two cases together, we get

£—2
2||Y
||v2f<w>||zszz<e—1>< e mm) X[/ FO)
20—2
2 2|Y|lr 2
+2¢ < %\mm(XXT)Hf:ll\/hjb) 1 X112

20(0 — 1)4¢=2)/2
(Amin (X XT)IZ hib?)
2624(2E72)/2
+ -
(Amin (X XT)IIZ hib? ) (26-2)/2

s POV X

(fW)) P22 x5

We can write this in a more compact form, considering that if f(W) < 1, then

-2
2 N 2|[Y]lr

20—2
2|y
e (¢lel(l>lnm> 113
20(0 — 1)4=2)/2
Ovn (X XTI L ogb2) (-2)/2 [1X1]
2024(26-2)/2
i (Amin (X XTI Z hb?)(26-2)/2

2

1113

and if f(W) > 1, we have

20-2
2|Y|lr
2 2 2
[VZF(W)ll2 < 2¢ ( WG CATTEIN S X115

2
+ (2000 - 1) 2[Y|lr X
Ammin (X XTI v/hib; 2
20(0 — 1)46=2)/2
min (X XTI L hb2) (6=2)/2
9p24(20-2)/2
+
(Amin (X XTI hb?)

X1l

(22_2)/2 ||X§> f(W)e_l‘

Summing the two expressions, we get that in any case

IV2F(W)]l2<
20Y] w 2y 242
2000 -1 £ X || +402 L X2
20(0 — 1)41=2)/2 0024(26-2)/2

1 X2+ X113

(>‘min(XXT)Hf;llhibzz)(giz)/Z (>‘rnin(XXT)Hf;llhibzz)(2272)/2
-2
2|l 20(0 — 1)4=2)/2
+ | 2000 -1) ” T”FH | X [|o+ (T )[_1 AL
)\min(XX )szl\/h:bz ()\min(XX )szthbz) -2
2624(2272)/2

+ -

Amin (X XT)IZ Rb7)

(2€_2)/2 |X||g> f(W)éil'
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This is the desired result.
O

Proposition 3.3. Consider a 2-layer neural network with MSE loss and L2 regularization:
A A
FOV) = F(Wa, Wa) = Y = Was(WaX) [+ [Wallf + 3 Wl
where ¢ is an activation function, such that |p(x)|< Cylzl, |¢'(x)|< Cy and |¢" (x)|< Cs for
all x € R, and matrices Y, W1, Wy are defined as before. Then, it holds
IV2f(W)ll2< Ho + Hi f(W) (= Ho + Hif* + Hi(f(W) — f*)),
for Hy and Hy defined as in equations (31) and (32) respectively.

HO = 202HX||2+)\1 + )\2 (31)
and

4 8
Hy = 71(2022 +Cs+ 20102)||X||%+72(C12 + C102) | X|[5+2Cs| X |3+2C[1X 2. (32)

Proof. We will recompute the Hessian of L from scratch, since our calculation in the proof
of Proposition 3.2 involves only getting an upper bound for its Frobenius norm and only
in the case of piecewise linear activation functions and balanced weights. In the two-layer
case, we can easily obtain an explicit form.

We denote f(W) := ||Y — Wi(WoX)||Z. Then,
IV2f W) 2= [V2FW)l|24(Ar + Aa).-

We proceed by computing an upper bound for ||V2f(W)||g.
V2f(W) is a block matrix of the form

9*F i
ovec(Wi)vec(Wy)T  avec(Wp)vec(Wy) T
3*f 3*f :

SVGC(WQ)VGC(Wl)T BVGC(WZ)VGC(WZ)T

For all computations, we work with a vectorized version of f:

FW1, Wa) = |lvec(Y) — vec(W1p(W2 X)) 3

Let us denote
R :=vec(Y) — vec(Wip(Wo X)) = vec(Y) — (o(WoX) T @ I.)vec(Wy).
For the second inequality, we used a classic property between vectorization and the Kro-
necker product.
The derivative with respect to vec(W7y) is
of 0 f OR

— T T _ T T
dvec(W1)  OR  dvec(W;) 2R (p(WoX)" @ I.) = —2R" (p(WoX)" ® I.).

Transposing in order to bring the vector in column form, we get

_or

Dvec (W) = 2(¢p(WaX) @ I.)R = —2vec((Y — Wip(WaX))p(WaX) ). (33)

The gradient with respect to Wy is similarly
of B 67]? OR
Ovec(Wy)  OR  Ovec(Ws)
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A1 s again 2R". In order to deal with ﬁ%, we write

OR
R =vec(Y) — (I;, ® Wi)vec(d(W2X)).

Thus,

OR ovec(p(W2 X))

_ Ovec(p(W2X)) Ovec(Wa X)
Ovec(Ws) (I © W1) Ovec(W3)

Ovec(WaX)  Ovec(Ws)

= *(Im & Wl)

%W is the diagonal matrix diag(vec(¢' (W X)).

Since vec(W2X) = (X T @ I,,, )vec(Ws), the gradient ovec(WaX) g

avec(Ws)
Ovec(W2 X) T
- =X I, .
Ovec(Ws) ® Iny
Putting it all together, we have
of _
dvec(Wa) —2R" (I, ® Wh)diag(vec(¢' (Wo X))(X " & I,)- (34)

Writing that again as column vector yields
—2(X ® I, )diag(vec(¢’ (W2 X)) (I, ® W, )R.

After some modifications, we can write
diag(vee(d' (W X)))(In @ W) )R =
diag(vee(¢'(WaX)))vec(Wy' (Y = Wig(W2X)))) =
vee((W (Y = Wip(W2 X)) © ¢ (Wa X)).

where ©® is the Hadamard product.

This means that we can write the previous gradient as
—2vec((W]' (Y = Wig(W2X))) © ¢/(Wa X)) X 7).

For the first block, we differentiate av%{wl) with respect to dvec(W;)T. Since

aa(fw = —2vec((Y = Widp(WoX))p(Wa X)) = —2(¢p(WoX) @ I.)vec(Y — Wi (W2 X)),
vec(W1)
we have
0*f B ovec(Y — Wyp(W2X))
Ovec(Wy)vec(W1)T —20aX) @ L) Ovec(Wq)T
Ovec(Wy)

— 2(¢(WX) @ L) (¢(WaX)T ® Le) g cectiy

=2(p(W2 X)p(W2X)' ® I.).

For the off-diagonal blocks, it suffices to compute only one, as they are symmetric to each
other. We use the product rule (see Magnus (1985), Theorem 9)

ovec(A(W)B(W Ovec(A(W Ovec(B(W
a(ve(c(l/I)/)—E § =(BW) &) 8ve£(V(V)T)) + (I @ AW)) 8ve£(l/§/)—'—))'
We have
0 of ovec(Y — Whop(W2 X))
Ovec(Wy)T Ovec(Wy) “2eneX) @ L) Ovec(Wo) T
Ovec(p(WaX)T)

- 2(I’ru & (Y - Wl¢(W2X))) 8V6C(W2)T
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In order to proceed, we need to write vec(¢(W2X) ") in terms of vec(¢(Wo X)), and this can
be done formally using the so-called commutation matrix:

vec(p(WaX) ") = K, mvec(d(WoX)).

For the first partial derivative in the sum, we have

ovec(Y —Wip(WaX)) _ Ovec(Wigp(W2X)) (oW )avec(qS(WgX))
Ovec(Wy)T B ovec(Wo)T ™ Y dvec(Wa) T
= (T 0 Wading(vee( 5/ (W X)) romyid

= (I ® Wi)diag(vec(¢'(W2 X)) (X' @ I, ).

As it is evident in the previous calculation
ovec(p(W2 X))

Brec(iy) T~ dias(vec(¢ (W2 X))(XT ® L,).

Putting it all together, we get
0*f _
Ovec(Wr)vec(Wa) T
2(p(WaX) © Wh)diag(vee(¢' (W2 X)) (X " @ Ln,)
—2(Ln, ® (Y = Wi(WaX))) K, mdiag(vee(¢/ (W2 X)) (X T ® I,) =
AS(WaX) & Wi + (I, ® (Wid(WaX) = Y)) Ko, ) ding(vee(d (WoX))(XT @ I, ).

We also have - - .
o*f B 0% f
Ovec(Wa)vec(W1)T — \ dvec(W;)vec(Wo)T )

For the second derivative of L with respect to W5, we remind that

of

Ovec(Ws) = —2(X ® I,,)diag(vec(¢' (W2 X))) (I, @ Wi )R.

Differentiating that with respect to vec(Ws)T involves a product rule, as Wy appears in
diag(vec(¢’(W2X))) and in R. It is more convenient to bring ﬁ{wz) back in fully vector-
ized form as:

of

Avec(Wa) —2vec((W, (Y — Wip(W2X))) © ¢/ (WoX)XT).

We have

o Ovec((Wy' (Y — W1g(W2X))) © ¢/ (W2 X)) X T)
Ovec(Wo)T
Avec(W,' (Y — Wip(W2 X)) © ¢/(W2X))>
Ovec(Wo)T ’

—2(X ®1I,,) (

Now we can use the product rule for the Hadamard product, see Magnus (1985) (Theorem
10):

Dec((W] (Y — Wi (X)) @ ¢/ (WoX))
Ovec(Wo)T
Ovec(W," (Y — W1p(W1X)))
Ovec(Wo)T

0’ (W1 X)

diag(vec(¢' (W2 X)) Bvec(Wy) T

+ diag(vec(W," (Y — W1p(W2X))))
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For the first term of the last sum, we have by previous calculations that
8V€:C(VV1T (Y — W1¢(W2X)))

= —(Im @ Wy Wi)diag(vec(¢'(W2X ) (X " @ I, ).

Ovec(Wo)T
For the second term of the last sum, we have
a¢/ (WQX) : 1" T
— = = XX L)
Sroe(iiyT = dina(vec(d! (WoX))(XT @ 1,,)
In total, we have
0*f -
Ovec(Wy)vec(W)T

2AX @ I, )ding(vec(d! (WaX))) (L, © WY W )diag(vee(d (WoX)(XT & L,,)
~2(X @ I, )diag(vee(W} (Y — W1g(W,X)))diag(vec(d” (W X)) (XT © L) (35)

This completes the calculation of all four blocks of the Hessian.
We can now upper bound the spectral norm of the Hessian as
0*f 0*f
Ovec(Wy)vec(W1) T Ovec(W1)vec(Ws) T

0%f
Ovec(Wy)vec(Ws) T

V2 F (W) ‘

.
2

2 2

This is a special case of inequality (7).

It holds
i < 2B X)W, %) T3
ovec(Wr)vec(Wq) T ||y — ? ? 2
< 2] p(WaX)p(WaX) |1}
= 2CT||Wa| 21X |3,
il < 2([[p(Wa X)[[2[|[Wr |2+ |[W1g(Wa X) — Y |l2)Co|| X]|
dvec(Wy)vec(Wa) T ||, — 2 IR TR 2zl
L 2([ (W X)|[p [[Whl[p+[W1o (W2 X) — Y |r)Ca|| X||2
<20 (Ch[[Wh|le[[Walle | X |2+ Wip(W2 X) = Y|r) | X]|2
<20 (CL WAl X |24+ CrIWa B X |2+ W1d(WaX) = Y [#) [ X |2
and
0%f
< 2| X2 w," 2/ X2 Ty — X
Dvec(Wa)vee(3)T ||, = [ X203 [|[Wy Wall2+2[| X [|2C5]|W7 ( Wip(W2X))|l2

< 2| X303 W) Willp+2]| X[I3Cs Wy (Y — Wip(Wa X)) e
< 2| X [3CF | WalE+2 X 3Cs [ WallpllY — Wig(Wa X))l
< 2| X[BCEIWAllE+I X 3Cs WAl E+ I XIEC3 Y — Wid(W2 X5

Overall, we have
IV2F W)z < (203 + Cs + 4C1 Co) | X [ Wi[+2(CF + 2C1Ca) | X (13 We [
+AC || X [2[Wip(W2X) = Y |[e+C3 [ X[3]]Y — Wig(W2X) |3

It is easy to verify that

192700l < (1

+ 40, | X |/ FOW).

4
(20} + Ca + 4GOI X 450 (CF + 200G KB+ AR ) £07)
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This is because
2
IWilR< o ),
1

2
AR
2

and

FOW) < f(W).

In total, we get
v2f<w>2s( (263 + Cy +ACOR) XI5 (CF +261C) X||2+03||X||2) )

—|—4CQ||X||2\/ + Al +)\2

As usual, we can take the cases f(W) < 1 and f(WW) > 1, sum the two right hand sides of
the obtained inequalities and we derive that

V2 f(W)|l2< Ho + Hy f(W)

where
=4C|| X ||242(A1 + A2)

and

4 8
Hy = 71(2022 +C3 + 4(1102)||X||§+);(012 +2C1C) || X [13+2C3 )| X|[3+4C2 || X 2.

O

Proposition 3.4. Consider a 2-layer non-linear model with cross-entropy loss and L2 reg-
ularization:

FW) = f(W1,Ws) = =Y log(P)" — (L= Y)log(1 — P)T + Z{|W[|g + 3| Wl,

where Y € RY™™ are true labels, and P = o(W1¢(W2X)) is the output of the model with the
activation function ¢ such that |p(x)|< Chlz|, |¢’( )< Cy and |¢"(2)|< Cs for all x € R,
sigmoid function o, and weight matrices W, € RY™ W, € R™ >4, Then, it holds

IV2f(W)ll2< Ho + Hif(W) (= Ho+ Hif* + Hi(f(W) — f¥))
for Hy and Hy defined as in equations (36) and (37) respectively.

Hy:= X + X (36)
and

Hy = N (02 + Cs +2C1Cy) || X |13+ (Cl +201Cy)[| X |3+2Co | X ||2+Cs[| X3 (37)

Proof. We start by calculating the gradients and Hessians of f. The Hessian of the regular-
ization part is just (A; + A3)I. We denote the main part of the loss as

fW)=—~Ylog(P)" — (1 —Y)log(l—P)".

Again, it holds ~
IV2F (W) < (V2 F(W) 2+ (A + A2).

Some useful notation is

A = WQX
H = p(4)
Z =W, H
P:=0(2).
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The gradient of L with respect to vec(W) is
of oz
8Z ovec(Wy)
It holds oF
1 1

where 1/vector is used to denote entry-wise inversion.

We also have

orP B B

8—Z—(I(Z)—P@(IL P).
Thus, ~ ~

of of _oP

——=——0—==P-Y.

AT

We denote the vectorized form of this term by R since it plays the role of a residual. Since
P —Y is a row vector, its vectorized form is just its transpose, however, we will often keep
the standard form R = vec(P —Y') to ensure compatibility with previous calculations.

It holds _ _
af _of oz

== —RTHT = RT T
Ovec(Wy)  0Z dOvec(Wy) R'H R ¢o(W2X) .

This is a row vector, thus we transpose it to bring it to column form:

of -
Fvec(vy) = vec(P—Y)H") = vec((P — Y)p(W2X)T)

For the partial derivative with respect to vec(Ws), we have

_of _of 0z v 0Z

ovec(Wy) — 0Z  dvec(Ws) R Ovec(W2)

and
OR Ovec(p(W2 X)) ovec(p(We X)) dvec(Wr X)
= (I, TRl (I,
Ovec(Ws) (I © W1) Ovec(Ws) (I © W1) Ovec(Wy X)  Ovec(Ws)
%W is the diagonal matrix diag(vec(¢'(W2X)).
Since vec(W2X) = (X T ® I,,, )vec(Ws), the gradient % is
Ovec(W2 X) T
— = =X'®I,.
Ovec(Ws) @ I
Putting it all together, we have
of T : / T
— = T XX I,).
8vec(W2) R ( m® Wl)dlag(vec(¢ (W2 ))( ® 711)

Writing that again as column vector yields
(X © I, )diag(vee(d (W X)) (I @ W) )R.

After some modifications, we can write
diag(vec(¢' (W2 X))) (I ® Wi )R =
diag(vec(¢/ (W2 X)))vec(W, (P —Y)) =
vec(W, (P —=Y) ® ¢/ (WoX)).
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where ©® is the Hadamard product.

This means that we can write the previous gradient as
—2vec((Wy (P —Y)) © ¢/ (W2X))X ).

We now move to the calculation of the Hessian.

For the first block, we have

o0*f B OR
ovec(Wy)vec(W1)T o(W2X) Ovec(Wr)T
Ovec(P —-Y
= om0 G

= p(W2 X )diag(P © (1 — P))p(WaX) .

For the off-diagonal blocks, it suffices to compute one of them, as they are symmetric.

We use the product rule (see Magnus (1985), Theorem 9)

Ovec(A(W)B(W)) Ovec(A(W)) Ovec(B(W))
Ovec(W) T =(BW) el Ovec(W)T +®AW) Ovec(W)T ~
We have
0 of Ovec(P-Y)
Ovec(W) T dvec(W7) (6W2X) @ 1) Ovec(Wy) T
Dvec(8(WoX)T)
+ (I, ® (P — Y))W

In order to proceed, we need to write vec(¢(WoX) ") in terms of vec(¢(W2X)), and this can
be done formally using the so-called commutation matrix:

vec(dp(WaX)T) = Ky mvec(dp(WaX)).

For the first partial derivative in the sum, we have
Ovec(P —Y)  Ovec(P) Ovec(Z)
Ovec(Wo)T — Ovec(Z) Ovec(Wy)T
ovec(W1 (W2 X))
Ovec(Wo)T
Ovec(dp(W2X))
Ovec(Wo)T

=diag(P© (1 — P))

= diag(P © (1 — P))(I,, ® W)

Ovec(Wy X)
Avec(Wo)T
= diag(P ® (1 — P))(I,, ® Wy)diag(vec(¢/ (Wo X))(X " @ I,,,).

— diag(P © (1 — P))(In ® Wi )diag(veo(d/ (W2X)))

As it is evident in the previous calculation

Ovec(dp(W2 X))

Broc(i) T = Jag(vee(@ (W2 X))(XT & Iny).

Putting it all together, we get
0*f
Ovec(Wy)vec(Ws)

— = p(WaX)diag(P ® (1 — P)(I, ® Wh)diag(vee(¢' (W2 X)))(X T ® I,,)

+ (In, ® (P = Y)) Ky, mdiag(vec(¢' (W2 X)) (X T © I,)
= (¢(W2X)diag(P © (1 — P)) (I, ® Wh)
+ (In, ® (P — Y)Kmm))diag(vec((b/(WgX)))(XT ® In,).
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We conclude with the calculation of the last block. To differentiate vec(((W,'R) ®
@' (W2X))X ), we can use the product rule for the Hadamard product, see Magnus (1985)
(Theorem 10):

ovec(W,' R) ® ¢/ (W2 X))
Ovec(Wo) T

ovec(W,' R)

0’ (Wo X
dvec(Wz) T + diag(vee(Wy' ) ey

Ovec(Wo) T~

= diag(vec(¢'(W2X))

For the first term of the last sum, we have by previous calculations that
dvec(W,' R)

Frec(iT)T (I, @ Wy )diag(P © (1 — P))(I,, ® Wy)diag(vec(¢/(Wo X)) (X T ® I,,,).

For the second term of the last sum, we have
9¢' (W2 X)

Fvec(Wa)T diag(vec(¢”" (Wa X))V X T @ I,,,).

In total, we have
0*f
Ovec(Wy)vec(Ws)

= =(X ® I, )diag(vec(¢'(W2X))) (I © W} )diag(P © (1 - P))

(I ® Wh)diag(vec(d' (W2 X)))(X " @ I,,)
+(X ® I, )diag(vec(W," R))diag(vec(¢” (W X)) (X T @ I,,,).

This completes the calculation of all four blocks of the Hessian of f.

To upper bound ||V2f(W)]2, we can write

2z 32]? 82f aQJF
Hv f(W)HQS ‘ 8VeC(W1)VeC(W1)T 9 ‘ 5V€C(W1)Vec(W2)T 5 ‘ 6V€C(WQ)VGC(WZ)T 2-
It holds
sl i 2 T2
‘ dvec(Wr)vec(Wh) T ||, < [[diag(P © (1 = P))[la[[¢(W2X)p(W2X) " [|3

< |[diag(P © (L — P))[36(WaX)p(WoX) T[I2< CF[|WallZ[1X|3,
since all entries of P ® (1 — P) are upper bounded by 1 in absolute value.

For the off-diagonal blocks, it holds

.
| vt i, < ST X I 1P = Yl Cal X
< Co(Cr Wi [le [Wallp || X |2+ P = Y [[5) [ X]|2
< Co(Cl|WAl2NIX [|24+Cr W31 X [l2+ F(W) | X |2
and
' o < IXIZCE WL [l [IWA |2+ X 135 WL (P = Y)ll2
Ovec(Wa)vec(Wa) T ||, — 22l 2 !

< IXIBCEIWLIEHIXECsWille | P = Y [l
< I XIBCSNIWAlE+IX 30 Wi [+ X3 Cs 1P = Y IR
< IXIZCEIWAlE+IXECs WA llE+HIX [5Cs (W),

In the two previous bounds, we have used that

1P =Y p, [IP = Y[E< fF(W)
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which follow from simple inequalities between the logarithm and linear functions in the
domain [0, 1].

Putting it all together, we have
IV2F (W)=
(C3 + O3 + 2C1 C) | X[ W[E+(CF + 201 Co) | X I3[ Wa ][5+ (2C2 || X |2+ C5]| X [13) £ (W).

It holds f(W) < f(W) (since the regularization part is nonnegative), thus

IV2F(W)l2 < (C3 + C3 + 2C1Co) | X [l3]|W %
+(CF + 2C1 G| X W[ E+(2C2 | X |2 +Cs | X1I3).f(W).

It is now easy to see that,

2 2
V25 (W)a< <>\1(022 +05 1 20,CX B+ (CF + 20101 X B
n 202||X||2+03||X||§)f(W) ),

This is the desired result.

D  MISSING PROOFS FROM SECTION 3.1.2

We begin by establishing an (Hy, Hy) condition for a one-layer transformer trained on a
single task, considering both the MSE and cross-entropy losses. Passing to the in-context
loss then follows from arguments common to both cases.

We briefly recall the specifics of the model applied to an initial matrix

Zo = 1 T ... XTp CCchry c R(d+1)><(n+1).
Y Y2 ... Yn

The model is defined by Z; = Z, + %PZOM -9(Z2EQZy), where the trainable parameters
are P and (). The output of the model is
9 = [Z1)(a+1),(n+1)-

Below, we show an (Hy, Hy) property for the cost function based on the MSE loss on one
task.

Proposition D.1. Consider the aforementioned 1-layer transformer model with a reqular-
ized loss:

. Ap A
F(P.Q) = (3 = yerue)® + I PIF+ QI

Assume that the input Z is bounded, and the activation function and its derivatives are
globally bounded:

* [|Z]la< Cz

o [lo(@)l< Cull|l
o ¢'(z)[[< Cy

o [l¢"(@)]|< Cs.
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Then, it holds
IV2£(P,Q)ll2< Ho + Hyf(P, Q).

where 5
Hy = EC%CE +Ap+ Ao
and
H; = 2 C Cc.C + C C? + C’ C. 2 gC'GCQ—FECGCC +zC5C +ECSC
1_/\P Z~1v2 At zZY2 /\QnZlnnganQnZl'

Proof. To compute the Hessian, we first vectorize the parameters and the model. For
simplicity, we set k =d+ 1 and m =n + 1.

e Parameters: p = vec(P) € R¥*1 and ¢ = vec(Q) € R¥* X1,

o Constants: Let V = ZM € R**™ and FE = eiel € RF*™,

m

o Intermediates: S(Q) = Z7QZ and A(Q) = #(S(Q)).
Using the trace identity ef Xe,, = Tr(emel X) = Tr(ET X), we rewrite §:
§ = ~T(ETPVA(Q)) = ~TH(VA@E")P).
Using Tr(ATB) = vec(A)Tvec(B), we get:
5= Tvecl(VAQ)E™)T) vee(P) = Tvee(BAWQ)"V)"p

Let b(q) = vec(EA(Q)TVT). The prediction is linear in p:

i00) = 5(0)"

We now expand b(q) using the Kronecker product (®) and commutation matrix (K):

1. s(q) = vec(S(Q)) = vec(Z27QZ) = (2T © Z7T)q. Let Js = (27 ® Z7).
2. a(q) = vec(A(Q)) = &(s(q)) = ¢(Jsq).

3. b(q) = vec(BA(Q)"VT) = (V @ E)vec(A(Q)").

4. vec(A(Q)") = Ki,mvec(A(Q)) = Kim,ma(q)-

Combining these, we define the constant matrix J4:

b(Q) = (V ® E)Km,ma(Q) = (V ® E)Km,m ¢(JSQ)
Ja

Our final vectorized prediction and loss are:

2
o) = L a0l and 1) = (00—
Finally, we define the diagonal matrices of derivatives:
D'(q) = diag(vec(¢/(Jsq))) and  D"(q) = diag(vec(¢” (Jsq)))-
The gradient of the loss is Vf = 2r - Vy. We first compute V7.

b)) = 1b(0) = I0(s0)
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The loss gradient w.r.t p is:
2r
vpf = FJA¢(JS(])'

vg=0_9 (lpr(Q)> _ L <M>Tp~

We also have

0 0q \n dq
We need the Jacobian of b(q), ‘9;;;%).
ob(q) _ 9(Ja9(Jsq)) (¢(Jsq)) 1 0(Jsq) /
= - — JuD = JuD
4T 94T Ja o JaD'(q) 9qT JaD'(q)Js
Plugging this back in (and transposing):
1 1 1
Vi = —(JaD'(a)Js)"p = ~J5D'(q)" Tap = —J5 D'(a)Tip.

The loss gradient w.r.t q is:
2r
Vof = —JED () T4

The Hessian Hy of the loss f = r? is found using the chain rule and product rule:
Hy =V(VH)T =V(2r-Vg)T =2(Vr)(Vy)" +2rv(Vy)".
Since Vr = V(§ — Ytrue) = V¥, this simplifies to:
Hy =2(V)(Vi)T +2rH,

where Hy = V(V§)7T is the Hessian of the prediction. We will compute the four blocks of
Hy by first finding the four blocks of Hj.

Hy p: We differentiate Vg w.r.t p’:
0 . o (1
Hysm = 5o (Vi) = o (20(0)) =0,
since b(q) does not depend on p.
Hg pe:  We differentiate V,§ w.r.t ¢7:
o _ 9 (1 1.9b(q)
Hypq = W(vpy) = W (b(Q)) = ——Qa7T-

9b(q) .
oqT -

We have already computed
1
H@,pq = ﬁJAD/(Q)JS-

Hy 4p: This block is the transpose of the previous one:
1 T
Hyqp = H;g:pq = (nJAD,(Q)JS> = n gD/(Q)J,E

Hy .t We differentiate V,§ w.r.t ¢7:

0 R 0 1
Hyqq = &TT(qu) = &TT (JgD/(Q)J,EP) .

n
Let v = J4p be a constant vector. We need to find %Jg (%). Using the rule for
differentiating a diagonal matrix w = diag(v)gy—)g, we have:

0(D'(q)v) _ O(diag(vec(¢(Js)))v) _ .. () d(vec(¢'(Js9)))
o¢T oqT - e oqT '
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The derivative of the vector vec(¢'(Jsq) is D' (q)Js.
9(D'(q)v)

oqT
Plugging this back into the expression for Hy 44

1 .
Hyqq = Ejgdlag(Jfop)DH(Q)JS-

= diag(v)D"(q).Js = diag(J4p)D" (¢)Js.

We now put together the four blocks of H; = 2(V§)(V)T + 2rHj.
R 1 1N\
Hy, = Q(pr)(vpy) +2rHypp =2 Eb(q) Eb(q) +0.
2
Hpp = 5 (Jad(Js0) (Jad(Js9))"

Hgyq = Q(Vq@)(vq@)T +2rHg,qq
1

2 1 T 2r .
Hyy =2 (2150 @ 50) (25D Tp) + 2 [TEding(TE0) D" 1))
Hypq = Q(Vpg)(vqg)T +2rHy pq
1 1 T 1
Hpq =2 (nJAsb(qu)) <nJ§D/(Q)JZ{p> +2r <nJAD/(Q)JS>

Hyy = 5 (Tad(Tsa) (" TaD'(0)]5) + oo (JaD'()Js)

Hyp = Q(ng)(vpf/)T +2rHy qp = H;Z:;
2 2r
Hgp = ﬁ(JgD/(Q)Jip)(JAﬂJSCI))T + g(JgD/(Q)JZ)-

Now we pass in bounding the regulatized loss. We use the notation f for the regulatized
and f unregularized loss:

f_(p’q) = (g_ytrue)Q =T

= Ap A
f(p.a) = T, ) + S Ipl3+ 5 lall3

The Hessian of the regularized loss f is

2

VQf(pa q) = VQf(pa q) + [)\SI )\21} .

Using the triangle inequality for the spectral norm (]|-[|2):
F Apl 0 7
192l 1925wl [0 ]| < 19270l + 20)
2

We proceed by computing an upper bound for ||V2f(p, q)]|2.

From our previous calculations, we have the four blocks:

Hyp = (a0 T50) (Jad(Jsa)"
Hyy = (LD (@) I5n) (D' @ T5p)" + 0 [Ediag(T5p)D" (@) 5]

Hyy = 5 (Lad(s0) 6" IaD/(0)J5) + 2 (JaD/ (0)5)

T
Hop = Hy,
We now upper bound the spectral norm of the full Hessian by the sum of the norms of its
blocks: -
IVZF (0, N2 < ([ Hppll2 421 Hpg |2+ Haq 2-

Since || Z]|2< Cgz, it holds ||Js||2< C% and [|Jal2< Cy.
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Bounding H,,: Hp, is a rank-1 matrix.
2 2 2
|Hypllz = 5 17a00s)3< 1 7alBlo(Tsl3< ~CECHal3.
Bounding H,,: We use the triangle inequality.

1Hpllz < || 5 (Tad(Ts0) (57 TAD'(a) )

2r
T HuAD’(q)Js)
9 n

2
2 2|r
< 2 176(I50) o I0" Ta D' (@)Tsllo+ 2 | 14D (q) s

n
2 2|r
2 (€30 all) - (ol 1Al 1D @) sll) + 2 (a2 () s )

2r|
n

IN

IN

2
—5(CZClall2) - (Ipll2C2CZ) + =—CoC

2 2
= EC@CHCQ||p||2||q||2+ECQC%|7’|-

Bounding H,,: We use the triangle inequality.

2 2|r .
[Hyglla < 2172 D@ TEpl3 4+ 20 ding (150 D" ()T
2 2|r| )
< Z (151D @l 9alell? + 21 |2 ing (5 121D (@)]2)

%@%P (I 7all2llpll2) - Cs)

2 2
= ST Ipl3+ - CoCsr I

2
< ?(020%”29”2)2 +

Overall Bound for f:
IV2fllz < | Hppll2+2]| Hpgll2+ [ Hgql2
2 2 2 2 2
< ~C3CHlal3+ 5 C2C1Calplallalla+ ~CaCalrl+ —C3CT[pls+ ~CoCslrlpll2-

—_——— —_———— —_——— —_——— —_———
K1 Ko K3 Ky Ks

Using 2ab < a® + b? and ab < %(a2 +b?):
IV2fll2 < Killgll3+Ka(lpl3+4ll3) + Kslr[+Kallpl3+Ks(r + [Ipll3)
= (K + Ky + Ks)|[pl3+(K1 + K2)lql|3+Ks|r|[+K5r”

= (K5 + K4 + Ks)|pll2+(K1 + Kz)llq\|§+K3ﬁ+ Ksf.
Now, we relate this to the regularized loss f(p,q):
2
Ipl3< 5= f(p:9)
P

2
lal3< 5~ f(p: )
Q

F<fpg) and \/F<Vila).

Substituting these in:

V2 fll2 < (K2 + Ky + Ks) (fpf) + (K1 + Ko) (2f> + K3 \/f + Ksf

AQ
UKy + Ky + K5)  2(K; + K.
:<(2 4 5)+(1 2)+K5)f+K3\/?
A AQ X
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Finally, we bound the full Hessian ||V? f||2:

IV2f (0, a)ll2 < V2 F (0, @) [l2+(Ap + AQ)
< Af(p,q) + BV f(p,q) + (Ap + Aq)-
We can handle /f by noting that B\/f < B(1 + f).

IV?f(p.q)ll2 < Af(p,q) + B(L+ f(p.q)) + (Ap + Ag)
=(A+B)f(p,a) + (B+Ap+Aqg).

This is of the form ||[V2f(W)||2< Ho + Hy f(W), where
H, = A+B
HO =B + )\P + )\Q.

This completes the proof. For recovering the specific expressions for Hy and H; it suffices
to substitute the expressions for A and B. O

We now examine the cross-entropy case. The underlying transformer model architecture
stays unchanged, but the single scalar prediction (previously ¢) is now the logit, which we
will call z:

1
2(P,Q) = ;65 (P(ZM)$(Z27QZ)) em.
For a binary classification problem (yiue € {0,1}), we apply a sigmoid function o(-) to the
logit 2z to get the probability p;:
- 1
S l4e

p1=0(2)

The unregularized loss f is the binary cross-entropy (BCE):

f(Pa Q) = _(ytrue IOg(pl) + (1 - ytrue) 1Og(1 - pl))

Proposition D.2. Consider the 1-layer transformer with the reqularized cross-entropy loss

f(P,Q):

A A
F(P.Q) = ~(ytruclog(p1) + (1 = yorue) log(1 = p1) + NI Pl QI 5
Under the same assumptions as in Proposition D.1, it holds that

IV2£(P,Q)ll2< Ho + Hy f(P, Q).

where
Hy:=Ap+ g
and
21 6 b a1 5 2 /(1 5 6 1 GCQO%CQO%
Hy = )\—p <nZOlCZ+n20102+nOZCZ +)\—q EC&C’Z—#EC&C’QCZ +T+T.

Proof. We start as previously, by calculating the Hessian of f. We use the chain rule for
calculating the gradient. - -
of _ 0f Om

0z Opy 0z

if _ _ytrue + 1- Ytrue
op1 21 1—pm

Pr— o(2) = 021 0(2)) = (1 ).

Combining them, we get

87.]? — (_ Ytrue + 11— Ytrue
0z D1 1—pm

)pl(l _pl) = _ytrue(l - Pl) + (1 - ytrue)pl = P1 — Ytrue-
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This is the classic, simple residual for cross-entropy. We denote r := p — ygrye. Similarly as
in the proof of Proposition 3.4, we have

|, r? < f.
The gradients of f are now simple:
~ Of 0z ~ Of 0z
fozaa—pzvaz and quzaa—q:r-qu

where V,,z and V,z are the same as V7 and V4 from the previous derivation for the MSE
loss.

We use the product rule to find the Hessian Hy = V(Vf)T = V(r- Vz)T:
Hf=(Vr)(Vz)" +r-H.

where H, = V(V2z)7 is the Hessian of the prediction (identical to H; in the MSE case). We
need Vr:

VT' = V(pl - ytruc) - Vp1 = %Vz = O'/(Z)VZ.

Let 0’ = ¢'(z) = p1(1 — p1). This scalar can be bounded as:
0<o <1.
Substituting this in, the Hessian for the unregularized loss is:
Hj=(0'Vz)(V2)" +rH. = 0'(V2)(Vz)" +rH..

The four blocks are assembled from the components Vz and H, (which we already calcu-
lated), scaled by the bounded scalars ¢/ < 1 and |r|< f.

Hyp = 0" (Vp2)(Vp2)" + 17 H. pp = 0'(V,2)(Vp2)" +0
Hyq = U/(qu)(qu)T +1H qq

Hpy = 0'(Vp2)(Vg2)" +1H.

Hyp=HJ,

We now prove the bound for the regularized loss f = f + ’\7P||p||§+)‘7Q||qH%
The regularized Hessian is Hy = Hf + diag(ApI, AgI). Thus,

IV2£ (2, D) 2= IV (2, @) 2+ (Ap + Aq).
We bound [|V2f|2< || Hpp||2+2]| Hpgll2+ | Haq l2-
We use the norm bounds on Vz and H, from the proof of Proposition D.1 (with Cz = || Z]|2):
o [IVpzl2< 5C1CT a2
o [IVqzl2< £ C2CZ 2
o [|H:pgll2< 7C2C%

o [[H. 4qll2< 2C3C5Ipl2

- n

Bounding H),:
1 2
Hiplle= 1(V,2)(%2)7 o< o I9,13< (7 1CEal
1 2 6 2
([ Hppll2< ﬁcl Czllall2
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Bounding H,;:
1 Hpqll2< 0" (Vp2) (Vg2) T llaHlr He pgll2< 0" [V p2 12V g2ll2+ || [ Hz pgl2-
Using o/ < 1 and |r|< f:

c,C3 .03 O3
Il (5 Z|q|2) ( = anz) ¥ %f

([ Hpgll2< 0102

Bounding H,,:
1Hgqll2< 1107 (V42)(Vg2) " ll2H|r He ggll2< 0|V g2 134 7] H g4 2

CiC3 e -
tlas (S 1) + (2l ) 7

1 CoC3 -
gl 5 CRCEIpl3+2 2 lply/ 7

Overall Bound for f: Combining these terms, |V2f||2 is bounded by a quadratic poly-
nomial in [[p[|2 and ||q||2, with coefficients that depend on Cy.

IV? Fll2 < || Hppll242[ Hpgll 24| Hagll2

< Killgl3+Kzpllzllall2+ K5 f + K4||p||§+K5Hp||2\/}

where K1,..., Ky are constants depending on n,Cyz,Cy,Cs, Cs. Using 2ab < a? + b? and
a < (14 a?%), we can simplify this to:

IV2 Flla< Apllpll3+Agllall3+Bf

where A, A,, and B are new positive constants that depend on the K;.
Final Step: We now relate this to the regularized loss f. We use that

I9l < - f(0.0)

2
lqll3 < o ~—f(p,q)-

Substituting into our bound for f:

V2 flla< A, (fpf) + A, (fo) 1 B.

Now, we bound the full regularized Hessian H:

- 24, 24,
IV2Fll2< V2 fll+(Ap + Ag) < (A + E + B) f+p+2g)
This is of the form Hy + H; f, where:
24, 24,
Hy=="t4+=—14B
Ap AQ
Hy=M\p+ AQ-
This completes the proof. For getting the exact expressions in the statement, we can just
substitute the values of A, 4, and B. O

We close the discussion of this section with out main result, i.e. proving an (Hp, Hy)
condition for the in-context loss function over a distribution of tasks. Before we get to its
proof, we present some useful lemmas from the theory of random matrices.
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Lemma 1. A sub-Gaussian random variable is also sub-exponential.

Lemma 2. For a random matriz Z whose entries are independent and sub-exponential (with
zero mean), its spectral norm || Z||2 exhibits sub-exponential tails. This means the probability
of the norm being large decays very quickly.

P(||Z||2> t) < Cexp(—ct) for large t,

for constants C, c.
Lemma 3 (Finite Moments). A random variable X with sub-exponential tails (like || Z;]2)
has finite moments:
E[|X|*] < oo for all k > 1.
For a rigorous treatment of these topics, see Vershynin (2018).

Now, we are ready for the main proof.

Proposition 3.5. Consider the transformer model as described before, for in-context learn-
ing in continuous variables with MSE loss, or in binary variables with CFE loss. ¢ is assumed
to satisfy the conditions of Proposition 8.4 and f;(P, Q) is the L2 reqularized loss correspond-
ing to the j-th prompt. Consider the reqularized in-context loss function

f(P.Q) = E;[f;(P,Q)].

Assume that D, is sub-gaussian and the distribution of y = h(x) is sub-exponential. Then,
it holds

IV?f(P,Q)|2< Ho + H1 f(P,Q)(= Ho + H1f* + Hi(f(P,Q) — [*))

for some positive and finite constants Hy and Hy.

Proof. For simplicity, we denote 6 = (P, Q).

By standard regularity conditions, the Hessian of the expected loss is the expectation of the
individual Hessians:
V2f(0) = VZEa[fa(0)] = E;[V*£;(0)].

We begin by applying Jensen’s Inequality, as the spectral norm ||-||2 is a convex function.
IV2£(0) 2= I1E;[V2 £ (0)]l|2< E;[IIV2 £;(0)]2]-
Substituting the per-task bound from Proposition D.1 or D.2, we get
E;[IIV2 fi(0)ll2] < Ej[Ho,; + Hi3 f;(0)].
Using the linearity of expectation, we split the term:
Ei[Ho,; + Hy; f;(0)] = Ei[Ho, ] + E;[H1;f;(6)].

The second term E;[H; ; f4(0)] is problematic, as Hy ; and f;(6) are dependent (both depend
on the task j). We bound this product using the Cauchy-Schwarz Inequality:

EalH i f5(0)] < \/E;[HE ] B [f;(0)7].

This gives us the bound:

IV2£(0)]l2< E;[Ho ;] + \/]Ej [H? ;] -E;[f;(0)%].
Let’s define two constants, H4 and Hp:

Hy =E,;[Hy,]|

Hp = ]Ej[Hij].
From Lemma 3, all moments of Cz ; = ||Z;||2 are finite. Since Hy ; and H; ; are polynomials

in Cz ;, their moments (e.g., E[Hy ;] and E[Hf]]) are also finite. Thus, H4 and Hp are
finite constants.
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Now, let’s analyze the E;[f;(0)?] term using the definition of variance:
E;[f;(0)%] = Var;(£;(0)) + (B;[f;(0)])*.
By definition, f(0) = E;[f;(0)]. Let Vy := Var;(f;(0)), thus
E;[£;(0)%) =V + f(6)*. (38)
The variance V; is finite. Indeed, V; is finite if and only if the second moment of the

unregularized loss, E;[f;(6)?], is finite. This is because the regularization term %|6]|? is
constant with respect to the expectation E;.

We need to prove E;[f;(0)%] < oo for both the MSE anc CE losses. This requires demon-
strating that the highest necessary moment of the model’s random components (§; and
Ytrue,;) is finite.

Let z be the model’s output logit (z = ¢ for both cases).

Case 1: Mean Squared Error (MSE)
fuse = (2 = Yorue )%
The highest moment we require is the second moment of fysg, which is E[fZsp] = E[(z —
Ytrue,;)*]. By the AM-GM inequality, this is bounded by 8(E[z*] 4+ E[y, . ;])-
Case 2: Cross-Entropy (CE)
fer = —(Yarue 108(0(2)) + (1 = Yurue ) log(1 — 0 (2))).

Since fcg is bounded by a linear function of |z| (i.e., fcg < |2|+CL), we have fgp <
C'(|z]*+C"). Therefore, the highest moment required is E[22]. To unify with MSE, we
show that E[f&g] is bounded by E[2*] + E[yg,. ;]-

We require that E;[2%] < co and E; [yélrue,i] < 0.

Finiteness of E;[y{,.J: The label yirue,; is drawn from a sub-exponential distribution
(Assumption). By Lemma 3, all moments of yiye,; are finite. Thus, E[yf,, ;] < oc.

Finiteness of E;[2*]: The logit z is the output of the model, which is a complex function
of the random data matrix Z;.
z < Cp - poly(|| Zj]|2)

Therefore, E[z%] is bounded by a sum of moments of the spectral norm | Z;2, such as
E[]|Z;15].

Since the inputs x are sub-Gaussian and the outputs y are sub-exponential, we can combine
Lemmas 1 and 3 and conclude that E[||Z;||5] < oo for all k > 1.

Consequently, E;[z1] is finite.

Since E;[f;(#)?] is bounded by a sum of finite moments (E[2*] + E[yglme’j]), the expected
squared loss is finite. This implies the variance V; is finite for both the MSE and Cross-
Entropy loss objectives.

Substituting equation (38) back into our main inequality, we get
[V2f(0)ll2< Ha + Hp\/Vy + f(6)2.
Using the inequality va + b < v/a + v/b (for a,b > 0):

IV?F(O)ll2 < Ha + Hp(\/Vi +V/f(0)?)
< (Ha+Hp\/Vy)+ Hpf(0),
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which is the desired form. We can now define our final, finite constants Hy and H;:

HQ:HA+HB\/Vf<OO
Hi=Hp <

This completes the proof. ]

E  NEURAL NETWORKS ARE IN GENERAL NOT (Lg, L;)-SMOOTH

In this section, we demonstrate that neural networks still violate the (Lg, L)-smoothness,
even in the presence of L2 regularization or weight balancedness. We start with an exam-
ple of a simple 2-layer neural network with L2 regularization when (Lg, L1 )-smoothness is
violated for Lo, L1 > 0.

Proposition E.1. We consider a simple 2-layer neural network with MSE loss

_1 2 At 2 A2 2
Flu,v) = 3 (uo(0) + Fu? + T,

such that o(0) = 0,07(0) # 0%. Then (Lo, L1)-smoothness does not hold for any Lo, Ly > 0.

Proof. For this example, the gradient and the Hessian are

[ ue?(v) + Mu 2 o)+ M 2uo (v)o' (v)
Vf(u,v) = u?o(v)o’(v) + )\Qv] » Vif(u,v) = [2uo(v)o’(v) u?((o’'(v))? + a(v)o” (v)) + Aa.

Let us evaluate them at the point (u,0). Note that o(0) = 0,0’(0) # 0 by the assumption
of the proposition. We obtain

Vf(u,v) = [’\6“] , V2 f(u,v) = Pol u?(o—’(og))2 + o

Therefore, we obtain that
V2 £ (, 0)[la= max{A1,u*(0"(0))* + Ao}, [V (u,0)[|= Aiful.
Thus, if (Lo, L1 )-smoothness was true for this function, then there were constants Lo, L; > 0

such that
||V2f(u,0)||2: max{)\l,u2(o’(0))2 + Ao} < Lo+ LA |ul. (39)

Let u > %. Then ||[V2f(u,0)|l2= u?(c’(0))? + X2. Therefore, dividing both sides of (39)
by u we obtain

L
u(o’(0))? < 70 + L1

Taking ©w — 400, we get that LHS goes to +o0o while RHS goes to a constant. Therefore,
(Lo, L1)-smoothness is violated for any Lo, L; > 0. O

Next, we demonstrate that (Lo, L1)-smoothness is violated under a balancedness condition
as well.

Proposition E.2. We consider a 2-layer neural network with MSE loss
fOWVL, Wa) = Y = Wigp(W2 X) | %

and leaky-ReLU or linear activation function, i.e. ¢(x) = max{x,bz}, with 0 < b < 1.
Then, (Lo, L1)-smoothness does not hold under weak balancedness for any Lo, L1 > 0.

3These assumptions are satisfied for several activation functions such as tanh, GELU, SiLU.
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1 0 0 1 0 0 t 0
Proof. Take X = [0 1 0| and Y = [0 2 0. Take also W; = |0 0| and Wy =
0 0 1 0 0 3 0 0

1
= 0 0 . . . .
o i /2 0 O} , for t > 1 (notice that the entries of W5 are positive, thus it is not

affected by leaky-ReLU). It holds |[Wi||p= t = [|[W2|F, thus we indeed satisfy the weak
balancedness condition. It also holds

0 0 O
Y -WiW,X=1|0 2 0].

We can use that to compute

) 00 0
WlT(Y_Wlng):[@ X 8] [o 2 o]:[o 0 0]

00 3 00 0
and
0 0 0] |7 t2—1/ 0 0
Y - WWoX)XTW] =10 2 0f |0 0 =10 0f.
2
0 0 3]]o 0 0 0

Since Vi, f(W1, Ws) = (Y — WiWoX)XTW] (by equation (33)) and Vyy, f(Wy, Ws) =
WY — WiWsX) (by equation (34)), we have ||V f||= 0, while the Frobenius norm of the
Hessian (thus also its spectral norm) goes to infinity at ¢ goes to infinity by equation (35),
since

2 0
Wiw, = [0 0]

O

Remark: For a network like the one of Proposition E.1, Proposition 3.3 guarantees that
an (Hy, Hy)-condition holds. Similarly, for a network like the one of Proposition E.2, Propo-
sition 3.2 guarantees that an (Hy, H;)-condition holds as well.

F  UseruL LEMMAS

To obtain convergence results, we need to bound the smoothness between two arbitrary
points w,y € R%. This can be done using (Hp, H;)-smoothness. If we parametrize w(t) :=
z+t(y — w), then from the new smoothness assumption, the smoothness constant along the
segment [z, w(t)] can be bounded by a function of x(t) = fOt(Ho + Hy(f(w(0)) — f*))d0; see
the next derivations for detailed proof. In particular, the bound on the smoothness constant
along [z,y] is related to x(1). Our proof techniques are inspired by the results in Li et al.
(2023). However, due to a more general smoothness inequality, our derivations involve a
more careful analysis, because we need to deal with additional terms that do not appear
in the case of (Lg, L1)-smoothness. This highlights the difficulty of obtaining convergence
guarantees, in particular, a gradient upper bound (Lemma 6) and quadratic upper bound
(Lemma 7).

We start with a restatement of Lemma A.3 in Li et al. (2023), which can be seen as a
generalization of Gronwall’s inequality.

The next lemma provides sufficient conditions when the smoothness constant along the
segment [x,y] can be bounded by some constant, which uses information at w only. The
concurrent work Liu et al. (2025) provides similar derivations based on Li et al. (2023).

Lemma 4 (Lemma A.3 in Li et al. (2023)). Let a: [a,b] — [0,00) and 5:[0,00) — (0,00) be
two continuous functions. Suppose o (t) < B(a(t)) almost everywhere over (a,b). We have

for all K € [a, ],
/a(t) 1
——du <t—a.
a(a) B(’U/) N
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Lemma 5. Let f be (Hoy, H1)-smooth, x(t fo (Ho + H1(f(w(8)) — f*))d0, and define
c1 = Ho+ Hi(ca + f(w) — f*) for some co > O Then it holds

Cc
IV (w)ll-fly - W|I+§1I|y —w|’< ey = x(1) <er.

Proof. Let w(t) = x + t(y — w). Then, by Taylor’s theorem for a gradient, we have
1956(0) - V)l = | [ 2w ) - wa]

/ IV2 £ (w(8))[48 - [lw(t) — w]

4 lw(t) — wH/O (Ho + Hy(f(w(0)) — f7))d0 = [[w(t) — wllx(?),

(40)
where (i) follows from the definition of a spectral norm, (i) — from Definition 3.1, and

= f(f(Ho + Hi(f(w()) — f*))dd. Eventually, we want to bound |V f(y) — Vf(w)|| for
any y = w(1) and w. Therefore, our goal is to bound x(1). Differentiating x(¢) we have

X' (t) = (Ho + Hi(f(w(t)) — f*))
= Ho + Hi(f(w) = f*) + Hi(f(w(t)) — f(w)). (41)
Now we need to bound the difference f(w(t)) — f(w) using Taylor’s theorem for the function
flw(®)) = f(w) = /0 (Vf(w(8)), w(t) —x)db (42)

&V F (), wlt) — w) + Jolt) — ] / IV (w(0)) — ¥ f(w)]do

&V Fw)w(t) — w) + Jut) - w] / X(@)|w(®) - w]ds

(T Fw), w(t) — ) + [Jeo(t) — () | el = wlas

), w0 ) + 4y~ wlPx(), (13)

where (ii7) follows from Cauchy-Shawrz inequality, (iv) — from (40), (v) — from mono-
tonicity of x(t) by definition, (vi) — from the fact that ¢ € [0,1]. Using Cauchy-Schwarz
inequality again, we obtain
1
Fw(®) = flw) < V)| lw@) = wl+5lly = wl*x#) <1V @)y - w]
1
+ 5l —wlPx(®),  (44)
Therefore, we obtain from (41) and (44) that
* 1
X'(t) < Ho + Hi(f(w) = f*) + Hil|Vf(w)]l-ly = wll+5 Hilly = wl*x(®)-

Now we use Lemma 4 with «(t) = x(t), 8(t) = Ho + H1(f(w) — f*) + H1 ||V f(w)]||ly —
w||+%Hilly — w|*,a =0,b = 1. We obtain

x(1) 1 d
R < 1.
/o Bu) "=

Note that since 8(t) is monotonically increasing in ¢, then for any ¢; > 0 such that 5(¢1) < ¢

we have W
X 1
—d
/0 B =53 / Bw)
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This implies that x(1) < ¢; by monotonicity of the integral. Note that S(c1) < ¢ can be
rewritten as

Bler) < e
Ho + Hy(f(w) = J*) + B[V (@) |-ly = wl+5 Hully = wl® < Ho + Hy(ea + f(w) = f*)
IVf(w)ll-ly = w||+%|\y —w|* < 2.
Therefore, x(1) < ¢; if 8(c1) < ¢; which is equivalent to

C1
IV f @)y = wll+ Ny = w|*< e
O]

Our next lemma provides a gradient bound which can be seen as a generalization of the
classic |V f(w)||?< 2L(f(w) — f*) inequality, which holds in the L-smooth regime. The
proof of Lemma 6 requires a careful choice of constants ¢; and ¢y from Lemma 5.

Lemma 6. Let f be (Hy, Hy)-smooth. Then we have

IV £@)IP< §(Ho + 3H1(f(w) — F)(F(w) ~ ).
Proof. Let ¢z := 2(f(w) — f*), then ¢; = Ho + Hi(c2 + f(w) — f*) = Ho + 3H1(f(w) — f*).
From Lemma 5 we obtain that x(1) < ¢; if

IVF()-lly = wll+%||y —wlP<2(f(w) - ) <=

IVF()-lly = wll+%(Ho +3H1 (f(w) = )Ny — w]*< 2(f(w) = 7).

This is a quadratic polynomial of ||y — w|| which has one negative and one positive solution.
Therefore, to satisfy the constraint above, we should have
—IVf )+ IV (@)[*+4er (f (w) — f*)

ly —w| < =7
&1

In other words, we have x(1) < ¢; if points y and w satisfy the constraint above: ||y —w]|< r.

We choose y := w — nﬂg}cfgg;”, with n < r. Then, we have ||y — w||[< r, thus it holds
x(1) < ¢.

From (43), the bound x(1) < ¢; implies

Fy) = Flw) < (V(w),y —w) + 5y — w]*
Since f(y) > f* we can continue the inequality above as follows

f* = Fw) < (Vf(w),y—w) + 5y — vl
Substituting y = w — n%, we get

() = 1) < =V F@) |+ E0? = D =l V@) +(Fw) - ) 2 0. (45)

(45) is a quadratic polynomial of 7, which attains the minimum at n = ”V];igw)”. We consider
two cases:
1. W < r: Plugging this bound into (45) implies
c1 [V.f(w)]? Vi)l . "
2T 9L (fw) - 1) 2 0 0 190125 20070 = ).
1

o7
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9 LVl

C1

attained at n = r. Thus, from (45) we obtain

I'> y: In this case, the minimum of the polynomial in (45) for n = [0,7] is

S = V@) +(f ) = ) 2 0 & [VFw)]< Fr+ f(w)r_ =

We plug in the definition of 7 in the bound above and obtain

—IVf (@) [+VIVf (w)[[*+4er (f (w) — f*)
2

IV f(w)]|<
e (f(w) = f7)
T DN @) IV @) P e (@) — 1)
2|V F () | (=IV £ (w) [+ 1V f (w)[P+4er (f(w) = f+))
< (= IV L) VIV F(w)[[2+H4er (f(w) = £))*2er (f(w) — f7),
= 2|V £(w)[IP+2| V£ (w) V][V f (w)[[P+der (f (w) — £7) < |V F(w) P+ V £ (w)]|?
+ der (f(w) — £7) = 2| VF) V]IV f(w)[P+der (f (w) — £7) + 2e1(f(w) — f7)
AV F () VIV f(w)[P+4er (f (w) = £*) < 4|V f (w)[*+6e1 (f(w) — f*)
V)PV £ () P+er (f(w) — £7)) < 4|V f(w)][*+9c3 (f (w) — £7)?
+ 12¢1 |V f (w) [ (f (w) = £7),

)

der ||V ()P (f(w) = f7) < 9¢E (f (w) = f*)?,

IV F@)IP< 2L () = £°).

We obtain that, in both cases, we have the following bound
9 % *
19 )l < max{ .2} (0 + 3880 (w) — )5 w) - )

< 3 (Hy + 3H (f(w) - [)(f(w) ~ 1)

O

Finally, we provide a quadratic upper bound on the change of the function value. This in-
equality will be useful later to demonstrate that GD returns iterates with decreasing function
value.

Lemma 7. Let f be (Hy, Hy)-smooth. Then for any y,w € R? \/7
we have
Fw) < Fw) + (V(w)y —w) + 22T Ty, e
Proof. From Lemma 5 we know that x(1) < ¢ if
IIVf(w)H'Hy—w||+%||y—w|\zﬁ C2. (46)

If we choose y and w such that

Iy — wli< min{ }
NIk

then (46) is satisfied. Indeed, this is due to

IVf(w)-lly — wl|< IV f(w )”2||Vf( M= %2,

2
c1 2 _C1 C2 C2
J— — < _— - = —.

o8

and
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Therefore,
C1
IV F @)y = wll+5 Ny — w[*< cy.

Let ay := 2(Ho+3H1(f(w)— f*))(f(w) — f*) and az = ca(Ho + Hi(c2 + f(w) — f*)) = c1ca.
Then from Lemma 6 we have ||V f(w)||>< a;. Therefore, we obtain that

202 2C2

r> = .
— a4+ 2/cico Var + 24/as

Let "
C2 max{f(w)f*agh?l}-

1. If Hy < 3H (f(w) — f*), then ?)HT"I < f(w) — f*. Therefore, c; = f(w) — f*. This
implies that a1 < ZFH, (f(w) — f*)?, and
az = ca(Ho + Hi(cz + f(w) — f7)) = (f(w) — f*)(Ho + 2H:1(f (w) — 7))
< 5Hy(f(w) — f*)*.
Moreover, in this case,
¢ = Ho+ Hi(ca + f(w) = f7) = Ho + 2H: (f(w) = f7) < 5H1(f(w) — f7).

Therefore, in this case, we obtain

s 2(f(w) — f*) _ 2 _ 0245
= SVOH(f(w) = f*) +2-V5H\(f(w) — f*  5V6Hy +2v5H, ~ VHi
1
= 5V
2. If Hy > 3H1(f(w) — f*), then ;{T"l > f(w) — f*. Therefore, co = ;IT(Z This implies
that
H2
w = 3 (Ho+ 3Hy(f(w) = 1) (w) = ) £ 3Holf(w) - £7) < 520,
02 = ea(Ho + Haea + () = 1) = 530 (Ho -+ Hy(Hofsin + f(w) — 1))
2
< %(H@ + H; - 2H0/3H1) = %7

and
Hy Hy 5
=Hy+ H —f)<Hy+H | —+ —
1 o+ Hi(ca + f(w) — f*) < Ho + 1(3H1+3Hl)
Therefore, in this case, we obtain

H,
. 234, 0.193 1

2/3
= > > .
T [l [ VP 4 2P T VI T VI

2 3

Combining both cases, we obtain that if

1 1 1
o= wll< min{ 5 e} = G <
we obtain x(1) < ¢ < max{Hy + 2H;(f(w) — f*),5Ho/3} < —515’[0 + 2H (f(w) = f*) <
2Ho + 2H; (f(w) — f*). From (43), this implies

F@) — fw) < (VF ),y - w) + 2T 2Ty, e
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G MissING PROOFS FOR SECTION 4

G.1 CONVERGENCE FOR GENERAL NON-CONVEX FUNCTIONS

Theorem G.1. Let f be (Hy, Hy)-smooth. Then the iterates of GD w11 = wg — NV f (wg)
where Ny, = 10H0+20H1(f(Wk) 7 satisfy

20(Ho + 2H: (f(wo) — f*))(f (wo) — f*) 1

K 1 4 20 (f(wo)—f*)(K—1)(K—2) *
K2(10Ho+20H1 (f(wo)—f*))

min |V £ (we) <

If K > 6, then the rate can be simplified

20(Ho + 2H, (f (wo) — f*))(f (wo) — f7) 1

I ) )
L+ o am (w70

. 2<
min [V f (w)[|"<

Proof. Note that ||wgs1 — wi||= nk||Vf(wk)|| Now we use Lemma 6 to obtain

M|V f (wi) < 5 \/(Ho + 3H (f (wr) = ) (f (wi) = f*).

1. If HQ < 3H1(f(wk) — f*>, then

gnk\/ﬁHﬂf(wk)—f*)Q < gnk\/GHl(f(wk>_f*)- (47)

We need to upper bound the above by ﬁ to be able to use Lemma 7. We satisfy

(47) by the choice of the step-size ny,
3 1 1
|V fwi) |[< Smev/ 6H 1 (f (wi) — f7) < = Nk < )
where the last inequality is satisfied since
B 1 _ 1 1
T 10H, + 20H, (f(w) = 1)~ 20 (f(w) = [7) ~ BVEH(f(wi) — /)

IN

2. If Hy > 3H1(f(wk) — f*>, then

H H
BT @)1 ST — 77 < Sy f2Ho- = Y2HE (s

We need to upper bound the above by 6\/7 to be able to use Lemma 7. We satisfy
(48) by the choice of the step-size 1y
V3 Ho 1 V6
VI, = oy, ™S T8Hy
where the last inequality is satisfied since
1 PR V6
10Hy + 20H, (f(wy) — f*) ~ 10H, — 18H,

M|V f (we) | < i

e =

Therefore, the choice of the step-size allows to use Lemma 7 since the restriction ||wg41 —
wy||< ﬁ is satisfied. Therefore, we have

2Hy + 2H 1 (f(wg) — )
2

% Flwn) — mellV F ) [P+ (Ho + H(FGn) — PRIV F ()

= flwn) — mellV Fwn) P — mi(Ho + Hy (f (i) — £))

(4ii)
< flwe) = SNV ), (49)

Flwir) 2 Flwe) + ( F(wp), wesn — wi) + R
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where (i) follows from Lemma 7, (i¢) — from Lemma 6, (#4i) — from the choice of the
step-size n;, < 15 750 Hll( FoO=F" This implies that GD achieves a monotone decrease of

the function value. By the choice of the step-size nx = 15 o750 Hll( Fon=F We obtain that
Ny is increasing with k. Rearranging the last inequality we obtain ||V f(wy)||?< ni (f(wg) —
f(wg41). Summing this inequality over iterations {0,..., K — 1} we obtain

,_\

4OH

(f(wk+1) - f*)2

O

_ 20H(f(wo) — f*) N 40H1(f(w> )2
= K K :

The current rate is the same as with a constant step-size n =

1 .
T0Ho+20H, (F(wo)—f=)» 1€ We
do not show improvement. Now our goal is to obtain a tighter rate for GD using the fact
that the sequence {n;} is increasing. By (49), we obtain

k—1 k—1
Flwe) < Flwo) = D LIV F(w))IP= flw) = 7 < (Flwo) = £) = D 2V ()]
3=0 7=0
Therefore,
1 2(f(wn) = 1)
melIV f ()2 .
k 0 Mk 1;) ' ’ Zk o "k

To provide a tighter bound, we should take into account that the step-sizes are increasing
+ * ia = — 1
since f(wy) — f* is decreasing. Remember that n, = 0T, 20T (Fon) =) then

K-1
>
k=0

K-1 )

];) 10H, + 208, (F(wn) — F)

« 1

Z . k=1 n; 2)’
5 10Hy + 20 (f(wo) = f* = X423 B9/ (wy)]2)

Let us denote Ay = Zf;é n; IV f(w;)||?, then

,_.

\ \%

K-1 K-1 1
> .
kz:%nk - kg 10Hy + 20H: (f(wo) — f*) — 10H A,
Since the function u — g(u) = 10H0+20H1(f(wo)_f*)_loHlu is convex in the set {u € R |

g(u) > 0}, then by Jensen’s inequality we have
| K | K=
kom0 X a).
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In our case, we obtain

K-—1 K—
>z z =
k=0 k=0 10H0 + 20H: (f (wo) — f*) — 298 505 Ay
Now we estimate
K—-1k-—1 K—-1k-1
Z M= 3 S n V) P2 pin V)P Sy > min 9P P
k=0 j=0 k=0 j=0

where we use the fact that ng < n for all £ > 0. This leads to the following bound

1 K-1
—— > mlVfwe)?
Mk =0

k=0
2(f(wo) - f*)
K
10Ho+20Hy (f(wo)—f)— 2L g D=2 i G £ (w2
2(10Ho + 20H1 (f(wo) — f*))(f (wo) — f*)
K

. 2 <
,ggllgllvf(wk)ll <

<

10 () = %) (K = 1)(K = 20 ming| V£ (3 |

K2
Rearranging the terms, we obtain
. 20(Ho + 2H, (f (wo) — f*))(f (wo) — f7) 1
2
PRIV () P< K | G e JO(R—D(R=2)
K2(10Ho+20H1(f(wo)—f*))
If K > 6, then W > 5, which leads to the simplified rate. O]

G.2 CONVERGENCE UNDER AIMING CONDITION

Theorem 4.2. Assume that f is (Hy, Hy)-smooth, and it satisfies the Aiming condition
with constant 0 around the set of global minimizers S. Then the iterates of GD with adaptive
step-size 0 - 1y, satisfy

40H,dist ? | 40Hdist 2 .
flwg) — f* <e after at most 22 Sziwo,s) + 2L IZQ(wO’S) iterations.

Proof. We start by (49)

0
20H, + 40H, (f(wg) — f*)

flwigr) < f(wr) = %va(wk)llzz flwr) = IV.f (wr)|I*. (50)

Next, we show that the distance to the set of global minimizers S of the function f does
not increase. Indeed, we have

dist(wk+1,8)2 (Q lwis1 — ﬂ'S(wk)H2

= [Jwi — s (wr)||* =2k (Wi — Ts(wk), V f (wi)) + 0|V f (wg)]?
(4)

< dist(wg, S)* — 20x0(f(wi) — £*) + 02|V f (wy)||?

(iii)

< dist(wg, S)* — 2nk0(f (wi) — f*)

DIy 3 () = ) () = 1)

= dist(wg, S)? — 20 (f(wy) — f*) (9 . %ﬂk(Ho +3H(f(wy) — f*))> )
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where (i) follows from the definition of the projection, (ii) follows from the definition of
the Aiming condition, (44¢) — from Lemma 6. Now we use the choice of the step-size

) to obtain
dist(wy41,S)? < dist(wk, S)® — mb(f(wr) — £7). (51)

Therefore, we have that dist(wy41,S)? < dist(wy,S)? for any k > 0. Now we consider two
cases:

Mk = T0H,+20H: (F (wr)

o flwg)— f* > 2}1{}]1 (large function value). In this case, we can lower bound the
step-size as
B 0 - 0
"7 10Ho + 20H, (F(wy) — J7) = 40H(f(ws) — )’
Therefore, from (51), we obtain

dist(wy41,8)? < dist(wy, S)* — med(f (wi) — f*)

0

< dist(wy, S)? — 0(f(wg) — f*
92

= dist(wy, S)? — 0H,

Since dist(wy,S)? > 0, we can stay in this regime at most 7T iterations, such that
62 40H, dist(wo, S)?
. 2 . 2 o 1 05
0 < dist(wy,S)* < dist(wo,S)* — 40HlT:>T.— 02 .

o flwy)— f* < 211701 (small function value). In this case, we can lower bound the
step-size as

0 0
= > .
= 10H, + 20H, (f(wy) — f*) = 20H,
Therefore, from (51), we obtain

dist(wi41,8)? < dist(wg, S)* — mef(f (we) — f*)

. 62 .
< dist(wy, S)* — m(f(wk) = ).
Rearranging the terms, we obtain
. 40H, . . )
flwg) = f* < 02 (dist(wg, S)* — dist(wgt1,S)*). (52)
Averaging the inequalities (52) for k € {T),..., K}, we obtain
K . .
1 . 40H(dist(wo, S)? — dist(wx 41, S)?)
— M <
K—T+1’;(f(wk) = 2(K —T+1)

40Hodist(wo, S)?
- (K -T+1)
Since f(wy) — f* is decreasing by (50), we have
40Hodist(wo, S)?
2(K-T+1) °

flwg) = f* <

To achieve € accuracy, we need the number of iterations K to be
40HodiSt(w0,S)2 40H0diSt(U)0,S)2

— < < K > T
flwg) = f* < BE-T+1) ~ K2 e +
40H()diSt(’LU0,S)2 40H1diSt(U)(),S)2
= —|— .
03¢ 02
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The next theorem demonstrates that when the function sub-optimality is large, we should
expect a linear decrease. This gives another intuition behind the improvement from the
warm-up schedule. This result demonstrates that linear convergence can be expected even
beyond the PL case.

Theorem G.2. Assume that [ is (Hy, Hi)-smooth, and it satisfies the Aiming condition

with constant 0 around the set of global minimizers S. Assume that f(wg)— f* > 211?1 . Then

the iterates of GD wi41 = wi — NV f(wg) with a step-size n = 10H0+20H10(f(wk)—f*) satisfy

3
) = = (1= g ) U0 = 1)

Proof. First, we use the previously derived decrease in the function value (50)

* " 0
Flwer) = I" < 10 =1 = S50, Gy~ 1V (I
and in the distance (51)

dist(wg11,8)? < dist(wg, S)? — ned(f(wr) — £7).
In particular, dist(wy,S)? < dist(wg, S)?. From the Aiming condition, we have
0(f(wi) = ) < (Vf(wr), w, — ms(wr)) < ||V f(wp)]|-dist(wg, S)
< IV (wg) | -dist(wo, S). (53)

Therefore, we obtain
0

f(wk+1) —fr< f(wk) —fr= 20H0+40H1(f(wk) —f*)

(i . 0

(i4) . 0 0°(f (wy) — f*)?
< flwr) = f* = 80H, (f(wy) — f*) dist(wg,S)?

03 *
- (1 - 80H1dist(wo,5)2> (f(wg) — f).
where (i) follows from the bound f(wy) — f* > g, (i) — from (53). 0

V£ (wr)®

G.3 CONVERGENCE UNDER POLYAK-LOJASIEWICZ CONDITION

Theorem 4.3. Assume that f is (Ho, H1)-smooth, and it satisfies u-PL condition. Then
the iterates of GD with adaptive step-size i satisfy

flwg) — f*<e after at most %(f(wo) -+ 2050 log 2%‘1’8 iterations.

Proof. We start with the equation (49) and use p-PL inequality
flwia) < f(wk) IIVf( ol
flwr) = pne(f (wr) = f7)
pul(f (wi) = f*)
= T0) = Gy 208, (Flwn) — )

Now we consider two cases.

o flwg)—f*>

(large function value). In this case, we have
p(f (we) = f*)
Jlwner) < FO08) = 07 008, (lww) — 7))
pf (wr) = f7)
A0H (f (wk) = f*)

< flwg) -
= f(wg) —

40H,"
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Since GD decreases the function value (see (49)), we have f(w;) — f* > ZPII;’l for all
K €{0,...,k}. Therefore,

flwisr) = 5 < flwo) = [ =

E+1
40H1( +1).

However, we cannot reduce the function value infinitely many { tlmes since it is lower
bounded. We can stay in this regime as long as f(wt) —f*> 2H , therefore GD stays

in this regime for at most k < % (f( o) — f* ) 1< 40H1 (f(wo) — f*) —
% iterations. In other words, the cardinality of the set T = {k: €{0,....,K —

1 flwr) = f* = 2H 0} is bounded by T = 40:’1 (f(wo) — f*) — %_

o flwg)—f*< HO (small function value). In this case, we have

pu(f (wi) = f*)
pu(f (wi) — f*)
20H '
Since the function along the trajectory of GD does not increase (see (49)), we stay in

this regime for the rest of the training. Therefore, summing up (54) for all iterations
ke{T,...,K — 1} we obtain

flwrs1) < flwy) —

< flwg) - (54)

flwr) = 1< (1= gl ) Gtwweon) = 1)

<...

<(1-giap) ttwn) - 1)

Since f(wr) — f* < f(wo) — f* — %, we get the rate

= (1 20H0>K T (f(wo) —f- 40/;{1 (4051 o) =10 2050))
(1-

" Hy
QOHO 2H,

To achieve f(wg) — f* < e we need to satisfy

K-T
H, 20H,  Hp
— < (1= — < K>T I
flow) =7 < ( 20H0> o, =7 T 3.
~40H, N 20H Hy
= 0 () — o)+ 210 T2
0

G.4 CONVERGENCE IN THE STOCHASTIC SETTING

Theorem 4.4. Assume that the problem (x) satisfies the interpolation condition. Assume
that each f; is (Ho, H1)-smooth and satisfies the Aiming condition around the set of global
minimizers S. Then the iterates of SGD wiy1 = wy, — NV fs, (wy) with a step-size

and batch S, C [n] satisfy

_ [%
e = 10Ho+20H: (fs), (wk)—f5,)

, ) 20 Hodist (wp, S)2
e Siso E [min {fww) = 17, 5l }] < PR+ T)
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Proof. We show that the distance to the set of global minimizers S of the function f does

not increase. Indeed, we have
dist(wit1,8)? = [lwpt1 — 78 (wir1)]?
< wgg1 = ms (wy)]|”

= [|lwi — ms(wi)|I?—2m(wi — 7s(wi), V fs, (wi)) + 17|V fs, (wi)]?
(1)
< Nlwi — ms(wi) |12 =200k (fs, (wi) — f5,) + 1Rl fs, (wi)]?

(id)
< dist(wy, S)* — 20mk(fs, (wi) — f3.)

U (Ho + 3 (fs, () = £5,)) s (wr) = £5,)
" dist(wn, S)? = 2me( 5, (wr) = 5, ("))

4 SR (Ho -+ 3E (f, (1) — f (w) (s, () — F, ()
= dist(n, ) — 204 1) ~ fi (")) (0= (o -+ 3H(Fs () F () )

where () follows from Definition 4.1, (#4) — from Lemma 6, (i4i) — from the interpolation
condition. Now we use the choice of the step-size

0 0
 10Ho + 20H:(fs, (wr) — f5,)  10Ho + 20H: (fs, (wi) — fs, (w*))

Nk

to obtain
dist (wy11,8)? < dist(wg, S)* — md(fs, (wi) — fs, (w*)). (55)

Therefore, we have that dist(wyy1,S)? < dist(wg,S)? for any k& > 0. Now we consider two
cases:

o fs, (wr) — fs,(w*) > 211{}’1 (large function value). In this case, we can lower bound
the step-size 1y as

0 0
= T0H, + 200, (fs, (wn) — Js(@")) — 0H,(fs, (wr) — Js, (@)’

Therefore, from (55), we obtain

dist(wr41,8)* < dist(wg, S)* — m(fs, (wi) — fs, (w*))

Nk

. 9 62 *
< dist(wy, S)* — 10H, (fs, (wn) — fo, (07) (fsi (wi) = fs, (w"))
2
= dist(wg, S)? — 4§H1' (56)

o fo (wi) — fs, (w*) < 2}1?1 (small function value). In this case, we can lower bound
the step-size ny as

_ 0 < 0
10Ho 4 20H1(fs, (wi) — fs, (w*)) — 20Hy

Mk
Therefore, from (55), we obtain
dist(wg11,8)? < dist(wy, S)? — mb(fs, (wi) — fs, (w*))

O (fs(w) — fs ). (57)

< diSt(U}k,S)Q - 207H
0
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To combine descent inequalities (56) and (57), we introduce the even E(wy) =

{Fs.(w0) = fs.(w) >

given wy, ]]-E(wk) =1if fgk(wk) fsk( ) > 2H , and ]]-E(wk) =0if fg, (wk) fs (w*) <
211{;’1 . Then the descent in the general case can be written as
5 5 92 92
dist S)” < dist S) -1 — —(1-1 — — ).
18 (wk-‘rlv ) =~ dis (wk7 ) E(wk)40H1 ( E(wk))2OHO (fSk (wk) fSk (w )z )
58

We denote Eg [] as E[- | wg] — the expectation conditioned on wy. Thus, we have from (58)
that

for given wk and its indicator function 1g,,), i.e., for

2

Ex [dist(wk+175)2] < diSt(wk,S)z - TI{OEIC [(1 - ]]-E‘(wk))(fsk (wk) - fSk- (W*))}

92
= B [Lewn] o7,

2

= dist(wg, S)? — 209H0Ek [(1 = L) (fs, (wi) = fs, (w*))]

2

- pkm> (59)

where py, = Ej [15(w,) ] = P(E(wk)) = P(fs, (wi) — fs, (w*) > 2H o). We emphasize that py
is a random variable. If py, > 0, then there is at least one ¢ € [n], so that f;(wy) — fi(w*) >

> % In the opposite case, we have p, = 0, and
1 — 1g(w,) = 1 for given wy. Putting all together, we continue as follows
0 9 92 02
Ej, [dist(wry1,S)?] < dist(wy, S)* — ml{pk:()}(f(wk) = f(w")) = l{pk>0}pkm
62 62

S diSt(U}k,S)Q — m:ﬂ.{pkzo}(f(wk) - f(w*)) - ]]'{Pk>0}m
2 02 o

< di —min § o—— —F@), oo 1

< dist(wg, §)° — min { 50, (f(wk) — f(w")), A0nH, }

Taking full expectation and rearranging terms, we obtain
K+1

S min {57 ) 0. gy }] < > B [diste, )] ~ B a1,

k=0

< dlst(w078)2.

Dividing both sides by W}H), we obtain

1 & , .. Hyp 20 Hodist(wg, S)2
7[(_1_1];)1[‘3 [mm{f(wk)f(w )’ZnHl}] < 02(K +1)

The rate above implies

min E [min {f(wk) — f(w"),

k<K+1

Ho < 20H0dist(w0,8)2
2nH, 02(K + 1)

H MissiING PROOFS FOR GD IN THE CONVEX SETTING
In this case, we demonstrate the convergence to the minimizer w* of the convex function f.

Proof. The proof mainly follows the proof of Theorem 4.2 by setting § = 1 and S = {w*}.
O
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I LowEeER BOUNDS

Theorem 4.1. Let f belong to the class H of (Ho, H1)-smooth functions. Then it holds:

1. To satisfy |V f(wk)|| < e for a general non-convex function f, GD with constant
step-size initialized at wq, needs at least

K> Hwo)—f")  flwo)—f* =2

Tog(F(wo)—F)+T ez iterations.

2. To satisfy f(wg) — f* < e for convex function f, GD with constant step-size initial-
ized at wo, needs at least

K> Al (w)-r") f(w());f**E

= log(f(wo)—f*)+1 iterations.

3. To satisfy f(wi) — f* < e for p-PL function f (bul not necessarily convex), GD
with constant step-size initialized at wqy, needs at least

Hy _ (f(wo)=f") fwo)—f* . .
K2 Tﬁmlog (w(’f) iterations.

Proof. Consider constants H;, M > 1 and the function
e~ VHIw

; 1
— 1fw<—\/H—1
_ ) Hiw? 1 1 1
flw) = -+ 5, ifwe [f\/H—l,\/H—J
eVHLW . 1
?’ lfw>ﬁ.

This function is (Hy, Hy)-smooth with Hy = H;/2 and convex, thus it also belongs to the
objective function class.

We consider GD for the function f starting from the point
logM + 1
wy = ———
VH;
Notice that f(wo) = M and ||V f(wo)||= M~/ H.
If we choose the step-size 7 of GD larger than 2wg/M+/Hq, it holds

wy = wy =V f(wo) < wo — (2wo/M~/Hy)My/Hy = —w,

> 1.

Thus, w; is negative and further from the optimum (which is 0) compared to wo.

By the structure of the function, we can show that zs will be even further. Since the function
is totally symmetric, the effect of one step of GD starting from w; is the same as if it would
start from —wj. Thus, it suffices to show that w; = —w; — pVf(—wy) is further from 0
compared to —w;. Since |wy|> |wol, it holds —w; > wy. We consider the function

9() = ly =0V fy)l-lyl
for y > ﬁ Then, we have

eVHiy

9(y) = |y — v Hy = |yl

It is simple to see that in the part where this function is positive and y > ﬁ, it is also
increasing. Since g(wg) > 0, wg > \/% and —w; > wp, we have that g(—w;) > 0. This

means that |@w1|> |wi|. Using an induction argument, we can show that the iterates of GD
under such step-size diverge.

68



Under review as a conference paper at ICLR 2026

We conclude, that the step-size 7 for our function class must satisfy
2wo 2log f(wo) + 2
< = . 60
"EMVE T fw)H, (%0)

This step-size bound will be used to derive the lower complexity bounds in all cases.

To establish lower bounds for the general and convex cases, we construct a function that
contains a long, flat “runway” region where the gradient is small but non-zero. This forces
any first-order method to take many small steps to traverse it.

For a parameter 6 > 0 (to be chosen later) and Hy, H; > 0, we define the following function
fs(w);
The function is symmetric, fs(w) = fs(—w), and defined for x > 0 as:
%wQ fo<w<X;
fs(w)=<m(w—X1)+4§ if X1 <w< Xy (61)
AeVHI(w=X2) 4 B if oy > Xo.

To make this function twice differentiable, we choose
m = \/2Hyd
X1 = \/26/Hy
Xo=X1+1-9)/m
A=m/VH
B=1-A.

f is (Ho, H1)-smooth and its minimum is f* = f(0) = 0.

Lower bound in the general non-convex case: We look for a point wg such that
IVf(wk)||< e. To establish the lower bound, we set the gradient on the runway to be
slightly larger than our target ¢, for instance, ||V f(w)||=m = 2e.

This choice requires us to set the construction parameter § as follows:

22
V2HS = 2 — 6= =

Hy
An algorithm must traverse the linear runway to enter the quadratic bowl, which is the only
region where ||V f(w)||< € is achievable.
GD update on the runway is wgy1 = wg — nV f(wy) = wr — nm, which implies that
wr = wy — nKm.
Thus, if wyg = Xo (we start at the beginning of the runway) and K < %, then wg > X,
and we get |V f(wg)||= 2¢ > €. Thus, in order to get |V f(wk)||< €, we need to have

2 2
s X=X 1-0 —H%).
- nm nm?2 4ne?
Choosing Hy = 1 (we can choose any positive constant) and plugging in the upper bound

(60) for the step-size 7, we get that K must satisfy

f(’LUQ)Hl 1-— 262
K= 8(log f(wo) +1) €2

Noticing that f(wg) =1 and f* =0, it holds f(wo) — f* = 1 and we get the desired lower

pound Hi(f(wo) = f7) fluwo) — f* — 2
1 wo) — wo) — — 4€
K= log(f(wo) — f*)+1 8e2 '

69



Under review as a conference paper at ICLR 2026

Lower bound in the convex case: For this scenario, the target accuracy e directly
maps to our construction parameter. We set 6 = € (61). The function f.(w) is convex and is
constructed such that the linear runway begins at the point (Xi,¢€). An algorithm starting
at some point wyg = X5 where f(wp) = 1 must traverse the runway from X down to X; to
achieve the desired accuracy.

On this runway, the %(radient has a constant magnitude m = v/2Hge. Similarly as before,
we have that if K < 22=X1 then wg > X; and we get f(wg) — f* > e. Thus, we need to

nm
have
K> Xo — X4 _ l—e: flwe) — f* —¢
) nm?2 2nHoe

to achieve € accuracy for the function value.

Substituting, the upper bound (60) for n and Hy = 1, we get the desired result.

Lower bound in the PL case:  The linear runway construction is not u-PL. For the third
case, we need to construct a different function. We construct a fixed function, independent
of e.

Let Cy > 0 and 0 < pu < 1. We define a fixed connection point w, = 1/2Cy/u. The function
is symmetric and defined for w > 0 as:

Bop? if 0 <w < w,
_ s S WS We 62
f(w) {AE\/HT(Iwc) + B ifw>w, %

where A = /2Cou/H; and B = Cy — A are chosen to ensure the function is C! at w,.
This function is u-strongly convex (thus also pu-PL) and belongs to the class of (Hy, Hy)
functions.

Our goal is to find again a point wg such that f(wg) — f* <e.

We analyze the performance of GD on the quadratic part of this function, f(w) = %wz. An
algorithm starting at wy = w. will have an initial function value of f(wg) = Cy. The update
rule with a fixed step size 7 is:

w1 = wi — NV f(wg) = wy, — n(pwy) = (1 — nu)wy.
After K iterations, we have wx = (1 — nu)®wy. We want to find the number of iterations
K needed to ensure f(wg) <.

it

5 (L= m)* wg = fluwo) (1 —mp)*™ <ee.

wi =

flwk) =
For this to hold, we need

=

Flwo) (= < e = (1= < 5o

Taking the logarithm of both sides and using the inequality log(1 — z) < —2z:

€

2K log(1 — nu) < log (

Solving for K, we get:

>7 if — 2K (nu) < —log(f(w0>>.

f(wo)

K > L log (f(wo)> .
2nu €

Substituting the upper bound (60) for the step-size  and f* = 0, we get the desired lower
complexity bound.

O
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Table J.1: Detailed training details of language models and model configurations for the
results in Figures 3 and 4. The implementation is based on Ajroldi (2024).

MLP Position

Model Configuration Type Backbone Normalization Embeddings Precision Dropout
8 MLP and Attenti
hidden size: 512 layers with v:
seq. leng_tlx: 1024 SwiGLU PreLN transformer RMSnorm 0.02/V/# la Mixed Disabled for both
70M batch size: 256 (Shaeer, 2020) (Xiong et al., 2020) (Zhang & Sennrich, 2019) Other laye: precision hidden and
weight decay: 0 ’ with skip connections © 0.02 std. dev. FP16 attention layers
cooldown steps: 20 % Biases are always
ip: 1.0 initialized at zero
MLP and Attention
layers with variance:
e PreLN transformer 0.02//# Tayers Mixed Disabled for both
AGLU e < ) X "
160M (sui\x\f L7‘[J2[,) (Xiong et al., 2020) (Zhang RMSnorm 2019) Other I precision hidden and
HEEEEER 4 with skip connections ats . 0.0: FP16 attention layers
Biases are always
initialized at zero
MLP and Attention
hidden size: 512 layers with variance:
seq. length: 2048 Qs T PreLN transformer o Mixed Disabled for both
410M batch size: 256 SwiGLU (Xiong et al., 2020) RMSnorm precision hidden and

(Shazeer, 2020) (Zhang & Sennrich, 2019)

weight decay: 0.1 attention layers
cooldown steps: 20 %
grad clip: 1.0

tokens: 3.2B

with skip connections

Table J.2: Detailed training details of image classification and model configurations for the
results in Figure 5. The implementation is based on Ajroldi (2025).

. MLP s Positio Stochastic Depth
Model Configuration Type Backbone Normalization Embc:jdi::gs Viaan;pPatl?l
4 Patch size: 4
S ransfc LayerNorm: 1 Residual branches are
[— SELU &;hN :P"‘l’“’_f“)‘;ff) LayerNorm “Biases: 0 randomly dropped with
) (Hendrycks & Gimpel, 2016) Jith ski hections (Ba et al., 2016) Other layers: a linearly increasing drop
with skip connections 0.02 std. dev. rate across depth

3 ue
Drop path rate: 0.1
grad clip: Null

J EXPERIMENTAL DETAILS AND ADDITIONAL ABLATIONS

J.1 EXPERIMENTAL SETUP

Language Modeling. Our training of language models is based on the Plain LM GitHub
repository (Ajroldi, 2024) with small changes. The implementation is based on NanoGPT
(Karpathy, 2022), and it includes recent improvements such as RMSNorm (Zhang & Sen-
nrich, 2019), Rotational Positional Embeddings (Su et al., 2024), and SwiGLU activations
(Shazeer, 2020). All details are reported in Table J.1.

Image Classification. The implementation of vision tasks is based on the GitHub repos-
itory (Ajroldi, 2025) with minor changes. Similarly, we report the training details of ViT
training in Table J.2. Tt includes LayerNorm (Ba et al., 2016), GELU activations (Hendrycks
& Gimpel, 2016), and drop path.

Remark J.1. The results in Figures 1 and 2 are done with gradient clipping 1.0 and a
small LR 10™* to make small steps in the loss landscape from the initialization. Such an
approach allows for tracking better the smoothness-loss dependency around the initialization.

J.2 ADDITIONAL RESULTS ON VERIFICATION OF THE PROPOSED CONDITION
J.3 RESULTS VARYING RANDOM SEED

In this section, we demonstrate that the obtained results in Figures 1 and 2 are consistent
when changing the random seed. Random seed changes the initialization of the models, thus
leading to exploration of various parts of the landscape. We report the results in Figure J.1.
According to them, in all the cases, the linear decay of the smoothness with the train loss
is observed at the beginning.
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varying sizes and random seed on the FineWeb dataset. Models are trained with SGD at
a constant learning rate of 1074, Each dot represents the estimated local smoothness and
stochastic training loss at a given iteration, with color indicating training progress, while
the black dashed line shows the best linear fit. For much of early training, the relation is
well-approximated by a line, aside from the very initial phase where smoothness behaves
differently. This deviation likely arises because the linear fit reflects only an upper bound,
suggesting that a more complex functional dependence may be necessary.
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a constant learning rate of 10~7. Each dot represents the estimated local smoothness and
stochastic training loss at a given iteration, with color indicating training progress, while
the black dashed line shows the best linear fit. For much of early training, the relation is
well-approximated by a line, aside from the very initial phase where smoothness behaves
differently. This deviation likely arises because the linear fit reflects only an upper bound,
suggesting that a more complex functional dependence may be necessary.
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Figure J.3: Training of 70M language model on FineWeb dataset varying the length of linear
warm-up (two left figures) and threshold C of (Hy, H;) warm-up (two right figures) for the
peak learning rate 10~2 and 1073.

J.3.1 VERIFICATION WITH ADAM

Next, we switch to Adam optimizer to verify the proposed (Hy, H1)-smoothness condition.
We test the results on language models of size 70M, 160M, and 410M. The results are
reported in Figure J.2. Similar to the setting in the main body, we use a small constant
learning rate 10~7, which allows moving slowly in the landscape. We observe that Adam also
demonstrates a linear dependency between local smoothness approximation and train loss.
However, we observe that Adam stays in this linear decaying part of the landscape for fewer
iterations, especially for larger models, than SGD does. This might suggest that for Adam the
warm-up phase should be shorter.

J.4 ABLATION STUDIES

J.4.1 PERFORMANCE VARYING WARM-UP LENGTH

Language Modeling. In this section, we investigate how warm-up length influences train-
ing. As shown in Figures J.3-J.5, using a 10-20% linear warm-up yields the best validation
perplexity, demonstrating that warm-up improves the final performance of the models. We
also find that warm-up enables convergence even with relatively large peak learning rates
10~2 for the 70M model and 3-10~2 for the 160M model, whereas training without warm-up
performs significantly worse at these values. Similar trends have been reported by Worts-
man et al. (2023). Finally, we observe that the (Hp, Hi) warm-up is less robust to the choice
of peak learning rate for the 70M model, resulting in higher validation perplexity. However,
once the peak learning rate is properly tuned (within 1073-3-1073), it becomes less sensitive
to the choice of the constant C.
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Image Classification with ViT. Now we turn to the same test, but when training the
ViT model on the ImageNet32 dataset. In contrast to language modeling results, ViT with
linear and (Hy, H;) warm-up strategies demonstrates similar performance. We report the
results in Figure J.6.

J.4.2 PERFORMANCE VARYING PEAK LEARNING RATE

Language Modeling. We now present performance curves under different peak learning
rates for all warm-up strategies: 10% linear warm-up and (Hy, H;) warm-up with C' = 4.
As shown in Figure J.7, smaller models are less sensitive to high peak learning rates when
using (Hy, H1) warm-up. However, for the largest 410M model, even slightly exceeding the
optimal peak learning rate produces large spikes with (Hy, H;) warm-up, though AdamW
eventually recovers. In contrast, linear warm-up proves more robust to peak learning rate
selection.

Image Classification with ViT. Now we conduct similar tests as in the previous section.
We report the results for three warm-up strategies: 5% linear warm-up and (Hy, Hy) warm-
up with C = 3. In this case, we observe that both warm-up schedules achieve similar
performance; see Figure J.8.
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Figure J.6: Training of ViT model on ImageNet32 dataset varying the length of linear warm-

up (two left figures) and threshold C' of (Hy, H;) warm-up (two right figures) for the peak
learning rate 3 - 102 and 1072,
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K INITIALIZATION AND PROGRESSIVE SHARPENING

K.1 A THEORETICAL ANALYSIS OF THE DIFFERENT SHARPENING PHASES IN A SIMPLE

MODEL

We analyze the derivative of the spectral norm of the Hessian of a simple 1 x 1 x 1 network
with linear activation ¢(z) = x:

flu,v) = (y — uve)?

over the course of the gradient flow ODE. We assume a data sample z,y # 0. The parameters

u(t) and v(t) evolve over time via gradient flow as: 4 = —g, and % = —g,, where
_ 0f(uw)

» Yv E)
Let R :=y — uvx be the residual error. We have

of - _
Ju = Fyie 2(y — wox) - (—va) = —2vzR
af R
Gv = v - 2(y U”UZE) ( ua:) 2u :

The gradient vector is g = (‘g “)
v
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The Hessian matrix is H = V2f = <Z; g;z) We define its components as:
0g, 0
A=H = 8gu = %(—%ym + 2uv?z?) = 20222
0 0
C = Hy = 891? = %(—Zuya; + 2u?vr?) = 2u?z?
— _99u _ 0 2,2y _ 2 _
B=Hs = B0 a—(—Zvyx + 2uv ) = —2yx + duve® = 2z(2uvr — y)
v v
0y, 0
Hy = agu = 8—(—2uyx + 2u*vz?) = —2yx + duvr® = B.
u u
So, the Hessian is:
_ 20272 2z (2uvx — y)
H(t) = (2x(2uvx —v) 2u?x? ‘

The spectral norm ||H||2 of a 2 X 2 symmetric matrix of the form [g g] is its largest

eigenvalue in absolute value. The two eigenvalues A+ are found by solving the characteristic
equation det(H — AI) = 0:

—(A+C)\+ (AC - B*) =0.

The solution of this quadratic equation gives the two eigenvalues:
(A+C):|:\/(A+C)2 —4(AC - B?%) (A+C)++\/(A-C)> +4B2

2 B 2 '
The spectral norm is the larger of these in magnitude, i.e.
A+ CO)+ (A= C)? +4B?
= 5 .
We define Sy := £1/(A — C)2 +4B2. It holds: ||H|ls= Ay = 3(A+ C) + 5.

We target to compute <-||H||> and analyze its sign.

Ar =

[H[2= A

First, we must find H, which requires the 3rd derivatives of f:

= e -

A

R % = 2 (duva? — 2zy) = dva?
R % — %(4uvx — 2xy) = 4dux?
o %:%(21; x )_4U$

¢ = g ) =

Now we find the components of H using the chain rule:

OH;; . OHy; . O0H;; OH,;
3uu+3vq}_ (8u)g(8v)'

o Hyp = —g,(0) — gy(4va?) = —g, (4vx?)

o Hy = —gu(4uz®) — g,(0) = —gu(4ua?)

° H12 = —gu(4U$2) - 9v(4ux2)

Hij =

We substitute g, = —2vzR and g, = —2uxR and we get

o Hy = —(—2uzR)(4vz?) = Suvz®R
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o Hyy = —(—2vzR)(4uz?) = Suvz®R

This reveals that H 11 = Hzg, which will be used later. We denote these terms by Dy:
Dy = Hy; = Hys = 8uvz®R.
The off-diagonal term is:
Ey = Hyy = —(—2vzR)(4vz?) — (—2uzR)(4uz?)
= 80223 R + 8u?2® R = 8% (u® +v*)R

~ (Dg FEg
SO’H<EH DH>'

For a 2 x 2 symmetric matrix H with A = Hy; and C' = Hso, the derivative of the largest
eigenvalue A is:

dy, 1 . . (A-C)A-C)+4BB
—_— = A .
i Aot 15,
Our simplification A = C' = Dy gives a cleaner expression:
dry 1 (A—C)(0)+4BEy BEy
— = —(D D =D —_—.
dt 2( H H) + N H Sy
Substituting Sy = 21/(A — C)2 + 4B2, we get
d 2BEy
—||H||e= Dy + .
g[H 2= Dn o i

Substituting our components A, B,C, Dy, Ey gives the final formula:
2 - [2z(2uvz — y)] - [823(u? + v?)R]
V(20222 — 2u222)2 + 4(22(2uvx — e

d
E”H”Q: Suva R +

Let Bgign := y — 2uvz. Then 2uvx — y = —Bgign and plugging it in the previous formula,
we have

2+ (22(—Bsign)) - (873 (u? + v?)R)

2¢/z4(v? — u?)? + 422 (—Biign)?
322 (u? + v*) R Bsign

2|z|y/2?(v? — u?)? + 4B2

sign

d
%HHHQ = Suvz®R +

= 8uvz’R —

Let ¢ = u? — v? (a constant, as we will prove later). To simplify the fraction, we use the

identity % = =23 - sgn(x) and we get

T
z-sgn(z)

Bsign

/2?4 4352ign

Factoring out the common term 8z3R, we arrive at the general formula for the derivative,
valid for all x, vy, u, v:

d - .
%HH”Q: Suvz®R — 16 - sgn(z) - 23 (u® + v} R -

Bsign
222 + 4B2

sign

%HHHZ: 823R | wv — 2 - sgn(x) - (u? +v?) - (63)

Before analyzing specific paths, we prove that the quantity u? — v? stays constant over the
course of gradient flow.

Indeed, we compute the time-derivative of the quantity (u? — v?):

d
u? — v?) = 2ui — 2u0.

dt(
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From the gradient flow definition, « = —g, = 2vzR and © = —¢g, = 2uxR. Substituting
these in:

d
ﬁ(iﬁ —v?) = 2u(2vzR) — 2v(2uzR) = 4uvrR — duvrR = 0.
Because the time-derivative is always zero, the quantity (u? — v?) is a conserved quantity.

Any trajectory is constrained to a manifold where u? — v? = ¢, with ¢ is determined by the

random initial conditions ¢ = u(0)? — v(0)2.

We now pass to the analysis of the sign of 4 ||H||s. For notational simplicity, let S = u?+v?
and we have

d 2 - S By
D= goR - o 282D 5 B
Term 1 r2c? + 4Bs2ign
Term 2
The trajectory now consists of three phases, defined by the boundaries z2¢? = 4352ign and

Bgign = 0.

First phase: We define the initial regime by the condition z%¢? < 4Bs2ign. This holds
near the origin because ¢ ~ 0 and Bsijgn = y # 0. In this regime: sgn(R) ~ sgn(y) and

Sgn(Bsign> ~ Sgn(y) .

1. Term 1: sgn(Term 1) = sgn(2®R) ~ sgn(z3y) = sgn(zy).
25| Bgigy|

2.2 2 :
/x2c +4Bsign

2. Term 2: Let F' = % S2 — ¢2

We use the identity uv = sgn(uv) -
(easy to prove).
We must analyze two scenarios

e Case A: sgn(uv) = sgn(zy). Then,

Term 2 = sgn(zy) [;\/ 52 —c2—|F||.

2S‘Bsign| _

/8 B2.
sign

We have %\/5’2 —c2 < % We also have |F|> > % Thus, the term

Sl

inside the bracket is negative and
sgn | —||H|lz ) = —sgn(zy)? = —1

e Case B: sgn(uv) = —sgn(ay)

1
Term 2 = —sgn(xy) [2\/ S2 — 2+ |F|} :

In this case, it holds
d , (1
sgn %HHHQ = —sgn(zy)’ sgn B S2—c2+|F|| =-1

In both cases, the derivative of the spectral norm is negative, which means that we enter a
flattening phase.

Second phase: This initial flattening phase is only guaranteed as long as our assump-
tion x%¢? < 4Bs21gn holds. As the flow moves, uvz increases, so Bggn = y — 2uvz gets
smaller. Eventually, we will enter an ambiguous phase where z2¢? > 4Bs2ign, but we still

have sgn(Bsign) = sgn(y) (because the flow has not yet reached uva = y/2). In this region,
our bounding logic for |F| is inconclusive, and the sign of the derivative is unknown.
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Third phase: The flow then crosses the mid-point at uvz = y/2, which means sgn(Biign)
finally flips to —sgn(y). The flow is now in a “correct” quadrant (having been repelled by
the origin), so sgn(uv) = sgn(zy).
e sgn(Term 1) = sgn(z3R) = sgn(x®y) = sgn(zy) (since sgn(R) = sgn(y) always).
o The sign of F' is now sgn(F') = sgn(x - Byign) = sgn(x) - (—sgn(y)) = — sgn(zy).
e This means sgn(uv) and sgn(F') are now opposites.
o Term 2 =uv — F.
— If sgn(zy) = +1: sgn(uv) = +1 and sgn(F) = —1. Term 2 is (pos) — (neg) = +.
— Ifsgn(zy) = —1: sgn(uv) = —1 and sgn(F) = +1. Term 2 is (neg) — (pos) = —.

e In both sub-cases, sgn(Term 2) is sgn(zy).

Total Sign for Phase 3:
d
sgn <dt”H|2) = sgn(Term 1) - sgn(Term 2) = sgn(zy) - sgn(zy) = +1.
Thus, a sharpening phase is guaranteed after the uvz = y/2 boundary.

Remark: If ¢ = 0, the initial flattening phase lasts exactly until the mid-point, where it
gives place to sharpening.

K.2 EFFECT OF INITIALIZATION

In this section, we examine how the choice of initialization influences the empirical verifi-
cation of our condition on the 70M language model trained with clipping 1.0 and a fixed
learning rate. We evaluate two initialization strategies. The first follows the approach used
in modern GPT-style architectures, where the variance of the weights in the MLP or GLU
blocks and in the attention output layers is scaled as 0.02/n’layer, with n'layer denoting the
layer index. We refer to this strategy as “scaling with depth.” The second strategy uses a
fixed variance of 0.02, independent of depth, which is the default choice in many implemen-
tations. We refer to this strategy as “no scaling with depth.” We estimate the smoothness
throughout training using the same methodology as in Section 5. We highlight that in this
set of experiments, we use gradient clipping to 1, which is a standard training technique
used in practice, which allows to restrict the update magnitude and make constant steps in
the landscape.

We present the results in Figure K.1 varying the fixed learning rate hyperparameter of SGD.
We observe the following results

e After an initial sharpness reduction (flattening) phase, SGD enters a gradual sharp-
ening phase where the sharpness grows. In this regime, our condition does not
describe the smoothness well anymore. After the gradual sharpening phase, SGD
enters EoS stage where the sharpness oscillates around 2/LR stability threshold
(only observed for LR le-2).

e Importantly, the transition from sharpness reduction to the gradual sharpening
phase happens at the same loss value regardless of LR choice, which indicates a
strong connection between the smoothness and the loss value.

e Our condition describes well the sharpness reduction phase, also observed in (Kalra
& Barkeshli, 2024). In contrast to that work, we describe the reduction phase
analytically. Using our theoretically derived learning-rate warm-up strategy allows
to avoid instabilities due to high values of the sharpness at the beginning and leads
to better final performance.

e “Scaling with depth” strategy initializes the model closer to the origin. This results
in a larger initial sharpness in comparison with “no scaling with depth” scheme.
This aligns with our theoretical calculations in K.1. We hypothesize that GPT-style
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Figure K.1: Training of 70M model on FineWeb dataset with SGD varying fixed learning
rate and initialization scheme. Each left color bar corresponds to “no scaling with depth”
initialization scheme, while the right one — to ”scaling with depth” strategy.

initialization requires a longer learning warm-up phase due to such high values of
the sharpness at the beginning.
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