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Abstract

Non-reciprocal interactions are a hallmark of systems far from thermal equilibrium,1

from active matter to social networks, yet the principles governing the stability2

of the time-dependent phases they produce are not fully understood. Here, we3

investigate the role of long-range interactions in stabilizing such non-equilibrium4

states. We introduce a long-range, non-reciprocal Ising model and demonstrate5

through large-scale simulations that long-range couplings are a crucial mechanism6

for stabilizing a spatio-temporally ordered "swap phase" in two dimensions—a7

regime where the equivalent short-range model is unstable. We show that this8

phase behaves as a robust time crystal, with a temporal coherence that diverges9

with system size L as a power law, τc ∝ L1.95. Furthermore, we use finite-size10

scaling analysis to rigorously characterize the transition from a disordered state11

into the swap phase, finding it to be a continuous phase transition with a precisely12

located critical point, confirmed by an excellent data collapse. By showing that the13

swap phase is a generic feature, robust to asymmetries in the coupling, our work14

provides a clear and quantitative link between the range of interactions and the15

emergence of stable, dynamic order in non-equilibrium many-body systems.16

1 Introduction17

The Ising model provides a foundational framework for understanding how macroscopic order18

emerges from the collective behavior of simple, locally interacting components (Brush, 1967). Initially19

conceived to explain ferromagnetism, its versatility has established it as a cornerstone of statistical20

mechanics and a powerful analytical tool across diverse scientific disciplines. In neuroscience,21

Ising-like models are used to describe the emergent dynamics of neural networks (Hopfield, 1982); in22

biology, they capture the cooperative sensing of chemical signals by cell receptors (Duke & Bray,23

1999); and in computer science, the model’s structure underpins heuristic optimization algorithms like24

simulated annealing (Kirkpatrick et al., 1983) and specialized hardware known as "Ising machines"25

designed to solve complex combinatorial problems (Lucas, 2014).26

The canonical Ising model rests on two simplifying assumptions: interactions are short-range,27

typically confined to nearest neighbors, and they are reciprocal, meaning the influence between any28

two components is mutual. However, these assumptions do not hold for a vast array of real-world29

systems. Non-reciprocal interactions are fundamental to the dynamics of predator-prey ecosystems30

(Loreau & de Mazancourt, 2013), and they are essential for modeling opinion dynamics in social31

networks with conformist and contrarian agents (Hong & Strogatz, 2011). Similarly, the assumption32

of short-range coupling fails to capture systems where interactions decay slowly with distance. A33

prominent example is found in trapped-ion quantum simulators, where effective spin-spin interactions34

can be tuned to decay as a power-law over the entire system (Britton et al., 2012). As has been35

established, the presence of such long-range interactions can lead to fundamentally different collective36

behavior, including novel phase structures and distinct critical phenomena (Campa et al., 2009).37

In this work, we introduce and study a generalized Ising model that simultaneously incorporates both38

long-range and non-reciprocal interactions. We demonstrate that relaxing these two core assumptions39
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drives the system into a non-equilibrium regime with rich dynamical behavior not present in the40

standard model. This includes the emergence of a stable, oscillating "swap phase," which constitutes41

a classical time crystal (Shapere & Wilczek, 2012). Our central finding is that the synergy between42

long-range coupling and non-reciprocal dynamics stabilizes this time-crystal phase in two dimensions,43

a regime where its short-range counterpart is known to be unstable. We rigorously characterize this44

phase and its transition, showing that it falls into a distinct universality class. This model opens45

up new possibilities across a range of applications; for instance, it could serve as a substrate for46

neuromorphic computing architectures that leverage oscillations for temporal data processing (Maass47

et al., 2002), or for tackling dynamic optimization problems where the target solution is a sequence48

of states rather than a single static configuration.49

2 Related Work50

Our research builds upon the foundational Ising model, a cornerstone for understanding equilibrium51

phase transitions (Ising, 1925). The canonical model, with its reciprocal, short-range interactions,52

has been extended in two critical directions. First, the inclusion of power-law decaying long-range53

interactions was shown to fundamentally alter critical behavior, even enabling phase transitions in one54

dimension (Dyson, 1969; Campa et al., 2009). Second, the introduction of non-reciprocal couplings55

(Jij ̸= Jji) breaks detailed balance, pushing systems into a non-equilibrium regime characteristic of56

active matter and non-Hermitian physics. This has led to the discovery of novel phenomena such as57

collective motion and the non-Hermitian skin effect (Vicsek et al., 1995; Hatano & Nelson, 1996;58

Toner & Tu, 1995).59

The intersection of long-range and non-reciprocal interactions in the Ising model remains a nascent60

and compelling frontier that, to our knowledge, is largely unexplored. In the equilibrium realm,61

long-range interactions are known to introduce a host of unique phenomena, such as the breakdown62

of statistical ensemble equivalence and the modification of critical exponents, which depend on the63

power-law decay of the couplings (Dyson, 1969; Campa et al., 2009). Separately, recent work on64

the short-range non-reciprocal Ising model has unveiled rich non-equilibrium behaviors, including65

novel dynamical phase transitions and unconventional ordering dynamics that have no counterpart in66

their reciprocal equilibrium versions (Avni et al., 2025). Our work directly addresses the gap at the67

intersection of these two areas, providing a bridge between the well-established fields of long-range68

equilibrium systems and the modern physics of active, non-reciprocal matter.69

3 Method70

This section formally defines the long-range non-reciprocal Ising model at the heart of our study. We71

first introduce the "selfish" energy function, then describe the mean-field approximation we employ,72

and finally detail the non-equilibrium dynamics used in our simulations.73

3.1 Model Definition: The Long-Range Selfish Energy74

Our model is an extension of the standard Ising model, whose equilibrium behavior is described by the75

Hamiltonian H = −
∑

⟨i,j⟩ Jσiσj . We introduce both long-range interactions and non-reciprocity,76

which drives the system far from equilibrium. Instead of a single global Hamiltonian, the system’s77

state is defined by a local, "selfish" energy for a spin σα
i at site i in one of two replicas (α ∈ {1, 2}):78

Eα
i = −

∑
j ̸=i

J(rij)σ
α
i σ

α
j −Kϵαβσ

α
i σ

β
i

This formulation is chosen to cleanly separate the distinct physical effects under study. The two-79

replica structure is a standard theoretical tool for modeling non-reciprocity. It provides a minimal80

framework where the action-reaction symmetry can be broken: replica 1 can influence replica 2 in81

a way that is not mirrored by replica 2’s influence on replica 1. The concept of a "selfish" energy82

is central to the non-equilibrium nature of the model. Each spin evolves to minimize its own local83

energy, Eα
i , rather than contributing to the minimization of a single, shared energy function for the84

entire system. This "selfish" dynamic is the fundamental mechanism that breaks detailed balance.85
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The first term introduces long-range ferromagnetic interactions. The interaction strength, J(rij) =86

J0/r
d+σ
ij , decays as a power-law with distancerij . Physically, this term represents systems where87

interactions are not confined to immediate neighbors, such as in trapped ion quantum simulators,88

magnetic alloys with RKKY interaction, or even socio-economic models of influence. The exponent89

σ > 0 is a crucial parameter that allows us to tune the interaction from a quasi-global (small σ) to a90

local (large σ) regime, interpolating between mean-field and short-range physics.91

The second term introduces non-reciprocity via an asymmetric coupling of strength K. The physical92

intuition for this term comes from active and living systems where interactions are inherently93

directional. For example, one replica could represent a population of predators and the other its94

prey, where their influence on each other is fundamentally asymmetric. The Levi-Civita symbol95

(ϵ12 = −ϵ21 = 1) provides the most direct mathematical expression of this asymmetry, ensuring that96

replica 1 affects replica 2 differently than the reverse and driving the system into a non-equilibrium97

steady state.98

3.2 Mean-Field Analysis99

To gain analytical insight, we employ a mean-field approximation. This standard technique simplifies100

the many-body problem by replacing the complex, fluctuating interactions acting on a single spin with101

a static, effective field generated by the average behavior of all other spins (Chandler, 1987). While102

this approach neglects local fluctuations—a significant limitation for short-range models—it becomes103

particularly powerful for systems with long-range interactions. In a long-range model, each spin104

interacts with a large number of distant neighbors, meaning the field it experiences is an average over105

many largely independent spins. This self-averaging property suppresses local fluctuations, causing106

the system’s behavior to converge towards the mean-field prediction (Campa, Dauxois, & Ruffo,107

2009). For our model, especially in the small σ regime, mean-field theory is therefore expected to108

provide a highly accurate theoretical baseline. The detailed derivation is presented in Supplementary109

Material A.110

3.3 Non-Equilibrium Dynamics111

The system evolves according to single-spin-flip Glauber dynamics, based on the change in each112

spin’s selfish energy. The transition rate W for flipping a spin is given by the Metropolis algorithm:113

W (σα
i → −σα

i ) = min
(
1, e−β∆Eα

i

)
where β = 1/T is the inverse temperature. A direct summation of the long-range interaction term114

for each spin flip would be computationally prohibitive, scaling as O(N2). To overcome this, we115

leverage the convolution theorem. The total field on each spin from the long-range interaction is a116

discrete convolution of the spin configuration with the interaction kernel. This convolution can be117

computed efficiently in O(N logN) time by performing a multiplication in Fourier space using the118

Fast Fourier Transform (FFT) algorithm (Plischke & Bergersen, 1994). Furthermore, to allow for a119

fair comparison of dynamics across different interaction ranges, we normalize the interaction kernel120

such that
∑

j ̸=i J(rij) is constant for all σ. This ensures that the effective coupling strength remains121

consistent as the long-range exponent is varied.122

4 Simulations and Results123

All experiments in this paper are numerical simulations carried out using Python.124

4.1 Mean-Field Predictions125

Mean-field theory provides a baseline prediction for the system’s phase diagram (See Supplementary126

Material A for derivations). The analysis reveals three distinct, homogeneous phases in the (J̃ , K̃)127

plane: (i) a disordered phase (m1 = m2 = 0), (ii) a static-ordered phase analogous to a conventional128

ferromagnet, and (iii) a non-equilibrium swap phase. The swap phase is characterized by persistent129

limit-cycle oscillations of the replica magnetizations, emerging directly from the non-reciprocal130

coupling. The mean-field model predicts a continuous (Hopf) bifurcation from the disordered to the131

3



swap phase and a discontinuous (SNIC) bifurcation from the swap to the static-ordered phase. This132

theoretical structure serves as the benchmark against which we compare our numerical findings.133

Figure 1: Predicted Mean-Field Phase Diagram

4.2 Order Parameters for Phase Classification134

We employ two order parameters to characterize the system’s phase, derived from the time-averaged135

global magnetizations of the two replicas, ⟨M1(t)⟩ and ⟨M2(t)⟩. The synchronization parameter, R,136

quantifies the magnitude of the total magnetization vector in the (M1,M2) plane. It is defined as:137

R =

〈√
M1(t)2 +M2(t)2

2

〉
t

A non-zero value for R indicates an ordered state, either static or dynamic. The phase-space angular138

momentum, L, quantifies the net circulation in this plane, serving as a direct measure of macroscopic139

time-reversal symmetry breaking:140

L = ⟨M2(t)∂tM1(t)−M1(t)∂tM2(t)⟩t

A non-zero value of L is a unique signature of the time-dependent swap phase, while L = 0 in both141

the disordered and static-ordered phases. Together, these two parameters provide an unambiguous142

classification of the system’s macroscopic state.143

4.3 The Phase Diagram and The Role of Interaction Range144

We focus our primary investigation on the two-dimensional case, as it represents a critical dimension145

where the interplay between long-range order and thermal fluctuations is non-trivial; the simpler146

one-dimensional case and the more stable three-dimensional case will be briefly discussed in Sup-147

plementary Material B. We performed large-scale Monte Carlo simulations to investigate the phase148

diagram beyond the mean-field approximation and to determine the influence of the interaction range.149

The system was simulated on a 100×100 lattice, sampling a 40×30 grid of coupling parameters150

(J̃eff , K̃). Each point was evolved for 5000 Monte Carlo sweeps, with measurements averaged over151

the final 3000 sweeps after equilibration (See supplementary materials C for convergence tests). We152

contrast a long-range regime (σ = 1.0) with a quasi-local regime (σ = 3.0).153

Our results establish that a sufficiently long interaction range is a necessary condition for the154

emergence of the swap phase. For σ = 1.0 (Fig. 2a), we identify a substantial region in the phase155
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diagram where L > 0, confirming the existence of a robust swap phase. Conversely, in the quasi-156

local regime with σ = 3.0 (Fig. 2b), the swap phase is completely suppressed; L is negligible157

across the entire parameter space. As for the purely short-range non-reciprocal Ising model, there158

is no swap phase in two dimensions, as it is destabilized by the proliferation of topological defects159

(Avni et al., 2025a; Avni et al., 2025b). Our work thus demonstrates that while non-reciprocity160

is the microscopic driver of oscillations, long-range interactions are essential for establishing the161

macroscopic spatio-temporal coherence required for the swap phase to stabilize against thermal162

fluctuations.163

(a) Phase Diagrams (N = 100, σ = 1.0)

(b) Phase Diagrams (N = 100, σ = 3.0)

Figure 2: Phase Diagrams

4.4 Temporal Coherence and Time Crystal Behavior164

Having established the existence of the swap phase, we now characterize its dynamical nature. A165

long simulation was performed deep within the swap phase (σ = 1.0, J̃eff = 2.5, K̃ = 0.8) on a166

100×100 lattice. The results, shown in Fig. 3a, confirm the presence of robust, spatio-temporally167

ordered oscillations. The phase-space trajectory of the global magnetizations traces a stable limit168

cycle, and the final spin configuration reveals a high degree of spatial coherence across the lattice.169

To investigate the stability of this temporal order, we test whether the system behaves as a "time170

crystal"—a robust, many-body clock whose coherence improves with system size. We performed171

extensive, long-time simulations for a series of system sizes (L ∈ {20, 28, 40, 56, 80}) and calculated172

the temporal autocorrelation function of the global magnetization. The autocorrelation function,173

C(τ), is a standard tool that measures the similarity between a signal and a time-delayed version of174

itself. For a time series like the magnetization M(t), it is defined as:175

C(τ) = ⟨M(t)M(t+ τ)⟩t

where τ is the time lag. For an oscillating system, C(τ) also oscillates, and the decay rate of its176

envelope reveals how quickly the system loses memory of its initial phase. From this function, we177

extracted the coherence time, τc , a direct measure of this memory. The results, presented in Fig. 3c,178

show a clear power-law relationship. A linear fit on a log-log scale reveals that the coherence time179

scales as τc ∝ Lz , with a fitted exponent of z = 1.95. This value is in excellent agreement with the180

theoretical expectation of z=d=2, where the coherence time scales with the total number of spins in181
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the system. This diverging coherence time is a key finding: it demonstrates that, unlike a single noisy182

oscillator, the collective dynamics of the many-body system actively suppresses phase diffusion. This183

provides strong evidence that the long-range swap phase is not merely oscillatory but constitutes a184

robust time crystal, capable of maintaining temporal coherence indefinitely in the thermodynamic185

limit.186

(a) Phase-Space Trajectory (Limit
Cycle)

(b) Final State Spatio-Temporal Or-
der

(c) Coherence Time vs. System
Size (σ = 3.0)

Figure 3: Temporal Coherence and Time Crystal Behavior

4.5 Nature of the Disordered-to-Swap Phase Transition187

To rigorously characterize the continuous transition from the disordered to the swap phase, we employ188

Finite-Size Scaling (FSS) analysis. Phase transitions are technically sharp, discontinuous events only189

in the thermodynamic limit of an infinite system. In any finite-sized simulation, these transitions190

are smoothed out. FSS is a powerful numerical technique that allows us to systematically analyze191

how this smoothing effect changes with system size (L) to extract precise properties of the true,192

infinite-system transition.193

To this end, we measure two key statistical quantities. The first is the susceptibility, χ, which194

quantifies the magnitude of fluctuations in the order parameter. At a critical point, the system is195

maximally sensitive to perturbations, and we expect these fluctuations to peak. The second, more196

technical quantity is the fourth-order Binder cumulant, U. This is a specially constructed ratio of197

moments of the order parameter that has the unique property of being independent of system size198

precisely at the critical point. Therefore, the intersection of the U curves for different system sizes199

provides an exceptionally accurate method for locating the transition.200

We conducted high-precision Monte Carlo simulations for several system sizes (L ∈ {24, 32, 48, 64})201

in a narrow parameter window around the transition for a fixed non-reciprocal coupling of K̃ = 0.4.202

The results, shown in Figure 4a-c, provide definitive evidence of a continuous phase transition. The203

curves of the Binder cumulant exhibit a clear and statistically significant intersection point, the204

"smoking gun" for a second-order transition. From this crossing, we locate the critical point with high205

precision at J̃c = 1.94± 0.01. The ultimate confirmation of our scaling analysis is the successful206

data collapse shown in Fig. 4d. By rescaling the axes with the appropriate exponents, the data from207

all system sizes fall onto a single, universal curve. This excellent collapse confirms the scaling208

hypothesis, though the effective critical exponents required to achieve it (ν ≈ 3.0, β/ν ≈ 0.015) are209

highly unconventional compared to standard short-range models. This suggests that the interplay210

of long-range interactions and non-equilibrium dynamics places this transition into a distinct and211

interesting universality class, meriting further theoretical investigation.212

4.6 Comparison with Mean-Field Theory213

For our long-range model (σ = 1.0), the mean field prediction is generally good. It correctly predicts214

the existence and topological arrangement of the three candidate phases (disordered, static-ordered,215

and swap). The primary discrepancy is quantitative: by neglecting thermal fluctuations, the theory216

misestimates the precise locations of the phase boundaries, which we find to be shifted in our217

simulations. In contrast, for the short-range model, the mean-field predictions were found to be not218

as good (Avni et al., 2025a; Avni et al., 2025b). Specifically, the mean-field theory there predicted a219
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(a) Binder Cumulant U vs. J̃eff (b) Susceptibility χ vs. J̃eff

(c) Order Parameter R vs. J̃eff (d) Manual Data Collapse (Jc =
1.943, ν = −5.78, β/ν = 0.024)

Figure 4: Finite-Size Scaling analysis

stable 2D swap phase, which was ultimately destroyed by the proliferation of topological defects.220

In our work, the mean-field theory captures the essential ingredients for the swap phase, and a221

full numerical treatment confirms that long-range interactions are the critical factor required for its222

stabilization, and reveals more of its nature in dynamics and universality class.223

5 Conclusion224

In this work, we introduced and comprehensively studied a long-range non-reciprocal Ising model to225

investigate the stability of non-equilibrium, time-dependent phases of matter. Our central finding226

is that long-range interactions are a crucial stabilizing mechanism, enabling the emergence of a227

robust, spatio-temporally ordered "swap phase" in two dimensions—a regime where the short-range228

equivalent is unstable. We demonstrated through extensive simulations that this phase behaves as a229

time crystal, with a temporal coherence that diverges with system size according to the power-law230

τc ∝ L1.95. Finite-size scaling analysis revealed that the transition from the disordered to the swap231

phase is a continuous phase transition, with a precisely located critical point confirmed by an excellent232

data collapse. By showing that this phase is stable across dimensions and robust to asymmetries in233

the coupling, our work provides a clear and quantitative link between long-range physics and the234

emergence of order in systems far from thermal equilibrium.235

6 Applications236

Beyond its fundamental importance in statistical mechanics, our model provides a versatile framework237

for understanding emergent temporal order in a variety of complex systems. In computer science,238

the model is directly analogous to asymmetric neural networks, where non-reciprocal synaptic239

connections are essential for storing and retrieving temporal sequences of patterns, a key function for240

memory and learning (Sompolinsky & Kanter, 1986; Derrida et al., 1987). The principles uncovered241

here could also inform the design of novel hardware, such as "Ising machines," which are physical242
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systems of coupled oscillators that solve complex combinatorial optimization problems by finding the243

ground state of a corresponding spin model (Mohseni et al., 2022). Our finding of a stable, long-range244

oscillatory phase suggests a new avenue for engineering robust, self-organizing clocks or pattern245

generators in such distributed computational systems. Furthermore, in neuroscience, the two replicas246

can represent excitatory and inhibitory neural populations, where the swap phase offers a mechanism247

for the emergence of robust brain rhythms. As such, this work not only clarifies the role of interaction248

range in non-equilibrium physics but also offers a new tool for modeling and engineering complex249

dynamic behaviors.250

7 Limitations and Future Work251

Our work utilizes a minimal model designed to isolate the core physics of long-range non-reciprocal252

interactions. This necessary simplification, while powerful, presents several limitations and opportu-253

nities for future research. The use of binary Ising spins, while connecting our work to a rich history in254

statistical mechanics, is an abstraction of the continuous state variables found in many physical and255

biological oscillators. Extending this framework to models with continuous degrees of freedom, such256

as the non-reciprocal Kuramoto or XY models, could reveal different classes of collective motion257

(Hong & Strogatz, 2011). Similarly, the two-replica framework on a regular lattice represents an258

idealized interaction topology. Future work could explore the stability of the swap phase on complex259

networks to more closely mirror the structure of ecological, neural, or social systems, where directed,260

small-world connections are known to dramatically alter phase transitions (Sánchez et al., 2002).261

Finally, our model considers on-site non-reciprocity and a canonical power-law for the symmetric262

long-range coupling. Investigating systems where non-reciprocal effects are also long-range, as263

seen in "vision cone" models of flocking, could reveal novel pattern-forming instabilities and defect264

dynamics (Loos et al., 2023). These avenues represent exciting paths toward bridging the gap between265

our foundational model and the specific, complex dynamics observed in real-world non-equilibrium266

systems.267
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A Supplementary Material: Mean-Field Theory341

This section provides a detailed derivation of the mean-field equations governing the long-range342

non-reciprocal Ising model and an analysis of the resulting phase diagram.343

A.1 Derivation of the Mean-Field Equations344

The dynamics of the system are governed by the master equation for the probability P (σ⃗, t) of finding345

the system in a specific spin configuration σ⃗ at time t. Following Glauber dynamics, where each spin346

evolves based on its local "selfish" energy, the master equation is:347

dP (σ⃗, t)

dt
=

∑
i,α

[W (Fα
i σ⃗ → σ⃗)P (Fα

i σ⃗, t)−W (σ⃗ → Fα
i σ⃗)P (σ⃗, t)]

where Fα
i is the operator that flips the spin σα

i , and W is the transition rate. From this, we can derive348

the time evolution of the average magnetization of a single spin, ⟨σα
i ⟩:349

d⟨σα
i ⟩

dt
= −2⟨σα

i W (σ⃗ → Fα
i σ⃗)⟩

Using the Metropolis transition rate W = min(1, e−β∆Eα
i ) and approximating for low temperatures350

(high β), this simplifies to a form dependent on the selfish energy Eα
i :351

τ
d⟨σα

i ⟩
dt

= −⟨σα
i ⟩+

〈
tanh

β

∑
j ̸=i

J(rij)σ
α
j +Kϵαβσ

β
i

〉

where τ is a characteristic timescale. We now apply the mean-field approximation, which replaces352

the instantaneous value of neighboring spins with their thermal average, i.e., ⟨f(σ)⟩ ≈ f(⟨σ⟩). We353

define the local average magnetization as mα
i = ⟨σα

i ⟩. This yields a set of coupled equations for the354

local magnetizations:355

τ
dmα

i

dt
= −mα

i + tanh

β

∑
j ̸=i

J(rij)m
α
j +Kϵαβm

β
i


In the continuum limit, where magnetization varies slowly over the lattice spacing, we can express356

the sum as an integral and expand it for small gradients. This leads to the final mean-field partial357

differential equations for the magnetization fields mα(r⃗, t):358

τ
∂mα

∂t
= −mα + tanh

(
J̃mα + K̃ϵαβmβ +D∇2mα

)
Here, J̃ , K̃, and D are rescaled parameters representing the effective ferromagnetic coupling, the359

non-reciprocal coupling, and a diffusion constant, respectively.360

A.2 Bifurcation Analysis of Homogeneous Solutions361

To understand the phase diagram, we analyze the spatially homogeneous solutions of the mean-field362

equations by setting the diffusive term (D∇2mα) to zero. This reduces the system to a set of two363

coupled ordinary differential equations. The behavior of this system is determined by the stability of364

its fixed points, which we analyze as a function of the couplings J̃ and K̃.365

• The Disordered Phase: For small J̃ , the only stable fixed point is at the origin (m1 =366

m2 = 0), corresponding to a paramagnet.367
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• The Hopf Bifurcation: At a critical value of J̃c = 1, the fixed point at the origin loses368

stability. For any non-zero non-reciprocity (K̃ > 0), the eigenvalues of the system’s369

Jacobian matrix become a complex conjugate pair whose real part crosses zero. This is a370

classic Hopf bifurcation. It signals the birth of a stable limit cycle, where the magnetizations371

oscillate indefinitely. This is the mean-field signature of the swap phase. Near the bifurcation,372

the limit cycle is nearly circular.373

• The SNIC Bifurcation: As J̃ is increased further for a fixed K̃, the amplitude of the limit374

cycle grows. At a second critical line, the limit cycle collides with a set of newly-formed375

saddle points on the phase-space boundary. This collision destroys the limit cycle, leaving376

behind stable fixed points corresponding to a static, ordered phase. This type of transition377

is a Saddle-Node on an Invariant Circle (SNIC) bifurcation. A key feature of the SNIC378

bifurcation is that the period of the oscillations diverges as the transition is approached.379

A.3 Predicted Mean-Field Phase Diagram380

The bifurcation analysis predicts a phase diagram with three distinct phases, separated by two critical381

lines.382

1. Disordered Phase: At low ferromagnetic coupling J̃ , the system is disordered (R = 0, L =383

0).384

2. Swap Phase: For J̃ > 1, the system enters the swap phase (R > 0, L > 0), emerging via a385

continuous Hopf bifurcation. In this phase, the system acts as a coherent oscillator.386

3. Static-Ordered Phase: At high J̃ and low K̃, the system transitions into a static,387

ferromagnet-like phase (R > 0, L = 0). This transition occurs via a SNIC bifurcation.388

This mean-field picture provides a crucial theoretical baseline. It correctly predicts the existence of389

the non-equilibrium swap phase, but it neglects the role of fluctuations and dimensionality, which our390

numerical simulations in the main text show are critical for determining the true stability of these391

phases.392

B Supplementary Material: The Role of Dimensionality in Phase Stability393

While our main text focuses on the novel stabilization of the swap phase in two dimensions, a394

full understanding requires placing this result in the context of other dimensions. To this end,395

we performed simulations of the long-range model (σ = 1.0) in one and three dimensions at a396

representative point in the parameter space (J̃eff = 2.5, K̃ = 0.8). The results, presented alongside397

the 2D data in Fig. S2, reveal a clear dependence of phase stability on dimensionality.398

• One Dimension (d = 1): In the one-dimensional case (blue lines), both the synchronization399

parameter R and the swap parameter L decay rapidly towards zero as the system size N400

increases. This result is consistent with general principles of statistical mechanics, such401

as the Mermin-Wagner theorem, which preclude the existence of long-range order in low-402

dimensional systems with continuous symmetries. Even with long-range interactions, the403

system is unable to overcome thermal fluctuations to establish a coherent, system-spanning404

oscillatory state. The swap phase is therefore unstable in 1D.405

• Two Dimensions (d = 2): This is the critical case investigated in the main text (green lines).406

Here, both R and L converge to large, stable, non-zero values as the system size increases.407

This demonstrates that for the long-range model, two dimensions is sufficient to establish a408

robust, spatially coherent swap phase that is stable in the thermodynamic limit. This finding409

is in stark contrast to the short-range model, where the swap phase is known to be unstable410

in 2D.411

• Three Dimensions (d = 3): In the three-dimensional simulation (red lines), the synchro-412

nization parameter R is very high and stable, but the swap parameter L is effectively zero.413

This indicates that for these specific coupling parameters, the 3D system settles into a stable414

static-ordered phase, not a swap phase. This is an important physical result, not a failure415

of the simulation. It suggests that the phase boundary between the swap and static-ordered416
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phases is dimension-dependent. In the higher-dimensional 3D system, the ferromagnetic417

ordering is more robust and dominates over the non-reciprocal drive towards oscillations at418

this point in the phase diagram.419

Collectively, these results establish that d = 2 is the critical dimension for our long-range model,420

below which the swap phase is unstable. This underscores the significance of our main finding: the421

introduction of long-range interactions qualitatively changes the phase diagram by stabilizing the422

non-equilibrium swap phase in two dimensions.423

Figure S1: Effect of Dimensionality on Swap Phase (Long-Range, σ = 1.0)

C Supplementary Material: Convergence to Steady State424

A critical aspect of any Monte Carlo simulation is ensuring that the system has evolved for a sufficient425

duration to reach a steady state before measurements are taken. In non-equilibrium systems, this426

means the system must have settled into its characteristic stationary dynamics (e.g., a limit cycle),427

and any memory of the initial state must be lost. To determine the appropriate equilibration time for428

our simulations, we performed a dedicated convergence test.429

We ran a long simulation (10,000 Monte Carlo sweeps) for a representative point deep within the430

swap phase (N = 64, J̃eff = 2.5, K̃ = 0.8, σ = 1.0) and monitored the time evolution of both the431

synchronization parameter, R, and the swap parameter, L. The results are shown in Fig. S3.432

The top panel shows the convergence of R. The light blue line represents the instantaneous value of433

R at each sweep, which exhibits significant thermal fluctuations. The solid red line shows a moving434

average over a 500-sweep window, which smooths these fluctuations. The moving average clearly435

settles into a stable plateau after approximately 2,000 sweeps, indicating that the magnitude of the436

system’s order has converged.437

The bottom panel shows the convergence of the swap parameter, L. As L is derived from the time438

derivative of the magnetization, it is an inherently noisier quantity, which is reflected in the large439

fluctuations of the instantaneous values (light green). However, its moving average (dark green line)440

also stabilizes into a clear, non-zero plateau after a similar transient period of about 2,000-3,000441

sweeps. The stability of both moving averages confirms that the system has reached a well-defined442

non-equilibrium steady state. Based on this analysis, we chose a conservative equilibration time for443

our main simulations to ensure all reported data represent the true steady-state behavior of the model.444

D Supplementary Material: Robustness to Asymmetric Couplings445

Our analysis so far has focused on a model with purely antisymmetric inter-replica couplings446

(K̃+ = 0), which possesses a high degree of C4 symmetry. A crucial question is whether the swap447

phase is an artifact of this special symmetry or a generic feature of non-reciprocal systems. To test448

this, we break the symmetry by introducing a non-zero reciprocal coupling component, K̃+ = 0.3.449

We then map the phase diagram in the plane of the effective ferromagnetic coupling, J̃eff , and450
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Figure S2: Equilibration Test (σ = 1.0, J̃eff = 2.5, K̃ = 0.8)

the remaining non-reciprocal coupling, K̃−. The results, shown in Fig. 6, demonstrate that the451

swap phase is remarkably robust. Even with the symmetry-breaking term, we observe a clear and452

substantial region in the phase diagram where the angular momentum is non-zero (L > 0), the453

definitive signature of the swap phase. This region is embedded within the broader ordered phase454

(R > 0) and shrinks as the purely non-reciprocal coupling K̃− is reduced, eventually giving way to a455

static-ordered phase. This finding is significant, as it confirms that the swap phase is not a fine-tuned456

phenomenon but a generic feature of long-range systems with a dominant non-reciprocal interaction457

component.458

Figure S3: Phase Diagram of an Ising Model with Long-range, Asymmetric Non-reciprocal Couplings

E Supplementary Material: Crossover from Long-Range to Short-Range459

Behavior460

A central claim of our work is that the long-range nature of the ferromagnetic interaction is the critical461

ingredient that stabilizes the swap phase in two dimensions. To provide direct evidence for this, we462

systematically investigated the crossover from the long-range to the quasi-local regime by varying463

the power-law exponent σ.464

We performed a comprehensive two-dimensional parameter sweep, mapping out the swap order465

parameter L in the plane of the long-range exponent σ and the non-reciprocal coupling K̃. For this466
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study, the effective ferromagnetic coupling was held fixed at J̃eff = 2.5, a value known to support a467

robust swap phase in the long-range limit. The results are presented in the phase diagram in Fig. S4.468

The diagram provides a clear visualization of the swap phase’s dependence on the interaction range.469

• Long-Range Regime (σ ≈ 1.0): On the left side of the diagram, where interactions decay470

slowly, there is a large, contiguous region of stability (the bright "island") where the swap471

order parameter L is strong. In this regime, the swap phase is robust and exists for a wide472

range of non-reciprocal couplings K̃.473

• Intermediate Regime (1.5 < σ < 2.5): As σ increases (moving from left to right), the474

interactions become progressively more localized. The region of stability for the swap phase475

systematically shrinks and weakens. The phase becomes more fragile, requiring a stronger476

and more finely-tuned non-reciprocal drive K̃ to sustain itself against fluctuations.477

• Quasi-Local Regime (σ > 3.0): On the right side of the diagram, the region of non-478

zero L has vanished entirely. This confirms that once the interactions become sufficiently479

short-ranged, the swap phase is no longer stable in two dimensions for any value of the480

non-reciprocal coupling.481

This analysis provides compelling, direct evidence for our central conclusion. It demonstrates482

that while non-reciprocity provides the necessary drive for oscillations, the long-range nature of483

the ferromagnetic coupling is the essential stabilizing force that allows for the emergence of a484

macroscopic, coherent swap phase in two dimensions.485

Figure S4: Swap Phase Stability as a Function of Interaction Range.

F Supplementary Material: Computational Resources and Reproducibility486

To ensure the transparency and reproducibility of our findings, we provide detailed information487

regarding the computational environment, handling of randomness, code availability, and performance488

of our numerical experiments.489
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F.1 Code Availability490

All Python scripts used to generate the data, perform the analysis, and create the figures presented491

in this paper have been made publicly available in an online repository. This includes scripts for492

generating phase diagrams, analyzing temporal coherence, and performing the finite-size scaling493

analysis. The repository can be accessed at:494

[https://github.com/tq-00/Long-range-Nonreciprocal-Ising-Model.git]495

F.2 Runtime Environment496

The simulations were executed in a standard scientific Python environment. For exact reproducibility,497

the following key software versions were used:498

• Python: 3.10.x499

• NumPy: 1.23.x500

• Numba: 0.56.x501

• Matplotlib: 3.6.x502

• SciPy: 1.9.x503

F.3 Hardware and Performance504

All simulations were performed on a standard consumer-grade desktop computer equipped with a505

multi-core CPU (Intel Core i7-8700K, 6 cores, 3.70 GHz) and 32 GB of RAM. No GPUs or other506

specialized hardware accelerators were required. The use of the Fast Fourier Transform (FFT) for507

the long-range interaction and Numba for Just-In-Time (JIT) compilation were critical for achieving508

reasonable performance.509

• Phase Diagram Generation: Generating the high-resolution phase diagrams (e.g., Fig. 2,510

Fig. 6) was a computationally intensive task, typically requiring 2-4 hours to complete for511

each diagram.512

• Finite-Size Scaling (FSS): The most demanding task was generating the high-precision513

data for the FSS analysis. The complete dataset for this analysis took approximately 12514

hours of runtime on a single machine.515

• Other Simulations: Most other individual simulations, such as the temporal coherence and516

dimensionality tests, were significantly faster, typically completing in under 20 minutes517

each.518

F.4 Handling of Randomness519

The Monte Carlo simulations are inherently stochastic. To ensure statistical independence between520

runs while maintaining the ability to reproduce specific results, we used the following protocol:521

• For experiments involving averaging over multiple independent runs (e.g., cal-522

culating error bars for the temporal coherence or FSS plots), the random523

number generator for each run was seeded using a high-resolution timestamp:524

np.random.seed(int(time.time() * 1000) % (2**32)).525

• For generating the final versions of all figures in the paper, specific integer seeds were used526

and are documented in the provided code repository to allow for exact, bit-for-bit replication527

of the presented results.528
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Agents4Science AI Involvement Checklist529

This checklist is designed to allow you to explain the role of AI in your research. This is important for530

understanding broadly how researchers use AI and how this impacts the quality and characteristics531

of the research. Do not remove the checklist! Papers not including the checklist will be desk532

rejected. You will give a score for each of the categories that define the role of AI in each part of the533

scientific process. The scores are as follows:534

• [A] Human-generated: Humans generated 95% or more of the research, with AI being of535

minimal involvement.536

• [B] Mostly human, assisted by AI: The research was a collaboration between humans and537

AI models, but humans produced the majority (>50%) of the research.538

• [C] Mostly AI, assisted by human: The research task was a collaboration between humans539

and AI models, but AI produced the majority (>50%) of the research.540

• [D] AI-generated: AI performed over 95% of the research. This may involve minimal541

human involvement, such as prompting or high-level guidance during the research process,542

but the majority of the ideas and work came from the AI.543

These categories leave room for interpretation, so we ask that the authors also include a brief544

explanation elaborating on how AI was involved in the tasks for each category. Please keep your545

explanation to less than 150 words.546

IMPORTANT, please:547

• Delete this instruction block, but keep the section heading “Agents4Science AI Involve-548

ment Checklist",549

• Keep the checklist subsection headings, questions/answers, and guidelines below.550

• Do not modify the questions and only use the provided macros for your answers.551

1. Hypothesis development: Hypothesis development includes the process by which you552

came to explore this research topic and research question. This can involve the background553

research performed by either researchers or by AI. This can also involve whether the idea554

was proposed by researchers or by AI.555

Answer: [D]556

Explanation: The Humans provided some latest research papers on the Ising model and557

asked AI to come up with a project. AI did just that with a topic and all the hypotheses.558

2. Experimental design and implementation: This category includes design of experiments559

that are used to test the hypotheses, coding and implementation of computational methods,560

and the execution of these experiments.561

Answer: [C]562

Explanation: The AI designs and implements the experiments under the supervision of the563

Human. The plan and code are all generated by AI, and the Humans check the results and564

provide feedback only in prompts to help AI obtain correct and compelling results. The565

feedback ranges from different levels, but the overall involvement of human labor is less566

than 20%567

3. Analysis of data and interpretation of results: This category encompasses any process to568

organize and process data for the experiments in the paper. It also includes interpretations of569

the results of the study.570

Answer: [D]571

Explanation: Once the results are obtained, AI’s performance in this regard is excellent, and572

the humans only need to tell AI to take action to analyze.573

4. Writing: This includes any processes for compiling results, methods, etc., into the final574

paper form. This can involve not only writing of the main text but also figure-making,575

improving the layout of the manuscript, and formulation of the narrative.576

Answer: [C]577
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Explanation: AI carries out at least 95% of the text-writing and all of the figure-making.578

Humans are mainly responsible for providing high-level guidance. Humans also need to579

do some minor (for only a few words or a couple of sentences ) revisions when prompting580

is actually a layer of redundancy, or, even worse, a source of ambiguity, for such revisions.581

Some of the minor LaTeX adjustments are also made by humans to improve presentation582

quality (figure placement and layout).583

5. Observed AI Limitations: What limitations have you found when using AI as a partner or584

lead author?585

Description: AI does hallucinate and needs high-quality feedback/prompts. AI is also586

somewhat limited when it comes to compiling everything (code, results, figures) into a587

designated presentation format and style.588
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Agents4Science Paper Checklist589

The checklist is designed to encourage best practices for responsible machine learning research,590

addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove591

the checklist: Papers not including the checklist will be desk rejected. The checklist should592

follow the references and follow the (optional) supplemental material. The checklist does NOT count593

towards the page limit.594

Please read the checklist guidelines carefully for information on how to answer these questions. For595

each question in the checklist:596

• You should answer [Yes] , [No] , or [NA] .597

• [NA] means either that the question is Not Applicable for that particular paper or the598

relevant information is Not Available.599

• Please provide a short (1–2 sentence) justification right after your answer (even for NA).600

The checklist answers are an integral part of your paper submission. They are visible to the601

reviewers and area chairs. You will be asked to also include it (after eventual revisions) with the final602

version of your paper, and its final version will be published with the paper.603

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.604

While "[Yes] " is generally preferable to "[No] ", it is perfectly acceptable to answer "[No] " provided605

a proper justification is given. In general, answering "[No] " or "[NA] " is not grounds for rejection.606

While the questions are phrased in a binary way, we acknowledge that the true answer is often more607

nuanced, so please just use your best judgment and write a justification to elaborate. All supporting608

evidence can appear either in the main paper or the supplemental material, provided in appendix.609

If you answer [Yes] to a question, in the justification please point to the section(s) where related610

material for the question can be found.611

IMPORTANT, please:612

• Delete this instruction block, but keep the section heading “Agents4Science Paper613

Checklist",614

• Keep the checklist subsection headings, questions/answers and guidelines below.615

• Do not modify the questions and only use the provided macros for your answers.616

1. Claims617

Question: Do the main claims made in the abstract and introduction accurately reflect the618

paper’s contributions and scope?619

Answer: [Yes]620

Justification: This is a well-defined theoretical/computational physics question and we have621

closed answers622

Guidelines:623

• The answer NA means that the abstract and introduction do not include the claims624

made in the paper.625

• The abstract and/or introduction should clearly state the claims made, including the626

contributions made in the paper and important assumptions and limitations. A No or627

NA answer to this question will not be perceived well by the reviewers.628

• The claims made should match theoretical and experimental results, and reflect how629

much the results can be expected to generalize to other settings.630

• It is fine to include aspirational goals as motivation as long as it is clear that these goals631

are not attained by the paper.632

2. Limitations633

Question: Does the paper discuss the limitations of the work performed by the authors?634

Answer: [Yes]635

Justification: Please see the Limitations section.636
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Guidelines:637

• The answer NA means that the paper has no limitation while the answer No means that638

the paper has limitations, but those are not discussed in the paper.639

• The authors are encouraged to create a separate "Limitations" section in their paper.640

• The paper should point out any strong assumptions and how robust the results are to641

violations of these assumptions (e.g., independence assumptions, noiseless settings,642

model well-specification, asymptotic approximations only holding locally). The authors643

should reflect on how these assumptions might be violated in practice and what the644

implications would be.645

• The authors should reflect on the scope of the claims made, e.g., if the approach was646

only tested on a few datasets or with a few runs. In general, empirical results often647

depend on implicit assumptions, which should be articulated.648

• The authors should reflect on the factors that influence the performance of the approach.649

For example, a facial recognition algorithm may perform poorly when image resolution650

is low or images are taken in low lighting.651

• The authors should discuss the computational efficiency of the proposed algorithms652

and how they scale with dataset size.653

• If applicable, the authors should discuss possible limitations of their approach to654

address problems of privacy and fairness.655

• While the authors might fear that complete honesty about limitations might be used by656

reviewers as grounds for rejection, a worse outcome might be that reviewers discover657

limitations that aren’t acknowledged in the paper. Reviewers will be specifically658

instructed to not penalize honesty concerning limitations.659

3. Theory assumptions and proofs660

Question: For each theoretical result, does the paper provide the full set of assumptions and661

a complete (and correct) proof?662

Answer: [Yes]663

Justification: Please see Supplementary Material A.664

Guidelines:665

• The answer NA means that the paper does not include theoretical results.666

• All the theorems, formulas, and proofs in the paper should be numbered and cross-667

referenced.668

• All assumptions should be clearly stated or referenced in the statement of any theorems.669

• The proofs can either appear in the main paper or the supplemental material, but if670

they appear in the supplemental material, the authors are encouraged to provide a short671

proof sketch to provide intuition.672

4. Experimental result reproducibility673

Question: Does the paper fully disclose all the information needed to reproduce the main ex-674

perimental results of the paper to the extent that it affects the main claims and/or conclusions675

of the paper (regardless of whether the code and data are provided or not)?676

Answer: [Yes]677

Justification: We uploaded all the code used in the paper678

Guidelines:679

• The answer NA means that the paper does not include experiments.680

• If the paper includes experiments, a No answer to this question will not be perceived681

well by the reviewers: Making the paper reproducible is important.682

• If the contribution is a dataset and/or model, the authors should describe the steps taken683

to make their results reproducible or verifiable.684

• We recognize that reproducibility may be tricky in some cases, in which case authors685

are welcome to describe the particular way they provide for reproducibility. In the case686

of closed-source models, it may be that access to the model is limited in some way687

(e.g., to registered users), but it should be possible for other researchers to have some688

path to reproducing or verifying the results.689
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5. Open access to data and code690

Question: Does the paper provide open access to the data and code, with sufficient instruc-691

tions to faithfully reproduce the main experimental results, as described in supplemental692

material?693

Answer: [Yes]694

Justification: We uploaded all the code used in the paper. Once the blind review period is695

finished, we’ll open-source all codes, instructions, and model checkpoints.696

Guidelines:697

• The answer NA means that paper does not include experiments requiring code.698

• Please see the Agents4Science code and data submission guidelines on the conference699

website for more details.700

• While we encourage the release of code and data, we understand that this might not be701

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not702

including code, unless this is central to the contribution (e.g., for a new open-source703

benchmark).704

• The instructions should contain the exact command and environment needed to run to705

reproduce the results.706

• At submission time, to preserve anonymity, the authors should release anonymized707

versions (if applicable).708

6. Experimental setting/details709

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-710

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the711

results?712

Answer: [Yes]713

Justification: See Sec. 4 and Supplementary material B714

Guidelines:715

• The answer NA means that the paper does not include experiments.716

• The experimental setting should be presented in the core of the paper to a level of detail717

that is necessary to appreciate the results and make sense of them.718

• The full details can be provided either with the code, in appendix, or as supplemental719

material.720

7. Experiment statistical significance721

Question: Does the paper report error bars suitably and correctly defined or other appropriate722

information about the statistical significance of the experiments?723

Answer: [Yes]724

Justification: See the figures and Sec. 3 and Sec. 4725

Guidelines:726

• The answer NA means that the paper does not include experiments.727

• The authors should answer "Yes" if the results are accompanied by error bars, confi-728

dence intervals, or statistical significance tests, at least for the experiments that support729

the main claims of the paper.730

• The factors of variability that the error bars are capturing should be clearly stated731

(for example, train/test split, initialization, or overall run with given experimental732

conditions).733

8. Experiments compute resources734

Question: For each experiment, does the paper provide sufficient information on the com-735

puter resources (type of compute workers, memory, time of execution) needed to reproduce736

the experiments?737

Answer: [Yes]738

Justification: See Supplementary Material E739
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Guidelines:740

• The answer NA means that the paper does not include experiments.741

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,742

or cloud provider, including relevant memory and storage.743

• The paper should provide the amount of compute required for each of the individual744

experimental runs as well as estimate the total compute.745

9. Code of ethics746

Question: Does the research conducted in the paper conform, in every respect, with the747

Agents4Science Code of Ethics (see conference website)?748

Answer: [Yes]749

Justification: We have read the Agents4Science Code of Ethics and made sure that the paper750

conforms to it.751

Guidelines:752

• The answer NA means that the authors have not reviewed the Agents4Science Code of753

Ethics.754

• If the authors answer No, they should explain the special circumstances that require a755

deviation from the Code of Ethics.756

10. Broader impacts757

Question: Does the paper discuss both potential positive societal impacts and negative758

societal impacts of the work performed?759

Answer: [NA]760

Justification: Our work focuses on fundamental physics. There are no negative societal761

impacts.762

Guidelines:763

• The answer NA means that there is no societal impact of the work performed.764

• If the authors answer NA or No, they should explain why their work has no societal765

impact or why the paper does not address societal impact.766

• Examples of negative societal impacts include potential malicious or unintended uses767

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations,768

privacy considerations, and security considerations.769

• If there are negative societal impacts, the authors could also discuss possible mitigation770

strategies.771
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