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Abstract

In this paper we revisit the classical method of partitioning classification and prove novel
convergence rates under relaxed conditions, both for observable (non-privatised) and for
privatised data. We consider the problem of classification in a d dimensional Euclidean space.
Previous results on the partitioning classifier worked with the strong density assumption
(SDA), which is restrictive, as we demonstrate through simple examples. Here, we study
the problem under much milder assumptions. We presuppose that the distribution of the
inputs is a mixture of an absolutely continuous and a discrete distribution, such that the
absolutely continuous component is concentrated on a d, dimensional subspace. In addition
to the standard Lipschitz and margin conditions, a novel characteristic of the absolutely
continuous component is introduced, by which the convergence rate of the classification error
probability is computed, both for the binary and for the multi-class cases. This bound can
reach the minimax optimal convergence rate achievable using SDA, but under much milder
distributional assumptions. Interestingly, this convergence rate depends only on the intrinsic
dimension of the continuous inputs, d,, and not on d. Under privacy constraints, the data
cannot be directly observed, and the constructed classifiers are functions of the randomised
outcome of a suitable local differential privacy mechanism. In this paper we add Laplace
distributed noises to the discretisations of all possible locations of the feature vector and
to its label. Again, tight upper bounds on the convergence rate of the classification error

probability can be derived, without using SDA, such that this rate depends on 2d,,.

1 Introduction

Classification is one of the fundamental problems of machine learning (ML) and mathematical statistics
(Devroye et al.l 1996} Vapnik, [1998]). It has countless applications from health care, agriculture and industry
to security, commerce and finance. A significant portion of these applications include sensitive data, for
example, about the health or financial circumstances of the clients involved, which should be anonymised
before it can be processed. Nevertheless, anonymisation is more involved than just removing the names
and the addresses of the clients, as the data can contain several other types of sensitive information. The
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concept of differential privacy (Dwork et al. |2006)) provides a rigorous framework to measure the amount of
information privacy. Local privacy dates back to (Warner| [1965)), and local differential privacy (LDP) was
formally defined by |Duchi et al.| (2013)). On the one hand, LDP helps to get rid of a trusted third party;
on the other hand, it generates a framework for managing nonparametric regression and classification, cf.
(Berrett & Butucea, 2019) and (Berrett et al., [2021). The LDP mechanism allows processing the data even
in cases when the original, raw data should only be seen by its legitimate data holder.

In this paper, we focus on partitioning rules which represent archetypical classification methods, see (Kohler &
Krzyzak, [2007). They are key components of several machine learning techniques, such as decision trees, ran-
dom forests, piecewise estimators and hierarchical models. Their ability to tackle scalability, interpretability,
and explainability challenges makes them well-suited for integration into ML frameworks such as federated
learning (Argente-Garrido et all [2025) and ensemble-based methods (Chen & Guestrin| [2016|). They are
especially useful in low-dimensional settings and provide benchmark models for complex data structures.
Additional applications include hyperparameter tuning and data cleaning. Local averaging estimates are
also commonly used to prove theoretical results in nonparametric settings, e.g., rate of convergence and
minimax theorems. Our aim is to analyse the convergence rate of classification error probability associated
with partitioning rules under mild statistical assumptions. We investigate both binary and multi-class clas-
sification, covering observable and privatised (anonymised) data. In the latter case, we apply Laplace type
randomisation which ensures LDP constraints, cf. (Berrett & Butuceal 2019)).

Partitioning classification is often studied under Lipschitz and margin types conditions, but the existing
optimal error bounds (for the classical, non-privatised case) suppose a further condition, called the strong
density assumption (SDA). This assumption, stated in Equation |5, ensures that the probability measure of
each cell of the partition is bounded away from zero. For observable (non-privatised) data, Kohler & Krzyzak
(2007) studied the convergence rate of plug-in partitioning classification with and without SDA. Their rate
with SDA was proven to be mininaz optimal by |Audibert & Tsybakov| (2007). Furthermore, for the privatised
case, [Berrett et al.| (2021) conjectured that in the absence of such an assumption, the convergence rate could
be arbitrarily slow. One of our main contributions is to show that this conjecture is incorrect by establishing
fast convergence rates for privatised partitioning rules without applying the SDA.

We argue that the SDA is fairly restrictive, as demonstrated through Examples and [3] for which the
SDA is not satisfied. In general, the Lipschitz and the margin parameters do not determine the convergence
rate of the error probability. While the approximation error (bias) depends only on the Lipschitz and margin
parameters, the estimation error is very sensitive to the behaviour of the distribution of the feature vector
around the decision boundary. These motivate the introduction of an additional parameter characterising
the relation between the margin and the low density areas. Specifically, we assume that the distribution
of input X is a mixture of an absolutely continuous and a discrete distribution, such that the absolutely
continuous component is supported on a d,-dimensional subspace. This assumption is natural in many
applications, as real-world data often combine continuous variables with categorical data (e.g., in healthcare,
continuous physiological measurements together with discrete diagnostic codes or demographic data; in
finance, asset returns combined with categorical credit ratings). For the absolutely continuous component,
we introduce an additional mild condition, called the combined margin and density assumption. The proposed
convergence rate for the estimation error incorporates the combined margin and density parameter, which
is an appropriate characterisation of the intersection of the low density region and the decision boundary.

Our convergence rate for the binary case, proved without the SDA, greatly improves the SDA independent rate
of Kohler & Krzyzak| (2007), see Equation@ as it is demonstrated on our specific examples with appropriately
chosen parameters. Our result ensures the same optimal rate for Example [1] as the SDA dependent rate of
Kohler and Krzyzak, cf. Equation[7] This demonstrates that the optimal rate can be achieved even without
the SDA. Moreover, for Example [2 our bound matches the convergence rate one gets by direct calculation
of the rate, showing that the bound is tight. Finally, for Example [3] though the deduced SDA independent
convergence rate is worse than the SDA dependent rate of Equation [7} but it still improves the previously
known SDA independent rate, that is Equation [} Furthermore, interestingly, this convergence rate only
depends on the intrinsic dimension of the absolutely continuous part, d,, and not on the dimension of the
whole X. We also derive upper bounds for the convergence rate for the case of privatised data with LDP
guarantees, which rate depends on 2d,, instead of d,, that was the case for the nonprivate bound. Both of
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these bounds are extended to multi-class classification. Our bounds for privatised partitioning classification
refute the conjecture that without the SDA the convergence rate could be arbitrarily slow.

The structure of the paper is as follows. First, in Section 2] we revisit and improve the error probability
bounds of partitioning classifiers for observable data, both for binary and multi-class setups. Then, in Section
[Bl we follow an analogous program for privatised partitioning classifiers. The results are summarised and
discussed in Section 4] The detailed proofs are presented in the Appendix.

2 Partitioning classification from observable data

In this section, we study the problem of classification from observable (non-privatised) data. First, we give
an overview of the core problem, recall the partitioning classification rule, and state our main assumptions
under which we quantify the convergence rate both for binary and for multi-class classification.

The standard setup of binary classification is as follows: let the random feature vector X take values in R?,
and let its label Y be £1 valued. We denote by u the distribution of X, that is, u(A) = P(X € A) for all
measurable sets A C R?. The task of classification is to decide on Y given X i.e., one aims to find a decision
function D defined on the range of X such that D(X) = Y with large probability. If D is an arbitrary
(measurable) decision function, then its error probability is denoted by

L(D)=P{D(X) #Y}.
Let us denote the regression function by
m(z) = E[Y[X = z],
which is well-defined for p-almost all 2 € R%. It is well-known that the Bayes decision function defined by
D*(2) = sign(m(x)),
where sign(x) = I;;>0} — [{z<0) with indicator function I, minimizes the error probability. Then,
L*=P{D*"(X)#£Y} = m[i)n L(D)

denotes the minimal error probability (i.e., the probability of misclassification).

Let Py, = {An,1, An,2,...} be a cubic partition of R? with cubic cells Ap, j of volume h? such that (0, h|? € Py.
Data D,, is assumed to contain independent identically distributed (i.i.d.) copies of the random vector (X,Y),

D, ={(X1,Y1),...,(Xn, Y} (1)

Let
1 n
vn(Ang) = - Vilixea, )
=1

The well-known partitioning classification rule is
D, (z) =sign(vp(An,j)), if =€ Ay ;. (2)

The main goal of this paper is to prove novel convergence rates for the expected excess risk, E{L(D,,)} — L*.
Furthermore, we extend these results to the multi-class setting and provide generalizations for both binary
and multi-class privatised versions of D,,.

A nontrivial rate of convergence of any classification rule can be derived under some smoothness condition.
The Lipschitz condition on m means that there is a constant C' such that for all z, z € R?, we have

im(z) —m(z)| < Cllz -z, 3)
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Concerning the rate of convergence of any classification rule, [Mammen & Tsybakov| (1999) and [Tsybakov
(2004)) discovered and investigated the phenomenon that there is a dependence on the behaviour of m in the
neighbourhood of the decision boundary

B* = {x : m(x) = 0}.

The margin condition means that for all 0 < ¢ < 1, we have

G (1) = / Lo<im(a)<typldr) < ™ - 17, (4)

for some constants ¢* > 0 and v > 0. The margin condition holds trivially for v = 0. If 7y is greater, then the
condition is more restrictive. Our convergence rates will be proportianal to v, thus, the proven convergence
will be faster for larger values of ~.

The strong density assumption (SDA) holds, when for all j(Ap ;) > 0, we have
p(Ang) = eh?,  j=1,..., (5)

for some constant ¢ > 0. The SDA is a restrictive condition, because, for example, it excludes continuous
densities reaching zero, see the examples below. We establish novel bounds for these cases, as well.

If X is bounded, and the margin and the Lipschitz conditions on m are satisfied, then |Kohler & Krzyzak
(2007) showed for partitioning classification with suitably chosen (h,,) that

E{L(Dy)} —L* =0 (n_iylrmd) . (6)
If, in addition, the SDA is met, then the order of the rate of convergence is
n" T (7)

Under the SDA, |Audibert & Tsybakov]| (2007) proved the minimax optimality of this rate, i.e., they showed
that this rate is also a lower bound for any classification rule over the class of distributions satisfying the
aforementioned conditions. However, the Lipschitz and margin conditions do not determine the true rate of
convergence of the error probability.

Let us consider three examples. It is easy to see that none of these examples satisfy the SDA condition, as
the densities are not bounded away from zero.

Example 1. Let the range of X be the interval [—1,1] and
m(x) =z, |z|<1.
Furthermore, assume that p has the density
fla) =cs(1—|z°), |z <1,

with § > 0 and cs being a normalising constant.

Example 2. Let m be as in Example[l Assume that p has the density
fla)=cslal’, 0 <l|a[ <1,

with § > 0 and normalising constant c;.
Example 3. Let the range of X be the interval [—1,1] and

m(z) = sign (z) - 22, |z| < 1.
Assume that p has the density

fl@)=|z|, |z|<1.
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In Example |1f the margin condition holds with v = 1. In the literature only the suboptimal rate @ has
been proven, which is n=2/%. By an easy calculation, for the choice h, = n~'/3, we obtain that the true
rate is n~2/3, which corresponds to the optimal rate . This means that there is space for improvement.
In this example the boundary of the regression function is separated from the boundary of the density. In
Examples 2] and [3] the margin condition holds with v = § + 1 and v = 1, respectively, however, in both cases
the density vanishes at the decision boundary of m, making it hard to control the risk of a plug-in classifier.
In order to address this problem, we introduce a new condition that combines the density and regression
functions. This condition characterizes the relation between the margin and the low density areas with an
additional parameter. Interestingly, if —1 < § < 0 for the density in Example [2] then SDA holds and the
minimax optimal rate of |Audibert & Tsybakov| (2007) is achieved by the partitioning rule.

Let us assume that the distribution of the inputs, u, can be decomposed as

W= g + s, (8)

where u, is an absolutely continuous distribution on its support S,, which is contained in a (possibly un-
known) d, dimensional Euclidean space. We denote the density of p, with respect to the d, dimensional
Lebesgue measure A\g, by f. Furthermore, assume that p, is a discrete distribution with support S of finite
size. For this setup, our motivation was the example when X has d, absolutely continuous coordinates and
ds discrete features. One of the main goals of this paper is to allow continuous densities with our novel
combined condition, which do not necessarily admit the SDA.

Under the Lipschitz and margin conditions, tight bounds can be derived for the approximation error com-
ponent of the error probability. We introduce a novel condition on the relationship between the margin area
and the low-density region. This will be a useful tool for the refined convergence rate analysis. Let

_ :ua(Ah,j) _ fAh,j f(z))\d“(dz)
A, (Ang) A (Any)

One can observe that function f;, is the expectation of the histogram density estimate. Additionally, if p is
absolutely continuous w.r.t. the Lebesgue measure Ay, then under the SDA for p-almost all z we have

fn(z)

ifx € Ah,j. (9)

:u(Ah j)
)= —"7""52>c 10
fn(@) () (10)
Our new combined margin and density condition, introduced below, characterizes the measure of those regions
which are either close to the decision boundary or for which the density of X is small. Assume that there
exists hj > 0 such that for any h € (0, h}) and for all ¢ > 0, we have

Gn(t) = /Sa H{0<mlm(z)l<t}f% Ad(dx) < cqp -t (11)

with constants ¢; > 0 and 0 < v = 71(v/f). Similarly to the margin condition , the combined margin
and density condition becomes more restrictive if 7 increases. One of our main results is that the
convergence rate is controlled by the minimum of v and ;. In general the margin condition with v is not
stronger than the combined margin and density condition with the same v and vice versa. However, if X is
an absolutely continuous random vector in R?, then it is easy to see that the SDA and the margin condition
with v > 0 implies the combined margin and density condition for 7; < =. Hence, in this case our novel
combined condition and the margin condition together are weaker than the SDA and the margin condition.
The following lemma considers the case when SDA is assumed only in the neighbourhood of the decision
boundary, i.e., when we have f(x) > fc min > 0 around the decision boundary. This together with the
margin condition with v > 0 is sufficient to prove that the combined margin and density condition holds for
every 1 < min(v,1). The proof of Lemma is included in Appendix

Lemma 2.1. For 0 <e<1 and 0 < hg, set
Bf ={x:|m(z)| <€},

and femin = infoepr 0<chany fn(). If there is an € € (0,1) such that femin > 0 and the margin condition
holds with v, then the combined margin and density condition holds for every v; < min(y,1).
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The generalised Lebesgue density theorem yields that for A4 -almost all x,

lim fr(x) = f(z), (12)

h10

cf. Theorem 7.2 in (Wheeden & Zygmund, [1977)). Because of Equation we conjecture that if

-
/sa o< F@mey<n VI (@)Aa, (da) < &- 17

with a ¢ > 0 and v; > 0, then the combined margin and density condition holds.

The following theorem establishes new upper bounds on the convergence rate of the error probability without
requiring the SDA condition. Interestingly, only dimension d, matters, hence if the absolutely continuous
component is concentrated within a low dimensional subspace, then the convergence is fast. The proof of
Theorem is presented in Appendix

Theorem 2.2. Assume that X is bounded, m satisfies the Lipschitz condition, Equation[3, and the margin
condition, Equation[f] with v > 0. In addition, the combined margin and density condition of Equation
holds with v1 > 0. Let (hy,) be a monotonic decreasing sequence with zero limit. Then, we have

E{L(D,)} — L* =0 (h*") + O ((nh‘j;)*<1+min{1:w}>/2) . (13)

The main steps of the proof are as follows. First, we decompose the expected excess risk of the plug-in
classifier, defined by , into an approximation error and an estimation error. The Lipschitz continuity of
m, combined with the margin condition, yields a polynomial bound of order h'* for the approximation error.
For the estimation error, we use a central limit theorem (CLT) based approximation of the cell averages,
which provides a Gaussian-type exponential tail bound. Then, we rewrite the resulting integrals via the
Lebesgue-Stieltjes representation, thereby reducing the spatial integral to a single dimension. Finally, the
margin condition and the combined margin and density condition yield a polynomial rate in nh?.

For known d, and for the choice
1

hy =n~ T (14)

one has that

_ 14min{l,v,v1} )

E{L(Dn)} - L' = O(n~ 5% (15)

If d,, is not known, then choosing h,, = n~ T yields a slightly worse bound, where the first term is O(n_;%).

Note that if v < min(1,~;), then our bound achieves the minimaz optimal rate of |Audibert & Tsybakov
(2007) under milder assumptions than the SDA. The bounded support condition ensures that the partition
contains only O(h~%) cells with positive probability. This is essential for bounding the estimation error; see
and . Extensions to unbounded supports would require control of the tail behaviour of p,.

In Example[T] for all § > 0, the margin condition and the combined margin and density condition hold such
that v = 1 and for all 71 <~ because of Lemma Thus, results in the rate n=2/3, which is the same
as the optimal rate in . For Example 2, one can use v = § + 1 and v, = 1, therefore the bound on the
rate in (15) is equal to n=2/3 for § > 0. For —1 < § < 0, when the SDA holds, our rate is n~(2+%)/3 which
is the same as the one proved by |Audibert & Tsybakov| (2007)). In Example |3} one has v =1 and 73 = 3/5
and so v > ;. Thus, the rate in Theorem is n =8/ which is faster than the poor rate in Equation
but it is worse than the rate in Equation [7] with v = 1.

The combined margin and density condition always holds with v; = 0. Then, using 7 by we have

E{L(D,)} - L* = O(n~ =% ).

In the first term, called the approximation error bound, follows from the Lipschitz condition and from
the margin condition, while the second term, called the estimation error bound, has been derived from the
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margin condition and from the combined margin and density condition. Note that the upper bound on the
estimation error is managed by the CLT approximation with an error term of order O(1/(nhd+)). Therefore,
due to the CLT approximation, super-fast rates are not achieved when min(~y,~;) > 1.

Next, we consider the multi-class classification problem in which case Y takes values in {1,..., M}. Let
Py(x) =P{Y =k | X =z}
denote the a posteriori probabilities for k = 1,..., M. Then, the Bayes decision has the form

D*(x) = argmax Py (x).
k

Let P, be an estimate of P, based on D,,. Then, the plug-in classification rule D,, derived from P, j, is

D, (z) = argmax P, ().
k

Recently, [ Xue & Kpotufe| (2018]) and [Puchkin & Spokoiny| (2020)) generalised the margin condition to the
multi-class setting: let P1y(z) > --- > Py (x) be the ordered values of Py(x),..., Py(x). For multiple
classes, the margin condition means that there are some v > 0 and ¢* > 0 such that

G*(t) = /H{0<P(1)(x)fP(2)(z)gt}ﬂ(dx) <c't? Vt>D0. (16)

Using this concept of margin condition, |Gyorfi & Weiss| (2021)) computed the rate of convergence of a nearest
neighbour based prototype classifier, when the feature space is a separable metric space.

For multiple classes, the combined margin and density condition means that there is a hi > 0 such that for
any h € (0,h7) and for all 0 < ¢, we have

1
—— L4
Gn(t) = /S Lo/ Py (@) Pray ) <) fh(x)'u o(dw) < 01 -t (a7)

with constants 0 < ¢; and 0 < ;.

The multi-class partitioning rule is defined by

1 n
Vn e (An,j) = n Z Livi=k.xi€a,}5

i=1
and the corresponding plug-in rule as

D, (z) = argmax v, (A, ;) forze Ap;.
k

Our main result for the multi-class problem is as follows. Its proof is presented in Appendix

Theorem 2.3. Assume that X is bounded. Additionally, assume that P, ..., Py satisfy the Lipschitz
condition, Equation[3, the margin condition, Equation [16 with v > 0 and the combined margin and density
condition, Equation with v1 > 0. Let (hy,) be a monotonically decreasing sequence with zero limit. Then,

E{L(D,)} — L* = O (M*h}") + O (MQ(nh;ia)—(1+mi“{1mvl}>/2) .

Similarly as above for h,, = n~1/(*+de) we have the rate of . This is the first convergence rate result for
multi-class plug-in classifiers without the SDA using only margin-type conditions. The key step of proving
Theorem beside the CLT approximation, is the application of Lemma which is an extension of
(Gyorfi & Weiss,, 2021}, Lemma 8). The bound grows quadratically with the number of classes.
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3 Partitioning classification under local differential privacy

One of the main purposes of this paper is to bound the error probability of partitioning classifiers in the
case, when the raw data D,, is not directly accessible, but only a suitably anonymised surrogate. More
precisely, the anonymised data must satisfy a local differential privacy (LDP) condition (Berrett & Butucea,
2019; \Duchi et al. 2013]). Our work is motivated by (Berrett & Butuceal 2019)), where the first step in this
direction was done. We note that the same privatisation mechanism was studied for regression and density
estimation in (Gyorfi & Kroll, 2025) and (Gyorfi & Kroll, [2023), respectively.

Let us now state the privacy mechanism that we consider in this work for the anonymisation of the raw data
D,,. Our approach follows the technique of Laplace perturbation already considered in (Berrett & Butucea,
2019). In this privacy setup, the data holder of X; generates and transmits the data

Zij=Yilix.ea,,;y tozej Jj=1,... (18)

to the statistician, where the noise level is oz > 0, and {¢;;} (i = 1,...,n, j = 1,...) are independent
centred Laplace random variables with unit variance. This means that individual ¢ generates noisy data
for every cell Ay ;. We can observe that this privacy mechanism is locally differential, because each set of
{Z;;},j =1,..., can be computed separately, i.e., no other Z; ; with k # i is used in the privatisation.
The Laplace mechanism is particularly well-suited in this context, as its exponential (¢1-based) form directly
aligns with the likelihood ratio constraint, yielding exact privacy guarantees that are easy to calibrate.

Now, we briefly recall the definition of LDP. Non-interactive privacy mechanisms can be described by the
conditional distributions @); of the privatised data Z;, for i = 1,...,n, where each Z; takes its values from a
measurable space (£, %). Specifically, given a realisation of the raw data (X;,Y;) = (x;,y:), one generates
Z; according to the probability measure defined by Q;(4 | (X;,Y;) = (zi,yi)), for any A € Z. Such a
non-interactive mechanism is local since any data holder can independently generate privatised data (e.g.,
without a trusted third party). For a privacy parameter « € [0, 00|, a non-interactive privacy mechanism is
said to be an a-locally differentially private mechanism if the condition

Qi(A| (X, Vi) = (2,9))
Qi(A] (X;,Y;) = (a,y)) < exp(a)

holds for all A € 2 and all realisations (z,y), (2’,y’) of the raw data. The noise level o in (I8) has to be
chosen of the form 2v/2/a, to make the overall mechanism satisfy a-LDP (Berrett & Butuceal, 2019).

For privatised data, Berrett & Butucea| (2019)) introduced the privatised partitioning estimator

n
Z Qs ifxEAh,j,

3\'—‘

Vn Ah]

and the corresponding plug-in classifier

D, (x) =sign vy (Ay,;), ifxe Ay,

If h = h, — 0and a = a,, — 0 such that na2h2? — oo, then [Berrett & Butucea| (2019) proved the universal
consistency of the partitioning classifier and calculated the minimax rate

(na)” =

in the class, when the margin condition and the Lipschitz condition together with SDA hold.

For a fixed partition, computing the empirical cell averages for the nonprivate partitioning estimate requires
O(n) operations. For bounded inputs, storage and prediction scale with the number of occupied cells, which
is O(h~%). In the private version, additional computation is required to generate and aggregate noise at
the cell level. Hence, the effective workload scales with the number of cells, that is, O(nh=9a).
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Again, instead of the SDA we rely on novel margin-type condition. Let us introduce the modified combined
margin and density condition for privatisation. We say that m satisfies the modified combined margin and
density condition if there exists h% such that for all h € (0, h%) we have for all ¢ > 0:

. 1
Gu(t) = / H{o<fh<w>\m<m)|9}m#a(dﬁﬂ) <ept™ (19)

with co > 0 and 72 > 0. We note that f, is used here, instead of v/ f, because an extra term of 2 appears for
privatisation, similarly as in the bound of |Berrett & Butuceal (2019). It is easy to prove that the modified
combined margin and density condition is less restrictive than the SDA and the margin condition together.

In Example [I] the modified condition holds for every 72 < 1. For Example 2] the modified margin and density
condition is satisfied with 5 = 1/(d + 1), while for Example holds with v = 1/(6 + 2). In general
it cannot be proved that the modified combined margin and density condition is more restrictive than the
combined margin and density condition. However, if the SDA holds, then we can prove the lemma that
follows, see Appendix [A-4}

Lemma 3.1. For 0 < hg let fomin = infyes, o<h<ho fu(2). If frmin > 0 and the combined margin and density
condition holds with ~yy, then the modified combined margin and density condition holds for every ~vo < 1.

Interestingly, the margin condition and the modified combined margin and density condition together is
more restrictive than the original combined margin and density condition. The proof of Lemma [3.2] can be

found in Appendix

Lemma 3.2. If the margin condition holds with v > 0 and the modified combined margin and density
condition holds with o > 0, then the combined margin and density condition holds for every 1 < min(vya, ).

The next theorem is the extension of Theorem to locally differentially private partitioning classifiers. It
is proved in Appendix

Theorem 3.3. Assume that X is bounded, m satisfies the Lipschitz condition, Equation [3, the margin
condition, Equation[f] with v > 0, the combined margin and density condition, Equation[I1] with v, > 0, and
the modified combined margin and density condition, Equatz’on with v > 0. Let (hy,) be a monotonically
decreasing sequence with zero limit. Then,

N 1\ (min{lyy1)})/2 o2 O\ (Hmin{y.72})/2 oy
E{L(Dn)} — L* = O (h+7) + 0 ( ) L0 ( z ) +0< )

nhfﬂ nh%d“ nhfﬂ

The expected excess risk consists of the usual approximation and estimation error terms from the nonprivate
case, plus additional privatisation terms, see Equation [39in the proof, that reflect the probability that the
privatisation noise flips the sign of the decision function. In the proof, for this privatisation term, using the
Berry-Esseen theorem, we obtain a Gaussian tail bound, with a remainder of order O(oz/(nh%)). The tail
is then controlled, as in the non-private case, by the margin and the modified combined margin and density
assumptions, yielding the third error term of the theorem.

Compared to the previous result, the rate of convergence exhibits two key differences. The estimation error
grows with h~2%  instead of h~% which was the case for . Besides, the rate of convergence depends on
~2, which is the modified combined margin and density condition parameter.

If for all n € N*:

min(1,7,v1) —min(y,v2)
hn < mda(2min(y,72)+1-min(1,7,71)) ,

then the second and fourth terms are dominated by the third term, hence for
h = (03 /n) 77572,
one has

BED) = 1 = O (o /m) “H5E)
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This means that for v < v, and d = d, we get the same minimax optimal rate as Berrett & Butucea| (2019)).
In the privatised case of non-binary classification, we use the privatised dataset {Z; ; i}, where

Zijk =Lvi=il{x,ea, ;3 T 0265k, J=1,...
Set

Vn k Ah,] § Z,_],ka

and

D, (z) = argmax v, (Ap,;) for z € Ay ;.
k

Let us introduce the multi-class modified combined margin and density condition for privatisation. We say
that P, ..., Py satisfy the modified combined margin and density condition if there exists h3 such that for
all h € (0,h3) we have for all ¢ > 0:

~ 1
Gn(t) = /H{o<fh @)(Piy (2P (<)< oy )Ma(dﬂf) <cpt™ (20)
with c¢o > 0 and 5 > 0.

In our final theorem, which is proved in Appendix [A77] we present the multi-class version of Theorem [3.3]
Theorem 3.4. Assume that X is bounded, Py, ..., Py satisfy the Lipschitz condition, Equation[3, the multi-
class margin condition, Equation [16 with v > 0, the multi-class combined margin and density condition,
Equation with v1 > 0 and the modified combined margin condition, Equation with vo > 0. Let (hy,) be
a monotonically decreasing sequence with zero limit. Then, we have

min{l,, 1)/2
E{L(Dn)} = L7 = O(M*h;*) + 0 M2< L >( {Lrm)}+1)/
nhy®

2 (I+min{vy,72})/2 M2
+O<M2( ";d> >+0< jZ).
nhp'® nhp®

The effect of privatisation for multi-class classification is similar to the binary case. The right hand side
grows quadratically with the number of classes. The variance of the privatisation only effects the third and
fourth term. Typically the third term dominates the estimation error because of the extra 2 factor w.r.t.
the bandwidth. Based on the theorem h,, = (0% /n)'/(?*4a) is an adequate choice to achieve similar rates as
Berrett & Butucea| (2019) if the margin parameter is dominant.

4 Discussion

In this paper we investigated both the binary and the multi-class versions of partitioning classification.
Studying these methods can help better understanding a wide range of local averaging estimators, and it
is directly relevant for various statistical and machine learning methods, including federated learning and
ensemble-based approaches. One of our main contributions was that we weakened the strong density assump-
tion, used in previous works, and proved novel convergence rates under the margin condition and a newly
introduced combined margin and density condition. It was shown that the minimax optimal convergence
rate, previously proved using SDA, can be achieved under much milder assumptions, refuting the conjecture
that without SDA the convergence rate of the classification error probability can be arbitrarily slow.

We extended our results to the (locally differentially) private partitioning algorithm, which has no direct
access to the data, only to its Laplace noise-perturbed version. We proved novel convergence rates under the
margin condition, combined margin and density condition and the modified combined margin and density
condition. As expected, the convergence rates of the nonprivate algorithms are faster than the corresponding
privatised ones. Our theorems quantify the effect of privatisation by incorporating an extra rate of 2 for the
bandwidth of the partitions and calibrating the dependence of the rate to the density of the inputs.

10
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A Proofs

A.1 Proof of Lemma [2.1]

Proof. One has that

1
Gh(t):/ H{O<m‘m(z)‘§t}\/?ﬂa(dx)
(dz) I ! d
B LocyF@im@i<n \ﬁ““ 7) . {o<\/m|m(m>|§t}mﬂa( z)
1
/B* {0</Feminlm(@)1 <6} /5 mm”a /SH\B: H{O<me§t}mﬂa(dz)

By the definition of the margin condition,

/B* {0<y/Feminlm(z)|<t} \/m’“‘“ (dz) / Loctma) <t/ /TP 82)/ v/ Fesmin
=G" (t/\/fe,min> /\/fe,min <c* (t/\/fe,min)’y /\/femzn

For the notation

H(s) = pa({z : 0 < fr(2) < 5}),

one gets that
$) = pa({z:0< falx) <s,2 € Ap;})
J

= pal{z:0 < pa(An;) /0% < s,x € Ap,;})
J

= > {0 pua(An,)/nta <spla(An,j) (21)
J

= Z H{0<Ma(Ah‘j)}hda "8
J

< const - s.
Therefore,
/ Lo Vn(@)e<t “a (dz) / {0<\/Fr(@)<t/e} “a (dz)
Su\ B {0</ fu( )6 } /f h(z € /
/(t/ﬁ)2 1 (ds) /
= —H (ds) < const - t/e,
0 Vs
and the lemma is proved. 0
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A.2 Proof of Theorem [2.2

Proof. Tt is known that

L(D) - L* = / I () (a3 (@) (), (22)

cf. Theorem 2.2 in (Devroye et al.l [1996). For notational simplicity let h = h,,. For « € Ay, j, we set

Because of , we have that

/H{s1gn (mn (z))#£8igN (7rL(L))}|m( z)|p(dx)

< Ip+ Jy,

IN
\

where

I, = /]I{‘]E{mn(z)}fm(m)‘Z‘m(m’)‘/Q}|m(‘r)|u(dm)

and

Tn = /H{|mﬂ,(x>—z@{mn<z>}\z|m<x>|/2}\m(x)\ﬂ(dx)~

As the approximation error I,
I, = Z/A ]I{\V(Ah,,j)fu(Ah,j)m(x)\zy(Ah,j)\m(x)\/z}|m($)|M(d$)7
g AR

where v(Ap, ;) = E[YI{xca, ,3]- The Lipschitz condition implies that

[V(An,j) — u(An,j)m(z)| <

[ ) = s miz)
<[ me) - mi) (e

< CVdhu(Ap).

This together with the margin condition yields that
LY [ Tz mm@lelde) < ¢ 20V (23)
j h.j

and thus the bound on the approximation error in .

Concerning the estimation error .J,,, we have that

E{J}= ) /P{Imn —E{mn(2)} = |m(z)|/2}m(z)|p(dx)

A€Py,

=Y /P{Ivn ) = v(A)] = p(A)|m(z)|/2}m(z)|p(dz).

A€ePy

13
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Because of the CLT we have that

> [ B(In4) = oA = p( (el 2) () o)

AePy

m(a))/2
~2y [o ( w(m{XeA}J"”(“’)'“(d”v (21)

AePy

(At the end of this subsection we show that the error term for this CLT approximation is of order
O(1/(nhd=)).) Because of
Var(Ylixeay) < Ell{xeay] = n(4)

and up to the error term just mentioned, this implies
B} <2 Y [ @ (—vivul@im)/2) Im(e)n(d). (25)
AePy,

Next, we use the inequality

11
O(—t) <et/2———,
(—t) < =1

(t >0, cf. p. 179 in (Feller} |1957))). This together with implies

E{J}<22/exp I (a <>) L

i@, () |/l A)/2"
= 3 [ e (<uam@?) =)
AEP 8" pn(A)

From decomposition one gets that

E{J, I Shia} [ €X ()2 u(A dx
[} < —= A; ey [ exp (—gme)n ) wda) s

4 n 1
b 3 Tzacnsor [ exp (~Fm(@Pu(4)) ualdo)
Vi G, (5 ) (A)

4
7 Y Lntasp.ays0y Vs (A).

A€EPy

The discrete part can be handled as follows. Set Sy is finite, therefore

Y Lptezpyaysor < D Lnte s, (apy>0p = 0 (26)
A€ePy, €S,

for h small enough. (We note that the CLT approximation is not needed for the discrete part.)
Additionally, one has that

A;h Tunyoneey [ e (<gm(Pu(4)) da) —

nhda 1
Z ]I{;L(A)>hda /exp <_ S (ir)Q) M(dx)\/hTa

AEP
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For a = nhd /8, partial integration together with the margin condition implies

\/jhida/exp (—nh%m(z)?/8) u(dx \/W/ =ast G*(ds)
= ﬁ?a 000 sefaszG*( Yds < \/726 a 0067&9 s1ds
= \/:hida%*a_'y/z /OOO eyl dy = 0 (W) , (27)
where recall that G*(s) = [ Ijo<|m(x)|<t}i4(dz). (Note that the CLT approximation with an error term

O(1/(nhde)) is JUStlﬁed by (31) below.)

For a = nh? /8, the combined margin and density assumption implies that for all 0 < h < h} we have

n 1
Vi AZP H{hd”““"”}/ o (gl ) malde)
1
o a A a dl‘ _—
AZ;/ P )u())u()ua(A)
= = ex —-n dam T 2 T ; .,
_ \f/ p (—nh®m(z)? fr(z)/8) hdafh(x)ua(d )

4 o 2
e (ds 2a/ se”* G (s)ds
\/nhd / n{ds) = nhda 0 (s)

4 0 o0 2
< 2c1a o8 g1+ g — 2cla_71/2/ eV ultduy
nhda 0 nhda 0
1
R0 ] [ — 28
((nh%a)(’71+1)/2> ) ( )
(We note that the CLT approximation with an error term O(1/(nhd=)) is justified by (30) below.) ,
and together with and below yield the bound on the estimation error in (13)). O

The CLT approzimation error.

For the CLT approximation in Equation we need an upper bound. Put Z; 4 = Yil{x,cay. We use the
Berry-Esséen theorem and the normal approximation to upper bound this probability. Recall that because
of the nonuniform Berry-Esséen theorem there exists a universal constant 0.4097 < ¢ < 0.4785 such that for
all a € R we have

c
< oA

~ (A aP)odvn’

where 04 = E[|Z; 4 — EZ; 4|?] and 0% = Var(Z; a), see (Esséen, |1956) and (Tyurin, [2010). Thus,

(aAnZZ““ EZZA<a)—<I>(a)

CoA
Z EZZ <a)<® S E—
(mnz A B <) S0+

It implies that

:p<\/%(A>_ﬁu<A>z” (4)ma >|/2)
OA A

oA
e (_ ﬁum)m(x)/z) . cos |
- oA (1+|\/ﬁu(»4)\z(w)\/2|3)gi\/ﬁ
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Therefore, the error term in the approximation Equation [24]is equal to

COA
A;}/ 1+|fu(A>|m D172 3) 3 Aﬁ| (z)|p(dz)

coa  /nu(A)|m(z)|/(204) L
2 /A 7 5 W ()] 2 ) )
<4max 3 Z ;i‘;

A simple consideration yields

04 =8E

Zia —BZ: 4I\?
(| as ,ANSSE

Therefore, by the boundedness of X,

Zia —BZ; 4|\?
(| 4 ,A”_ZGE‘_

A<O< )A;hl— (nhd>

If A is replaced by A’ via replacing p(dz) by pe(dx), then

A'=0 Cl) 3 ﬁ“a@“) <0 (i) S 1(pa(4) > 0) = 0 (nlijl) .

A€Py AEPh

If A is modified by A” via inserting the factor Iy, a)snta} < p(A)/h% into the summands, then

w1-o(3) 5 fbrn-o(s)

AePy
A.3 Proof of Theorem 2.3
Let
Vni(An,j) .
P, p(r) = —F——=, ifzeA,,.
() (A, j) I

The main ingredient of the proofs is the slight extension of (Gyorfi & Weiss), 2021, Lemma 8):

Lemma A.1. Let g, be a plug-in rule with any estimates P, ; of P;. For the notation

Ay(z) = Pay(z) — Pyy(x),

we have
M M
BAL)} =L 303 s
j=11=2

where

Jngt = / A@)B{|Poj(x) — Pi(x)] > Ai(x)/ 2}l d).

16

(32)
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Proof. As in the proof of Lemma 8 in (Gyorfi & Weiss, [2021)),
B(L(9n)} ~ L' = [ B{(Prrto)@) = Pt @)Ly oy o (o)
= / E{(Pyg+(2)(®) = Py, @) (@) P, (0 (@)> Py (o) @M P g ) (@) 2 Pt = ) (@)} (D).

If g*(z) = j and g, (x) = [, then

{Prgn (@) (%) = P g (2)(x) > 0} = {Py(z) — Pi(z) + Pi(z) — Pye(a)(2) + Pj(2) — P j() > 0}
C{IPnj(x) = Pj(@)] > (Pye () () = Py (@) (#))/2} U {|Pap(@) = Pi()] > (Pye(a) (%) = Py, (2)())/2} -

Therefore,

gn)} = L*

IN

E{(Py-(2)(2) = Py, (2) (@) L{| P s (2) = Py (2)] > (Pye (2 () — Py oy (2)) /23 ()

S ng

HME |P|A1§ HM§ =

/ Pay(@) = Py (@) E{L| p, , (2)— P; () 1> (Pay ()~ Pay (2)) /23 ()

2)P{| Py j(x) — Pj(x)| = Ay(x)/2}p(d).

Proof. As above let us use the simplified notation A = h,. We bound Equation [32| by
Jn,k,l < Jf:l)c,l + J7(z2l)cl )
where

T = / Ay(@)P{| Py i(x) — E{Pu (@)} = Ai(x)/4}u(de),

and
J2 = / AY(@)LELP, (2)}— Pre(2)|2 A (x) 4} H(d).

Concerning the estimation error J k ;> as in the proof of Theorem we apply the CLT with the Berry-
Esséen bound and then decomposmon and also . For z € Ahyj, we have that

P{| Py i (x) — E{Py i ()} > Ay(x)/4}
= P{lvnk(Anj) — E{vnx(An )} = n(Anj) Ai(z)/4}

<20 [ —vn w(Anj) Ay (z)] /4 ,
Var(Ylixea, )

and henceforth, up to a term O(1/(nhde)),

S [ P(IaA) ~ Bl )] > (A Ao /4) (o) )

AePy

(A)|A(2)]/4
~2 Z / < VGT(YH{XEA})> ()l de)

A€Py
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i ex _n )2 1 2
<7 35 oo ) e
8 n ) 1
< %Aep H{M(A)>hda}/AeXP (*@Az(x) /L(A)) wu(dz) 0
[{hda>pu,(a)>0 /A exp (—%Az(x)%(fl)) fha(dz) :(A)

<P
Z Lhta > pu, ()01 V/ s (A),
<P

which is smaller than
nh 1

[ (-2 A<>2)u<dm>+¢%/gaexp( 32Amfh(sc)) ()

for h small enough. If I # g*(x), then Ay(z) > Pyy(x) — Proy(x) =: A(x) otherwise Aj(z) = 0, therefore up
to a Berry-Esséen error term we have

0, < ﬁ [ e (-1 87 )
b [ e (-2 e (),

nhda

and also

M M 9 d
(1) 8M nh%a 2
g E nia < Nen exp (— 39 A(x) ) w(dz)

k=11=1
nhda ) 1
" W/s P (‘ 53 AW fh<w>) —ia(da). (33)

Similarly to , the margin condition implies

2 n dg
sM ex( " Py () — P(z)(x))2>u(daf)

vVnhda 32
M? [ 2
- % et -0 (M2(nie)= 4072, (34)
where a = (nhd)/32. As 7 the combined margin and density condition yields that
8M? ( nhda 5 1
xp P, Proy(x))° fr(x > o (dz
Tt s —5 (Py(@) = Poy(2))" fa(2) ) (dz)
8M? [ 2
=2 [ e Guds) = 0 (MQ(nhda)—mH)/?) . (35)
Vnhda Jo "
Thus,
M M 2
1 - _
Suh, =0 <M2(nh;§a) (vl+1>/z) +0 (M2(nhga) <7+1>/2> + O(nhd“ ) (36)
k=11=1 n

Concerning the approximation error JY(LQJ). , (compare the proof of ), we have

2
USTEDS /A Af (@) EL Py o (2)} — Pr(2) | > A (2) /43 ()
~ /.,

18
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—Z . @) ok (An, ;)= 1(An ) Pr(@)| > (An ) A () /43 MU(@) | p(dw).
h,j

The Lipschitz condition implies that

[k (An,j) — w(An,j) Pe(z)] <

[, PO —utdnpitz)
< /A |Pulz) = Pul()| pld2) < CVhu(Any),
h,j
where vy (A ;) = wa Py (z)p(dz). This together with the margin condition yields that
J2 < /A ez oy M) < ¢ UOVIN'T,
j i
and so

J(Z) 1, =0 (M2h1+7)

n,

M:

>

k=11

I
—

A.4 Proof of Lemma [3.1]

Proof. One has that

~ 1
Gu(t) = H{0<fh(w)|m(w)|§t} ﬁ#a(dx)
s

a

,ua dz

< | Voo yrmmym@mers =T NiViE)

By the definition of the combined margin and density condition,

Ua (dx)

/ {O<\/fs min\/ fh(-L |"L('L)|<t}\/m /fh

= /H{0<x/mlm<x>|§t/\/m}\/m“(dx)/m
= G (t/\/Femin) 1N Temin < 1 (413 Femin )/ Fermin

A.5 Proof of Lemma

Proof. One has that

Gn(t) = / {0<\/f;,7|mz\<t}\/7'ua (dz)

1
= Lo 7ua(dw)+/ Loc/im ——ta(dz
/{fh(x)su O<Vi@Im@ISt /1, (x) @)1y OSVI@IM@IST/F (2)

1 *
< / Lio< fi (@) Im(2)|<t} 7 (z),ua(d:c) +/ To<|m(a) <ty a(dx) < cat?? + 17
{fn(z)<1} h {fn(z)>1}
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A.6 Proof of Theorem [3.3]

Proof. Let h = hy, be as above. For x € Ay, ;, we set

5 (A
() = 2200a)
1(An,j)
and
T/ﬁ;l( ) _ UTZ Z?:l €i,j
1(An,j)
Then,
My, = M, + My,
and

Because of , we have that

<I,+J,+K,,
where
I = /H{lE{mnm}fm(mnz\m(x)\/a}|m(9«°)|ﬂ(dfﬂ)v
and
In = / L () ~E{mn (@)} 2 m(a) /33 (@) | 14(d),
and

Kn :/H{@L(w)\z\m(wﬂ/zﬂ}|m(x)|“(d‘”)'

As in the proof of Theorem [2.2] one gets that

1\ (min{Lyy)}+1)/2
I, +E{J,} =0 (h,") + O < > .

nh‘fﬂ

For the term K,,,

E{K,} = /P{I%(w)l > [m(x)|/3} |m(z)|p(dz)
S RETIED o2

i=1
As above, the Berry-Esséen theorem yields

> u(Ah,j)m(fﬂ)/3} [m(z)|p(dz).

20
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w(Ap ;)|m
{\FZ% ) <>|}

V(An,g)m(z)| 2co.
Sm( - 30, )+ (H‘fumé)m(xn )\/ﬁ (39

Similarly to Equation [29] the error of CLT is essentially dominated by the first term in Equation [39] since

CO¢e
A=2 / m(x dx
Z Ay 03<1+ Vap(Ap ) m(z)] )\/ﬁ' (@)lu(dz)

30z

CQeU z _ Cog
by the boundedness of X. Because of Equationand Equationthis can be strenghened to O(oz/(nhd)).

Using the decomposition of , as in the proof of Theorem along with Equation Equation [27] and
Equation [28| one obtains

5> [ (- Ymthme)

Ah] 30'Z

Jmtelutae)

304 np(Ap ;)?m(x)?

<QZ V(A ) m(z >eXp(‘ 1802

)it

nM(Ah,j)Qm($)2> ,u(d:c)

3
<2 H{hda< (A )}/ —F— = €XD (—
; WA Jar s /nn(An 2] 1807

3 h2dap ()2
+2) Ipndaspu(an,)>0) exp (— (@) 5 (z) )Ma(dﬂ«“)

i N A N ey 1802

nh2dam(x)? > ()

9 3
B /\/ntha/a2 P < 180%
nfh(:E)2h2dam(:£)2
/fh th N exp ( 180 >ua(dw)

for h small enough. By the margin condition

3 nh2d“m(z)2> ( 0% >(7+1)/2
— —exp| —————"— dz) =0 .
/ \/nh?de /g%, P < 1807 uld) nhid

and by the modified combined margin and density condition

nfrn(x)2h2dem(z)? _ o2 (y2+1)/2
/ fn(z h2d \/nh2de /g2, P <_ 1802 > fa(dz) = O ((nh?ﬂ”) .

In conclusion, we have

1 (min{1,y,v1)}+1)/2
E(L(ga)) = L* = O (h'*7) + O ( )

nhde

2\ (r+1)/2 2\ (r2t1)/2
oy oy oz
+O<(nh2d“> >+O<(nh2d“) ) +O(nhda>'
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A.7 Proof of Theorem [3.4]
Proof. Again, we bound Equation [32] by

Inki < Jf(:l)c,l + inl + Jr(f/)c,lv

where
I = / Ay(@)P{|Po (@) — E{Poi(@)}] > Ay()/6}pu(de),
and
2
72 =/Al(%‘)ﬂ{mm,k(x)}ﬂ(x)\zAm)/ﬁ}u(dw),
and
I3 0= [ A@PIQus()] > Ae)/6}utda),
with
oz 0 e
Qup(r) = ==L 0000 i g € Ay
k( ) M(Ah7lj) h,j
As in and , up to a Berry-Esséen bound
M M
SN = O (M (i)~ H0/2) 4 O (M2 (b))
k=11=1
and
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>
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J2 =0 (ML)

—
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Again, the CLT yields that

Sh. e

o n
Z

E €ij,k
Apj n

' > M(Ah,j)Az(w)/6} p(dz)

64 (x) _nu(Ah,j)2Al(x)2/62 .
<Z mmup( 10% ) <d>+0(nhd)

6 nu(An j>2A<x>2>
< ————exp <—’ wu(dz) + O
For h small enough, this together with the arguments in (26]), (27)), (28], Equation and Equation imply

npi(An,;)* Aw)?
Tk _QZH{hda@(AM)}/ Vn(Any) Ah 9P <_m]40§ plde)

6 nia(An ;)2 Az)?
+2 ;H{hd“Z#(Ah,j)>0} o m exp (— 14402 ta(dz)

up to an O (Jl—ﬁa) term, and henceforth

ZZ‘](B) _ ( 2( oy >(1+mm(7’72))/2> 40 (M%z)'
L nh%d“ nhill“

k=11=1
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