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ABSTRACT

Influence-functions are a popular tool for measuring the impact of a training point
on a model’s prediction; in particular, self-influence, which quantifies the influence
of a training point on itself, has found many uses such as data selection and outlier
detection. However, the use of influence functions has been severely limited in
modern models such as LLMs due to their low accuracy or high computational
cost: most existing algorithms are either highly inaccurate, or require computing
gradients or approximations to inverse Hessians, which can be prohibitive for large
models. In this work, we introduce a highly efficient zeroth-order approximation
to data influence that requires only a fraction of the time and memory footprint of
previous methods and is applicable to both differentiable and non-differentiable
loss functions. We demonstrate that in addition to its computational advantage,
our method delivers superior accuracy in estimating self-influence and comparable
or better accuracy in estimating train-test influence for fine-tuned large language
models, paving the way for broader and more practical application of influence-
function techniques in state-of-the-art AI systems.

1 INTRODUCTION

Influence functions (Huber, 1984) are a concept from robust statistics that helps us understand
how small changes in the data can impact a statistical estimator; in recent years, they have been
heavily used in machine learning to measure the impact of particular training data points on model
predictions (Koh & Liang, 2020). One use case is train-test influence that characterizes the degree
to which a training data point affects the prediction on a test sample, providing a principled tool
for model debugging and dataset refinement. A second important use-case is self-influence, which
estimates the degree to which a training point contributes to the model’s prediction on itself. This is
used in many applications, such as, selecting high quality data (Xia et al., 2024), estimating plausible
memorization (Feldman & Zhang, 2020), and detecting outliers (Hara et al., 2019) and mislabeled
training data.

Ideally, the estimation of data influence involves finding how much a model’s prediction on a data
point xt depends on including a training point xs – in other words, how much the removal of
xs impacts the model’s prediction. This is a particularly computationally challenging problem:
calculating the ideal influence on a single data point means re-training a full model! Hence, prior
work has looked at finding better methods that are both computationally efficient (Choe et al., 2024;
Kwon et al., 2023) and yet provide a good approximation to this ideal “remove-and-retrain” baseline.

To this effect, prior work can be broadly divided into two classes of methods. The first, that we call
second-order methods, is loosely motivated by the fact that perturbing a loss function by adding a
small amount ϵℓ(θ, xi) to it changes its minimizer θ∗ by approximately the product of the inverse
Hessian of the loss times the gradient at θ∗ (Koh & Liang, 2020). The goal is then to approximate this
product using increasingly computationally efficient algorithms (Grosse et al., 2023; Park et al., 2023;
Schioppa et al., 2021; Choe et al., 2024). While algorithmic innovations have addressed the efficiency
challenges, a major challenge with this class of methods is that they can diverge considerably from
the “remove-and-retrain” baseline, as shown by several authors (Basu et al., 2021; Li et al., 2024; K
& Søgaard, 2021; Schioppa et al., 2023). The second class of methods, exemplified by (Pruthi et al.,
2020) and its variants, leverages the training dynamics through multiple model checkpoints, and uses
the gradient as a first order approximation to measure the loss difference across these checkpoints.
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For larger models, this leads to loss in both accuracy and running time: first-order approximations by
gradients are relatively inaccurate, leading to loss in accuracy, and gradients are compute-intensive,
particularly for large models.

In this work, we propose a new method that addresses both challenges. The key insight behind it is
the observation that the gradient is a poor first-order approximation to the difference in losses between
two checkpoints, especially for larger and more complex models. Instead, we propose to by-pass
the gradient altogether, use the finite difference directional gradient and aggregate it across multiple
epochs, similar to the methodology in TracIn, results in a significantly more accurate algorithm.
Additionally, the finite difference directional gradient can only be computed from zeroth-order
information, making it considerably faster for large models. Theoretically, we show that our method
forms a zeroth-order approximation to TracIn, and show an even faster version for self-influence.

(a) Spearman Correlation between SSRT (accuracy) vs. running time
in Log(seconds) for four different influence approximation methods
for self-influence. Each color is a different LLM-fine tuning dataset.
Our methods are encircled in star. We see that in all cases, our
methods do better in both run-time and accuracy.

(b) Spearman correlation between the
left and right hand sides of Equation 3
for different models sizes. We see that
the accuracy of the gradient approxima-
tion decreases with higher model size.

Figure 1: Self-Influence correlation accuracy vs runtime in Log(Seconds) (Left) and the accuracy of
first-order approximation (Right).

Empirically, we evaluate our method’s computation cost as well as how accurately it approximates the
“remove-and-retrain” baseline 1a. We find that our method, due to its zeroth-order nature, offers an
order of magnitude savings in both computation time and memory footprint especially for fine-tuned
large language models. We also find that it is more accurate than TracIn and SoTA data influence
approximation techniques such as LoGra (Choe et al., 2024), especially for LLMs and self-influence.
When correlated against the SubSample-and-Retrain (SSRT) influence estimator of (Feldman &
Zhang, 2020), a slightly more computationally efficient version of the “remove-and-retrain” baseline,
our method shows high correlations, which are higher than TracIn for fine-tuned LLMs.

In conclusion, by significantly reducing the computational overhead traditionally associated with
data influence calculations, our method enables scalable and efficient analysis even in large-scale
neural networks. This makes it feasible to integrate train-test and self-influence into LLMs, enabling
a number of real-world applications such as model debugging, data attribution, data pruning, and
training data auditing. We hope that this improved speed and accuracy will lead to more uses of
self-influence in modern LLMs, ultimately enabling higher model trustworthiness in domains like
healthcare, finance, and AI safety.
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1.1 RELATED WORK

As we mentioned earlier, much work has gone into improving the algorithmic efficiency of influence
function computation. In the inverse Hessian formulation, (Schioppa et al., 2021) utilizes Arnoldi
iteration to identify top-k eigenvectors and eigenvalues which then is used to approximate the inverse
of Hessian. (Grosse et al., 2023; Park et al., 2023; Kwon et al., 2023; Choe et al., 2024) focus on more
advanced approximations of influence functions due to the increase of parameters in LLMs. (Grosse
et al., 2023) proposes Eigenvalue-corrected Kronecker-Factored approximate Curvature (EK-FAC)
to approximate Inverse Hessian-Vector Product (IHVP) and scale influence calculations to 52B
parameters. (Kwon et al., 2023) on the other hand, focuses on LoRA fine-tuned models and proposes
a faster closed-form approximation of IHVP. Lastly Choe et al. (2024) proposes a more generic
variant of (Kwon et al., 2023) that applies both to pre-training and fine-tuning. It proposes a low-rank
gradient projection algorithm, which significantly reduces the cost of IHVP estimation; we use this
as one of our baselines.

Although efficient IHVP approximations are popular, they are still bounded by the assumptions and
limitations described in (Schioppa et al., 2023; Li et al., 2024). (Pruthi et al., 2020), on the other
hand, is based on the training trajectory of the model that is not bounded by these assumptions. It
has been adopted by (Xia et al., 2024) for selecting influential data points for instruction fine-tuned
LLMs. (Schioppa et al., 2023) argues, however, that many of those approximations are inaccurate
due to lack of convexity, numeric stability and parameter divergence. (Bae et al., 2024) addresses the
concerns related to convexity using segmented stationary unrolling technique, however, it still relies
on first-order gradients. Yang et al. (2024)and (Chhabra et al., 2025) simplify TracIn( (Pruthi et al.,
2020)) further and shows that only the gradients in the last checkpoint can be reliably used to identify
detrimental training examples for certain applications; however, they still require first-order gradients.
(Ko et al., 2024), suffers from the same limitation. It proposes a reciprocal relationship between the
train and the test points and continuous model update on the test example.

Other similar approaches that try to approximate the remove-and-retrain baseline includes (Ghorbani
& Zou, 2019), which proposes a robust alternative; however, it still requires model retraining. A
follow-up work (Wang et al., 2024) addresses this limitation; however, it still requires access to first-
and second-order gradients.

2 BACKGROUND

The influence function (Huber, 1984) is a concept from robust statistics that helps us understand how
small changes in the data can impact a statistical estimator, and by extension, a machine learning
model trained on the data. In what follows, we assume that our training and test data are drawn from
an underlying data distribution D, and training data S = {x1, . . . , xn} is used to build a model θ.
Training is done by finding a model θ(S) that minimizes a loss function ℓ over the training data S.
Specifically,

θ(S) = argmin
θ

n∑
i=1

ℓ(θ, xi) (1)

With this notation in mind, we can define the true influence of a training point xs on the model’s
prediction on xt as follows:

inf(ℓ,D, xs, xt) = ES∼Dn [ℓ(θ(S ∪ {xs}), xt)− ℓ(θ(S), xt)] (2)

Typically, influence values are computed for many training inputs xs, usually the entire training set
or a large sample thereof, to determine highly influential training data points for a particular test
prediction.

Observe that true influence is extremely time-consuming to estimate even for the simplest of models:
not only does it involve model training, which can be expensive by itself, but also a number of models
need to be trained for accurate approximation. Consequently a body of literature has looked into how
to make the process more computationally tractable.

There are two avenues for improving the computation cost – first, reducing the number of models that
need to be trained, and second, approximating the loss difference without fully re-training the model.
In the first category, Feldman & Zhang (2020) proposes SubSample-and-Retrain (SSRT), where the
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idea is to pre-train models on many subsamples of S of size m < n, and then use these pre-trained
models to approximate equation 2 together on many inputs xs. Feldman & Zhang (2020) shows that
this leads to an accurate approximation and hence we use this as our baseline for measuring accuracy.

However, even with this reduced number, model retraining remains expensive, particularly when it
comes to the more modern models. Consequently, two styles of approximations have been developed
to estimate the loss difference ℓ(θ(S ∪ {xs}), xt)− ℓ(θ(S), xt) itself.

The first style is a second-order approximation that was first proposed by (Koh & Liang, 2020), and
is motivated by the fact that the impact of up-weighting a training point xi on the loss minimizer
θ(S) is approximately (

∑
j ∇2ℓ(θ(S), xj))

−1∇ℓ(θ(S), xi). While this by itself is still expensive
due to the Hessian computation, a body of work () has been devoted to making more algorithmically
efficient. In particular, the more recent versions, such as Logra, are quite competitive in terms of
running time. However, the problem with this style of approximation is its accuracy: as has been
observed in prior work (Li et al., 2024), as the approximations add up, the results depart significantly
from SSRT – an observation that we corroborate as well.

The second style, that we call a first-order approximation applies to models trained by gradient
descent or its variants, and uses gradients at intermediate checkpoints to approximate the influence.
The most popular among these is TracIn (Pruthi et al., 2020), which is motivated by the following
theory. Suppose we have models θi and θi+1 where θi+1 is derived from θi by a single step of
stochastic gradient descent. Then, for any data point xt, we can approximate the difference in the
losses on xt by a first-order approximation as follows:

ℓ(θi+1, xt)− ℓ(θi, xt) ≈ ∇ℓ(θi, xt)
⊤(θi+1 − θi) (3)

In addition, given that θi+1 is obtained from θi in a single step of stochastic gradient descent, we
have: θi+1 − θi = −η∇ℓ(θ0, xi), where η is the step size, and xi is the training data point that was
used in the update. Thus, while going from θi to θi+1, the influence of xs on xt is zero if xs is not
the updating point, and −η∇ℓ(θi, xs)

⊤ℓ(θi, xt) otherwise. The influence over the entire course of
training can now be obtained by summing over all steps where xs in used in the update:

TracIn(xs, xt) = −η
∑

i:xi=xs

∇ℓ(θi, xs)
⊤ℓ(θi, xt) (4)

Since −η is a constant in all cases, we can remove it to get the final expression.

A major practical problem with Equation (4) is that its calculation requires access to the entire
training trajectory, which is prohibitive to store. To address this, (Pruthi et al., 2020) proposes a
practical version where each θi is a checkpoint, usually obtained after an epoch of training. For the
experiments in their paper which looked at relatively small models, this practical version leads to
both good accuracy and a reasonable running time.

However, how effective this approximation is for larger models still remains an open question.
TracIn’s utility hinges on the accuracy of the first-order approximation in Equation (3). To evaluate its
accuracy, we measured the Spearman correlation between the left and right hand sides of this equation
for consecutive model checkpoints θi and θi+1 across models of different sizes (Figure 1b). Our
results reveal a key limitation: the approximation becomes less accurate as models grow larger and
more complex. This suggests that Equation (3) provides an increasingly poor estimate of the actual
difference in losses between checkpoints from large and complex models. At the same time, while
gradients are cheaper for smaller models, they become progressively more expensive to compute as
model size and complexity increase.

To remedy this, we instead directly look at finite differences in the losses, and compute a zeroth-order
approximation that improves both the accuracy and the running time for large models. We describe
how to do this in more detail in the next section.

3 A ZEROTH-ORDER APPROXIMATION

Our numerical study in Figure 1b shows that the first order approximation in Equation 3 becomes
increasingly loose with growing model size and complexity. At the same time, the gradient also
becomes more expensive to calculate for the large models.
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Motivated by this, we propose by-passing the gradient altogether, and directly fitting a vector to
approximate the finite difference in the losses instead. Specifically, given two successive checkpoints
θi and θi+1 and a test point xt, we aim to find a vector g(θi, xt) such that ℓ(θi+1, xt)− ℓ(θi, xt) ≈
g(θi, xt)

⊤(θi+1 − θi); in other words,

g(θi, xt) = argmin
g

(ℓ(θi+1, xt)− ℓ(θi, xt)− gT (θi+1 − θi))
2 (5)

This is our analogue to Equation (3). We observe that Equation (3) is a least squares linear regression
problem and has a closed form solution:

g(θi, xt) =
(ℓ(θi+1, xt)− ℓ(θi, xt))(θi+1 − θi)

∥θi+1 − θi∥2

g(θi, xt), thus obtained, is also known as the finite difference directional gradient. It is a better
first-order approximation to the loss difference between checkpoints by virtue of Equation (5); it is
also faster to compute than a gradient since no backpropagation is required. To make it more reliable,
we design a robust version that averages across a few closely related checkpoints: assuming that there
are T checkpoints in all, and given a checkpoint θi let Mi = {j ∈ [T ]; d(θi, θj) ≤ τ} be the set of
indices of checkpoints that are within a certain distance τ of θi. Then, we can write:

ḡ(θi, xs) =
1

|Mi|
∑
j∈Mi

(ℓ(θj , xs)− ℓ(θi, xs))(θj − θi)

∥θj − θi∥2
. (6)

Now, for a checkpoint θi, similar to TracIn, we approximate:

ℓ(θi+1, xt)− ℓ(θi, xt) ≈ ḡ(θi, xt)
⊤(θi+1 − θi)

We then assume that a training point xs changes the model by ḡ(θi, xs); combining these approxima-
tions into a dot product and then summing over the checkpoints θi gives us the final solution. The
full algorithm is described in Algorithm 1.

Algorithm 1 Zeroth-Order Influence

1: Input: A set of checkpoints θ0, ..., θT , a training example xs and a target example xt. A distance
metric d and a threshold τ .

2: Output: An estimate of the influence of xs on xt.
3: for i ∈ {0, . . . , T} do
4: Mi ← {j ∈ [T ] \ {i} : d(θi, θj) ≤ τ}
5:
6: ḡ(θi, xs)← 1

|Mi|
∑

j∈Mi

(ℓ(θj ,xs)−ℓ(θi,xs))(θj−θi)
∥θj−θi∥2

7:
8: ḡ(θi, xt)← 1

|Mi|
∑

j∈Mi

(ℓ(θj ,xt)−ℓ(θi,xt))(θj−θi)
∥θj−θi∥2

9:
10: Zinf(xt, xs, θi)← ⟨ḡ(θi, xs), ḡ(θi, xt)⟩
11: end for
12: Zinf(xt, xs)←

∑T−1
i=0 Zinf(xt, xs, θi)

13: return Zinf(xt, xs);

3.1 SELF-INFLUENCE: A SPECIAL CASE

Self-influence is a special case of the influence function where we seek to find the impact of a training
data point on itself; in other words, xs = xt. This is often used for detecting memorization and
finding outlier training data.

It turns out that in the case of self-influence there is a simpler upper bound to the influence function
value that can be computed even faster; we derive it next. Observe that for self-influence, we have:

Zinf(xs, xs) =

T∑
i=1

⟨ḡ(θi, xs), ḡ(θi, xs)⟩ =
T∑

i=1

∥ḡ(θi, xs)∥2 (7)
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For a specific θi,

∥ḡ(θi, xs)∥2 =
1

|Mi|2
∥∥ ∑
j∈Mi

(ℓ(θi, xs)− ℓ(θj , xs))(θi − θj)

∥θi − θj∥2
∥∥2

≤ 1

|Mi|2

 ∑
j∈Mi

(ℓ(θi, xs)− ℓ(θj , xs))
2

 ·
 ∑

j∈Mi

1

∥θi − θj∥2

 ,

≤

∑
j ̸=i

(ℓ(θi, xs)− ℓ(θj , xs))
2

 ·
∑

j ̸=i

1

∥θj − θi∥2


Here, the second step follows from the Cauchy-Schwartz Inequality on vectors, and the third step
follows because |Mi| ≥ 1 and from the positivity of squares. If we define c =

∑
j ̸=i

1
∥θj−θi∥2 , then

the total self-influence becomes:

ZSinf(xs) =

T∑
i=1

∥ḡ(θi, xs)∥2 ≤ c ·
T∑

i=1

∑
j ̸=i

(ℓ(θi, xs)− ℓ(θj , xs))
2,

which is basically a constant times the variance of the losses ℓ(θi, xs) over the checkpoints θi. Thus,
we see that the empirical variance of the losses on xs is an upper bound on the self-influence, and we
can use it as a proxy:

ZSinf(xs) = Vari(ℓ(θi, xs)) (8)

One advantage of using the variance is that it is even faster to compute: unlike Algorithm 1, there is
no need to compute the directions for the very high-dimensional models θi. The full algorithm is
summarized in Algorithm 2.

Algorithm 2 Variance-based Self-Influence

1: Input: A set of checkpoints θ0, ..., θT , a training example xs.
2: Output: An estimate of the influence of xs on itself.
3: ZSinf(xs)← Var(ℓ(θ0, xs), . . . , ℓ(θT , xs))
4: return ZSinf(xs)

3.2 OPTIMIZATIONS FOR HIGHER EFFICIENCY

We next describe two additional optimizations for computing Zinf and ZSinf even faster.

Dot Product Expansions. The first is to use the dot-product expansion rule over sums to further
optimize the calculation of Zinf . In particular, if we let rij(x) = ℓ(θj , x)− ℓ(θi, x), then we can
simplify the dot product ⟨ḡ(θi, xs), ḡ(θi, xt)⟩ as follows:

〈 1

|Mi|
∑
j∈Mi

rij(xs)(θj − θi)

∥θj − θi∥2
,

1

|Mi|
∑
j∈Mi

rij(xt)(θj − θi)

∥θj − θi∥2
〉

=
1

|Mi|2
∑
j∈Mi

∑
k∈Mi

rij(xs)rik(xt)(⟨θj , θk⟩ − ⟨θi, θj⟩ − ⟨θi, θk⟩+ ⟨θi, θi⟩)
∥θj − θi∥2 · ∥θk − θi∥2

.

Observe that (⟨θj , θk⟩ − ⟨θi, θj⟩ − ⟨θi, θk⟩ + ⟨θi, θi⟩) are byproducts of the Gramm matrix of
weights which we can pre-compute once and reuse for all xs and xt. The same applies to the norms
∥θj − θi∥2 · ∥θk − θi∥2; this optimization significantly accelerates our method for train-test influence.

In addition to the Gram-matrices of the θi’s, we can also do offline pre-computation, where we
compute and store the loss of each checkpoint over the training data during training and reuse them
during the train-test influence evaluation. In our plots showing the performance of our method, we
report the offline and online running time of our method separately.
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4 EXPERIMENTS

4.1 EXPERIMENTAL SETUP

Datasets Our datasets are relatively small, ranging from several thousands to tens of thousands
of examples. This setup makes SSRT-based remove and retrain experiments feasible. We used
MNIST (LeCun et al., 2010) and CIFAR10 (Krizhevsky, 2009) datasets for our vision models,
GSM8K (Cobbe et al., 2021), MATH-500 (Hendrycks et al., 2021) and Dolly (Conover et al., 2023) to
train our LLMs. In addition to that, we also generated linearly separable 2-class classification synthetic
dataset (20k examples) using 5k features drawn uniformly random from Gaussian distribution.

Models We trained linear model using our synthetic 2-class classification dataset using Adam
optimizer with a learning rate of 0.001 for 100 epochs. In addition to that, we also trained a simple
ConvNet on MNIST (PyTorch Contributors, 2024) with learning rate 0.001 and Deep Aggregate
ConvNet (Yu et al., 2018) on CIFAR10 dataset with learning rate 0.001 and weight decay 5e-4. We
fully fine-tuned LLama3.1 8B using Fairseq2 (Balioglu et al., 2023) on GSM8K, MATH-500 and
Dolly datasets using weighted Adam optimizer. Since many models use the Adam or the Weighted
Adam optimizer with a learning rate 5.5e-06. We made the corresponding adjustments in TracIn
similar to (Xia et al., 2024) to account for optimizer’s parameter update intricacies, however, our
experiments suggest that these adjustments make little or no difference in the TracIn or zeroth-order
approximation.

SubSample and Retrain Setup We ran 100 trails of the subsample and retrain experiments on a 0.7
fraction of the training data sampled uniformly random from the training data distribution, similar
to (Feldman & Zhang, 2020). We applied this setup to all models throughout all our experiments.

Influence Approximation Setup We use only 10 to 15 early epochs for the zeroth-order approx-
imation and all epoch for TracIn approximation. We estimate zeroth-order approximation using
two techniques: 1)Variance of the loss across all checkpoints and 2) Finite differences gradient
approximation described in Section 3. In terms of distance metric, we use four closest checkpoints to
approximate zeroth-order influence. We use only last layer parameters for TracIn and zeroth-order
approximation without random projections for fair comparison since TracIn for all parameters be-
comes computationally prohibitive. We use rank 64 for low rank gradient projection in LoGra. A
rank larger than that leads to OOM on a single A100 machine with 8 Cores.

Evaluation Metrics We use Spearman Rank Correlation (Spearman, 1987) metric between SSRT
and influence approximation methods both for self and train-test influence. We also considered the
Linear Data Modeling Score (LDS) (Park et al., 2023) metric, however, the metric tends to be noisy
and requires retraining the models on each subset multiple times which is not always feasible for
large models. We report results on LDS in Appendix A.2.

We measured the runtime performance on a single A100 machine with 8 Cores for all models and
methods.

4.2 CORRELATION ACCURACY AND RUNTIME ANALYSIS

In this section, we discuss how Subsample and Retrain effects correlate with zeroth, first, and second-
order approximation methods. Figure 1a demonstrates the Spearman rank correlation (Spearman,
1987) accuracy vs runtime tradeoff between four different methods for self-influence. It reveals
that zeroth-order approximation is accurate and fast, especially, for LLMs fully fine-tuned on three
reasoning datasets. TracIn has higher accuracy than LoGra but exhibits slower performance. LoGra
is fast, however, it has almost no correlation with SSRT. Appendix A.5 shows additional results
on vision and simple linear models. It shows that first- and second-order approximations perform
comparably well compared to zeroth-order approximation in terms of the correlation accuracy in
linear and vision models.

Furthermore, we find that approximately 80–90% of the runtime for zeroth-order methods is devoted
to computing the loss for training and test examples in each epoch. In particular, the loss for training
examples can be precomputed once for all epochs and then reused during evaluation on any test set,
reducing redundant computation. We also observe that the first 5–10 epochs are critical for achieving
accurate zeroth-order approximations, while subsequent epochs tend to have a lesser impact on
accuracy especially for LLM fine-tuning.
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Figure 2: The common subset of top-k self-influential examples between SSRT and four different
influence approximation methods for three fine-tuned LLMs (on left) and non-LLMs (on right) in %.

(a) Phase-wise view of the correlation accuracy along
with the average variance of the loss for Dolly dataset.

(b) The impact of the number of nearest neighbors on
the accuracy of the zeroth-order for 10 epochs.

Figure 3: The correlation accuracy between SSRT and self-influence approximation.

In our experiments, we also study the common subset of top-k influential training examples between
the SSRT and self-influence approximation methods. Figure 2 shows that LLMs have significantly
greater overlap with SSRT, resulting in a larger area under the curve. The models trained on CIFAR,
MNIST and 2-class classification synthetic data 2, however, show comparible results across first-
and zeroth- order approximation methods. LoGra consistently underperforms first- and zeroth-
order methods across all types of models. Our findings indicate that the performance of our method
improves as the size of the model increases, which is consistent with the theory discussed in Section 2.

4.3 CHECKPOINT, NEIGHBORHOOD, OPTIMIZER AND PARAMETER SELECTION

In this section we study the impact of checkpoints, neighborhoods, optimizers, and model size on
SSRT correlation.

Phase-wise view. Figure 3a visualizes six phases of model training, each phase grouped in 10
checkpoints. The checkpoints in each phase are used to estimate first- and zeroth-order approximation.
The plot reveals that the gap between zeroth- and first- order methods is the largest in the early 10
epochs. This is also reflected by the variance of the average loss across all 10 epochs in each phase.
Appendix A.4 provides further breakdown of the correlation accuracy and loss change for each epoch.

Neighborhood. 3b shows that increasing the number of neighbors improves the quality of attribution,
though overly distant neighbors can introduce noise in the zeroth-order approximation. We use the
adjacency index as the nearest-neighbor metric, which is highly correlated with L2 distance in our
models.
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(a) SpearmanR for SGD vs Adam for Z0Inf and TracIn (b) Variance of average loss over checkpoint intervals.

Figure 5: Correlation and loss variance for a Convnet trained on CIFAR-10.

Figure 4: SpearmanR for six layers (two early Self-
Attention (SA), MLP, last linear layer and all model
parameters, trained for 10 epochs.

Optimizer sensitivity. 5b shows that ConvNet
loss declines more gradually than LLM fine-
tuning. The assumption is that during fine-
tuning the model makes fine adjustments in
the pre-trained weights and converges faster
whereas for Convnet the model starts from
random weights and converges slower. It also
reveals that the loss for SGD drops slower and
more linearly compared to Adam. In addition,
5a reveals higher correlation rates and slightly
higher gap for Adam. Parameter Selection. 4
shows that correlation accuracy is slightly sen-
sitive to the layer selection. Dolly slightly
favors early layers which is likely because its gradients encode more input information whereas Math
shows minimal differences. This also explains why the loss variance alone achieves high correlation
accuracy.

4.4 TRAIN-TEST INFLUENCE

In addition to self-influence, we also examine train-test influence on several models and datasets using
SSRT, LoGra, TracIn, and Zeroth-order approximation. We apply only finite differences gradient
method to approximate zeroth-order since variance-based approximation is not fully generalizable to
train-test. We observe that the correlation between SSRT and influence approximation methods is
much smaller for train-test 6 compared to self-influence 1a. We believe that many training examples
have unremarkable influence on test, resulting in noisier estimates and lower correlation. Figure 6
showcases that zeroth-order outperforms LoGra and TracIn on Dolly and MATH-500 datasets and
slightly underperforms TracIn on GSM8k dataset. A slightly higher correlation score for TracIn may
be attributed to a high degree of input resemblance between certain train and test examples, which
in turn makes those training examples particularly influential for the corresponding test examples.
Overall, LoGra underperforms on all three datasets.

Furthermore, we observe that the SSRT measure of train-test influence is semantically different
from existing first- and second-order influence approximation methods. While exact gradient-based
approximation methods measure the influence of a training example on test as a similarity between
gradients, SSRT quantifies the influence of a training example on the test as a total effect of sample
elimination on remove and retrain. Hence, it does not rely on input or gradient similarity.

SSRT excels at finding train-test pairs that are from the same distribution and unique near dupli-
cates (Feldman & Zhang, 2020) of each other. If there are multiple similar examples in the training set,
then the influence of a single example from that group of examples on a test example is insignificant.
Thus, even if the train-test pair is ”visually” similar, the influence might still be very low due to
the other similar examples in the training set. First- and second-order methods depend on exact
gradients, which could include the input or the activations as a multiplicative factor, as discussed
in appendix A.3. Hence, existing influence approximation methods tend to find training examples
similar to test but be less correlated with SSRT. Zeroth-order approximation, however, does not suffer
from this limitation since Equation 6 relies purely on evaluation loss and model weights.
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Figure 6: Average Spearman correlation between TracIn, Zeroth-Order, LoGra and SSRT for Top-5
and Top-10 most influential training examples. The training examples are selected based on the
largest aggregate influence over all test examples for each method.

While zeroth-order does not directly incorporate the representation similarity between the train and
test, it still is capable of capturing unique train-test pairs that are nearly duplicate. In appendix, we
demonstrate such examples for GSM8K 2, MATH-500 3 and Dolly 4 datasets. In addition, Figure 10
lists three sets of test-train influence pairs for the CIFAR10 dataset. It showcases the effectiveness of
zeroth-order approximation for train-test influence estimation in vision models.

5 DISCUSSION

Our experiments show that even with just 100 training trials, the zeroth-order approximation of self-
influence correlates strongly with SSRT. We conjecture that since self-influence represents gradient
norm, unlike a similarity metric between train and test, it circumvents the challenges of sample-level
interactions. In other words, if a training example has high self-influence because it is an outlier,
other examples in the training set cannot influence that. In contrast, train-test is only correlated for a
subset of influential top-k examples with SSRT. We observe high noise and smaller correlation even if
we compare SSRT with SSRT where both SSRTs are computed on random 50 trails drawn uniformly
random and disjoined from the set of all trails. To reduce the noise, we plan to run SSRT on a larger
number of trails and measure the impact of that change on the correlation accuracy. As described
also in Section 4.4 training example level interactions can play a huge role in pairwise train-test
influence. In the future, we plan to look deeper into train-test influence and more specifically, into
group influence. We believe that group influence will provide higher correlation with SSRT since in
this setting we group similar training examples together. The confounding effects caused due to the
example-level interaction and correlations will be further alleviated in this setting. Furthermore, it is
valuable to investigate alternatives to variance-based first-order optimization for assessing train-test
influence. Although train-test covariance of the loss offers a promising approach, it does not provide
an accurate representation of the gradient approximation. Lastly, we plan to evaluate the zeroth-order
approximation on downstream tasks, for data selection and safety applications.

6 CONCLUSION

In this paper, we propose a zeroth-order influence approximation algorithm that is both efficient
and accurate. We present detailed theoretical justification behind zeroth-order and its connection
to the first-order approximation. We show empirically that the zeroth-order approximation has a
significantly higher correlation with the SSRT method for self-influence and performs better or is on
par with existing methods for train-test influence. We also discuss the limitations and differences
between SSRT and influence approximation methods. We showcase our findings on a number of
vision and large language models and discuss future work.
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REPRODUCIBILITY

The experimental setup described in 4.1 is important for the reproducibility of this work. All empirical
results for linear, vision, and three fine-tuned LLMs on GSM8k, MATH-500 and Dolly datasets and
any other empirical evidence presented in the paper including appendix are fully reproducible. We
plan to open source the code upon acceptance of the paper.
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A APPENDIX

A.1 THE USE OF LARGE LANGUAGE MODELS (LLMS)

We used GPT-4.1 and GPT-5 only as a writing aide for polishing the paper in tasks such as finding
synonyms and rephrasing the sentences. LLMs were not used for the ideation, development, analysis
and the experimentation of this work. All technical contributions including ideation, development,
analysis and the experimentation are original and independent work of the authors.

A.2 LINEAR DATA MODELING SCORE

Similar to the prior work Park et al. (2023); Choe et al. (2024); Deng et al. (2024) we use Linear Data
Modeling Score (LDS) to measure the quality of train-test infuence. Our experiments reveal that LDS
is a noisy metric that does not fully capture remove and retrain effects. The stability of the LDS score
depends on the number of models trained on a training subset with random parameter initializations.
Generally, it results in a large average p-value score which does not support the statistical significance
of those results. Table 1 shows that while the LDS score is very similar for the Convnet model, it
quickly starts to worsen significantly for TracIn and LoGra methods when applied to LLM.

CIFAR-10 GSM8k
TracIn 0.02 0.0003
Zeroth Order 0.021 0.009
LoGra 0.026 -0.003

Table 1: LDS for two datasets and three approximation methods. As the models become larger, zeroth
Order shows higher correlation compared to the baseline approaches.

A.3 SSRT VS DATA INFLUENCE APPROXIMATIONS

We show that zeroth-order gradient approximation can be effective for large models, however, there
are also fundamental differences between exact and approximated gradients. These differences can
play an important role in estimating train-test influence. Below we demonstrate those differences on
an example of a linear model. Let’s assume that we are given the following linear model ŷ = WTx
where x ∈ R is the input, W ∈ Rd is the weight matrix and ŷ is the prediction scalar. Given the
cross-entropy loss L(W ) = [ylog(ŷ)+(1−y)log(1−ŷ))] The exact gradient for the linear model can
be formulated as follows: ∇WL = (y − ŷ)(x) On the other hand, the zeroth-order approximation 6
does not have the multiplier with input x. This explains why most influential train-test pairs are
the most similar, yet do not always correlate with the SSRT estimates. From this point of view
zeroth-order approximation provides stronger signal that does not rely on input similarities.

A.4 CHECKPOINT SELECTION

In this section we provide additional checkpoint-wise experimental results both for TracIn and Zeroth-
Order along with the loss change. We observe that the correlation with SSRT slowly degrades 7 both
for Zeroth-Order and TracIn, however, the gap in the beginning is slightly larger.
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Figure 7: Epoch-wise loss and correlation accuracy change both up to given checkpoint for TracIn
and Zeroth-Order for Dolly dataset.For a given checkpoint, TracIn and Zeroth-Order scores are
computed using all training steps up to that checkpoint. Average loss represents the average loss
across all training examples at given checkpoint.

Figure 8: Left: Runtime performance comparison across different optimization methods for six
different models. The offline precompute required for our method is overlayed in dark gray. Right:
Spearman rank correlation coefficient between SSRT, LoGra and First and Zeroth-order approximation
methods.

A.5 ACCURACY VS RUNTIME ANALYSIS FOR SELF-INFLUENCE

8 presents a comprehensive analysis of runtime and correlation accuracy across three fine-tuned
language models, two vision models, and one linear model. The results indicate that the zeroth-order
method achieves performance comparable to first- and second-order methods on smaller models and
substantially surpasses other approaches when applied to large language models (LLMs). Additionally,
the figure highlights that a significant portion of the total runtime is dedicated to computing the loss
and GRAM matrices, whereas the actual zeroth-order computation accounts for only a small fraction
of the overall time.

A.6 TRAIN-TEST DATA INFLUENCE EXAMPLES

Table 3 presents most influential train-test pairs for MATH-500 dataset and Table 4 for Dolly dataset.
It shows that the most influential pairs are semantically similar and are not purely based on the shared
amount of tokens.

14



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a conference paper at ICLR 2026

Test Train Rank
Q: Paul needs 63 cupcakes for a birth-
day party happening on Saturday. He
already has 8 chocolate cupcakes and
40 toffee cupcakes. How many more
cupcakes should Paul buy?

Q: Xavier needs 84 paper plates for a
housewarming party. He already has
21 green plates and 28 red plates. How
many more plates should Xavier buy?

SSRT: 1
ZInf: 35
TracIn: 1
LoGra: 280

A: The total number of chocolate and
toffee cupcakes is 8 + 40 =<< 8 +
40 = 48 >> 48. Paul should buy 63−
48 =<< 63 − 48 = 15 >> 15 more
cupcakes.

A: The total number of green and red
plates is 28 + 21 =<< 28 + 21 =
49 >> 49. Xavier should buy 84 −
49 = 35 more plates.

Q: A gallon of whole milk that nor-
mally costs $3 is now sold at $2. A
box of cereal was sold at a discount of
$1. How much will you save via dis-
counts if you buy 3 gallons of whole
milk and 5 boxes of cereal?

Q: A tub of ice cream costing $13 is
now sold at $11. A packet of milk was
sold at a discount of $0.5. How much
will you save if you buy 2 tubs of ice
cream and 4 packets of milk?

SSRT: 1
ZInf: 368
TracIn: 30
Logra: 548

A: The discount for each gallon of
whole milk is $3 - $2 = $ << 3− 2 =
1 >> 1. So the discount for 3 gallons
of whole milk is $1/gallon x 3 gallons
= $ << 1 ∗ 3 = 3 >> 3. The total
discount for 5 boxes of cereal is $1/box
x 5 boxes = $ << 1 ∗ 5 = 5 >> 5.
You will save $3 + $5 = $ << 3 + 5 =
8 >>8 for 3 gallons of whole milk and
5 boxes of cereal.#### 8

A: The discount for each tub of ice
cream is $13 - $11 = $<< 13− 11 =
2 >> 2. So the discount for 2 tubs of
ice cream is $2 x 2 = $<< 2 ∗ 2 =
4 >> 4. The total discount for 4 pack-
ets of milk is $0.5 x 4 = $<< 0.5∗4 =
2 >> 2. You will save $4 + $2 = $6
for 2 tubs of ice cream and 4 packets of
milk.#### 6

Q: Jerry is twice as old as he was 5
years ago. How old will Jerry be in 3
years?

Q: Today is my birthday and I’m three
times older than I was six years ago.
What is my age?

SSRT: 1
ZInf: 12
TracIn: 4
Logra: 852

A: We know that Jerry’s Age/2 = Jerry’s
Age - 5. Therefore Jerry’s Age = 2
Jerry’s age - 10. Therefore -Jerry’s Age
= - 10. Therefore Jerry’s Age = <<
10 = 10 >> 10. In three years Jerry
will be 13 because 10 + 3 =<< 10 +
3 = 13 >> 13#### 13

A: We know that my age divided by
three is equal to my age minus six
therefore X/3 = X-6 where X = My
age. This means that X = 3X - 18 be-
cause we can multiply both sides by
3. This also means that -2X=-18 be-
cause we can subtract 3X from the right
side. Therefore X = 9 because - 18/-2
= << −18/− 2 = 9 >> 9#### 9

Table 2: Top-3 most influential train-test pairs based on SSRT and the ranks of the most influenced
test examples for each method on GSM8k dataset.

Table 4: Top-3 most influential train-test pairs based on SSRT and the ranks of the most influenced
test examples based on each method for Dolly dataset.

Test Train Rank
Q: Below is an instruction that describes
a task. Write a response that appropri-
ately completes the request.### Instruc-
tion: Think up some openings for begin-
ners to the game of Chess. Input:

Q: Below is an instruction that describes
a task. Write a response that appropri-
ately completes the request.### Instruc-
tion:Think up some openings for begin-
ners to the game of Chess. Input:

SSRT: 1,
ZInf: 4,
TracIn: 26,
LoGra:
489
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A: Chess openings are the most impor-
tant part of the game, there are some ad-
vanced ones, some common ones, and
some easy ones. This is a list of open-
ings for beginners to the game:- The
King’s Pawn Opening: This is a very
common opening, you move your king’s
pawn 2 spaces forward, so does the op-
ponent. This is followed by develop-
ing your knights. - The Fianchetto de-
fense. You move your kingside knight’s
pawn forward 1 space, then you develop
the kingside knight. You then put your
kingside bishop in the square that the
pawn used to be in, followed by castling.
This opening is common among lower
ranked players. - Four Knights Game:
This doesn’t happen too much. Both
sides start by developing their knights,
the pawns take it over from there.- The
French Defense: You move your king’s
pawn 1 space forward, followed by de-
veloping all of your kingside pieces, and
finishing by castling.

A: Chess openings are the most impor-
tant part of the game, there are some ad-
vanced ones, some common ones, and
some easy ones. This is a list of open-
ings for beginners to the game: - The
King’s Pawn Opening: This is a very
common opening, you move your king’s
pawn 2 spaces forward, so does the op-
ponent. This is followed by develop-
ing your knights. - The Fianchetto de-
fense. You move your kingside knight’s
pawn forward 1 space, then you develop
the kingside knight. You then put your
kingside bishop in the square that the
pawn used to be in, followed by castling.
This opening is common among lower
ranked players. - Four Knights Game:
This doesn’t happen too much. Both
sides start by developing their knights,
the pawns take it over from there. - The
French Defense: You move your king’s
pawn 1 space forward, followed by de-
veloping all of your kingside pieces, and
finishing by castling.

Q: Below is an instruction that describes
a task. Write a response that appro-
priately completes the request.### In-
struction:How can I decide what bike I
should get? Input:

Q: Below is an instruction that describes
a task. Write a response that appro-
priately completes the request.### In-
struction:How can I decide what bike I
should get? Input:

SSRT: 1
ZInf: 1
TracIn: 1
LoGra:
780

A: When it comes to bicycles for adults,
there are different kinds available in the
market. Select a bike based on how
you’d like to use it. Bikes can be catego-
rized as follows:1. Road bikes - These
bikes have super thin tires and are of-
ten used for biking on roads. These
help you attain high speeds relatively
quickly.2. Mountain bikes - These bikes
are made to sustain the rough terrain
that you could come across while bik-
ing. The tires are much thicker made
to protect you and give you the support
you need.3. Hybrid/Commuter bikes -
These bikes fall into the middle of the
above 2 categories. If you think you
might do a bit of road biking and moun-
tain biking, then this might be your best
option.You can also go to a store that
specializes in selling and repairing bikes
to get more information.

A: When it comes to bicycles for adults,
there are different kinds available in the
market. Select a bike based on how
you’d like to use it. Bikes can be catego-
rized as follows:1. Road bikes - These
bikes have super thin tires and are of-
ten used for biking on roads. These
help you attain high speeds relatively
quickly.2. Mountain bikes - These bikes
are made to sustain the rough terrain
that you could come across while biking.
The tires are much thicker and made to
protect you and give you the support
you need.3. Hybrid/Commuter bikes -
These bikes fall into the middle of the
above 2 categories. If you think you
might do a bit of road biking and moun-
tain biking, then this might be your best
option. You can also go to a store that
specializes in selling and repairing bikes
to get more information.

Q: Below is an instruction that describes
a task. Write a response that appropri-
ately completes the request.### Instruc-
tion: Best film in Motion Picture 27th
Screen Actors Guild(SAG) Awards was
given to which film? Input:

Q: Below is an instruction that describes
a task. Write a response that appropri-
ately completes the request.### Instruc-
tion: Give me a list of scientists who
influenced the work of Albert Einstein
Input:

SSRT: 1
ZInf: 1
TracIn: 2
LoGra:
835

A: Chicago 7 A: Isaac Newton, Michael Faraday, and
James Clerk Maxwell
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Test Train Rank
Q: Mikka wants to order a pizza with
two different toppings. He has 8 differ-
ent toppings to choose from. How many
different pizzas could he order?

Q: Sarah wants to order a pizza with 2
different toppings. She has 9 different
toppings to choose from. How many
different pizzas could she order?

SSRT: 1
ZInf: 1
TracIn: 1
LoGra: 1

A: There are 8 choices of toppings, and
we need to choose 2 distinct toppings.
This is represented by the number of 2-
element subsets of an 8 -element set. We
use the binomial coefficient

(
8
2

)
= 28

to compute this

A: There are 9 choices of toppings, and
we need to choose 2 distinct toppings.
This is represented by the number of 2-
element subsets of a 9-element set. We
use the binomial coefficient

(
9
2

)
= 36

to compute this.
Q: Suppose that f is a polynomial such
that

[(x− 1) · f(x) = 3x4 + x3 − 25x2

+38x− 17.]

What is the degree of f?

Q: Suppose that f is a polynomial such
that

[(x2 − 1) · f(x) = 5x6 − x5

+3x4 + x3 − 25x2 + 38x− 17.]

What is the degree of f?

SSRT: 1
ZInf: 1
TracIn: 1
LoGra: 1

A: Since the product of f and a polyno-
mial with degree 1 equals a polynomial
with degree 4, we know that f is a poly-
nomial with degree 4− 1 = 3

A: Since the product of f and a polyno-
mial with degree 2 equals a polynomial
with degree 6, we know that f is a poly-
nomial with degree 6− 2 = 4

Q: For how many real values of x is√
120−

√
x an integer?

Q: For how many real values of x is√
63−

√
x an integer?

SSRT: 1
ZInf: 2
TracIn: 1
LoGra: 1

A: Suppose that k =
√
120−

√
x is

an integer. Then 0 ≤ k ≤
√
120,

and because k is an integer, we have
0 ≤ k ≤ 10. Thus there are 11 pos-
sible integer values of k. For each
such k, the corresponding value of x is(
120− k2

)2
. Because

(
120− k2

)2
is

positive and decreasing for 0 ≤ k ≤ 10,
the 11 values of x are distinct.

A: Suppose that k =
√
63−

√
x is an

integer. Then 0 ≤ k ≤
√
63. 7 is the

largest integer less than
√
63, and since

k is an integer, we have 0 ≤ k ≤ 7.
Thus there are 8 possible integer values
of k. For each such k, the correspond-
ing value of x is

(
63− k2

)2
. Because(

63− k2
)2

is positive and decreasing
for 0 ≤ k ≤ 7, the 8 values of x are
distinct.

Table 3: Top-3 most influential train-test pairs based on SSRT and the rank of most influenced test
examples based on all approximation methods on MATH-500 dataset.

Similarly, 9 and 10 show that we are able to find unique near duplicates in the training data that are
very influential for a very similar test example.
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Figure 9: Top-1 Train-Test influ-
ence pairs for the CIFAR-10 dataset
based on the SSRT, Zeroth and First
order approximation methods.

Figure 10: Top-3 train-test influence pairs for the CIFAR10
dataset based on the zeroth-order finite differences gradient
approximation.
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