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ABSTRACT

In-context learning (ICL) is a central capability of Transformer models, but the
structures in data that enable its emergence and govern its robustness remain
poorly understood. In this work, we study how the structure of pretraining tasks
governs generalization in ICL. Using a solvable model for ICL of linear regres-
sion by linear attention, we derive an exact expression for ICL generalization error
in high dimensions under arbitrary pretraining—testing task covariance mismatch.
This leads to a new alignment measure that quantifies how much information
about the pretraining task distribution is useful for inference at test time. We
show that this measure directly predicts ICL performance not only in the solvable
model but also in nonlinear Transformers. Our analysis further reveals a tradeoff
between specialization and generalization in ICL: depending on task distribution
alignment, increasing pretraining task diversity can either improve or harm test
performance. Together, these results identify train-test task alignment as a key
determinant of generalization in ICL.

1 INTRODUCTION

Pre-training on simple next-token prediction enables Transformer models to acquire a remarkably
broad array of capabilities, from language translation to code generation and mathematical reasoning
(Achiam et al., 2023; Anthropic, 2024; DeepSeek-Al et al., 2025; Vaswani et al., 2017). Among the
emergent abilities that enable Transformers to flexibly execute a myriad of tasks, their capacity for
in-context learning (ICL) is particularly striking, as it allows for test-time task execution without
task-specific pretraining (Von Oswald et al., 2023; Wei et al., 2022). In other words, ICL reflects
the ability to emergently meta-learn a learning algorithm during pretraining, which is then applied
to learn from data within a context at test time (Akyiirek et al., 2023; Raventos et al., 2023; Zhang
et al., 2024a).

For ICL to be effective, the tasks encountered at test time must not be totally unrelated to those
encountered during pretraining, as there is no free lunch. Though substantial theoretical attention
has been devoted to the question of why and how ICL emerges and how well the resulting algorithms
perform, this key issue of how pretraining tasks should be selected to enable ICL in the real, test-
time world remains underexplored (Lu et al., 2025; Zhang et al., 2024a;b). This motivates the central
question of our work:

Central Question

How does mismatch between the structure of tasks seen in pretraining and the structure of
tasks faced at test time affect the ability of in-context learners to generalize?

Here, we investigate how pretrain-test task alignment affects generalization in a simple model set-
ting: ICL of linear regression. Our main contributions are as follows:

* We give a precise mathematical analysis of the performance of a simplified linear Attention mod-
ule learning to do linear regression in-context. We model pretraining and test task distributions
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with arbitrary covariance structure, generalizing previous works on this model that assumed iden-
tical task distributions (Lu et al., 2025; Zhang et al., 2024a). In this solvable model, ICL general-
ization is governed by a particular alignment metric between pretraining and test task distributions.

* Though derived for a simplified linear model, we show that this alignment measure predicts the
generalization performance of nonlinear Transformers trained to do linear regression in-context.

* Finally we show in the solvable model that it is not always optimal from a generalization stand-
point to pretrain on the same distribution of tasks that the model will encounter at test time, as
echoed in kernel regression (Canatar et al., 2022).

In all, our work sheds light on how pretrain-test task alignment shapes the performance of in-context
algorithms. It reveals how the inductive biases of Transformers can result in optimal task misalign-
ment: rather than teaching to the test, a different curriculum of pretraining tasks may better enable a
Transformer to learn the algorithm that enables it to generalize well at test time.

1.1 RELATED WORK

Empirical studies of ICL. Empirical work has shown that LLMs can learn diverse tasks from ex-
amples alone, with performance improving predictably with scale (Achiam et al., 2023; Anthropic,
2024; DeepSeek-Al et al., 2025; Vaswani et al., 2017; Von Oswald et al., 2023; Wei et al., 2022).
Several studies document how architectural components, such as attention heads or MLP layers, are
recruited during training to implement ICL (Kratsios & Furuya, 2025; Reddy, 2024; Tong & Pehle-
van, 2025; Zhang et al., 2024b). Various works have also focused on understanding what algorithms
transformers can learn to perform, including gradient descent, Bayesian inference, and compression.
(Ahn et al., 2023; Cole et al., 2025; Elmoznino et al., 2025; Lee et al., 2025; Liu et al., 2024; Ma-
hankali et al., 2023; McCracken et al., 2025; Shen et al., 2025; Singh et al., 2023; Wurgaft et al.,
2025; Zhang et al., 2023). Others have explored the role of task diversity in shaping generalization,
showing that diverse pretraining induces transitions from memorization to generalization (Raventos
et al., 2023). The specific effect of data structure and its role in ICL emergence has also been
studied empirically, notably by Chan et al. (2022) highlighting the importance of anisotropic data
for the emergence of ICL abilities. Our work provides a theoretical counterpart to these empirical
investigations, as we model the generalization effects of structured task distributions.

Theoretical studies of ICL. Theoretical work has flourished in simplified Transformer models,
particularly with linear or kernelized attention. A number of studies show that these architectures
can implement classical learning algorithms, including kernel regression, ridge regression, or gra-
dient descent, purely from in-context tokens (Akyiirek et al., 2023; Bai et al., 2023; Li et al., 2023;
Von Oswald et al., 2023; Zhang et al., 2024b). These insights have advanced our mechanistic un-
derstanding of ICL as algorithm emulation. However, most of these works make restrictive assump-
tions. Commonly, data is drawn from isotropic Gaussians, train and test distributions are matched,
and generalization is studied only in the infinite-sample or population limit. Even recent studies of
finite-sample ICL retain these simplifying assumptions i.e. without full generality of training and
testing task distribution (Fu et al., 2023; Li et al., 2024; Lu et al., 2025; Zhang et al., 2024b). A
notable exception is the work of Goddard et al. (2025) that studies tasks sampled from separate por-
tions of a spherical task manifold. Our work advances this “task generalization” frontier by deriving
an exact expression for the ICL generalization error in the presence of arbitrary task covariances and
finite-sample regimes. This allows us to explore how task-structure mismatch affects generalization,
a setting largely absent from prior theoretical models.

Train-Test task alignment in other settings. Outside of ICL, the idea of train-test task alignment
in linear regression has been studied in the context of out-of-distribution generalization under tar-
get vector and covariate shifts. In particular, past works have studied which measures of alignment
between train and test feature covariance matrices determine out-of-distribution generalization in
high-dimensional ridge regression (Atanasov et al., 2025; Canatar et al., 2021b; Patil et al., 2024;
Tripuraneni et al., 2021). These works build on a substantial body of results showing how the gen-
eralization performance of ridge regression is determined by the structure of the training feature
covariance—principal directions with larger population variance are learned first—and the align-
ment of the task vector with those high-variance directions (Advani et al., 2020; Atanasov et al.,
2024; Canatar et al., 2021a; Dobriban & Wager, 2015; Hastie et al., 2022). Our work brings this
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perspective into the ICL setting by analyzing the effects of the pretraining covariance, and pretrain-
test misalignment on generalization. We show that even in simple linear regression settings, struc-
ture mismatch induces rich, nontrivial behavior, reinforcing the broader principle that distributional
alignment between pretraining and test-time data is a key driver of generalization.

2 MODEL SETUP

We begin by setting up the solvable model used to derive the results of this work. This setup builds
on previous works that apply a reduced-parameter version of linear attention to linear regression
ICL (Lu et al., 2025; Wang et al., 2020; Wu et al., 2024; Zhang et al., 2024a).

ICL of linear regression. We consider an in-context regression task: the input to the model is
a sequence of the form {x1,y1, T2, Y2, ..., T, Ys, Tyt1}, and the required output is the matching
ye41 corresponding to x4 1. This input is called a context, and ¢ the context length. We consider
the case that the relationship between x and y is approximately linear:

Yi = (Ti, w) + ¢ (1)

for noise €; and task vector w. Thus, the model needs to form an estimate of w using
{x1,y1, %2, Y2, ..., %, ye} and then apply it to x4 to estimate yyy 1.

Pretraining data. The pretraining data batch will contain n sample sequences of the above form,

ie, for p = 1,...,n, the uth sample sequence {x1,y1, X2, Y2, ..., %, Y¢, Tey1} related by the
approximate linear mapping from (1), y¥ = (z!',w") + €, where now w* is the task vector
corresponding to the u-th sample context.
We will sample the pretraining batch as follows: Fori=1,... ., fandu=1,...,n,

xl' ~iia N(0,14/d), el ~iia N(0, p), )

w“ ~unif {tl R ,tk} Where tj ~iid. N(O, Otrain) fOI‘j = 1, ey k

The parameter £ here is called task diversity. Note that if k& < n, the pretraining batch contains
some tasks repeated across the contexts. In this way, we control both the amount k of actually
unique tasks seen during pretraining, as well as the structure of the task distribution using Ci iy -
This distinguishes our setup from previous studies which typically focus on isotropic or matched
tasks (Fu et al., 2023; Li et al., 2024; Lu et al., 2025; Raventos et al., 2023).

Linear attention. We will study the performance of the linear self-attention block (Wang et al.,
2020) on this in-context regression task. The input to the linear self-attention model is an embedding
matrix Z made up of our context sequence. Here, following the convention of Wang et al. (2020);
Wu et al. (2024); Zhang et al. (2024a), we chose to embed {x1, y1, €2, Y2, . - -, Te, Yo, To+1} aS

_| T T2 ... T Tyt c RUE+Dx(+1) 3)
v1 Y2 .- Y 0 ’

where 0 in the lower-right corner is a placeholder token for the y,4; we wish to predict. The model’s
output (Katharopoulos et al., 2020; Shen et al., 2021; Wang et al., 2020) is given by

A=Z+VZ(KZ) (QZ)/¢ “

for value matrix V' € R(4+1)*(d+1) and key, query matrices K, Q such that KT Q € R(4+1)x(d+1),
Following the positional encoding in (3), the linear attention model’s prediction for g1 is
9= Adr1,e41- (5)

Previous works from Zhang et al. (2024a) and Lu et al. (2025) have shown that the output § =
Agd+1,¢+41 of the model can be reduced to give a simpler, analytically-tractable model. Writing the
attention and value matrices as

Bl B e el ET ) ©)
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the predictor expands as

¢ ¢ 0+1 ¢
N T 2 T T T
Y= zﬂ’»'g_;_l (’022M11 ;yz% + V22121 ; yi + My, ; TiT,; V21 + M2y ; yix; va1 ). (7)

The last two terms in (7) depend on v2;. While these terms in principle could contribute to the pre-
dictor, prior work argues they may be relatively weak signals for estimating w in high dimensions:
:ciac;r'vgl carries no task information, and inB;r’Ugl provides only a one-dimensional projection of
x and w (Lu et al., 2025). For analytical tractability, we therefore make the Ansatz v21 = 0, which
yields a reduced model that we analyze throughout. We justify this choice in Appendix H comparing
the parameter-reduced model analyzed below with full-parameter trained linear attention.

With this simplification, we can rewrite the simplified model’s output as

o1 = tr(THY) (8)
for a parameter matrix
I'= V29 [Ml—rl/d mgl] S Rdx(d+1) . (9)
and a data matrix
Hy = o [§ X coviw]  §3<,u7] € RO (10)
Reduced model optimization. Given a batch {x},y{’,..., 2} ,,y) }}i—; of pretraining data

(as explained above), we can find finite-sample optimal parameters by minimizing MSE loss on
next-output prediction with ridge regularization, giving

* R TNHN2 7 T
r :argrman(yZ_l—tr(F(H“) ) +E/\tr(IT ), (11)

p=1

where A > 0 is a regularization parameter, and H* is defined by (10) for the uth context. We will
focus on the minimum-norm predictor, i.e., on the limit where A — 0 (Hastie et al., 2022).

Test error. We finally wish to test the pretrained model on a general task to see if the model can
genuinely perform in-context regression. The test distribution Py is then

™ ~iia N0, Ig/d), e ~iia. N(0, p), W ~iiq N(0, Chest) - (12)

We will measure ICL performance by the average MSE error of our optimal estimator g7, =
tr(I'*H T) over the test distribution,

EieL(T*) = Ep,., [(yes1 — tr(T*H )% (13)

We highlight here the generality of the test task distribution through the new matrix Ciest, allowing
us to study the interaction of training and testing task structure.

Data parameters in the high-dimensional limit. We have introduced four data parameters: token
dimension d, context length ¢, pretraining batch size n, and task diversity k. As is standard in the
theory of high-dimensional regression (Advani et al., 2020; Atanasov et al., 2024; Hastie et al.,
2022; Lu et al., 2025), we will consider a scaling limit where all four of these parameters are taken
to infinity in a way such that the following ratios remain constant:

12 n k

p =aq, il =, and yl = K. (14)
Considering this limit makes the model analytically tractable, but preserves interesting phenomena
that are present at finite size. Going forward, we will refer to «, 7, and & as the context length, batch
size, and task diversity parameters, respectively.
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Pretraining task quantities. Before presenting our formula for this ICL test error, it will be help-
ful to first define some task-distribution quantities, which depend on the pretraining task covariance
Clrain and task diversity parameter x. These quantities effectively tell us how well we can recon-
struct Cl,,i, from the k-sample task covariance that the model sees during pretraining,

1
Ry =+ Z tit] . (15)
Jelk]

Because the pretraining tasks {¢1, ..., t;} are random, Ry is a random matrix. However, in high
dimensions, the following deterministic quantities capture the relevant information about Ry: let the
deterministic matrix F);(z) and deterministic scalar M (z) be defined through the implicit equations

Fo(z) = ((1 - % + zMH(z)) Corain + zId> - (16)
My(z) = S tr(Fu(2) a7

Then, we have the high-dimensional equivalence (R, + zI4) " ~ Fy(z).

As we define formally in Definition 1 of Appendix B, this equivalence holds in the sense that the
(normalized) traces of (R + 2I4) ! and F}(z) multiplied against test matrices coincide in the high-
dimensional limit. Here, z € R} is a noise threshold parameter suppressing smaller eigenvalues of
Ry.

Intuitively, F;(z) and M (z) give us information about how much signal in C,4in can be recovered
after a finite number £ of pretraining samples, filtered by noise level z. As kK — 0o, Rj, approaches
C'rain, and we therefore fully recover the original distribution of tasks. We will use F.(z) to refer
to the derivative of F(z) with respect to z; this gives a measure of the sensitivity of this covariance
recovery matrix to the noise level z. These quantities will play a key role in our discussion of task
alignment.

Given this setup, we compute a formula for the ICL generalization error Ecr, (I') in terms of the
data parameters «, k, T, the pretraining task covariance Cl; iy, and the testing task covariance Ciegt -
We present this formula and discuss its implications in the following sections.

Notation. We write tr[A] = tr(A)/d for the dimension-scaled trace of matrix A. We use a nor-
malized Frobenius inner product between two matrices, i.e. (A, B) = tr[AB"] = tr(AB")/d. We
abbreviate the normalized traces of the task covariances as ciain = tr[Cirain] and cest = tr[Ctest]-
We denote high-dimensional equivalence (as in Appendix Definition 1) by ~.

3 ICL TEST ERROR DEPENDS ON TASK MISALIGNMENT

3.1 TASK ALIGNMENT DETERMINES GENERALIZATION IN THE SOLVABLE MODEL

We state the main result of our analysis of the simplified linear attention model, which is an analytical
formula for the ICL error (13) in high dimensions. Here we give only an informal statement of this
result and focus on its implications; the formal statement is given by (C.7) in Appendix C.

Result: High-dimensional formula for the ICL error £ (T*)

The ICL test error (13) of the simplified linear attention model set up above is given by

gICL(F*) = escalar()\trainv Ctest) + emisalign(ctrainy Ctest) = eICL(Cvtrainv Ctest) (18)

in the high-dimensional limit, where

emisalign(ctrain7 Ctest) = <Ctest7 K:> (19)
measures the alignment between Cleg; and
K = qF.(0) + (gA — 0°)F(0). (20)
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Appearing in this formula are an effective ridge variable X and effective noise variable o given by
the solution of the joint equations

MM, (0)=1—7 forT <1, A=0 forr>1 (21)
o= (p + Ctrain)/a + 5\ . (22)

where M, (-) is determined self-consistently as in (17). Finally g is a pretraining-error term given
by (C.8) and egcatar (Atrain; Ctest) 18 given by (C.10); note that both g and egca1ar only depend on Ciegs
through its trace Ctest, and escalar only depends on Ct,,iy through its spectrum A¢pain.

We first support this result through Figure 1, which shows agreement between our theory curve
formula ejcr, (Cirain, Ctest) and numerical simulations of MSE error &, (I'™*) given by (11) and
the test distribution (12). By comparing the left (ercr,) and right (€misalign) panels of Figure 1 we
see that the behavior of ercy, is highly dependent on the epjsalign term: for well-aligned training and
testing distributions, low and decreasing eisalign in £ immediately leads to a monotonic decrease
in ercr, in k; for worse-aligned training and testing distributions, ercy, can be nonmonotonic or
even monotonically increasing in «. This is intriguing, as one would naively expect additional task
samples to improve in-context performance, but this is not true in general: whether additional task
samples are helpful for ICL depends on the alignment of the pretraining and testing distributions.

®  Ctest = Ctrain e idx1/120 e idx 79/120 e idx99/120 idx 109/120 idx 120/120
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Figure 1: Theoretical ercy, (left panel) and emisalign (right panel) curves plotted against numerical
simulations of £(I'*) computed directly from sampled data. We choose Ciain With uniform
eigenvalue distribution: Clyain o diag([d,d — 1,- - ,1]) such that tr(Ctrain) = d. We compare
Chest = Cirain (red curves) with testing on s1ngle task directions, i.e., the “idx 1i/d” labels
correspond to rank-1 test covariances Cj,., = de;e, spiked at index i. In this way, CL,, captures
the strongest task direction of Cl;,i, and C fest captures the weakest. Parameters: d = 120, o = 2,
7 =4, p = 0.01. Shading represents £std of numerical simulations. We calculate the simulation

values of emisalign in the right panel by subtracting escalar from the MSE simulation values £ ().

To gain intuition for this mlsahgnment error (19), a useful analogy is to consider the simplest matrix

“misalignment” measure (Cies;Cy,, ). Firstly, this measure captures misalignment that can occur
from misalignment of the eigenvectors of Ciest and Clain; see Corollary 4.1 and its proof for further
discussion. Going beyond eigenvectors, because the eigenvalues of Ctram are ordered opposite to
the eigenvalues of Cl,.in, this measure effectively captures the relative strength of signal directions
between Ciegst and Cipain: if Cipain and Ciesy share the same eigenvalues, alignment will be max-
imized when these eigenvalues appear in the same order, and minimized when these eigenvalues
appear in opposing orders. This is precisely why (Ciest C’tram> can be interpreted as a misalignment
measure, as even this very simple Ansafz shows how misalignment arises from mismatches in the
relative weighting of signal directions between train and test tasks. This relative strength argument
holds for our alignment measure, where instead of (Ciegt C’tram> we use (CiestKC). Here K obviously
depends on Cirain—they share the same eigenvectors—and importantly, has the same property as
C_ .. that its eigenvalues are oppositely ordered to the eigenvalues of Cl,,i, (We prove this claim

train
in /ippendlx D for 7 > 1 and study it numerically for 7 < 1; we conjecture that it holds for all 7).
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However, this eigenvalue-ordering argument is incomplete for the ICL setting. It assumes that C'yain
can be fully learned, but with finite context length, finite task diversity, and label noise, this cannot
be the case. Thus, the model cannot access the full covariance structure, only a partial version,
whose resolution depends on both sampling and noise. This is precisely what the resolvent terms
F.(-) and F.(-) in K can capture, as explained in the setup. This is analogous to the alignment
measures that emerge in ordinary ridge regression under covariate shift, which capture how much of
the training feature covariance can be resolved from finitely many samples (Atanasov et al., 2025;
Canatar et al., 2021b; Patil et al., 2024; Tripuraneni et al., 2021). Furthermore, the effective noise o
must play a key role in alignment, as the model does not know a priori that this is an “in-context”
learning problem, and must learn to decouple the tokens from the task for each context in order to
extract the task information implicit in that context. The ability of the model to do this depends on

both the label noise (p), the context length («), and a sufficient number of contexts (). In fact, the

form of o = (p + tr[Cirain])/a + A is also familiar from ordinary ridge regression as an effective
noise-to-signal term: the optimal ridge regularization parameter balances the variance due to label
noise (p) with the estimation error from having finite data (Atanasov et al., 2024; Canatar et al.,
2021a; Hastie et al., 2022; Patil et al., 2024). At infinite sample size, the optimal ridge is simply
p, the label noise. However, at finite sample size, the effective regularization is increased due to
the finite-sample estimation error, and becomes (p + 02)/a, where o2, characterizes variability or
complexity of the regression task. In the same way, our model has to resolve the statistics of the
tokens a over samples (¢, measured by «), and so we expect terms familiar from linear regression
to appear in our formula.
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Figure 2: ejcr,(Clrain, Ctest) against alignment measures: €pisatign (Ctrains Chest )s t8[Chest F ],
tr[Chest C;ralm], and 1/CKA(Clrain, Ctest) from left to right. Ciyaiy is fixed to be a diagonal matrix
with powerlaw spectrum Clyain o diag([177, ..., d"P] with power p = 0.9 and tr[Ciyain] = 1.
Clest 18 varied over a range of different covariance matrices that are simultaneously diagonalizable
with Cirain, specifically power spectrum with different powers (circles connected by solid line),
and low-rank covariance matrices C, = diag[(d/r)1, ,04_,] (triangular markers connected by
dashed line). Changing the power of the powerlaw tests or the rank of the low-rank tests will make
them either more or less aligned with Ciyain. Parameters: d =120, o =2, 7 =4, p = 0.01.

In summary, our alignment measure is motivated both by arguments regarding spectral ordering and
relative strength, as well as having all components necessary to capture finite size effects. In Figure
2 we compare our alignment measure to three others: the population matrix measure (C’trainC{eQ,
a simpler version of our alignment measure involving just the resolvent (Ci,ainF)(0)), and finally
the Centered Kernel Alignment (CKA) measure (Kornblith et al., 2019). This comparison illustrates
how different measures emphasize different aspects: (CirainFi (o)) accounts for finite-sample res-
olution effects but not as specifically as (Ciain/C) does, while (C’tminC’{e;Q and CKA both miss
finite-sample effects altogether, CKA instead being designed to detect nonlinear representational
similarity. We perform this comparison by first noting that, trivially, en;isalign iS monotonically re-
lated to eycy: larger emisalign implies larger ejcy,. Figure 2 shows ercy, for fixed Clrain and varying
Chest plotted against the above matrix alignment measures between Cypain and Ciess. We see that
(CtrainkC) and (Clrain F; (o)) are the strongest drivers of ercy, (i.e. most monotonically related, with
(Ctrain/C) obviously being perfectly correlated), while the performance of (Cest C{r;in> and CKA
as predictors of ercy, is lacking.
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Figure 3: ICL test loss of a nonlinear transformer against different alignment measures. The setup
of the covariances is identical to Figure 2, the only difference is that here ICL error is computed as
the MSE on the test task as performed by a trained two-layer architecture with softmax attention
and MLP connections. Our measure episalign achieves the best correlation with ICL error: the
Spearman coefficients (measuring monotonicity, over all test covariances and averaged over the
different x values) are 0.99 (ours), 0.98, 0.96, and 0.39 from left to right. Parameters: d = 20,
a=2,7=4,p=0.01.

3.2 TASK ALIGNMENT PREDICTS GENERALIZATION IN NONLINEAR TRANSFORMERS

We further support the predictive power of our alignment measure defined by episalign for ICL error
in a two-layer transformer architecture with softmax attention by Figure 3. See Appendix H for
details on the architecture setup. We see that even for an architecture far from the linear attention
considered by the theory, our theoretically-derived alignment measure is still the best predictor of
how changing the test distribution affects ICL error, compared to other alignment measures.

4 MISMATCHED TASK DISTRIBUTIONS ARE OFTEN OPTIMAL

We have identified the relevant measure of alignment between the pretraining and testing task
distributions for linear transformers learning to perform ICL. It is then natural to ask whether
for a fixed test distribution Cicg, is it always optimal to pretrain on the test distribution, i.e., is
e10L (Ctest, Crest) < €1¢L(Clrain, Ctest)? In this section, we show that the answer to this question
is in general no, it is not always optimal to pretrain on the test distribution.

4.1 COVARIANCE ALIGNMENT AND EIGENSPACE STRUCTURE

We first show that it suffices to consider the case in which Cj, ., and Cleg; are co-diagonalizable, as
the ICL error is extremal in this case. Note that we can focus on epjsalign, as other terms in the ICL
error (18) contained in egca1a, (C.10) are independent of the eigenvectors of these two matrices.

Corollary 4.1: Eigenspace alignment extremizes misalignment error

The misalignment error emisalign (Ctrain, Ctest) = (Chest, K) is extremized when Ciegy and
C'rain are co-diagonalizable. Concretely, letting A1 (Ciest) > - -+ > Ag(Chest) and A () >

-+« > Ag(K) be the ordered eigenvalues of these two real symmetric matrices, we have
1< 1
7D Ai(Crest)Ai—j41(K) < emisatign < 5> Aj(Cres) X (K0), (23)
j=1

with equality in either the upper or lower bound if and only if Cl,,;, and Ciest are co-
diagonalizable.

. J

To show that this result holds, we observe that, as Cles and /C are real symmetric matrices, the
desired bound (23) is simply a restatement of Ruhe’s trace inequality normalized by 1/d, where
equality holds if and only if Ciest and K are co-diagonalizable. We give a self-contained proof of
this inequality in Appendix E (see also Marshall et al. (2010) or Li (2020)’s expository blog post).
By its definition (20), K and C}.i, have the same eigenvectors, so the claim follows.
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Therefore, the misalignment error can be minimized or maximized if we assume that Cl,,;, and
Clest are simultaneously diagonalizable. We therefore restrict our attention to the co-diagonalizable
setting, and write the ordered eigenvalues of Ctyain and Chest as A1 (Chrain) = -+ > Ag(Cirain) and
A1 (Chest) = -+ > Ai(Clest), respectively.

4.2 OPTIMAL TEST COVARIANCE FOR FIXED PRETRAINING DISTRIBUTION

Before presenting results on optimal pretraining structure for fixed task structure, which is a more
practical question to answer, we begin first with a simpler question: For fixed training distribution
Clrain, 18 it always optimal to test on the pretraining distribution, i.e., is ercr,(Cirains Ctrain) <
€10L (Ctrain, Crest)? The following result answers this question in the negative:

Corollary 4.2: Trace-constrained optimal test covariance

For fixed Cirain and fixed Ctrain = Ctest, and 7 > 1, we have that ercr, (Cirain, Crest) 1S
minimized by the single-index spike covariance with eigenvalues

[)\I(Ctest) T )\i(ctest) e )\d(Ctest)] == [dctrain 0o ()50 0]

i.e., all test signal is aligned with the largest eigenvector of Ci,aip.

To see that this holds, note that ercr,(Cirain, Crest) 1S @ linear function of the eigenvalues of Ciegs
as emisalign (Ctrain, Chest) 18 linear in Ciest and escalar (Atrain, Ctest) does not depend on Cles; When
Ctest = Ctrain- Furthermore, the constraint cest = Cirain 1S @ simplex in the space of Ciest eigenval-
ues. The minimum will thus be attained along the simplex, at the vertex corresponding to the lowest
eigenvalue of KC. As argued in Appendix D, this corresponds to the largest eigenvalue of C',»in, When
7 > 1. As further discussed in Appendix D, we conjecture this to be true for all 7.

This result illustrates a bias towards exploiting low-dimensional structure seen in pretraining to opti-
mize performance at test time. In these cases, where we are optimizing test structure Cest for a fixed
pretraining structure Cl,,in, We observe that the best generalization is achieved by concentrating all
signal into a single shared direction, collapsing the task manifold into a single dimension. In other
words, it is easier to learn to generalize over a degenerate low-rank test structure highly aligned to
the pretraining structure than to generalize over the entire pretraining structure learned from lim-
ited samples. This is familiar from spectral bias results of ordinary ridge regression (Canatar et al.,
2021a;b). Note that, had our training distribution been isotropic (Ct,ain = Ig4) then all trace-fixed
test covariances will perform equally; utilizing anisotropy is crucial.

4.3 NON-OPTIMALITY OF PRETRAINING ON TEST STRUCTURE

We now investigate the original question of the optimal pretraining task covariance Ctain, given a
particular test task covariance Ciost. We will provide an example showing it is in fact not optimal
in general to have Ciain = Chest- We particularly emphasize that whether or not a particular task
structure is better for pretraining depends strongly on the task diversity .

Consider the case of power-law task distributions at both training and test time, i.e.,
Clrain o< diag [1fptrain - dfptrair.} , Chest < diag [17Ptcst - d*ptcst] , (24)

with the normalization constant chosen such that tr[Ciain] = t1[Ciest]- We can study the effect of
changing Ci;aiy, relative to Ciegt On egcy, by changing the exponent p,in relative to fixed piest-

Figure 4 shows that, for low k, pretraining on Ci;ain With higher spectral power relative to the
test power can improve ICL error. We see that focusing pretraining on a low-dimensional subspace,
effectively creating a strong inductive bias, can improve in-context learning performance when train-
ing data is scarce. The model generalizes better by overfitting to fewer directions, rather than learn-
ing more directions weakly. However, increasing the pretraining power too much relative to the test
power will worsen ICL performance, as the pretraining task set is now too low-dimensional to cover
enough variation at test time. We highlight that the potential advantage coming from increasing
training spectral power weakens as soon as « is large enough for the model to be able to resolve
enough task directions during pretraining.
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Figure 4: Heatmap of theoretical ICL error
given by (18) for simultaneously diagonalizable
powerlaw task covariances Clyain and Chest
with spectral power pyrain (variable) and pyegt
(fixed). The z-axis shows task diversity « and
the y-axis shows the difference pirain — Prest
between task spectral powers. The colourbar
shows the % improvement in error by training
on Cirain instead of Ciqg. This shows that
increasing spectral power in the pretraining
tasks can markedly improve ICL error on the
same test distribution. Parameters: d = 100,
Prest = 0.9, =1, 7 =4, p=10.01.

Train power — Test power
% Improvement in Error

5 CONCLUSIONS

We have developed a framework of in-context task alignment, showing that our derived measure of
error from task misalignment is a robust predictor of ICL performance, even in nonlinear architec-
tures. This derivation builds on a model of in-context learning of linear regression, which we extend
to fully general task covariates. Previous works have shown that the performance of ICL models
can suffer under task shift, particularly in cases of low task diversity (Garg et al., 2022; Goddard
et al., 2025; Zhang et al., 2024a). We highlight that, while task misalignment is provably a driver of
ICL error, our fully-general covariance framework can be used to show that task misalignment can
indeed be utilized to improve ICL performance in cases of limited data.

Looking forward, our analysis provides a rich model of ICL with many further avenues of inves-
tigation. A more detailed analysis of the interaction between pretraining-specific error egcaar and
misalignment error emisalign could be used to derive a general heuristic for optimal pretraining,
with potential implications for practical settings. Beyond task alignment, additional highly relevant
phenomena can be investigated: we highlight (1) a generalized learning transition in task diver-
sity (empirically studied by Raventés et al. (2023); see Appendix F) and (2) test-time scaling (see
Gozeten et al. (2025) and Appendix G). We leave exploration of these phenomena to future work.
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SUPPLEMENTARY INFORMATION

In the following sections, we provide proofs of the results presented in the main document. We begin
in Section A with some preliminary simplifications of the ICL and IDG population risk for general
T". Then in Section B we will set up and complete the random matrix theory calculation necessary
to justify our main result, equation 18, which will be done in Section C. Section E will cover the
proof of the phenomena-based Corollary 4.1. Then, we provide additional analysis of transitions
in the behavior of the ICL error as a function of the task diversity x in Section F, and of shifts in
the test-time context length in Section G. We conclude with details of our numerical experiments in

Section H.

For convenience, we include the following table detailing quantities appearing throughout the main
paper as well as this supplementary section.

Symbol | Meaning | Def’n
d Task and token dimension Sec. 2
n Number of pretraining contexts Sec. 2
b, biost Pretraining and testing context length Sec. 2
k Pretraining task diversity Sec. 2
ZorZ, Embedding choice of a context (context ) sequence 3)
I'Hy Reduced model parameters and data 9), (10)
A Ridge parameter (11)
re Optimised I' given data sampling Hz, , ..., Hz_ (11
Eien(T) ICL test errors for parameter I’ (13)
Clirain Training task covariance (this is finitely sampled by k) 2)
Chest Testing task covariance (no sampling restriction) (12)
p Label noise in both pretraining and testing 2)
T Asymptotic samples parameter between n and d? (14)
« Asymptotic context length parameter between ¢ and d (14)
K Asymptotic task diversity parameter between k and d (14)
Ry, Pretraining task sample covariance (15)
Ao Rescaled ridges and effective noise (21), (22)
F.(2) Deterministic equivalent of resolvent of Ry, at ridge z (16)
M.(2) Stieltjes transform of Ry, at ridge z (17)
e10L (Ctrain, Crest) Deterministic equivalent for & (I'*) (18)
emisalign (Chrain, Ctest) || Pretrain-Test misalignment term in ercr,(Cirains Crest) (19)
Pretraining-dependent comparision matrix in emisalign (20)
Table 1: Quantities appearing throughout the main document
Symbol | Meaning | Def’n
b)) Token covariance matrix (taken to be 1) Result 1
Ema(T) IDG test error for parameter ' (A.2)
Aipa, ArcL Linear response matrix in simplified Epg, EicL (A.8), (A.9)
Bipa, BicL Quadratic response matrix in simplified Epg, EicL (A.8), (A.9)
b, Rk Pretraining task sample mean and covariance (A.10)
G Resolvent of feature H covariance used in I'* (B.10)
7, G(7) Parameterisation of resolvent for convenience (B.11)
Gext () Extended parameterised resolvent that contains I'* (B.14)
G[cﬂ Leave-one-out extended resolvent (B.19)
Ge(m) Token- and noise- averaged version of Gyt () (B.39)
Leq Deterministic equivalent of I'* (B.52)
e (Atrain) Deterministic equivalent of Epg (') (C.6)
e1cL(Ctrain, Chest) Full explicit formula for (18) (C.7
escalar(ctraina Ctest) Ctest 'iSOUOPiC term in €ICcL (Ctraina Ctest) (CIO)

Table 2: Quantities appearing only in the supplementary information, particularly Section B
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Notation Here vec(-) will mean the vectorization operation under the row-major convention: for
ady x do matrix A, vec(A) is a vector in R%%2 formed by stacking the rows of A together. We will
use this together with the matrix Kronecker product ®, where by standard results we have

vec(uv ') =u @ (25)
(u@v)(wes) =(uww')o (vs'). (26)

We will also use the notation [M]\, to mean the principal minor of a matrix M (i.e., first row and
column removed). We use the following normalized trace

tr[A] = = tr(A).

We use = when defining new quantities. We use ~ for deterministic equivalence, which describes
the large-dimensional limit of a random quantity (either a scalar or matrix) that concentrates to a
deterministic value as dimension approaches infinity.

A GENERAL ERROR FORMULAS

Here we will set up the definition of various test errors more generally than in the main document. As
this is an in-context learning setup, there are different types of “generalization” that can be studied:
generalization over the tokens and generalization over the tasks. We will define two test errors to
capture these separately.

In general, we wish to understand the performance and behavior of this estimator I'*, which is
pretrained on data from the pretraining distribution Py;ain, When tested on new data. Namely, we
will analyze the average performance of an estimator §j = tr(T", Hz) as a function of given fixed I
under the MSE loss, which is the natural loss for a regression test. The most general this expression
can be is

Luse(T) = Ep,.., |(yer1 — tr(T, Hz))? (A1)

for a general test distribution Py detailing how to sample tokens z, tasks w, and noise € at test
time.

We will consider two different testing regimes: the in-context learning (ICL) test, where the model
sees new tasks w, and the in-distribution generalization (IDG) (or in-weights) test, where the model
sees the exact same tasks used in pretraining {¢;,--- ¢}, where each t; ~iiq N(0, Cirain)-
Explicitly, we define these test distributions and corresponding error functions as follows:

&g () = Eppyg [(ym — tr(T, Hz))z} (A.2)
Ping = &' ~iia N(0,14/d), w" ~umie {t1,--- ,te}, €' ~iia N(0,p),

where ¢ € [¢] and p € [n], and

&icL(T) = Epy, [(yzﬂ - tr(F,Hz))Q} (A.3)
PrcL =&t ~iia N(0,14/d), w" ~iia N(0,Crest), € ~iia N(0,p),
where i € wtest] and ne [n]

Notice here that we’ve introduced two different context lengths: ¢ for the IDG distribution, which
is the same context length as the pretraining setup Pirain given by (2), and £ which is the con-
text length at testing time. This allows us to later explore the effect of pretraining and testing on
sequences of different context lengths.

We assume that both task covariance matrices Clain and Cheg; are well-behaved in high dimensions,
specifically that tr[Clyain], tr[Clest] = ©O(1). This ensures the task signals are not over or under
amplified as d — oo.

Lemma 1. Simplified test losses. Consider IDG and ICL test distribution and corresponding error
functions as given by (A.2) and (A.3). For fixed parameters T' € R+ and data sampled ac-
cording to test distribution Pipg or PicL, the corresponding errors eipg and erci, can be expressed
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as

Ema(T) ~ p+ tr[SRy] — 2tr[LAlpg] + tr[ETBpel '] (A.4)
EroL(T) = p + tr[ECest] — 2tr[T Ay ] + tr[ETBrenl' ] (A.5)

where
Ampg = [ERkE (tr[ERk] + p) Ebk] , (A.6)
AICL = [Ec(testE O] 5 (A7)
Bine — [ERkE + 2 (tr[SRy] + p) = (X[SRy] + p) 22bk] AS)

(tr[SRe] + p) (Sby) (tr[ER:] + p) '
EC’teStZ + L (tr[ECtest} + p) E O :|

B —_ Ktest A.9
TCL { o7 (0[S Cront] + p)z (A.9)

Sor by, and Ry, defined by the pretraining task sample {w , ..., w} as

1 1 -
JEk] JE[K]

The “~” in these formulas comes from ignoring terms of order 1/d and weaker, i.e. a high-
dimensional treatment.

Remark 1. Note that Result 1 is a more general result than the setting considered in the main
paper, as Result 1 allows for general token covariance X.. The rest of this work will take > = 14 for
computational tractability.

Lemma 2. Fix the task vector w that defines y; = w ' «; + €; for context Z. Denote the conditional
expectation over only x;, €;, holding w fixed, by E .. Then we have the following

Egz.c[yes1] =0 (A.11)
EzHz] =0 (A.12)
B c[y7 1] = tr[Sww ']+ p (A.13)
Eg elyer1Hz] = % Fww'E (trSww']+ p) Sw] (A.14)
1 Sww 'S+ ¢ (r[Sww']+p) L (tr[Sww']+p) Sw
Egp H Hy)1~=% ¢
elvec(Hz) vec(Hz) | = ¥ ® (tr[SwwT] + p) (Sw) T (te[SwwT] + p)°
(A.15)
where recall

Hz =1 [$5comim] 23, 92) € REHD (A.16)

Proof. Equation (A.11) follows immediately from the linearity of y,; in € and x;, which are both
mean-0 random variables. Similarly for (A.12), as H is linear in x4 ;.

For the conditional expectation of y; 1 in (A.13), simply expand

Eue [9741] = Bae [(w' o1 + 1) (@ w + €41)] (A17)
= Eoe [w ez w + 4] (A.18)
= wTSwtp (A.19)
= tr[Sww ' |+ p. (A.20)
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For (A.14), have

d d
Eec |7 > ynyimeaz | = 7 Y Bee[wo(@lw+e)(w e +e)zl]  (A21)

i<t i<t
d
=7 X:I[Ew,6 (12 ww ' zz] ] (A.22)
i<t
d
=3 > (B/d)ww’ (£/d) (A.23)
i<t
1 T
= gE'ww b)) (A.24)

and

1 1
Eoe |5 Y yerimeny?| = 7 Y Eae [meri(@lgw + ) (w @ + ) (@] w+ )]

i<t i<t

(A.25)
= % > Boe [raz/ ww iz w+ ee))] (A.26)

i<t

1

=22 (B/dw(w’ (S/d)w + p) (A27)

i<t
= é(tr[zwa] +p)Xw (A.28)

as required for (A.14).
Finally, for (A.15,) first it will be helpful to note, by Isserlis’s theorem / Wick’s theorem, that

2 1
Eg.c [12] ww @2 | = E2wuﬁ2 += trZww . (A.29)

It will also be useful to rewrite

d
7 2_i<eYiTq
vec( ) vec( 1) = (eenrafyn) © (| F5E ] (4 Scomal 4 Ticn?])
7 2ui<e Yi

by converting between vec() and matrix Kronecker. The components of this Kronecker product are
independent and can therefore be averaged separately. Clearly

Ew,e[méﬂmaﬂ = 1

so we focus on the second matrix in the product. This matrix will have blocks that sum over two
¢ sums, leading to both ©(1) and ©(1/¢) terms in the final expression. We will ignore terms of
order 1/ as we eventually will only use this formula in a proportional limit of £,d — oo such that
¢/d = ©(1), and thus 1/¢ is negligible in this limit.
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We proceed block-by-block. Firstly,

d? d?
Eg,e 7 Z yiziyx, | = 7z ZEM [zi(z]w+e)(w z; + )] |

i<t
L Exg (] w+e)(w'z; +¢)x) (A.30)
ZQZ v [Ti(x] w+e)(w' x4+ €)x; | .
i#]
2
= éﬁEm,e[xlxIwawlwlT +eaerxiy |
2
+ (2 - E)%Emje[mlwfwamgm;] (A.31)
d? (1 2 1
=(— (- trfww ]S+ S Sww 'S + - p%
662 (dtr[ ww | + pTww T+ op >
2 d (1 T
+ () | pww's (A32)
=(1+ 7 Sww 'Y + 7 (tr[wa 1+ p) by (A.33)
~ Yww' ¥+ % (trZww '] +p) . (A.34)
Secondly,
Eo | 2 2| — ol D@ -0lE Ez.c [¥3 A35
) Z Yiily; | = 72 e [mlyl] + (& — )ﬁ € [9013/1] € [QQ] (A.35)
i<t
1 . - 1
=7 (dtrSww']E + 25ww ' S) w + 32,0210
1
+ (1 - €> (tr[Sww "] + p) Sw (A.36)
~ (tr[Sww ']+ p) Tw. (A.37)
Finally,
1 1 02—
Eoc |z D UiY; | = 7B clvi] + — 5o c[y]|Ea o[v3] (A38)
i<t
= % (Epc[w 2z ww zz w] + 6pE, [w ' zz " w] + 3p%)
1
+ (1 - £> (tr[Sww "] + ,0)2 (A.39)
~ (r[Sww'] + p)2 . (A.40)
Combining these pieces gives (A.15). [

Proof. [of Lemma 1] We begin by noting that for both IDG and ICL test errors, we can expand
(1) = Eowc | (yer1 = 0(TH}))’| = By [Eac [ (yess — tr(TH]))*|
=E, {E%E [(ygﬂ — vec(I') " vec(HZ))QH
= Ey [Em [ZJ?HH - 2VeC(F)TH‘jw [Ee,c [yer1 vec(Hz)]|
+ vec(D) TE,, [Eq,e [vec(Hz) VEC(Hz)T]] vec(I) (A41)

where the difference between IDG and ICL error comes from the different task distribution over
which we take E,,. Note this [E,, is shorthand for “expectation over task distribution,” which will
be different distributions depending on if we are using Pipg or PicL.
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Now we can use the above Lemma to simplify these terms drastically. For the IDG distribution, we
have

Ewlw] = by, Eolww '] = Ry .
Therefore,
Euw[Ex,c[y71]] = tr[SRk] + p (A42)
1 1
Ew [Ew’e[yg+1Hz]] = P [ZRkZ (tr[ZRk} + p) Ebk] = aAIDG (A.43)
1 SRpY 4 4 (tr[SRi] +p) S (tr[ZRy] + p) Tby,
E.. H H)'~>Y® ¢
melvecHz)veelfa) T2 028 | almr 4 ) (5007 ({SRe + )
1
= EZ ® Bipg - (A.44)
For the ICL distribution, we have
Ew[w] =0, Ey[ww "] = Chess »
and so
Ew [Exe[yir1]] = Ew [tr[Sww ] + p] = tr[EChest] + p (A.45)
1 1
]Ew []Ecc,e[y€+1HZ]] = E [Zcf‘cestZ O] = gAICL (A46)
1 YCtestE + 4 (t1[XChest] + p) 0
E E H H T ~ =% test 7 est
o [EalvectHy) veeltHz) ] = 2 0" (t1[SCrea] + 9)°
1
- 120 B, (A47)
Upon noting that
vec(I') (£ ® B) vec(l') = tr (STBIL'") ,
substituting these components into (A.41) gives the required results. O

B RANDOM MATRIX THEORY CALCULATION

Note that while Result 1 is offered for general token covariance ¥, all steps and results in this section
and the following section assume > = .

The setup and structure of this formalism and corresponding results will follow Section SI.3 and
SI.4 of Lu et al. (2025). There will be key differences caused by the different task statistics
N(0, Cirain), N (0, Ciest ) that we use in this work compared to the isotropic tasks used in Lu et al.
(2025). Since the token structure is the same between the work of Lu et al. (2025) and our work
here, we will not prove various error bounding claims or approximations rigorously here, as such
bounds would be identical to what can be found in Lu et al. (2025). However, care will be taken to
highlight the distinction and differences required for handling the additional complexity introduced
by our consideration of non-isotropic tasks.

We will use = to denote two scalar quantities which converge in probability in the high-dimensional
limit, or for two matrices to represent deterministic equivalence.

Definition 1. For two d X d (possibly random) matrices Ay and By, we write Ay ~ By if
tr[Mg(Aq — Ba)] — 0 in probability as d — oo for any sequence of bounded spectral norm
test matrices My (Atanasov et al., 2024; Lu et al., 2025).

As noted above, we will not attempt to control rates of convergence.

We begin by considering the closed-form optimized parameters given by (11). This optimization
problem can be solved explicitly as

n -1 5
vec(I'™) = (Z/\I + Z VCC(HZLL)VCC(HZM)T> Z Yy vec(Hzn) . (B.1)

n=1 p=1
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Ultimately we wish to characterize the ICL and IDG error of these parameters, which are given by
Result 1 as

EroL(T*) = p + tr[Chest] — 2tr[T* Afor] + tr[T* Biep (T*) 7] (B.2)
Ema(T*) = p+ tr[Ry] — 2tr[T* Ajpg] + tr[T* Bipg (T) ] (B.3)
for
AICL = [Ctest O] (B4)
Ctest + L (tr[ctest] + p) 0 :|
B — Qitest B
ICL [ 0T (61[Croae] + p)? (B.5)
Ampg = [Rk (tr[Rk] + p) bk] (B.6)
R+ oo— (tr[Re] + p)  (tx[Ri] + p) bk}
B — Qtrain B7
e { (tr[Re] + p) b (tr[Re] + p)° ®7

Again, as we are distinguishing between pretraining and testing context lengths, we use
Qtrain = étrail’l/da ltest — étest/d .

These expressions for I'* and its corresponding errors depend explicitly on the randomness found
in the particular sample of the data z,w, ¢; we wish to be able to characterize the typical perfor-
mance, and thus we need to average over this disorder. We will do so by following a random-matrix
style computation that computes a deterministic equivalent for the parameter matrix I'* and its cor-
responding ICL and IDG errors, valid in high dimensions in the proportional limit

Liest k n

étrain _ _ _ _
T = Oltrain — @(1), d = ltest — @(1), E =K = @(1), ﬁ =T = @(1) (BS)

To do this, we will express necessary quantities in terms of resolvents.

RESOLVENT AND EXTENDED RESOLVENT SETUP
I'* above can be rewritten as

vee(I'") =G (Z#E[n] Yy vec(HM)) /d, (B.9)
where G is the resolvent matrix

G= (Zﬂe[n] vec(H,)vec(H,)" /d + T)J)il ) (B.10)

We will find it helpful to explicitly include an additional matrix Bpjacenolder € R(4° T8 (4”+4) (that
is positive-semidefinite)

-1
G(m) = (e vee(Hy) vee(H,) T /d + 7 Bytacanotder + TAI) (B.11)

for a non-negative scalar 7. Notice that G(0) = G. Eventually Bpjaceholder Will be explicitly related
to BycL or Bipg in a way that will allow us to more easily compute the Bl T or I'BipgI' " term
in the error formulas.

We can write G in a cleaner and more useful way by concatenating y,, and vec(H,,) into an extended
vector

_ Yu/d d?+d+1
z, = [Vec(HM)/\/g} eR . (B.12)
We also extend Bjpjaceholder a8
0
Bext = , B.13
ext |: Bplaccholdcr:| ( )
We then define an extended resolvent (with very similar structure as G) to be
1
Gexi(m) = (B.14)

el 2,2} + TBexs +TAL
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We see that z,, zI and Bey have block structure, and so expanding the block inverse we see

_| —c(m)q" (7)
6ot = o) 6tm) T et (519
for 1
q(m) = —5G(m) (5cpy Yo vee(H,) ) € RID (B.16)
and ¢() defined self-consistently by
1 1 1
pEs) =% Z yﬁ +TA— B Z Yuyy vec(H,) T G(r) vec(H,). (B.17)
RE[n] pvE(n]

At m = 0 we can now see that G, explicitly contains information about the optimal parameters I'*

we’re considering, as

q(0) = %vec(F*). (B.18)

We will thus proceed by computing a deterministic equivalent for this extended resolvent.

DETERMINISTIC EQUIVALENT FOR THE EXTENDED RESOLVENT

We will closely follow Lu et al. (2025), omitting details that remain unchanged between the formal-
ism in their work and ours here. Intuition-based headings will be given in red.

The computation proceeds by defining a “leave-one-out” version of Gy,

1
all _ , B.19
ext Zu;é,u 2,2) + TBext + TAI ( )
By construction,
Goxt (S pein) Zuzy + 7Bext + TAT) = 1. (B.20)
1
S —————G¥zu2] + Gexe(mBext + TAI) = I. (B.21)

T (lml
pem) 120 GexiZu
Average over disorder in x, €, which concentrates. The term zl G,Ei]t z,, is well-behaved, specifically
as argued by Lu et al. (2025), it concentrates around its conditional expectation when the task w,,

and G is fixed. We thus have

ext

z Gz = X" (wy) (B.22)
where .
Vi (w) = 2 tr (Gl - [T © B(w,))) (B.23)
and T, 1 T T
= t 1 t
E(w) = [ww o lprufow )y (p+tfww!]) 12”] . (B.24)
(p + trlww]) w (p + trlww'])
Replacing z,] G 2, in (B.21) with x(w,,) gives
1
S - G¥z.2] + Gext(TBext + TAI) ~ 1. (B.25)

m ext
e 1 X (000)

Next, we will also average the term zuz; on on the left-hand side of (B.25) over the remaining

disorder in x, €, holding w fixed, and replace zuzl with this conditional expectation. Doing so
introduces some small error which is bounded in Lu et al. (2025). From this we have

1 (] T ~
uez[n] mGEXtEm7E[ZM‘Z}L] + Gext (ﬂ-BeXt —+ T)\I) ~ I . (B26)
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We already have enough to compute E,, [z#zT using Lemma 2 as

p]

1
Eeelzuz,] ~ ET, (B.27)
where because it will appear in subsequent equations we define the matrix
T 1 T T T
T=|, p_—ir—tr[ww ] . ﬁvec([ww (p + trlww ")w]) . (B28)
ﬁvec([ww (p + trlww ")w]) I; ® E(w)

Now substitute this expression into (B.26) for the conditional expectation E, [Zu ] giving
T ;} - x“ ([gjtr + Gext (T Bexy + TAI) = I (B.29)

where we recall 7 = n/d>.

“Leave-one-out” terms behave like their full-sum equivalents. In high dimensions and for large n,
there is negligible difference between ) 2, and Z Thus, we replace GL,; by Gex, and x*(w),)

ext

by
x(w) = 5 tr (1Geyo - [T © Blawy)]) (B.30)
So finally we have the expression for Gext
T 1
Gext | — — Y 4+ 7Bet + 7N | = 1I. (B.31)
t MEZ[TL] L+ x(w) t

Exploit finiteness of training task set. So far we are summing over n task vectors, but really only
n/k of these are unique. Thus, we can simplify (B.31) as

T 1
ex —7T Bex M| ~1T. B.32
GthH()ﬂ o+ T (B.32)

JE[K]
Indeed x(t;) is also self-averaging in ¢;, and as argued by Lu et al. (2025), concentrates to its mean

> x(ty). (B.33)

J€E(k]

- J—
Xave =

x| =

We can thus simplify our expressions by substituting (B.30) into (B.33) and performing the sum
over wy, ..., wg. Here we will use the that

- Z p+trft;t]]) = p+ tr[Ry] (B.34)
JE (k]
- Z (p+trft;t]]) t; =~ (p + tr[Ra]) by (B.35)
1
k > (p+tr[tjt}])2 ~ (p+ tr[Ry))? (B.36)

where for (B.35) and (B.36) we have used that tr[t;t]] ~ tr[Ry] as tr[Ry] — tr[t;¢]] has mean 0
and variance ©(1/d). We thus have that

1
- Z E(t;) ~ Bipa (B.37)
and so
=R 1
Xave = E tr ([Gext]\o . [I ® BIDG]) . (B.38)
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Final formula for extended resolvent in terms of training task sample. The extended resolvent
Gext () is asymptotically equivalent to

-1

= T Ptrai L vec ([Rr  prrai bk])T
ge ) = train \[ train + 7TBeX + T)\I
( ) (1 + dee [\/& vec ([Rk ptrainbk}) [d ® BIDG ¢
(B.39)
with Y. defined self-consistently by
~ 1 1
Xave = E Z X(tj) = ﬁ]E |:tr ([Gext]\o . [Id & BIDG})1| (B4O)
JE[K]
with
R= o Z t;, Z tjt] . Prwain = p+ tr[Rul, (B.A1)
Je[k Je[k]
Ry, + usin [, ptrainbk]
Bipg = o . B.42
DG |: ptrainbl—qr p‘?rain ( )

Simplifying self-consistency variable . x is defined in terms of the dominant component [Gex]\o
of Gext- To simplify this, choose ansatz for Byt as

0 0
Bext - |:0 Id & Btest:|

where Biest Will later be By, or Bipg depending on which error we compute. Then [Gext]\o can
be expanded as

—1
( Id®BIDG+7de®Bccst+T/\Id®Id+1)
14+ xr

1
=1;® (1 T BIDG + T Biest + T)\Id+1> (B.43)

= I, ® Fp(n) (B.44)

where

—1
Fp(m) = <1+ Brpa + T Biest +T)Jd+1) .

We can use this to replace Yave With x defined self-consistently by

1

-1
Xr = 7 tr {(1 Y BipG + 7 Btest + )\Tld-s-l) BIDG} (B.45)

Relating g( () to a deterministic equivalent for T'*. Lu et al. (2025) shows that two key quantities
tr[[*AT] and tr[[*B(I'*) "] in £(I'*) can also be computed from the extended resolvent Gl ().
As this is purely a matrix algebra claim, and independent of the particular task structure hidden
within I'*, it generalizes immediately to our case. We thus include this result here without proof and
refer to reader to Lu et al. (2025) for a derivation.

Lemma 3. [From Lu et al. (2025)] For any matrix A € Rax(d+1),
-1
c(0)Vd

. . 2 . ., .
where e, denotes the first natural basis vector in R* 941, For any symmetric and positive semidef-
inite matrix B € RUTDX+D) i e ser

Bplaceholder =LLji®B B.47)

tr[[*B(I*) "] = % (0(17r)>

24

tr[F*AT] =

[0 vec(A)T] Gext(0)en, (B.46)

in (B.13), then
(B.48)

=0
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Using Lemma 3, we can find the deterministic equivalent for I'* from

-1
tr[[*AT] ~ OV [0 vec(A)T] G.(0)es (B.49)
— O L ([Re preainbi] (Bio + A1+ xo))"AT)  (BSO)
C(O) d ¢ rain IDG 0 .
1
:EHQRk,Mm&ﬂuﬁm+Au+x@U*AU. (B.51)
and thus
Ii >~ [Ri prrainbi] (Bioo + A(1 + x0)I) ™" (B.52)

SELF-CONSISTENCY EQUATIONS AND FINITE TASK SAMPLE AVERAGES

So far, everything is left in terms of the quantities by, Ry, Bipg that depend on a typical sample
of k task vectors wy , - - -, wi. What remains to be analyzed is the behavior of this sample and its
sample statistics, i.e., how does the finiteness of k affect I'*. The following steps will deal with this.

Characterization of xo We see that we almost have a characterization for the deterministic equivalent
of I'* but we need to understand what A(1 + xg) term is doing. From (B.45) we know Yy is defined
self-consistently from

1 T -1
Yot (5 o Ba Arlus1)  Bivg (B.53)
TX0 1 -1
~ —t B A(1 I B B.54
Tt~ d r {( oG + A1+ xo) d+1) IDG:| ( )
d+1 1 -1
= 4 /\(1 + Xo)g tr |:<BIDG + /\(1 + XO)Id-i-l) :| (B.55)

Remember Bipg is a (d+ 1) x (d+ 1) block matrix with upper d X d block given by Ry, + ptrain /.
We wish to express the above resolvent just in terms of Ry.

Working heuristically and block-inverting the Bipg + A(1 + x) resolvent we have

1 -1 1
3 tr {(BIDG + A1+ XO)Id+1) } ~ < tr(Fr(o)) (B.56)
where
o= % + (1 + xo0) (B.57)
Fr(o) = (Ry +oly)~! (B.58)

Sample covariance Ry, and the Stieltjes transform. We thus have
X0 A+l
14+ xo0 d

where M, (o) is the asymptotic equivalent of the Stieltjies transform of the Wishart resolvent

FR(CT) = (Rk + O’Id)il.

1 rain
AL+ X0) 7 1FR(00)] = 1= AL+ x0)Ma (222 4+ A1+ o))

Following Atanasov et al. (2024) for correlated feature wisharts, we have

1
M, (o) = ftr((cmm + sol)™1) (B.59)
where s is defined by the self consistency equation
1 11 1 o
—=1-== - ~ D H=1--—+= B.
s K d tI‘(C'tlram(C'tram + SO ) ) P + HMN<U) ( 60)
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and also only depends on o, k, and Ci;,i,- In other words, we have a self-consistency equation for

M, (o) as

1 -1
M, (o) = tr [((1 - + :MH(O’)) Clirain + Uld) 1 . (B.61)
Similarly, we can express F'r in deterministic form as
1 -1
(Ri +0lg) '~ F.(0) = ((1 - + :MH(J)> Clrain + O’Id> ) (B.62)
Note that
9 d 1 o d
(Rp +0ly) *~——F,(0) =—F(0) —“My(0)+ ——My(0) ) Cirain + Ia | Fi(o).
do K k do
(B.63)

Given a particular problem with a particular C},,i,, each of these can be computed.

Self-Consistency equation for x Recall to characterize I';; we need to understand A1+ x0) = A
We now know this variable is defined by

Y rain A
M, (P X)L =1 (B.64)
o A
In the ridgeless A — 0 limit this equation becomes
M, (p“a‘“ T A) —1-7. (B.65)

While this equation has nontrivial solutions for 7 < 1, its only solution is A\ = 0 when 7 > 1.

Final deterministic equivalence for I'* in terms of Wishart resolvent. Recall from above that
I'eq = (B + A1) HRe  pirainbi]
We can use the trick that
[Ri  Ptrainbe] = S (BIDG +Aclarr — (ptmm + /\C>Id+1) (B.66)

where S is an almost-identity matrix that selects top d x (d 4+ 1) of a (d 4+ 1) x (d 4+ 1) matrix. We
can then simplify

* _ Ptrain 5 —1
i =S (1 ( i )\) (B + M) ) (B.67)
~[I - oFr(o) 0]. (B.68)

We stress that this is an approximation that comes from the full block inversion of the resolvent of
Bipg, but is robustly handled in Lu et al. (2025).

CHARACTERIZATION OF QUADRATIC TERM IN ERROR.

The only remaining error term left to approximate is those with the form I'BT'". This is what we
introduced 7 and By for.

1 1 d 1
St (IsTBeest T = - vec(I') "I vec(T) = dr o) (m = 0) (B.69)
for Bplaceholder = I ® Biest- The definition of ¢(7) comes from the scalar term in the block

inversion of G eyt (7),

=] °m —c*(m) (g*(m) "
9eM = | _e*(m) q*(m) 1® Fp(xa) + e (m)q*(m)(g*(n ))T}v (B.70)
with
1 T Ptrain T2 1
M Tt T T Az ad” ([Rk Pirainbk] Fp(xx) [Rk ptrambk]T) . (B7D)
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with
1 T -1
xr = =t | (55— Buwg + 7B+ Alus1)  Bina (B.72)
d 14+ xx
-1
FE(er) = (1 ey BIDG + TBtest + T)\Id+1) (B.73)
Now following through the calculus, we get
L ro) = —Fu0o) (Bt — ——— (L) Bioa ) Feln)  (B.74)
dn E\Xxn) = E\ X~ test (1 +X7‘r)2 d7TX7r IDG E\ X~ .
d 1 d
— Yy ==t —Fr(x.) | B B.75
=g rKd?T B(X )) IDG] (B.75)
Plugging (B.74) into (B.75) and simplifying for x{, gives
X4 L t7 (Biest Fo Bing Fo) 2 t7(Byest Fo) — S\é tr(Byest F§)

= = _ = (B.76)
(1+x0)?  4tr(FoBiocFoBig) =7 1 — 2% tr(Fy) + A23 te(F3) — 7

for
~ —1 ~
Fo= (BIDG + AId+1) . A=A14+x0).

We can finally simplify the quadratic term as

(dﬂ—c(ﬂ—)) (7-( = O) = E tI‘(FqutestFeq)

X 1 * ;1 * *
ﬁ (ptrain - E tI.(FquI—]rDG) - )‘g tr(req(Feq)T)) (B.77)

DICTIONARY OF VARIOUS DETERMINISTIC EQUIVALENTS

Lemma 4. The following is a summary of formulas. Their derivations follow simply from the above
discussions and characterizations. Let
—1

= (BIDG + 5Jd+1) ) A= A1+ xo0)
and I'Z, as given by (B.68). Then

tr[Fo (V)] ~ My (o) (B.78)
tr[F5 (A)] = =M (0) (B.79)
tr[F* A?DG] ~ t1r[Cirain] — 0 + oM, (0) (B.80)
ML (Ti) ] = A (1= 20 M, (0) — 0> M, (0)) (B.81)
tr[F:qAICL] ~ tr[Ctebt] — O'tr[ ( )Ctest] (B82)
tr[BIDgF()] = (0‘) (B83)
tr[Bipa F2] = N( + M (o) (B.84)
tr[BreL Fo] ~ tr Kctest 4 Prest Id) Fa(o )} (B.85)

Olest
tr[Biop FZ) ~ — tr qubt  Dest 1d> F( } (B.86)

Olest,

tr[[5 Bina (Tig) '] = tr[Ti Afpa] — AT (Th,) (B.87)
tr[L5 Bior(Thg) '] ~ tr Kctest 4 Prest g ) I;— 20F,(0) — 0*F.(0)) (B.88)

Qtest,
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C PROOFS OF ASYMPOTIC IDG AND ICL ERROR CHARACTERIZATION

We finally have all the necessary components to write down the deterministic equivalents of the
IDG and ICL errors given by Lemma 1 (or (B.3) and (B.2)). This will comprise our main theoretical
result.

Result: High-dimensional formula for the IDG error

1
FH(Z) = ((1 - l + EMH(Z)) Ctrain = ZId) 5 (Cl)
K K

Fl(2) = —Fu(2) ((%MN(@ 4 %M;(z)) Chrain + Id> Fu(z) = d%FN(z) (€2
Mi(z) = étr(Fn(z)), M (z) = Clltr(F;(z)) C3)

and
MM, (@) + AT/ N =1—7, A>0 (C.4)
g = (p + Ctrain)/atrain = x . (CS)

Then we have the deterministic equivalent of (A.2) as
p+0—02M,(0) — A1 — 20M,(0) — 2 M (0))
T = =
T—(1—=2XMy(0) — X2 M. (0))
= eIDG()\train)

Result: High-dimensional formula for the ICL error

Take M (o), M. (o), F, F’', o, and \ as defined as above, and ¢ = ernG (Atrain)/7- The
deterministic equivalent of (A.3) is then

€IDG (F*) >~ (C.6)

P+ Ctest
Oltest
+ qtr [Crest Fio(0)] + (QS\ - 02) tr [Crest F (0)] (C.7)
= €ICL(Ctrain, Ctest) .

Eron(T*) ~ p+ (14 (= 20)Me(0) + (ah = 02 )M (0))

Proof. Using Lemma 4 and (B.77) in (B.3) gives deterministic equivalent for Epg (') as
Enc(T™) 2 p+ Curain — 2(Ctrain + 0 + 02 M(0)) + Cirain + 0
+ M, (0) = M1 — 20 M,.(0) — 0* M, (0))
1—2XAM, () — A>M. (o)
41— 23M,(0) — XML (o)
% (irain = (ctrain + 0 + 02 Mu(0)) = A1 = 20 M (0) = M, (0)) )

= (p —0—0*M,(0) = M1 =20 M, (o) — 02/\4;(0)))
1= MM, (o) — N2M (o)
—74+1-2\M, () — X2 M. (0)
0 2 M, (o) — A1 — 20 M, (0) — 0> M. (o))
7 — (1 = 22M,(0) — A\2M (o))

as required.
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Using Lemma 4 and (B.77) in (B.2) gives

(‘,’ICL (F*) >~ p + Cest
-2 (Ctest —otr [CteStFH(O’)D

+ tr {(C’test + p ;L Crest Id) (Id —20F;(0) — UzFé(O’)):|
test
+ tr |:(Otest + i * Clent Id) (Ffi(o) + ;\Fé<a)):|
Qrtest

L Pro— 02 M, (o) = A(1 = 20 M (o) — 02 M/ (0))
T — (1 = 22MM,(0) — \2M. (o)) '

Replacing ~
_ p+o—0>Mg(o) = A1 —20M,(0) — > M (0)) C.8)
1= 7~ (1— 22M,.(0) — RM.(0)) '
and gathering C'st terms we get
+ es Y
ercL(Ctrain, Crest) =~ p + % (1 + (¢ —20) My (o) + (g — ‘72)/\/‘:@(‘7))
test
+ (Chest; aF(0) + (gh — 0®) Fl(0)) (€9

as required. The remaining terms only depending on the test distribution through cics, and thus not
containing any structural information about the testing tasks, we call

tc 5
escalar(Atraina Ctest) =p+ % (1 + (q - 20’)./\/1&(0') + (q>\ - UQ)M;(O')> (C.10)
test
and the remaining C}cs;-dependent terms form the emisalign (Ctrain, Ctest) contribution. O

Note that the above results define \ self-consistently in (C.4) for general ridge \. For the main
document we have explicitly taken the ridgeless limit, although in general this is not necessary and

one can work from (C.4) and use this \ in all formulas.
Remark 2. The ridgeless A\ — 0 limit of (C.4)

Ctrain T 14
Qtrain

S\MH< +X> —1-7 (C.11)
exhibits different behavior for T > 1 and 7 < 1. For 7 > 1 in the ridgeless limit, A=0 explicitly.

We can solve some of the self-consistency equations here explicitly in the isotropic case and recover
previous results.

Remark 3. In the ridgeless limit A\ — 0 with isotropic Cirain = Cirainld, have explicitly

-1
. . 2
MI{(V) =2 (V + Ctrain — Ctrﬂ + \/(V + Ctrain — ctraln) + 4Ctrainy> (C12)
K K K
1-—7 PtCerai -t
A= (TM“/T( Qtrain )) T<1 (C.13)
0 T>1

For cirain = 1,Chest = 14, and Qurain = Quest this recovers the theoretical results of Lu et al.
(2025).
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D ORDERING OF EIGENVALUES

Here we analyze the spectrum of the C',ain-dependent component of the misalignment error term
(19),

K = qFu(0) + (gh — o) F,(0).
Given the self-consistent definitions of F;(c) and F. (o) in (16) and (B.63), we can write the eigen-
values of K as

. _ 1 2 3 BHAi(Ctrain) +1
)\Z (,C) o A;@)\i (Otrain) +o (q * (U q)\) An)\i(ctfain) + 0) ’
for
A=1- 24 I M(0) ®-H
K K
1
Br =~ Mq(0) + M (0). -2

Conjecture: Eigenvalue Ordering

‘We wish to show that
A1L(K) < A2(K) < -+ < Aa(K)

for
Al(Ctrain) > )\2(Ctrain) > e00 )\d(Ctrain)7

i.e. the ordering of eigenvalues of K is opposite that of Caip .

We will separate this into two cases. For 7 > 1 we provide a rigorous proof. For 7 < 1, due to the

unclear sign of 2 — ¢\ we cannot currently provide a rigorous proof with the same methodology.
Instead, we provide numerical plots supporting our claim, with the goal of proving this formally for
the 7 < 1 case in subsequent iterations of this work.

Lemma. We have that1 — xk < oM, (o) < 1and 0’ M/ (0) < k — 1.

Proof. Ry, is a positive semi-definite matrix and so each eigenvalue of o(Ry + ol4)~! is a non-
negative increasing function of ¢ > 0. Therefore o tr[( Ry, + 01;) 1] is increasing in o and so

lim o tr[(Ry +olq) '] = oM, (o)

d—

is an increasing non-negative function of ¢. Thus we have

0< ;iirba./\/ln(a) < oMy(0).

Also as Ry, is positive definite it is obvious that

oMy (o) = dlim otr[(Ry +olg)" '] < 1.
—00
By an equivalent argument,
a* M (o) < lim oM () <0.
og—>

It’s helpful to first write the self-consistency equation

M, (o) = tr [((1 - % + Z/W(o)) Crrain + aId> 11 (D.3)

for M, (o) equivalently as a self-consistency equation for the “renormalized ridge” & of this Wishart
resolvent, defined by
& tr[(Chrain + 7)1 = oM, (0)
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or equivalently
g

7" L— % + %tr [(Ctrain + 5)71} . .

In the 0 — 0 limit, ¢ limits to 0 when x > 1, and limits to the unique solution of

1 o _
1——+ g tr |:(Ctrain + 6—) 1:| =0 (D.5)
K K
for k < 1. For our purposes, this means that
. 1-k, k<1
;11)%0./\/1,{(0) = {0’ N (D.6)
Differentiating with respect to o gives
-1, k<1
lim 0> M/ (o) =4~ D.7
<k-—1
andso 1 — k < oM, (o) and 02 M/ (o) < K — 1. O

With this lemma in hand, we can prove the main claim. For 7 > 1, we have A=0andsoo =

(,0 + Ctrain)/a and
— 1 2 BR}‘i(Ctrain) +1
)\L(K:) o A;q)\i(Ctrain) +o (q T AH)\i(Ctrain) t+o '

Without loss of generality, let’s compare A1 (KC) and A2 (KC). First, we can see from the Lemma above
that A,. > 0, and thus we have that

1 1
<
AnAl(Ctrain) +o AKA2 (Otrain) +o

Furthermore, have )
Ay — 0By = ~((k = 1) = a* M. (0)).
K

We reason about this quantity as follows. We have that A, — 0 B,; > 0 as a result of this lemma,
and so (A, — 0B)Aa < (A; — 0B,)A1. Rearranging gives

BN>\1 (Ctrain) + 1 < BNA2(C‘crain) + 1

AnAl(Ctrain) +o AHAQ (Ctrain) +o

and so we are done as we’ve shown A1 (K) < A2(K) for A1 (Clrain) > A2(Chrain)-

For 7 < 1, A # 0 and so the negative-definite contribution of ¢gAF (o) complicates the above
argument. We provide preliminary numerical evidence for this case as follows. We compute A
numerically from its self-consistency equation (21) to compute /C, of which we plot its eigenvalues
against the eigenvalues of Cl;.in. As demonstrated schematically in Figure 5, for 7 values less than
1, it is consistently the case that the eigenvalues of /C are negatively correlated with the eigenvalues
of Clyrain. We emphasise that this is a heuristic check, and we plan to prove this rigorously in future
iterations of this work.

E TRACE INEQUALITIES FOR MISALIGNMENT

In this appendix, we give a self-contained expository proof of Ruhe’s trace inequality in the form
we require for Corollary 4.1. We actually present two lines of analysis: first a direct proof of the
inequality, and then an alternative analysis based on Riemannian optimization.

We begin by recalling the general setup: let A and B be d x d real symmetric matrices. By the spec-
tral theorem, they are orthogonally diagonalizable, with non-increasingly ordered real eigenvalues
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Figure 5: Demonstration of opposing eigenvalues for 7 < 1 values, at a range of « and o values.
Crain here is the same as in Figure 2, i.e. powerlaw spectrum.

A(A) > X (A) > - > Ng(A) and M\ (B) > Ao(B) > -+ > My(B), respectively. We want to
show that
d d
D A (A)Aa—j41(A) < tr(AB) < Y N(A)N(B), (E.1)
j=1 j=1

with equality attained in either bound if and only if A and B are co-diagonalizable.

Writing the eigendecompositions of A and B as
A=04Ax0) and B=O0pApOf, (E.2)

respectively, where OAOX =14, OBOE = Ig, [Aali; = Xi(A)ds5, and [Ag]y; = Ai(B)dsj, we
see immediately that it suffices to consider the case in which A is diagonal, with non-decreasing
elements, as

tr(AB) = tr(A4OAOT) where O =0}0p, (E3)

and the matrix OAgO" has the same eigenvalues as B. We can see that A and B are co-
diagonalizable if and only if OAgOT is diagonal. Moreover, we can see that the claimed bounds
can be attained only if OAgO is in fact equal to Ap up to pertmuation of its diagonal elements.
What remains is to show that they are in fact bounds.

E.1 DIRECT PROOF OF RUHE’S INEQUALITY

We now give a direct proof of the claimed inequality. We remark that the version of Ruhe’s inequality
proved in Marshall et al. (2010) is not sufficient for our purposes, as it assumes that both A and B
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are positive semi-definite, i.e., that Ay(A) > 0 and A\;(B) > 0. We instead follow the proof for
general Hermitian matrices outlined in Li (2020)’s blog post.

The strategy of this proof is to proceed by induction on the matrix dimension d. The claim clearly
holds for d = 1, as then A and B are scalars equal to their only eigenvalue, and both bounds collapse.
Now consider d > 1. Assuming—as noted before—that A is diagonal with elements given by its
ordered eigenvalues, we have

d
tr(AB) = X;(A)Bj; (E4)
j=1
d
= N(A) = Aa(A) + Aa(A)] By (E.5)
j=1
d—1 d
=Y N(A) = Ma(A)] By + Y Aa(A) By (E.6)
j=1 j
‘We now observe that
d—1
> [A(A) = Xa(A)]Bj; = tr(AB), (E.7)
j=1

where Aisa (d — 1) x (d — 1) diagonal matrix with Aj; = \;(A) — A\4(A) and B is the (d — 1) x
(d — 1) principal submatrix of B given by discarding its last row and column. The ordering of the
eigenvalues of A implies the ordering

AL(A) = Aq(A) > -+ > Ag_1(A) — Aag(A) >0 (E.8)
of the eigenvalues of A.

Thus, tr(AB) is the trace of a product of (d — 1) x (d — 1) real symmetric matrices with A having
its eigenvalues in non-decreasing order along the diagonal, so on the induction hypothesis we have
the bound
d—l d—l
(A)]Aa— ]( ) < tr(A (A)]X;(B). (E.9)

:1 :1

[
.

By the Poincaré separation theorem (also known as the Cauchy interlacing theorem), as Bisa
principal submatrix of the real symmetric matrix B, we have the inequality

As1(B) < A (B) < Ay(B) (E.10)
forall j € [d — 1].

Combining these results and using the fact that A;(A) — Aq(A) > 0 by our ordering assumption, we
thus have the upper bound

d—1
tr(AB) < ) [A;(4) — Aa(A )+ Z Aa(A (E.11)

— .

<D (A = Ma(AN(B) + > Aa(A) By (E.12)
1= j=1
d—1 d—1

=2 A(AX(B) = Aa(4) 32 (B) + Aa(A4) 3 By (E.13)
i " "

= N(AN(B) = Xa(A) D N(B) + Aa(4) Y Xi(B) (E.14)
j=1 j=1 j=1

=Y Ni(A)N(B), (E.15)
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astr(B) = Z?Zl Bj; = Z;l:l A;(B). Here, the first line uses the induction hypothesis in the form
re-stated above, the second line uses the upper bound from the Poincaré separation theorem, and the

remaining three lines are just algebraic simplification.

Similarly, we have the lower bound

d—1 d
tr(AB) > Y "[\(A) = Aa(A)Aa—j(B) + > Aa(A)Bj; (E.16)
Jj=1 j=1
d—1 d
>3 (A = Ma(A) a1 (B) + > Aa(A)By; (E.17)
j=1 j=1
d—1 d—1 d
= XN(AAaj11(B) = Aa(A) Y Xaj41(B) + Aa(A) Y Ni(B) (E.18)
Jj=1 j=1 j=1
d—1 d d
=3 N(A)Aaj1(B) = Ma(4) Y Ni(B) + Aa(A) > Ai(B) (E.19)
Jj=1 j=2 j=1
d
=> N(A)Xaj1(B). (E.20)
j=1
By induction, we therefore conclude that
d d
D> X (A)Xa—j(B) < tr(AB) <> A(A)N(B), (E21)
j=1 j=1

as desired.

E.2 RIEMANNIAN OPTIMIZATION

We now give an alternative perspective on this result based on the properties of orthogonal matrices.
Consider

f(0) =tr(AAOABOT) (E.22)

as a function on the space of orthogonal matrices, where Apisa diagonal matrix with non-zero
elements given by any permutation of the eigenvalues of B. Near the identity, we can write any
orthogonal matrix as

1
O=1+tS+ 5{252 +O(t%), (E.23)

where S is a skew-symmetric matrix (ST = —S) and ¢ is a small parameter. Substituting this
expansion into f(O), we have

- ~ 1 ~ - ~ .
f(O) =tr(AaAp) —ttr([Aa, AB]S) + 5# tr(AaApS? —2A4SAS + AaS?Ag) + O(t),
(E.24)

where [X,Y] = XY — Y X is the matrix commutator. Irrespective of the permutation we have
chosen to define Ap, [A4,Ag] = 0, s0 f(O) is stationary at the identity.

We therefore consider the quadratic term
1 ~ ~ -
H= §tr(AAABS2 —2A4SABS + AsS?Ap), (E.25)

as it will determine whether this stationary point is a local minimum, local maximum, or saddle. As
[Aa, Ap] = 0, we can immediately simplify this to

H =tr(AaApS? — AaSARS). (E.26)
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For brevity, define a; = (A4),; and b; = (/~\ B)si- Then, expanding in components,

d
H= Z (Cl,lbl — aibj)Siiji (E27)
i,j=1
d
=_ Z a;i(b; — b;) S, (E.28)
i,j=1
as by skew-symmetry S;; = —S5;;. Using the fact that the ¢ = j terms clearly vanish, we have
H==> a;(bi —b;)S5 = > ai(b; — b;)S. (E.29)
i<j i>]

By re-labling indices i ++ j and using the fact that S7; = S7,,

Z al(bl - bj)Slzj = — Z aj(bi - b])SZj (E30)
i>j i<j
SO upon re-combining terms

H == (a; —a;)(bi — b;) S} (E31)

1<j

This now depends on the ordering of the eigenvalues, and thus on the permutation of indices. If the
eigenvalues of both A and B are in non-increasing order such that a; > a; and b; > b; whenever
i < j, we have H < 0, and the identity is a local maximum of f(O). In contrast, if they are
oppositely ordered, then H > 0 and the identity is a local minimum. Otherwise, the stationary point
is a saddle. These results are consistent with Ruhe’s inequality as proved above.

F PHASE TRANSITION WITH INCREASING PRETRAINING TASK DIVERSITY

As we have seen throughout, the task diversity parameter is crucial because it quantifies the quality
of the pretraining data: higher « implies a richer span of task variations, enabling the in-context
learner to infer the structure shared between pretrain and test sets more accurately. Understanding
# thus sheds light on the implicit algorithm performed by the model. Previous work from Lu et al.
(2025); Raventos et al. (2023) in particular have investigated the performance of ICL as x increases.
In particular, Lu et al. (2025) showed, in the isotropic task case, that there is a phase transition at
k = 1: for k < 1, the model has insufficient task diversity to be able to generalize within tasks,
and is forced to memorize the training tasks, while for x > 1, the model has seen sufficient tasks to
generalize in-context efficiently.

The settings considered in both Lu et al. (2025); Raventds et al. (2023) focus on isotropic tasks where
the pretraining and testing task distributions are the same. Here, we verify that not only does this
phase transition in task-diversity remain in the presence of structured pretraining task distributions,
but further is independent of the test distribution (see Figure 06).

Corollary F.1: Phase transition in task diversity

In the proportional limit of a,, 7 — oo such that 7 = /7 for v = O(1) fixed, there is a
phase transition in ercy, at k£ = rank(Ciain)/d. Specifically, for r = rank(Cirain)/d then

p+ 1+ P+Cptrainﬁy tr Ctest (xlctrain + Id)il k<

lim ercr(Cirain, Crest) =

T—e0 P + 1 + p+cirain’7 tr Ctest <x2ctrain + Id)_l K>T
(F.1)

where z; and x5 are defined self-consistently as solutions of
tr {(xlCtrain 4 Id)_l} =1—=k (F.2)
tr [(xgctrain + Id)‘l} —1-r (F3)
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] —— Max-aligned spike —— Max-aligned spike
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§ 0.4 d 06
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0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25
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(a) Full-rank phase transition (b) Half-rank phase transition

Figure 6: Theory curves with corresponding numerical simulations showing phase transition of
ICL error in « for a range of test structures. For (a) Ci,ai, is the same as in Figure 1 and is
full-rank; for (b) Cirain = diag[21,4/2, 04/2], thus half-rank. Parameters:

d =80, = 80,7 = 80, p = 0.01. Tests for each are done on Ci,,in, 14, powerlaw (spectral power
0.5, aligned and unaligned with C},.i,), as well as the rank-1 Ciog; optimal from Result 4.2.

To prove this result, we first suppose that C,,iy is invertible. We start by writing the self-consistency

equation
1 1 -1
M, (o) = y tr (((1 - + ZMH(U)> Clrain + aId> ) . (F4)

for M, (o) equivalently as a self-consistency equation for the renormalized ridge &, defined by
G tr[(Corain + 6) ] = oM, (0)

or equivalently
§= 7 . (E.5)

1-L14og [(Ctram n 5)*1}

In the ¢ — 0 limit, & limits to 0 when x > 1, and limits to the unique solution of

G -
1- =+ %4 [(Otmn +5) 1} —0 (F.6)
K K
for k < 1. For our purposes, this means that
. 11—k, k<1
tiomao) = {0 1T D
as well as
1 1 . -
lim oF,(c) = lim ( (1 -4 UM(U)) Corain + Id) (F.8)
oc—0 c—0 \ O K K
(J;Ctrain + Id)_l , K< 1
= F9
{O, K>1 (E9)
and finally
. — (2Cain + 1) ™", k<1
1 2F/ _ (Z‘ train ) F.10
25 7 o) {0, K> 1 10

for = defined by tr [($1Ctrain + Id)_l} =1-k.

Using these characterizations of the o — 0 limit, and noticing for our problem that if 7 — oo (so
A = 0), then we must take the 0 — 0 limit of ejcr,, being careful to use
_ 1% + Ctrain l
=,

T (F11)
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to enforce the proportional /7 limit. Doing so gives the required answer.

The above proof requires explicitly that Ci,,iy, is invertible. If it is not, we have to be more careful
with handling the 0 — 0 limit of (D.4). One potential branch of this solution is

11
I——+ ;Ertr[(Ctrain +6)71 =0 (F.12)
or equivalently
Z "l — lii—ﬂ—n (F.13)
d )\+cr al 0+6 d=XN+d5 d '

where r is the rank of C,in. This is what causes the split in behavior of the solution at k = r/d
(which was previously 1). For k < r/d, this is solvable at nonzero & and we end up with the familiar
solution branch of

oM, (0) = 6 tr[(Corain + )] = 1 — k. (F.14)

For k > r/d, there is no longer a sensible solution at nonzero & (since & cannot be negative) and so
we’re forced to take 6 — 0. This gives

ag T
- El
0+ d (E15)

= d—r)

oM, (0) = G tr[(Cirain + ) d )\ " 0

This concludes the proof of the claimed result, and recovers the previous result for invertible Cl, iy -

G CONTEXT LENGTH SHIFTS

Training a
5 —— Ctrain isotropic
—— Ctrain powerlaw, power = 1
Ctrain powerlaw, power = 1.5

ICL error

107t 10° : 10t 102 10°
Test-time a = £/d

Figure 7: Theory curves with corresponding numerical simulations showing monotonicity of error
in test-time context length for a variety of task structures. The dashed line corresponds to training
«. Parameters: d = 150, o = 2, 7 = 4, kK = 1, p = 0.01. Testing is done on the same distribution
as pretraining.

We have thus far assumed that the pretraining- and test-time context lengths are the same. Our gen-
eral result in (C.7) allows for an oy that differs from the training context length «, but shows that
this shift only affects a single scaling factor in esca1ar, Where a factor of 1/« is replaced by 1/aest-
Despite ejcr, not being monotonic in training context length, as demonstrated by Lu et al. (2025),
it is monotonically decreasing in test context length: testing on larger-context prompts can only de-
crease error, and testing on shorter-context prompts can only increase error. This is demonstrated
in Figure 7 for a variety of different task structures. Recall that cves Only appears in ejcy, through
€scalar> @s part of an effective noise term: having longer test-time contexts will give the model a bet-
ter estimate of the token distribution, leading to a better predictor for the task corresponding to that
context.
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H EXPERIMENTAL DETAILS

Code for all simulations can be found on Github.

H.1 LINEAR SIMULATIONS

Linear simulations are done by sampling pretraining and testing distributions as described by (2) and
(12), and computing numerical I'* by (B.1). We simulate the ridgeless A — 0 limit of this theory by
taking A = 0.00001.

To justify the Ansatz of taking the value component v2; = 0, we include Figure 8 demonstrating that
trained linear attention behaves similarly in ICL error to the tr(I'* H ") model, with the discrepancy
decreasing as d increases. For the full-parameter linear attention experiments here, we initialise
V, K, Q with LeCun initialisation (i.e. so va; # 0), and train for 10000 epochs with BS d? using
AdamW with LR 0.0001.

—e— d=16, linear attention
—e— d=32, linear attention

d=64, linear attention

-5~ d=16, reduced gamma

-5 d=32, reduced gamma

% d=64, reduced gamma
N\

ICL error

0.6 -

Figure 8: Comparing trained linear attention with full non-zero V, K, () parameters to reduced I'*
model at various d. Here p = 0.01, 7 = 5, o = 1. Errorbars and shading show £std over 20 runs
of each experiment.

We also include Figure 9 showing that explicitly initalising v2; = O (i.e. the chosen Ansatz) im-
proves the match between trained linear attention and our reduced I'* model, as expected, but this
improvement is not extreme.

—e— LeCun initialisation
—8— g+ initialisation
reduced gamma

ICL error

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
K=k/d

Figure 9: Comparing reduced gamma model at “low dimension” d = 16 to trained linear attention
with both LeCun initialisation (vs; # 0) and V = I initialisation (v; = 0). Indeed the latter
achieves a closer match to the reduced model, as expected, but the difference is not stark. Same
parameters and training proceedure as Figure 8.
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H.2 NONLINEAR ARCHITECTURE

The architecture used for Figure 3 is a transformer formed of two transformer-blocks, constructed
as follows. The input to the architecture is the Z matrix (3). We apply a causal mask to ensure that
each token attends to itself and prior tokens in the sequence. Each transformer-block is made of
first applying single-head softmax attention to this masked input, with residual connection, and then
normalised; this is then passed to a single hidden layer MLP with GELU activation, followed by a
final residual connection and layer norm application. The final logit is computed by a dense layer
projecting the output of the two transformer-blocks into a scalar.

The model is pretrained with data sampled by (2). We form n Z-matrices from these samples, which
are again the inputs to the architecture, and the model is pretrained to predict the corresponding ;41
value by minimising MSE loss between the final logit and ¥, ;. Training is done using AdamW for
1000 epochs with batch size 16 and learning rate 0.0001.

Testing is done by sampling a batch of n contexts from (12), and tracking MSE between the true
ye+1 and the model output. This test sampling is repeated 500 times to average out noise.
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