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ABSTRACT

Kolmogorov—Arnold Networks (KANs) offer a structured and interpretable frame-
work for multivariate function approximation by composing univariate trans-
formations through additive or multiplicative aggregation. This paper estab-
lishes theoretical convergence guarantees for KANs when the univariate com-
ponents are represented by B-splines. We prove that both additive and hy-
brid additive—multiplicative KANs attain the minimax-optimal convergence rate
O(n=2"/Cr+1) for functions in Sobolev spaces of smoothness 7, where 7 de-
notes the sample size. We further derive guidelines for selecting the optimal num-
ber of knots in the B-splines. The theory is supported by simulation studies that
confirm the predicted convergence rates. These results provide a theoretical foun-
dation for using KANSs in nonparametric regression and highlight their potential
as a structured alternative to existing methods.

1 INTRODUCTION

The convergence rates of nonparametric regression using neural networks have been extensively
studied, building upon a long line of statistical learning theory (Barronl |2002; |1994} Imaizumi &
Fukumizul, 2019; Bauer & Kohler, [2019; [Schmidt-Hieber, [2020). Early foundational results, such as
those of [Stone| (1982), established the minimax-optimal convergence rate for general nonparametric
regression, which remains a benchmark for evaluating modern learning architectures. Subsequent
advances in approximation theory demonstrated that fully connected deep neural networks, when
endowed with sufficient width or depth, are capable of achieving rates close to these minimax lim-
its. For instance, Kohler & Langer|(2021)) proved that deep neural networks can attain a rate of order

O((log n)%fzfﬁ ), thereby confirming their statistical efficiency under suitable smoothness con-
ditions. While these results establish that neural networks are competitive with minimax-optimal
procedures, their highly entangled representations generally lack explicit structure, limiting inter-
pretability and complicating theoretical analysis.

In contrast, spline-based approximation methods provide a structured and well-understood path-
way to minimax-optimality. The convergence behavior of spline estimators, particularly those con-
structed with B-splines, has been rigorously analyzed in both global and local settings (Speckman,
1985; [Nussbaum, 1985; [He & Shi, [1994; |L1 et al.l [1995). Under standard smoothness assump-

tions, spline estimators achieve the optimal rate O(n~ 27+1), which matches the minimax bench-

mark O(n~ %ﬂl) in one-dimensional settings. Beyond splines, sieve estimators form a general class
of nonparametric methods that approximate infinite-dimensional function spaces by growing finite-
dimensional bases. |Chen| (2007) provided a comprehensive analysis of sieve estimation—including
splines, wavelets, and polynomial bases—showing that these procedures can achieve minimax-
optimal convergence when the basis is chosen adaptively to the function class. Similarly, kernel
regression methods, such as the Nadaraya—Watson estimator and local polynomial regression, have
long been known to reach minimax-optimal rates under appropriate bandwidth selection (Gyorfi
et al.,|2002). Collectively, these results underscore the value of structured nonparametric estimators:
not only do they achieve optimal convergence rates, but their theoretical analysis also directly links
model structure to approximation properties.

Kolmogorov—Arnold Networks (KANs) (Liu et al., |2024b) arise at the intersection of these two lines
of research: like neural networks, they employ layered compositions of functions, but they inherit
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the structured basis-function philosophy of spline and sieve methods. Their conceptual foundation
lies in the Kolmogorov—Arnold representation theorem (Kolmogorovl, [1957; |Arnol’d, |1957), which
asserts that any multivariate continuous function can be represented as a finite sum of continuous
univariate functions applied to linear combinations of the input variables. This theorem provides
a compositional, low-dimensional lens on high-dimensional learning problems, where complexity
is managed through a hierarchy of simple univariate elements (Schmidt-Hieber, |2021). In practice,
KAN:s instantiate this representation by parameterizing univariate components with B-spline expan-
sions, thereby combining the expressive power of neural architectures with the interpretability and
approximation guarantees of spline-based methods. The developments extend beyond purely ad-
ditive structures to include multiplicative and hybrid architectures, improving expressiveness while
retaining interpretability (Liu et al.,2024a). From a convergence perspective, this structure suggests
that KANs may inherit the minimax-optimal rates known for spline estimators.

Despite their empirical success and conceptual appeal (Vaca-Rubio et al.| [2024; [Bodner et al.,2024;
Kiamari et al., 2024; [Koenig et al., 2024; [Xu et al., [2024)), the theoretical underpinnings of KANs
remain underexplored. Universal approximation capabilities have been noted informally, but formal
convergence analyses in statistical estimation settings are scarce. Recent work has begun to formal-
ize this intuition. |Gao & Tan|(2025) studied the optimization and generalization behavior of KANs
trained with stochastic gradient descent, providing non-asymptotic rate estimates that highlight how
the structured nature of KANSs influences their convergence. Unlike classical spline or kernel esti-
mators, whose rates are derived from explicit approximation spaces, KANs introduce an additional
layer of complexity through stochastic training dynamics. This makes their convergence properties
more closely aligned with neural networks, where optimization and statistical considerations are
tightly coupled. At the same time, the B-spline parameterization of univariate components offers a
level of control and interpretability absent in generic neural networks. As a result, KANs occupy
a distinctive position between classical sieve estimators and modern deep networks: they retain the
statistical efficiency and minimax-optimal potential of spline-based methods, while leveraging the
compositional flexibility of neural architectures.

We study both additive and hybrid additive—multiplicative KANs, modeling target functions as com-
positions of univariate spline transformations. We characterize the representable function classes and
show that spline-based KAN estimators attain minimax-optimal convergence rates under standard
Sobolev smoothness assumptions.

2 NONPARAMETRIC REGRESSION AND B-SPLINES

In nonparametric regression (Hérdlel | 1990; [Tsybakovl 2008), the goal is to estimate an unknown
function f : [0,1]¢ — R from observations {(X;, Y;)}™_; generated according to

}/l:f(X’L)_‘_gla 1217777/7 (1)

where X; = (X;1,...,Xiq) € [0, l]d are the inputs and ¢; are i.i.d. noise terms with zero mean and
finite variance (e.g., ¢; ~ N(0,0?)). Here, the domain [0, 1]? is a standard choice for theoretical
analysis without loss of generality (Tsybakov, 2008), since any bounded input domain X € R¢ can
be mapped to [0, 1]¢ via an affine transformation.

Unlike parametric regression, which assumes a predetermined functional form for f (e.g., linear
or polynomial), the nonparametric setting imposes minimal structural assumptions, allowing the
estimator to adapt to potentially complex and highly nonlinear relationships in the data. The central
challenge lies in balancing this flexibility with statistical efficiency, particularly in high dimensions.

A common approach to nonparametric estimation is to approximate f using a finite set of basis func-
tions. Among the many available bases, B-splines are especially popular due to their computational
efficiency, local support, and strong approximation properties under smoothness assumptions. In
the univariate case, B-splines provide piecewise polynomial representations that achieve minimax-
optimal convergence rates for sufficiently smooth f, and their tensor-product extensions naturally
generalize to multivariate settings.
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2.1 B-SPLINES IN NONPARAMETRIC REGRESSION

A univariate B-spline of order p + 1 (corresponding to polynomial degree p) is defined as a lin-
ear combination of basis functions {BLP}Z-K:EP associated with a non-decreasing knot sequence
{to,t1,...,tx }. Each basis function B; , is a piecewise polynomial with continuous differentiabil-
ity up to order p — 1 (Schumaker, [2007). These basis functions possess local support, being nonzero
only over an interval determined by p + 1 consecutive knots. This ensures that modifying one co-
efficient influences the spline only on a limited subinterval, thereby improving both interpretability
and numerical stability.

The B-spline basis functions are constructed iteratively using the Cox—de Boor recursion formula:

1, ¢, <x<tii
B' — ’ T = 1+1 2
() {O, otherwise, 2)
xr—t; t; -z
Biy(z) = PR— Zt Bip1(z) + T 1ol ot " Biyip-1(x), p=>1, (3)
i+p T Ui i+p+1 T i+l

where division by zero is interpreted as zero.
The basis functions form a partition of unity,

K+p
> Bip(z)=1, Vue[0,1]. (4)
i=0

Hence, any spline function f of order p + 1 can be expressed as

K+p

f@) =" ¢ Biy(x), ©)
1=0

where the coefficients {c¢;} are estimated from data, typically via least squares or penalized regres-
sion.

B-splines achieve minimax-optimal convergence rates under standard Sobolev smoothness condi-
tions and extend naturally to higher dimensions via tensor-product constructions (Unser et al.,[2002).
In the context of Kolmogorov—Arnold Networks, these properties make B-splines a natural choice
for modeling the learnable univariate transformations.

2.2 MINIMAX OPTIMAL CONVERGENCE RATE

In nonparametric regression, the performance of an estimator fn is often characterized by how
quickly it converges to the true regression function f as the sample size n increases. The minimax
optimal convergence rate describes the best achievable rate, under worst-case conditions, across all
possible estimators for a given function class.

Let F be a class of functions (e.g., a Sobolev space W ([0,1]?)), and let fn be an estimator of
f € F. The minimax risk is defined as (Gyorfi et al., 2002)

Rminimax - H}f sup E ||fn - fH%Q([071]d) 9 (6)
fn fEF

where ||g||2L2([0 14y = f[o 14 |g(z)|? dx denotes the squared L?-norm over the domain [0, 1]%.

The minimax optimal rate R inimax(7) describes how quickly the risk decays as the sample size n
increases. For functions in the Sobolev space W ([0, 1]%) of smoothness r > 0, it is well known
(Stone, 1982) that
inf s E[|fu—fl3] =0(n 7). Q)
fn fEWT([0,1]4)
Here, n denotes the sample size, r the smoothness index of f, and d the input dimension. This
exponent reflects the trade-off between smoothness r and dimensionality d: smoother functions are
easier to estimate, while higher dimensions slow convergence.
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This expression makes explicit the curse of dimensionality: the convergence rate deteriorates rapidly
with increasing d, even when f is very smooth. In particular, when d is large, achieving a small
estimation error requires exponentially more samples, motivating the design of estimators that can
exploit low-dimensional structures in high-dimensional data.

2.3 MINIMAX OPTIMALITY OF B-SPLINES IN NONPARAMETRIC REGRESSION

When the target function is assumed to belong to a Sobolev space W ([0, 1]) of smoothness or-
der » > 0, the minimax optimal convergence rate in this one-dimensional setting is known to be

0] (n* #L) , which is attained by a broad class of nonparametric estimators, including kernel meth-
ods, local polynomials, and spline-based approaches.

B-spline estimators are a particularly appealing choice for achieving this optimal rate, owing to
their locality, numerical stability, and flexibility in representing smooth functions. Classical results
Speckman| (1985); [He & Shi (1994); |Li et al.| (1995) have established that, when the number of

spline basis functions is chosen appropriately (balancing approximation and estimation errors), an
estimator

R K+p
fulz) =" &Biy(x), (®)
i=0
where {Bi’p}f:gp are B-spline basis functions of degree p > r, achieves the minimax rate
sup E[||fu - fI3] = O(n" 7). ©)

fewr((0,1])

This result is minimax optimal in the sense that no estimator can uniformly outperform this rate over
the entire Sobolev ball {f € W : | f|lw~ < C}. The optimality holds regardless of the specific
B-spline degree, provided it is sufficiently high to capture the prescribed smoothness, and hinges on
balancing the spline knot density with the available sample size.

Table 1: Comparison of convergence rates for different nonparametric estimators. Here r denotes
smoothness of the target function, d the input dimension, and n the sample size.

Method Convergence Rate References
B-splines (0] n_% Speckman|(1985)
Sieve estimators Oln 23101 Chen| (2007)
Kernel regression O(n 27“21d Gyorfi et al.|(2002)

2r
Deep neural networks (fully connected) O (logn)n~ 2r+K ) Kohler & Langer|(2021)
Kolmogorov—Arnold Networks (KANs)  Under investigation Liu et al.| (2024b)

The significance of this property extends to structured neural architectures such as Kol-
mogorov—Arnold Networks (KANs), where B-spline parameterizations can serve as the univariate
building blocks. In such cases, the known optimality of B-splines in one-dimensional regression in-
forms the achievable convergence rates for the multivariate composite model. In the next section, we
formalize this connection and prove that KAN estimators inherit the minimax optimal convergence

27
rate O (ni Zr+1 ) when the target function lies in a Sobolev space with smoothness 7. A summary of

representative convergence results across classical and modern nonparametric estimators is provided
in Table

3 MODEL SETUP

Letz = (1,...,24) € [0, 1], and consider the problem of approximating a multivariate function
f:[0,1]¢ — R. A Kolmogorov—Arnold Network (KAN) models f as a finite sum of univariate
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nonlinearities composed with structured aggregations of input variables:

Q
F@) =" g4 (Ty(x)), (10)

where each g, : R — R is a univariate activation function, and each Ty (z) is a structured transfor-
mation of the inputs. Specifically, we consider two forms of T}, (x):

T,(z) = {2?4 Yg;(x;), (additive node)

11
H?:l hgj(z;), (multiplicative node) (b

where the functions 14; : [0,1] — R are univariate spline transformations applied to individual
input dimensions. This architecture captures both additive and multiplicative interactions among
input features, enabling greater expressiveness while maintaining interpretability.

Each univariate function 1,; and g, is parameterized by a finite B-spline basis. Let W7 ([0, 1])
denote the Sobolev space of univariate functions with r square-integrable derivatives. We assume
that each 1/, and g, belongs to W7 ([0, 1]) for some fixed smoothness index r > %, which ensures
the Sobolev embedding W ([0,1]) < C([0,1]), so that all univariate components are continuous
and the compositions are well defined.

We define the following function classes associated with KANs:

¢ Additive KAN class F,qq: functions of the form
Q d
f(x) = qu quj(xj) o withthg;, g4 € WT([Oal])' (12)
q=1 j=1

* Hybrid KAN class Fi,1,: functions where each node may use either an additive or multi-
plicative composition,

Q d d
@) =390 (Ty(@)), with Ty(w) € 33 vai (), [[ basles) o (13

Throughout this paper, we assume that all univariate functions v,; and g, belong to W7 ([0, 1]) with
r > 1, are uniformly bounded in sup norm by a constant M, and that each g, is Lipschitz on its range
with Lipschitz constant bounded by L. These regularity conditions are standard in nonparametric
regression and ensure statistical well-posedness of the KAN estimator.

The KAN model is learned from data {(X;,Y;)};, where ¥; = f(X;) + ¢;, and ¢, are noises
with zero mean and finite variance. For a given sample size n, the collection of all such spline-
parameterized KANs spans a finite-dimensional function class. We define the corresponding esti-
mator fn as the empirical risk minimizer of the squared loss over this class, i.e., a least-squares fit
of the KAN model to the data. We refer to this empirical risk minimizer as the spline-based KAN
sieve estimator.

Sieve formulation of the estimator. For theoretical analysis, we view the spline—parameterized
KAN as a sieve estimator. For each sample size n, let F,, denote the finite—dimensional KAN
spline space obtained by parameterizing every univariate component g, and v,; with B-spline bases
of order m > r and k,, interior knots. Thus dim(F,) =< k, under fixed (Q,d). The estimator

introduced above can therefore be written as the empirical risk minimizer
n

R 1
n € in — Y; - X1 2~
f arg min ;( f(X3))

The sequence {F,},>1 forms a growing family of approximation spaces whose union is dense in

the KAN function class fFAN, SO fn is a sieve least—squares estimator in the sense of classical
nonparametric sieve theory. Importantly, the statistical results in Section 4 concern this population
estimator, independent of the numerical optimization procedure used to approximately solve the
least—squares problem in practice.

This section sets up the framework for our main theoretical results, which establish optimal conver-
gence rates and structural guarantees for KAN estimators under these modeling assumptions.
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4 MAIN RESULTS

We now present the theoretical convergence properties of Kolmogorov—Arnold Networks (KANs)
under the regression setting introduced in Section [3} Our goal is to quantify the estimation error of
the spline-based KAN estimator fn, defined as the empirical risk minimizer of the squared loss over
the spline-parameterized KAN sieve function class introduced in Section [3] where

Y; = f(X;) +ei, El]=0, E[]=0<o0. (14)

We consider two architectures: additive KANs, where each node aggregates input features addi-
tively, and hybrid additive-multiplicative KANs, where node-level interactions are either additive
or multiplicative. In both settings, the univariate component functions 4; and g, are assumed to
belong to the Sobolev space W7 ([0, 1]) with smoothness > 1, are uniformly bounded, and the
outer functions g, are Lipschitz.

The following results establish convergence rates for fn in the L2 risk. We show that additive KANs
attain the classical minimax rate for univariate nonparametric regression, and that hybrid KANs
retain this rate up to a constant overhead.

Theorem 1 (Convergence rate of additive KAN with spline sieve). Let fn be the spline—based KAN
sieve estimator defined in Section[3| and suppose that the true regression function f is of the additive
KAN form

Q d
folz) = qu quj(xj)
q=1 Jj=1
with gq,0q; € W7 ([0, 1]) and r > 1/2, then
E[lfu = folaqo s = O(n5%) (1)

Remark 1. This result establishes that additive KANs achieve the minimax optimal convergence rate

for functions in the additive Sobolev class with smoothness index r. The rate n~ 71 corresponds
to the optimal rate for estimating univariate functions in W7 ([0, 1]). Notably, this convergence rate
does not depend on the ambient dimensionality d, thereby avoiding the curse of dimensionality. This
property arises from the compositional structure of KANs, which represent multivariate functions
as sums of univariate functions constructed from B-splines.

Following the interpretation above, it is natural to ask whether the decomposition of fo(z) =
Zqul dq (25:1 Yy; (1:])> into univariate components is uniquely determined. Although identifi-

ability is not required for the statistical convergence in Theorem ] it plays an important role in the
interpretability of the learned univariate components. The next proposition resolves this question.

Proposition 1 (Identifiability up to constant shifts). Let

Q
flz) = qu quj(xj) (16)

be a KAN function defined on [0, 1]¢, where gq and 1)q; are univariate measurable functions. Sup-
pose further that for each q we apply the normalizations

1
/ g, () dt =0, j=1,...,d, (17)
0
and

1
/0 0a(1) dytg (u) = 0, (1)

where [i4 is the distribution of 2?21 1q;(X;). Then the representation of f in terms of {gq,%q;}
is identifiable up to permutation of the @ units. Conversely, without the centering constraints
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equation [[7}-equation [I8) the representation is not identifiable: for any constants c,; satisfying
d
Zj:l Cqj =0,

Va5 (w5) = 1g;(w;) + cq5 9q(u) = gg(u — Z;‘i:1cqj) 19)
leaves f unchanged.

Remark 2. Proposition 1| shows that KAN representations are generally non-identifiable unless
constant-shift ambiguities are removed. This has no impact on the convergence results in Theorem|[T}
because statistical estimation is performed over the full sieve class F,,, and the risk || f — fol|z2 is
unaffected by reparameterizations of the internal functions v4; and g,. In practice, optimization
algorithms automatically pick one admissible parameterization among many equivalent ones, and
identifiability matters only when the goal is to interpret the learned univariate components. Imposing
centering constraints as in Proposition |1| guarantees unique decomposition and therefore improves

interpretability, but is not required for the statistical consistency or the convergence rate of fn.

We now extend the analysis to hybrid KANs, which permit more expressive architectures by allow-
ing either additive or multiplicative compositions within each node.

Theorem 2 (Convergence rate of hybrid KAN with spline sieve). Let fn be the spline—based KAN

sieve estimator defined in Section[3] and assume that the true regression function has the multiplica-
tive KAN form

Q d
fo) = gq | T tai ()
q=1 j=1
with gq,%q; € W7([0,1]) and r > 1/2, then
E[an - f0||%2([071]d)] = O(nf%il) . (20)

Remark 3. The hybrid architecture allows for both additive and multiplicative compositions of uni-
variate functions. The multiplicative terms induce a constant overhead of A/2(?=1) but the conver-
gence rate in n remains minimax optimal. This overhead arises because estimating multiplicative
interactions requires products of univariate spline bases. While this increases the constant factor, the
dependence on n is unaffected. For moderate dimensions and bounded smooth components, hybrid
KANSs remain statistically efficient.

Theorems|[T|and [2] provide a theoretical explanation for recent empirical findings (Wang et al., 2025}
SS et al.| [2024; [Aghaeil, 2024)), where KANs achieve near-minimal losses across diverse practical
tasks. The following corollary formalizes the minimax optimality of KAN estimators over a broad
class of structured functions, encompassing both additive and hybrid compositions.

Corollary 1 (Minimax optimality of KAN estimators). Fix r > 1/2 and let FXAN denote the class

of continuous functions f : [0,1]¢ — R that admit a KAN representation with univariate Sobolev
smoothness r, i.e.,

Q
FEN A1 1@) = 3 0 Tal@))s 9000 € W01, Ty(@) € {555 @), Ty s ()} },
! 1)

where Q) and d are fixed and the sums/products are taken over univariate components 1)q;. Consider
the minimax risk
Rn(‘FFAN) =inf sup ]Efo[”fn - f0H2L2([0.1]d) ) (22)
fn fo€FKAN ’

where the infimum is over all estimators fn based on n i.i.d. observations from the regression model
Y = fo(X) +¢ Ele | X] =0, E[¢?] < co. Then

2r
Ry (FyAN) = ™25, (23)
i.e., there exist constants 0 < ¢ < C < oo independent of n such that
2r 27
en T < R, (FEANY < Oz, (24)

In particular, the spline-based KAN sieve estimators of Theorems|[I|and 2] are minimax optimal over
FRAN]
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Finally, we provide a guideline for choosing the number of knots in the spline basis for optimal
performance.

Corollary 2 (Optimal knot number for spline-based KAN sieves). Ler r > 1/2, and suppose each
univariate component gq and 1g; in the KAN architecture is represented by a B-spline basis of order
m > r with k,, interior knots, as in the sieve spaces JF,, used in Theorems|[l|and[2} Then the choice

k, = nl/(2r+1) (25)

balances the approximation error and estimation error in the KAN sieve estimator and yields the
minimax-optimal convergence rate

E[lfo = follsgo,y0)] = O(n 7). (26)

In particular, for each univariate spline unit approximating a component in W7 ([0, 1]), the resulting
squared L? error satisfies

E[lldaj — Yasll3qo.] = O (n~77) 27)

under the global knot choice equation

Remark 4. This result follows from classical nonparametric regression theory and provides a prin-
cipled guideline for selecting the spline resolution in KANs based on the sample size and assumed
smoothness of the target function.

These results confirm that spline-based KAN estimators achieve minimax-optimal convergence un-
der standard smoothness assumptions. While additive KANs offer statistical efficiency and sim-
plicity, hybrid architectures expand expressiveness with only a modest complexity overhead. These
theoretical guarantees provide a strong foundation for using KANSs in structured, interpretable learn-
ing tasks.

5 SIMULATION STUDY

To verify the theoretical results and demonstrate the practical performance of Kolmogorov—Arnold
Networks (KANSs), we conduct simulation experiments on synthetic datasets generated from func-
tions with known smoothness. It is noted that this paper focuses on theoretical convergence rather
than empirical benchmarking, and the experiments are intentionally designed to validate that the
empirical convergence rate matches the theoretical exponent. In particular, we compare additive
KANs and hybrid additive—multiplicative KANs against standard multilayer perceptrons (MLPs).
Including the MLP baseline serves to verify the theoretical contrast between KAN and conventional
neural networks in terms of convergence behavior.

5.1 EXPERIMENTAL SETUP

Synthetic regression data are generated from functions defined on [0, 1]?. We consider two repre-
sentative targets.

The first target is a piecewise polynomial function with d = 5 and exact Sobolev smoothness 7,
given by

f) = sin(wzdjzb(xj)), (28)

<.
Il
A

where ¢ : [0,1] — R is defined as

The second target is a periodic function with d = 1 and exact Sobolev smoothness r, constructed as
a Fourier series with coefficients

1
= >1
am m7™+1/2 log(m + 1)’ =




Under review as a conference paper at ICLR 2026

so that -
flz) = Z A, sin(2rmae).
m=1

To see that f has Sobolev smoothness exactly 7, recall that for a Fourier series with coefficients a.,,
membership f € W([0, 1]) is equivalent (up to constants) to

(1 +m?)a,,|* < cc.
m=1
Substituting a,,, = 1/(m"+!/2log(m + 1)), for large m the summand behaves like
1 m2(t—r)—1

(1 + m2)t|am|2 ~ m2t . m—2r—1 . 5 — 5
log”m log®m

If t = r, the summand is ~ 1/(mlog?m), and the series converges by the standard Cauchy con-
densation test (the condensed summand is ~ 1/m?). Hence f € W ([0, 1]).

If t > r, the exponent 2(t — r) — 1 > —1, so the summand behaves like m® with & > —1 4 ¢ for
some ¢ > 0, and the series diverges. Hence f ¢ W*([0, 1]) for any ¢ > 7.

Therefore, f belongs to W ([0, 1]) but not to any W"+¢([0,1]), i.e., its Sobolev smoothness is
exactly r. This construction provides a controlled setting for evaluating estimators precisely at the
smoothness condition.

In the experiments, we use r = 2, which for the polynomial case yields a piecewise cubic
function with continuous first and second derivatives. Training inputs are sampled uniformly as
X; ~ Unif([0,1]%), and responses are observed as

Vi = f(Xi)+e, & ~N(0,0%, o=0.05 (29)

Sample sizes are chosen as n € {100, 200, 400, 800, 1600, 3200, 6400, 12800}. For each n, the
number of B-spline grid intervals is set according to the theoretical guideline k = n'/(?*+1)_ Both
additive and hybrid KANs are constructed using cubic (p = 3) B-splines, and their parameters
are fitted by minimizing the empirical squared loss. All models are optimized using the LBFGS
algorithm (Liu & Nocedal, |1989), which in this setting serves as a numerical solver for the least-
squares problem defining the spline-based KAN sieve estimator.

5.2 RESULTS

Convergence of KAN estimators Convergence of KAN estimators (fourier function)

—1.01 ‘\\\ —o— Additive oA
Hybrid

1 —— MLP

=== slope = -4/5 -1

log1o (MSE)
log1o (MSE)
4

—8— Additive
Hybrid
-3.51 N -44 —o— MLP N
\ === slope = -4/5 \.
20 25 30 35 40 20 25 30 35 40
log1o (n) log10 (n)

Figure 1: Convergence rates of additive KAN, hybrid KAN, and MLP estimators on two synthetic
targets. The dashed line indicates the theoretical slope —4/5. Left: piecewise polynomial function
with exact Sobolev smoothness » = 2. Right: periodic function with exact Sobolev smoothness
r = 2, constructed from a Fourier series. Mean squared error on a test set is plotted against sample
size n on a log—log scale.

Figure [T|compares the convergence behavior of the three estimators across the two function classes.
In both cases, additive and hybrid KANs achieve slopes that closely follow, and in fact are steeper
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than, the theoretical rate. This is consistent with the theory, since the minimax-optimal rate repre-
sents a worst-case upper bound. In favorable instances, such as the structured piecewise polynomial
and Fourier series functions considered here, empirical performance can exceed this baseline.

The two KAN variants exhibit nearly indistinguishable performance as sample sizes increase, in-
dicating that the inclusion of multiplicative interactions does not substantially alter convergence
in these settings. By contrast, the MLP baseline converges more slowly and requires much larger
sample sizes to approach the accuracy attained by KANs.

These results validate the theoretical analysis and confirm that spline-based KANs achieve both
statistical optimality and practical efficiency. The convergence pattern highlights the advantage
of incorporating structural priors through B-spline representations, which enables KANs to learn
efficiently even with moderate data, in contrast to the slower learning dynamics observed in black-
box neural networks such as MLPs.

6 CONCLUSION

This paper has presented a theoretical analysis of Kolmogorov—Arnold Networks (KANs) with
univariate spline units for nonlinear regression. We established that both additive and hybrid
additive—multiplicative KAN architectures achieve minimax-optimal convergence rates under stan-
dard smoothness assumptions.

The theoretical guarantees are corroborated by simulation experiments, which show that both ad-
ditive and hybrid KANs empirically attain the optimal convergence rate, and perform comparably
across sample sizes. In contrast, standard neural networks exhibit slower convergence and require
larger data to achieve similar accuracy.

The theoretical results established in this work concern the spline-parameterized KAN estimator
defined through empirical risk minimization on a growing sieve space. They do not rely on the dy-
namics of stochastic or gradient-based training and remain valid as long as numerical optimization
returns (or sufficiently approximates) the empirical minimizer. Extending the analysis to charac-
terize convergence properties under specific optimization algorithms, such as SGD or alternating
backfitting, represents an important direction for future work.

Future work will also explore scalable algorithmic implementations of KANs for real-world datasets
and integration with deep learning architectures for structured end-to-end system dynamics learning
and symbolic equation discovery.
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A APPENDIX: PROOFS OF THEOREMS AND COROLLARIES

A.1 PROOF OF THEOREM[I} CONVERGENCE RATE OF ADDITIVE KAN

Theorem 1 (Convergence rate of additive KAN with spline sieve). Let fn be the spline—based KAN
sieve estimator defined in Section[3| and suppose that the true regression function f is of the additive
KAN form

Q d
fo(z) = qu quj(xj)
q=1 j=1
with gq, e € W7([0,1]) and v > 1/2, then
o __2r
]E|:an - f0||%2([071]d)] = O(?’L 2T+1) . (30)
Proof. Let || - || denote the L?([0, 1]%) norm. For each sieve space J,,, define
fo = arg min |[f = fol|. 3D

fe€Fn

Using the standard decomposition,
1f = foll < 11Ffa = £l + 1155 = Foll, (32)

we handle the two terms separately.

Step 1: Approximation error. Since g4, 1,; € W7 ([0, 1]) and m > r, there exist spline approxi-
mations such that (standard spline approximation theory)

||9q ~ Y9q,kn HL2 = O(k;r), quj - ¢qj,kn ||L2 = O(krjr)- (33)

For each ¢, define the spline-approximated component

d
fo.qk, (2) = qucn,( > Yaik, (xj)). (34)
j=1
Using the Lipschitz continuity of g, on the compact range of >  Vajo
d d
Hf07q7kn - fO,qH < Lg Z(’L/}Qj)kn - 1qu) < CZ ||1/’qj,kn - %J’H (35)
j=1 j=1

= O(k;"). (36)

Summing over ¢ = 1,..., @ yields

1= foll® = Ok, ). (37)

Step 2: Estimation error. Let p,, denote the total number of spline coefficients across all g, 5, and
Yqj k- Since @ and d are fixed,

Pn =< k. (38)
The class F,, is quadratic-loss parametric with dimension p,,, so its metric entropy satisfies
log N (€, P, || - lloc) S pnlog(1/e). (39)

By a standard empirical-process argument for sieve least squares (Chen 2007; Gyorfi et al. 2002;
Newey and McFadden 1994), this implies

R *127] _ pl
Bl fo - £217] = 0(22). (40)
Using equation [38] this becomes
N k,
Elf - £ = 0(2). @
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Step 3: Rate balancing. Combining equation[32] equation[37] and equation 40}

i k,
EM&—hﬂ<C<m%+n>. (42)
The optimal balance is k,, =< n'/(?"+1) resulting in
E[llfa - folP!] = O(n=77) . 3)
This proves the theorem. O

A.2 PROOF OF THEOREM 2} CONVERGENCE RATE OF HYBRID ADDITIVE-MULTIPLICATIVE
KAN

Theorem 2 (Convergence rate of hybrid KAN with spline sieve). Let fn be the spline—based KAN
sieve estimator defined in Section[3} and assume that the true regression function has the multiplica-
tive KAN form

folz) = ZQ:!Jq ﬁ%j(%)
with gq,q; € W([0,1]) and r > 1/2, theqn:1 .
E(llfn = folZ2qoan| = O(n77). (44)
Proof. Let
foq(@) = gq f[lwqj () | - (45)
iz

Define f as in the previous proof. We again apply

1 fn = foll < fu— £+ 11F2 = foll- (46)

Step 1: Approximation error. Using the same spline approximation bounds as in Theorem I}

145 = Yajkn |l = Ok "), 19¢ = 9q.. | = O(k;"). (47)
Because all functions are bounded on [0, 1], denote M = maxg ; ||1)4;|/cc- Then
d d d
IT %as = T Yainn || < CD - Ias — Vo (48)
j=1 j=1 j=1
=O0(k,"). (49)
Applying the Lipschitz continuity of g, on the compact range of the products,
ng(H Vgj) — gqykn(H Vajk, )| = Ok, (50
J J

and summation over ¢ yields

I fr = foll* = O(k;,"). (51)

Step 2: Estimation error. The number of spline coefficients is unchanged: p, < k,. Thus the
same sieve LS bound applies:

. k
|/, — 712 =o(22) =0 22). 52
14, = 1212 = 0(2) = o (%) (52)
Step 3: Rate balancing. Finally,
P —2r kn
E[Ilfn - foHQ] <C (k,ﬁ + ) : (53)
n
Choosing k,, = n'/(7*1 balances the two terms and yields
E[Ifo — fol*] = 0(n=5%). (54)
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A.3 PROOF OF COROLLARY[I]

Corollary 1 (Minimax optimality of KAN estimators). Fix r > 1/2 and let FX*N denote the class
of continuous functions f : [0,1] — R that admit a KAN representation with univariate Sobolev
smoothness r, i.e.,

Q
fyI»(AN = {f tf(x) = qu(Tq(I))v 9q, % € W([0,1]), Ty(z) € {Z?:1 Vg (25), Hj:l lbqj(zj)}}a

(55)
where Q) and d are fixed and the sums/products are taken over univariate components 1q;. Consider
the minimax risk

Ro(FEAN) = int sup Epy[llfu = foll 20| (56)
fn foG.F}_(AN

where the infimum is over all estimators fn based on n i.i.d. observations from the regression model
Y = fo(X)+¢ E[e | X] =0, E[?] < co. Then
Ry, (FEAN) < =361, (57)
i.e., there exist constants 0 < ¢ < C < oo independent of n such that
en” T < R, (FKANY < opm i, (58)
In particular, the spline-based KAN sieve estimators of Theorems|[I|and 2| are minimax optimal over

KAN
Foim,

Proof. We first establish the upper bound and then the lower bound.

Upper bound. By Theorem|[l] for any fo in the additive KAN subclass with g, 14, € W ([0,1]),
the spline-based KAN sieve estimator f,, satisfies

Eo[lfn — foll2:] = O(n~777), (59)

when the number of spline knots is chosen as k,, =< n'/(2*+1)_ Similarly, Theorem shows that the
same estimator, applied to the hybrid (multiplicative) KAN architecture, attains the same rate under
the same smoothness assumptions on g, and t,;. Since FXAN is contained in the union of these
additive and hybrid subclasses, we obtain

sup  Ep[|lfn — foll22] < Cn-zix (60)
foEFKAN

for some constant C' > 0 independent of n. Taking the infimum over all estimators can only reduce
the risk, hence

Ry (FEAN) < O, 61)

Lower bound. To obtain a minimax lower bound for the entire class }“,KAN, it suffices to consider

any smaller subclass contained within it. Let
W =Lf:00,1] >R : f(z) = h(z1), he W([0,1])}, (62)

i.e., functions depending only on the first coordinate via an r-smooth univariate function h. By
the Kolmogorov—Arnold representation and the KAN construction, any such f can be represented
within our KAN architecture; for instance, take ) = 1, let the node be additive, set g1 (u) = wu,
choose 911 (x1) = h(z1), and ¢1;(z;) = 0 for j > 1. Hence

Wi FEAN, (63)
Consider the minimax risk over W,(l),
Ry(W) =inf sup Eg[llfu — follZ2]- (64)
fn foew®
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Because the response depends only on x1, this reduces to the classical univariate nonparametric
regression problem with smoothness r. Standard minimax theory for Sobolev balls (see, e.g., Tsy-
bakov, 2009) implies that there exists a constant ¢ > 0 such that

R, (W) > en” 71, (65)
Since WM ¢ FEAN the minimax risk over FXAN cannot be smaller than that over w e,
R (FEAN) > R (W) > en~ 7. (66)
Combining equation[61]and equation [66] yields
en” T < Ry (FRAN) < Ono, (67)
which proves the claimed minimax-optimal rate for KAN estimators over F<AN, O

A.4 PROOF OF COROLLARY 2]

Corollary 2 (Optimal knot number for spline-based KAN sieves). Let r > 1/2, and suppose each
univariate component g, and 1, ; in the KAN architecture is represented by a B-spline basis of order
m > r with k,, interior knots, as in the sieve spaces F,, used in Theoremsand E] Then the choice

ky = nt/@rl) (68)

balances the approximation error and estimation error in the KAN sieve estimator and yields the
minimax-optimal convergence rate

]E[an - fO”%Q([OJ]d):I = O(n_%) ) (69)

In particular, for each univariate spline unit approximating a component in W7 ([0, 1]), the resulting
squared L? error satisfies

~ __2r
E{ll¢q; — ¢aill72(0,17)) = O(” 2”1) (70)
under the global knot choice equation

Proof. From the proofs of Theorems [1|and [2| the L? risk of the spline-based KAN sieve estimator
admits the decomposition

kn

Ellf.— foll3:] £ k¥ o+ = (71)
- N
approximation error

estimation error
where k,, is the (common) number of interior knots used in the B-spline parameterization of each
univariate component, and we have used that the effective sieve dimension satisfies p,, < k.

The first term in equation [/ 1| comes from spline approximation theory for univariate Sobolev func-
tions of order 7, applied to each g, and v,;, and then propagated through the KAN composition by
Lipschitz continuity on bounded domains. The second term comes from standard sieve least-squares
theory, which yields E|| f,, — f |22 = O(pn/n) = O(ky/n) for the empirical risk minimizer over
the p,,-dimensional sieve space.

To obtain the optimal rate, we balance the two contributions by choosing k,, to minimize k2" +
ky,/n. This is achieved when

kr

k= Bl =n = k, <pl/Cr+D), (72)
Substituting this choice into equation (71| gives

E[lfa — fol3s] S n~# 4077 = 0(n~5), (73)
which coincides with the minimax-optimal rate established in Corollary [T}

Finally, since the overall approximation error of f; is obtained by aggregating the spline approxi-
mations of the univariate components g, and 1)4;, each such component inherits the same order of

squared L? error under the common knot choice k,, =< n'/("*1) up to constants depending only on
@ and d. This yields the stated bound for E||¢4; — 14;||? and completes the proof. O
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