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ABSTRACT

Data attribution aims to explain model predictions by estimating how they would
change if certain training points were removed, supporting a wide range of applica-
tions, from interpretability and credit assignment to unlearning and privacy.
Even in the relatively simple case of linear models with normally distributed
features, existing analyses of leading data attribution methods such as Influence
Functions (IF) and single Newton Step (NS) remain limited. Current bounds require
a strong dependence on the global strong convexity parameter λ, which is often
very small in practice and scales like O(d/n) for well-behaved regressions with
dimension d and n samples. These bounds also scale poorly with the number of
removed samples k and with d. Making the dependence on λ explicit reveals that
existing results are very loose:

Existing Bounds = Ω

(
k2d

λ3n2

)
= Ω

(
k2n

d2

)
.

We introduce new analytic tools for bounding the errors of NS, yielding substan-
tially tighter results that do not depend on the global strong convexity λ. Moreover,
we show that for logistic regressions with normally distributed features, our bounds
also scale much more favorably with k and d:

New Bound = Õ

(
k

n2

)
.

We show that our bounds are tight up to poly-logarithmic factors, that they also
yield similarly tight bounds on the accuracy of IF and provide the first theoretical
explanation for the empirical observation that NS is more accurate than IF.

1 INTRODUCTION

Let L = ℓ1 + · · · + ℓn : Ωθ → R be an Empirical Risk Minimization (ERM) problem, where the
contributions to the loss may represent the training samples of some supervised learning problem
ℓi = ℓ(f(θ, xi), yi). Define

θ̂
def
= argmin

θ∈Ωθ

{
n∑

i=1

ℓi(θ)

}
and θ̂T

def
= argmin

θ∈Ωθ

{∑
i/∈T

ℓi(θ)

}
.

Data attribution seeks to explain the dependence of θ̂ on the training data by predicting its change
when removing a subset T ⊂ [n] of the samples ℓi Ilyas et al. (2022); Park et al. (2023). We can
answer such a query by fully retraining the model θ̂ with only a subset of the samples, but this is often
computationally intensive and lacks a closed form solution which might be useful for downstream
tasks and explainability Madry et al. (2024).

Therefore, data attribution often utilizes approximations known as data models, the most widespread
of which are influence functions (IF) and single Newton steps (NS). This raises the natural question:

When do IF and NS give good approximations of the data-removal effect? How
does the approximation error scale with the total number of samples n, the problem
dimension d and number of samples removed k = |T |?
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Informally, IF data models use a first-order approximation to the sample-removal effect, and NS data
models approximate by taking single Newton step on θ̂ (see Section 1.1).

We analyze the accuracy of NS and IF in the analytically tractable setting of convex empirical
risk minimization. Beyond the direct application for convex learning problems (such as last-layer
fine-tuning through logistic regression), understanding the convex setting is curcial since leading data
attributions for non-convex settings often rely on heuristic reductions to data attribution for convex
problems (e.g., TRAK Park et al. (2023) uses an NTK assumption to approximate the attribution of a
deep neural network). This is one motivation for our focus on uncovering the scaling laws for the
convex setting – we discuss several further motivations later.

Existing analyses of IF and NS data attributions Rad & Maleki (2018); Giordano et al. (2019); Koh
et al. (2019); Wilson et al. (2020), rely on a global strong convexity assumption that often does hold
in practice1. Moreover, the resulting bounds scale poorly with the problem dimension d and with the
number of samples removed k, resulting in very loose bounds Rubinstein & Hopkins (2025b).

For instance, it has been observed empirically that NS often provides a much better approximation
of removal effects than IF Koh et al. (2019); Hu et al. (2024); Huang et al. (2024); Rubinstein &
Hopkins (2025b), but to the best of our knowledge, no previous quantitative analysis comes close to
explaining this phenomenon.

In this work, we provide the first theoretical analysis whose guarantees are tight enough to explain
why and when the NS data attribution outperforms IF.

We tackle this question in two settings, with two main results. Our first main result concerns empirical
risk minimization problems with a convex loss L. We place assumptions on the local strong convexity
and local (higher-order) Lipschitzness of L in a small neighborhood of θ̂, and show that under those
assumptions the NS data model is quantitatively accurate. We offer a quantitative statement and
comparison to prior work later.
Theorem 1.1 (NS Accuracy for Convex Losses (Informal, see Theorem 1.5)). If LT =

∑
i/∈T ℓi is

strongly convex in a neighborhood of the first Newton step starting from θ̂, and the Hessian of LT is
(mildly) Lipschitz along the first Newton step, then the output of the first Newton step is close θ̂T .

Assumptions like local strong convexity or local Lipschitzness allow great generality across different
loss functions and datasets, but can be difficult to interpret quantitatively, obscuring the significant
differences observed in practice among various data models. Our second main result addresses a
much more concrete setting, where we can hope to prove sharp quantitative bounds on the accuracy
of data models, using Theorem 1.1. We focus on logistic regression with Gaussian features as a
“model organism”, and show that:
Theorem 1.2 (NS is more accurate than IF). Suppose L is the empirical logistic loss corresponding
to n independent samples (x1, y1), . . . , (xn, yn) ∈ Rd × {±1} from a distribution (x, y) with
x ∼ N(0, I), with population loss minimizer θ∗ having ∥θ∗∥ = Θ(1). For T ⊆ [n], let θ̂IF

T be
the IF estimate of θ̂T and let θ̂NS

T be the NS estimate of θ̂T . Let k ≤ n/polylog(n) and n ≥
d3 > polylog(n). Using Theorem 1.1, we provide almost matching worst-case upper-bounds and
average-case lower-bounds on the error of IF and NS, with high-probability over the training data

Ω

(
k

n2

)
≤ E

T∈([n]
k )

[∥∥∥θ̂T − θ̂NS
T

∥∥∥
2

]
≤ max

T∈([n]
k )

{∥∥∥θ̂T − θ̂NS
T

∥∥∥
2

}
= Õ

(
k

n2

)
,

and

Ω̃

(
(k + d)

√
kd

n2

)
≤ E

T∈([n]
k )

[∥∥∥θ̂T − θ̂IF
T

∥∥∥
2

]
≤ max

T∈([n]
k )

{∥∥∥θ̂T − θ̂IF
T

∥∥∥
2

}
= Õ

(
(k + d)

√
kd

n2

)
.

In particular, we conclude that the accuracy of NS is significantly better than the accuracy of IF.
1Some analyses require only that the loss is strongly convex in some subset of the optimization domain. (Rad

& Maleki, 2018, Assumption 7) only require that the loss is strongly convex along the path between θ̂ and
θ̂T and (Wilson et al., 2020, Assumption 1) only require that the loss is strongly convex in a ball around θ̂T .
However, these papers do not give an argument for why the loss should be more convex in this area than
anywhere else in the optimization domain. Therefore, without prior knowledge on θ̂T , it is not clear how one
could get a concrete guarantee beyond the one in Theorem 1.4).
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We work in the regime n ≥ d3 to simplify the scaling laws and their proofs (which are already quite
technical). We expect that the upper bounds of Theorem 1.1 are similarly close to tight even up to
k, d = O(n).

1.1 DATA ATTRIBUTION MODELS

Influence Functions (IF) also known as infinitesimal jackknife (IJ) Jaeckel (1972) utilize a first
order approximation to the effect of down weighting a sample on the model parameters. Defining
θ(·) : Rn → Rd as the function that takes a set of weights w ∈ Rn, and optimizes the model on the
weighted samples θw = argminθ∈Ω {

∑n
i=1 wiℓi(θ)}, IF employs a first order Taylor series in w.

The resulting estimated change in the model parameters is given by the following formula (see e.g.,
Rousseeuw et al. (1986) for a derivation),

θIF
w := θw=1 +

∂θw
∂w

(w − 1) = θ̂ +H−1
n∑

i=1

(1− wi)gi ,

where H is the Hessian of the loss L(θ) =
∑n

i=1 ℓi(θ) evaluated at θ̂ = θw=1, and gi is the gradient
of ℓi at θ̂.

Influence functions are ubiquitous due to their simplicity and applicability for downstream tasks Gior-
dano et al. (2019); Broderick et al. (2020) and were made more applicable to modern machine
learning with fast algorithms for estimating them without explicitly inverting the Hessian Koh &
Liang (2017); Park et al. (2023).

However, while IF data attribution appears good at capturing the qualitative behavior of a model’s
change when dropping a data point, it often misses the scale of the change and significantly underesti-
mates removal effects, especially in the high-dimensional regime Koh et al. (2019).

Single Newton Step (NS) data attribution, dating to Pregibon (1981) and explored recently in Koh
& Liang (2017); Koh et al. (2019); Wilson et al. (2020); Huang et al. (2024) offers somewhat higher
accuracy than the IF approach. Here we approximate θ̂T using a single step of the Newton algorithm
initialized at θ̂:

θNS
w = θ̂ +H−1

w

n∑
i=1

(1− wi)gi .

NS appears almost equivalent to the influence function, except for the key difference that it takes
into account the change to the Hessian due to dropping the samples. Moreover, when the loss is a
quadratic function of the model (e.g., in ordinary least squares regression), θNS

w = θ̂w, since Newton
iteration converges in a single step.

While NS is typically much slower to compute than IF (because of the matrix inversion H−1
w ),

spending the extra compute time appears to have a major accuracy benefit – Koh et al. Koh et al.
(2019) showed empirically that NS data attribution is typically much more accurate than IF on
real-world datasets. However, our theoretical understanding of this phenomenon is very limited.

1.2 RELATED WORK AND PREVIOUS STATE-OF-THE-ART

History and Applications IF and NS originated in early work on robust statistics Hampel (1974);
Jaeckel (1972); Pregibon (1981). Both are now used in a wide variety of downstream applications. IFs
are used for data attribution in neural networks Park et al. (2023); Basu et al. (2021); Bae et al. (2022);
Engstrom et al. (2025), though when they are effective here remains a topic of current investigation.
Beyond deep learning, data attribution via IF and NS is a core technique in machine unlearning
for convex risk minimization problems Sekhari et al. (2021b); Neel et al. (2021); Suriyakumar &
Wilson (2022), for robustness auditing/finding highly influential sets of samples Broderick et al.
(2020); Rubinstein & Hopkins (2025a); Huang et al. (2024); Hu et al. (2024), and approximate
cross-validation Wilson et al. (2020), and even evaluation of model fairness Ghosh et al. (2023).
Recent works such as Lev & Wilson (2024); Rubinstein & Hopkins (2025b) propose refinements of
IF and NS which can improve the tradeoffs between running time and approximation accuracy.
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State-of-the-Art: Accuracy Guarantees under Global Strong Convexity Assumptions Moti-
vated by the extensive downstream applications, several recent works analyze the accuracy IF and NS
methods Rad & Maleki (2018); Koh et al. (2019); Giordano et al. (2019); Wilson et al. (2020) for
convex ERMs. Each of these works uses slightly different assumptions and notations, but roughly
speaking they all prove variations of the same high-level statement:

Theorem 1.3 (Existing Theoretical Guarantees (Informal)). If the loss function is “sufficiently
strongly convex” over the entire optimization domain Ωθ and its Hessian is “sufficiently Lipschitz”
in this domain, then the single Newton step is “close” to the global optimum.

The details of Theorem 1.3 and its proof vary slightly from paper to paper, but mostly follow a similar
thread. To make things concrete, we consider the specific instantiation of Theorem 1.3.

Denote the gradients of the individual samples by gi = ∇ℓi|θ=θ̂ and the Hessian of the loss by
Hθ =

∑
i/∈T ∇2ℓi|θ. Using these notations, previous analyses typically make Assumptions 3, 1

and 2.

Assumption 1 (Lipschitz Hessian). There exists a finite constant2 CLip < ∞ such that

∀θ,θ′ ∈ Ωθ ∥Hθ −Hθ′∥op ≤ CLip ∥θ − θ′∥2

Assumption 2 (Bounded Individual Gradients).

Cℓ = max
i∈[n]

{∥gi∥2}

Assumption 3 (Global Strong Convexity). There exists a finite constant Cop < ∞ such that

∀θ ∈ Ωθ

∥∥∥∥∥∥
(∑

i/∈T

∇2ℓi|θ

)−1
∥∥∥∥∥∥
op

≤ Cop

Assumptions 1 and 2 suffice to (loosely) bound the norm of the gradient after one Newton step, and
Assumption 3 gives us a quantitative way of converting this into a bound in parameter space.

Theorem 1.4 (Existing Theoretical Guarantees). Under Assumptions 1, 2 and 3, the error of the
single Newton step data attribution is bounded by∥∥∥θ̂T − θ̂NS

T

∥∥∥
2
= O(CLipC

3
opk

2C2
ℓ ) .

For completeness, we prove Theorem 1.4 in Appendix B.

The biggest limitation of existing approaches is that they require a bound on the spectrum of the
inverse Hessian on the entire optimization domain Ωθ (Assumption 3). While some variants (e.g.
Rad & Maleki (2018)) relax this assumption to one about the spectrum of the inverse Hessian (after
samples are removed) on a subset of the domain large enough to include all of θ̂, θ̂NS, and θ̂T , this
remains quite restrictive, unless one knows a priori that θ̂T is close to θ̂ in the first place, which is
exactly what data attribution methods aim to discover.

As a simple running example, consider a logistic regression with feature vectors xi ∈ Rd and
labels yi ∈ {0, 1}. The Hessian of a logistic regression is given by H =

∑
i∈[n] βixix

⊺
i , where

βi(θ) = ŷi(1− ŷi) are the variances of this sample’s prediction ŷi = softmax(θ⊺xi).

In this case,
∥∥H−1

θ

∥∥
op

grows rapidly with the norm of the model ∥θ∥2. This is because βi =

O(exp(−|θ⊺xi|)), so fixing the direction of θ and taking its norm to infinity would almost surely
cause the Hessian to decay exponentially. Therefore, if we perform our optimization over the domain
Ωθ = Rd, then

∥∥H−1
θ

∥∥
op

is not bounded and Assumption 3 does not hold.

2Keeping with existing nommenclature, we use the term “constant” to mean that CLip does not depend on θ,
but it may still depend on n, k, d.
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Global Strong Convexity via Regularization is Inadequate One approach to justifying this
assumption Koh et al. (2019); Wilson et al. (2020) is by appeal to a L2 regularization term to the
loss, which gives a global lower bound on the spectrum of the Hessian. However, as Koh et al. note,
the regularization coefficient used in practice tends to be very small, meaning that that the resulting
bound on Cop is enormous, rendering the bound in Theorem C.1 rather weak – in particular, too weak
to explain why NS still outperforms IF. Quoting Koh et al. (2019):

Koh et al. (2019): The constraint in Proposition 3 implies that up to O(1/λ3) terms,
influence underestimates the Newton approximation. [...] However, λ/σmax is quite
small in our experiments [...] so the actual correlation of influence is better than
predicted by this theory.

This “small λ” phenomenon is borne out in theory as well as experiments: it is a classical result
in learning theory Dobriban & Wager (2018) that when optimizing for test-loss, the regularization
coefficient λ scales with λ = Θ(σ2d/n) = O(d/n), where σ is the “signal-to-noise ratio” of the
model. This introduces a “hidden” n3-dependence into Theorem C.1 – even if we make favorable
assumptions like CLip, Cℓ, k, d ≤ O(1) the bounds produced by theorems like Theorem C.1 would
not even converge when n → ∞:

Existing Bounds ≃ k2 × C2
ℓ × CLip × C3

op ≳n 1× 1× n× 1

λ3
≳n n .

1.3 MAIN RESULT ON CONVEX RISK MINIMIZATION (FORMAL VERSION OF THEOREM 1.1)

We turn to the formal version of our main theorem for general convex risk minimization (Theorem 1.5).
Comparing its informal version, Theorem 1.1, to the existing theory (see Theorem 1.3), the biggest
change is that we assume only that the Hessian is well-behaved in a small neighborhood of the first
Newton step and not over the entire optimization domain (or a subset of the domain whose radius is
unknown without computing θ̂T itself). At first this might seem like a small difference, but previous
proof techniques break down without the global assumption which, as we have shown in Section 1.2,
often does not hold in practice and may be hard to verify.

The second difference between Theorem 1.1 and existing theory is that we will require a much milder
Lipschitz assumption on the change in the Hessian. Previous analyses require that the Hessian be
Lipschitz in operator Koh et al. (2019); Wilson et al. (2020) or L1 Giordano et al. (2019) norms,
resulting in bounds that scale poorly with d and are harder to guarantee. For Theorem 1.1, it suffices
to show that the Hessian is Lipschitz only in its change along a single direction, resulting in a tighter
bound under a more easily verifiable assumption.

1.3.1 ASSUMPTIONS AND THEOREM STATEMENT

Let T ⊆ [n] be a set of k samples to be removed. Let gθ =
∑

i/∈T ∇ℓi|θ and Hθ =
∑

i/∈T ∇2ℓi|θ
be the gradient and Hessian of the loss of the retained samples when evaluated at θ. When θ is not
specified below, we will set θ = θ̂ to be the global optimum of the loss L before samples are removed
(g = gθ=θ̂, H = Hθ=θ̂).

Recall that the NS data attribution estimates that

θ̂NS
T

def
= θ̂ −H−1g ≈ θ̂T .

Our first assumption will be that the Hessian is lower-bounded within a neighborhood of θ̂NS
T . We

will allow this neighborhood to assume the shape of any ellipsoid.

More concretely, let Σ be any positive-definite whitening matrix (natural choices could be the identity
matrix Σ = I or the Hessian Σ = H at the original model θ = θ̂), and define ∥v∥Σ := v⊺Σv. Let
r > 0 be any positive radius, and let B be the Σ ball of radius r > 0 around θ̂NS

T

BΣ,r
def
=
{
θ̂NS
T + e | ∥e∥Σ ≤ r

}
.

Assumption 4 (Strong Convexity in B). ∀θ ∈ B
∥∥Σ1/2H−1

θ Σ1/2
∥∥
op

≤ Cop

5
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Assumption 4 avoids the aforementioned issues with the previous analyses by limiting our evaluation
of the Hessian to just a neighborhood of the Newton step (thus avoiding issues with potentially large
changes to the Hessian at θ far from θ̂).

The next assumption tells us that Hessian changes slowly along the first Newton step:

Assumption 5 (Mildly Lipschitz Hessian). ∀θ = tθ̂ + (1− t)θ̂NS
T

∥∥(Hθ −H)H−1g
∥∥
Σ−1 ≤ Ch

Finally, similar to some previous analyses (e.g., Giordano et al. (2019)[Condition 1]), we also require
a condition on the relationship between the parameters in our bound:

Condition 6. ChCop < r

Condition 6 encapsulates a non-trivial tradeoff, since on the one hand, increasing r makes the right-
hand-side of this condition larger, helping us satisfy it, but on the other hand, this also increases the
domain over which Ch and Cop are maximized.

Under these assumptions, we can bound the error of the Newton step approximation:

Theorem 1.5 (Main Result). Under Assumptions 4 and 5 and Condition 6, we have∥∥∥θ̂T − θ̂NS
T

∥∥∥
Σ
≤ ChCop .

The proof of Theorem 1.5 is relatively simple and will follow by combining ideas from self-
concordance theory Bach (2010); Hsu & Mazumdar (2024) and the analyses of Giordano et al.
(2019); Wilson et al. (2020). Recall that Theorem 1.2 illustrates the power of Theorem 1.5 to analyze
NS and IF data attribution.

2 NOTATION

General Notations We use lower-case Greek and Latin letters (a, b, c, α, β, γ) to denote scalars
and indices, bold lower lower-case letters (a,b, c,α,β,γ) to denote vectors and bold upper-case
letters (A,B,C,Γ,Π) to denote matrices and higher order tensors.

Problem Settings Let L : Rd → R be a smooth convex loss function with gradient gθ = ∇L|θ
and Hessian Hθ = ∇⊗2L|θ, and let θ0 ∈ Rd be some initial point.

3 PROOF OF THEOREM 1.5

In this section, we sketch the proof Theorem 1.5 which bounds the approximation error of NS data
attributions. Recall that our assumptions for Theorem 1.5 were that the loss is strongly convex in a
region B surrounding the NS data attribution θ̂NS

T and that the Hessian did not change rapidly along
the NS path [θ̂, θ̂NS

T ], and our goal is to bound the distance between θ̂NS
T .

Our proof of Theorem 1.5 will combine ideas from existing analyses of NS data attributions with
ideas from self-concordance theory. We break the proof of Theorem 1.5 into 3 lemmas, which we
state and motivate here, but defer the detailed proofs to Appendix A.1.

3.1 BOUNDED GRADIENT AT θ̂NS
T

Lemma 3.1 (Bounded Gradient at θ̂NS
T ). The loss gradient at θ̂NS

T is bounded by∥∥∥gθ=θ̂NS
T

∥∥∥
Σ−1

≤ Ch .

Lemma 3.1 and its proof are similar to analogous bounds in many of the previous analyses of NS
data attribution. The key difference between Lemma 3.1 and previous analyses is that through a few
careful choices in our definition of Assumption 5, we are able to ensure that our bound on gradient is
much tighter.

6
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Previous analyses of this quantity scale like

Previous Analyses =
∥∥H−1

∥∥2
op

× CLip × k2 ×max
i∈[n]

{∥xi∥2}
2 ≈ 1

λ2n2
× (n+ d3/2)× k2 × d .

Previous bounds are loose for a few reasons. First, since CLip is defined by the Lipschitz constraint of
the Hessian (i.e., the rate at which the Hessian changes when moving in an adversarially selected
direction), we show that even for normally distributed samples this is Θ(n) if we move along the
direction of the current model θ. Simply by limiting our scope to models along the NS path and
to changes in ∥Hg∥ (instead of ∥H∥), we are able to reduce the effective CLip from n to a Õ

(
n
d

)
scaling.

Moreover, instead of applying a triangle inequality for the ℓ2 squared norm of the gradient at θ̂
(which would scale like k2d), we utilize the fact that a “blessing of dimensionality” bounds this to
being Õ (kd) Jin et al. (2019).

Finally we avoid a 1
λ2 factor simply from the fact that Ch depends only on the gradient at θ̂, yielding

a scaling of (see Appendix D.2).

Ch = Õ

(
k

n

)
.

Proof of Lemma 3.1.

gθ̂NS
T

=

∫ θ̂NS
T

θ̂

Hθdθ − gθ̂ =

∫ t

0

(
Hθ=tθ̂NS

T +(1−t)θ̂ −Hθ̂

)(
θ̂NS
T − θ̂

)
dt+Hθ̂

(
θ̂NS
T − θ̂

)
− gθ̂︸ ︷︷ ︸

=0

=

=

∫ t

0

(
Hθ=tθ̂NS

T +(1−t)θ̂ −Hθ̂

)
H−1

θ̂
gdt

From Assumption 5, the integrand on the right hand side of this equation has bounded Σ−1 norm, so
from the triangle inequality, we have∥∥∥gθ̂NS

T

∥∥∥
Σ−1

=

∥∥∥∥∫ t

0

(
Hθ=tθ̂NS

T +(1−t)θ̂ −Hθ̂

)
H−1

θ̂
gdt

∥∥∥∥
Σ−1

≤ Ch .

3.2 θ̂T ∈ B

The second portion of our proof will be to show that θ̂T lies within the region B around the first
Newton step. We do this using ideas from self-concordant analysis Bach (2010); Hsu & Mazumdar
(2024).

Lemma 3.2. θ̂T ∈ B

Proof of Lemma 3.2. Assume for contradiction that θ̂T /∈ B. Let θB denote the intersection between
the line segment from θ̂T to θ̂NS

T and ∂B, and denote d
def
= θ̂NS

T − θ̂T

(A) Cauchy–Schwarz upper bound. By Cauchy–Schwarz,

⟨d, gθ̂NS
T
⟩ ≤

∥∥∥Σ1/2d
∥∥∥
2

∥∥∥Σ−1/2gθ̂NS
T

∥∥∥
2

≤ Ch

∥∥∥Σ1/2d
∥∥∥
2
,

where the last step uses Lemma 3.1 .

(B) Fundamental theorem of calculus for g. Along the segment θ(t) def
= θ̂T + td with t ∈ [0, 1],

gθ̂NS
T

=

∫ 1

0

Hθ(t) d dt, so ⟨d,gθ̂NS
T
⟩ =

∫ 1

0

d⊤Hθ(t)d dt.
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411
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θ̂ θNS
T

B

θ̂T

θB

Figure 1: Diagram of proof of Lemma 3.2.

(C) Nonnegativity of the integrand. By weak convexity, Hθ ⪰ 0 everywhere, so d⊤Hθ(t)d ≥ 0
for all t.

(D) Geometry inside B. Let tB ∈ [0, 1) be such that θ(tB) = θB (the first time the segment enters
B when moving from θ̂T to θ̂NS

T ). Then for all t ∈ [tB, 1] we have θ(t) ∈ B and, by definition of r,

1− tB =

∥∥∥θ̂NS
T − θB

∥∥∥
2

∥d∥2
=

r

∥d∥2
.

(E) Strong convexity in B. From Assumption 4, we have

∀θ ∈ B
∥∥∥Σ1/2H−1

θ Σ1/2
∥∥∥
op

≤ Cop ⇒ Σ−1/2HθΣ
−1/2 ⪰ C−1

op I .

Therefore,

⟨d,gθ̂NS
T
⟩ =

∫ 1

0

d⊤Hθ(t)d dt ≥
∫ 1

tB

d⊤Σ1/2Σ−1/2Hθ(t)Σ
−1/2Σ1/2d dt ≥

∫ 1

tB

C−1
op

∥∥∥Σ1/2d
∥∥∥2
2
dt = C−1

op r ∥d∥Σ .

(F) Contradiction. Combining the upper bound from (A) and the lower bound from (E),

C−1
op r ∥d∥Σ ≤ ⟨d,gθ̂NS

T
⟩ ≤ Ch ∥d∥Σ .

Since θ̂T ̸= θ̂NS
T (otherwise it would be in B), we have ∥d∥Σ > 0 and we can cancel it to obtain

r ≤ Ch Cop ,

violating Condition 6, completing our proof.

3.3 CONCLUDING THEOREM 1.5

Finally, we will use the fact that the ground truth lies within the region B where the loss is strongly
convex to convert our bound on the norm of the gradient into a bound in parameter space.
Lemma 3.3. Lemmas 3.1 and 3.2 imply Theorem 1.5.

θ̂ θNS
T

B
θ̂T

Figure 2: Diagram of proof of Lemma 3.3.

Proof of Lemma 3.3. Let d def
= θ̂T − θ̂NS

T and consider the segment θ(t) def
= θ̂NS

T + td for t ∈ [0, 1].
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Step 1: Bounded gradient at θ̂NS
T . By Lemma 3.1 and the dual pairing between ∥·∥Σ and ∥·∥Σ−1 ,

⟨d,gθ̂NS
T
⟩ ≤ ∥d∥Σ

∥∥∥gθ̂NS
T

∥∥∥
Σ−1

≤ Ch ∥d∥Σ . (1)

Step 2: The path lies in B. By Lemma 3.2 (using Condition 6), we have θ̂T ∈ B ≡ BΣ,r. Since B
is a Σ-ball centered at θ̂NS

T , it is convex. Therefore, θ(t) ∈ B for all t ∈ [0, 1].

Step 3: Curvature lower bound along the path. Assumption 4 gives, for all t ∈ [0, 1],

Σ−1/2Hθ(t)Σ
−1/2 ⪰ C−1

op I =⇒ d⊤Hθ(t)d ≥ C−1
op d⊤Σd = C−1

op ∥d∥2Σ .

Using the fundamental theorem of calculus for g,

gθ̂NS
T

=

∫ 1

0

Hθ(t) d dt, so ⟨d,gθ̂NS
T
⟩ =

∫ 1

0

d⊤Hθ(t)d dt ≥ C−1
op ∥d∥2Σ . (2)

Step 4: Combine (1) and (2). From (1) and (2),

C−1
op ∥d∥2Σ ≤ ⟨d,gθ̂NS

T
⟩ ≤ Ch ∥d∥Σ ⇒ ∥d∥Σ =

∥∥∥θ̂T − θ̂NS
T

∥∥∥
Σ

≤ Ch Cop .

4 DISCUSSION AND LIMITATIONS

Our work provides the first (to our knowledge) analysis of NS and IF data attribution methods which
explains quantitatively the significant accuracy advantages of NS, in the context of a simple learning
problem (such as logistic regression with Gaussian covariates). Under reasonable assumptions (see
Theorem 1.2), this analysis even shows almost-matching upper and lower bounds on the scaling rate
of the errors of these approximations with respect to k, n, and d. We do so via the more-general
Theorem 1.5, which shows how to analyze the NS approximation without appeal to non-local strong
convexity assumptions. Together, these results place IF and NS on firmer theoretical foundations.

Future Directions – Machine Unlearning and Beyond Quantitative accuracy bounds for IF and
NS are of more than theoretical interest. One important application of IF and NS data attribution is
machine unlearning, where the goal is to quickly “remove” samples from an already-learned model,
e.g. to protect copyrighted material or respect “right to be forgotten” user requests Sekhari et al.
(2021a); Neel et al. (2021); Suriyakumar & Wilson (2022). The dominant technique used in machine
unlearning methods with provable guarantees is to first use a data attribution method to approximate
the data-dropped model, then add noise to the resulting estimate to obtain a differential-privacy-like
indistinguishability guarantee. Crucially, the magnitude of this noise – and hence the utility of the
resulting model – scales with the best available bound on the accuracy of the data attribution method
used. The 1/λ3 scaling of the best bounds prior to our work (where λ is a global ℓ2 regularization
parameter) is a significant bottleneck in machine unlearning Sekhari et al. (2021b). So, we hope that
the better bounds on accuracy of data attribution methods we derive here will lead to much better
unlearning algorithms.

Moreover, several recent works have recently proposed refinements to IF methods Lev & Wilson
(2024); Rubinstein & Hopkins (2025b); Zou et al. (2025), retaining some of the computation speed
of IF but seemingly improving accuracy. Do these methods close or narrow the quantitative gap we
find here between IF and NS?

Limitations Our work is purely theoretical, aiming to explain a phenomenon observed in real-world
data Koh et al. (2019). We focus on relatively simple settings – convex empirical risk minimization,
logistic regression, Gaussian data – to sharpen the focus on the core phenomenon we study. Although
data attribution for convex models sometimes forms a core component of data attribution for neural
nets, our theorems do not directly speak to the effectiveness of IF methods applied to neural nets,
nor do they allow for other “bells and whistles” such as non-smooth regularizers Suriyakumar &
Wilson (2022). At a more detailed level, our characterization of NS and IF error scalings for Gaussian
logistic regression problems in Theorem 1.2 applies only in the large-n regime, requiring n ≥ d3;
characterizing the scaling rates allowing n ≥ d is an interesting direction for future work.
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A DEFERRED PROOFS

A.1 PROOFS OF LEMMAS 3.1, 3.2, 3.3

B PROOF THEOREM 1.4

A common approach to proving Theorem 1.4 Koh et al. (2019) is to bound the size of the loss gradient
at the end of this first Newton step. Let

g =
∑
i/∈T

∇ℓi|θ=θ̂ = −
∑
i∈T

∇ℓi|θ=θ̂

be the gradient of the loss at the starting point θ̂, and let

gNS =
∑
i/∈T

∇ℓi|θ=θ̂NS
T

be the gradient of the loss at the end of the first Newton step. By design of the Newton step, as long
as the Hessian does not change too much, we expect gNS to be small. More concretely, we have

gNS = g +

∫ θ̂NS
T

θ̂

Hθdθ = g +

∫ θ̂NS
T

θ̂

Hθ̂dθ︸ ︷︷ ︸
=0

+

∫ θ̂NS
T

θ̂

(
Hθ −Hθ̂

)
dθ ,

where the first term cancels precisely by design of the Newton step, and the second term is bounded
by∥∥∥∥∥
∫ θ̂NS

T

θ̂

(
Hθ −Hθ̂

)
dθ

∥∥∥∥∥
2

=

∥∥∥∥∫ 1

0

(
Hθ=(1−t)θ̂+tθ̂NS

T
−Hθ̂

)(
θ̂ − θ̂NS

T

)
dt

∥∥∥∥
2

≤ (triangle inequality)

≤
∫ 1

0

∥∥∥(Hθ=(1−t)θ̂+tθ̂NS
T
−Hθ̂

)∥∥∥
op

∥∥∥θ̂ − θ̂NS
T

∥∥∥
2
dt ≤ (Lipschitz assumption)

≤
∫ 1

0

CLipt
∥∥∥θ̂ − θ̂NS

T

∥∥∥2
2
dt =

1

2
CLip

∥∥∥θ̂ − θ̂NS
T

∥∥∥2
2
=

1

2
CLip

∥∥H−1g
∥∥2
2

Given a bound on the norm of the gradient at θ̂NS
T , we can deduce that θ̂NS

T is close to the optimum by
utilizing our global strong convexity assumption:∥∥∥θ̂T − θ̂NS

T

∥∥∥
2
≤ max

θ∈Ωθ

{∥∥H−1
θ

∥∥
op

}∥∥gNS
∥∥ ≤ 1

2
CLipCop

∥∥H−1g
∥∥2
2
≤ 1

2
CLipC

3
op ∥g∥

2
2 ≤

CLipC
3
opk

2C2
ℓ

2
(3)

where Cℓ := maxi∈[n]

{∥∥∇ℓi|θ̂
∥∥
2

}
and the last two steps utilized the fact that

∥∥H−1
∥∥
op

=∥∥Hθ=θ̂−1

∥∥
op

≤ Cop and the triangle inequality.
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C ASYMPTOTIC ANALYSIS - SETTING AND THEOREM STATEMENTS

Existing analyses of NS and IF are often parametrized as a function of complex quantities like Cop
and Ch above, making it difficult to compare their results. To get a sense for the asymptotic behavior
of Theorem 1.5 and how it compares to previous results, we analyze their respective asymptotic
behavior for well-behaved logistic regressions.

In particular, we analyze the existing bounds on the NS approximation error (Theorem 1.4), our new
bounds (Theorem 1.5) and the distance between IF and NS in “under-parametrized agnostic learning
with normally distributed features”. More concretely, we assume that the features and labels are
drawn i.i.d from some underlying distribution x, y ∼ X × Y such that:

• The problem is under-parametrized (n ≥ d2) and the number of samples being removed is
at most k ≤ n/polylog(n).

• The features are iid normally distributed xi ∼ N (0, I).

• The optimal model

θ⋆ def
= argmin

θ∈Ωθ

{
E

x,y∼X×Y
[ℓ(y, ⟨θ,x⟩]

}
,

(where ℓ is the logistic loss) has norm ∥θ⋆∥2 = Θ(1), though we do not assume that the
labels were generated by this model.

• For our upper bounds, we will show that the given quantity is bounded for adversarial drop
sets T of size k, and for our lower bounds, we will show that the expectation of this quantity
is large for random drops sets T of this size.

Under the assumptions above, we can derive nearly matching upper and lower bounds for the existing
bounds on NS accuracy and the distance between IF and NS estimates

Theorem C.1 (Asymptotic Analysis of Existing Bounds). Under the assumptions above, with high
probability (over the randomness of X,y),

max
T∈([n]

k )

{∥∥∥θ̂T − θ̂NS
T

∥∥∥
2

}
≤ max

T∈([n]
k )

{Existing Bounds} = Õ

(
k2d

n2λ3

)
,

and

E
T∈([n]

k )
[Existing Bounds] = Ω

(
k2d

n2λ3

)
.

Theorem C.2 (Asymptotic Analysis of Influence Functions). Under the assumptions above, with
high probability

max
T∈([n]

k )

{∥∥∥θ̂IF
T − θ̂NS

T

∥∥∥
2

}
= Õ

(
(k + d)

√
kd

n2

)
,

and

E
T∈([n]

k )

[∥∥∥θ̂IF
T − θ̂NS

T

∥∥∥
2

]
= Ω

(
(k + d)

√
kd

n2

)
.

Theorem C.3 (Asymptotic Analysis of Theorem 1.5). Under the assumptions above, with high
probability Theorem 1.5 yields a bound of order

max
T∈([n]

k )

{∥∥∥θ̂T − θ̂NS
T

∥∥∥
2

}
≤ max

T∈([n]
k )

{New Bounds} = Õ

(
k

n2

)
,

and these bounds are tight up to poly-logarithmic factors

E
T∈([n]

k )

[∥∥∥θ̂T − θ̂NS
T

∥∥∥
2

]
= Ω

(
k

n2

)
.
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D ASYMPTOTIC SCALING OF NEWTON STEP ACCURACY

In this appendix we prove Theorem C.3, which gives tight asymptotic bounds on the accuracy of the
Newton step estimator under random or adversarial sample removal. Our goal is to establish that

max
T∈([n]

k )

∥∥θ̂T − θ̂NS
T

∥∥
2
= Õ

(
k

n2

)
, E

T∈([n]
k )

[
∥θ̂T − θ̂NS

T ∥2
]
= Ω

(
k

n2

)
,

under the assumptions stated in Section C.

D.1 MODEL GRADIENT INNER PRODUCT

A key intermediate step is to control the alignment between iterates along the path between θ̂ and
θ̂NS, namely to show that

Lemma D.1. Under the assumptions of Section C, with high probability,

sup
θ∈[θ̂, θ̂NS]

∣∣∣⟨θ, H−1

θ̂
gθ̂⟩
∣∣∣ = Õ

(√
k

n

)
.

Lemma D.2 (Warm-up at θ⋆). Under the assumptions of Section C, with high probability,

∣∣⟨θ⋆, H−1
θ⋆ gθ⋆⟩

∣∣ = Õ

(√
k

n

)
.

Lemma D.2 is essentially equivalent to Rubinstein & Hopkins (2025a)[Claim 7.10], and follows from
a similar proof.

D.1.1 CLAIM: θ̂ IS CLOSE TO θNS(θ⋆)

The first step is to relate the empirical MLE θ̂ to a Newton step starting from the population optimum
θ⋆. At first sight this may appear strange: θ̂ is designed to approximate θ⋆, so why apply a Newton
step from θ⋆? The reason is analytical convenience. Unlike θ̂, the true parameter θ⋆ is independent
of the sample randomness. This independence makes it possible to apply powerful concentration
inequalities when bounding deviations of gradients and Hessians. Therefore, it is very useful to have
a quantitative control of ∥θ̂ − θNS(θ⋆)∥2 even though θNS(θ⋆) is not a model we would actually
compute in practice.

Claim D.3. Let θNS(θ⋆) denote the Newton step starting from the population optimum θ⋆. Then
under the assumptions of Section C, with high probability

∥θ̂ − θNS(θ⋆)∥2 ≤ Õ

(
d

n

)
.

Proof. We apply Theorem 1.5 in the special case Σ = I and radius r = 1:

Step 1: Verifying Assumption 4. Lemma G.7 implies that with high probability the empirical
Hessian ∇2Ln(θ) is uniformly close to its expectation across the relevant domain. In particular,
∇2Ln(θ) is positive definite with condition number Ω(n), thereby satisfying Assumption 4.

Step 2: Verifying Assumption 5. We need to control

∥Hθ −Hθ⋆∥op .

The Hessian is Lipschitz in θ with Lipschitz constant bounded by

CLip = max
θ∈Ωθ

{
∥T∥op

}
≤ max

e∈Sd−1

n∑
i=1

|⟨xi, e⟩|3.
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By Lemma G.2, this quantity is at most O(n+ d3/2) = O(n) since n ≥ d2. Combining with the fact
that ∥θ̂ − θ⋆∥2 = O(

√
d/n) ( G.5), we obtain

∥Hθ −Hθ⋆∥op = O

(
n ·
√

d

n

)
= O(

√
nd).

Multiplying by
∥∥H−1

θ⋆

∥∥
op

= O(1/n) and ∥gθ⋆∥ = O(
√
nd) from Lemma G.10, the overall contribu-

tion to Assumption 5 is bounded by O(d).

Step 3: Apply Theorem 1.5. Thus the conditions of Theorem 1.5 are satisfied with Ch = O(d)
and Cop = O(1/n). The theorem then yields

∥θ̂ − θNS(θ⋆)∥2 ≤ ChCop = Õ

(
d

n

)
.

D.1.2
∣∣∣⟨θ̂, H−1

θ̂
gθ̂⟩
∣∣∣ = Õ

(√
k

n

)
Claim D.4. Under the assumptions of Section C, with high probability,∣∣∣⟨θ̂, H−1

θ̂
gθ̂⟩
∣∣∣ = Õ

(√
k

n

)
.

Proof. Start from the warm-up bound at θ⋆ (Lemma D.2):∣∣⟨θ⋆, H−1
θ⋆ gθ⋆⟩

∣∣ = Õ

(√
k

n

)
. (4)

We telescope the difference between the target quantity at θ̂ and the warm-up quantity at θ⋆:

⟨θ̂, H−1

θ̂
gθ̂⟩ = ⟨θ⋆, H−1

θ⋆ gθ⋆⟩ (5)

+ ⟨θ̂ − θ⋆, H−1

θ̂
gθ̂⟩︸ ︷︷ ︸

(I)

+ ⟨θ⋆, (H−1

θ̂
−H−1

θ⋆ )gθ̂⟩︸ ︷︷ ︸
(II)

+ ⟨θ⋆, H−1
θ⋆ (gθ̂ − gθ⋆)⟩︸ ︷︷ ︸
(III)

. (6)

We will show that each of (I)–(III) is Õ
(√

k/n
)

, leaving the remaining “Newton–step correction”

⟨θ⋆, H−1
θ⋆ (gNS(θ

⋆)− gθ⋆)⟩
to be handled next.

Auxiliary bounds. We use the following high-probability estimates:

∥θ̂ − θ⋆∥2 = Õ

(√
d

n

)
, (7)

∥∥H−1
θ⋆

∥∥
op

= O

(
1

n

)
,

∥∥∥H−1

θ̂

∥∥∥
op

= O

(
1

n

)
, (8)∥∥Hθ̂ −Hθ⋆

∥∥
op

≤ LH · ∥θ̂ − θ⋆∥2 = Õ
(√

nd
)
, (9)∥∥∥H−1

θ̂
−H−1

θ⋆

∥∥∥
op

≤
∥∥∥H−1

θ̂

∥∥∥
op

∥∥Hθ̂ −Hθ⋆

∥∥
op

∥∥H−1
θ⋆

∥∥
op

= Õ

(√
nd

n2

)
, (10)

∥gθ̂∥2 = Õ
(√

kd
)
, ∥gθ⋆∥2 = Õ

(√
kd
)
. (11)

Here (9) uses Lipschitz continuity of the Hessian with constant LH = Õ (n) (Lemma G.2).
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Term (I). By Cauchy–Schwarz and (7), (8), (11),

|(I)| ≤ ∥θ̂−θ⋆∥2·
∥∥∥H−1

θ̂

∥∥∥
op
·∥gθ̂∥2 = Õ

(√
d

n

)
·O
(
1

n

)
·Õ
(√

kd
)

= Õ

(√
k

n
· d√

n

)
≤ Õ

(√
k

n

)
,

since n ≥ d2 implies d/
√
n ≤ 1.

Term (II). By (10), (11), and ∥θ⋆∥2 = Θ(1),

|(II)| ≤ ∥θ⋆∥2·
∥∥∥H−1

θ̂
−H−1

θ⋆

∥∥∥
op
·∥gθ̂∥2 = Õ

(√
nd

n2
·
√
kd

)
= Õ

(√
k

n
· d√

n

)
≤ Õ

(√
k

n

)
.

Bounding term (III). Recall

(III) = ⟨θ⋆, H−1
θ⋆ (gθ̂ − gθ⋆)⟩.

We first handle the regime k > n/d > d by inserting gNS(θ⋆) and splitting into three pieces:

(III) = ⟨θ̂, H−1

θ̂

(
gθ̂ − gNS(θ⋆)

)
⟩︸ ︷︷ ︸

(III.a)

+ ⟨θ̂, H−1

θ̂
gNS(θ⋆)⟩ − ⟨θ⋆, H−1

θ⋆ gNS(θ⋆)⟩︸ ︷︷ ︸
(III.b)

+ ⟨θ⋆, H−1
θ⋆ gNS(θ⋆)⟩ − ⟨θ⋆, H−1

θ⋆ gθ⋆⟩︸ ︷︷ ︸
(III.c)

.

(III.a). As shown above,

|(III.a)| ≤ ∥θ̂∥2
∥∥∥H−1

θ̂

∥∥∥
op

∥∥gθ̂ − gNS(θ⋆)

∥∥
2

≤ O(1) ·O
(
1
n

)
· (k+d)

∥∥θ̂ − NS(θ⋆)
∥∥
2
.

By Claim D.3, ∥θ̂ − NS(θ⋆)∥2 ≤ Õ
(
d
n

)
, hence

|(III.a)| ≤ Õ
(

(k+d) d
n2

)
≤ Õ

(√
k

n

)
,

using n ≥ d2 and k ≤ n/polylog(n).

(III.b)–(III.c): integral representation. Using the closed form NS(θ⋆) = θ⋆+Hall(θ
⋆)−1gall(θ

⋆),
the fundamental theorem of calculus along the segment θ(t) = θ⋆ + t

(
NS(θ⋆) − θ⋆

)
, t ∈ [0, 1],

yields

gT (θ
⋆)− gT (NS(θ⋆)) =

∫ 1

0

HT (θ(t)) dθ(t) =

∫ 1

0

HT (θ(t))Hall(θ
⋆)−1gall(θ

⋆) dt.

Split the integrand as

HT (θ(t)) =
(
HT (θ(t))−HT (θ

⋆)
)︸ ︷︷ ︸

(b-part)

+ HT (θ
⋆)︸ ︷︷ ︸

(c-part)

,

and map these to (III.b) and (III.c) respectively:

(III.b) = ⟨θ̂, H−1

θ̂

∫ 1

0

(
HT (θ(t))−HT (θ

⋆)
)
Hall(θ

⋆)−1gall(θ
⋆) dt⟩,

(III.c) = ⟨θ̂, H−1

θ̂

∫ 1

0

HT (θ
⋆)Hall(θ

⋆)−1gall(θ
⋆) dt⟩ − ⟨θ⋆, H−1

θ⋆ gT (θ
⋆)⟩.
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Bound for (III.b). By Cauchy–Schwarz and submultiplicativity,

|(III.b)| ≤ ∥θ̂∥2
∥∥∥H−1

θ̂

∥∥∥
op

∫ 1

0

∥HT (θ(t))−HT (θ
⋆)∥op

∥∥Hall(θ
⋆)−1

∥∥
op

∥gall(θ
⋆)∥2 dt.

Along the path, ∥θ(t)− θ⋆∥2 ≤ ∥NS(θ⋆)− θ⋆∥2. Using Lemma G.2 and the under-parametrized
assumption:

∥HT (θ)−HT (θ
⋆)∥op ≤ Õ (k ∥θ − θ⋆∥2) + Õ

(
d2
√
n

)
≤ Õ

(
k
√

d
n

)
+ Õ

(
d2
√
n

)
= Õ

(√
nd
)
,

since n > d2, k ≤ n/polylog(n)) Moreover,
∥∥Hall(θ

⋆)−1
∥∥
op

= O( 1n ) and ∥gall(θ
⋆)∥2 =

Õ
(√

nd
)
. With ∥θ̂∥2 = O(1),

∥∥∥H−1

θ̂

∥∥∥
op

= O( 1n ), we obtain

|(III.b)| ≤ O(1) ·O
(
1
n

)
· Õ
(√

nd
)
·O
(
1
n

)
· Õ
(√

nd
)

= Õ
(
nd
n2

)
= Õ

(
d
n

)
≤ Õ

(√
k

n

)
,

since k > d

Bound for (III.c). Write

(III.c) = ⟨θ⋆, Hall(θ
⋆)−1HT (θ

⋆)Hall(θ
⋆)−1gall(θ

⋆)⟩ + ⟨θ̂−θ⋆, H−1

θ̂
HT (θ

⋆)Hall(θ
⋆)−1gall(θ

⋆)⟩.
For the leading part,

⟨θ⋆, Hall(θ
⋆)−1HT (θ

⋆)Hall(θ
⋆)−1gall(θ

⋆)⟩ =
∑
i∈T

βi ⟨θ⋆, Hall(θ
⋆)−1xi⟩ ⟨xi, Hall(θ

⋆)−1gall(θ
⋆)⟩,

for curvature weights βi ∈ (0, βmax]. By independence and subgaussianity, the vector∑
i∈T βi ⟨θ⋆,Hall(θ

⋆)−1xi⟩xi has mean k
n θ⋆ and fluctuation of size Õ

(√
kd
n

)
. Contracting with

Hall(θ
⋆)−1gall(θ

⋆), whose norm is Õ
(√

d/n
)

, yields

|(III.c)| ≤ k
n ∥θ⋆∥2 · Õ

(√
d
n

)
︸ ︷︷ ︸

mean term

+ Õ
(√

kd
n

)
· Õ
(√

d
n

)
︸ ︷︷ ︸

variance term

+

+ ∥θ̂ − θ⋆∥2 ·
∥∥∥H−1

θ̂

∥∥∥
op

· ∥HT (θ
⋆)∥op ·

∥∥Hall(θ
⋆)−1

∥∥
op

· ∥gall(θ
⋆)∥2︸ ︷︷ ︸

residual

Each piece is Õ
(√

k
n

)
: the mean term uses Lemma D.2 to bound the contraction with Õ (1/

√
n),

the variance term gives Õ
(√

k
n · d√

n

)
≤ Õ

(√
k

n

)
since n > d2, and the residual uses ∥θ̂ −

θ⋆∥2 = Õ
(√

d/n
)

,
∥∥∥H−1

θ̂

∥∥∥
op

= O(1/n), ∥HT (θ
⋆)∥op = Õ (k),

∥∥Hall(θ
⋆)−1

∥∥
op

= O(1/n),

∥gall(θ
⋆)∥2 = Õ

(√
nd
)

, to give Õ
(√

d/n
)
· 1
n · k · 1

n ·
√
nd = Õ

(
k
√
d

n3/2

)
≤ Õ

(√
k

n

)
since

k > n/d.

Conclusion for k > n/d > d. Combining the bounds for (III.a), (III.b), and (III.c),

|(III)| ≤ Õ

(√
k

n

)
.

Case k ≤ n/d. This regime is simpler; we bound (III) directly via Cauchy–Schwarz:

|(III)| =
∣∣⟨θ⋆, H−1

θ⋆ (gθ̂ − gθ⋆)⟩
∣∣ ≤ ∥θ⋆∥2

∥∥H−1
θ⋆

∥∥
op

∥gθ̂ − gθ⋆∥2.

The gradient difference over the k affected samples satisfies ∥gθ̂ − gθ⋆∥2 ≤ Õ
(
k
√

d/n
)

, hence

|(III)| ≤ O(1) ·O
(
1
n

)
· Õ
(
k
√

d
n

)
= Õ

(√
k

n
·
√

kd
n

)
≤ Õ

(√
k

n

)
,

since k ≤ n/d.
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D.1.3 FINAL CLAIM (NEWTON STEP GEOMETRY AT θ̂).

Let H def
= Hθ̂ and g

def
= gθ̂. By definition of the Newton step at θ̂ (with subset T ),

θ̂NS
T = θ̂ −H−1g =⇒ θ̂ − θ̂NS

T = H−1g.

Therefore

⟨θ̂ − θ̂NS
T , H−1g⟩ = ⟨H−1g, H−1g⟩ = ∥H−1g∥22 ≤

∥∥H−1
∥∥2
op

∥g∥22. (12)

By strong convexity at θ̂,
∥∥H−1

∥∥
op

= O(1/n); by our gradient bounds at θ̂, ∥g∥2 = Õ
(√

kd
)

.
Thus

∥H−1g∥22 ≤ Õ

(
kd

n2

)
≤ Õ

(√
k

n

)
, (13)

since kd
n2 =

√
k

n ·
√
k d
n and

√
k d
n ≤ 1/

√
polylog(n) under n≥d2 and k ≤ n/polylog(n).

D.1.4 EXTEND TO ALL θ ON THE SEGMENT.

For any s ∈ [0, 1], define the point on the segment θ(s) def
= θ̂ + s

(
θ̂NS
T − θ̂

)
. Then

⟨θ(s), H−1

θ̂
gθ̂⟩ = ⟨θ̂, H−1g⟩ + s ⟨θ̂NS

T − θ̂, H−1g⟩.

Taking absolute values and using the triangle inequality together with Claim D.4 (which gave∣∣∣⟨θ̂, H−1g⟩
∣∣∣ = Õ

(√
k

n

)
) and (12)–(13),∣∣∣⟨θ(s), H−1

θ̂
gθ̂⟩
∣∣∣ ≤ Õ

(√
k

n

)
+ s ∥H−1g∥22 ≤ Õ

(√
k

n

)
+ Õ

(√
k

n

)
= Õ

(√
k

n

)
.

Because this holds for every s ∈ [0, 1], we conclude

sup
θ∈[θ̂, θ̂NS

T ]

∣∣∣⟨θ, H−1

θ̂
gθ̂⟩
∣∣∣ = Õ

(√
k

n

)
.

This completes the proof of Lemma D.1.

D.2 CONCLUDING THE UPPER BOUND IN THEOREM C.3

From Lemma G.11, we know that with high probability, uniformly for all θ of length at most 10, it
holds that the third order derivative of the loss concentrates. In particular, recall that the third order
derivative of a logistic regression loss is given by

Tθ
def
= ∇⊗3L =

∑
i∈[n]

γi(⟨θ,xi⟩x⊗3
i

From Lemma G.11, with high probability

∀θ s.t. ∥θ∥2 < 10,

∥∥∥∥Tθ − E
X,y∼X×Y

[Tθ]

∥∥∥∥
op

= Õ
(
d3/2 +

√
nd
)
.

Moreover, from our assumption that the features are normally distributed, it is easy to see that

E
X,y∼X×Y

[Tθ] = Θ(n) · θ⊗3 .

Therefore, plugging the Newton step from θ̂ into two of the inputs of Tθ yields a vector whose L2

norm is close to that their inner product with θ squared∥∥Tθ

(
H−1g,H−1g

)∥∥
2
≤
∥∥∥∥E [Tθ]

(
H−1g,H−1g

)∥∥∥∥
2︸ ︷︷ ︸

=Θ(n⟨θ,H−1g⟩2)

+
∥∥H−1g

∥∥2
2

∥∥∥∥Tθ − E
X,y∼X×Y

[Tθ]

∥∥∥∥
op︸ ︷︷ ︸

=Õ
(
d3/2 kd

n2 + kd3/2

n3/2

)
=Õ( k

n )
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To conclude the upper bound in Theorem C.3, we simply note that for any θ ∈ [θ̂, θ̂NS
T ], combining

the fundamental theorem of calculus and the triangle inequality yields∥∥∥(Hθ −Hθ̂

)
H−1

θ̂
gθ̂

∥∥∥
2
=

∥∥∥∥∫ t

0

Tθ̂+τ(θ̂−θ̂NS
T )(H

−1g,H−1g)dτ

∥∥∥∥
2

≤ Õ

(
k

n

)
.

Therefore, the assumptions to Theorem 1.5 hold with Ch = Õ
(
k
n

)
, Cop = O

(
1
n

)
, Σ = I and r = 1,

yielding the desired scaling.

D.3 LOWER BOUND

Finally, to prove Theorem C.3, we need to lower-bound the expected error of the NS estimate over
random choices of the drop-set T .

Lemma D.5. In the setting of Theorem C.3, with high probability over the training set,

E
T∈([n]

k )

[∥∥∥θ̂T − θ̂NS
T

∥∥∥
2

]
= Ω

(
k

n2

)
.

D.3.1 PROOF SKETCH

The key idea is that the error of Newton step (NS) attribution is governed by the second moment of
the dropped gradient.

For a given drop set T ⊆ [n], the discrepancy between the retrained model θ̂T and its NS approxima-
tion θ̂NS

T is controlled by the local curvature:∥∥∥θ̂T − θ̂NS
T

∥∥∥
2

≳
1

∥Hθ∥op

∥∥∥gθ̂NS
T

∥∥∥
2

= Θ

(
1

n

) ∥∥∥gθ̂NS
T

∥∥∥
2
.

Expanding gθ̂NS
T

via Taylor’s theorem around θ̂ yields a third-order remainder term:

gθ̂NS
T

=

∫ 1

0

(
Hθ̂+t(θ̂NS

T −θ̂) −Hθ̂

)
(θ̂NS

T − θ̂) dt ≈ Tθ̂(H
−1

θ̂
gθ̂, H

−1

θ̂
gθ̂),

where Tθ̂ is the third-order derivative tensor of the loss at θ̂.

From Lemma G.11, Tθ̂ concentrates around its expectation. For Gaussian covariates, this expectation
has the simple form

Tθ̂ ≃ Θ(n) θ̂⊗3 whenever
∥∥∥θ̂∥∥∥

2
= O(1).

Therefore, along the short NS trajectory from θ̂, the dominant contribution is

Tθ̂(H
−1

θ̂
gθ̂, H

−1

θ̂
gθ̂) ≈ θ̂ ⟨θ̂, H−1

θ̂
gθ̂⟩

2.

Taking expectations over random drop sets T then reduces to analyzing the second moment of the
dropped gradient:

E
T

[
⟨θ̂, H−1

θ̂
gθ̂⟩

2
]

= θ̂⊤H−1

θ̂
E
T

[∑
i∈T

αixix
⊤
i

]
H−1

θ̂
θ̂.

Since each term in the expectation contributes roughly k/n in variance, and
∥∥∥H−1

θ̂

∥∥∥
op

= Θ(1/n),

this evaluates to

E
T

[∥∥∥θ̂T − θ̂NS
T

∥∥∥
2

]
= Ω

(
k

n2

)
,

which matches the claimed lower bound.
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1038
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E ASYMPTOTIC ANALYSIS OF INFLUENCE FUNCTIONS

In this section we will analyze the asymptotic behavior of the difference between the IF and NS
estimates, proving Theorem C.2.

E.1 UPPER BOUND

We begin by proving the upper bound that with high probability

max
T∈([n]

k )

{∥∥∥θ̂IF
T − θ̂NS

T

∥∥∥} = Õ

(
(k + d)

√
kd

n

)

Proof. This will follow from applying the CS inequality to the concentration bounds proven in
Appendix G.

In particular, we note that

θ̂IF
T − θ̂NS

T =
(
Hall)−1 (

HT
) (

H\T
)−1

gT

Combining Lemmas G.10, G.5 and Vershynin (2010), Theorem 5.39, we have∥∥∥θ̂IF
T − θ̂NS

T

∥∥∥
2
≤
∥∥∥(Hall)−1

∥∥∥
op

∥∥(HT
)∥∥

op

∥∥∥∥(H\T
)−1

∥∥∥∥
op

∥∥gT
∥∥
2
=

= Õ

(
1

n
× (k + d)× 1

n
×
√
kd

)
= Õ

(
(k + d)

√
kd

n2

)
,

as desired.

E.2 LOWER BOUNDS

We now proceed to prove the lower bound portion of Theorem C.2.

Here, our goal is to show that when dropping a random subset of the train set, the IF estimate is at
least Ω̃

(
(k+d)

√
kd

n2

)
from the NS estimate.

We analyze this norm using the identity that

θIF − θNS = H−1
\THTH

−1gT .

From Lemmas G.11 and G.5, we know that with high probability the third order derivative of the loss
is globally bounded and the learned model θ̂ is close to population optimum θ⋆. Combined these
yield a bound on the difference between Hθ̂ and Hθ⋆ . Moreover, from Lemma G.7, we know that
with high probability, the Hessian converges uniformly, so that

H = Hθ̂ ≈ Hθ⋆ ≈ E
[
Hθ̂

]
= Θ(n)I ,

where each of these approximations yields an error that has operator norm at most Õ
(√

nd
)

.

Therefore,
∥∥∥H−1 − E

[
Hθ̂

]−1
∥∥∥
op

= Õ
(√

nd
n2

)
.

From Lemma G.6, we know that with high probability the Hessian on the retained samples H\T has
spectrum Θ(n), yielding the scaling

∥∥θIF − θNS
∥∥
2
= Θ

(
1

n

)
×

(∥∥∥∥HTE
[
Hθ̂

]−1
gT

∥∥∥∥
2

± Õ

(
(k + d)

√
kd

n
×
√

d

n

))
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Therefore, all that is left is to analyze the expectation of
∥∥∥HTE

[
Hθ̂

]−1
gT

∥∥∥
2

over drop-sets T . We
do this in 3 regimes:

E.2.1 k ≫ d

In this regime, Lemma G.7 suffices to guarantee that with high probability σ (HT ) = Θ(k), so∥∥∥∥HTE
[
Hθ̂

]−1
gT

∥∥∥∥
2

= Θ(k)×
∥∥∥∥E [Hθ̂

]−1
gT

∥∥∥∥
2

= Θ

(
k

n

)
× ∥gT ∥ = Θ̃

(
k
√
kd

n

)
,

where the last step utilized Lemma G.10.

E.2.2 k ≪ d

In this case, we have

HTE
[
Hθ̂

]−1
gT =

∑
i,j∈T

βixix
⊺
i E
[
Hθ̂

]−1
xjαj

Breaking this summation up into the i = j and the i ̸= j contributions, we have∑
i∈T

βixix
⊺
i E
[
Hθ̂

]−1
xiαi =

∑
i∈T

xi × Ω

(
d

n

)
,

so the sum over these vectors has norm∥∥∥∥∥∑
i∈T

βixix
⊺
i E
[
Hθ̂

]−1
xiαi

∥∥∥∥∥
2

= Ω

(
d
√
kd

n

)
.

To conclude our statement for this case, we need to show that the contribution of the cross terms
(i ̸= j) cannot cancel out this main term.

Fix some index i, and consider

∑
j ̸=i

xix
⊺
i E
[
Hθ̂

]−1
xj =

∑
j ̸=i

Gi,j

xi .

Clearly the Gi,j = Õ
(√

d
n

)
elements are bounded with high probability over the training set and

their expectation is small (simply from our assumption that xi are drawn from a centered distribution),
so standard concentration bounds suffice to show that with high probability∣∣∣∣∣∣

∑
j ̸=i

Gi,j

∣∣∣∣∣∣ = Õ

(√
kd

n

)
≪ d

n

for all i ∈ T .

E.2.3 k ≈ d

In this regime we have a hard time applying the arguments for either the k or the d scalings above,
simply because it is difficult to rule out the possibility of the two contributions canceling out.

Therefore, we simply note that setting Π to be a random projection to a subspace of dimension
dim(V ) = d

polylog(d) , the norm of ΠHTH
−1gT clealy lower-bounds the norm of HTH

−1gT ,
and by applying our proof from the k ≫ d regime, we can show that with high probability∥∥ΠHTH

−1gT

∥∥
2
= Ω̃

(
k
√
kd

n

)
, also yielding the desired scaling.

This concludes the proof of Theorem C.2.
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F ASYMPTOTIC ANALYSIS OF PREVIOUS RESULTS

In this section, we will prove Theorem C.1. In particular, we will show that with high probability
over the training set, for all T ∈

(
[n]
k

)
, Theorem 1.4 yields a bound that scales like

Existing Bounds = Θ̃

(
k2d

n2λ3

)
To prove this, we show that
Lemma F.1. In the setting of Theorem C.1, with high probability over the training set, we have

• CLip = Θ(n)

• Cop = Θ
(

1
λn

)
• Cℓ = Θ

(√
d
)

Since the bound in Theorem 1.4 scales like∥∥∥θ̂T − θ̂NS
T

∥∥∥
2
= O(CLipC

3
opk

2C2
ℓ ) ,

Theorem C.1 follows immediately from Lemma F.1.

Proof of Lemma F.1. CLip measures the Lipschitzness of the Hessian. By definition, which is in turn
given by the third derivative of the loss T. Lemma G.11 tells us that with high probability over this
training set, this third moment converges to its expectation uniformly, and from our assumption that
the features are normally distributed, we have

E [Tθ] ≃ nθ⊗3 .

Therefore, with high probability CLip = Θ(n) regardless of the choice of T .

Because our optimization domain Ωθ = Rd contains limits where the Hessian of the unregular-
ized logistic loss decays to 0, the spectrum of the Hessian is globally lower-bounded only by the
regularization term, yielding the scaling

Cop = Θ

(
1

λn

)
Finally, Cℓ does not depend on the set of samples being removed and clearly concentrates around

Cℓ = Θ
(√

d
)

G USEFUL CONCENTRATION BOUNDS

G.1 CONCENTRATION OF NORMS OF SUBGAUSSIAN VARIABLES

Lemma G.1 ((Jin et al., 2019, Lemma 1)). Let X ∈ Rd be a random vector that is σ√
d

-subGaussian
in the usual sense. Then X is norm-subGaussian with parameter cσ, i.e. X ∼ nSG(cσ) for an
absolute constant c.

G.2 CONCENTRATION OF HIGHER ORDER MOMENTS OF SUBGAUSSIAN RANDOM VARIABLES

We prove a bound on the operator norm of the sum of fourth moments of independent subgaussian
random variables.
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Lemma G.2 (Higher Order Empirical Moments of a Sub-Gaussian). Let x1, . . . ,xn ∼ X be
iid samples drawn from a subgaussian distribution on Rd with mean 0 and bounded covariance
∥Σ∥op = O(1). Then, for any fixed power t ≥ 2, with probability 1− e−Ω(d)

max
e∈Sd−1

{
n∑

i=1

∣∣⟨xi, e⟩t
∣∣} = O

(
n+ dt/2

)
.

This result is a key technical component in our analysis of the Newton step data attribution method.
Theorem G.3. Let x1, . . . , xn be independent samples from a subgaussian distribution on Rd with
mean zero and covariance Σ such that ∥Σ∥op ≤ 1. Let n ≥ d(log d)O(1). Then with probability at
least 1− n−ω(1), ∥∥∥∥∥

n∑
i=1

(xi ⊗ xi)(xi ⊗ xi)
⊤

∥∥∥∥∥
op

= O(nd) .

To prove the theorem, we first seek to bound the operator norm of the expectation of a single term in
the sum. Let X be a random vector drawn from the same distribution as the xi. We are interested in∥∥E(X ⊗X)(X ⊗X)⊤

∥∥
op

. This is equivalent to finding the maximum of E⟨u,X ⊗X⟩2 over all

unit vectors u ∈ Rd2

.
Lemma G.4. Let X be a subgaussian random vector in Rd with EX = 0 and EXX⊤ = Σ with
∥Σ∥op ≤ 1. Then ∥∥E(X ⊗X)(X ⊗X)⊤

∥∥
op

= O(d) .

Proof. Let u ∈ Rd2

be a unit vector. We can view u as a d × d matrix U such that ∥U∥2F =∑
i,j U

2
ij = 1. The expression ⟨u,X ⊗ X⟩ is equivalent to the quadratic form X⊤UX . Let the

singular value decomposition of U be U =
∑d

a=1 σauav
⊤
a , where σa are the singular values and

ua, va are the left and right singular vectors, respectively. Since ∥U∥2F = 1, we have
∑d

a=1 σ
2
a = 1.

The quadratic form can now be written as:

X⊤UX =

d∑
a=1

σa(X
⊤ua)(v

⊤
a X) .

We want to bound E[(X⊤UX)2]:

E[(X⊤UX)2] = E

( d∑
a=1

σa(X
⊤ua)(v

⊤
a X)

)2


=

d∑
a,b=1

σaσb E[(X⊤ua)(v
⊤
a X)(X⊤ub)(v

⊤
b X)]

≤
d∑

a,b=1

σaσb(E(X⊤ua)
4)1/4(E(X⊤va)

4)1/4(E(X⊤ub)
4)1/4(E(X⊤vb)

4)1/4

≤ O(1) ·
d∑

a,b=1

σaσb

≤ O(d) ·
d∑

a=1

σ2
a

= O(d) .

Now we can prove Theorem G.3.
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Proof. Given Lemma G.4, we can prove Theorem G.3 by applying the matrix Bernstein inequality.
We bound the deviation of the sum from its expectation. Let Zi = (xi ⊗ xi)(xi ⊗ xi)

⊤. We want to
bound ∥

∑
i(Zi − EZi)∥op. We will use the matrix Bernstein inequality. A key challenge is that the

Zi are not bounded. We address this by truncation.

Let C = O(
√
d logn). For a subgaussian vector xi, we have Pr(∥xi∥2 > t

√
d) ≤ exp(−Ω(t2)) Jin

et al. (2019). Let Ei be the event that ∥xi∥2 ≤ C. By a union bound, Pr(∀i, Ei) ≥ 1− n · n−ω(1) =

1−n−ω(1). Let x̃i = xi ·I(Ei) and Z̃i = (x̃i⊗ x̃i)(x̃i⊗ x̃i)
⊤. With high probability,

∑
i Zi =

∑
i Z̃i.

It suffices to bound
∥∥∥∑i(Z̃i − E Z̃i)

∥∥∥
op

.

The truncated variables Z̃i are bounded:
∥∥∥Z̃i

∥∥∥
op

≤ ∥x̃i∥42 ≤ C4 = O(d2 log4 n). This is our

parameter R in the matrix Bernstein inequality.

Next, we need to bound the variance parameter σ2 =
∥∥∥∑i E(Z̃i − E Z̃i)

2
∥∥∥
op

≤
∥∥∥∑i E Z̃2

i

∥∥∥
op

.

E Z̃2
i = E[(xi ⊗ xi)(xi ⊗ xi)

⊤(xi ⊗ xi)(xi ⊗ xi)
⊤ · I(Ei)] ⪯ E[∥xi∥42(xi ⊗ xi)(xi ⊗ xi)

⊤] .

We need to bound the operator norm of this matrix. As in Lemma G.4, we test it with a unit vector
u ∈ Rd2

, which we view as a matrix U with ∥U∥ = 1.

E[∥xi∥42(x⊤
i Uxi)

2] ≤
√
E ∥xi∥82 E(x⊤

i Uxi)4.

Since xi is subgaussian, E ∥xi∥p2 = O(dp/2). So E ∥xi∥82 = O(d4). Also, E(x⊤
i Uxi)

4 = O(d2) by
extending the logic of Lemma G.4. This gives a variance parameter for a single term of order O(d3).
Summing over n terms, σ2 = O(nd3).

The matrix Bernstein inequality states that for t > 0,

Pr

∥∥∥∥∥∑
i

(Z̃i − E Z̃i)

∥∥∥∥∥
op

≥ t

 ≤ 2d2 exp

(
−t2/2

σ2 +Rt/3

)
.

Plugging in R = O(d2polylog(n)) and σ2 = O(nd3polylog(n)), and setting t = O(nd) while using
n ≥ d(log d)O(1), we find that the deviation is bounded by t with probability 1−n−ω(1). The lemma
follows by combining the bound on the expectation and the deviation.

G.3 PARAMETER LEARNING FOR LOGISTIC REGRESSION AND LOCAL STRONG CONVEXITY

Lemma G.5. Let X be a subgaussian random vector with covariance I on Rd. Let θ ∈ Rd

with ∥θ∥2 = 1. Let y be a {±1} random variable with Pr(y = 1) = softmax(θ⊺X). Let θ̂ be
the maximum likelihood estimator of θ given independent draws (X1, y1), . . . , (Xn, yn). Suppose
n ≥ d(log d)O(1). Then with very high probability,∥∥∥θ̂ − θ

∥∥∥
2
≤ Õ

(√
d

n

)
.

We will use this lemma to derive another useful one:
Lemma G.6. Under the same assumptions as Lemma G.5, if θ̂ is the MLE for θ, then with very high
probability,

∇2Ln(θ̂) ⪰ Ω(n) · I
so long as n ≥ d(log d)O(1). Furthermore, the same is true if we consider the Hessian only on
a subset of samples: there is a constant c > 0 such that with high probability all S ⊆ [n] with
|S| ≤ cn/ logn,

∇2L[n]\S(θ̂) ⪰ Ω(n) · I .

We give both proofs at the end of this section after building the requisite lemmas.
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G.3.1 UNIFORM CONVERGENCE OF THE HESSIAN

We establish uniform convergence of the Hessian. While this uses standard techniques, we include it
for completeness. To prove the lemma we start with uniform convergence of the Hessian.

Lemma G.7. Under the assumptions of Lemma G.5, if n ≥ d(log d)O(1), then with very high
probability for all α ∈ Rd with ∥α∥ ≤ 10, the Hessian satisfies∥∥∇2Ln(α)− E∇2Ln(α)

∥∥
op

≤ Õ(
√
dn) .

Proof. Let x1, . . . , xn ∈ Rd be the covariates. We aim to bound

max
α∈Rd

∥∥∇2Ln(α)− E∇2Ln(α)
∥∥
op

.

By a symmetrization argument, losing a constant factor it will be enough to prove a very-high-
probability bound on

E
ε1,...,εn

max
∥α∥≤10

∥∥∥∥∥∥
∑
i≤n

εiβi(α)xix
⊤
i

∥∥∥∥∥∥
where βi(α) is the variance of the prediction of the logistic model α on xi and ε1, . . . , εn are
independent Rademacher random variables. This in turn is precisely

E
ε1,...,εn

sup
∥α∥≤10,∥u∥≤1

∑
i≤n

εiβi(α)⟨xi, u⟩2

Let S ⊆ Rd+d be a δ-net of the set {(a, u) : ∥a∥ ≤ 10, ∥u∥ ≤ 1}; we may assume |S| ≤ δ−O(d).
Consider a fixed (a, u) ∈ S. Each εiβi(a)⟨xi, u⟩2 is a mean-zero, O(1)-subexponential random vari-
able with variance O(1). By composition of subexponential random variables (Aleksandr Podkopaev
& Alessandro Rinaldo (2019)),

∑
i≤n εiβi(a)⟨xi, u⟩2 is O(1)-subexponential with variance O(n).

Taking the supremum over all |S| such random variables, we get that with very high probability,

sup
(a,u)∈S

∣∣∣∣∣∣
∑
i≤n

εiβi(a)⟨xi, u⟩2
∣∣∣∣∣∣ ≤ O(

√
nd log(n/δ)2 + d log(n/δ)2) .

Now let (a, u) be arbitrary, and let (a0, u0) ∈ S such that δa = a0 − a, δu = u0 − u with
∥δa∥, ∥δu∥ ≤ δ. We have∑

i≤n

εiβi(a0 + δa)⟨xi, u0 + δu⟩2 =
∑
i≤n

εi(βi(a0)±O(∥xi∥δa) · ⟨xi, u0 + δu⟩2

=
∑
i≤n

εi(βi(a0)±O(∥xi∥δ))(⟨xi, u0⟩2 ±O(∥xi∥2δ))

=
∑
i≤n

εiβi(a0)⟨xi, u0⟩2 ±O(∥xi∥3δ) .

via Lipschitzness of the sigmoid function. Hence for any ε1, . . . , εn and x1, . . . , xn,

sup
∥a∥≤10,∥u∥≤1

∣∣∣∣∣∣
∑
i≤n

εiβi(a)⟨xi, u⟩2
∣∣∣∣∣∣ ≤ sup

(a,u)∈S

∣∣∣∣∣∣
∑
i≤n

εiβi(a)⟨xi, u⟩2
∣∣∣∣∣∣+O(δ)

∑
i≤n

∥xi∥3

With very high probability, the latter is at most O(
√
nd log(n/δ)2 + d log(n/δ)2) + Õ(δd3/2n).

Picking δ = (nd)−O(1) finishes the proof.

Next we need a lower bound on the population Hessian.
Lemma G.8. Under the assumptions of Lemma G.5, the population Hessian satisfies

E∇2Ln(α) ⪰ n · e−O(∥α∥) · I .
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Proof. Let x be a single sample from the covariate distribution. Let β(α) be the variance of the
prediction of the logistic model α on x. Let v be a fixed unit vector. It suffices to prove a lower bound
on Eβ(α) ·⟨v, x⟩2. Note that ⟨v, x⟩ is 1-subgaussian with mean 0 and variance 1. By Paley-Zygmund,
we have for any ε ∈ (0, 1) that Pr(|⟨v, x⟩| ≥ ε∥v∥) ≥ 1−O(ε2) So there exists a constant C such
that Pr(|⟨v, x⟩| ≥ ∥v∥/C) ≥ 0.99. Now, ⟨x, α⟩ is also mean zero and ∥α∥-subgaussian. So, with
probability at least 0.99, we have |⟨x, α⟩| ≤ ∥α∥/C. Putting these together, we have that

Eβ(α)⟨v, x⟩2 ≥ e−O(∥α∥) .

Putting together Lemma G.8 and Lemma G.7 immediately proves the following lemma.

Lemma G.9. Under the assumptions of Lemma G.5, with very high probability, for every α ∈ Rd we
have ∇2Ln(α) ⪰ (n · e−O(∥α∥) − Õ(

√
dn)) · I.

G.3.2 GRADIENT AT θ

We also need to show that the gradient of Ln has small norm at θ.

Lemma G.10. Under the assumptions of Lemma G.5, with very high probability,

∥∇Ln(θ)∥ ≤ Õ
(√

dn
)

Proof. We start by expanding the gradient of the logistic loss explicitly. For the logistic regression
loss the gradient at θ is

∇Ln(θ) =

n∑
i=1

(σ(⟨θ, xi⟩)− yi)xi,

where σ(z) = 1
1+e−z is the sigmoid function.

Let αi = σ(⟨θ, xi⟩) − yi. Since yi is generated according to the true model Pr(yi = 1|xi) =
σ(⟨θ, xi⟩), we have E[αi|xi] = 0.

Therefore, ∇Ln(θ) =
∑n

i=1 αixi where each αixi is a mean-zero random vector conditional on xi.

Since E[α2
i |xi] ≤ O(1), by the vector Bernstein inequality, we have

Pr(∥∇Ln(θ)∥2 ≥ t) ≤ 2 exp

(
− t2/2

σ2 +Rt/3

)
,

where σ2 =
∑n

i=1 E[∥αixi∥22] ≤ O(d) and R = O(
√
d logn) with high probability for subgaussian

xi. Setting t = Õ(
√
dn) finishes the proof.

G.3.3 PROOFS OF LEMMAS G.6 AND G.5

Now we can prove our parameter learning statement.

Proof of Lemma G.5. Suppose the very high probability events of Lemma G.7 and Lemma G.10
hold. Then ∇2Ln(α) ⪰ Ω(n) · I for all α such that ∥α−θ∥ ≤ 1, and ∥∇Ln(θ)∥ ≤ Õ(

√
dn). Hence,

∥θ̂ − θ∥ ≤ Õ(
√
dn)/n = Õ(

√
d/n).

Proof of Lemma G.6. The first part follows immediately from Lemma G.7 and Lemma G.5 using
that ∥θ̂∥ ≤ 2.

For the second statement, it will be enough to show that with high probability all S ⊆ [n] with
|S| ≤ O(n/ logn) satisfy

∑
i∈S xix

⊤
i ≤ O(|S| log n + d). Putting together Vershynin (2010),

Theorem 5.39, and a union bound over all S of size O(n/ log n) completes the result.
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G.4 CONCENTRATION OF THIRD-ORDER DERIVATIVES

Lemma G.11. Under the assumptions of Lemma G.5, with high probability, for every ∥α∥ ≤ 10,

sup
∥e∥=1

|⟨∇3Ln(α), e⊗ e⊗ e⟩ − E⟨∇3Ln(α), e⊗ e⊗ e⟩| ≤ Õ(
√
nd+ d3/2) .

We omit the proof of Lemma G.11 because it follows the same outline as Lemma G.7, substituting
the sub-Weibull concentration bound of Zhang & Wei (2022) for composition of subexponential
random variables, as in the proof of Lemma G.2.

H LLM USAGE

LLMs (ChatGPT) were used to a limited extent for converting existing proofs into latex and for
generating tikz diagrams. These were all verified by the authors and match the original text and / or
diagrams designed by the authors.

Moreover, LLMs (ChatGPT) were used to expand on our literature survey to find additional related
works (as a supplementary tool in addition to standard literature survey techniques).
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