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Abstract001

It is straightforward to design an unbiased002
gradient estimator that stochastically cuts the003
backpropagation flow through any part of a004
computational graph. By cutting the parts005
that have little effect on the computation, one006
can potentially save a significant amount of007
backpropagation computation in exchange for008
a minimal increase in the stochastic gradient009
variance, in some situations. Such a situation010
occurs in the attention mechanism of the trans-011
former architecture. For long sequences, atten-012
tion becomes the limiting factor, as its com-013
pute requirements increase quadratically with014
sequence length n. At the same time, most015
attention weights become very small, as most016
attention heads tend to connect a given token017
with only a small fraction of other tokens in the018
sequence. These weights become promising019
targets for cutting backpropagation. We pro-020
pose a simple probabilistic rule controlled by a021
single parameter c that cuts back-propagation022
through most attention weights, leaving at023
most c interactions per token per attention024
head. This brings a factor of c/n reduction025
in the compute required for the attention back-026
propagation, turning it from quadratic O(n2)027
to linear complexity O(nc). We have empir-028
ically verified that, for a typical transformer029
model, cutting about 99% of the attention gra-030
dient flow (i.e. choosing c ∼ 25 − 30) re-031
sults in relative gradient variance increase of032
only about 1% for n ∼ 2000, and it decreases033
with n. This approach is amenable to effi-034
cient sparse matrix implementation, thus being035
promising for making the cost of a backward036
pass negligible relative to the cost of a for-037
ward pass when training a transformer model038
on long sequences.039
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1 Introduction 059

The transformer architecture (Vaswani et al., 2017) 060

plays a central role in modern machine learning, 061

achieving state of the art results in many natural 062

language processing tasks (Patwardhan et al., 2023) 063

and beyond (Islam et al., 2024), finding its applica- 064

tions in computer vision (Dosovitskiy et al., 2020), 065

speech recognition (Radford et al., 2023), and time- 066

series analysis (Zhou et al., 2021), among other 067

fields. The success of transformers is attributed to 068

their ability to process sequential data in parallel, 069

and to the attention mechanism which selects rele- 070

vant context for every part of the input sequence. 071

However, a key challenge with the attention 072

mechanism is its computational complexity, which 073

scales quadratically with the sequence length n, 074

making it a significant bottleneck for long se- 075

quences. This quadratic complexity arises from 076
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the need to compute interactions between every077

pair of tokens in the sequence.078

There have been numerous attempts to alleviate079

this issue, often by modifying the attention mecha-080

nism to achieve sub-quadratic complexity. To name081

just a few: sparse attention based on locality sensi-082

tive hashing (Kitaev et al., 2020) with O(n log n)083

complexity, attention with kernel functions in place084

of standard softmax (Katharopoulos et al., 2020;085

Choromanski et al., 2020), and attention based on086

low-rank approximation (Wang et al., 2020), both087

with linear O(n) complexity. While those imple-088

mentations demonstrated impressive speedups, the089

gains were potentially coming with a performance090

cost, as the originally proposed attention mech-091

anism remains the dominant option for training092

language models, despite its quadratic cost.093

Other approaches, notably Flash Attention (Dao094

et al., 2022; Dao, 2023; Shah et al., 2024), focused095

on improving the attention efficiency without alter-096

ing the underlying algorithm. By moving computa-097

tions to a smaller but faster part of GPU memory,098

significant speedups were gained for both forward099

and backward model passes.100

Likewise, the method that we propose does not101

change the attention mechanism. Our goal is to al-102

leviate the computational bottleneck in attention’s103

backpropagation by changing it from quadratic to104

linear for long sequences. This is achieved by105

stochastically introducing sparsity in the gradient106

flow through attention, without introducing a bias107

in gradient estimation. Accordingly, it is called:108

Sparse Unbiased Stochastic backpropagation (SUS109

backprop). The paper provides empirical evidence110

that SUS backprop achieves a substantial reduc-111

tion in computational cost with minimal impact on112

gradient variance.113

The paper is organized as follows. Section 2 in-114

troduces the approach and related formalism. Sec-115

tion 3 provides empirical insights in attention’s116

behavior in transformers and demonstrates a favor-117

able sparsity-variance tradeoff of SUS backprop.118

Related work is discussed in Section 4 with a future119

work outlook given in Section 5.120

2 SUS backprop: Sparse Unbiased121

Stochastic backprop122

Consider a computation graph G (which is neces-123

sarily a directed acyclic graph), where each node i124

is a function fi(fj , ...) that takes as its arguments125

the values fj , ... of its parent nodes that have been126

already computed in accordance with the topologi- 127

cal ordering of G. Let ji denote an edge directed 128

from j to i. Let p denote a path in G (traversed 129

in the direction of its edges). Let īj and p̄ be the 130

reversed edge ji and reversed path p, respectively. 131

Let us assign to every edge ji the partial derivative 132

∂fi/∂fj of the node i with respect to its parent j, 133

(one can think of ∂fi/∂fj as a Jacobian matrix, 134

in case of vector-valued inputs and outputs of f ). 135

Then the full derivative of any node k with respect 136

to any other node l can be computed as a sum of 137

products of partial derivatives along all the possible 138

paths Plk in G connecting l to k: 139

dfk
dfl

=
∑
p∈Plk

∏
īj∈p̄

∂fi
∂fj

. (1) 140

Since no edge can be traversed twice by a path 141

in G, it follows that the full derivative is a linear 142

function of any partial derivative ∂fi/∂fj . There- 143

fore, the expression in Eq.(1) can be stochastized 144

by multiplying every partial derivative ∂fi/∂fj by 145

a random variable m̃ij , which plays the role of an 146

upweighting stochastic mask, defined as 147

m̃ =


1

q
, with probability q,

0 , with probability 1− q,
(2) 148

without affecting the expectation value 149

E

∑
p∈Plk

∏
īj∈p̄

∂fi
∂fj

m̃ij

 =
dfk
dfl

. (3) 150

Moreover, the same random variable can be used 151

with different partial derivatives, as long as they 152

cannot be connected by a path, (otherwise, the same 153

random variable will occur more than once on the 154

path, thus entering non-linearly the full derivative 155

and invalidating Eq.(3)). More generally, any cou- 156

pling of random variables that is linear (in each ran- 157

dom variable), with the random variables satisfying 158

Eq.(2), will result in an unbiased stochastic estima- 159

tor of full derivatives. For example, the coupling 160

could be done internally inside ∂fi/∂fj , as long as 161

∂fi/∂fj remains linear in random variables. 162

Thanks to the unbiased gradient estimation, we 163

expect our approach to improve computational 164

complexity without fundamentally altering the op- 165

timization trajectory during training, in that sense 166

being equivalent to the original attention mecha- 167

nism. Also, the unbiased gradient generally of- 168

fers stronger convergence guarantees (Vicol et al., 169

2021). 170
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2.1 SUS backprop through attention171

We now consider a concrete example of the trans-172

former attention mechanism. Let n be the sequence173

length and d be the attention head dimension. For174

a single attention head, the attention block takes175

queries Q, keys K and values V as inputs (all three176

are ∈ Rn×d), and outputs a weighted average of177

values V̄ :178

V̄ = WV, (4)179

where the attention weights W ∈ Rn×n are180

W = softmax
(
QKT

)
. (5)181

The softmax is applied row-wise, so
∑

jWij = 1.182

Let the gradient of a with respect to b be ∇ba ≡183

da/db. Let L be the model loss. For the gradient184

of the loss with respect to the attention inputs we185

find (see Appendix A for details):186

∇QL = MK,

∇KL = MTQ,

∇V L = WT∇V̄ L,
(6)187

where we have defined the matrix M as188

Mij = Wij

∑
ν

(
Vjν − V̄iν

)
∇V̄iνL. (7)189

We stochastize ∇L by stochastizing W → W̃ =190

W � m̃ where it explicitly enters Eqs.(6,7). (Note191

that all the forward-computed quantities, e.g. V̄ ,192

are unchanged by this procedure.) There is no re-193

striction on how the acceptance probabilities qij are194

computed. We chose a very simple rule, controlled195

by a single parameter c:196

qij = min{cWij , 1}. (8)197

Because
∑

j qij ≤ c
∑

jWij = c, we call c the198

attention retention parameter, as it plays the role199

of the upper bound (which is saturated for c ≤ 1)200

on the expected number of attention interactions201

retained by the above rule, per token per attention202

head. Since only the retained weights are counted203

in the gradient computation in Eqs.(6,7), and the204

masking decisions in W̃ can be made in the for-205

ward run, then by controlling the sparsity of W̃ , c206

also controls the memory and compute complexity207

of the back-propagation through attention. It takes208

O(nc) memory to store W̃ and O(ncd) operations209

to compute the gradient. Therefore, both time and210

space complexities are reduced by factor c/n (as-211

suming that W is passed from the forward run,212

rather than recomputed). If W is recomputed in 213

the backward run, then we have the same reduction 214

in compute, while paying O(nc) in extra memory 215

needed to pass W̃ . If c is small relative to d, then 216

this extra memory demand is inconsequential as 217

we already pay O(nd) for passing (Q,K, V ). One 218

way or the other, the complexity of SUS backprop 219

is linear in n, making it superior to any quadratic 220

complexity algorithm for long sequences, provided 221

the benefits of sparsity outweigh the detriments 222

of the gradient variance increase. In this paper, 223

we present compelling evidence in support of that 224

assumption. 225

2.2 Toy model of sparsity-variance tradeoff 226

To gain a theoretical insight into the sparsity- 227

variance tradeoff, we consider a toy model of the 228

attention contribution to the gradient variance. We 229

call it a k-weight model, because it features k dis- 230

tinct attention weight values. The simplest case 231

of k = 2, despite its crudeness, already provides 232

a qualitative picture of the tradeoff, as shown in 233

Appendix B. 234

Let us model the attention contribution from a 235

single token, single head, single layer perspective 236

as 237

∇L =
a=k∑
a=1

wa

b=ma∑
b=1

vab, (9) 238

where ma is the multiplicity of each attention 239

weight value wa and vab are independent variables 240

of unit variance. We assume that wa are ordered 241

in increasing order, for convenience. Note that the 242

form of the above equation is not limited to a sin- 243

gle layer case. Due to the multiplicative nature of 244

probabilities, due to the gradient being a sum of 245

products (see Eq.(1)) and due to w and q being 246

probabilities, the same toy model can describe a 247

multi-layer network. 248

For convenience, we work with reduced quan- 249

tities, where the attention weights, weight multi- 250

plicities, attention retention parameter, attention 251

retention and gradient variance are all scaled with 252

n =
∑a=k

a=1 ma. Specifically: ωa = wan, µa = 253

ma/n, ξ = c/n, and κ and Σ are the reduced atten- 254

tion retention and gradient variance, respectively. 255

For k-weight model, we derived a simple 256

sparsity-variance tradeoff relationship (see Ap- 257

pendix B), that is conveniently expressed in terms 258

of the slopes of κ(ξ) and Σ(ξ) and that can be 259
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tested on empirical data:260

dκ

dξ
= −ξ2dΣ

dξ
. (10)261

Let Σ0 be the original stochastic gradient vari-262

ance, which is controlled by the minibatch sam-263

pling choices and coincides with Σ in the limit264

ξ → ∞. In case of a power-law dependence of265

κ ∝ ξα and Σ − Σ0 ∝ ξβ , the above equation266

implies α − β = 2. How well this relationship is267

respected by actual language model data is tested268

in Section 3.2.269

3 Experiments and results270

Our idea, that backpropagation can be cut through271

most attention weights without causing a signif-272

icant increase in the gradient variance, was mo-273

tivated by an assumption that a typical token in-274

teracts via the attention mechanism with a rela-275

tively small number of other tokens (Bahdanau276

et al., 2014; Clark et al., 2019), rendering most277

attention weights small. To gain understanding,278

to what extent this assumption is correct (Araabi279

et al., 2024) or not (Zhai et al., 2023), we will take280

a closer look at the distribution of the attention281

weights across the heads, layers, language models282

and input sequence lengths (Clark et al., 2019), in283

the first subsection of this section. In the second284

subsection, we directly measure the dependence285

of the gradient variance increase on c and n in a286

language model with a custom implementation of287

SUS backprop algorithm. We will also compare288

the results with k-weight model predictions.289

3.1 Attention spread in transformer models290

Let us define quantities that help us characterize291

how much the distribution of attention weights is292

spread or peaked. Let top-p weights be the top293

weights, whose combined probability mass is p ∈294

[0, 1], (the threshold parameter is fixed throughout295

this section to p = 0.9). Let the attention spread296

si for a token at position i be the number of top-297

p weights among Wij . The spread fraction si/i298

indicates the fraction of tokens that significantly299

contribute to the attention output V̄i, (contribute on300

average, assuming statistical independence of Vj).301

Let us define the aggregate spread fraction φi as:302

φi =

∑j=i
j=0 sj∑j=i
j=0 j

. (11)303

The spread fraction φi describes the fraction of top-304

p reduced weights ωjk = (j+1)Wjk among all the305

weights with k ≤ j ≤ i. While si is suitable for 306

describing the attention of the token at position i, 307

φi is suitable for describing the attention of all the 308

tokens up to position i. As an aggregate quantity, 309

φi is much less sensitive to statistical noise, than 310

si. 311

We measure si and φi by averaging over 1000 312

input sequences. Four models – opt-125m, opt- 313

350m, opt-1.3b, (Zhang et al., 2022) and Mistral- 314

7B-v0.1 (Jiang et al., 2023) – were tested on the 315

sequences from The Pile dataset (Gao et al., 2020). 316

The first three smaller models were tested on the 317

full span of permitted input length (2048 tokens), 318

while Mistral could be tested up to maximum 1570 319

tokens (on A100 GPU). 320
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Figure 1: Attention spread si vs token position i for 32
attention heads of layer 16, Mistral model.
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Figure 2: Aggregate spread fraction φi, averaged over
layer’s heads, vs layer index for different models. For
OPT models, i = 2000; for Mistral, i = 1550.

Measuring the attention spread si across differ- 321

ent attention heads of different layers of different 322

models, we observed a great variation in the spread 323

behavior. While it is impossible to reflect all that 324
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diversity in a single illustration, a somewhat com-325

mon situation in a layer is shown in Fig.(1), (see326

Appendix C for a complete account of all layers in327

all models). Typically, the majority of heads show328

a limited spread si, which increases sub-linearly329

with i. Still, in a few heads the attention is spread330

much wider, with the spread trending closer to lin-331

ear. The distribution of heads by their spread is332

shown in Fig.(3), (note the logarithmic scale of the333

spread). The heads with wider spread are less nu-334

merous, but they disproportionately contribute to335

the arithmetic mean of the spread, while the more336

focused heads, which are more numerous, domi-337

nate the geometric mean of the spread. These two338

measures of attention spread are noticeably differ-339

ent, with the geometric mean being significantly340

lower, see Fig.(4). Notice how the ratio of the arith-341

metic to geometric means keeps increasing with342

the sequence length. Encouragingly, the largest343

and most advanced model demonstrates overall the344

lowest attention spread.345

The presence of heads with a large attention346

spread may potentially seem problematic for SUS347

backprop, since, at face value, they violate the348

assumption of every token talking to only a few349

counterparts. In practice, cutting backpropagation350

through the majority of their seemingly equally351

important weights did not appear to cause much352

problem, as follows from the results of the next353

section. We can only speculate on the reason un-354

derlying that insensitivity: either information com-355

ing from various values Vi is greatly redundant for356

those heads, or they simply do not extract valuable357

information (Voita et al., 2019).358

The evolution of aggregate attention spread frac-359

tion φ across model’s layers reveals a loosely simi-360

lar pattern (Clark et al., 2019) in different models.361

The spread is largest at the lowest layers, then it362

quickly drops with the layer index increasing, re-363

maining approximately at its lowest values (about364

∼ 0.1 for the mean spread for n ∼ 2×103) through365

most of the layers, finally showing a slight increase366

at the topmost layers, see Fig.(2).367

Additionally, we observed various artifacts, such368

as intricate, non-monotonic behavior of some369

heads, especially in the OPT series, see Appendix370

C. In some heads the spread saturates, in some -371

starts decreasing after an initial increase, yet in372

some other heads it follows roughly oscillatory pat-373

terns of various periodicities. The occurrence of374

those heads does not follow any obvious pattern,375

appearing at different layers and model sizes, in376
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Figure 3: Distribution of attention head log-spreads
log2 φi in different models. For OPT models, i = 2000;
for Mistral, i = 1550.
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Figure 4: Aggregate spread fraction φi, averaged over
all heads and layers, vs token position i for different
models. Solid and dashed lines of the same color rep-
resent arithmetic and geometric mean, respectively, for
the same model.

the models sharing the same architecture. 377

3.2 Empirical observation of 378

sparsity-variance tradeoff 379

We have implemented SUS-backprop algorithm by 380

modifying Hugging Face’s attention code for OPT 381

model. The part of the code, that computes the at- 382

tention weights is replaced by a function with a cus- 383

tom backward() method, that implements the loss 384

gradient with respect to (Q,K, V ) as described in 385

Eqs.(6,7). The forward() method implements the 386

weight matrix W stoshastization, saving for the 387

backward pass a sparse matrix W̃ , requiringO(nc) 388

memory (in sparse representation). For testing pur- 389

poses, the algorithm is implemented in both dense 390

and sparse representations. 391

From practical standpoint, the most important 392
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results are presented in this section, where we test393

how much the sparsity of W̃ affects the relative394

increase in gradient variance, which we define as395

ρ =
Σ− Σ0

Σ0
. (12)396

For our approach to have a practical significance,397

we ideally would like to see that for c . d (im-398

plying a moderate demand in additional memory399

for storing W̃ ) we have a relatively small ρ � 1.400

Indeed, for sufficiently large n, a linear time com-401

plexity backprop algorithm should give a factor of402

2− 3 speedup, by making the backward pass time403

negligible in comparison to the forward pass time.404

But if this speedup is accompanied by a noticeable405

increase in variance, say, ρ ∼ 1, it may negate the406

gains in compute per data sample, as we would407

need to process significantly more data samples, to408

counter the effects of the increased gradient vari-409

ance. Fortunately, we found that for c ∼ 25− 30410

and n = 2000 we already have ρ ∼ 0.01, and411

importantly, ρ keeps decreasing with increasing n.412

This is shown in Fig.(5).413

We measure the gradient variance as a mean414

variance over all gradient components, averaged415

over 100 input sequences for every data point in416

the plots. In the left panel of Fig.(5) the variance417

increase ρ and the attention retention κ are plotted418

against the attention retention parameter c for a419

fixed n = 2000. It also shows rather accurate420

power-law fits of ρ ∝ ξβ and κ ∝ ξα, which let421

us test the relationship α − β = 2, predicted by422

k-weight model in Section 2.2. We found α ≈ 0.78423

and β ≈ −1.50, resulting in α− β = 2.28, which424

is not too far off from the theoretical prediction.425

See more in Appendix B on 2-weight model fitting.426

In the right panel of Fig.(5) ρ and κ are plotted427

against the input sequence length n for a fixed c =428

30. It shows that ρ initially quickly increases with429

n, reaching the maximum value of about ∼ 0.033430

at n ∼ 200, but then the trend reverses and ρ keeps431

decreasing with n, reaching just under 0.01 at n ∼432

2000. Assuming this trend continues for larger n433

and is generic for transformer models, the above434

results provide strong evidence that SUS backprop435

can bring significant compute savings for training436

with long sequences.437

4 Related work438

Our formulation of SUS backprop is directly appli-439

cable to the original Multi-Head Attention (MHA)440
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, 

Figure 5: opt-125m: relative gradient variance increase
ρ and reduced attention retention κ. The dotted line ξ
is the upper bound on κ. Left panel: ρ and κ vs c for
sequence length n = 2000. The dashed lines are power-
law fits: ρ ∝ ξ−1.5 and κ ∝ ξ0.78. Right panel: ρ and
κ vs n for attention retention parameter c = 30.

mechanism (Vaswani et al., 2017), which treats the 441

heads as a disjoint set of (Q,K, V ) triplets. There 442

have been proposed multiple attention mechanism 443

modifications, that fundamentally do not change its 444

quadratic complexityO(n2), but can realize a more 445

economical use of memory and compute resources. 446

Some of the most notable variations include Multi- 447

Query Attention (MQA) (Shazeer, 2019), Grouped- 448

Query Attention (GQA) (Ainslie et al., 2023) and 449

Multi-head Latent Attention (MLA) (Liu et al., 450

2024). MQA, prominently used in PaLM model 451

(Chowdhery et al., 2023), employs multiple queries 452

Q, but shared KV pairs. GQA (used by LLaMA 453

(Touvron et al., 2023) and Mistral (Jiang et al., 454

2023), among others) interpolates between MHA 455

and MQA, by mapping groups of queries to distinct 456

KV pairs. MLA (used by DeepSeek (Liu et al., 457

2024)) resorts to low rank compression of KV ma- 458

trices, that reduces memory footprint. Our method 459
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is in principle compatible with these attention vari-460

ants, but would require appropriate modification of461

attention gradient equations Eqs.(6,7).462

A recently proposed Native Sparse Attention463

(Yuan et al., 2025), offering an order of magni-464

tude speedups over standard full attentions (such as465

MQA and GQA) thanks to the use of compressed466

token blocks and hardware-efficient implementa-467

tion, is still asymptotically a quadratic complexity468

algorithm, which can potentially benefit from back-469

propagation sparsification.470

There also have been proposed many atten-471

tion mechanisms with nominal O(n) complex-472

ity. Some mechanisms are based on approximate473

search (Reformer (Kitaev et al., 2020)), others rely474

on low-rank approximations (Linformer (Wang475

et al., 2020)), kernel methods to replace softmax476

(Performer (Choromanski et al., 2020)) or sparsity477

(Longformer (Beltagy et al., 2020), BigBird (Za-478

heer et al., 2020)). These approaches share an idea479

that explicit computation of negligible (or other-480

wise unimportant) attention weights can be avoided481

during the forward run. In which case, the gradient482

flow in the backward run is unlikely to be sparse, so483

there would be little room for improvement left for484

a backpropagation sparsification algorithm, such485

as SUS backprop. However, the competitiveness486

of forward O(n) algorithms remains to be convinc-487

ingly demonstrated.488

A stochastic sparsification of backpropagation489

was employed in Refs. (Cheng et al., 2022; Fang490

et al., 2022) in the context of training video models,491

but unlike in our work, no upweighting was used492

to ensure unbiased gradient estimation. Also, the493

gradient flow was cut randomly, relying on redun-494

dancy naturally present in video inputs, rather than495

selecting parts that have little effect on forward496

computation, as in our work.497

5 Discussion498

In this paper, we presented a novel backpropagation499

algorithm – SUS backprop – that sparsifies the500

flow of gradient through attention in a stochastic501

and unbiased manner. We presented a compelling502

evidence, that this sparsification can transform the503

computational complexity of the backward pass504

from quadratic to linear, at the cost of only a small505

increase in gradient variance.506

Yet more work remains to be done. To make507

this approach practically useful and competitive, it508

needs a more efficient implementation. Our cur-509

rent implementation fully relies on native PyTorch 510

constructs from its sparse matrix module. This 511

was sufficient to prove the concept and to demon- 512

strate a linear compute complexity of the backward 513

pass over quadratic complexity of the forward pass. 514

However, due to serious limitations of PyTorch 515

sparse matrix support, we incurred unnecessarily 516

large overhead, offsetting the gains from backprop- 517

agation by the slowdown in the forward run. It 518

will most likely require writing a custom kernel to 519

overcome the current sparse module limitations. 520

While our analysis shows a very favorable 521

sparsity-variance tradeoff, both in sequence length 522

n and sparsity control parameter c, indicating a 523

great potential of SUS backprop for long sequence 524

training, the ultimate verdict should come from ac- 525

tual training results, be it a supervised fine tuning 526

or full fledged pretraining of a language model. It 527

may also be interesting to observe the evolution of 528

attention spread during pretraining, by analyzing 529

available checkpoints of large language models. 530

6 Limitations 531

Modern full-attention implementations rely on op- 532

timizations that avoid the materialization of W to 533

minimize the number of slow memory accesses. 534

For example, Flash Attention resorts to an on- 535

line softmax evaluation. The stochastic sparsifi- 536

cation procedure of SUS backprop would need to 537

be suitably modified to be compatible with Flash 538

Attention. In addition, the fine-grained stochastiza- 539

tion that we experimented with, where every Wij 540

is treated independently, may be computationally 541

prohibitive for highly optimized GPU-accelerated 542

dense attention computation. In that case, one 543

may need to use a more coarse-grained block-level 544

stochastization of W . 545
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A Attention gradients710

We want to compute the gradient of the loss func-711

tion L with respect to the attention inputs Q, K712

and V . In matrices, we use Latin letters for token713

position indices and Greek letters for head dimen-714

sion indices. To simplify notations, we may omit715

some matrix indices or gradient subscripts, when it716

does not create a confusion. To compute717

∇L =
∑
jν

(
∇V̄jν

)
∇V̄jνL, (13)718

we need to compute: 719

∇V̄jν =
∑
k

((∇Wjk)Vkν +Wjk∇Vkν) . (14) 720

The attention weights, given by Eq.(5), are: 721

Wjk =
eSjk∑
l e
Sjl
, Sjk = QjK

T
k . (15) 722

Note that ∇QV = ∇KV = ∇VW = 0. Differen- 723

tiating W with respect to Q and K we find: 724

∇QiWjk = δijWjk

(
Kk −

∑
l

WjlKl

)
,

∇KiWjk = Wjk (δik −Wjl)Qj .

(16) 725

Also, 726

∇ViµVkµ = δikδµν . (17) 727

From Eq(14) and Eqs(16,17) we find: 728

∇Qiµ V̄jν = δij
∑
k

Wjk

(
Vkν − V̄jν

)
Kkµ,

∇Kiµ V̄jν = Wji

(
Viν − V̄jν

)
Qjµ,

∇Viµ V̄jν = Wjiδµν .

(18) 729

From Eq(13) and Eq(18) we find: 730

∇QiµL =
∑
j

Wij

∑
ν

(
Vjν − V̄iν

)
Kjµ∇V̄iνL,

∇KiµL =
∑
j

Wji

∑
ν

(
Viν − V̄jν

)
Qjµ∇V̄jνL,

∇ViµL =
∑
j

Wji∇V̄jµL.

(19)

731

From where the equations Eqs(6,7) in Section 2 732

follow. 733

B k-weight model 734

The weights and their multiplicities in k-weight 735

model are constrained by the following equations, 736

expressing that multiplicities sum up to n and 737

weights sum up to 1, respectively: 738

a=k∑
a=1

µa = 1,

a=k∑
a=1

µaωa = 1.

(20) 739

Attention retention κ (which is the expectation 740

of the accepted weights) and gradient variance Σ 741

9



(which is the variance of the upweighted accepted742

terms of the gradient in Eq.(9)) are expressed in743

terms of multiplicities µa, weights ωa and accep-744

tance probabilities qa as745

κ =

a=k∑
a=1

µaqa,

Σ =
a=k∑
a=1

µaω
2
a

qa
,

(21)746

where qa = min{ξωa, 1}. Let ξ be in the interval747

1/ωl ≤ ξ ≤ 1/ωl−1. Then:748

κ = ξ

a<l∑
a=1

µaωa +

a=k∑
a=l

µa,

Σ =
1

ξ

a<l∑
a=1

µaωa +

a=k∑
a=l

µaω
2
a.

(22)749

From the above equations, Eq.(10) of Section 2.2750

readily follow.751

For k = 2 everything can be parameterized by752

two real numbers θ± via ω± = e±e
θ± (we use± as753

two values of index a in ωa). For the multiplicity754

we find µ± = (1−ω∓)/(ω±−ω∓). We list below755

κ and Σ for different ranges of ξ. For ξ ≤ 1/ω+756

we have757

κ = ξ, Σ =
1

ξ
, (23)758

for 1/ω+ ≤ ξ ≤ 1/ω− we have759

κ = ξ
(ω+ − 1)ω−
ω+ − ω−

+
1− ω−
ω+ − ω−

,

Σ =
1

ξ

(ω+ − 1)ω−
ω+ − ω−

+
ω2

+(1− ω−)

ω+ − ω−
,

(24)760

and for 1/ω− ≤ ξ we have761

κ = 1, Σ = ω+(1− ω−) + ω−. (25)762

The last expression represents the original gradient763

variance Σ0. Fitting 2-weight model to empirical764

data from Section 3.2, we find θ− = 0.086 and765

θ+ = 2.08. The predicted ρ(ξ) and κ(ξ) are de-766

scribed by Eq.(24), as the range of c in Fig.(5)767

falls within the middle range 1/ω+ < ξ < 1/ω−,768

hence α = 1 and β = −1. These exponents de-769

scribe the sparsity-variance tradeoff qualitatively770

correctly, but they lack the quantitative accuracy of771

power-law fits of Section 3.2 with α = 0.78 and772

β = −1.50.773

C Attention spread in transformers: 774

complete account 775

This appendix contains the figures showing the at- 776

tention spread si vs token position i for each atten- 777

tion head, grouped by layers, for all four model that 778

we have considered: opt-125m in Fig.(7), opt-350m 779

in Fig.(8), opt-1.3b in Fig.(9), and Mistral-7B-v0.1 780

in Fig.(6). In all cases we used p = 0.9. The spread 781

si data points are plotted in 10 token position incre- 782

ments, averaged over 10 tokens, correspondingly. 783

10



0 250 500 750 1000 1250 1500
0

200

400

600

800

1000

1200

layer 0

0 250 500 750 1000 1250 1500
0

100

200

300

400

500

layer 1

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

layer 2

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

layer 3

0 250 500 750 1000 1250 1500
0

100

200

300

layer 4

0 250 500 750 1000 1250 1500
0

50

100

150

200

250
layer 5

0 250 500 750 1000 1250 1500
0

100

200

300

layer 6

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300

layer 7

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300

350
layer 8

0 250 500 750 1000 1250 1500
0

100

200

300

400

layer 9

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300
layer 10

0 250 500 750 1000 1250 1500
0

100

200

300

400
layer 11

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300
layer 12

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300

layer 13

0 250 500 750 1000 1250 1500
0

100

200

300

400

layer 14

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300
layer 15

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300

350
layer 16

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

layer 17

0 250 500 750 1000 1250 1500
0

50

100

150

200

250
layer 18

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

layer 19

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300

350

layer 20

0 250 500 750 1000 1250 1500
0

25

50

75

100

125

150

layer 21

0 250 500 750 1000 1250 1500
0

50

100

150

200

250
layer 22

0 250 500 750 1000 1250 1500
0

20

40

60

80

100

120

140

layer 23

0 250 500 750 1000 1250 1500
0

20

40

60

80

100

120

140
layer 24

0 250 500 750 1000 1250 1500
0

25

50

75

100

125

150

layer 25

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300
layer 26

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300
layer 27

0 250 500 750 1000 1250 1500
0

50

100

150

200

250

300

layer 28

0 250 500 750 1000 1250 1500
0

50

100

150

200

layer 29

0 250 500 750 1000 1250 1500
0

50

100

150

200

layer 30

0 250 500 750 1000 1250 1500
0

100

200

300

400

500

600
layer 31

Figure 6: Mistral-7B-v0.1: attention spread si vs token
position i for every layer and head; 32 layers, 32 atten-
tion heads in each layer.
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Figure 7: opt-125m: attention spread si vs token posi-
tion i for every layer and head; 12 layers, 12 heads in
each layer.
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Figure 8: opt-350m: attention spread si vs token posi-
tion i for every layer and head; 24 layers, 16 heads in
each layer.
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Figure 9: opt-1.3b: attention spread si vs token position
i for every layer and head; 24 layers, 16 heads in each
layer.
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