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Abstract

In the algorithmic (Kolmogorov) view, agents are programs that track and compress sensory
streams using generative programs. We propose a framework where the relevant structural
prior is simplicity (Solomonoff) as compositional symmetry, where natural streams are well
described by (local) actions of finite-parameter Lie pseudogroups on geometrically and
topologically complex low-dimensional configuration manifolds (latent spaces). Modeling
the agent as a generic neural dynamical system coupled to such streams, we show that ac-
curate world-tracking imposes (i) structural constraints (equivariance of the agent system
constitutive equations and readouts) and (ii) dynamical constraints: under static inputs,
symmetry induces conserved quantities (Noether-style labels) in agent dynamics and con-
fines trajectories to reduced invariant manifolds; under slow drift, these manifolds move
but remain low-dimensional. This yields a hierarchy of reduced manifolds aligned with the
compositional factorization of the pseudogroup—a geometric account of the “blessing of
compositionality” in deep models. We connect these ideas, at a high level, to the Spencer
formalism for Lie pseudogroups, and formulate a symmetry-based, self-contained version of
predictive coding in which higher layers receive only coarse-grained residual transformations
(prediction-error coordinates) along symmetry directions unresolved at lower layers.

Keywords: Kolmogorov Theory of Consciousness, Lie pseudogroups, Compositional sym-
metry, Kolmogorov complexity, Hierarchical reduction, manifold hypothesis, coarse-graining,
predictive coding, compression

1. Introduction

Kolmogorov Theory (KT) proposes a scientific framework centered on algorithmic agents
using the mathematics of algorithmic information theory (AIT), where the central concepts
are computation and compression. In particular, the Kolmogorov complexity of a data
object— the length of the shortest program producing the data object (Cover and Thomas,
2006)—provides a powerful conceptual anchor in the theory. In KT, an algorithmic agent
is an information-processing system that builds and runs compressive models (programs)
of its environment, using them to guide action and shape experience (see Figure 1). Model
building serves an Objective Function (telehomeostasis, or preservation of pattern, in living
systems) and is guided by Ockham’s Razor (simpler models/shorter programs are pre-
ferred) (Sober, 2015; ?; 7).

A model is the short program that generates a given dataset. The same program can be read
as a smooth generative map f : C — R¥, turning parameters into data object instances. A
third view is symmetry-based: the generator induces a group of automorphisms whose orbits
cover the data manifold; learning invariances recovers the generator (7). When no short
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Figure 1: The algorithmic agent interacts with the World (structure, symmetry, compo-
sitional data) (??7). The Modeling Engine (compression) runs the current Model
(which encodes found structure/symmetry), makes hierarchical/compositional
predictions of future coarse-grained (pooled) data, and then evaluates the predic-
tion error in the Comparator (world-tracking constraint monitoring) to hierarchi-
cally update the Model. The comparison process is carried hierarchically, and the
output is coarse-grained to feed the next level. We reflect this process mathemati-
cally as a world-tracking constraint on the dynamics (Equation (3) Hierarchical
modeling engine (Comparator). Level k predicts Iy = 4+ In, compares to
its incoming datum (raw image at k = 0; canonicalized, coarse-grained resid-
ual my_1x for k > 1), updates from error Ej, and forwards only the residual
after canonicalization and coarse-graining, my_x11 = Cr—p+1(Y) L input — Io).
Generators shrink along Hy D H1 O Hs---; residuals live in quotient directions
and carry “what’s left to explain” to coarser scales. The Planning Engine runs
counterfactual simulations and selects plans for the next (compositional) actions
(agent outputs to world and self). The Updater receives hierarchical prediction
errors from the Comparator as inputs to improve the Model. All modules can be
implemented hierarchically.

deterministic program exists, the optimal compressor is statistical; expected Kolmogorov
complexity converges to entropy rate (Cover and Thomas, 2006; Li and Vitanyi, 2007).
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A central question is: what structure can such compressive models exploit? The language of
group theory provides a good handle to formalize the notion of structure. Discrete groups
admit Cayley graphs encoding generators and relations (Biggs, 1974). For Lie groups, in-
finitesimal structure lies in a finite-dimensional Lie algebra; for semisimple algebras, Dynkin
diagrams encode simple roots and relations (Humphreys, 1972; Knapp, 2002). Lie pseu-
dogroups—Ilocal transformation groups defined by involutive PDEs—admit infinitesimal de-
scriptions that can be organized in the Spencer complex, whose differentials encode com-
patibility conditions (Goldschmidt, 1967; Seiler, 2010).

Natural streams exhibit compositional symmetry: pose, viewpoint, articulations, and se-
mantic deformations compose recursively and act locally (Simon, 1991; Riesenhuber and
Poggio, 1999; Poggio et al., 2020; Cagnetta et al., 2024; 7). This points beyond global
(finite) Lie groups to Lie pseudogroups of local diffeomorphisms as a language to describe
structure, which can be captured (when needed) in the Spencer framework. This framework
provides a jet-level compatibility complex (the Spencer complex)—a quiver-like graded se-
quence of bundles and differential operators whose cohomology governs formal integrability,
prolongation, and obstructions—organising how local symmetries compose and constrain
dynamics across scales. In plainer terms, it acts as a structured consistency checker: it
tracks, order by order in derivatives, whether local symmetry rules can be stitched into a
coherent global transformation, and pinpoints exactly where that stitching fails.

We take the persepective of Lie pseudogroups as a programming language to describe genera-
tive models and to motivate a built-in modeling hierarchy. Here we propose a symmetry-first
account of model structure for algorithmic agents where we (i) define generative models as
local actions of finite-parameter Lie pseudogroups on configuration manifolds, (ii) model
the agent as a neural ODE driven by such streams with a Comparator enforcing tracking,
and (iii) derive the constitutive (equivariance) and dynamical (Noether-style invariants, re-
duced manifolds) constraints that follow. This structure explains why deep, hierarchical
architectures—which mirror compositional symmetry—attain favorable sample complexity
on hierarchical tasks (Poggio et al., 2016; Poggio and Fraser, 2024), and why a bare mani-
fold prior can be insufficient without additional geometric covering structure (Kiani et al.,
2024). The analysis suggests symmetry-aware designs (e.g., group-equivariant networks) as
principled architectures for agents and offers a group-theoretical lens on predictive coding.
Finally, we provide a tentative implementation of hierarchical predictive processing Fris-
ton (2018) using this formalism. For an overview of the logical structure of the paper, see
Figure 2.

Intuition. Compositional symmetry is a program schema: complex transformations are
built by nesting a few primitive moves near the identity. Agents that align their inter-
nal structure with this recursive grammar compress better, learn with fewer samples, and
generalize over orbits of the same symmetry.

2. Generative Models as Lie-Pseudogroup Actions

Natural data will appear low-dimensional (the manifold hypothesis) if generated by hier-
archical continuous symmetries generated by a finite dimensional Lie pseudogroup. We



capture this through the local actions of a finite-parameter Lie pseudogroup G on a config-
uration manifold C:

Definition 1 (Generative model) A generative model is a smooth map f : C — R¥
from an M -dimensional configuration manifold (M < X ) to observations. For c € C, write

I = f(c) € RX.
Let G act locally on C and on RX. Pick ¢y € C with Iy = f(co).

Definition 2 (Lie generative model) The map f (or f(C)) is a Lie generative model
if
YeeCIyeG: c=~v-cy, flc)=nr-Ip.

Equivalently, I = f(v-co) = - Iy with v € G.

Intuition (recursion and compression). Because G is a Lie (pseudo)group, elements

near the identity factor as
T
¥ = exp (Z Hka),
k=1

so complex deformations arise by composing infinitesimal ones (Hall, 2015). Here v(:) : U —
G is a local parameterization of G, and “” denotes the induced (generally nonlinear) action
of G on image space. This endows f with a recursive, compositional parameterization: a
short, structured program in the sense of algorithmic information theory. Pseudogroups
permit this locally even when global topology precludes a single global action (Seiler, 2010).

If natural data is generated by a “random walk” through the parameter space of a Lie
pseudogroup, the following apply: (i) Compression: the data can be compressed, because r
parameters span the data manifold. (ii) Efficient learning: deep architectures that respect
generators can enjoy the blessing of compositionality (Poggio et al., 2016; Poggio and Fraser,
2024; Miao and Rao, 2007; Anselmi and Poggio, 2022)—fewer data (sample complexity) is
needed for learning with the right architecture). (iii) Symmetry discovery: when G is
unknown, its generators can be potentially be inferred (Moskalev et al., 2022). We study
the dynamical implications for the world-tracking agent in the next section.

3. Symmetry-Constrained World-Tracking Dynamics

Here, we assume natural input/sensory streams are not arbitrary but arise from finite-
parameter Lie (pseudo)group generators acting on a low-dimensional configuration mani-
fold (Sec. 2) and show that an algorithmic agent that can track such streams need to be
compatible with their underlying symmetry. Let the external data stream be generated by
a finite-parameter Lie pseudogroup G acting on a reference image I,

Ty = ~(0(t))- 1o, 0(t) € U C R" (local chart on G). (1)

The agent’s high-dimensional state 2 € R¥ follows the general neural network equation

T = F(.Z’, w, Iﬁ(t))7 (2)
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Figure 2: From generative symmetry to compositional reduced dynamics. Top:
a Lie pseudogroup G acts locally on configuration C and observation space, with
Spencer providing a hierarchy of compatibility constraints. Middle: the agent
enforces world tracking (Eq. (3)); equivariance (Eq. (4)) imposes structural con-
straints and, for static inputs, yields conserved labels (Noether-style), confining
trajectories to reduced leaves. Bottom: a flag G = Hy D --- D Hp defines the
nested invariant manifolds { My} (solid bent arrow); residual messages my_,x+1
parameterize quotient directions e € Hy_1/Hy, and induce drift/updates on these
leaves (dashed arrow), yielding a hierarchy of compositional reduced dynamical
manifolds.

with fixed weights w. A projector p : RX — RY (Y <« X) provides the world-tracking
equation

p(z(t)) = Iy. (3)
This equation states that the agent is able to lock into the input data stream.

Compatibility of tracking with invariants requires equivariance. Equivariance of
Equation 2 says “solutions come in G—families.” Uniqueness lets us name each solution by
the group element needed to reach it from a reference (for simplicity we consider connected
groups). These names are constant along trajectories (conserved).



The tracking constraint (Equation 3) is feasible precisely when it latches onto these con-
stants; otherwise it fights the flow. Under static inputs the constraint p(z) = I, can be
sustained only if it depends on the conserved labels (cyclic coordinates) induced by the
symmetry of the equations. Otherwise it would over-constrain trajectories to a point. In
canonical coordinates adapted to the symmetry, p(z) must be a function of the correspond-
ing constants of motion. With slowly varying 6(¢) the labels become adiabatic invariants,
and the constrained leaf drifts but remains low-dimensional.

Consequences of equivariance requirement. Because Iy is moved by G (the equation
must hold for any ), effective tracking demands that the internal dynamics respect the same
action,

Vye G flyasw,yIp) =y flas w, Io), plyx)=yp). (4)
Eq. (4) places structural constraints on w (weight tying, zero blocks, etc.) identical in
spirit to group-equivariant CNNs (Moskalev et al., 2022; 7). For infinitesimal v = exp(eT})
we obtain linear commutation conditions Ty f = (0f/0z)Tix that must hold for every
Lie-algebra generator Tj.

Conservation laws. Freeze 6 so that y(t) = 7. Under Eq. (4) the read-out becomes
invariant: p(z) = const. Hence, each of the Y read-out channels defines a conserved quan-

tity. This is a direct Noether analogue: continuous symmetry + = invariants {pj (x)}jzl
(Hydon, 2000). Trajectories are confined to an (X—Y)-dimensional leaf of phase space.
When 6(t) varies slowly, the invariant leaf drifts, but its dimension remains < M + X —Y

(gains at most M extra degrees of freedom).

Approximate tracking via Lyapunov control. To formalize the notion of approximate
tracking after transient dynamics (p(:n) ~ Iy), we can use the machinery of Lyapunov
functions. We modify the constrained dynamical equations above by defining error and
Lyapunov functions and add a symmetry-preserving feedback term

E=p(x)—1Iy, V=2%E|? i=F(vwly)+KE, (5)

with a gain operator K that commutes with every 7. We then need to choose a gain K
such that D p(x) K is negative semi-definite and K commutes with the induced action of
each generator T}, (so the tracking equations remain equivariant). Then V < 0 under static
inputs; with slow drift one obtains an ISS-type bound V < —al|E||?> 4 || Ig||? for suitable
a, 3> 0 (Sontag, 2008).

Remark. All constructions are local: actions, exponentials, and invariant leaves are taken
in the chart domains where the pseudogroup is defined; global statements require additional
compatibility (Spencer exactness).

Summary. Equivariance (4) forces structural constraints on the agent (weights obey
group commutation) and dynamical constraints (conserved read-outs and low-dimensional
invariant manifolds). A Lyapunov closure (5) formalises the “x<” in (3), completing a
compact, symmetry-first description of world-tracking dynamics.

3.1. Lie-pseudogroups, hierarchical coarse-graining, and reduced manifolds

Compositionality enters via generator nesting: every v € G near the identity factors as
exp(d 0xT*). A hierarchical description is obtained by declaring certain generators neg-
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ligible at coarser levels. Formally, choose a flag of sub-pseudogroups
G=HyD>H D---DHp, (6)

where Hj, is obtained from Hj_q by omitting some generators. Let Mg denote the full state
space; define the reduced manifold at level k as the quotient My := My_1/Hj (locally:
flows of the discarded generators are frozen). Then

MogDODMiD---DMp, dim M1 < dim My, (7)

and motion within My, is driven only by residual generators in Hy. In the formal theory
of differential constraints, the flag Hy D --- D Hp is encoded by the Spencer sequence
of GG; exactness of that sequence guarantees compatibility of the layered constraints and
integrability of the reduced dynamics. Hence

Lie pseudogroup = Spencer tower of sub-pseudogroups = nested invariant manifolds

Each quotient sharpens the agent’s description while retaining the ability to recompose
fine structure by re-activating generators, capturing the “blessing of compositionality”:
models learn efficiently on My, yet can recover detail by ascending the tower. In this sense,
hierarchical cognition, coarse—grained abstraction, and the algebraic—geometric machinery
of Lie pseudogroups are three facets of the same structure.

Intuition. Each level “throws out” a set of generators, fixes the associated conserved
labels, and descends to a simpler manifold. The tower mirrors the grammar of G: coarse
levels use fewer letters; fine levels re-introduce them as needed. Spencer’s framework encodes
such hierarchical compatibility; exactness corresponds to the absence of obstructions in the
layered constraints (Seiler, 2010).

3.2. Predictive hierarchy as residual transformations

Here, we provide a tentative formalization of the predictive processing hierarchy. As before,
all statements are local in the domain where the pseudogroup action and charts overlap;
residuals and compositions are taken in that neighborhood.

Incoming data are processed bottom-up (see Figure 1). The most detailed layer predicts
fine features using its own generators, compares prediction to input, and forms an error:
the part it could not explain. That error is used locally to refine the layer’s hypothesis;
only the unexplained remainder is coarse-grained (pooled) and passed upward. The next
layer absorbs what it can with its own generators and again forwards just the coarse-grained
residual:

predict — compare — update locally — canonicalize residual — coarse-grain — pass up

In steady scenes the residuals shrink toward zero at all levels, leaving stable labels (con-
served coordinates); a persistent residual at the top flags a missing generator or a model
mismatch.



Set—up and linear residual fit. Let G = Hy D Hy D --- D Hp, be a nested family of
(local) sub-pseudogroups with Lie algebras g D h; D --- D hr. At time ¢ the datum is
Ty(t) = Yerue(t)- Lo, while level k predicts I.(t) = A% (t)- Iy with 4 (¢) € Hy,. The observation—
space error is 61, = Ipy) — fk(t) Because the stream is (locally) generated by a group
action, small errors are explained by a small residual e, = exp(ny) near the identity, so
that Iy ~ (Jkex)- lo- Linearizing the action at I}, with a basis {S,} of g and induced
image-space velocities V,(Iy), 0y ~ >, ng Va(I},), so we obtain 1y, = (n¢) by a regularized
least—squares fit (e.g., Tikhonov regularization).

Within—level update via a symmetry-respecting projection. Level k can realize
only directions in b = Lie(Hj). Fix an inner product on g that is Ad(Hj)—-invariant and
let Py : g — bi be the associated orthogonal projector (with Qy := I — Py). The realizable
part updates the hypothesis, 4x <+ & exp(Pk 77k)- The unresolved component Q. is
what must be communicated upward.

Canonicalize and coarse—grain before passing up. To present a clean message at
the next scale, first express the residual in a common reference frame (canonicalization),

re = A Towy — lo, (8)

which removes the frame explained at level k. Then apply an Hp—invariant, Hy1—equivariant
coarse-grainer C_p41 : RY —RY*+1 and define the upward message

Mi—it1 = Cropr1(re)- 9)

Intuitively, Crp—x+1 “irons out” fine variation along Hy—orbits while preserving precisely the
structure modelled at level k+1. The next layer treats my_r+1 as its comparator datum
and repeats the same loop with its generators. Equivalently, one may pass an algebra—
space message Mg k+1 = Ad%q (Qk Mk ); we use the observation—space version for numerical
stability and alignment with predictive coding practice.

4. Discussion

Starting from the premise that sensory streams are generated by finite-parameter Lie
(pseudo)group actions, we offer a symmetry-aware, group-theoretic account of compres-
sion and tracking, with the additional benefit of mathematica tools to describe structure in
models. Under static inputs, equivariance of the closed-loop vector field yields Noether-style
conserved labels (solution-symmetry invariants), and the tracking constraint is feasible pre-
cisely when it depends on those labels; trajectories lie on reduced invariant manifolds. Un-
der slow drift, the labels become adiabatic, and the manifold drifts with at most M added
degrees of freedom. Structural equivariance constrains parameters, guiding architecture de-
sign (e.g., equivariant layers). The hierarchical quotient My O -+ D M, formalizes com-
positionality and explains the favorable sample complexity of deep, symmetry-respecting
models (Poggio et al., 2016; Poggio and Fraser, 2024), while clarifying why a manifold prior
alone can be insufficient (Kiani et al., 2024). We provide a fuller description of the for-
malization of hierarchy in Appendix A, as well as a conceptual example in Appendix C.
We provided a tentative implementation of predictive coding using this formalism, where
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the hierarchical structure of the generative model is used “backwards” (see Appendix 3.1).
Finally, although we did not discuss this here, methods for symmetry discovery (Moskalev
et al., 2022; Hu et al., 2024) provide a route to learn G from data, closing the loop between
structure and learning.

5. Conclusions and Future Directions

By defining generative models using group theory, we linked compositional symmetry, Lie
pseudogroups, and hierarchical reduction to a precise dynamical picture of world-tracking.
Although this is certainly possible in some cases (e.g., tracking robotic, jointed cats), it may
fail when the generative model’s latent space is very complex. Future work may include:
(i) generalization to stochastic inputs and analysis of robustness (SDE analogues of (5));
(i) development of K operators for valid Lyapunov world tracking problems; (iii) empirical
tests with equivariant architectures under controlled generative symmetries; (iv) formal
links to Spencer exactness, moduli stacks and integrability guarantees in practical learning
systems.
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Appendix A. Hiearchy

In our setting, hierarchy is the structured way to decompose a (local) symmetry action and
its induced state geometry.

Algebraic factorization (compositional generators). Locally (near the identity) we
write each world transformation as an ordered product

(L) (L=1) |,

where each Gy is a (finite-parameter) Lie sub-pseudogroup generated by a small set of
“level-k” infinitesimal symmetries. This is the formal expression of compositionality: com-
plex deformations are built by nesting a few primitive moves close to the identity. A concrete
instance is the product-of-exponentials model in robot kinematics, where each joint con-
tributes a one-parameter subgroup and the chain is an iterated semidirect product (Lynch
and Park, 2017).

Flag of sub-pseudogroups (omitting generators). Choosing the order in (10) induces
a flag
G =Hy D H D---D Hy, H, = GLGL_l"-Gk+1, (11)

obtained by successively omitting generators. Each step Hi_1 — Hj declares a new set of
symmetry directions “already explained” at coarser scale. The quotients Hy_1/Hj, collect
the residual directions that remain to be explained at level k.

Geometric picture: orbit leaves and nested quotients. The action of Hy on the
agent’s state space defines a foliation by Hp-orbits. Passing to the orbit space produces a
nested sequence of reduced manifolds

Mo D My = Mo/Hl D - D Mg = ML—l/Hb (12)

which we interpret as the agent’s hierarchical state representation. Under static inputs,
world-tracking fixes the Noether-style labels associated with the omitted generators, so
trajectories remain on the corresponding orbit leaf; Eq. (12) formalizes our “nested invariant
manifolds.” The Spencer complex provides the compatibility conditions ensuring that these
layered constraints are integrable (no hidden obstructions when one moves across levels)
(Goldschmidt, 1967; Seiler, 2010).

Appearance/semantic parameters are part of the symmetry. In our generative
view on “cat”, all controllable attributes—pose and articulation, shape, illumination, tex-
ture, reflectance, eye/fur color, etc.—live in the configuration space C and are acted upon
by the same Lie pseudogroup G. Equivalently, we may (locally) decompose

C ~ Cpose/artic X Cshape X Cappearancea G ~ Gpose X Gshape X Gappearancea
and require the generative map to be equivariant with respect to the full action,
fly-e) = p(v)- fle),  ~€G. (13)

Here p is the induced (generally nonlinear) action on image space, which covers not only
geometric moves but also appearance changes (color/texture fields, reflectance, etc.). Thus,
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L1E-PSEUDOGROUP STRUCTURE IN ALGORITHMIC AGENTS

the same hierarchical flag (11) may interleave pose-, shape-, and appearance-level genera-
tors; when a subgroup in the flag is “frozen,” its labels are fixed and the system descends to
the corresponding orbit quotient. For purely discriminative tasks (e.g., “cat/not-cat”), one
may choose to quotient out some appearance factors at the top (yielding invariance). For
world-tracking, the agent typically remains equivariant to all of them, so that p(z) ~ Ty
follows those changes.

When inputs vary slowly or the internal hypothesis updates, level k produces a small residual
transformation in the quotient, e, € Hjy_1/Hy, with e, = exp(nSE), where {Si} span
the Lie directions present in Hj_; but absent from Hj, and n{ are the error coordinates.
These residuals induce drift/updates along M.

The hierarchical construction above does not require coarse-graining. In practice, however,
after canonicalizing the incoming signal by the current prediction, it is often useful to apply
a task-dependent coarse-graining operator before passing the residual upward, to improve
noise robustness and ensure that each level sees the information relevant at its scale. This
“irons out” small mismatches without altering the orbit-quotient logic.

Appendix B. Generative vs. Predictive Hierarchies

In the Lie—pseudogroup formulation, hierarchy has two complementary directions: a gen-
erative (synthesis) order that goes from coarse to fine, and a predictive (inference) loop in
which predictions flow top—down while errors flow bottom—up.

Near the identity, we factor world transformations as

with a decreasing flag of cumulative remainders
Hk = Ak+1-~AL, H():G, HL = {6}, (15)

so the new directions at level k are (locally) Ay ~ Hy_1/Hjy. Quotienting by Hy, yields the
nested reduced manifolds

Mo D M1 ::Mo/Hl D - D ML ::ML_l/HL. (16)

Generative (synthesis) order: coarse — fine. To generate an instance from Iy, first
fix the coarse orbit/quotient labels (which leaf of Mj, Ma,...), then compose the finer
coset moves in order:

I=nq1p = (P qW)ny, AW e Ay~ Hy oy /Hy. (17)
Predictive (inference) loop: predictions down, errors up. At time ¢ level k carries

Yk(t) € Hy and issues a top—down prediction fk = A - Ip. The mismatch with the datum
Tyt is explained (for small errors) by a bottom—up residual in the quotient,

ey € Hp_1/Hyp ~ Ay, e, = exp(nSh), (18)

estimated by linearising the action at I Level k updates with the part it can realise inside
Hj, and passes only the unresolved quotient directions upward (e.g. nx = Pini + Qrnk, send

Qrnk)-
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Static vs. adiabatic. With static inputs, equivariance plus tracking fix the Noether-style
labels of the omitted generators, so trajectories remain on a leaf Mj. Under slow drift,
these labels are adiabatic invariants and residuals induce controlled motion within M.

Appendix C. From Lie Hierarchy to a Blender Rig (Flow-style Cat)

A production rig in the software BLENDER (Community, 2018) provides a concrete reali-
sation of our Lie-pseudogroup hierarchy for a cat character (as in a scene of the Blender-
generated movie Flow). Let C collect all controllable model parameters (pose, articula-
tion, shape, groom, materials, lighting, camera), and let f : C — R¥X render an image
(Cycles/Eevee). We arrange the local action of G near the identity as a factorisation
v =~E) .. 4D with 4(¥) € A, and define the remainder flag Hy, :== Ay, --- A, (§A). The
table below maps levels to standard Blender constructs (see also Figure 3):

Level £ Generators Ay (local) Blender construct (examples)

1 Camera SE(3) and lens camera.matrix_world, focal length, sensor

2 Global body/root SE(3) armature root bone (pose.bones["root"])

3 Torso/spine chain (PoE) spine bones, FK/IK; constraints, drivers

4 Limbs/paws/tail (PoE) limb bones; IK solvers; stretch-to constraints

5 Facial morphology shape keys (blendshapes), jaw/ear bones

6 Fur/appearance material node params (albedo/roughness); groom P.C.s
7 Illumination gauge light transforms; spherical-harmonic coeffs

8 Environment /camera jitter ~world rotation; rolling shutter, exposure

Compositional action (PoE). Rigid/articulated motion uses the product-of-exponentials
(PoE) (Lynch and Park, 2017):

T(9) = ( I1 e[Sn]an) M, (19)

nEchain

with twists [S,,] € se(3) for bones and M the bone’s home pose. This is exactly the ordered
composition v¥) € A;, at the geometric levels (2-4). Appearance and lighting levels act by
nonlinear but smooth pseudogroup transformations on shader/groom/light parameters; the
induced action p(y) on image space remains local (§2).

Orbit quotients and nested manifolds. Freezing levels up to k (i.e., quotienting by
Hj,) collapses all configurations equivalent under those generators, yielding the reduced leaf
My, = My_1/Hy. For a static shot, world-tracking pins the Noether labels of the omitted
generators, so the render/feature readouts stay constant on My (cf. Eq. (12)).

Predictive residuals in practice. At frame ¢ level k& predicts fk = A Ip (rendered
from é;). The error 61y = Ig) — Iy, is explained by a small residual e € Hy_1/Hy =~ Ag:
linearise the image change along the level-k generators,

61y ~ Y VI, e exp(nish), (20)
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where V" are image-space velocities induced by basis st e Lie(Ag) (estimated by finite-
difference renders). Update 4y < 4% exp(Pgnr) using the part Pyny realisable within Hy,
and pass the unresolved component Qgn, upward (§3.2).

Blender blueprint (schematic). Parameterisation. A minimal state vector can include:
camera (6 + lens), root (6), ~20-40 joint angles (PoE), 10-30 shape-key coeffs, 3-8 groom
principal components, 9 SH lighting coeffs; the exact split defines the sets Ai. Application.
Within bpy, each fy(k) is applied by writing pose bone transforms, shape key values, material
node sockets, and light /world transforms, then rendering to a buffer:

I = f(/™- &1).

Spencer/compatibility as rig constraints. Blender’s dependency graph (constraints,
drivers, IK) enforces integrability of the layered actions—precisely the “no hidden obstruc-
tion” condition captured abstractly by the Spencer complex (Seiler, 2010). In practice: no
cycles in drivers; consistent bone/rest matrices; shader/groom parameters driven only by
lower levels or constants.

Why this matches the movie-making intuition. The director’s controls are inher-
ently hierarchical: camera and blocking first, then body motion, then paws/tail, then facial
nuance, then appearance/lighting. Our G = Hy D --- D Hp, flag formalises that workflow:
each stage defines a quotient leaf My, (solid arrows in Fig. 2), while residuals Hy_q/Hj
move the solution along that leaf (dashed arrows), until the frame’s constraints are met
(static case) or track a slowly varying target (adiabatic case). The PoE levels (2-4) give
exact Lie-group composition; appearance/lighting act as smooth pseudogroup charts.
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Local factorization
§ = ADyO) AW A8 ¢ 4,

Flag & quotients
Hy = Apyr - A7, My = M1 /Hy

Generative hierarchy (coarse — fine)

Level 1: Camera & Lens A; ~ SE(3) x R
Blender: camera.matrix_world, focal length, sensor; rolling shutter/exposure

A

4

Level 2: Global Body / Root A,
Blender: Armature root bone (pose.

~ SE(3)

bones ["root"]); constraints/drivers

A

4

Level 3: Torso/Spine Chain

(PoE) Ay ~ Rrswine

Blender: Spine FK/IK bones; Jacobians from twists [S,]; drivers

A

4

Level 4: Limbs/Paws/Tail
Blender: Limb/tail bones; IK

(PoE) Ay o RMimb

solvers; stretch-to; constraints

A

v

Level 5: Facial Pose & Morphology Az ~ R
Blender: Shape keys (blendshapes), jaw/ear bones; drivers

A

v

Blender: Material node params (albedo, roughness, specular); groom PCs

A

Y

Level 7: Ilumination & Envir

onment A; ~ SE(3) x Risu

e e L e T TP

Blender: Light transforms; world rotation; spherical harmonic coeffs

Figure 3: Blender cat example hierarchy as a Lie-pseudogroup ladder. Solid arrows (left)
show the generative order (coarse — fine). A right-hand fine — coarse error rail
aggregates bottom-up prediction residuals (dashed arrows) with short connectors
from each level. Each level Ay is a local group/pseudogroup factor; the flag
Hy, := Ag1q -+ A7 induces nested quotients Mj,.
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