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Abstract

This paper considers a challenging problem of identifying a causal graphical model under the
presence of latent variables. While various identifiability conditions have been proposed in
the literature, they often require multiple pure children per latent variable or restrictions on
the latent causal graph. Furthermore, it is common for all observed variables to exhibit the
same modality. Consequently, the existing identifiability conditions are often too stringent
for complex real-world data. We consider a general nonparametric measurement model
with arbitrary observed variable types and binary latent variables, and propose a double
triangular graphical condition that guarantees identifiability of the entire causal graphical
model. The proposed condition significantly relaxes the popular pure children condition.
We also establish necessary conditions for identifiability and provide valuable insights into
fundamental limits of identifiability. Simulation studies verify that latent structures satisfying
our conditions can be accurately estimated from data. We also illustrate the practicality of
our conditions with a real data example.

1 Introduction

Discovering causal relationships under the presence of latent variables is a fundamental challenge in ob-
servational studies such as psychology and education, as well as modern machine learning and generative
modeling (Bollen, 2002; Pearl, 2014). Latent variables are especially valuable in these domains as they offer a
low-dimensional, interpretable representation that captures substantively meaningful concepts and effectively
summarizes high-dimensional data. For instance, in educational assessments designed to evaluate students’
understanding of key concepts, only their responses are observable, whereas the underlying conceptual
knowledge is latent. Often, these latent variables have interpretable causal relationships among themselves.
Consequently, an important problem is to identify this latent graph structure using only the noisy, observed
measurements.

This problem — also commonly known as identifiability of latent causal structures — has been studied from
numerous perspectives. Traditional studies have largely focused on models with continuous variables with
linear or additive structural equations (Silva et al., 2006; Anandkumar et al., 2013; Huang et al., 2022; Xie
et al., 2022; 2024; Montagna et al., 2023; 2025; Moran & Aragam, 2026), and established various conditions
that guarantee model identifiability. Despite the attractive parsimony, this modeling assumption can be
unrealistic in practice, as the latent concepts can be discrete and the relationship between the latent and the
observed may be non-additive. For example, in educational assessments, it is common to consider binary
latent variables to model cognitive abilities, whose values correspond to mastery or deficiency of a certain
skill, say addition or multiplication (Junker & Sijtsma, 2001; von Davier, 2008). These models are often
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highly non-linear, motivated by the fact that solving a question correctly requires the interaction of multiple
latent skills.

Consequently, causal discovery with discrete latent variables has received growing attention in recent years.
As causal graphical models with latent variables are non-identifiable without further assumptions (Spirtes
et al., 2001), existing works have focused on proposing sufficient conditions for identifiability. In particular,
common identifiability conditions for discrete latent variable models include (a) structural constraints on
the latent graph, such as trees (Pearl & Tarsi, 1986; Song et al., 2014; Wang et al., 2017) or graphs with no
triangles alongside atomic cover assumptions (Kong et al., 2024), (b) requiring two or three pure children
(observed variables with exactly one latent parent) per latent variable (Gu & Dunson, 2023; Chen et al., 2024;
2025; Lee & Gu, 2026), or (c) assuming a mixture oracle that recovers the order of all marginal modes (Kivva
et al., 2021)!. However, these existing results do not guarantee identifiability for complex causal structures
where both the latent graph and the latent-to-observed graph are allowed to have many edges. For instance,
only Kivva et al. (2021) can identify the graphical structure in Figure 1, by relying on the strong assumption
of a mixture oracle.

Figure 1: Example of an identifiable causal graphical structure. Here, H = {H;, Ho, H3} denotes the
unobserved hidden/latent variables, and X = {X,..., Xg} denotes the observed responses. The edges of the
DAG are partitioned into the latent graph A (indicated by the dotted red arrows) and the latent-to-observed
bipartite graph T’ (indicated by the solid black arrows).

This work proposes a new and significantly weaker set of conditions under which all components of the
causal graphical model (both the graphs and conditional probabilities) are identifiable. We work under a
setting where the latent variables are binary but the observed responses can be arbitrary and have flexible
non-linear distributions. Binary latent variables are common in many applications, and can model a students’
mastery/non-mastery of a skill or a patients’ presence/absence of a disease. In particular, our proposed
identifiability result shows that complex causal structures such as that in Figure 1 can be identified.

Organization and main contributions This paper is organized as follows. Section 2 formalizes the
model setup and assumptions. Section 3 provides our main theoretical contributions regarding identifiability,
which we further elaborate below.

(a) We propose sufficient conditions for identifiability without any parametric or latent structural
requirements. Our main condition is the double-triangular graphical condition, which requires two
distinct triangular structures in the latent-to-observed graph I' (see Theorems 1 and 2). These
conditions are easily checkable and significantly weaker than those in the existing literature. In
particular, we make no assumptions on the latent causal structure, do not require pure children or
parametric forms, and allow arbitrary response types for the observed variables. Thus, our framework
is broadly applicable to a wide range of real-world problems.

(b) We also propose necessary conditions for identifiability. In Theorems 3 and 4, we show that each
latent variable must have at least three observed children, and the latent-to-observed graph must
have non-nested columns (the so-called subset condition, see Definition 4). While these necessary
conditions do not exactly match our sufficient conditions, they help depict the fundamental limits of
identifying causal models with binary latent variables.

IWhile there exist identifiability results for linear models with continuous latents that do not fall into the three categories
(a)—(c) (e.g. see Anandkumar et al. (2013); Adams et al. (2021); Li et al. (2025)), they do not extend to nonlinear models with
discrete latents.
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In Section 4, we conduct experiments on both simulated and real data to demonstrate the implications and
practical usefulness of our identifiability theory. Finally, Section 5 discusses directions for future work.

1.1 Other related works

Structure learning with latent variables Learning graphical structures in the presence of latent variables
has been widely studied, and there exist many works that learn (a) the latent structure up to a certain class
of ambiguities (e.g. ancestral graphs in Richardson & Spirtes (2002) and Ali et al. (2009) or atomic covers in
Xie et al. (2022)) or (b) the graphical structure among observed variables (Evans, 2018; Frot et al., 2019;
Gordon et al., 2023). In particular, Evans (2018) considered a flipped setting (compared to ours) with discrete
observations and arbitrary latent variables. However, our problem of identifying the causal structure over all
variables, including those related to latent variables, is distinct from these line of works. Mainly, we work
under the so-called “measurement model” (see Assumption 1) to resolve such ambiguities and identify the
complex causal relations among the latent variables.

Identifiability of hierarchical latent structures Recently, identifiability issues have been explored for
hierarchical latent structure models that allow latent variables without any observed children (Anandkumar
et al., 2013; Xie et al., 2022; Kong et al., 2024; Xie et al., 2024; Lee & Gu, 2026; Dong et al., 2023). Under
our general setup without any structural/parametric assumptions, it is impossible to recover hierarchical
structures since such latent variables not directly measured by observed variables can be marginalized out
without changing the likelihood, and we do not consider this direction.

Paper \ Criteria Know K Assume pure children Response type restrictions

Kivva et al. (2021) X X Continuous

Chen et al. (2024) X 0) Discrete

Chen et al. (2025) X 0O X

Lee & Gu (2026) 0] N? X
Ours X X X

Table 1: Comparison of identifiability results for directly related works with discrete latent variables. Legend:
O = Yes/required, X = no/not-required, A = partial.

Directly related works that consider discrete latent variables (Kivva et al., 2021; Chen et al., 2024; 2025; Lee
& Gu, 2026) are discussed in detail in Appendix A. In Table 1, we summarize the setup and assumptions of
these works and compare with the current paper.

2 Background

2.1 Model setup and assumptions

We start by defining notations for the considered causal graphical models. Let G = (V, E) be a directed
acyclic graph (DAG), where the vertex set is partitioned as V = (X, H), with observed variables X =
(X1,..., X)) € H;-le X; and binary hidden/latent variables H = (Hi, ..., Hr) € {0,1}%. As mentioned in
the introduction, positing binary latent variables are common for modeling discrete concepts, for example to
model mastery/deficiency of cognitive skills in educational testing data. This also turns out to be crucial for
our technical arguments as well as for allowing minimal restrictions on observed sample space X;s, as further
elaborated in Appendix G. The observed variables are not necessarily discrete, and can be arbitrary types of
responses, as long as each sample space & is a nondegenerate separable metric space. Throughout the paper,
we will work under this setting, which can allow flexible modeling of multi-modal data that includes both
discrete and continuous responses.

2While the strict identifiability therein requires pure children, this is relaxed for the generic result.
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We separate our global model assumptions into those on the graph structure G and that on the probability
distribution on the vertices V. First, regarding the graph G, we work under the following measurement model
assumption (Silva € Scheines, 2004; Silva et al., 2006; Kivva et al., 2021).

Assumption 1 (Measurement model). Assume that there are no edges (a) between the observed variables X
and (b) from observed to hidden variables.

Assumption 1 states that the observations are noisy measurements of the latent. This assumption is natural
in domains including psychometrics and medicine, where observable test answers (or symptoms) do not
cause one another, but are instead common effects of unobservable underlying skills (or diseases). Then, we
decompose the edge set as E = AUT, where A collects the edges among the hidden variables H (i.e. the
latent causal graph), and T' collects the edges from one hidden variable to one observed variable (i.e. the
latent-to-observed bipartite graph). With a slight abuse of notation, also let T denote the J x K bipartite
graph adjacency matrix where the (j, k)-th entry -, 5 is an indicator of whether there is an edge from Hj, to
X;. See Figure 1 for a visualization. Note that an observed variable can have all latent variables as parents
(X4) or no parent (Xg).

Next, we discuss assumptions on the probability distribution P(V') = P(X, H). We assume that P(V') follows
the causal Markov property under G and is faithful, which are fundamental assumptions for learning graphical
models (Spirtes et al., 2001).

Assumption 2 (Basic graphical model assumptions). Assume the causal Markov property

P(V) =[] B(Vi|pa(Vi)
Viev
K J
= [ P(H:x | pa(Hy)) H (X, | pa(X;)).
k=1 j=1

Also, assume that P(V') is faithful to G in the sense that the conditional independence relationships embedded
in the DAG G is equal to that in P(V).

We additionally impose the following nondegeneracy assumption.

Assumption 3 (Nondegeneracy). The probability distribution of V = (X, H) satisfies:

(a) All latent configurations are allowed, that is P(H = h) > 0 for all h € {0,1}%.

(b) For each j, the conditional distributions of X; are distinct across latent configurations: P(X; € C; |
pa(X;) = h) #P(X; € C; | pa(X;) = 1') for all h # k' € {0,1}IP(X0)l and ¢ # C; C X;.

(¢) Each latent variable Hy has at least one observed child. In other words, T' has no all-zero columns.

We elaborate more on each condition. Here, Assumption 3(a) ensures full support over all latent configurations.
Assumption 3(b) ensure nondegeneracy of all conditional distributions that correspond to each edge in the
latent-to-observed graph I'. Note that we only require the conditional distributions of X; to be distinct for
each configuration of the latent parents, and do not assume full rankness of the matrix P(X; | pa(X;)). These
two conditions are standard for identifying discrete latent causal models (e.g. see Assumption 2.4 in Kivva
et al. (2021) or Condition 4.1 (i) in Chen et al. (2024)). We refer the interested reader to Appendix A in
Kivva et al. (2021) for examples arguing the necessity of these conditions. In particular, in Appendix B of
this paper, we provide an alternative example with binary responses that highlights the need for the second
condition. Assumption 3(c) rules out unmeasured latent variables without any observed child. While this is
often considered as part of the measurement model setting, we spell this out to clarify that no hierarchical
(or multi-layer) latent structures are considered, as discussed in Section 1.1.

Based on Assumption 3, we formalize the class of models that we will consider as binary latent causal models.

Definition 1 (BLCM). A Binary Latent Causal Model (BLCM) on the graph G = (V, E) is a probability
distribution P(V') that satisfies Assumptions 1-3.

Remark 1 (Comparison with assumptions in the literature). One distinction of this paper compared to other
discrete latent causal models (Kivva et al., 2021; Chen et al., 2024; Kong et al., 2024) is that we assume
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a priort that all latent variables are binary. While this is a stronger assumption, it is highly interpretable
and also grants additional flexibility. To elaborate, the cited papers require additional conditions on top of
Assumption 3, such as no twins and mazimality, to deal with the merging and splitting of latent variables.
We do not require such assumptions.

Also, note that we do not impose any structural assumptions on the latent graph A; it can be an arbitrary
graph that ranges from a tree to a complete graph, and can even allow isolated latent variables (without any
latent neighbor). This stands in contrast to many previous approaches that restrict the latent graph to be a
tree (Pearl & Tarsi, 1986; Choi et al., 2011) or forbids triangles (Kong et al., 2024).

2.2 Objective: ldentifiability

Under the above modeling assumptions, our goal is to identify all model components of the BLCM from the
observed distribution P(X):

1. The number of latent variables K,
2. The latent DAG A and the latent-to-observed bipartite graph T,
3. The distribution of the latent variables P(H) and the conditional observed distributions P(X; | H).

Here, it is important to clearly define the notion of “identifiability”, as the exact definition varies by different
models and papers. We wish to adopt the most stringent, statistical notion of parameter identifiability. In
other words, by viewing the above model components as a parameter vector 6, we say that an identical
observed distribution P(X;60) = P(X;0’) implies identical parameters 6 = ¢’.

Unfortunately, identifiability in latent variable models is subject to various fundamental ambiguities, and
the above definition does not directly apply. First, we consider identifiability up to latent variable label
permutation (e.g., H; and Ha can be re-labeled in Figure 1) and sign-flipping (e.g., the meaning of H; =0
and H; = 1 can be permuted). These two ambiguities are fundamental under the presence of categorical
latent variables (Lee & Gu, 2026). Additionally, in terms of identifying the graphical structure, we identify the
latent graph A up to its Markov equivalence class. It is well known that the edges F = (A, T") are identifiable
only up to Markov equivalence, even when the entire distribution P(X, H) is known (Pearl, 2014; Spirtes
et al., 2001). Under the measurement model assumption described earlier (Assumption 1), the bipartite
graph I" does not suffer from this problem and can be fully identified. A rigorous definition of these trivial
ambiguities are provided in Appendix C.1.

Based on the above considerations, we formally define the notion of identifiability that will be used in the
remainder of the paper.

Definition 2 (Identifiability). Consider a BLCM with distribution P(V) on G = (V, E), with variables
V =(X,H) and edges E = AUT. We say that the latent dimension K is identifiable if there is no alternate
BLCM with distribution P(V) on G = (V, E) that satisfies the following:

(a) V = (X, H) for latent variables H € {0, l}g such that K < K.
(b) P(X) =P(X), that is, P and P define identical marginal distributions.

Nezt, given the latent dimension K, we say that the remaining model components (F,P) are identifiable when

there is no alternate BLCM with distribution fﬁ’(f/) that satisfies the above condition (b) and the following
conditions (a’), (c):

(a’) V = (X,H) for latent variables H € {0,1}%.

(c) (E,P) is distinct from (E, ]f]’) up to label permutation, sign-flipping, and Markov equivalence (see
Definition 5 for details).

Definition 2 ensures that no alternate, nontrivial BLCM \Zvvith K < K latent variables defines the same
observed distribution P(X). The alternate latent dimension K is restricted to address a final source of trivial
non-identifiability that arises from the existence of redundant latent variables (e.g. see Lemma 1 in Evans
(2016), or the notion of minimality in Markham & Grosse-Wentrup (2020)). In other words, we can always
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create redundant latent variables by splitting existing ones. This restriction can be avoided at the cost of
imposing additional constraints on alternate BLCMs (see Remark 4 and Proposition 2).

2.3 Notations

For an integer K, write [K] :={1,..., K}. Recall that V = (X, H) collects all observed and hidden variables.
For any variable v € V', we use standard graphical model notations and let pa(v), chx (v) denote the parent
variables and observed children (in X) of v, respectively. For example, in the setting of Figure 1, we have
pa(Xg) = {H17H2} and ChX(HQ) = {X27X4,X6,X7}. Let H(,k) =H \ {Hk} denote the set of all hidden
variables except for Hy. Write P, ;, := P(X, | H = h) as the conditional probability for the observation X,
and let 7w, := P(H = h) be the probability of the latent configuration h. Under categorical observations with
|X;| < oo, for any S C [J], let P(Xg | H) denote the conditional probability table whose rows and columns
are indexed by [];.¢ A and {0, 1}, respectively. Let m = (Th)he{o,13x collect all mixture proportions, and
let diag(m) be the 25 x 2K diagonal matrix with entries of 7 on the diagonal. For two binary vectors h, h’ of
the same length, write h = h’ when hy, > hj, for all k.

3 Main ldentifiability Results

3.1 Sufficient Condition

We present our main result on sufficient conditions that guarantee that the entire BLCM is identifiable.
Interestingly, all our conditions are neatly stated in terms of the bipartite graph I". The key concept is the
following “double triangular” structure in I'.

Definition 3 (Triangular Imatrix). A K x K matriz I'y with binary entries is “triangular” when it can be
written as the following form after arbitrary row and column permutations:

1 00 ... 0
* 1 0 ... 0

r=|* * 1 ... 0] (1)
¥ ok ok 1

Here, each = € {0,1} denotes an arbitrary value.

Additionally, we say that the J x K bipartite adjacency matriz I’ is “double triangular” when it can be written
(after possibly permuting the rows) as:

r=|1.], (2)

where the K x K matrices T'1,Ty are triangular (with potentially different column permutations). The
remaining (J — 2K) x K matriz T3 can be an arbitrary matriz, and may have zero rows.

Example 1. Still consider the graphical structure with K = 3 latent variables and J = 8 observed vari-
ables from Figure 1. Here, we verify that this structure is double triangular by explicitly defining the row
permutation that gives (2). For example, if we define I'1,T'2,T's to correspond to the observed variables
(le7 XQ, ng)7 (XG, )(77 )(5)7 (X4, Xg), we get:

100 01 0 l 100 L1
=1 1 0|, my=[0 1 1P (1 1 o], 1“3:(0 0 0)'
101 101 01 1

It is immediate that Ty is a K x K triangular matriz, and T's can also be written as a triangular matriz after
permuting the columns.
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Remark 2 (Comparison with the pure children condition). The double triangular condition (2) generalizes
the popular “two pure children per latent” condition that guarantees identifiability of various latent variable
models (Xie et al., 2022; Chen et al., 2022; Lee & Gu, 2026). Note that an observed variable X; is called
a pure child when it has exactly one latent parent Hy, or equivalently, the corresponding (jth) row in T
is a standard basis vector e. By setting all the arbitrary values indexed by * in (1) equal to zero, we get
'y =T9 = Ixg. This is equivalent to assuming two pure children per latent variable. Thus, the double
triangular condition relaxes the two pure children condition by allowing a significantly denser bipartite graph
T.

To illustrate this we consider applications in educational testing, where there are often complex skills that are
measured alongside another skill, as opposed to having observed pure children. Various real-world test designs
and estimated graphical structures satisfy the double-triangular condition, but violates the usual two pure
children condition. For example, the test design for TOEFL reading (see Table A2 in von Davier (2008)) does
not contain any pure children for the complex skill “Synthesize and organize”, but this design still satisfies
our double triangular condition. The same phenomenon can be observed for the estimated bipartite graph I' of
a benchmark educational dataset as well (see Table 10 in Appendiz F).

Remark 3 (Verifying the double triangular condition). To verify the double triangular condition, one can
take a greedy approach to sequentially search triangular sub-matrices. To elaborate, first find a standard basis
row-vector ey. For erxample, this is the bold row in the left term in the below equation. This becomes the
first row in the triangular structure in (1) after row/column permutations. Let T be the (J —1) x (K — 1)
matriz obtained from I' by removing the corresponding row and kth column (marked blue below).

Next, we search for a standard basis row-vector in ') | which is computationally as easy as the step above.
For example, this is the bold row in the right term of the below equation. This procedure searches the second
row in (1). This is because after removing the first column in (1), the second row in (1) (of length K — 1)
must also be a standard basis vector. By continuing this procedure inductively, we can identify a triangular
structure. We can repeat the same procedure for the remaining rows to search for the second triangular
structure.

101 2nd l 1 1
r=1lo 1 o remove 2nd row / co F(l) _ <0 1> '
0 1 1

In practice, the double-triangular condition can be verified in multiple ways. For example in Figure 1, the
row-indices for the triangular matrices T'y,T'y can be chosen as (a) {1,2,3}, {5,6,7}, (b) {1,3,7}, {2,5,6},
or (c) {1,5,7}, {2,3,6}. Thus, while the success of the above procedure may require multiple restarts in
worst-case settings, it can practically verify the double-triangular condition.

Now, we present our main identifiability results. We start with identifying the latent dimension K.

Theorem 1 (Identifying K). For each j, let X; be a nondegenerate separable metric space. Suppose that the
true I'-matrixz is double triangular. Then, the number of latent variables K is identifiable.

The proof argument is based on the following key property, which shows that a triangular matrix I'; forces
the corresponding conditional probability table to have full rank. We prove Lemma 1 in Appendix D, and
Theorem 1 in Appendix C.

Lemma 1. Consider a BLCM with binary responses, that is X; = {0,1} for all j. Suppose that the T'-matriz
corresponding to X1, ..., Xy is lower-triangular and can be written as in (1). Then, the 25 x 2K conditional
probability table P(X1.x | H) has full column-rank.

Here, for simplicity, we prove Theorem 1 assuming binary responses. The full proof under general responses

builds upon discretizing the sample space X}, and is postponed to Appendix C.

Simplified proof of Theorem 1. As the true model is double triangular, let S; and S; denote two disjoint
subsets of [J] that index the rows of 'y and T, respectively. Under the modeling assumptions and recalling
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that 7 := (7 ) peqo,13x for mp = P(H = h), we can write

P(Xs,,Xs,) =P(Xs, | H) x diag(m) x P(Xs, | H)" (3)
9151 |x2K 2K x 2K 2K x2|52|
= Z mP(Xs, | H="h)oP(Xs, | H=Hh).
he{0,1} X

Here, o denotes the outer product of vectors. Now, Lemma 1 implies that P(Xg, | H),P(Xs, | H) have full
column rank of 2%, Additionally, under part (a) of the nondegeneracy Assumption 3, the diagonal matrix
diag(m) also has full rank 2. Thus, P(Xg,, Xg,) has rank 2.

Now, consider an alternative model with L < K latent variables (indexed by G,P) that defines an identical
marginal distribution for the observed variables P(X) = P(X). Then, writing 7, := P(H = h), we must have
P(XSH ) st) = I?D(Xsl ) st)
= ﬁ()(5’1 ‘ ﬁ) X dlag(;a X IF(XSZ | ﬁ)—ra
—_—— —— —/ ——

olsyIx2l 2L x 2L 2L % 21S2|

which gives rk(P(Xs,, Xs,)) < 2F < 2K, Thus, we have a contradiction, and such an alternative model does
not exist. N

Remark 4 (Allowing alternative models with more latent variables). Note that Theorem 1 only identifies
the lower bound of K, as we consider alternative models with “K < K”in property (a) of Definition 2. This
restriction for K can be relazed (i.e., the precise value of K can be identified), at the cost of considering
alternative BLCMs that are double triangular. The proof argument is similar to Theorem 1, see Proposition 2
in Appendiz C for a formal statement.

Now, we move on to identifying the remaining model components. We show that the bipartite graph I" of a
BLCM with given K is identifiable when I' is double triangular. To identify the latent DAG A as well as all
conditional distributions IP; 5, and latent proportions m, we additionally require the following subset condition.
This condition was first proposed in Pearl & Verma (1992) for latent causal graphical models, and was also
assumed in several recent works as well (Evans, 2016; Kivva et al., 2021).

Definition 4 (Subset condition). We say that the J x K matriz T satisfies the subset condition if for different
latent variables Hy, # Hy, chx (Hy) is not a subset of chx (H;) and vice versa; or equivalently, there exists no
partial order between any two columns of T indexed by k # .

The subset condition is not directly implied by the double triangular assumption, as the columns of I" may
exhibit a partial order when all * values in (1) are set to 1, and both T';,T's in (2) exhibit an identical
triangular structure. However, the subset condition is satisfied when there exist a pure child for each latent
variable, so this condition is weaker than assuming pure children.

Theorem 2 (Identifiability of model components). Consider a BLCM with o known latent dimension K.
Assuming that (i) the true T-matriz is double triangular, and that (ii) all columns in T's of Definition 3 are
not empty, T is identifiable. Additionally, when the true T'-matriz satisfies the subset condition (in addition
to (i) and (ii)), the latent graph A and probability distribution P are identifiable.

Proof sketch of Theorem 2. For simplicity, suppose all sample spaces &; are binary. Similar to earlier, let
S1, 82,53 be the partition of [J] such that each S, index the rows of T',. Our key idea is to show that the
following tensor CP decomposition (a three-way generalization of the matrix decomposition (3)) of the full
marginal distribution P(X) is unique:

P(Xs,, Xy Xsy) = | P(X, | H) x ding(m), P(Xs, | H), P(Xs, | H)| (4)
—_——— N——
2|5‘1\><2K 2K oK 2|5‘2\><2K 2\53|><2K
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= > mP(Xs, | H=h)oP(Xs, | H=h)
he{0,1}X
oP(Xg, | H=h).

See Lemma 3 for additional details and notations for tensor decompositions.
We separate the proof into three steps as follows.

Step 1: Apply Kruskal’s theorem to identify the components in (4). By Lemma 1, the first two components of
(4) have full column rank. Also, Assumption 3 implies that all columns of the third component are distinct.
This allows us to apply Kruskal’s theorem for the uniqueness of tensor decompositions (Kruskal, 1977, also
see Lemma 3). Hence, we can identify the three components of (4) up to a permutation of 2% components.

Step 2: Identify the bipartite graph I'. We identify the bipartite graph I" up to a permutation of its K
columns. The main idea is to partition the 2% tensor component indices based on the corresponding columns
of P(Xg, | H) in (4), and resolve the label permutation based on the triangular structure of I';. Then, we
identify each row of I" via an induction on k =1,... K.

Step 3: Identify m,P; n, and the latent DAG A. Using the assumption that I' satisfies the subset condition,
we map each tensor component in (4) to a binary vector representation, up to label permutation and sign
flipping. Given this, 7 and PP;;, are identified by marginalizing out each component of (4). Finally, using
faithfulness (Assumption 2), the DAG A can be identified up to its Markov equivalence class from . O

Remark 5 (Extension to general responses). The above proof argument generalizes to arbitrary observed
variables that take values in any nondegenerate metric spaces (as stated at the beginning of Section 2) by
discretizing the sample space. By choosing a wise discretization, the discretized observations still satisfy
Assumption 3(b), and a similar argument using Kruskal’s theorem can be applied to identify the DAGs and
the latent proportion vector w. Identifying the conditional distribution itself is trickier, for which we use
ideas from measure theory (separating classes) to identify the full conditional distributions (e.g., continuous
densities) from the discretized p.m.f.

Next, we revisit our running example in Figure 1 and illustrate that the conditions in Theorem 2 are easy to
check.

Example 2. Recall our running example from Figure 1 and Example 1. We have already verified that T' is
1 1 1
0 0 0
subset condition since there is no partial order between any two columns. Thus, the BLCM parameters with a
graphical structure as in Figure 1 is identifiable by Theorem 2.

double triangular, and the remaining matriz I's = ( ) has no empty columns. Also, T' satisfies the

Remark 6 (Discussion on the identifiability notion). While Theorem 2 imposes assumptions on the true
model components, it establishes identifiability against arbitrary alternative models (57 ﬁ) that only satisfy the
minimal BLCM requirements in Definition 1. In other words, we do not establish identifiability by assuming
that the alternative model also satisfies the double triangular condition. Note that this is more general than
the notion of recoverability often used in causal discovery.

Remark 7 (Relaxing the subset condition). One may assume alternative conditions on behalf of the subset
condition in Theorem 2. One possibility is to assume monotonicity of the latent variable H, by supposing

P],h(Cj) > Pj’h/(clj), Vh # h/ S.t hpa(Xj) >‘ h;a(Xj), (5)

for some fized baseline set C; C X;. For example, one may take C; = {1} for binary responses, and
C; = (0,00) for continuous responses. See the following proposition for a formal statement. While assuming
monotonicity does restrict the parameter space, it additionally resolves the sign-flipping ambiguity as well as
enhancing interpretability.

Proposition 1 (Modification of Theorem 2 under monotonicity). Consider a BLCM with a known latent
dimension K that satisfies the above monotonicity condition (5). Then, the BLCM is identifiable under
conditions (i), (ii) in Theorem 2.
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3.2 Necessary Condition

Next, we establish necessary conditions for identifiability. To summarize, we show that each column of I'
must not be too sparse (Theorem 3) as well as not too dense (Theorem 4).

When all responses are categorical, trivial requirements for identifiability follow from comparing the number
of equations and parameters. The following theorem strengthens this by showing that each latent variable
must be measured by at least three observed variables. This is a fundamental requirement under categorical
latent variables (beyond binary), and in fact we prove Theorem 3 under the general assumption of categorical
latent variables H (with known cardinality). This strengthens the usual requirement for two measurements
per latent (e.g. see Lemma 3 in Evans, 2016).

Theorem 3 (Three measurements per latent). For a BLCM with known K to be identifiable, it is necessary

for each latent variable Hy, to have at least three observed children. This necessary condition also holds when
the latent variables H are categorical (i.e., polytomous and not binary).

Theorem 3 justifies the decomposition of I' into three components as in (2). The sufficient condition in
Theorem 2 requires all columns of I';, to be non-empty, so each I', measures each latent variable Hj at least
once.

Our next necessity result proves the necessity of the subset condition (see Definition 4). This condition is
closely related to the sign-flipping of Hy = 0/1 for each latent variable, and the following result shows its
necessity even under a known graphical structure I'.

Theorem 4 (Subset condition). For a BLCM with known K > 2 and known T’ to be identifiable, the I'-matriz
must satisfy the subset condition.

In the following two examples, we motivate each necessary condition in Theorems 3 and 4.

e @ 4 @ h=(h1,hs) (0,0) (0,1) (1,0) (1,1)
™ 0.36 024 024 0.16
Tn 0.36 024 016 024
OIORORORONONONOROROD

Table 2: Counterexample of the subset
Figure 2: Counterexamples of three measurements per condition. The frst /second row denotes

latent. true/alternative proportion parameters /7.

Example 3 (Violation of three measurements per latent variable). Suppose that the true model follows the
DAG in the left panel of Figure 2, where the latent variable Ho is measured only twice. For simplicity, suppose
that the graphical structures (I, A) are known and that all observed variables are binary. As Hy and Hs are
independent, (X1, X2, X3) L Ha. Thus, one has to identify the conditional distributions associated with Hs
only based on P(Xy4, X5). Simply comparing the number of effective parameters for this structure (5 parameters,
as one parameter is required for P(Hs), and four parameters are required for P(X; | Ho = h),j =4,5,h =1,2)
versus the number of equations provided by the marginal distribution of (X4, X5) (3 equations, by counting the
number of configurations of (X4, X5) and noting the p.m.f. constraint) demonstrates non-identifiability. On
the contrary, the latent variable Hy does not suffer from this issue, as it has three measurements as opposed
to two. In fact, the conditional distributions P(X; | Hy) for j =1,2,3 are still identifiable.

Theorem 3 extends this non-identifiability argument to arbitrary latent structures such as that on the right
panel of Figure 2, where dependent latent variables Hy, Hy as well as additional latent parents of X4 are
allowed.

Example 4 (Violation of the subset condition). Consider a BLCM with K = 2 latent variables that are
independent: Hy L Hy (i.e. A= ¢) and P(Hy = 1) = P(Hy = 1) = 0.4. Suppose that we can write T as
in (2), where Ty =Ty =13 = } (1)
condition. Then, even though ' is identifiable by Theorem 2, the latent causal graph A is non-identifiable.
For this goal, the proof of Theorem /j constructs an alternative distribution P with 7, = P(H = h) as in the

. This T satisfies all conditions in Theorem 2 except for the subset
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second row of Table 2, and similarly define conditional probabilities Iﬁ’j’h‘ Under ]f", H, and Hs are dependent,
so the latent DAG A is non-identifiable.

In Appendix B, we illustrate that the necessary conditions in Theorems 3 and 4 themselves do not guarantee
identifiability, which justifies the gap between our necessary and sufficient conditions. Closing this gap is
certainly important, but also known to be notoriously challenging. One exception is the finite mixture model
with L mixture components and J binary observations, where J > 2L — 1 was recently shown to be the tight
identifiability requirement (Tahmasebi et al., 2018; Lyu & Yang, 2025). However, under a weaker notion
of “generic identifiability” that allows a measure-zero non-identifiable parameter space, Allman et al. (2009)
showed a much weaker sufficient condition of J > 2log, L + 1 (whose tightness is unknown).

Interestingly, viewing our causal model as a finite mixture with L = 2% components, the double-triangular
condition (more generally, Theorem 2) requires J > 2K + 1 = 2log, L 4+ 1 observed variables. It is quite
surprising that our non-generic result matches the generic result in Allman et al. (2009), and significantly
relaxes the requirement J > 25+1 — 1. Additionally, our lower bound on .J also relaxes that in other discrete
causal discovery works, such as J > 3K in Chen et al. (2024).

4 Experiments

We conduct experiments to empirically validate our identifiability results under finite samples. Building
upon the identifiability guarantees of the entire model, we implement a score-based estimator by discretizing
the continuous responses and maximizing the regularized log-likelihood. Our implementation first utilizes
a penalized EM algorithm (Ma et al., 2023) to learn the bipartite graph I" alongside the latent proportion
vector . Then, we use the estimated latent proportions 7 to recover the latent graph A. The implementation
details are provided in Appendix E.2.

The primary purpose of the experiments is to better understand the consequences of identifiability results
in simulated and real data. Using simulated data, we validate the identifiability result in Theorem 2 and
also validate the necessary conditions in Theorems 3, 4. Finally, we provide a real-data illustration of the
double-triangular condition. Throughout the first two simulated experiments, we assume that the number of
latents K is given, and focus on evaluating the causal graph recovery. We conduct additional experiments
regarding selecting K in Appendix E.3, where we validate Theorem 1.

Experiments under varying latent structures Following Figure 1, assume a true BLCM with K =3
latent variables and J = 8 observed variables, where X1, X5, X3, X4 are binary and X5, Xg, X7, Xg are
continuous. We assume that X5, X5 are generated from a Normal and that X7, Xg are generated from
a Cauchy distribution. Note that the distributional assumptions are not used for estimation. In terms
of the graphical structures, I' is defined as in Figure 1, and we consider three settings for A: (a) chain
(Hy — Hy — Hsj), (b) collider (H; — Hy < Hg3), (c) all dependent (as in Figure 1). We consider varying
sample sizes of N = 1000, 5000, 10000, and conduct 300 independent simulation trials for each setting.

SHD(T',T) SHD(A, A)
1k 5k 10k 1k 5k 10k

Chain 1.90 164 148 0.57 0.46 0.38
Collider 251 224 205 036 027 0.24
Dependent 1.83 1.56 1.35 0.45 0.41 0.35

A\ N

Table 3: SHD for estimating I' and A, smaller is better. Maximum error for I', A is 24, 3, respectively.

In Table 3, we report the average structural Hamming distance (SHD) between the estimated and true DAG,
separately for I' and A. The SHD computes the number of incorrectly estimated edges between the two
graphs by comparing the distance between the equivalence classes of PDAGs (Tsamardinos et al., 2006).
The results in Table 3 illustrate that both I' and A can be effectively estimated regardless of the true latent
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structure A, and that the accuracy increases as the sample size N increases. This clearly validates that latent
structures can be accurately recovered under our weak identifiability conditions. See Figure 3 in Appendix E
for boxplots corresponding to Table 3.

Ablation studies We conduct ablation studies and consider settings when the conditions in Theorem 2
does not hold. In particular, we consider two alternate bipartite graphical structures where each necessary
condition in Theorems 3 and 4 are violated. Here, I'P7T is the ‘double-triangular’ bipartite graphical structure
in Figure 1 and satisfies our identifiability conditions in Theorem 2. T'9e"¢ is a denser bipartite graph, where
the subset condition does not hold (i.e. contradicting the necessary condition in Theorem 3). T'SParse ig g
sparser bipartite graph, where the three-measurement-per-latent condition (see Theorem 3) does not hold.
See (13) in Appendix E.1 for the explicit forms.

SHD(T',T) SHD(A, A)
1k 5k 10k 1k 5k 10k

rbT 190 1.64 148 0.57 046 0.38
[dense 462 358 3.01 146 159 1.66
['sparse 395 4.04 4.00 081 0.76 0.77

F\N

Table 4: SHD under varying I' and N, where A is fixed as the chain graph. Only I'°T satisfy the proposed
identifiability conditions.

The results in Table 4 reveal performance degradation for the theoretically non-identifiable cases. The error
in these non-double-triangular cases does not decrease as the sample size N increases. This suggests the
fundamental failure of identifiability even at the population level, and empirically verifies our necessary
conditions.

Table 5 reports more detailed entrywise estimation accuracy of the 8 x 3 bipartite graph I' under the setting of
Table 4 with N = 10000. Instead of reporting the aggregated SHD metric, we report the entrywise empirical
average of I(9;, # ;) under each I'. In particular, for the dense case, the subset condition between the
second and third columns (highlighted in bold) does not hold, which results in several large error values in
these two columns. For the sparse case, the latent variable Hs only has two observed children and violates
Theorem 3, leading to a non-trivial error for the entire third column. These results illustrate that theoretical
non-identifiability results in an accuracy drop for the graphical structure associated with non-identifiable
latent variables.

T FDT chnsc ['sparse
J\k 1 2 3 1 2 3 1 2 3

1 0.16 0.23
2 0.36 0.70 0.27
3 0.22 0.36 0.24 0.28
4 0.41 0.73 0.40
5 0.13 0.17  0.23 0.26  0.33
6 0.24 0.51 0.23 0.30
7 0.18 0.17 0.29  0.57 0.18 0.56 0.12
8 0.12 0.14

Table 5: Entry-wise estimation error for the bipartite graph I', where three I's are considered. The bold
columns correspond to theoretically non-identifiable latent variables. Values < 0.1 are omitted, and larger
values mean worse accuracy.

Real data analysis Finally, we analyze a benchmark educational testing dataset on fraction subtraction
(Tatsuoka, 2002), which consists of binary responses that record students’ correct/incorrect answers. Esti-
mating the causal graph I between the observed and latent variables has been an important problem in
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educational measurement, and this dataset has been extremely popular due to the explicit nature of the
3

questions (e.g. 2 — 2 or 35 —23).
By fitting the model with K = 2, 3,4 latent variables, we chose K = 3 latent variables based on BIC. Based
on the estimated bipartite graph I' (see Table 10 in the appendix), we can interpret the three latent skills as:
computing common denominator, writing integer as fraction, and subtracting integers. Notably, the estimated
T" does not have two pure children per latent, but satisfies the double triangular condition in Theorem 2. ’lihis
illustrates the practical usefulness of our proposed conditions. Additionally, the estimated latent graph A is
fully dependent, which illustrates that all skills are closely correlated.

5 Discussion

This work opens up many directions for future work. First, it would be interesting to consider more complex
graphical structures that go beyond measurement models under additional (but still weak) assumptions.
For example, one may allow direct causal relationships between the observed variables or allow hierarchical
latent variables, under additional structural constraints. Second, it would be important to generalize our
identifiability conditions for causal models with general types of latent variables. This includes considering
categorical latents (that may not be binary), as well as potentially allowing both categorical and continuous
latents. In particular, for the case of categorical latents, we conjecture that our sufficient identifiability
conditions may be extended at the cost of modifying Assumption 3(b) to a stronger “full-rank” requirement
for the conditional probabilities P(X; | pa(X;)). Note that extending the score-based estimator in Section 4
to categorical latents is not a bottleneck, since extending the penalized likelihood estimation strategy is
immediate. Finally, it would be important to develop a nonparametric method that can fully leverage
continuous responses to estimate individual conditional distributions, for example using kernel methods.
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Appendix

This Appendix is organized as follows. Section A discusses three closely related works in-depth. Section B
provides additional examples. Section C proves all main theorems, and Section D proves all technical lemmas.
Section E provides all implementation details for our simulations alongside comparison studies. Section F
provides details for real data analysis, and Section G provides detailed theoretical and practical justifications
regarding our setup with binary latent variables. The code implementation is available as a online supplement
in https://openreview.net/forum?id=KiiS1AsLuN.

A Detailed literature review

Comparison to Kivva et al. (2021) Both our work and Kivva et al. (2021) consider discrete latent
variables without any assumptions on the true latent structure. While we require binary latent variables,
Kivva et al. (2021) allow arbitrary categorical latent variables with unknown number of categories. However,
their arguments rely on the existence of a mixture oracle, which gives the number of mixture components of
each marginal distribution P(Xg) for S C [J]. This does not hold under our minimal model definition. For
example, for binary responses with X; = {0, 1}, the one-dimensional marginal P(X; = 1) does not contain
enough information and its mixture components are fundamentally non-identifiable. The same argument
holds for continuous responses as well, unless we impose parametric assumptions or separation between the
conditional distributions Py j,.

One may point out that to identify the bipartite graph T', Kivva et al. (2021) only utilizes the mixture oracle
to obtain the number of mixture components for three observed variables, say Xg = (X1, X5, X3). Without
further assumptions, the mixture oracle does not exist for this goal as well. To see this, consider a simple
setting with K = 2 and J = 3, where H; — {Ha, X1, X2}, Ho — X3. Then, the minimal number of mixture
components in (X7, X9, X3) is 2 because X1, X2, X3 are conditionally independent given H;. Hence, under
our setup, it is impossible to conclude that there must be 2 x 2 = 4 mixture components, which corresponds
to all configurations of (Hy, Ha).

Another point of comparison is regarding the use of tensor decompositions. Kivva et al. (2021) also
utilizes tensor decompositions to identify the bipartite graph I', but looks at the three-way tensor
whose (j1,72,J3)-th element corresponds to the (log) number of mixture components of the distribution
(Xj,,Xj,,Xj,). Computing the value of this tensor requires a mixture oracle. On the other hand, our
three-way tensor arises from re-shaping the marginal probability mass function (pmf) P(Xy,...,X;) =

]P’((Xl7 oy Xi), (Xk g1y Xok )y (Xok 41, - - - ,XJ)) based on the double triangular structure. Hence, our
tensor does not require any additional information beyond that in the observed data X.

A final point of comparison is about learning A. While the proof strategy (especially reducing the ambiguity
of latent variable value up to sign flip) shares the similar spirit, the key distinction arises again from the
mixture oracle. Kivva et al. (2021) utilizes the number of mixture components to construct a projection
mapping between the mixture components of Xg and the mixture components of each mode X;. As this
information is not available in our work, we take a detour and utilize the sparsity patterns in the conditional
distributions P; ;, instead.

Comparison to Chen et al. (2024; 2025) Both our work and Chen et al. (2024; 2025) establish
identifiability by utilizing tensor decompositions of the observed variables. In particular, Chen et al. (2025)
allows both discrete and continuous responses by using the key idea of discretizing the continuous responses,
similar to our paper. While both works can allow general categorical latent variables, they require stronger
identifiability conditions compared to this paper.

First, both works require three pure children per latent variable, as opposed to our double triangular condition.
Second, they require the cardinality of the observed variables |X;| to be strictly greater than the cardinality
of any latent variable. This does not allow binary responses as opposed to our result. Third, they operate
under a stronger nondegeneracy assumption that requires full-rankness of the conditional probability table
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P(X; | pa(X;)). In contrast, we do not require any full rank assumptions and assume a minimal nondegeneracy
condition (see Assumption 3).

We also mention that one of their main contribution is on algorithmic recoverability based on a novel tensor
rank criteria, and they do not establish identifiability by considering alternative models that do not contain
pure children (in the sense of Remark 6).

Comparison to Lee & Gu (2026) The works Lee & Gu (2024b; 2026) also establishes identifiability of
binary latent variable models for arbitrary responses. As our proof argument for establishing nonparametric
identifiability is motivated by this line of work, it is important to clarify the differences. Since Lee & Gu
(2026) extends the conclusion of Lee & Gu (2024b), which requires the bipartite graph I" to be known, we
mainly focus on comparing our work with Lee & Gu (2026).

First, the strict identifiability result in Lee & Gu (2026) require two pure children per latent variable, and
mainly assumes the conditional distributions P;; to be a parametric generalized linear model:

K

d .
Pjn = ParFam(Bj0 + Y Bjkhe: i), Vi, h.
k=1

Under the weaker notion of “generic” identifiability that allows a measure-zero subset of the true parameter
space to be non-identifiable, they establish weaker identifiability conditions that do not require any pure
children. We note that this condition is even weaker than our double triangular criteria, as they do not require
any triangular structure. By assuming a multi-layer architecture, they additionally establish identifiability of
hierarchical latent structures.

In comparison to the strict identifiability result in Lee & Gu (2026), we do not require any pure children nor
any parametric structure. The generic identifiability result there also requires the generalized linear model
parametric form, and is not able to pinpoint the non-identifiable true parameter values. In contrast, our
results do not allow any sort of non-identifiability. Additionally, the theoretical results in Lee & Gu (2026)
treats the latent dimension K as known, whereas we establish its identifiability. Finally, we consider different
latent architectures, as Lee & Gu (2026) considers a multi-layer latent structure without any between layer
edges, but we consider a one-layer latent structure with arbitrary dependencies between the latent variables.

B Examples

Our first example illustrates the necessity of condition (b) in Assumption 3.

Example 5 (Degenerate conditional distributions). For simplicity, suppose that the responses are binary.
We construct an example with degenerate conditional distributions that lead to a non-identifiable T' matriz.
For each k € [K], assume that the corresponding I' is lower triangular with all ones:

100 ... 0
110 ...0
r—|1t 11 .0
111 .1

For constants a # b € [0, 1], suppose that the conditional distributions Py p, := Ber(0k.n) are defined as:

0., 19 if dir(h,0) is even,
b if dy(h,0) ds odd.

Here, dg denotes the Hamming distance between two binary vectors. The conditional distributions are clearly
degenerate, as 0y 5 can take only two possible values regardless of the configuration h, for all k.
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Then, we can construct an alternative labeling H that corresponds to I = Ik . See the following table for an
tllustration with K = 3. This illustrates the fundamental ambiguity resulting from nondegeneracy.

j\h (0,00) (1,0,0) (0,1,0) (1,1,0) (0,0,1) (1,0,1) (0,1,1) (1,1,1)
1 a b a b a b a b
2 a b b a a b b a
3 a b b a b a a b

b (000) (L,L1) (011 (1,00) (001) (1,1,0) (0,1,0) (1,1,1)

Table 6: A degenerate pmf table of 6; , = P(X; =1 | H = h), which can define multiple graphical structures:

1 0 0 1 0 0
I'=11 1 O0OJand [O 1 O
1 1 1 0 0 1

Note that under further degeneracy specifications such as the conjunctive assumption in Lee & Gu (2024a),
it is possible to identify degenerate causal graphical models.

Our final example illustrates the gap between the necessary and sufficient conditions.

Example 6 (Gap between necessary and sufficient conditions). Consider a toy model with K = 3 latent
variables and J = 4 binary observed variables, where the true bipartite graph is

—_ O = =
—_ O
e =)

This T' satisfies both the three measurement per latent condition (see Theorem 3) and the subset condition
(see Theorem 4). However, simply observing that this model has 39 parameters (7 parameter for m and 32
for the conditional distributions P; ) but only 15 equations are given by the marginal distribution P(X), we
can deduce that the model is non-identifiable. This illustrates that, without the double triangular condition to
guarantee a sufficient number of observed variables, the model may be non-identifiable.

Remark 8 (The necessary conditions can be weakened under additional assumptions). Our necessary condi-
tions are stated under our minimal, nonparametric modeling framework. Under additional assumptions such
as linearity and pure-children structures, the model can still be identifiable when there are two measurements
per latent variable (Xie et al., 2020; Gu, 2025). Also, the subset condition is not required under (generalized)
linear parametrizations (Theorem 2, Lee € Gu, 2026).

C Proof of main results

C.1 Rigorous definition of trivial ambiguities

Before proving individual results, we formalize the three notions of ambiguities from Section 2.2. Recall from
Section 2.3 that 7, = P(H = h) and P, j, denotes the conditional distribution of X; given H = h.

Definition 5. Consider two BLCMs with a known K and model components (A,I‘,W,{IP’ML}) and
(A,f,%, {]FIVDJ-’;L}), respectively. We formally say that these two models are equivalent up to label permu-
tation when there exists a permutation o : [K] — [K] such that for hp o := (ho,, - - ho(x)), we have

T = Aﬁgh# Yik = Vjok), Pin= ﬁ’jz}m, vhe {0,1}%, je[J], k€ [K],
{k—=0 el < {o(k) > o)} €D, Vk#/(c[K]
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Nezt, we say that the two models are equivalent up to sign-flip when A = /NX, I =T and there exists permutations

7 2 {0,1} — {0, 1} for each k € [K] that satisfy
Th = Rry(h)rc i)y Pih = Pira(h)rrchae))s VR € {0,135, 5 € [J].

Finally, we say that the two models are equivalent up to Markov equivalence when m = m,['= f, P= IF’, and
the latent graphs A and A induce the same conditional independence relations (Pearl, 2014). Note that the
bipartite graph I' does not suffer from Markov equivalence due to Assumption 1, which restricts the direction
of the edges in T.

C.2 Proof of Theorem 1 and Proposition 2

Proof of Theorem 1 for general responses. We proceed in a similar spirit as in the sketch in the main text,
where technical challenges arise from the arbitrary response types. Here, we reduce the responses to binary
responses noting that the rank information is still preserved. For each j, let C'; C &; be a non-empty subset
of the sample space. Let Y; be a binary random variable defined by setting

Y =1(X; € Cj). (6)
Note that this implies
P(Y}:1|H:h):P(XjECj ‘H:h)
Then, by assumption Assumption 3, we have P(Y; =1 | H =h) #P(Y; =1 | H = k') for any h # h’ such
that hpa(x;) # h"oa( X,)" Hence, the second part of Assumption 3 holds for the discretized random variable Y.

Now, the argument in the main text can be applied by changing the notation X to Y, and the proof is
complete. O

Next, we present the delegated statement (from Remark 4) for identifying K under the class of BLCMs,
where alternate models with more than K latent variables are allowed.

Proposition 2. Among the class of double triangular BLCMs, K is identifiable in the weaker sense that the
lower-dimensional restriction “K < K7 in condition (a) of Definition 2 can be relazed to “K # K.

Proof of Proposition 2. Consider an alternative model with L > K latent variables, that is double triangular
and defines an identical marginal distribution P(X) = P(X). For each j, define the discretized random variable
Y; as in (6). By the double triangular condition and (3), there exists some disjoint set of observed variables

Xg,, Xg, C (X1,...,X,) such that the discretized pmf P(Yg, ,Ys,) has full rank of 2% > 25 However, since
the true model has K latent variables, we can write

P(Ys,,Ys,) = P(Ys, | H)diag(m)P(Ys, | H)',

which gives rk(P(Ys,,Ys,)) < 2%. Thus, we have a contradiction.

Now, the proof is complete, since Theorem 1 has already established that there exists no alternative model
with L < K latent variables. O

C.3 Proof of Theorem 2 and Proposition 1

Next, we show Theorem 2 and Proposition 1. Our first tool is the following technical lemma, which allows us
to boil down the identifiability of models with arbitrary types of random variables to that with categorical
variables. We need to use the notion of separable metric spaces and separating classes from standard
probability textbooks (e.g. Chapter 1 of Billingsley (2013)).

Lemma 2. For any separable metric space X;, there exists a countable separating class C; whose values
determine the probability measure on X;.
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The existence of such a separating class C; is a consequence of X; being a separating metric space, which
was assumed in the first paragraph of Section 2. For a proof, see Step 1 in the proof of Theorem 1 in Lee &
Gu (2024b). For example, for binary responses with X; = {0, 1}, we can simply take C; = {{0},{0,1}}. For
continuous responses with X; = R, we can take C; = {(—00,q) : ¢ € Q} U (—00,00), where Q is the set of
rational numbers.

Having reduced the response types to categorical, our second tool is the celebrated Kruskal’s theorem (Kruskal,
1977; Rhodes, 2010), which guarantees the unique CP decomposition of a three-way tensor. Before presenting
the result, define the Kruskal rank of a n x r matrix T; (denoted as rky(71)) as the largest number R < r
such that every distinct R columns of T} are linearly independent. Also, for vectors t1,to,t3, denote their
outer product as t1 oty o t3.

Lemma 3 (Kruskal’s Theorem). Fora = 1,2,3, let T, be a n, X r matriz, whose {th column is t,¢. Let
T =11, T2, T5] = Z;:l tiotagotsy be a three-way tensor with dimension ny X ng X n3. Then, when the
following condition holds:

rkk(Tl) + I’kk(Tz) + I’kk(Tg) > 2r + 2,

the rank v decomposition of T is unique up to a common column permutation and rescaling of Tys. In other
words, if T := [Tl,Tg,Tg] for some n, X r matrices Ta, there exists a permutation matriz II and invertible
diagonal matrices Dy, Dy, D3 with D1 Do D3 = I,. such that Ta =T,D,II.

Proof of Theorem 2. Consider a BLCM with a known K and model parameters (T', A, P) where T' satisfy the
conditions in the Theorem statement (double triangular, F3 does not have empty columns, subset condition).
Suppose that there exists alternative model parameters F A P that define the same marginal distribution

P(X) = P(X). We show that (T, A ,P) must be equal to (T, A,P) up to index/value permutation and Markov
equivalence. We separate the proof into three parts, after introducing the necessary notations.

Step 0: Additional notations regarding discretization.

We define the following notations under model parameters (I', A, P). Assume analogous definitions under the
alternative parameters (I', A, P).

For each j € [J] and h € {0,1}*, let P; , be the conditional distribution of X | H = h:

P;n(C)=P(X; e C|H=h), VCCAX,. (7)
For each j € [J], fix an integer x; > 2, and consider distinct measurable subsets C1 ;,...,Cy, ; € C; with
Cy,.; = X;. For each j € [J], define a ; x 2 matrix M; by setting

M;(lj, h) :==P;n(Ch, ;) =P(X; € Cy 5 | H=h).

Note that C; j = &; implies that M;(x;,h) =1 for all h, so the last row of M is all-one.

Since the true model is double triangular, let S; and Sy denote two disjoint subsets of [J] that index the
rows of 'y and T'y. Also, let S5 := [J] \ (S1 U S2) denote the row indices of I's. For each a = 1,2,3, set
Ng 1= HjeSa kj, and note that 7,72 > 2K For each a = 1,2, 3, let T, be a 1, x 25 matrix defined as

To((lj:j € Sa).h) ==P(X; € Cp, 5, Vi€ Sa | H=h)= [] M;(1;,h
JESa

Here, each row of T, is indexed by a vector (I; : j € S,), where [; € [;] for all j. Also, note that
To((kj : j € Sa),h) =1 for all h.

Finally, define a 1 X 12 X 13 tensor T by setting

T((;:5€81), (55 € S2), (I 5 ] € 83)) == B(X; € Cl 5, Vj € [J])
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3
= m [ 7ull 25 € 50).h).
h

a=1

Note that 7 merely reshapes the discretization of the marginal distribution P(X), and is identical under true
and alternative model parameters.

Using these notations, we can generalize (4) in the main paper and write

T = [[Tldiag(ﬂ'),TQ,Tgﬂ = Hﬁdiag(%),fg,ﬁﬂ. (8)

Step 1: Apply Kruskal’s theorem to identify the components in (8).
By Lemma 1, we have rk(T}), rk(Ty) = 2%. Note that even though Ty, T are allowed to have more than 2%
rows, they still have full column rank, and consequently full Kruskal rank:

rke(Th), rki (Ty) = 25.

For any binary vectors h # h/, there exists some k < K such that hy # h}. Recalling that I's has no empty
columns, there exists some ji € Sz such that «;, r = 1. In other words, X, measures Hy. Then, part (b) of
Assumption 3 implies that Pj,  # Pj, »’, so the h-th and A/-th column of T3 are distinct. Recalling that the
last row of T3 is 1 in every column, every two columns in T3 are linearly independent, and we have

rkk(Tg) > 2.

Hence, the inequality in Lemma 3 holds, and Kruskal’s theorem can be applied. This implies that the tensor
decomposition (8) is unique in the following sense: there exists some 25 x 2K permutation matrix IT such
that

diag(7) = diag(m)II, Ty, =TI, Ty =ToIl, Ty =TsIL (9)

Note that the diagonal matrices D, in Lemma 3 can be omitted since the last rows of T, and fa are all-one.

The conclusion (9) implies

where J\Ajj, M; are K; X 2K matrices that describe the conditional distribution P; r. For notational convenience,
view the matrix II as a permutation mapping oy : {0,1}% — {0,1}¥ that maps the column index h to
h = on(h). As on can be an arbitrary permutation, we still need to structure it so that h and o (h) are
equivalent up to label permutation and sign-flipping.

Step 2: Identify the bipartite graph I'.

Using the triangular structure of the rows, we identify the T matrix up to label permutation. Our main idea
is to again utilize the triangular structure of I's to first determine the label permutation, and then identify
each row of I'. Recall that So denotes the row indices that correspond to I's (assumed to be ordered as in
(1)). Write Sy = {j1,...,jK} so that the ji-th row of I" is v, = (x,...,%,1,0,...,0).

——

k—1

For each 1 < k < K, we partition the set {0,1}¥ by clustering together indices h that have identical columns
in Mj,. Denote this partition as P;. Also, define Q) as the intersection of all partitions P; for [ < k:

Qr = Mi<kPr = {Ni<x P : P € Py, VI<k}

Our main ingredient is to show the following Lemma, which uniquely determines the label permutation
7: [K] — [K] from the partition Q. We postpone its proof to Appendix D.
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Lemma 4. We claim the following: For any k < K,

Q. = {{on(hyg, 1) : B € {0,1}57F}, Vhy, € {0,1}F} (10)
= {{E : Er(l) =cC1,..- 7E7‘(k) = Ck}, V(C1, . ,Ck;) S {0, 1}k} (11)

for some label permutation 7 : [K] — [K]. Note that (10) implies | Qx| = 2%, and |P| = 25~ for any P € Qy.

Now, given the label permutation 7, we identify each row of I. Fix any j € [J]. We use backwards induction
on k to show that 7; - (k) = v, for all k.

o We start with k = K. For any P € Qk_1, Lemma 4 implies

P = {on(hi.x-1,0),0nu(hix-1,1)} = {h: ET(U =C1y--- 7%7(1(71) =cK_1}

for some hi.x—1,c1:x—1. Note that v;, = 1 if and only if the columns of M; indexed by aﬂ_l)(P) =

{(h1.x-1,0), (h1.x—1,1)} are distinct. By the above characterization, this is equivalent to the columns
of M; indexed by P being distinct, which is equivalent to 7; -(x) = 1. Hence, vj x = 7, (k)

e Now, for k < K, suppose that we know v;; = 7, r;) for [ > k + 1. We determine 7; ; by focusing
on any P € Q. Here, when k = 1, we write Qy = {[2%]} for notational convenience. Similar to

the base case with £ = K, the number of distinct columns indexed by 0(71)(13) in Mj are equal to
K —~
2Zl:k 731, This value must be equal to the number of distinct columns indexed by P in M;. By the

K~
characterization of P in (11), this value is equal to QZI:k 77 Hence,

K K
Z Vil = Z %j,'r(l)v
1=k 1=k

and we get v x = 7j,-(r) by the induction hypothesis.

Thus, we have shown the k-th column of I" is identical to the 7(k)-th column of I
Step 3: Identify P(H),P; , and the latent DAG A.

Now, we identify the remaining model components by additionally using the subset condition. Without the
loss of generality, assume 7 is the identity permutation on [K], which gives I' = I'. Consequently, we omit the
“notation for I' and H. Our main idea is to use the subset condition on I' to show that for each k, the set of
columns indexed by hj = 0/1 must match that with hy = 0/1:

{{h:he =0}, {h:hy =1}} = {{on(h) : by, = 0}, {on(h) : hy, = 1}}. (12)

Without loss of generality, let & = 1. This is purely for notational convenience, and does not overlap with the
indexing for the triangular I'-matrix, which will be not used in this proof segment. Let J; := {j € [J] : 7,1 = 1}
denote the row indices for the children of Hy. For each j € J;, we cluster {0, 1}¥ based on identical columns

J\Ajj. Then, we merge the clusters by combining clusters that share common elements. By the subset condition

on T, (O,E(,l)) belongs in the same merged cluster for any E(,l) € {0,1}5~1. To see this, observe that the
subset condition implies that the column vector vz, , must include at least one zero, for all k # 1. Let j;,
be a row index in J; such that Vit = 0. Then, Xix@ is not a child of Hj, and the all-zero vector O and
the basis vector e = (0,...,1,...,0) (with 1 in the kth coordinate) must belong in the same cluster. By

repeating this argument for each k > 1, we can conclude that Ok and (O,E(,l)) belong in the same cluster.
Since for each j € J1, X; measures the latent variable Hy, Ox and (1,(_1)) can never be in the same cluster.
Thus, after merging, there are two final clusters: {h: h; =0} and {h: hy = 1}.
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This procedure inputs the matrices M without any column indexing, and characterizes {{h hk =0}, {h
hk = 1}} for all k. Recalling that M; M II~! have an identical set of columns as M and applying the
same characterization to M;, we get (12) ThUb the indexings h and op(h) are 1dent1ca1 up to a potential
swapping of the meaning of Hp = 0/1. Without loss of generality, ignore the sign-flipping and assume
{h:he =0} ={on(h): hy =0} and {h: hy =1} = {on(h) : by, = 1} for all k.

Now, given a matching column indexing, 75, = 7, follows from eq. (9). Having identified the latent proportion
P(H), A can also be identified up to Markov equivalence. This is the consequence of the faithfulness
Assumption 2, and is a well-known property alongside many existing algorithms (Pearl, 2014; Spirtes et al.,
2001). To this extent, it is possible to replace the faithfulness assumption to others that can recover the DAG
A from the pmf.

Finally, it remains to identify the conditional distributions P; j from the discretized values. As the above
argument can be applied for any discretization (C j,...,Cy; ;), we have

Pj»h(cj) = ﬁJ',f7.((jj')7 VC] S Cj.

Note that all discretizations are subject to the same ambiguities (label permutation and sign flipping) since the
alternative model P does not depend on the specific discretization. This implies P;;, = IP’] h, since Lemma 2
states that C; is a separating class that uniquely defines a probability measure on X;. Hence, all model
components can be identified. O

Proof of Proposition 1. Recall that C; denotes a baseline set such that P; 5, (C;) > P; »/(C;) for any h > h'.
Without the loss of generality, assume that C; € C; = {C1 j,...,Cy, ;), and index it as C; = Cy ;. Steps 1, 2
in the proof of Theorem 2 still hold, and it suffices to modify step 3. We proceed via induction, and show that
for each k € [K], the column indices corresponding to {h : hy = 0} and {h : hy = 1} can be recovered from
the matrix Mj, (without using the column indexing of M, ). Recall from step 2 of the proof of Theorem 2
that {j1,...,jk } denotes the row indices corresponding to the triangular structure I's, and that P, denotes
the partition of the column indices {0, 1}* based on identical columns of M, .

First, for k = 1, the monotonicity conditions alongside ~;, = (1,0,...,0) imply

M;, (1, (1, h(—1))) =P (1,1 (C) > Py 0,n_10)(Ch) = My, (1, (0, h(—l)))7

for any h(_1y € {0,1}*~1. Then, {h : hy = 0} corresponds to the column indices of M;, with a smaller value
of Mjl (17 )

Now, for any 2 < k < K — 1, assume that the claim holds for [ < k. We show that we can recover the set of
indices {h : hyy1 =0} and {h : hjyy = 1} from M, . By the induction hypothesis, we are able to map each
partition Pj from step 2 of Theorem 2 to each hi. € {0,1}*. For any hy.; € {0,1}* and s € {0, 1}5—F—1
the monotonicity assumption gives

Mjk+1 (17 (hlzk, 1, 5)) = ij+17(h1:k7173)(cjk+1) > ij+17(h1:k7073)(cjk+1) = Mjk+1 (17 (h1¢k7 0, 8)>

Thus, for any P € Q) = Mi<xP; (that corresponds to hy. in the sense of (10)), we can further partition it
into two sets based on the value of M, ., (1,h) for h € P. The set with the larger probability must correspond
to (hi:x,1), and we denote it as Qp,,,,1)- Now, the set of column indices corresponding to hx11 = 1 can be

recovered as Up,,, Q(n,,,,1), and the induction is complete.

Given the column indexing, we again have 7, = P(H = h) = P(H = h) = 7}, and the same argument in step
3 of Theorem 2 completes the proof. Note that while Theorem 2 has determined the column indexing up to
sign-flipping, this proof does not suffer from sign-flipping. [
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C.4 Proof of Theorems 3 and 4

We prove Theorem 3 under a generalized BLCM, where H = (Hq, ..., Hy) are categorical latent variables
(not necessarily binary). Our key observation is the following non-identifiability result for latent class models
with two observed variables (taking general responses), which is motivated by Theorems 4.1, 4.2 in Hall &
Zhou (2003).

Lemma 5 (Non-identifiability of LCMs with K =1, J = 2). Consider a latent class model (LCM) with one
latent categorical variable Hy € €1 and two observed variables X1, Xo which are conditionally independent
given Hy. Then, the model components 6 := (P(Hy),P(X; | H1),P(X2 | H1)) are non-identifiable as there
exists a continuum of alternative parameters that define an identical marginal likelihood.

While Hall & Zhou (2003) consider binary latent variables and continuous observations, the argument extends
to Lemma 5. We provide a formal constructive proof in Appendix D for completeness.

Proof of Theorem 3. We show that three observed children per latent variable is necessary for identifiability.
It suffices to consider the case when there exists some latent variable H; that has exactly two observed
children X7, X5. We prove non-identifiability by showing that there exists alternative model parameters that
define the same pmf of P(X).

First, we claim that it suffices to construct alternative parameters that define the same P(X1, X5 | H (,1)).
To see this, write the marginal likelihood as

P(X)= Y PH=hPX,Xs | H=0)[[P(X; | H 1) = h1)
h=(h1,h(_1)) jz3
=y [ZP(X1,X2 | H = h)P(H, | H(q))}P(H(q) =) [T X [ Hny = 1))
h(1y h1 Jj=3
= Y P(Xy, Xa | H_1) = h_1))P(H(—1) = h—n) [ P(X; | Hi—1y = h-1y)-
h(-1) j=3

The last equality follows by writing the summand inside the square bracket in the second row above as

> P(X1,Xo | H=hPH, =hy | H_ iy =hy) =Y P(Xy, X, Hy =hy | H_1y = h_1))
h1€Q1 h1€Q
:]P)(X17X2 | H(,l) - h(,1)>
Thus, any alternative model with the same value of P(X1, Xo | H(_y)), P(H(_1)), and P(X; | H(_y)) for j >3
defines the same marginal distribution of X.
For each configuration h_;) € Hf:z Qf, Lemma 5 shows that we can further specify a distinct set of
parameters
P(H, | H 1y = h(_1)), P(X1 | Hi,H_1y = h(_1)), P(Xo | Hi, H_1y = h(_1))

that define the same value of P(X1, X» | H(_1) = h(_1)) = P(X1, Xo | H_1) = h(_1)). Hence, there exists an
alternative set of parameters, and the model is non-identifiable.

Note that the above argument immediately implies non-identifiability of both the graph E = (T', A) as well as
the conditional distributions P(X; | H),P(X2 | H). O

Proof of Theorem 4. Suppose there exists some k # [ € [K] such that v > 7;. Without loss of generality, let
k = 1,1 = 2. Denoting the true latent pmf as 7, one cannot distinguish the values (7(0,0,hs.x)> T(0,1,h5.5)) and
(T(1,0,h5. ) T(1,1,ha.5c)) UP to a common sign flip of Hs, for each realization hs.x € {0, 1}5-2. To see this, for
any hs.x, define alternative proportion parameters

T(0,0,hs:5c) = T(0,0,hs:x)>  T(0,1,hz:x) *= T(0,1,hs.x)>
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T(1,0,hs.x) *= T(1,1,hs:x)>  T(1,1,h3:x) - T(1,0,ha:x)>

and alternative conditional distributions with

P;.0,0.h5.16) = Pi0,0,hs)>  Pj(0.1,h5.10) = Pi(0,1,h5.5)»

P 1,0hsr) = Pi (1, 1hs k) i1, 1Lkax) = Pj(1,0,har)s VI € [J].

The observed distribution under the alternative parameters is identical since

P;n(X;) = P(X).

J
= 1

J
P(X) =Y mn [[Pin(X;) =D 7
h h =

Jj=1 J

Now, it suffices to check that the alternative conditional distributions ﬁj are faithful to the graphical

structure in I'. To see this, first consider any row-vector ; with ;2 = 0. Then, Hy is not measured and the
conditional distributions under P are identical to that under P:

Pj.0,0,h5.10) = Py 0,1,h8.5) = Pj,00,,h5.5)>

Pj,0hs0) = Pj(1,1,h5.1) = Pi(1, harc)-

Next, suppose that 7;2 = 1. Then, by the assumption 71 = 72, we also have v;; = 1. Since the
nondegeneracy Assumption 3 implies that the four conditional distributions in the above display are all
distinct, the distribution P; . is faithful to the row-vector «;.

We note that the above construction generalizes the counterexample in Appendix C.3 of Kivva et al. (2021),
which focuses on the specific instance of K =2, J = 2. O

D Proof of lemmas

Proof of Lemma 1. Recall the lower-triangular assumption on the first K rows of I'. Parametrize each
conditional distribution by setting

Ok,(hr o shr) = P(Xp = 1| Hyp = (ha, ..., b)) € [0,1].
We proceed via an induction on the latent dimension K. The claim is trivial for K = 1. For any K > 2,
suppose that the claim holds when there are K — 1 latent variables. Define a 2% x 2K matrix T as:
T(z,h) =P(X =z | H="h), Yz hec{0,1}~.

Without the loss of generality, suppose that the row/columns of T are indexed based on the increasing
order of Y1 3,251 / SR hi2K=1 (from top to bottom/left to right). For example, when K = 3, the
row/columns are indexed as follows:

(0,0,0) < (1,0,0) < (0,1,0) < (1,1,0) < (0,0,1) < (1,0,1) < (0,1,1) < (1,1,1).

Too To
T= ,
(Tm T
where each Ty, are matrices. See the below table for an example expression of T" when K = 3
(where each block corresponds to Tog, T10, To1,T11):

Additionally, write

2K—1 X 2K—1

For any x1.5—1 and hi.x_1, the lower-triangular structure implies

Too(w1:x-1,hik—1) =P(X1 = @1,..., Xk_1 = w1 | Hi.k—1 = h1.x—1, Hg = 0)
=P(X1=x1,..., X1 = g1 | Hug—1 = hix—1)

26



Published in Transactions on Machine Learning Research (05/2026)

z\h | (0,0,0) (1,0,0) (0,1,0) (1,1,0)
(0,0,0) 1 1 1 1
Too = (1,0,0) 91,0 91,1 91,0 91,1
(0,1,0) 62,00 62,10 62,01 0211
(1,1,0) 01,002,00 0116210 01,062,01 0110211
(0,0,1) 03,000 03,100 03,010 03110
T = (1,0,1) 01,093,000 01,103,100 01,003,010 01,103,110
0 (0,1,1) 62,0003,000 62,1003,100 62,0103,010 02,1103,110
(1,1,1) | 61,002,0003,000 01,102,1003,100 01,002,0103010 01,102,1103,110
z\h | (0,0,1) (1,0,1) (0,1,1) (1,1,1)
(0,0,0) 1 1 1 1
Ty = (1,0,0) t1,0 01,1 01,0 01,1
(0,1,0) 62,00 02,10 02,01 02,11
(1,1,0) 01,002,00 01,102,10 01,002,01 01,102,11
(0,0,1) 03,001 03,101 03,011 03,111
Ty = (1,0,1) 01,003,001 01,103,101 01,003,011 01,103,111
(0,1,1) 02.0003,001 02.1003,101 02.0103,011 02.1103,111
(1,1,1) | 01,002,0003,000  01,102,1003,001  61,002,0103,011  01,102,1103,111

=P(Xy1=x1,...,Xg_1 = w1 | Hig—1 = hig—1, Hg = 1)
= To1 (v1:x-1, h1:x—1),
and we have Too = T01~

Now, note that 7' can be obtained from the conditional probability matrix P(X;.x | H) via elementary row
operations. Also, by elementary column operations, 7' can be reduced to

T:= .
(Tlo Ty — T10->

rk(P(X 1.5 | H)) = rk(T) = rk(T),

Hence, we have

and by the property of determinant for block matrices, it suffices to show that

det(’f) = det(Too) det(T11 - Tl()) 7£ 0.

For notational simplicity, for each h(_) = h1.x—1 € {0, 1}5-1 define

My = 0K (hay1) = Ok (hy0) 7 0.
The last inequality is a consequence of Assumption 3. Noting that
T (r1:x-1,hc1) =P(X1 = @1,..., X1 = w1, Xxg = 1| h_1y = h_1), Hxk = 1)
= Too (2101, h(=1)) 0K (h(_1),1)
Tio(z1:k-1,h—1) =P(X1 =21, X 1 = 21, Xk = 1| h_1) = h1), Hx = 0)
= Too (z1:x-1, h(_1))9K,(h(,1>,0)7
we have

(T11 = Tho) (21:x -1, P(—1)) = Too (T1:rc—1, h=1)) (o)
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In other words, each column of T7; — Tjq is equal to the corresponding column of Ty times Nh_y- For
example, in our running example with K = 3, T1; — To can be written as:

z\h | (00,1 (1,0,1) (0,1,1) (1,1,1)
(0,0,1) 00 N10 o1 M1
Ty — Tyo = (1,0,1) 601,0M00 01,110 01,0Mm01 01,1m1
(0,1,1) 62,00700 f2,10M10 62,01701 211711
(1,1,1) | 6100200m00 6110210m0 61,002.01m01 61,102,111

Thus,
det(T11 — TlO) = det(Too) H 7]}1(71”
h(-1y€{0,1}K-1

and, we have

det(T) = det(Tpo) det(Ty1 — Tho) = det(Tpo)? 11 M, # 0.
h(_l)E{O,l}K_l

Here, the inequality follows from the induction hypothesis and the observation that n, _,, # 0. O

Proof of Lemma 4. We separately show (10) and (11). First, to show (10), note that the h-th column of M;

(denoted as Mj(:, h)) is identical to the or(h)-th column of M;. Thus, each P € Qj, can be represented as
P ={on(h): M, (:,h) = M;,(:, ho)} for some hg. Now, the simplification in (10) follows from recalling the
form of +y; 5, alongside part (b) of Assumption 3.

The second equality in (11) follows by induction on k. We inductively show that for each k¥ < K, (11) holds.

o Suppose k = 1. As the corresponding row of I'y is v;, = (1,0,...,0), we have |Q;| = |P1| = 2. Then,
the nondegeneracy Assumption 3 gives Zl}il 7j1.. = 1. In other words, 7;, is a standard basis vector
e;. Let 7(1) be this . Then, (11) holds by the definition of P;.

o Now, for each 1 < k < K, suppose that (11) holds. By the expression in (10), Qxt+1 € Qk. So,
Pry1 € Qk, and there must be some | # 7(1),...,7(k) such that 7;,,,; # 0. Suppose that there
exist l1,lo # 7(1),. ..,T(k) with ¥j, 1.1, = Vjpi1.e = 1. This implies that each element in Py must

have identical values of hll,hl2 But, recalling the induction hypothesis that any P € Q must be
written as P = {h hT(l =Cly..., hT(k) = ¢y} for some ¢y., we have

2P = |Qp 11| = |Qk N Prya| > 28 x 22

and hence contradiction. Thus, we must have exactly one | # 7(1),...,7(k) with 5;,_, ; = 1. Define
7(k + 1) to be this . Then, (11) follows since Qxy+1 = Qx N Prt1-

O

Proof of Lemma 5. First, note that it suffices to consider binary latent variables H;. This is because, for the
general categorical case with |Hy| > 3, we can fix P(H; = h),P(X; | H = h) to the correct values for h > 3
and use the non-identifiability of the binary case.

For notational convenience, write p := P(H; = 1) € (0,1). Following the convention in this paper, (p,P)
denotes the true model components, and (p,P) denotes an alternative component that is constructed as
follows. Let p € (0,1) and aq, @ be any constants such that satisfy ajas = p(1 — p)%»f. Also, let 1, 82 be
constants defined as

Bj = —

p .
ﬂaj, ] = 1,2
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By construction, o; and §; have different signs. For all j = 1,2, define

P(X; | Hj=0) =P(X;) + 5;(P(X; | H; = 1) = P(X; | H; = 0)).
AsP(X; | H; =1) # P(X; | H; = 0) by Assumption 3, this construction leads to a well-defined probability
measure for infinitely many choices of (P, a1, 2). Note that taking (p, a1, as) = (p, 1 — p, 1 — p) recovers the

true parameters (i.e., P = P), so we can take (P, a1, as) that is close enough to the true parameters so that
all probabilities are positive.

Now, it suffices to verify that these choices lead to an identical marginal likelihood, and we separately show
P(X;) =P(X;), P(X1,Xs) —P(X1)P(X2) = P(Xy, X2) — P(X1)P(Xa).
The first claim follows from plugging-in the definition of §; to get

To show the second claim, we expand each sides in terms of P(X; | H; = 1),P(X; | H; = 0) and write

P(X1, X2) — P(X1)P(X2) = p(1 —p) [[ (P(X; | H; =1) - P(X; | H; = 0)),
2
P(X1, Xp) — P(X1)P(X2) = p(1 — ) [ [ (B(X; | Hj = 1) — P(X; | H; = 0))

=p(1 = p)(ar — Br)(az — fB2) H (P(X; | H; = 1) — P(X; | H; = 0)).

The claim follows noting that the two RHS above are identical by plugging in

~ ]7 (651
b=

1-p=—22
1—pas— B’ P s =By

and using the identity ayan = p(1 — p)l%P.
P

E Simulation details

E.1 True parameters

The structural parameters are set as in the main text and here we describe the true distributional assumptions.
The latent proportions 7 under each latent DAG A are set as follows:
(a) Chain: ]P)(Hl = 1) = 2/3, ]P)(Hg = H1 | Hl) = 2/3 for both H1 = 0, ]., ]P)(Hg = HQ | HQ) = 2/3 for
both Hy =0, 1.
(b) Collider: P(H; =1) =P(Hs =1) =2/3,

0.2 if (Hy,Hs)=(1,1),
P(Hy = 1| Hy, Hy) = 04 if (Hy, Hs)=(1,0),
0.6 if (Hy,Hs)=(0,1),
0.8 if (Hy,Hs)=(0,0).

29



Published in Transactions on Machine Learning Research (05/2026)

(c) Dependent: consider an hierarchical binary latent variable Hy such that P(Hy = 1) = 2/3, and define
P(H, = Hy | Hy) = 2/3 for all a = 1,2,3. Define m# = P(H;, Ha, H3) by marginalizing out Hp.

The true conditional probabilities P;j are set as follows: X; | (H = h) ~ Ber(u; ) for j = 1,2,3,4,
X, | (H=h)~N(yn1l) for j =5,6, X; | (H=~h)~ Cauchy(p; ,1) for j = 7,8, where u;p is given in
Table 7. Note that we use the same conditional probabilities IP; ;, for all A.

i\h (0,00) (0,0,1) (0,1,0) (0,1,1) (1,00) (1,0,1) (1,1,0) (1,1,1)
1 0.1 0.1 0.1 0.1 0.9 0.9 0.9 0.9
2 005 005 0.4 0.4 0.7 0.7 0.95  0.95
3 005 0.7  0.05 0.7 0.4 0.95 0.4 0.95
4 098 0.857 0714 0571 0429 0285 0.143  0.014
5 -2 0.5 -2 -0.5 2 0.5 2 05
6 15 -15 1.5 1.5 15 -15 1.5 1.5
7 0.5 0.5 2 -2 0.5 05 2 -2
8 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5

Table 7: True parameter values of u; j for each j, h.

For the ablation studies, we consider the following three possible structures for I' while fixing the latent DAG
A to be chain (Hy — Hy — Hj3). Here, TP7 is the bipartite graph in Figure 1 and satisfies the condition in
Theorem 2. The bold entries in I'de"s¢ T'sParse jndicate the changes made from I'PT. Note that T'd°"s¢ and
I'sparse does not satisfy the necessary condition in Theorems 4, 3, respectively.

1 0 0 1 0 0 1 0 0
1 1 0 1 11 1 1 0
1 0 1 1 0 1 1 0 O
DT 111 dense 111 sparse 111
= 1 0 1})° I 11 0 1) e |1 0 0 (13)
01 0 01 1 01 0
0 1 1 0 1 1 0 1 1
0 0 O 0 0 O 0 0 0

We also modified the parameter values accordingly from that in Table 7 for I' = ['dense Tsparse,

E.2 Algorithm details

While our identifiability results (Theorem 1 and Theorem 2) naturally lead to an algorithm, its practical
implementation is challenging. The main point of concern is computing the rank 2% tensor CP decomposition
in (4). In general, computing tensor decompositions are challenging nonconvex optimization problems.
While there exists methods such as alternating least squares or Jennrich’s algorithm (Kolda & Bader, 2009;
Harshman et al., 1970), its finite sample accuracy was not satisfactory for our purpose. Moreover, the
computational complexity suffers from potentially large values of the latent and observed dimensions K, J.
Based on these concerns, we instead implement a simple score-based estimation procedure. Our algorithm is
a two-step procedure, where we first maximize the penalized likelihood to estimate the bipartite graph I’
and the latent proportion vector w. Then, we recover the latent causal graph A from the estimated latent
proportions 7. Here, the first step utilizes Ma et al. (2023), and the second step is motivated by a similar
procedure in Zhang et al. (2026). See Algorithm 1 for the general pipeline.

We elaborate on each step.

Step 1: Discretize. For the continuous responses with j > 5, discretize each entry by setting Yj  := 1 if and
only if X > 0. The threshold can be chosen differently, e.g. one may threshold at the sample average X;.
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Algorithm 1: Full algorithm to learn the model components.

Data: Observed data XM ... X(N)
Set the truncation parameter € = 0.125 and the number of pseudo-samples Ngample = 2000
1. Define the discretized data YV, ... Y (V) by thresholding at 0.

2. Apply the penalized EM algorithm (Algorithm 1 in Ma et al. (2023)) to estimate 7w and ©.
3. For each j € [J],k € [K], estimate -y, by (14)

4. Given 7, we generate Ngample pseudo-samples of H and estimate A by the GES algorithm.
Output : Estimated DAG (T', A) and latent proportion 7.

Step 2: Penalized EM. For each j, h, define the Bernoulli success probability as ;5 :=P(Y;, = 1) € (0,1)
and let © be the J x 2K matrix with entries 6; . Denoting ¢y (7, ©;Y) as the discretized log-likelihood (see
eq. (9) in Ma et al. (2023)), we maximize the following penalized log-likelihood

J
NS Y) =AD" min((0; — 0], 7)

=1 h#h!

via a penalized EM algorithm. The above penalty (referred to as the grouped truncated lasso penalty) induces
sparsity in each row of ©.

We modify Algorithm 1 in Ma et al. (2023) to compute the above estimator. Note that the cited work
considers an additional degeneracy in terms of the proportions 7, and encourages their sparsity by adding
another penalty. As we consider 7, > 0 for all h (see Assumption 3), we ignore this redundant penalty by
setting Xl = 0. Following the choices in (pg. 196, Ma et al., 2023), we set the grid for other tuning parameters
as Ao € {1,10,10%,10%},7 € {0.05,0.1}. As the EM algorithm is known to suffer from convergence up to
local optima, we initialize both # and 7 to be close enough to the truth. We initialize them as the linear
combination of the true parameter and random noise (each with weight 0.7, 0.3). This initialization also fixes
the label permutation and sign-flipping ambiguities mentioned in Section 2. We set the convergence criteria
of the EM algorithm as either satisfying (a) the 2 norm of the proportion estimates 7 are smaller than 0.005,
or (b) the algorithm reaches the 10th iteration.

Step 3: Learn I'. Under Assumptions 2 and 3, v;, = 0 if and only if ejﬁ(h<_k>,1) = 0; for all

s(h(=k),0)
hr € {0,1}5~1. Thus, we use the estimated 0;,ns to recover v. To account for the finite-sample estimation
error for each entry of 6, we estimate ; 5 based on the median of all possible values of 9]-1(;1(%)11) — ij(h(fk_)‘o)
as follows: '

o0 L if median({|9j7(h(—k),1) - 9j7(h(—k>,o)| : h(*k)}) > € 14

Vik = . . (14)
0 otherwise

In practice, we choose the threshold ¢ = 0.125 based on the observation that the maximum threshold in the

penalty function in step 2 is 7 = 0.1 (and allowing a small margin of error). Empirically, this choice of €

leads to the best accuracy for I' compared to other thresholds.

Step 4: Learn A. To learn the latent causal DAG A from 7, we generate 2000 pseudo-samples from the
multinomial distribution on {0, 1} with probability 7 and apply the Greedy Equivalence Search (GES)
algorithm (Chickering, 2002). This structure learning method has been recently proposed in Zhang et al.
(2026), alongside consistency gurantees. We implemented this procedure via Python, using the package ges.
We compute the final SHD metric between the estimated CPDAG and true A using the count_accuracy
function from Kivva et al. (2021)3.

Remark 9 (Potential methodological extensions). Note that we assume that K = 3 is known for the above
estimation pipeline. In practice, the latent dimension K can be chosen based on standard information criteria

3https://github.com/30bohdan/latent-dag
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(such as BIC, EBIC) as well as domain knowledge and interpretability, and we conduct experiments to
assess the accuracy of BIC in the following subsection. Additionally, one may modify the above algorithm by
considering finer discretization for continuous responses, which may improve estimation accuracy. Finally,
to better initialize the EM in step 2, one may view the BLCM as a mizture model and develop spectral
initialization by utilizing the double-triangular structure.

E.3 Selecting the number of latent variables K

We additionally report the accuracy of selecting K via BIC. We consider the same simulation setting as in
Section 4 and additionally focus on the chain graph A. Here, we select K from a grid {2, 3,4}, where the
upper bound of 4 is chosen based on the double triangular condition (as there are a total of J = 8 observed
variables). To be fair for all values of K, for each simulated data, we work under 20 random initializations
and select the smallest BIC. We consider (i) the usual double-triangular graph I" (see Figure 1) as well as an
(ii) altered non-double triangular graph with v3 3 = 1 and «;3 = 0 for j # 3 (this is non-double triangular as
Hj is measured only once).

The results in Table 8 illustrate that under the double-triangular T (that satisfies Theorem 1), K can be
selected with reasonable accuracy. For N = 5000, there is a tendency of under-selecting, but this improves for
the larger sample size N = 10000. In contrast, when I' is non-double-triangular, we see a drastic drop in the
accuracy for selecting K. This illustrates non-identifiability when the double-triangular condition is violated.

DT Non-DT
5k 10k 5k 10k

2 55 38 99 99
3 45 62 1 1
4 0 0 0 0

K\ N

Table 8: Distribution (%) of the selected K under a double-triangular (first two columns) and non-double-
triangular (last two columns) bipartite graph I'. The correct value is K = 3, and 300 replications are
conducted.

E.4 Runtime

A\N 1k 5k 10k

Chain 1.6 32 5.1
Collider 25 54 8.0
Dependent 2.3 4.1 6.0

Table 9: Average runtime (in seconds) for steps 1-3 in Algorithm 1.

We report the average runtime (over the 300 replications) in Table 9. As Step 4 above was implemented in a
different language and did not vary across simulation settings, we only report the runtime of steps 1-3. The
simulations were implemented in MATLAB on a personal laptop device (Lenovo ThinkPad X1).

E.5 Uncertainty

We additionally report box plots to complement the average values reported in Table 3. Note that the SHD
is integer-valued, so we chose to report the box plots as opposed to the standard deviation. As the quantiles
and outliers are also integer-valued, the box plots look very similar for all three sample sizes that we consider.
Thus, we only report the box plots for N = 5000. Note that I' is a bipartite graph between 8 observed
variables and 3 latent variables, so the SHD value of 2 means that two edges are incorrect among the 24
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SHD for T" SHD for A
6f ¢ - T s : ;
5F + +
4 + + 2 + "
3 L [ [
2r 1 "
1 1.
oL - — — o — - -
Linear Collider Dependent Linear Collider Dependent

Figure 3: Box plots of the SHD values corresponding to Table 3, where NV = 5000. Smaller is better.

possibilities. The SHD value for A computes the discrepancy between the estimated CPDAG and A, and has
the maximum value of 3.

F Real data details

The fraction subtraction dataset is publicly available through the R package cdm (George et al., 2016). We
have focused on 17 of the 20 items provided in the dataset, following the example analysis in Chen et al.
(2015).

Next, we provide the detailed estimates of the 17 x 3 bipartite graphical matrix I under the fraction subtraction
dataset. In Table 10, each row corresponds to one of the J = 17 questions, and each column corresponds to a
latent skill. Our result resembles that in Table 11 of Chen et al. (2015) and we can understand each latent
skill as: computing common denominator, writing integer as fraction, and subtracting integers. For example,
questions 1-3 ask to compute fractions that do not involve integers g — %, % - %, % — %, so the estimated row
of T for these questions are (1,0,0). However, for more complex questions such as question 17 which requires
computing 3% — 2%, all skills are required with the corresponding row in I' being (1, 1,1). Indeed, there exists
only one pure child of the second skill in both estimates of I, as it is typically measured alongside the third

skill.

G Justification for the binary latent variable assumption

The binary latent assumption simplifies our technical proof and algebraic requirements by allowing a clean,
non-generic statement for Lemma 1. This is our key property that establishes the full-rankness of the
augmented conditional distribution P(X;.x | Hi.x) when the corresponding observed-to-latent graph is
lower-triangular. Its proof relies on showing a non-zero determinant detP(Xy.x | H1.x) # 0. When we instead
consider categorical latent variables that take V' > 2 values, there are possible counterexamples.

For example, consider a toy setting with V' =3, K = J = 2 and a triangular structure with H; — X1, Hy —
X1, Xo, where each Xy, Hy takes values in {0,1,2}. Setting 0, := P(X1 = @ | Hi = h1), M (hy,hs) =
]P)(XQ = | H1 = hl,HQ = hg), we can show that detIP(XLK | Hl:K) 75 0 if and only if

00,0(011 —01,2) +60,1(01,2 — b1,0) +00,2(610 — 01,1) # 0,

10,(h,0) (M1, (h,1) = M1,(h,2)) + M0, (h,1) (M1, (h,2) = T1,(h,0)) F+ 10,(h,2) (M1,(h,0) — My(h1)) 70, Yh=0,1,2.

In general, we must assume that the values of such alternating polynomials (of degree V — 1) are nonzero
for each observation X;. While this is a generic statement that holds almost surely under fully categorical
observations, such conclusions cannot be stated for the continuous or other general responses considered
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j\k|1 2 3
1 |1 0 0
2 [1 0 0
3 /1 00
4 10 1 0
5 |1 0 1
6 [0 0 1
7 [0 0 1
8 |1 0 0
9 |1 0 1
10 |1 0 1
11 |0 1 1
12 |0 1 1
130 1 1
4 |1 1 1
15 |0 1 1
6 |1 1 1

11 1

17

Table 10: Estimated bipartite graph I' for the fraction subtraction dataset.

in our paper. Furthermore, this restricts the identifiability guarantees for parametric sub-models. For
example, we cannot even take a linear parametrization 0, p, = P(X1 =2 | Hy = h1) = Bo,z + h151 .4, under
which the above equation for 6 becomes exactly zero. In contrast, under binary latents with V' = 2, this
requirement is immediately satisfied by the usual nondegeneracy assumption for the conditional distributions
(see Assumption 3(b)).

For Lemma 1 to hold under categorical latents, we also need each X to take at least V possible values. If
V' > 2, this rules out binary responses. This restriction can be troublesome in many practical scenarios for
causal discovery in observational studies. For example, our real data example considers binary responses
(correct/incorrect) arising in educational assessments, and it is known to be extremely challenging to establish
identifiability when general categorical latent variables are used to model binary data. As another illustration,
binary observations/confounders are also common in medical studies, e.g., the binary observation of a patient
exhibiting a symptom or not is confounded by binary latent gene mutations.
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