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Abstract

We give a method for proactively identifying
small, plausible shifts in distribution which lead
to large differences in model performance. To
ensure that these shifts are plausible, we param-
eterize them in terms of interpretable changes in
causal mechanisms of observed variables. This
defines a parametric robustness set of plausible
distributions and a corresponding worst-case loss.
We construct a local approximation to the loss
under shift, and show that problem of finding
worst-case shifts can be efficiently solved.

1. Introduction

Predictive models may perform poorly outside of the train-
ing distribution, a problem broadly known as dataset shift
(Quifionero-Candela et al., 2008). In this paper, our goal
is to proactively understand the sensitivity of a predictive
model to dataset shift, using only data from the training dis-
tribution. For a model f(X) trained on data from P(X,Y),
with loss function ¢(f(X),Y), we seek to understand the
loss of the model under a set of plausible future distributions
P. We seek to evaluate the worst-case loss over P,

sup Ep[((f(X),Y)], (1)
PeP

and provide an interpretable description of a distribution
P which maximizes this objective. To illustrate, we use a
running example inspired by Subbaswamy et al. (2021).

Example 1.1 (Shifts in laboratory testing). We seek to clas-
sify disease (Y") based on the age (A) of a patient, whether a
lab test has been ordered (O), and test results (L) if or-
dered. The performance of a predictive model may be
sensitive to changes in testing policies, as the fact that a
test has been ordered itself is predictive of disease. Fig-
ure 1 (left) gives a plausible causal relationship between
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Figure 1. (Left) Causal graph for Example 1.1. Our approach al-
lows for simultaneous shifts in age and test ordering, parameterized
bY Jage, dorder. (Right) We illustrate a shift in testing rates, using
S(Y; 50rder) =61 -Y + (50(1 — Y), where dorder = ((50, 51) We
plot the landscape of the expected cross-entropy loss of a fixed
model over distributions parameterized by (do, d1), with the train-
ing distribution given as the black star.

variables. Let P(O|A,Y) = o(n(A,Y)), where o is the
sigmoid function and 7(A,Y") is the log-odds. In Fig-
ure 1 (right), we show the loss under a set of new distri-
butions parameterized by 6 = (J, d1), where we modify
Ps(O|A,Y) = o(n(A,Y) + s(Y;0)) for a shift function
s(Y;90) =61 -Y + 0o - (1 —Y), which modifies the log-
odds of testing for both sick and healthy patients. If §y, d;
are unconstrained, the worst-case occurs when all healthy
patients are tested, and no sick patients are tested.

We address two challenges in this paper': The first chal-
lenge (Section 2) is to define a set of possible distributions
P where each P € P is (i) causally interpretable and
simple to specify, without unnecessary restrictions on the
data-generating process, and (ii) realistic, which often en-
tails bounding the magnitude of shift. We construct causally
interpretable shifts by defining perturbed distributions Pg
via changes in causal mechanisms parameterized by a finite-
dimensional parameter §. Our main requirement is that the
shifting mechanisms follow a conditional exponential fam-
ily distribution. Constraining d can then ensure that shifts
are realistic: The unconstrained worst-case shift in Exam-
ple 1.1 is implausible, where all healthy patients (and no
sick patients) are tested. Equation (1) becomes

sup Ets[g(f(X)?Y)]v 2
JeA

where [E; is the expectation in the shifted distribution P
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and A is a bounded set of shifts.

The second challenge (Section 3) is evaluation of the ex-
pected loss under shift, as well as finding the worst-case
shift. Under our definition of shifts, we show that the test
distribution can always be seen as a reweighting of the train-
ing distribution, allowing for reweighting approaches, such
as importance sampling, to estimate the expected loss under
shifts. While this is practical for some distribution shifts, for
others, importance sampling can lead to extreme variance
in estimation. Further, finding the worst-case shift using
a reweighted objective involves maximization over a non-
concave objective (see Figure 1), a problem that is generally
NP-hard. We derive a second-order approximation to the
expected loss under shift, and show how it can be estimated
without the use of reweighting. For quadratic constraints A,
we can approximate the general non-convex optimization
problem in Equation 2 with a non-convex, quadratically
constrained quadratic program (QCQP) for which efficient
solvers exist (Conn et al., 2000, Section 7). We bound the
approximation error of this surrogate objective, and show
experimentally that it is well-behaved.

2. Defining parametric robustness sets

Notation: Let V denote all observed variables, where
(X,Y) C V for features X and labels Y, and let P(V)
denote the training distribution. E[-] and cov (-, -) refer to
the mean and covariance in [P, and for a shifted distribution
Ps (Definition 2.1) we use Es[-], covs(-, ). For a random
variable Z, we use Z to denote the space of realizations,
and dz for dimension e.g., Z € Z C R%z_ For a set of
random variables V = {V;,...,V;}, we use V; to denote
an individual element, and use PAg(V;) to denote the set of
parents in a directed acyclic graph (DAG) G, omitting the
subscript when otherwise clear.

We begin with a general definition of a parameterized ro-
bustness set of distributions P.

Definition 2.1. A parameterized robustness set around
P(V) is a family of distributions P with elements P5(V')
indexed by § € A C R%, with 0 € A, and Py(V) = P(V).

We give examples shortly that satisfy this general definition.
To construct such a robustness set, we consider distributions
P that differ from IP in one or more conditional distributions
(Assumption 2.3). We require that the relevant conditional
distributions can be described by an exponential family.

Definition 2.2 (Conditional exponential family (CEF) dis-
tribution). P(W|Z) is a conditional exponential family dis-
tribution if there exists a function (Z) : R% — R97 such
that the conditional probability density (for continuous W)
or probability mass function (for discrete W) is given by

B(W|2) = gW) exp (n(2) TOW) = h(n(2))), ()

where T'(WW) is a vector of sufficient statistics, T'(W) €
RI7, g(-) specifies the density of a base measure and
h(n(Z)) is a normalizing constant.

Definition 2.2 extends to marginal distributions where Z =
@ and n(Z) is a constant function.

Example 1.1 (Continued). Let ordering a test (O) depend
on age (A) and disease (Y'), such that P(O = 1]4,Y) =
o(n(A,Y)), where o is the sigmoid, and 7 is an arbitrary
function. Here, Definition 2.2 is satisfied with W = O,
Z = (A,Y), and sufficient statistic 7(O) = O.

We now state our main assumption, where we distinguish
between the terms in the joint distribution of P that shift,
which we will need to model, and those that remain fixed,
which we do not.

Assumption 2.3 (Factorization into CEF distributions). Let
W = {W,...,Wy,} C V be a intervention set of vari-
ables and let

P(V)= [] PWilz)
W, eW

I rviv) @&

Vi GV\W
Conditionals that shift Conditionals that we do not model

be a factorization, where Z;, U;, V; C 'V are possibly over-
lapping sets of variables. We assume for each W; that Z; is
known and that P(W;|Z;) satisfies Definition 2.2.

If P(V) factorizes according to a DAG G, the factorization
in Assumption 2.3 is always satisfied by Z; = PAg(W;).
Here, we require limited knowledge of the underlying graph,
and only need to know the parents PA (WV;) for the variables
W; that shift. We now define parametric perturbations and
give the general form of the robustness sets that we consider,
involving simultaneous perturbations to multiple W.

Definition 2.4 (Parameterized shift functions and
§-perturbations). Let s(Z;8) : R4 — R97 be a param-
eterized shift function with parameters 6 € A C R%
which is twice-differentiable with respect to ¢ and satisfy
s(Z;0) = 0 for all Z. For P(W|Z) satisfying Equation (3),
we refer to

Ps(W[2) = g(W) exp (ns(2) T T(W) — h(15(2)))

as a d-perturbation of P(WZ) with shift function s(Z; ),
where n5(Z) :=n(Z) + s(Z;9).

Example 1.1 (Continued). A model developer may be
concerned about a uniform change in testing rates across
all types of patients. This can be modelled by choosing
s(Z;9) = 0, for § € R, an additive intervention on the
log-odds scale. A separate change in testing rates for sick
and healthy could instead be modeled using s(Z;0) =
§0(1-Y)+61Y, using 6 € R?. This reasoning extends read-
ily to more complex shifts (e.g., allowing for age-specific
changes in testing rates, with a non-linear dependence on
age), as long as s(Z; d) remains a parametric function.
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While the shift function s(Z;0) is parametric, 7(Z) is un-
constrained in Definitions 2.2 and 2.4. Note that this formu-
lation includes multiplicative shifts ns(Z) = (1 + 0)n(Z)
by letting s(Z;0) =6 - n(Z).

Definition 2.5 (CEF parameterized robustness set). For a
distribution P and intervention set W = {Wy, ..., W,,,} C
V satisfying Assumption 2.3, let each Ps, (W;|Z;) be a d;-
perturbation (Definition 2.4) of P(W;|Z;). Then

II rPwviu

V;EV\W

Ps(V) =[] Ps(WilZ)
W, eW

is called a d-perturbation of P(V'), and the robustness set P
consists of all Ps ford € Ay x --- A,,.

To estimate the expected loss under Ps, we will typically
need to estimate 7)(Z;) for each W; € W. However, we
make no distributional assumptions on the remaining vari-
ables V\'W. This is useful in applications such as computer
vision, where we do not need to restrict the generative model
of images given attributes (e.g., background, camera type,
etc), but can still model the expected loss under changes in
the joint distribution of those attributes.

Remark 2.6 (Causal Interpretation of Shifts). If the DAG G
represents a causal graph (Pearl, 2009), then Ps can inter-
preted as a change in causal mechanisms. We see this as an
important perspective for interpreting and specifying shifts,
but our methods do not require a causal interpretation.

3. Evaluation of the worst-case loss

For a fixed predictor and loss function, we can use
data from P(V) to estimate the expected loss E;[¢] =
Es[¢(f(X),Y)] for a fixed &, and estimate the worst-case
loss over all § of bounded magnitude.

Remark 3.1. The methods here can be used with an arbitrary
predictor f and loss function ¢ := ¢(f(X),Y). We do
not even require access to the original predictor f. Both
methods here simply treat ¢ as a random variable in IP, for
which we have samples from the training distribution.

3.1. Modelling shifted losses using reweighting

The shifts defined in Section 2 share common support, with
the following density ratio.

Proposition 3.2. For any Ps(V),P(V) that satisfy Def-
inition 2.5, supp(P) = supp(Ps) and the density ratio
wg = Ps /P is given by

w; —exp(zsz (Z3;6:)"
=1
exp <§: h(n
i=1

Wz)> X

—h(n(Z:) + si(Zi; 51))) .

Example 1.1 (Continued). Suppose we perturb the proba-
bility of ordering a test O given age A and disease Y with
shift function s(Y;0) = do(1 — Y') + 6;Y, independently
changing the conditional probability of testing for healthy
and sick patients. Here, the density ratio is given by

1 4 en(AY)
1+ en(AY)+s(Y;0)

ws(0, A,Y) = exp(s(Y;0) - O)

To model the loss Es[¢] using data from P, we can use an
importance sampling (IS) estimator (Horvitz & Thompson,
1952; Shimodaira, 2000), observing that Es[¢] = E[ws(V) -
¢]. This requires estimation of the density ratio ws(V'), and
(given a sample {VJ _ from P) yields the estimator

. 1 <& ) _
Eslf) ~ Esis = — > _ws(V))(V), ()

j=1

In practice, Equation (5) can have high variance when den-
sity ratios are large, and maximizing this equation with
respect to ¢ is a general non-convex optimization problem,
which is generally NP-hard to solve.

3.2. Approximating the shifted loss for exponential
family models

We now propose an alternative approach for approximating
the loss Es[¢]. Recalling that Ps_o = IP, we use a second-
order Taylor expansion around the training distribution

Es[(] ~E[(] + 6" SG' +167 SG?4, (©6)
where E[{] denotes the loss in the training distribution and
SG!, SG? are defined as follows.

Definition 3.3 (Shift gradient and Hessian). For a paramet-
ric shift satisfying Definition 2.1 where ¢ — Es[¢] is twice-
differentiable, we denote the shift gradient SG! and Hessian

SG? as SG' == VsE;[¢]| . and SG? := VZEs[(]

|5:0 }5:0'

Equation (6) is a local approximation of the loss, whose ap-
proximation error we bound in Theorem B.2, with smaller
approximation error for smaller shifts. For P satisfying Def-
inition 2.5, SG* and SG? can be computed as expectations
in the training distribution, without estimation of density
ratios. Recall that the conditional covariance is given by
cov(A, B|C) := E[(A — E[A|C))(B — E[B|C))|C].

Theorem 3.4 (Simple shift in a single variable). Assume

the setup of Theorem B.1, restricted to a shift in a single
variable W, and that s(Z; ) = 6.

SG' =E [cov (¢, T(W)|Z)]  and
SG2 =E {cov (é, €T|Z€;‘Z|Z):| ,

where T(W) is the sufficient statistic of W and ep|z =
T(W) - E[T(W)|Z].
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In Theorem B.1, we state a general form of Theorem 3.4,
which allows for shifts in multiple variables and for arbitrary
shift functions s(Z;9).

Example 1.1 (Continued). Suppose that age (A), which
has no causal parents, follows a normal distribution with
mean p and variance 02, and that we wish to consider a
shift in the mean. We can parameterize P(A) as an exponen-
tial family with parameter n = 11 /o and sufficient statistic
T(A) = A/o. Here, s(6) = ¢ implies a shift in the mean
of ¢ standard deviations n5 = n + s(6) = (u + 0d)/0,
and we can write that SG* = cov (£, A) /o and SG* =
cov (£, (A — E[A])?) /o2

To estimate the shift gradient and Hessian from a sample
from P, we fit models [i,(Z) =~ E[{|Z] and fiw (Z) =~
E[T(W)|Z] and compute residuals on these predictions,
which permits estimation of the gradient and Hessian as a
sample average of residuals. Using these, we can estimate
the expected loss as

Es[0] ~ Esraytor = B[] + 078G + 167SG°5. (1)
Here, there are two sources of error: Finite-sample error,
due to the estimates of SG', SG?, as well as approximation
error; in Theorem B.2 we give a bound on the latter. In ex-
change for considering a second-order approximation of the
loss, we gain two benefits: Variance reduction and tractable
optimization. First, as SG!, SG2 are not functions of ¢, the
variance of E Taylor 1S O(||5 ||*), while the variance of Esis
can be much larger (see Section 4). Second, maximizing
Ea,Tayk)r over the set ||0|| < A can be solved in polynomial
time by exploiting the quadratic structure (see Section 3.3),
while maximizing E(;,IS over the constraints is generally
hard, and may be infeasible in high dimensions.

3.3. Identifying worst-case parametric shifts

For A > 0, we can locally approximate the worst-case loss
over all distributions Ps where ||d||, < A by finding the
worst-case loss in the Taylor approximation

sup 0' SG'+15" SG?4. ®)
I8l

Since SG? is generally not negative definite, the maximiza-
tion objective is non-concave. However, this particular prob-
lem is an instance of the well-studied ‘trust region problem’
(Conn et al., 2000), which can be solved in polynomial time
(Polik & Terlaky, 2007, Section 8.1).

4. Experiments

Synthetic Example: Lab Tests: To compare the bias and
variance of the Taylor and the importance sampling esti-
mates of the shifted loss, we simulate synthetic data from

Test ordering Age

1.25
1.00
0.75
0.50
0.25
0.00

Shift loss

Shift strength §
El Taylor

B Importance samp. B Ground truth

Estimate

Figure 2. Estimates of the shifted loss in Section 4 using either the
importance sampling or the Taylor estimate. For each shift § we
plot the median, and the 0.05 and 0.95 quantiles for each approach.
The dashed line indicates simulated ground truth (indistinguishable
from the importance sampling in the left plot).

Example 1.1. We consider either a shift in the logits of order-
ing lab tests (Figure 2 left) or a mean shift in the Gaussian
distribution of age (Figure 2 right). We compute estimates
E(; 1s and E5 “Taylor Of the loss under a shift of size J, and com-
pare this to ground truth data simulated from Ps. Additional
details are given in Appendix C.

For shifts in binary test ordering, both estimates capture the
loss well for small shifts, but as d gets larger, the quadratic
approximation increasingly deviates from the true mean. For
the Gaussian mean shift, the importance sampling weights
quickly become ill-behaved, and the variance dramatically
increases as 0 grows. This supports the intuition, that while
importance sampling tends to work well for binary variables,
the variance can be large in continuous distributions, such
as the Gaussian distribution.

Finding worst-case shifts in computer vision, given im-
age attributes: In Appendix A we demonstrate the ap-
plication of the approach outlined in Section 3.3, to find
bounded worst-case shifts in a gender classification task
using a synthetic variant of the CelebA dataset. Here, we
uncover (and validate) sensitivity to interpretable changes
in distribution, such as reduced rates of wearing lipstick
among young women.

5. Conclusion

We argue for considering parametric shifts in distribution,
to evaluate model performance under a set of changes that
are interpretable and controllable. For parametric shifts in
conditional exponential family distributions, we derive a
local second-order approximation to the loss under shift.
This approximation enables the use of efficient optimization
algorithms (to find the worst-case shift), and empirically
provides realistic estimates of the resulting loss.
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A. Experiment: Detecting sensitivity to
spurious correlations

A predictive model may pick up on various problematic
dependencies in the data that may not remain stable under
dataset shift. To understand the impact of these dependen-
cies, a model user may wish to understand which changes
in distribution pose the greatest threats to model perfor-
mance, and to measure the impact of these changes. To
illustrate this use-case, we make use of the CelebA dataset
(Liu et al., 2015), containing images of faces along and
binary attributes (e.g., glasses, beard, etc.) encoding sev-
eral non-causal features whose correlations may be unstable
(e.g., the relation between gender and wearing lipstick). We
consider the task of predicting gender (Y') from images of
faces (X)), and assess sensitivity to a shift in the distributions
of attributes (W).

Setup: To obtain ground-truth shifts in distribution, we
generate synthetic datasets of faces using CausalGAN (Ko-
caoglu et al., 2018), trained on the CelebA data. We simulate
attributes following the causal graph in Figure 3, and then
simulate images from the GAN conditioned on those at-
tributes. We draw a training sample from this distribution P,
and fit a gender classifier f(X) using the image data alone,
by finetuning a pretrained ResNet50 classifier (Hu et al.,
2018), with a test accuracy of 0.919. Each attribute W, is
binary, so we consider shifts in the log-odds 7;(Z;) of each
attribute W, given parents Z;. Here, we use a maximally
flexible shift function s;(Z;;d;) = Zzezi 0i.,1{Z; = 2},
such that for Z; € {0, 1}* there are 2¥ parameters. Across
all intervened variables, & € R3!. Per Section 3.3, we iden-
tify the shift § causing the largest drop in accuracy, and
compute E(;,Taylor and EA(SJS to estimate accuracy under that
shift. Due to the synthetic nature of our setup, we can simu-
late from Ps (X, W, Y') to estimate the ground-truth impact
of this shift, by simulating from the shifted attribute distribu-
tion, and then simulating images from the GAN conditional
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Table 1. (Left) Largest components of worst-case shift J, where
P and P5; denote conditional probabilities. (Right) Taylor and IS
estimates of the loss E;[¢] at the worst-case shift J.

Conditional 0; P Ps
Wearing Lipstick — Male, Young 0.998 0.08 0.182
Wearing Lipstick — Female, Young -0.992 0.92 0.819

Bald — Female, Old 0.986 0.12 0.266
Wearing Lipstick — Male, Old 0.499 0.12 0.182
Bald — Male, Young -0.471 0.12 0.078

Ground truth shift acc. (Es[¢,])
0.887

Original acc. (E[¢,])
0.919

IS estimate (Eg,ls)
0.792

Taylor estimate (Ea,Taylor)
0.878

on those attributes.

Finding and validating a single, high impact shift: Using
a validation sample from P, we estimate the shift gradient
and Hessian (Theorem B.1). Solving the quadratic optimiza-
tion problem in Section 3.3, we find the worst-case shift §
such that ||6]] < A = 2. We display the largest components
of ¢ in Table 1 (top). Among others, this shift entails a 10%
increase in the probability of a young man wearing lipstick,
and a similar decrease for young women. This suggests that
the learned classifier f relies on this non-causal association
in the images for prediction. We validate that this shift leads
to a measurable decrease in accuracy, from 92% to 8§9%,
using simulated data from Ps. To validate that this shift is
indeed a worst-case shift, we simulate X = 400 random
shifts d;, and evaluate the model accuracy in P;, (Figure 4,
top). As expected, our chosen shift § (red line) is in the
left tail of the distribution. We compare the ground-truth
accuracy under this shift (89%) to the original estimates
EA57Tay10r = (0.878 and EA(;,IS = 0.792 (Table 1), and observe
that both correctly predict a drop in accuracy, although EA(ng
overestimates the size of the drop.

Comparing importance sampling and Taylor across mul-
tiple simulations: We simulate KX = 400 validation sets
from IP, in each estimating the worst-case shifts drayior and
d1s, Where the latter corresponds to maximizing E‘(;Js us-
ing a standard non-convex solver from the scipy library
(Virtanen et al., 2020). We simulate ground truth data from
Ps, and Ps,., ., and in Figure 4 (bottom) we plot the differ-
ences Es . [(] — Es[¢], showing that in 73% of cases, the
Taylor method finds a more impactful shift. Moreover, the
average run-time for the Taylor approach is 0.02s while that
of the importance sampling approach is 2.52s. Finally, the
optimal value of the Ea,Taymr objective tends to a reasonably
accurate estimate of the shifted accuracy, while the optimal

| Acc. at §uorsccase
| Training acc.

Random shift acc.

B Higher than E5[¢]
Lower than E; [£]

88.0% 90.0% 92.0% 94.0% 96.0%
Shift distribution acc.

Found worst shift

1 Taylor
Importance sampling

—-3.0% —2.0% —1.0% 0.0% 1.0% 2.0%

Acc. difference at worst shift found

Figure 4. (Top) Model accuracy at randomly drawn shifts. (Bot-
tom) Difference in accuracy in the worst-case shifts identified by
Taylor and importance sampling approaches. The Taylor method
identifies a more adversarial shift than importance sampling in
73% of simulations (green).

value of the E(;Js objective (both on the validation set) is
a poor predictor, with a mean absolute prediction error (in
predicting Es[¢]) of 0.176 for E5 s and 0.014 for E5 tayior-

B. Additional theorems

Theorem B.1 (Shift gradients and Hessians as covari-
ances). Assume that Ps, P satisfy Definition 2.5, with inter-
vened variables W = {W1, ..., W,,} and shift functions
$i(Z;; 6;), where 6 = (01, ..., 0m). Then the shift gradient
is given by SG* = (SG1,...,SGL)) € R% where

2)]

and the shift Hessian is a matrix of size (ds X ds), where
the (i,4)th diagonal block of size ds, x ds, equals

SG} =E {DL cov (z, T;(W;)

E |:D,;rl Cov (6, eTi\ZiE;HZi ‘ZL) Di,1:| —E [E . DiT,2€T\Z]
and the (i, j)th off-diagonal block of size ds, x ds; equals
COV(E, D;l,—leTi\th 6}—], |Zj Dj,l)

where D, = V’gi 8i(Z;;0;)|s=0, is the gradient of the
shift function for k = 1, and the Hessian for k = 2. Here,
T;(W;) is the sufficient statistic of P(W;| Z;) and ez, =
T}(W;) — E[T(W;)| Zi].

Theorem B.2. Assume that Ps,P satisfy the conditions
of Theorem B.1, with a shift in a single variable W, where
5(Z;0) = 6. Let E5 payior be the population Taylor estimate
(Equation (6)) and let (M) denote the largest absolute
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value of the eigenvalues of a matrix M. Then

<

Es[€] —

E §,Taylor

1
2 sup a(covt(;(ﬁ €t6T\W€t5T\W)
te[0,1]

cov(’, eo,weaw)) 11812,

where T(W) is the sufficient statistic of W|Z and
s riw = T(W|Z) — Es[T(W|Z)].

C. Simulation details for Section 4

The data in Section 4 (and also the loss land-scape in Fig-
ure 1 (right)), was simulated using the following generative
model
Age ~ N(0,0.5%)
P(Disease = 1|Age) = 0(0.5- Age — 1)

P(Order = 1|Disease, Age) = o(2 - Disease + 0.5 - Age — 1)

Result|Order = 1, Disease ~ N'(—0.5 + Disease, 1),

where o denotes the sigmoid function and if Order = 0, the
test result is a placeholder value of zero.

For the lab test ordering, we consider the shift n5(Z) =
1n(Z) + 6 (i.e. a linear shift in the logits of test ordering) and
for age, we consider a shift in the marginal mean 75 = §. To
construct the plot, we simulate data n = 1,000 times, and
for each dataset and each ¢ in a grid, we compute estimates
E5 1s and E§ [Taylor- We then plot the mean and point-wise

90% prediction intervals for Ej s and E Tuyior-

D. Proofs
D.1. Proof of Proposition 3.2

Proposition 3.2. For any Ps(V),P(V) that satisfy Def-
inition 2.5, supp(P) = supp(Ps) and the density ratio
wg = Ps /P is given by

m

w;(V) = exp (Zsi(Zi; 5i)TTi(W,;)> X

exp (Z hn(2:)) -

Proof. By Definition 2.5 and Assumption 2.3, we have that

Ps(V) = [[Ps.Wilz)) [ PBV;IUy)
i=1 V,EV\W

=[[rwilz) ] PW;lu).
=1

V,EV\W

h(n(Z:) + si(Zi; 6i))> .

It follows that the supports of Ps and IP are the same: Since
the exponential family density is given by the base mea-
sure ¢;(W;) times a exponential term (which is always
strictly positive), and since the terms [ [, oy \w P(V;[U;)
are shared between Ps and PP, their supports agree.

To get the density ratio, we take the ratio of P5(V) and
P(V), and the terms V; € V' \ W cancel:
Ps(V)
IP>(V)
H Ps, (W; \Z
P(W;|Z;)

ws(V) =

By Definition 2.5 and Assumption 2.3, each Py, (W;|Z;) is
a §;-perturbation around the CEF distribuition P(W;|Z;), so
plugging in the exponential family densities, we get

w(;(V)
W;)elmi(Zo+si(Zes00)} T Ti(Wi)=ha(mi(Zi)+54(Z1360))

g(W,
B H Wi)em(ZJTTL(Wz) hi (UL(Zl))

_Hexp< (Z::6:)T (W)
() + 52 8) + o (20)
:exp<i (28T, ))

i=1

i=1

exp

A

hi(ni(Z:) +si(Z¢;5i))>.

D.2. Proof of Theorem B.1

Theorem B.1 (Shift gradients and Hessians as covari-
ances). Assume that P, P satisfy Definition 2.5, with inter-
vened variables W = {Wy, ..., W,,} and shift functions
$i(Z;; 6;), where 6 = (01, ..., 0m). Then the shift gradient
is given by SG* = (SG1,...,SGL ) € R% where

2)]

and the shift Hessian is a matrix of size (ds X ds), where
the (i,4)th diagonal block of size ds, x ds, equals

E [DI1 COov (6, GTi‘ZiE;”Zi ‘Zz) Di’l]

SG} = {DZ 1 cOV <€, T;(W;)

—E[¢-D/yerz]
and the (i, j)th off-diagonal block of size ds, x ds, equals
COV(E, D;—leTi\Zi 6;], |Zj Dj71)

where D; j, = V’gi $i(Z;; 6:)|s=0, is the gradient of the
shift function for k = 1, and the Hessian for k = 2. Here,
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T;(W;) is the sufficient statistic of P(W;|Z;) and er,| 7, :=
T:(Wi) — E[T(W;)| Zi].

Proof. For simplicity throughout, we use hl(»l) to denote the
gradient of the log-partition function Vh;(-) with respect
to the arguments, which is a column vector of length dr,,
and we use hz@) to denote the Hessian V2h;(+), which is a
matrix of size dr, X dr,. We also use 7, (2;) as short-hand
for n;(z;) + si(245 ;).

Shift Gradient: By Definition 2.5, the probability den-
sity / mass function Py factorizes as follows, where 6 =

(51, Om)

Ps(V) = < H Péi(Wi|Zi)>

W, eW

II PwilrAv:)

VieEV\W
©)

and the gradient with respect to shift parameters §; is given
by

Vs,p5(v) = ps(v) Vs, log ps(v) = ps(v) Vs, log ps, (wil 2;)

where the last equality follows from additivity of the log-
likelihood in the conditionals, the factorization above, and
the fact that ¢; only enters into the given conditional distri-
bution. Given the assumed form of log ps, (w;|#;) given in
Definition 2.4, we can observe that

Vs, log ps, (wi]2i)
= Vs, [(mi(z:) + 8i(236:)) " Ti(wy)
— hi(n(z) + si(2i;6:))]
= (Vs,5i(26:)) T (w;)
— (Va5i(2i56:))  Vhi(n(z:) + 5i(2i56:))
= (Vs,si(z:0)) " (Ti(w) = V(5. (z0)))  (10)

where Vs, s;(z;0;) € Rdri%ds;  apnd Vhi(n(z) +

5i(2:;0;)) is the gradient of the function h; : R9%: —
R, which is a column vector of length dr,. It follows
from known properties of the log-partition function (Wain-
wright et al., 2008, Proposition 3.1), that hl(l)(n(;i () =
Es[T;(W;)|z]. This gives us that

Vs, Es[¢]
= Es [+ (Va,5:(Z::6) T (T(W:) — Es[T.(W))| 21)|

=E;s |:(V6i3i<Zi§ 5:)) " Est - (T:(W;)
—Eﬂﬂﬂ%)&nwﬂ

=E;s {(VaiSi(Zi; 5:)) " covs (L, Ti(Wi)|Zi)] ,

where the second equality follows from the tower property
and Z;-measurability of Vs, s;(Z;; d;), and the final equality
follows from the definition of the conditional covariance.
This expression, evaluated at § = 0, gives us the desired
result, that

SG; = Vs,Es[f]|s_, = E [D]]; cov(£, T;,(W;)|Zy)] ,

where D; 1 = V5,5i(Z;,0;)|s=0. The result follows from
the definition that gradients are taken entry-wise, giving
sGl = (SG%, ey SG}n) € Rdey +dsy,

Shift Hessian (Diagonal): For the shift Hessian, we first
compute the diagonal entries of V2Es[¢]|5—9, which are
blocks of size R9: *45: . We begin by computing the Hes-
sian of the likelihood.

V3. ps(v)

=w@mwmmwmm)

= p(;(?]) <(V5L 10gp5i (wi|zi))®2 + Vg, 1ng5i (w1|21)>

ﬂMWOWﬂ%WﬂWMW%WPW#MPQ

{Vs,8i(2i;04)}
— (V3 si(2:6)} T (Ti(w) — b (15, (24)))
—{Vs,5i(2i300) Y ThE? (s, (1))

{Vs,si(zi 51‘)}) ;
= ps(v) <{V6¢ si(2i36:)} "

(7w~ 25, () = 1 s 2
{Vs,8i(2i;0:)}

—{Vi&@ﬁ@nTauwn—hS%mxa»ﬂ

where we use the notation v®2 := v, and we note

that V?is(zi; d;) is a tensor of size dr, x ds, x ds,, and
{V3 si(z; 51‘)}Th§1)(-) is a matrix of size ds, x ds,, where
the (m,n)’th entry is { 52— 52—s(2i;6:)} TR ().

Now, using the fact that (") (15, (2)) = E[T;(W;)| 2] and

) (ns,(2)) = vars[Ti(W;)|2;] (Wainwright et al., 2008,
Proposition 3.1), and the definition e7,z, = T;(W;) —
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Es[T;(W;)|Z;], we obtain
V3. Es[]
= ]E(; |:f . {Vgl Si(Zi; (Si)}T (G%ﬁzi — Varg(E(Wi”Zi))
(Vs5:(Z: (m}}
—Es [¢-{V3 5:(Z:;0:)} er, 2]

= Es [{vgisi(zi; §i)} " covs (z, Pz, Zi)
(V)]

- Eé [E . {V(Qgisi(Zi; 51)}T6Ti|Zi]

which gives the desired result when we evaluate at § = 0.
Shift Hessian (Off-Diagonal) For i # j, we have that
Vs, Vs,ps(v)

= Vs, (ps(v) Vs, log ps, (w;|z;))
= Vs, (ps(v)Vs; log ps; (wj]z;))

= ps(v) V5, log ps, (w;]z:) (Vs, log ps, (w;2;))
— ps(v) ({v@ sz 62T (T ) — B <zz—>>>)

/
({v(s,. 55250} (T3 () — h§-”<n5j<zj>>>)

where the third line follows from the fact that
Vs, (Vs, log ps, (wj|z;)) = 0, and the last line follows from
the derivation of the gradient of the log-likelihood in Equa-

tion (10). We can again use the fact that hgl)(n(;i (Z;)) =
Es[T3;(W;)|Z;s] and the shorthand eq,z, = Ti(W;) —
Es[T;(W;)| Z;] to write that

Vs, Vs, Es[l]
B, [ﬂ- (Vasu(z:6} " ((wa» - hﬁ”(m(zm))

-
(B30 = 1 s, ) ) (T30}
and when we evaluate this expression at 6 = 0, we obtain

Vs, Vs, Es [£] ’5:0
=E V ) ngleTlei(ETj\Zj)TDjvl}

T T
= cov(/, D 1€r,1z:€1; 2, Dj1).

Where  the last equality  follows  because
E[D/ er,)z, 6}—_7‘|Z_7‘ D;;] = 0. To see this, note that
one of W;, W; must be a non-descendant of the other, and
we will assume without loss of generality that W} is a
non-descendant of W; in the causal graph consistent with

the factorization given in Equation (9), which implies that
Z; (the parents of W; in the underlying graph) are also
non-descendants of W;.Thus, W; 1L (W;, Z;)|Z;, because
(W}, Z;) are both non-descendants of W;. Then, observe
that D; ; is a function of Z;, and €T, |Z; is a variable with
zero-mean conditioned on Z;. Thus, E[D, er,|,Z;] = 0,
for all Z;. Moreover, given Z;, we have that DZ 1€T;|Z; 18

. T .
independent of D ;€7 z;. As a result, we can write that

E[D/ er,z.¢1,12,Dj1]

= E[E[D;,rleTi\ZiE;j\ZijJ|Zi”

= E[E[D] er, 2,1 ZiJEler, 7, Dja| Zi]]
=E[0-Eleg,|z,Dj11Zi]]

—0

D.3. Proof of Theorem 3.4

Theorem 3.4 (Simple shift in a single variable). Assume
the setup of Theorem B.1, restricted to a shift in a single
variable W, and that s(Z; ) = 6.

SG'=E [cov (6, T(W)|Z)] and
SG? =E {cov (¢, 5T|Z€;\Z|Z)} ;

where T'(W) is the sufficient statistic of W and er|z =
T(W) — E[T(W)[Z].

Proof. We have Vss(Z;8) = Vg0 = 1 and V3s(Z;6) =
V26 = 0. The result now follows from Theorem B.1. [

D.4. Proof of Theorem B.2

Theorem B.2. Assume that Ps,P satisfy the conditions
of Theorem B.1, with a shift in a single variable W, where
5(Z;6) = 6. Let Es 1ayi0r be the population Taylor estimate
(Equation (6)) and let o(M) denote the largest absolute
value of the eigenvalues of a matrix M. Then

<

E§ [E] - E&,Taylor

1 T
5 sup o < covy.s (¢, 6t~6,T\W€t-5,T\W)_
te[0,1]

COV(Ae7 GO,TWG(ITW)> . ||5||2’

where T (W) is the sufficient statistic of W|Z and
esriw = T(W|Z) — Es[T(W|Z)).

Proof. The expectation is continuous and twice-
differentiable with respect to ¢, because of the smoothness
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of the exponential family in the parameter, the fact that the
shift function s is twice-differentiable, and because the
support does not change. Thus, applying Taylors remainder
theorem to the function ¢ — E;.5[¢], it follows that there
t=to

exista tg € [0, 1] such that
—(1dg €]
2 dz¢—t-8
t=0
(1D

= SG! and by the same ar-
=0
guments (see the proof of Theorem B.1), it follows that
2 .
(%&Et.a[ﬁ]) =47 covy,.s5 (¢, efz%’TlW)& Plugging
t=to

this in, and subtracting 6" SG” § on both sides of Equa-

Eq.5[¢]—Eo.5[(]— ((ftEt.(;[EO

We have (ddtIEt.g [4]

tion (11) yields
511 - w(6)
= 15T (covto.g(é, €2 ) — cov(l, egﬁlw))(s‘
< %tZE)I,)l] 5T (covt.(g(ﬁ, 6§§,T\W> — cov(4, e?ﬁlw))é‘.

Let K := (covt.g(ﬁ, ef’éT‘W) — cov(E,eg%gTIW) . Since
K is symmetric and real valued, it is diagonalizeable, K =
U T AU for an orthonormal matrix U and diagonal matrix
A = diag(ay, . .., aq). We then have
6T K| =0T UTAUS|

= |(AY2U8)T(AYV2US))|

= [AV2U03
IAY2[31U613
= o(K)| 813,

IA

where A2 = diag(\/ar,..., /@), || - ||2 denotes the
supremum-norm when applied to matrices and the 2-norm
when applied to vectors and ||[Ud||z = ||0]|2 because
|UG||2 = 6TUTUS = 6"6 = ||§||3, using orthonormal-
ity of U. Plugging in this inequality, we get that

Es[f] K(a)‘

<

N[

st]or<covt.5(£, e??_T‘W) —cov (¥, EE?%'W)) H5||§7
te[o,1 ’

which concludes the proof. O



