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ABSTRACT

In the field of equivariant networks, achieving affine equivariance, particularly
for general group representations, has long been a challenge. In this paper, we
propose the steerable EquivarLayer, a generalization of InvarLayer (Li et al.,
2024), by building on the concept of equivariants beyond invariants. The steerable
EquivarLayer supports affine equivariance with arbitrary input and output repre-
sentations, marking the first model to incorporate steerability into networks for
the affine group. To integrate it with canonicalization, a promising approach for
making pre-trained models equivariant, we introduce a novel Det-Pooling module,
expanding the applicability of EquivarLayer and the range of groups suitable for
canonicalization. We conduct experiments on image classification tasks involv-
ing group transformations to validate the steerable EquivarLayer in the role of a
canonicalization function, demonstrating its effectiveness over data augmentation.

1 INTRODUCTION

Convolutional neural networks (CNNs) have achieved remarkable success across domains such as
computer vision (He et al.| 2016} |Chen et al., [2017; Ren et al.| 2016)), natural language process-
ing (Mikolovl 2013} |Cho et al., |2014; Bahdanau et al., 2015), and science (Raissi et al., 2019;
Korshunova et al., [2021])), largely due to their parameter-sharing mechanism, which enables transla-
tion equivariance. Recognizing that many tasks involve symmetries beyond translation, researchers
have incorporated additional symmetries into networks. (Cohen & Welling|(2016a) introduce Group
Equivariant CNNs (G-CNNs), which conduct convolutions on groups, preserving rotation symme-
try. Steerable CNNs (Cohen & Welling, 2016b; [Weiler & Cesal, 2019)) generalize G-CNNs, allowing
for arbitrary input and output representation types. In steerable CNNs, features are viewed as fields,
and the input and output representation types are arbitrarily chosen whereas G-CNNs are constrained
to the regular representation. Further works extend equivariance to subgroups of Euclidean groups
across diverse domains (Esteves et al.l [2019; [Weiler et al., 2018; Wang et al., 2022 [Cohen et al.,
2018;2019; [Zhdanov et al., 2023). Canonicalization has emerged as a novel and promising method
for enforcing equivariance or invariance (Kaba et al., |2023). It maps inputs to a canonical form,
based on the group element output by a canonicalization function, before passing them through a
non-equivariant network. This allows models to exhibit equivariance without architectural changes
or retraining, thus enabling equivariant adaptation of pre-trained models (Mondal et al.,|2023). Cur-
rently, this method has been primarily applied to Euclidean groups, as the canonicalization function
is typically constructed using equivariant networks with specific non-trivial group representations.
Extending equivariant networks with steerability to more general groups can significantly broaden
the applicability of canonicalization.

Achieving equivariance for more general groups, particularly the affine group, remains a significant
challenge. MacDonald et al.| (2022) enable group convolution on the affine group by converting the
group integral into one over the Lie algebra, but it still requires extensive group sampling, leading
to exponential memory growth. Recent work by |[Mironenco & Forré| (2024) improves sampling effi-
ciency by decomposing large groups, yet limited to regular representations. [Li et al.| (2024) propose
InvarLayer, based on differential invariants, achieving affine equivariance in networks without dis-
cretizing or sampling the group for the first time. However, InvarLayer is inherently limited to the
trivial representation for input and output. It is still a challenge to design a layer that can handle
affine equivariance for arbitrary input and output representation types. A more detailed literature
review can be found in Appendix [A]

In this paper, we extend the InvarLayer framework (Li et al., 2024)) to develop a more general equiv-
ariant layer, called the steerable EquivarLayer. This extension is analogous to the generalization
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from G-CNNs (Cohen & Welling| [2016a)) to steerable CNNs (Cohen & Welling, [2016b; [Weiler &
Cesa, [2019), and from PDO-eConvs (Shen et al., [2020) to steerable PDOs (Jenner & Weiler, 2021)).
While invariants, the core concept in InvarLayer, only generate equivariant operators that produce
features tied to the trivial group representation, we employ a generalized concept beyond invariants,
referred to as equivariants. Unlike invariants, which remain unchanged under group transforma-
tions, equivariants transform according to given group representations, thus yielding more general
equivariant operators that can map between different feature types. To construct equivariants, we
introduce the notion of an equivariant matrix, which, when multiplied with invariants, generates
equivariants. With existing methods for computing invariants (Olver, [2015; |Wang et al., 2013} [Li
et al., [2024), our focus turns to building equivariant matrices. We apply the tool of moving frames
to construct them, similar to the process for constructing equivariant maps in (Peter J. Olver, [2024)).
Additionally, inspired by the construction of SupNorm normalized differential invariants (L1 et al.,
2024), we introduce a novel normalization technique to enhance the numerical stability of equivari-
ant matrices. Based on equivariants, we design the steerable EquivarLayer, enabling flexible speci-
fication of input and output features corresponding to arbitrary group representations. The steerable
EquivarLayer supports equivariance to the affine group and its continuous subgroups, marking the
first instance of affine steerable equivariant models that allow for flexible input and output represen-
tation types, filling a gap in the field of equivariant networks.

Building on this, we apply the steerable EquivarLayer as the canonicalization function within the
canonicalization framework. Specifically, the steerable EquivarLayer outputs an appropriate matrix
field that adheres to the equivariance property required for the canonicalization function. We then
introduce a novel module, Det-Pooling, to select the appropriate output matrix, allowing the model
to effectively handle matrix groups like GL™(2). This approach significantly enhances the flexibility
and scope of canonicalization, extending it beyond the traditionally used rotation groups to support
generalized group equivariance in a wider range of applications.

‘We summarize our main contributions as follows:

» Extending the InvarLayer (Li et al.}[2024) framework, we design the steerable EquivarLayer
based on equivariants, allowing arbitrary specification of input and output representations
while supporting the affine group and its continuous subgroups. This is the first time steer-
ability has been introduced to networks for the affine group.

* We propose a new normalization technique that transforms relative equivariants into abso-
lute equivariants, facilitating the construction of simpler equivariant matrices and enabling
the generation of more numerically stable equivariants.

e We introduce a novel module, Det-Pooling, which allows the application of the steerable
EquivarLayer to canonicalization. This extends the range of groups applicable to canoni-
calization, making it possible to handle more complex matrix groups.

* We demonstrate the effectiveness of our approach through image classification experiments
involving three non-Euclidean groups, including GL ™ (2), the rotation-scale group, and the
scale group, showing better performance compared to data augmentation.

2 STEERABLE EQUIVARLAYER

In this section, we introduce the steerable EquivarLayer, which extends the InvarLayer framework
to support affine equivariance with arbitrary input and output representations. We provide the theo-
retical basis for constructing this layer.

2.1 BASIC CONCEPTS AND NOTATIONS

In our framework, we treat the features of each network layer as a smooth vector function on a
continuous domain. We specifically focus on the most common case of the 2D plane, u : R? — R¢,
where each point x corresponds to a vector u(x), referred to as a fiber, and ¢ is the number of
channels. We consider a transformation group G that acts on the input space R2, specifying the
symmetry we aim to maintain as equivariance across the layers. Moreover, the features of each
layer are associated with a group representation p : G — GL(c¢), which characterizes the fype of
the layer and dictates how the ¢ channels of each feature vector u(x) transform under group actions.
This property, known as steerability, indicates that the layers respond to transformations in a manner
consistent with their respective types.
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Next, we formally introduce the notions and definitions related to group actions and equivariance.
Given a group G and a function space F = {u | u : R? — R¢} with type p, we denote the group
action on the function space corresponding to the group representation p as L,(g), such that

(Lp(g) ou) (x) £ p(g) -u(g™" - x). (1)

Here, the group G acts on the base domain R? in its standard way. Specifically, we focus on the affine
group and its subgroups, where g € G can be represented as g = (A, b), with A € R?*2 being an
invertible matrix and b € R?. We consider the action of G on R? as g - x = Ax + b. The group
action defined in (I)) involves not only the transformation of positions but also the transformation
of vectors at each point. Unlike the case of scalar fields, each vector is not only moved to a new
position but also changes its orientation via the action of g € G. When the type is pp = I, namely
the trivial representation, the vectors retain their orientation, reducing the case to that of scalar fields.
With this understanding of group actions, we can now define the concept of equivariance:

Definition 1 Ler G be a group acting on function spaces F and F' with types p and p', respectively.
An operator i) : F — F' is said to be equivariant if

Y[Lp(g)ou]l =Ly (g)o[ul, YueF,ged. 2)

An important property of equivariance is its transitivity: the composition of multiple equivariant
operators remains equivariant. Consequently, if the mapping between every layer in a network
satisfies equivariance with corresponding types, the entire network exhibits steerability.

In (L1 et al., 2024), the primary concept is invariants, which also serves as one of the key concepts
in this paper. We extend the definition from (Li et al.| 2024])) as follows:

Definition 2 Let G be a group acting on the function space F = {u | u : R? — R¢} with type p.
We define I : R x F — R as an invariant if it satisfies

I(g-x,Lp(g) ou) = I(x,u), Vx e R?*ue F,ged. 3)

We define T = (11, ...,I;,) " as a k-dimensional invariant if I, . .., T, are all invariants of G.

Compared to the definition in (Li et al., 2024)), our formulation generalizes the group action on
F. However, the fundamental properties of invariants and the methods for computing them remain
unchanged. Whether using the classical approach of deriving differential invariants (Fels & Olver,
1999; [Olver;, 2003} 2015) or the SupNorm normalization method as described in (L1 et al., [2024),
both approaches are still applicable.

Invariants and equivariance are closely intertwined. The following proposition reveals how to con-
struct an equivariant operator from invariants:

Proposition 3 Let G be a group acting on the function space F = {u | u : R?> — R} with type p,
and let T : R2 x F — R¢ be a ¢/-dimensional invariant. Givenu € F, the function Z(-,u) can be
viewed as an element in F' = {v | v : R? — R }. We define L : F — F' as

Z[u] £ Z(-,u). 4)
Then T is an equivariant operator satisfying
I[Lp(g) ou] = Lp,(g) o Lu], Yue F,g€G, 5)

where po(g) = I denotes the trivial group representation.

As shown in Proposition I yields an equivariant operator that maps features of type p to features
of the trivial type pg. However, to construct more general equivariant operators that map features
from any type p to another type p’, invariants alone may not suffice. This is the challenge we aim
to address.

2.2 EQUIVARIANTS

To achieve steerability across network layers, we need to construct equivariant operators capable of
mapping features between any specified input and output types. To this end, we introduce a gen-
eralized concept beyond invariants, referred to as equivariants. Equivariants maintain the required
transformation properties when transitioning between different feature types. The formal definition
is provided below:
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Definition 4 Let G be a group acting on the function space F = {u | u : R? — R¢} with type p.
We define a map € : R2 x F — R< as a type-(p, p') equivariant if it satisfies

E(g-%x,Ly(g)ou) =p'(g9)-E(x,u), Vxe€ R% ue F,geq. (6)

It is worth noting that an equivariant can be viewed as a ¢’-dimensional invariant when p’ = pyg is
the trivial group representation. Unlike invariants, which produce outputs that always remain un-
changed under group transformations, equivariants actively transform according to specified group
representations. This flexibility allows us to construct more general equivariant operators capable
of mapping features between arbitrary types. The relationship between equivariants and equivariant
operators can be formalized as follows:

Proposition 5 Let G be a group acting on the function space F = {u | u : R?> — R¢} with type p,
and let £ : R? x F — R be a type-(p, p') equivariant. Given u € F, the function £(-,u) can be
viewed as an element in F' = {v | v : R? — R }. Denote £ : F — F' as

Efu] £ (). (7
Then € is an equivariant operator that satisfies

E[Ly(g)ou] = Ly(g) o €u], Yue F,ged. (8)

As demonstrated in Proposition |5} the equivariant operator & associated with the equivariant £ fa-
cilitates more generalized equivariance, enabling us to specify the group actions on both input and
output features. The crucial question, therefore, is how to systematically construct such equivariants.

To address this challenge, we introduce the concept of an equivariant matrix, which establishes a
framework for constructing equivariants from invariants by creating a relationship between the two.
The formal definition is provided below:

Definition 6 Let G be a group acting on the function space F = {u | u : R? — R¢} with type p.
We define a map M : R2 x F — R > as a type-(p, p') equivariant matrix if it satisfies

M(g-x,Ly(g)ou)=p'(g9) - M(x,u), VxeR*ueF,geq. 9)

Using this equivariant matrix, we can construct equivariants by combining it with invariants, as
formalized in the following theorem:

Theorem 7 Let G be a group acting on the function space F = {u | u : R? — R} with type p.
Suppose M : R2 x F — R“*< isq type-(p, p') equivariant matrix, and  : R? x F — R¢isa
c-dimensional invariant. Denote € : R?2 x F — R as

E(x,u) & M(x,u) - Z(x,u). (10)
Then, &€ is a type-(p, p') equivariant, i.e.,
E(g-x,Lp(g)on) = p'(g)-E(x,u), ¥xeR*’ueF,ged. (11)

There are several well-established methods for constructing invariants, such as deriving differential
invariants through the classical moving frame approach (Fels & Olver,|1999; Olver,[2003;2015) and
utilizing the SupNorm normalization technique proposed in (L1 et al.,[2024). With these methods, we
can derive a set of basis invariants and further extend them through arbitrary functional combinations
to obtain a rich and comprehensive set of invariants for a given group action. Once a non-trivial
equivariant matrix M is obtained, we can combine it with different invariants Z to construct a
diverse set of equivariants.

Next, we tackle the challenge of constructing equivariant matrices. To do this, we will employ the
tool of moving frames. First, we provide the definition of a moving frame.
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Definition 8 (Olver [2015)) Let G be an r-dimensional Lie group acting on an m-dimensional man-
ifold Z. Amap o : Z — G is called a moving frame if it satisfies

alg-2)=a(z)-g7', VzeZ,ge€q. (12)
The following theorem provides a method for the practical computation of a moving frame.

Theorem 9 (Olven, 2015) Let G act freely and regularly on Z, and let IKC be a cross-section. For
z € Z, let g = a(z) be the unique group element mapping z to this cross-section.:

g-z=az) z€K. (13)

Then o : Z — G is a moving frame for the group action.

The group action is free if, for any 2 € Z, the only group element that leaves z unchanged is the
identity. The group action is regular if the orbits form a regular foliation of Z. A cross-section is
a subset of Z defined by fixing r coordinates, expressed as K = {z; = ¢1,..., 2, = ¢}, where
c1, ..., ¢ are constants and » = dim G. This cross-section intersects each group orbit exactly once
and transversely, providing a unique representation for each orbit. For more detailed and rigorous
definitions, please refer to (Olver, |2015).

With Theorem [0] we can now apply it in our context. Consider the manifold Z as the jet space
defined by Z = {2z | z = (x,u(x),Vu(x),---,Vu(x)),x € R?}. The group action on Z
is given by the prolongation of the group action on the function space F. Let u; = L,(g) ¢ u.
Explicitly, the action z — ¢ - z is defined as follows:

(x, u(x), Vu(x), -, Vu(x)) = (g x,uy(g - x), Vug(g-x), -+, V(g - x)).

With this setup, we can then compute the corresponding moving frame «. The following theorem
reveals how to use this moving frame to construct an equivariant matrix.

Theorem 10 Let G be a group acting on the function space F with type p. Consider the manifold
Z as the jet space of F, and let G act on Z via the prolongation of its action on F. Suppose we

have a moving frame o : Z — G. Define M : R2 x F — R¢ %< g
—1

M(x,u) = (p'(a(2) (14)
where z = (x,u(x), Vu(x), - -- ,Veu(x)) € Z. Then M is a type-(p, p') equivariant matrix.

So far, we have presented a complete framework and theoretical foundation for constructing equiv-
ariants. First, we compute the moving frame as outlined in Theorem[9] Next, we utilize Theorem|[I0]
to derive an equivariant matrix from this moving frame. Finally, we combine the equivariant matrix
with various invariants, as shown in Theorem [/} to generate a wide variety of equivariants. This
approach provides a systematic way to build equivariant operators that can map features between
any specified input and output types, thereby enabling a high degree of flexibility in the design of
equivariant networks.

2.3 SUPNORM NORMALIZED EQUIVARIANTS

In the previous subsection, we outline a theoretical method for constructing equivariants. Building
upon this foundation, we can adopt more flexible strategies to obtain equivariants that are simpler
in form and exhibit improved numerical stability in practice. A critical aspect of this process is the
construction of equivariant matrices. Similar to the problem encountered with differential invariants,
as discussed in (Li et al.,|2024), direct computation of equivariants for the affine group may lead to
complex expressions and potential division-by-zero issues. To mitigate these problems, we propose
a new SupNorm normalization technique for the construction of more robust equivariant matrices.

While Theorem [/| shows that equivariant matrices can be used to construct equivariants, the rela-
tionship between equivariants and equivariant matrices is even more intricate: each column of an
equivariant matrix is itself an equivariant. Conversely, if every column of a matrix-valued function is
an independent equivariant, the entire function qualifies as an equivariant matrix. Thus, our objective
is to ensure that each column of the matrix-valued function independently forms an equivariant.

Here, we consider the affine group G = {(s - A,b) | s > 0,A € R**2 det(A) = 1,b €
R?}, which is, more precisely, the connected component of the full affine group. The equi-affine
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group, denoted as SA(2), is the subgroup of the affine group without scaling, defined as SA(2) =

{(A,b) | A € R?*2 det(A) = 1,b € R?}. In (Li et al., 2024), SupNorm normalized differential
invariants of the affine group are constructed by normalizing relative differential invariants which
can be derived from the differential invariants of the subgroup SA(2). Inspired by this approach, we
begin with the equivariant matrix for SA(2), and aim to transform each column into an equivariant
of the affine group. To formalize this process, we begin with the definition of a relative equivariant:

Definition 11 Let G be the affine group acting on the function space F = {u | u : R? — R°} with

type p. Let 5(g) denote the scaling factor of the affine group element g. We define € : R? x F — R
as a type-(p, p') relative equivariant with power m if it satisfies

_ 1

E(g-x,Lp(g) ou) = —-p'(9)-E(x,u), VxeR’ucFgel. (15)

(s(9))

If p’ = po (the trivial representation), £ is called a relative invariant.

Then, we provide the following theorem to demonstrate our new SupNorm normalization technique
for converting a relative equivariant into a full equivariant:

Theorem 12 Let Fj, = {v | v : R? — R¥} denote the set of smooth bounded functions on R
Define the SupNorm on Fy, as ||V||sup = SUPxere ||[V(X)||oo- Let G be the affine group acting on the
function space F, with type p. Suppose € : R? x F, — R isa type-(p, p') relative equivariant
with power m1, and I : R? x F. — RF is a relative invariant with power my # 0. Define
E:R2 x F, — R as follows:

£(x,u) & L ixu). (16)

(Hi('vu)”sup)ﬁ?

Then & is a type-(p, p') equivariant.

The above theorem provides a concrete method to transform relative equivariants into exact equiv-
ariants using SupNorm normalization. Next, we will demonstrate a typical example that applies
Theorem [T2] for clearer understanding and practical usage. For instance, we define py as the triv-
ial representation, and p;(g) = A~ T, where ¢ = (A,b) € G. By computing the type-(po, p1)
equivariant matrix for SA(2), we obtain

UylUgy — Uglzy Ug A7)
UyUgy — Ugllyy Uy

where g, Uy, Ugz, Uy, and ug, denote the partial derivatives of the scalar function u(x,y). Al-

though this function is not directly an exact equivariant matrix for the affine group, each column is

a type-(po, p1) relative equivariant. Specifically, the first column has a power of 2, and the second

column has a power of 0, making it a true equivariant on its own. We use a power 4 relative invariant

UggUyy — ugy to apply SupNorm normalization to (T7), yielding the following matrix:

1 Uy Uy — Ug Uy Uy (18)
S(u) \ UylUay — Uglyy )’ Uy )]’
1
where S(u) = |[tgatiyy — uZ,||&ip. This resulting matrix in (T8) is a type-(po, p1) equivariant for
the affine group. In contrast to directly computing affine equivariant matrices, which can involve
complex fractional polynomial expressions susceptible to the division-by-zero issue, this method
results in a numerically stable equivariant matrix. Such division-by-zero problems would only occur

in the rare case where u is a constant function, a scenario that is typically negligible in practical
applications.

Furthermore, this method is also applicable to continuous subgroups of the affine group. For exam-
ple, in the case of the rotation-scale group, one can compute the equivariant matrix for the rotation
group to obtain relative equivariants, which can then be normalized to form an exact equivariant
matrix using the same SupNorm normalization technique. For the scale group, one can start with
the identity matrix and apply appropriate normalization to directly obtain the equivariant matrix.
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Figure 1: Architecture of the steerable EquivarLayer.

2.4 ARCHITECTURE OF EQUIVARLAYER

Building on the previous theoretical framework, we can derive the corresponding equivariants given
the specified group representation types, leading to the construction of the desired equivariant oper-
ators. In practice, our ultimate goal is to design a parameterized steerable equivariant layer that can
handle arbitrary specified input and output feature types.

Let the input and output group representations be denoted by p;,, and p,,:, with dimensions ¢ and
c, respectively. If p,.,; is the trivial representation, we can adopt the structure of InvarLayer from
(L1 et al.,[2024). The equivariant layer is defined as:

Uout = hg 0 Z[uy], (19)

where Z is a k-dimensional invariant formed by a set of basis invariants, T is the corresponding
equivariant operator as defined in (@), and hy is a learnable MLP (multi-layer perceptron) with input
dimension & and output dimension ¢’.

Next, we focus on the more general case where p,; is not a trivial representation, which requires
using equivariant operators defined by equivariants. In this scenario, the equivariant layer is defined
as:

ot = M) - (B 0 Zfuin]) 20)

where Z and hy follow the definitions in (T9), M is a type-(pin, Pout) equivariant matrix, and

M(u] £ M(-,u). This formulation allows the layer to handle arbitrary input and output feature

types. We refer to this general equivariant layer as a type-(pin, Pout) EquivarLayer (see Figure .
The layer defined in (T9), where p,.,. is the trivial representation, can be viewed as a special case,
specifically a type-(p;n, po) EquivarLayer.

Moreover, we consider a common scenario where the input and output are multi-channel. Specifi-
cally, we focus on the setting where p;, = @ Po and poyr = @2 Py, meaning that both the input
and output are direct sums of multiple channels of the group representations p, and pj, respec-
tively. While it is theoretically possible to handle this setting using the methods described earlier,
we can leverage the structure of the group representations to simplify the computation. We define
the multi-channel version of EquivarLayer (see Figure[2]in Appendix [E) as follows:

. . 1)
M [ug] - (hg ° I[um])
Uout = 3 (21)

M [uin] - (hg ° i[um]) ()

where M,\[um} = ZiC:ll)\,» . M[ufjf] Here, )\; are learnable scalar parameters, M is a
(7)

type-(pa, pp) equivariant matrix, u;,’ denotes the i-th channel vector function of w;,, and

~ J ~
(hg oL [um}) represents the j-th channel vector function of hy o Z[u;,]. This formulation

enables efficient processing of multi-channel inputs and outputs while preserving the desired group
equivariance.
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3 STEERABLE EQUIVARLAYER FOR CANONICALIZATION

Canonicalization is a method for achieving invariance or equivariance without imposing constraints
on the architecture of a neural network. By utilizing a canonicalization function, the input is mapped
to a canonical sample before being passed to a non-equivariant prediction network, ensuring that the
output remains invariant. In the case of equivariance, the input is mapped to its canonical form, the
prediction is made, and the result is transformed back to its original position under the group action.
Below, we give a formal definition of canonicalization in our context.

Definition 13 Let G be a group acting on the function space F with type p. Amap ¢ : F — G is
called a canonicalization function if it satisfies

p(Lp(g)on) = p(u)-g~", VgeGueF. (22)
To illustrate the process of canonicalization, we state the following theorem:

Theorem 14 Let G be a group acting on function spaces F and F' with types p and p', respectively.
Given a prediction operator 1o : F — F', define 1) : F — F' as follows:

Ylu] £ Ly ((p(u) ™) o vo[Lp(p(w)) o ul. (23)

Then 1 is equivariant, satisfying V¥[L,(g) o u] = Ly (g) o ¢[ul. If we remove Ly ((p(u))~!) in
(23), the operator becomes invariant.

The core component of canonicalization is the canonicalization function, which can be interpreted
as a form of equivariant mapping. In the direct approach (Kaba et al., 2023)), an equivariant network
that produces a group element serves as the canonicalization function. Previous works have mostly
focused on rotation groups for canonicalization, largely due to the absence of more general steerable
equivariant networks. We aim to leverage the proposed steerable EquivarLayer to extend this concept

to more general groups. Specifically, we focus on G = GLT(2) £ {A | A € R?*2 det(A) > 0}.
Thus, our goal is to construct a canonicalization function ¢ : F — R2?*? that satisfies

o(Ly(A)ou) =p(u)- A, VAecGucF. (24)

We approach this in two steps. Let p.(A) = A~T, A € G. First, we construct a map ¢; : F — F,
satisfying ¢1[L,(A)ou] = L,_(A) o ¢1[u], where F = {v | v : R? — R?*2}, Next, we construct
a second map ¢ : F — R?*? such that ¢[L,, (A) o v] = p.(A) - ¢2[v]. By composing these

maps, ¢ = ¢ o ¢; satisfies ¢(L,(A) ou) = A~ - #(u). Thus, ¢ is a valid canonicalization
function.

For the construction of ¢, note that the function space F = {v | v : R? — R2?*2} with type p,.
can be associated with the vector-valued function space 7/ = {u | u : R? — R*}, corresponding
to the group representation p. @ p.. Therefore, we can employ a type-(p, p. ® p.) EquivarLayer to
serve as ¢1. The output of this EquivarLayer is then reshaped to match the required form in . In
practice, this equivariant network can consist of multiple layers, as long as the input feature type of
the first layer is type p and the output feature type of the final layer is type p. & p..

For the construction of ¢, we need to select one matrix from a matrix-valued function while main-
taining the equivariance condition. For this purpose, we propose a module called Det-Pooling, which
selects the matrix with the largest absolute determinant from the matrix-valued function. The key
idea is that under the transformation L, (A), each point is mapped to a new location and its asso-
ciated matrix are also transformed, but the matrix with the largest absolute determinant remains the
largest one. The following theorem defines ¢- and establishes its property:

Theorem 15 Assume v € F and that | det(v(x))| has a unique maximum over x € R2. Let Det-
Pooling ¢y : F — R?*2 be defined as

pa(v) 2 v <argmax | det(v(x))> . (25)
x€ER?
Then ¢ satisfies the equivariance property
¢2[Lp, (A) o v] = p(A) - da[v], VA €G. (26)
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Det-Pooling effectively tracks the matrix with the largest absolute determinant, thus ensuring equiv-
ariance under group transformations. In addition, it reduces the likelihood of selecting a singular
matrix, as this would only occur if v(x) is singular at every point, which is a rare scenario in practice.

In summary, we can construct ¢, using steerable EquivarLayers and employ Det-Pooling as ¢o,
together forming the canonicalization function. Notably, this method can also be extended to handle

subgroups of GL ™ (2), making it a versatile approach for broader applications.

4 EXPERIMENT

To evaluate the effectiveness of the proposed steerable EquivarLayer, we apply it to canonicalization
in combination with an unconstrained prediction network. Our experiments focus on image classi-
fication tasks using the MNIST dataset and its transformed versions under different group actions.
Specifically, we assess the performance of our method on three non-compact continuous groups: the

GL™(2) group, the rotation-scale group, and the scale group.

4.1 EXPERIMENT SETUP

We use a ResNet50 model pre-trained on the ImageNet-1K dataset as the prediction network for
our experiments, which has 23.5M parameters. The model is fine-tuned on the MNIST dataset us-
ing three distinct strategies: (1) Vanilla: Training on the original MNIST dataset without any data
augmentation. (2) Mild augmentation: Training with data augmentation, involving mild affine trans-
formations, including rotation within £10 degrees, scaling between 0.9 — 1.1, and shear within +5
degrees. (3) Full augmentation: Training with the same data augmentation used in the transformed
test set. These three strategies represent common training practices, and the resulting models serve
as our baselines for comparison.

For the canonicalization function, we integrate EquivarLayer with a ResNet32 architecture, where
the convolutional layers are replaced with type-(po, po) EquivarLayers, and the output module is
replaced with a type-(po, p. ® p.) EquivarLayer followed by Det-Pooling as described in Section
In each experiment, each model uses EquivarLayers tailored to the corresponding group action and
contains fewer than 0.4M parameters. For convenience, we call the whole model EquivarLayer.
Inspired by (Mondal et al., 2023), we adopt a training stage for alignment. Although the canoni-
calization function can map elements within a group orbit to a canonical representative, we aim to
ensure that this representative is aligned with the orientation the prediction network is familiar with,
such as the upright position. EquivarLayer is trained independently of the prediction network by
generating random transformation matrices applied to the training images. The loss is defined as the
mean squared error (MSE) between the identity matrix and the product of EquivarLayer’s output and
the corresponding transformation matrix. During inference, the trained EquivarLayer is connected
to a pre-trained prediction network that uses mild augmentation. The EquivarLayer canonicalizes
the input images (see Figure [3]in Appendix [E)), which are then fed into the prediction network for
classification. More experiment details are given in Appendix [C|

4.2 EVALUAION

Typically, data augmentation helps improve a model’s performance on transformed datasets, but it
often comes at the cost of reduced performance on the original dataset. Mild augmentation, on the
other hand, may enhance performance on the original dataset, but it usually fails to achieve low test
error on transformed datasets. Our objective is to leverage canonicalization to improve performance
on transformed datasets while maintaining competitive performance on the original dataset.

4.2.1 GL™(2) GrouP

Table 1: Test error (%) on MNIST and MNIST-GL ™ (2).

Method MNIST  MNIST-GLT(2)
Vanilla 0-87i0.07 54-22i0.98
Mild Augmentation 0.45_.03 47.28411 51
Full Augmentation 1.1940.04 1.5240.08
EquivarLayer Canonicalizer (ours) 0.8141¢.0s 1.3240.08
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We conduct experiments on the original MNIST dataset and its transformed version, MNIST-
GL™(2), which undergoes random transformations from GL"(2) group including arbitrary rota-
tions between —180 to 180 degrees, scaling between 0.8 — 1.2, and shear within +-10 degrees. Each
experiment was repeated five times with independent random seeds, and we report the mean +
standard deviation of test error in Table

Mild augmentation improves performance on both MNIST and MNIST-GL*(2) compared to the
vanilla model, though the results on MNIST-GL*(2) remain relatively sub-optimal. Full augmenta-
tion achieves good performance on MNIST-GL™(2) but performs the worst on the original MNIST
dataset. Our method, combining mild augmentation with canonicalization, outperforms full aug-
mentation on MNIST-GL*(2) while maintaining competitive performance on the original MNIST
dataset, second only to mild augmentation.

4.2.2 ROTATION-SCALE GROUP

Table 2: Test error (%) on MNIST and MNIST-RS.

Method MNIST  MNIST-RS

Vanilla 0.87i0,07 54.18i0,93
Mild Augmentation 0451003 47.3641.39
Full Augmentation 1.194¢.07 1.6540.06

EquivarLayer Canonicalizer (ours) 0.711¢.0s 1.0640.07

We also evaluate our method on the rotation-scale group, where MNIST-RS includes arbitrary rota-
tions between —180 to 180 degrees and scaling between 0.8 — 1.2. The results, averaged over five
independent runs, are shown in Table 2] Our method yields the best performance on MNIST-RS
while maintaining low test error on MNIST, close to that of mild augmentation.

4.2.3 SCALE GROUP

Table 3: Test error (%) on MNIST and MNIST-Scale.

Method MNIST  MNIST-Scale
Vanilla 0.87i0.07 8~72:|:2.18
Mild Augmentation 0.4510.03 1.6240.30
Full Augmentation 0.49¢.04 0.6710.04
EquivarLayer Canonicalizer (ours) 0.44. 3 0.641 06

We further evaluate our method on the scale group, where the MNIST-Scale dataset involves random
scaling transformations with factors ranging from 0.8 to 1.6. The results are presented in Table [3]
Since the scale transformation is relatively simple, mild augmentation already yields a significant
improvement on MNIST-Scale, and full augmentation achieves near-perfect test error on both the
MNIST and MNIST-Scale datasets. However, our method not only achieves the best performance on
the MNIST-Scale dataset but also slightly outperforms all baselines on the original MNIST dataset.

5 CONCLUSION

In this paper, we introduce the steerable EquivarLayer, extending the InvarLayer framework to sup-
port equivariance with arbitrary input and output feature types for the affine group and its continuous
subgroups. This marks the first time steerability is achieved in networks for the affine group. We also
develop the novel Det-Pooling module, which enables the steerable EquivarLayer’s applicability to
canonicalization, thus extending the technique to handle more complex matrix groups. Our experi-
ments demonstrate the effectiveness of this approach, showing that the steerable EquivarLayer, when
used as a canonicalization function, outperforms traditional data augmentation methods.

Our framework holds great potential for future research, particularly in extending beyond the 2D
plane, as the theoretical foundations apply to higher-dimensional spaces. Exploring equivariance on
more general manifolds and applying steerable EquivarLayers to a wider variety of groups is another
promising direction. Additionally, expanding the application of this method to a broader range of
tasks, from computer vision to scientific problems, presents valuable avenues for further study.

10
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A RELATED WORKS

A.1 EQUIVARIANT NETWORKS

One primary approach to building group equivariant networks is based on G-CNNs (Cohen &
Welling| |2016a)) where feature maps are considered as functions defined on a group and the group
action on the feature is essentially a permutation over the domain. From this perspective, various
equivariant operators are designed for cycle or dihedral groups (Cohen & Welling, |2016a}; |He et al.,
20215 [Romero et al., 2020; [Worrall & Brostow, 2018} [Shen et al.| |2020)). Besides discrete groups,
Cohen et al.| (2018) have extended such an approach to handle inherent SO(3) equivariance for data
defined on the sphere. [Finzi et al.|(2020) further proposed LieConv that is equivariant to transforma-
tions from common Lie groups. However, it fails to handle more complex Lie groups like the affine
group due to the difficulty of sampling the Haar measure. Furthermore, MacDonald et al.| (2022)
overcome this challenge by designing special sampling strategies on the affine group. However,
since the domain of feature is defined on groups, it is unavoidable to sample when dealing with the
affine group, which would aggravate the computation burden as the increasing of samples and layers.
Mironenco & Forré|(2024)) tackles this problem by decomposing a large group into smaller ones and
sampling them to enhance sample efficiency. It requires sampling from the GL(n)-invariant mea-
sure of positive definite matrices. Instead, they approximate this using a log-normal distribution,
which may theoretically introduce imperfect equivariance.

Another approach to constructing equivariant networks originates from steerable CNNs (Cohen &
‘Welling| [2016b; [Weiler & Cesal [2019). In this case, the feature maps are viewed as fields and are
transformed according to a specific group representation under the act of transformation. Actually,
the feature maps of the first approach are exactly the field with regular representation. This approach
can directly handle continuous groups since the group transformation can be preserved by the linear
transformation of the vectors on the fields. Based on this method, Works (Cohen & Welling, [2016b;
Jenner & Weiler, 2021 [He et al., |2022) have developed operators to handle rotations on 2D plane.
Weiler et al.| (2018)); [Fuchs et al.|(2020);|Shen et al.|(2022) further design equivariant layers to handle
transformations in 3D space like E(3) and its subgroups. [Zhdanov et al.|(2023) provide a general
framework for building neural networks equivariant to translations and subgroups of O(n). How-
ever, it is crucial to recognize that these methods are mainly designed to tackle rigid transformations
and are not well-suited to tackle more general affine transformations.

Besides these two mainstream approaches, some works construct equivariant networks based on
differential invariants (Sangalli et al., [2022; 2023}, [Li et al., [2024). In particular, |Li et al.| (2024)
propose a novel equivariant layer, InvarLayer, which achieves affine equivariance without the need
for sampling from groups. However, the input and output representation types of InvarLayer are
constrained are limited to the trivial representation. Our work is a further extension of InvarLayer,
capable of handling any given representation type of the affine group.

A.2 EQUIVARIANCE BY CANONICALIZATION FUNCTIONS

In equivariant networks, equivariance is achieved by equivariant constraints on each layer. Recently,
Kaba et al.[(2023) have proposed a novel method to incorporate equivariance that no longer needs
to constrain every layer in the network. They propose canonicalization functions that learn a map
to transform inputs to the canonicalized samples. In this case, only the canonicalization functions
need to satisfy certain equivariant constraints to incorporate more symmetries, which explicitly de-
coupled equivariance and non-equivariance parts in the networks. Mondal et al.| (2023) utilized
canonicalization functions to enable the adaptation of large pre-trained models to be equivariant.

B DETAILED PROOFS

B.1 PROOF OF PROPOSITION[3]
Proof- Yu € F,g € G,x € R?, we have
Z[Lp(g) o u)(x) = Z(
(97" x,u) (27)
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Thus, Z satisfies the condition for equivariance, completing the proof. (]

B.2 PROOF OF PROPOSITION[3]

Proof. Yu € F,g € G,x € R?, we have

E[Lp(g) ouf(x) = E(x, Lp(g) on)

=p'(9)-E(g7" - x,u) (28)
=p'(9) - €Mul(g" %)
= (Ly(9) o E[u))(x)

Hence, £[L,(g) o u] = L, (g) ¢ £[ul. O

B.3 PROOF OF THEOREM[7]

Proof.- Yu € F,g € G,x € R?, we have
5(9 ) XvLP(g> Ou) = M(g X, Lp(g) < u) . I(g - X, Lp(g) < u)

= p/(g) ' M(Xa u) 'I(Xau) (29)
=p'(9)-E(x,u)
This proves that € is a type-(p, p’) equivariant. O

B.4 PROOF OF THEOREM/[I(]

Proof. By the definition of the group action on Z, we have

g-z=(g-xuy(g-x),Vuy(g-x), -, V¥u,(g-x)), (30)
where u, = L,(g) ¢ u. Then we will show that M(g - x, L,(g) ou) = p'(g) - M(x,u).

a(z))-p'(g™) " 31)

Thus, M is a type-(p, p’) equivariant matrix. O

B.5 PROOF OF THEOREM[12]

Proof. First, we compute the SupNorm under the group action:

IZ( Lp(g) o w)llsup = sup Z(x, Lp(g) o u)

x€ER?
= sup Z_Z(g -x, Lp(g) o)
x€ER?
1 _
:iﬁ<@@WmI“”0 (32)
1 _
= W xsgﬂ};g I(X, u)
1 _
= Gy Ol

14
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Next, we apply this property to £ defined in (T6):

E(g-x,Lp(g)ou) = — 1 B m L) ow
(IZ( Lp(9) © W)lawp) ™
1 1

= . ) -p'(g) - E(x,u) (33)
(st 12wl ) ™

1
= — = - P'(9) - E(x,u)
(IZ¢w)[[sup) ™

=p'(9) £(x,u).
Thus, & satisfies the definition of a type-(p, p’) equivariant. O

K
_
VAl
S
E

B.6 PROOF OF THEOREM[I4]

Proof. We focus on proving the equivariant case. Denote L,(g) ou = u,. Vg € G,u € F, we have

YILp(g) o u] = Ly ((p(ug)) 1) 0 o[ Lp((uy)) © ug]

= Ly(g- (p(w)) ") o o[Lp(p(w) - g71) 0 uy]
= Ly(9) o Ly ((p(w)) 1) 0 dho[Lp(p(w) o Lp(g~") o Lp(g) ou]  (34)
= Ly (9) © Ly ((¢(u)) ") 0 to[Lp(p(w)) o ]
= Ly(9) o dJ[ J
Thus, 1) satisfies the equivariance condition. |

B.7 PROOF OF THEOREM [13]

Proof Denote va £ L, (A)ov,ie,va(x)=A" T -v(A 1x).
Let x* = argmax, cp» \ det(v(x))|. We first show that Ax* = = argmax, cp» | det(va (x))|.
VA € G and x # Ax* € R?, we have A~!x # x*. Then

| det(va(x))| = |det(A™T - v(A™'x))]
= [ det(A™T)[ - | det(v(A™'x))]
< [ det(A™T)[ - | det(v(x"))| (35)
= |det(A™ " -v(ATIAXY))|
= | det(va (Ax™))|.
Thus, Ax* = argmax, cp- | det(va (x))|. Now, for the equivariance of ¢o, we have:

¢2[Lp,(A) ov] = a[va

=A " .v(AT1AXY) (36)
=A T .v(x¥)
= pc(A) - p2[v]

Thus, the proof is complete. ]

C EXPERIMENTAL DETAILS

Experiment Configuration. In all experiments, each training dataset consists of 50,000 images,
and each test dataset consists of 10,000 images. All experiments are conducted on an NVIDIA RTX
3090 GPU.

Prediction Networks. We utilize a ResNet50 model pre-trained on the ImageNet-1k dataset as the
prediction network for our experiments. The model is fine-tuned using SGD with a learning rate

15
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of 1073, decay of 5 x 10~%, and momentum of 0.9 for a duration of 50 epochs. The learning rate
scheduler reduces the learning rate at one-third and one-half of the total epochs, multiplying it by a
factor of 0.1 at each milestone. The batch size for the datasets is set to 128.

Canonicalization Networks. We incorporate EquivarLayers into a ResNet32 architecture, replac-
ing the convolutional layers with type-(po, po) EquivarLayers. Additionally, the output module is
substituted with a type-(po, p. B p.) EquivarLayer, followed by Det-Pooling, as described in Sec-
tion[3] During the training stage for alignment, the canonicalization network is trained by applying
randomly generated transformation matrices, corresponding to the evaluation group, to the training
images from the MNIST dataset. The model is trained using an Adam-W optimizer with a learn-
ing rate of 1073 and employs a cosine annealing scheduler for 200 epochs. The batch size for the
datasets is set to 128.

D ADDITIONAL EXPERIMENTS

D.1 ADDITIONAL BASELINES

Table 4: Test error (%) on MNIST and MNIST-GL " (2).

Model MNIST  MNIST-GL™(2)
InvarLayer 0.47 £ 0.02 36.71 +0.93
EquivarLayer Canonicalizer (ours) 0.81 £ 0.08 1.32 +£0.08

Table 5: Test error (%) on MNIST and MNIST-RS.
Model MNIST MNIST-RS
InvarLayer 0.43£0.03 37.49£0.85
EquivarLayer Canonicalizer (ours) 0.71+0.08 1.06 £0.07

Table 6: Test error (%) on MNIST and MNIST-Scale.

Model MNIST MNIST-Scale
SESN 0.34+0.04 1.03£1.20
InvarLayer 0.37£0.03 1.53+0.19

EquivarLayer Canonicalizer (ours) 0.44+0.03  0.64 +£0.06

To provide a more comprehensive comparison, we conduct additional experiments with equivariant
networks of the corresponding groups as baselines, including the scale-equivariant model SESN
(Sosnovik et al} [2019) and InvarLayers (Li et al., |2024) for the three groups in Section @ For a
fair comparison, all baseline models adopt the ResNet50 architecture and are trained on the MNIST
dataset using the mild augmentation strategy. The experimental results are presented in Tables [4] ]
and[6] As shown, our method achieves comparable or slightly lower performance to the baselines
on the standard MNIST dataset. However, it demonstrates a significant advantage on transformed
datasets, particularly for experiments involving the rotation-scale group and the GL+(2) group.

D.2 MEASUREMENT OF COMPUTATIONAL COMPLEXITY

We measure the time and space complexity of a type-(pg, p. ® p.) EquivarLayer used in Sec-
tion[4.2.T] and present the numerical results in Table[7} Following (Li et al., 2024), we use torchstat
to calculate the memory usage and the FLOPs required for model inference, and perform explicit
timing measurements during inference. The results of memory usage and FLOPs indicate that the
time and space complexity of the model grows linearly with the input image size. For large in-
put sizes, the inference time increases proportionally, while for smaller input sizes, it grows more
slowly. This behavior is likely due to the underlying parallelism and optimizations in low-level
computations, as noted in (Li et al., [2024)).

D.3 EQUIVARLAYERS OF DIFFERENT TYPES

Previously, we focused on the application of EquivarLayer to canonicalization, specifically utilizing
a type-(po, pc ® p.) EquivarLayer. Our proposed framework is general and supports EquivarLay-
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Table 7: The memory usage, FLOPs, and inference time per image.
Input Size Memory (MB) FLOPs Time (ms)

32 x 32 0.03 6.86 x 107 1.7
64 x 64 0.12 2.74 x 10° 1.8
128 x 128 0.50 1.10 x 106 1.8
256 x 256 2.00 4.39 x 108 1.8
512 x 512 8.00 1.76 x 107 2.8
1024 x 1024 32.00 7.02 x 107 8.7
2048 x 2048 128.00 2.81 x 108 32.4

ers with arbitrary input and output feature types. To validate EquivarLayers of various types, one
straightforward approach is to specify the feature types of the network’s hidden layers, analogous to
steerable CNNs in (Weiler & Cesal [2019). For simplicity, we refer to scalar features as type-0 and
vector features as type-1. We implement several three-layer affine equivariant networks as image
classifiers, where both the input and output consist of type-0 features, and the hidden layers can in-
volve either type-0 or type-1 features. These models include EquivarLayers that map from type-0 to
type-0, type-0 to type-1, type-1 to type-0, and type-1 to type-1. We train these networks on MNIST
and evaluate them on both MNIST and MNIST-GL " (2). The results are summarized in Table
Models with different types exhibit varying performance, highlighting the flexibility and expanded
design space that EquivarLayer provides for network architectures.

Table 8: Test error (%) on MNIST and MNIST-GL ™ (2).

Model Type  MNIST  MNIST-GLT(2)
InvarLayer 0000 0.96 £+ 0.07 8.07 £0.28
EquivarLayer 0100 1.06 £ 0.09 6.56 £0.73
EquivarLayer 0010 1.21+£0.05 6.51 +0.42
EquivarLayer 0110 1.44 4+0.06 6.43 £0.22
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Figure 2: Multi-channel version of the steerable EquivarLayer.
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Figure 3: Visualization of the canonicalization process.
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