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Abstract

The work considers the application of physically informed neural nets to
the numerical analysis of epidemics, the effects of the introduction and
ending of restrictive measures in SIR models and control in the form of the
Hamilton-Jacobi-Bellman (HJB) equation.

Control problems for ordinary differential equations describe epidemic, so-
cial and other physics processes. We propose several scenarios of possible
epidemic outcomes and formulate the optimal control problem. The usage
of physically informed neural nets substantially decreases necessary man-
hours to present characteristics of a differential equation and total com-
putational time if according hardware (GPUs) is available. The proposed
deep learning algorithm is compared to classical collocation approach. It is
used in the most numerically challenging part of the problem, the nonlinear
HJB partial differential equation, while classical methods are applied to the
main ODE part of SIR-based model. Numerical results show a substantial
effect of induced control in the decrease of the total number of infected and
the time of active spread of an epidemic.

1 Introduction

The recent COVID-19 pandemic has shown the need to take into account socio-economic
processes for a more accurate assessment of the effectiveness of anti-epidemic programs in a
particular region Krivorotko & Kabanikhin| (2024). One of the ways to model the epidemic
process in the case of insufliciently detailed data (distribution of the population by region,
socio-economic characteristics of the population, asymptomatic infected, distribution of the
vaccinated population, etc.) is to build a generalized model with elements of optimal control.

We consider mean field game and mean field control approaches and investigate different
ways of tackling control or setting players cost functional in modified SIR epidemiological
model Kermack & McKendrick| (1927).

Mean field games is a relatively novel approach to modeling large-scale systems with separate
similar players with similar goals (cost functional). The central idea of this approach is to
approximate the system by letting the number of players go to infinity, as soon as the number
of players is already sufficiently large, which is a common situation for epidemiological
problems. This approach allows turning numerous equations for discrete players into one
Kolmogorov-Fokker-Planck equation for players distribution and Hamilton-Jacobi-Bellman
equation for their control; hence, we may model the behavior of people based on their own
decisions of optimal control, but with fewer equations to solve. It was originally proposed
by Lasry, Lions in [Lasry & Lions| (2007)). The analytical solution is known only for specific
form of problem setup that leads to Ricatti equations (Arabneydi et al., |2020). Existence
and uniqueness of solution is proven under special conditions of monotonicity (Achdou et al.,
2016)).
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Numerical solution of the mentioned above pair of equations is complicated with the fact
that the KFP equation is forward in time and HJB is backward. There are several finite
difference schemes that utilize an iterative approach to sequential solution of one equation
with fixed solution of the other. The methods proposed in this work implement an approach
with iterations of non-linearity only, with simultaneous solutions of both equations.

Machine learning approaches (such as auto-regressions, various neural nets, support vector
machines and other specialized tools (Kontopoulou et al.,|2023)) appeared to have more flex-
ible descriptive properties, than classical models, based on differential equations. However,
those methods may not hold fundamental laws, such as conservation laws. Another obstacle
to machine learning models usage is their lack of interpretability, that does not allow for
building recommendation systems or making conclusions on the causality of phenomena. (Yi
et al., [2022; [Feng et al., |2021)).

Neural nets obtain one of the best approximation proberties (Hornik et al., [1989) and may
be used as simple extrapolator of time series, however they may be combined with classical
approaches in the way of PINN, that utilizes partial differential model as additional source of
information for approximation. There is already done research in implementation of PINN
for SIR-like models (Bertaglia et al.| [2022; Nguyen et al., 2024).

We propose combination of mentioned above techniques to combine advantages of flexibility
of PINN with interpretability of classical SIR model and complexity and details of model of
mean field game approach.

The paper has the following structure: in section [2] we present introduction to general
mean field game problem setup; in section [3] we propose epidemiological mean field game
model with players controlling parameters of classical SIR model and system of equations
associated with it; in section [l we describe numerical methods used to solve resulting system
of equations including PINN; the numerical results are analyzed in section

2 Mean field game problem formulation

Mean field type models arise in problems of modeling a large number of similar objects that
are commonly particles. To construct mean field game models it is assumed that all objects
are identical players, whose state is described with a stochastic differential equation in the
field T =1[0,7],T >0, Q C R*,n € N:

{ dX (t) = g(t, X(t), a)dt + odw(t), teT, (1)
X(0) = Xo,

where g : T x 2 x A — R" is a players state control function,
a € A is player’s strategy, A :={a: T x Q — R},

o = const is a dispersion of random walk of agents,

dw is a standard Wiener process increment.

Every players goal is to minimize its own cost functional (Achdou et al.| 2020a)

J(X,a,m)=E

/ F(t X (), m, a)dt + h(X(T),m(T))|. @)
0

Where m: M =T x Q — RT, fQ m(t,x)dx = 1 is a distribution function of all players;

f:T xQxMxA— Ris arunning cost of a game; h: Q x (2 = RT) — R is a terminal
cost of a game.

As the number of players is very large, it can be approximated with an infinite number of
players and transferred from the SDE to the Kolmogorov-Fokker-Plank (KFP) equation:

{ 8877?(@ x) = %V2(0m(t,x)) + V- (9(t,x,0)m(t,x)), te€T, 3)
m(0, ) = mo(x), z e
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Thus we move from evaluating influence of every discrete player on every other, to evaluating
influence of mean distribution of players on one test player.

To obtain the optimal conditions for formulated mean field game problem introduce two
functions that are set for modified problem of minimization of with start at time ¢ and
Xz, (t) = x4 = const:

j(tvxh

)

T
/ 8, Xz, (8), m, a)ds + h(X(T), m(T))

¢(ta xt) = érelf,;l J(t,l’t,()é)7 ¢ DA

Using the dynamical programming principle, we get
t+7

¢(t7$t) = ;IelgE / f(SaXIt(S)7m7a)dS +1z[}(t+7—7 X”Ef(t+7—)) (4)
t
Now with use of the Ito formula for (¢, z):
t+1 8w
Bl X (4 7)) = Ult) + B[ | G g5, X, (5,00 Vs, X (5)

t

+ %UV%/J(S, X, (8))|ds + o(dws).

Substitution into results in

t+7
/ f(s, Xz, (), m, a)ds + @Jr

0= infE
iIéA ot

9(5, X, (), @) Vib(s, Xa, (5)) + %av%(s, X,, (s))ds] .

Dividing @ by 7 and tending 7 to 0, we get the optimal condition in the form of Hamilton-
Jacobi-Bellman equation (HJB):

oy

0:a+f V24 + inf

g(t,z, a)Vep +f(t,x7mva)] (7)
and, in general case, the nonlinear equation that allows to evaluate optimal control « from
solution of HJB @:
0
v+~ ®)

From the definition of i) we get the terminal condition for HJB equation:
(T, 1) = W(X(T), m(T)). 9)

Thus, in mean field games formulation we get that the optimal problem is described by
three equations in the form , , .

Summing up, we get the complete problem of MFG in the form:
N

§+f oV + H(Vip) =0, z €4,
g(T x)l 0, teT, (10)
S = 30VEm+ V- [H(Ve)m) =

m(0,z) = mo(x).
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where Hamiltonian H (V) = in}"4 g(t,z,a)V(t,x) + f(t,z,m,a)].
ae

3 Epidemiological mean field game

The mean field approach is widely used for modeling and control analysis in epidemiology,
economics, social processes and other natural fields. The recent research shows that model
construction and investigation of control programs for COVID-19 epidemic are analyzed for
different regions, strains and restriction measures [Tembine| (2020); Petrakova & Krivorotko
(2022); [Roy et al.| (2023). The coefficients and initial conditions of mean field models are
often estimated from general statistics, which leads to inaccurate control results. Identifica-
tion of mean field model parameters is labor-intensive, its studies are given in the paper Ding
et al.| (2022); |Chow et al.| (2022); [Liu et al.|(2023); Petrakoval (2024)). It is shown that un-
der certain conditions on the parameters and control function, sensitive parameters of the
models can be restored.

Further in this section, we formulate a mean field model based on the basic SIR model in
order to demonstrate a new algorithm for numerically solving this problem.

3.1 SIR model

The basic epidemiological model based on ordinary differential equations was initially pre-
sented in Kermack & McKendrick| (1927). It is describing circulation of single disease in a
closed population and is based on the mass balance law. The model is described with the
following system of ODEs in the domain ¢ € T

Bosswin, SO =1-1h,
= BSWI() ~ 1), 10) =, (1)
) R(0) =0,

Every individual in population may be in one of three compartments: Susceptible, Infected
and Removed and total volume of people stays constant 1 = S(t) + I(t) + R(t), S,I, R :
T — RT.

3.2 SIR-MFG model

With beginning of an epidemic we consider people to have different attitude toward self
isolation, wearing masks and other measures of infection prevention and treatment measures
may differ due to economical status of person. Thus, we propose models, that treats people
as players and implements player control of infectivity and recovery rate. The goal of every
player is fixed similar for every player, that is to minimize their own losses throughout the
modeling time.

We introduce control of the infectivity rate of every player in susceptible compartment.

B:Q— Rt St = /s(t,x)dm.
Q
The process infectivity rate change is described with stochastic equation .
That leads to KFP equation on density of players s:

dt

{ ds (t,z) = —B(x)s(t,z)I(t) + As =V - (g(a)s) teT,
S(O,l‘) = 30('7;) x €.
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Then we introduce cost functional for players that they are to minimize:

T
inf 7 =E / [wi?(t) + wa X (I (t) + w3 (1 — X (8))* + wog®(t, X (1), )] dt,  (12)
0

where wy,wy,w3,wy € RT are weights, I? is a cost of infected people being not able to work,
X (t)I(t) is a cost of risk of being infected, (1 — X (¢))? is a cost of self-isolation and other
measures, g2 is cost of adaptation to changes in those measures.

Then the HJB equation is obtained in the form:

{ W ony - (w1 I2(8) + war(t) + ws(1 = @)% + 55 (V)] teT,

dt
Y(T,z) =0 x €,
and the optimal control according to equation [§]is as follows:
t
alt,z) = ,M.
2’LUO

The resulting MFG system in domain derived with modification of system has the
following form:

% = —B(x)sl(t) + FAs — ﬁv (Vs), (0, ) = so(x),

%f =3AP - [w112(t) +wawl(t) + ws(1 - 2)® + ﬁ(w)?] .t x) =0, ”
13

& = [ Bla)s(a) de A1, 1(0) = I,

it &

dR

ar =" R(0) =0

Alternative modification for control of :

Vi R, I(t) = /i(t,x)dx.
Q

The process removal rate change is described with the stochastic equation identical to the

B B, $(0) =N -
0~ i(BS) — () + 52— 5V - (Vi) 00 =i,
% =ZAY - [w112(t) + wazl (t) + w3(1 — x)? + ﬁ(vﬂfﬂ , Y(tx) =0,
C;—If = [i(-,x)y(x)dz, R(0) = 0.
Q

4 Numerical approaches

In all numerical experiments below we consider:
v(z) = B(z) = =,

g(t,z,a) =a(t,z), z€Q=10,1],
T=1—= tel0,1].
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4.1 Finite difference method (FDM)

Basic finite difference schemes for solution of MFG system of equations were presented in
works |Achdou & Capuzzo-Dolcetta, (2010)); |Achdou et al.| (2012)); |Achdoul (2013). Moreover
in|Achdou et al.|(2020b) several iterative approaches to solution nonlinear, forward-backward
are discussed.

We implement simple implicit numerical scheme with 3-point Laplassian and Newton lin-
earisation of non-linear part:

In work |Lachapelle et al.| (2010]) the monotone scheme is described, however it lacks simul-
taneous update of KFP equation sulution and control, thus this method does not guarantee
convergense to local optimum (global in case of convex J), according to[Salomon & Turinici
(2011). Thus we implement scheme from Lachapelle et al.| (2010) with straightforward ap-
proach of solving at all time points simultaneously to achieve simultaneous update of KFP
solution and control.

4.2 Collocations method

Collocations method utilizes representation of solution in a chosen basis as an approximation
of exact solution (Shapeev et al.| 2021} [Belyaev et al. |2022). It allows us to substitute it
into the PDEs and explicitly differentiate basis functions. By evaluating resulting functions
in chosen collocation points, we may obtain equations for unknown basis coefficients of
solution.

For problem in form: A(t,z)u(t,z) = f(t,x) with solution searched in form wu(t,z) =
> agpr(t, z) collocation method may be written in form . Where N, Ny, N, are amounts
of spatial steps, time steps and basis functions respectively, {¢;(¢,z)} is a set of basis func-
tions, P°¢, P’ P are sets of collocation, border and initial condition points.

As long as our problem is nonlinear, we use Newton linearisation and apply this algorithm
several times, while updating solution approximation on every iteration.

It worth noting that systems and include integral parts. However, collocation
methods are designed for local satisfaction of equations. This obstacle is overcame the
following way, inspired by the following works: (Wang & Yang, [2024; [Pang et al., [2020;
Yuan et al., 2022).

We represent the inte%ral the following way we formally add z to functions independent of
x and add condition - = 0:

Bur(t,2) = [ BE)s(E, DI, )de, o € 50+,
Q
O0et (1,0) = Bl ). req,
ﬂs[(tvx) = 07 T € (SQ_,
oI "
E(ta‘r) :ﬂsf(tax>771(t7x)v IE(;Q )
O 1) = 1(t,), v b0,
ol OR
%(t,x)—%(t,x):(L reQ,teT.

In our case 357 : M and since Q = [0, 1], then 62~ = {0}, 6QF = {1}.

For numerical experiments we choose N, and P¢ such that N, - |P¢| was approximately
equal to N, in FDM.

4.3 Physically informed neural nets

PINN (physically informed neural net) combines ideas of collocation method and neural net
error optimisation with help of automatic differentiation. The same way, as in collocation
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Algorithm 1 Collocation method
Require: N, N¢, N, {@i(t,x)}i:m7pc,Pb’ pi
h,T+ N7t N7t
cij < (h(i4+1/2),7(j +1/2)) > Grid cells centers
for every P in {P¢, P*, P} do
for every p in P do
p=(po,p1) <= p+cij

if po € 0,1, P == P’ then > Point on border
Get equation Y3 ok (p)ak = uy(p)

else if py == 0, P == P¢ then > Point on line t =0
Get equation Zgil or(p)ar = ui(p)

else > Collocation point
Get equation Zgil A(p)er(p)ar = f(p)

end if

end for
end for

Collect all obtained linear equations and solve as single system.

method above, the solution is approximated with neural net. It and its derivatives are
evaluated in collocation points and substituted into PDEs and border conditions to obtain
residual errors, that are used in back propagation algorithm. The similarity may be seen in
comparison of algorithms [T} 2]

Algorithm 2 PINN

Require: N, N, P¢, P®, P
Residual R,0R, <+ 0,00
while 0R > € do
Ry + R
for every P in {P¢, P®, P'} do
for every p in P do

Evaluate u™V¥ (p) and its derivatives uY ™ (p), u, 2™ (p), ul¥ ™ (p)
if P == P’ then
Add to residual u¥ N (p) — uy(p)
else if P == P' then
Add to residual u™¥N (p) — u,(p)
else if P == P¢ then
Add to residual A(p)u™¥N(p) — f(p)
end if
end for
end for
Perform backward error propagation with residual obtained
0R + |R — Ry|

end while

For numerical experiments we choose and P¢ such that | P¢| was approximately equal to N,
in FDM. The neural net was implemented with fully connected architecture with 20 hidden
layers with width of 10 neurons per layer, as it shows sufficient approximation properties
and learning speed.. The activation function was chosen to be tanh.
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5 Numerical experiments

5.1 Problem examples

We present several examples of numerical solutions of problems , we variate weights
of the cost functionals. The baseline scenario is modeled with standard SIR model and the
baseline controlled scenario has parameters w; = 1,4 € {0, 1, 2, 3}.

To illustrate the influence of cost of being infected or staying isolated we variate weights wo
and ws.

5.2 Numerical results

Results are presented in the Table [I] and in Figures

Table 1: Numerical experiments results
Controlled ws w3 Achieved R

variable

B8 1 1 3.4e-5
1 10 6.4e-5
5 10  1.9¢-4

y 1 1 2.1e-4
1 10 8.4e-4
5 10  2.5e-3

All the numerical experiments took 3100 seconds and 50 000 epochs to converge.

Numerical experiments with collocation method converge, but only for smaller time periods
T, that lead to different problem setup, that are not comparable with the results for the
PINN. In Figure 4] we may see intermediate results for collocation method with grid 40 by
10 and polynomial basis of power 4. That leads to comparable amount of parameters of the
approximation. The linearisation is still was needed and it took 84 iterations to converge,
that took approximately 2600 seconds for the time period 2 times smaller, than the one for
the PINN.

However, even for smaller time period, it did converge to a local residual minimum, that
does not present adequate results (i.e. Infected group became negative).

6 Conclusion

The numerical results obtained show that in the trade-off of hospitalization and self-isolation
costs, agents tend to minimize one of them and stay with this strategy until the end of the
epidemic (modeling time), or stay with the starting strategy. It seems that as soon as
epidemics comes to an end and number of infected declines, it would be profitable to change
strategy to the opposite, however the small numbers of susceptible leads to small number of
isolated population. Thus this transit happens later in time (after observed time period in
experiments), or may happen with narrow set of parameters, that is close to situation with
no change in strategy.

In all the scenarios presence of infection cost leads to decrease in simultaneous number of
infected, that in practice could lead to earlier end of epidemic, but the nature of the model
allows only situations with all the populations going through the epidemic process.

Code availability

The basis frameworks for the realisation of PINN and collocation methods are published at
github.com/ANever /sib-pinn and |github.com/ANever/cls.
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Figure 1: Numerical results of modeling problem [13| for pairs of parameters (wq,ws) (top
to bottom): (1,1), (1,10), (5,10).
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