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Abstract

Diffusion distillation provides an effective ap-
proach for learning lightweight and few-steps dif-
fusion models with efficient generation. However,
evaluating their generalization remains challeng-
ing: theoretical metrics are often impractical for
high-dimensional data, while no practical metrics
rigorously measure generalization. In this work,
we bridge this gap by introducing probability flow
distance (PFD), a theoretically grounded and com-
putationally efficient metric to measure general-
ization. Specifically, PFD quantifies the distance
between distributions by comparing their noise-
to-data mappings induced by the probability flow
ODE. Using PFD under the diffusion distillation
setting, we empirically uncover several key gen-
eralization behaviors, including: (1) quantitative
scaling behavior from memorization to general-
ization, (2) epoch-wise double descent training
dynamics, and (3) bias-variance decomposition.
Beyond these insights, our work lays a foundation
for generalization studies in diffusion distillation
and bridges them with diffusion training.

1. Introduction

While diffusion models (Song et al., 2021c; Lipman et al.,
2023; Liu et al., 2023; Ho et al., 2020) have revolutionized
generative Al, their real-world deployment remains limited
by substantial computational cost. Knowledge distillation
(Hinton et al., 2015), which transfers capabilities from a
high-capacity teacher to a significantly smaller student, has
therefore become a standard approach for practical diffusion-
model deployment. Distillation has shown impressive gains
in efficiency through both lightweight student architectures
(Chen et al., 2025; Kim et al., 2024; Hu et al., 2026) and
shorter sampling trajectories (Yin et al., 2024b;a; Salimans
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& Ho, 2022; Song et al., 2023; Meng et al., 2023; Sauer
et al., 2024; Xie et al., 2024). Beyond efficiency, recent
study shows that distillation can also mitigate memorization
(Borkar et al., 2026), a known issue in diffusion model
training that raises copyright and privacy concerns (Gu et al.,
2025; Carlini et al., 2023; Somepalli et al., 2023a;b). In
some cases, diffusion distillation even leads to surprising
improvements in generation quality (Ma et al., 2025).

However, despite the remarkable performance of distilled
models, a comprehensive understanding of their general-
ization ability and working mechanisms remains elusive.
Specifically, existing metrics for evaluating the generaliz-
ability of diffusion distillation suffer from significant short-
comings: common empirical metrics like Fréchet inception
distance (FID) (Heusel et al., 2017), Inception Score (IS)
(Salimans et al., 2016) focus on generation quality, but they
cannot distinguish between memorization and generaliza-
tion, where both can yield high-quality outputs. Neural
Network Divergence (NND) (Arora et al., 2017; Gulrajani
et al., 2019) proposed to measure the generalizability for
generative adversarial networks (GANs) (Goodfellow et al.,
2020). However, it requires a large amount of data for evalu-
ation and is not suitable for diffusion distillation. Although
recent works measure generalization by evaluating the likeli-
hood of generated samples that are copied from the training
data (Zhang et al., 2024; Yoon et al., 2023), this can be mis-
leading, as pure noise may be misclassified as generalized
output.

On the other hand, other approaches aim to measure gen-
eralization by comparing the distance between the student
distribution and the teacher distribution. While distribu-
tional distance such as Kullback-Leibler divergence (KL)
(Chen et al., 2023e; Nie et al., 2024; Li et al., 2023), to-
tal variation (TV) (Chen et al., 2023c; Li et al., 2024b;a;
Yang et al., 2024), and 2-Wasserstein distance (W) (Gao
& Zhu, 2025; Bortoli, 2022; Chen et al., 2023a; Gao et al.,
2025b) are theoretically appealing, they are often compu-
tationally expensive and thus impractical for diffusion dis-
tillation. (We defer a detailed discussion in Section 2.4.)
As summarized in Table 1, existing metrics are not both
accurate and efficient for evaluating diffusion distillation in
practice, highlighting the need for a generalization metric
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that is both theoretically grounded and practically tractable.

Moreover, developing a principled evaluation framework
within the distillation setting is imperative. Such a frame-
work is crucial not only for deepening our insight into the
mechanisms underlying diffusion distillation but also for
providing systematic guidance in designing more effective
architectures, training strategies, and practical benchmarks.

Our Contribution. In this work, we propose a novel metric,
termed the probability flow distance (PFD), that can faith-
fully evaluate the generalization ability of distilled diffusion
models. Specifically, our PFD metric quantifies distribu-
tional differences by leveraging the backward probability
flow ODE (PF-ODE) (Song et al., 2021c¢), which is widely
used in the sampling process of diffusion models. Unlike
practical metrics such as FID, which cannot distinguish be-
tween memorization and generalization, our PFD provides a
theoretically grounded measure of distance between distribu-
tions, offering a more reliable assessment of generalization.
Compared to theoretical metrics like the Wasserstein dis-
tance, PFD is computationally more efficient by leveraging
the benign properties of PF-ODE. Moreover, by leveraging
PFD, our analysis reveals several intriguing generalization
phenomena that offer new insights into the learning behavior
of diffusion distillation, which could potentially be informa-
tive for training diffusion models in general.

* Scaling behavior from memorization to generalization.
Our metric quantitatively characterizes the scaling behav-
ior of diffusion distillation in the transition from memo-
rization to generalization. Specifically, we demonstrate
that generalization follows a universal scaling behavior
governed by N/ \/W , where [V is the training dataset size
and |0)| is the number of model parameters. In contrast,
prior studies (Zhang et al., 2024; Yoon et al., 2023) have
only considered the effects of model capacity or dataset
size in isolation, without capturing their joint influence on
generalization.

* Understanding generalization in learning dynamics.
Our PFD metric reveals and reconciles several intriguing
generalization phenomena within the learning dynamics.
Specifically, under regimes of sufficient training data, we
identify an “epochwise double descent” behavior in dif-
fusion distillation, where the generalization error initially
decreases, subsequently increases, and finally decreases
again toward convergence. While similar phenomena have
been observed in overparameterized supervised models,
we provide the first empirical validation of this behav-
ior in the context of diffusion distillation. Conversely,
when training data is limited, we observe early learning,
where models initially generalize but later transition to
memorization until convergence.

* The bias-variance trade-off of generalization errors.
Finally, we show that our PFD metric naturally introduces

a bias—variance decomposition of the generalization error,
extending classical statistical learning theory to diffusion
models. Empirically, we observe a trade-off consistent
with supervised learning: increasing model capacity re-
duces bias but increases variance, yielding a characteristic
U-shaped generalization error curve. This finding could
potentially help us identify overfitting and memorization
in the distillation and training of diffusion models.

2. Introduction of Probability Flow Distance

In this section, we propose a new metric called probability
flow distance (PFD), which is designed to quantify the dis-
tance between two arbitrary probability distributions. The
design of PFD is motivated by the PF-ODE, which we first
review in Section 2.1. We then formally define PFD in Sec-
tion 2.2 and present its empirical estimation with theoretical
guarantees in Section 2.3.

2.1. The Mapping Induced by PF-ODE

In general, PF-ODE (Song et al., 2021c¢) is a class of or-
dinary differential equations (ODE) that aims to reverse
a forward process, where Gaussian noise is progressively
added to samples drawn from an underlying distribution,
denoted as py,+ 5. The forward process and the PF-ODE can
be described as follows:

» Forward process. Given a sample x i Daata(®),
the forward process progressively corrupts it by adding
Gaussian noise. This process can be characterized by the
stochastic differential equation (SDE) da; = f(¢)x:dt +
g(t)dwy, , where t € [0, T is the time index, {w; }+c[0,7
is a standard Wiener process, and f(¢),g(t) : Ry — R
are the drift and diffusion functions that control the noise
schedule. In this work, we adopt the noise schedule pro-
posed by elucidated diffusion models (EDM) (Karras
et al., 2022a), where f(t) = 0 and g(t) = v/2t. Sub-
stituting this into the SDE and integrating both sides, we
obtain x; = xg+ fot V27dw;,. For ease of exposition, we
use p:(x:) to denote the distribution of the noisy image
x; for each t € [0,7]. In particular, it is worth not-
ing that po() = paaca(x) and pr(z) — N(0,T2%1) as
T — +oo0.

* Probability flow ODE. According to (Song et al., 2021c¢),
the PF-ODE can transform a noise sample 7 back into a
clean data sample x(. Specifically, under the EDM noise
scheduler, the PF-ODE admits the following form:

dx; = —tVlog ps(x:)dt, (D

where V  log pi (@) (or simply V log p;(x;)) denotes the
score function of the distribution p; () at time ¢ € [0, T).
According to (Song et al., 2021c), the backward PF-ODE
(1) and the forward SDE have the same distribution at each



Probability Flow Distance

timestep ¢. In practice, since the score function log p; (;)
is unknown, in diffusion models we approximate it using
a neural network sg(x;,t) and employ a numerical solver
to generate samples from Equation (1). Additional details
are provided in Section A.4.

The backward PF-ODE induces a unique mapping ®,,
from x to xy. Integrating both sides of (1) from 7" to 0,
the mapping ®,,, . can be expressed as:

0
... (Tr) =TT — /T tV log p(z¢)dt. (2)
Previous work (Song et al.,, 2021c) shows that, when
xr ~ N(0,7?I) and T — +oo, the random variable
®,,...(zr) is distributed according to pgaca(x). Conse-
quently, if the data distribution py.¢, is known, the score
function V log p:(x;) is explicitly available, and the back-
ward PF-ODE induces a deterministic and unique mapping
from the Gaussian distribution to pg.r. (We formally prove
uniqueness in the identity property of our Theorem 1).

2.2. Definition of Probability Flow Distance

Based on the above setup, we define a metric to measure the
distance between any two distributions as follows.

Definition 1 (Probability flow distance (PFD)). For any two
given distributions p and q of the same dimension, we define
their distribution distance as

PED (p,0) = (Ea, [0 @, (ar) ~ o @, @n)2]) " ()

Here, xp ~ N(0,T%I), P, and ®, denote the mappings
between the noise and image spaces for distributions p and
q, respectively, as defined in (2), and ¥ (-) represents an
image descriptor.

Intuitively, when the image descriptor W (-) is an identity
mapping, PFD measures the distance between two distribu-
tions p and g by comparing their respective noise-to-image
mappings ®,,(-) and ®,(-) starting from the same Gaussian
noise input x7. Small values of PFD indicate that the two
distributions generate similar data from identical noise and,
therefore, are close to each other.

However, in practice, measuring distributional distance
alone does not fully capture the perceptual quality of natu-
ral images. To incorporate perceptual quality, we employ
an image descriptor ¥(-), which is typically implemented
using a pre-trained neural network such as DINOv2 (Oquab
et al., 2024) or Self-Supervised Copy Detection Descriptor
(SSCD) (Pizzi et al., 2022). Measuring distances in such
feature spaces is a common practice in existing metrics
for generative models (Heusel et al., 2017; Salimans et al.,
2016; Stein et al., 2024), as it tends to align better with

human perception (Stein et al., 2024). As shown by our
ablation studies in Section E.2, the PFD metric with an im-
age descriptor effectively captures differences in perceptual
quality while models are generalizing, where a smaller quan-
tity indicates better perceptual quality. Therefore, for all
experiments in Sections 3 and 4, we use an image descriptor
(e.g., SSCD) for ¥(-).

Nonetheless, for simplicity and analytical tractability, we
assume the image descriptor ¥(-) to be an identity mapping
in the following theoretical analysis. Specifically, under
Definition 1, we show that PFD satisfies the axioms of a
metric (Definition 2.15 in (Rudin, 2021)).

Theorem 1. For any two distributions p and q, the PFD
satisfies the following properties:

* (Positivity) PFD(p, q) > 0 for any p # q.
* (Identity Property) PFD(p, q) = 0 if and only if p = q.
* (Symmetry) PFD(p, ) = PFD(q, p).

* (Triangle Inequality) PFD(p, q) < PFD(p,p’) + PFD(p’, q)
forall p'.

We defer the proof to Section B. Note that Theorem 1 estab-
lishes the theoretical validity of PFD as a metric for measur-
ing the distance between any two probability distributions.

2.3. Empirical Estimation of PFD

In practice, the expectation in (3) is intractable due to the
complexity of the underlying distributions. Thus, we ap-
proximate the PFD using finite samples:

PFD(p, q) = (%i H‘bp (m¥)> - &, (mg)))Z)I/Q. 4)

Here, PFD(p,q) is the empirical version of PFD(p,q)
computed over M independent samples {z\) }M, "X
N(0,T2T) with T — oo,

Specifically, our finite-sample approximation relies on two
key assumptions: (i) the score functions are smooth at all
timesteps, and (ii) the score functions of two distributions
remain uniformly close within a bounded region of the input
space, which can be described as follows.

Assumption 1. Let p and q be two distributions with the
same dimension, where we assume:

(i) (Lipschitz score functions) There exists a constant L > 0
such that for all x1, x4 and t € [0,T), it holds that

[V logpe(x1) — Vg logpi(xz)||ly < L2y — x2,, (5)

and similarly for q,.
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(ii) (Uniform Closeness) For all t € [0,T), there exists a
constant € > 0 such that

[V logpi(z) — Vg log gi(z)|, < e (6)

The Lipschitz continuity of the score function is a com-
mon assumption widely adopted in the theoretical analysis
of score functions in diffusion models (Block et al., 2020;
Lee et al., 2022; Chen et al., 2023d;a; Zhu et al., 2023;
Chen et al., 2023b). More recently, this property has been
rigorously established under the assumption that the data
distribution is a mixture of Gaussians (Liang et al., 2024).
The uniform closeness assumption holds when p and ¢ both
follow Assumption 1 (i) and have support on compact do-
mains, which is often the case for image distributions. Under
Assumption 1, the concentration of the empirical estimate
PFD(p, q) to PFD(p, ) can be characterized as follows.

Theorem 2. Let p and q be two distributions satisfying As-
sumption 1, and let Pl:“D(p, q) denote the empirical estimate
of PFD(p, q) using M independent samples, as defined in
(4). Then, for any v > 0, this empirical estimate satisfies
the following bound:

4
[PFD(p, q) — PFD(p, q)| < v whenever M > % log %, 7)
with probability at least 1 — n. Here, r(L,e) =

LT? LT? . .
exp ( 5 ) E+ ¢ (exp( 25) — 1) is a constant, with

a numerical constant £ > 0 and a finite timestep Ty depend-
ing only on &.

We defer the proof to Section B. Given the score functions of
both distributions are smooth and uniformly close, our result
in Theorem 2 guarantees that PFD(p, ¢) can be approximated
to arbitrary precision by its empirical estimate PFD(p, q)
with high probability, given a finite number of samples.

2.4. Advantages of PFD over Existing Metrics.

As summarized in Table 1, we conclude this section by
highlighting the advantages of the proposed PFD over com-
monly used theoretical metrics for measuring distributional
distances, including both density-based and sample-based
methods. A comparison with practical evaluation metrics is
presented at the end of Section 3.

Sampling efficiency. We compare the sampling efficiency
of PFD, FID, and W5 on Gaussian distributions, as shown
in Figure 6a, using the experimental settings described in
Section C.1. With the same number of estimated samples
(M = 4096), PFD attains a relative error of approximately
4 x 103, whereas FID and W5 achieve only about 2 x 102
Consequently, to reach the same level of relative error, PFD
requires substantially fewer samples.

Table 1. Metrics comparison.

Efficient Accurate
Theoretical distances
Density-based (KL, TV) X v
Sample-based (W2, MMD) X v
Practical metrics
FID, IS, NND, efc. v X
PFD (Ours) v v

Computational efficiency. Even with the same number of
estimated samples M, PFD requires less computation time
than other methods:

* Comparison with sample-based distances. Sample-
based distances such as the Wasserstein distance and Max-
imum Mean Discrepancy (MMD) incur O(M?) computa-
tional complexity. In contrast, PFD requires only O (M)
computation, making it substantially more efficient.

* Comparison with density-based distances. Density-
based distances, such as KL divergence, total variation
distance, and Jensen—Shannon divergence, require ap-
proximating probability densities through computation-
ally intensive methods like the Skilling-Hutchinson trace
estimator (Song et al., 2021c; Skilling, 1989; Hutchinson,
1989), which become prohibitively expensive in high-
dimensional settings for evaluating diffusion models. In
contrast, PFD directly estimates the distributional distance
using the score function inherently learned by diffusion
models. Furthermore, density-based metrics are theoret-
ically ill-suited for image data, as probability densities
remain undefined outside the image manifold (Loaiza-
Ganem et al., 2024).

3. Quantifying Generalization Errors via PFD

In this section, we leverage the PFD metric in Section 2 to
rigorously define and evaluate the generalization error of
diffusion models under distillation settings. Specifically, this
metric enables us to distinguish between memorization and
generalization behaviors, as well as analyze the transition
from memorization to generation (MtoG).

This MtoG transition has been explored in recent studies
for training diffusion models (Yoon et al., 2023; Zhang
et al., 2024; Kadkhodaie et al., 2024; Bonnaire et al., 2025),
which highlight two learning regimes of diffusion models
depending on dataset size and model capacity: (i) Memo-
rization regime: Large models trained on small datasets
memorize the empirical distribution peyp () of the training
data, yielding poor generalization and no novel samples. (ii)
Generalization regime: For fixed model capacity, as the
number of training samples increases, the model transitions
into generalization, approximating the true data distribution
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Figure 1. Comparison of practical metrics on the MtoG transition. The top figure plots multiple evaluation metrics as functions of
log, N. The bottom figure visualizes the generation when N = 210 912 914 918 sampled from the paata (top row), the Demp (middle
row), and pg (bottom row). The same column shared the same initial noise .

Paata(®) and generating new samples.

However, existing approaches (Yoon et al., 2023; Zhang
et al., 2024; Alaa et al., 2022) quantify generalization solely
by measuring the distance from a generated sample to its
nearest neighbor in the training dataset. While effective for
identifying memorization, these sample-level measures are
inadequate for capturing true generalization because they
do not quantify distributional distance. Simply showing that
an output is distinct from training data is insufficient; for
instance, such metrics could erroneously classify a sample
of pure noise as a valid generated sample. To address these
limitations, we leverage the PFD metric to assess general-
ization at the distributional level. Specifically, we quantify
how closely the distribution learned via diffusion models,
Pe, approximates the underlying distribution pgasa () and
how closely it aligns with the empirical distribution peyp ().
Based on this approach, we formally define generalization
and memorization errors as follows.

Definition 2 (Generalization and Memorization Errors).
Consider a diffusion model sg trained on a finite dataset
D = {yD}N |, where each sample y ) is drawn i.i.d. from
the underlying distribution paaza (). Denote the learned dis-
tribution induced by a diffusion model sg as pg(x). Using
the PFD metric, we can formally define the generalization
and memorization errors as follows:

ggen (0) = PFD (p97pdata) ) gmem (0) = PFD (pevpemp) ) (8)

where the empirical distribution pesp(x) = 7 vazl O(x —
y ), with §(-) denoting the Dirac delta function.

Here, given access to pemp(a:), the memorization error
Enen(0) can be exactly computed (see Section D). We fur-
ther show that Eye, (@) coincides with metrics introduced in
(Yoon et al., 2023; Zhang et al., 2024).

Evaluation protocol for generalization. Under the diffu-
sion distillation setting (see Section 4), we study generaliza-
tion behaviors of a student model distilled from a teacher
model. Specifically, a pretrained diffusion model sg, (x+)

with parameters 6, serves as the teacher and induces a dis-
tribution pg, , which we treat as the underlying data distribu-
tion, i.e., Paata = Po,. We employ the most straightforward
distillation strategy by directly training a student model sg
on samples drawn from pg, . Generalization behaviors of the
student model is then evaluated by comparing the student-
induced distribution pg with pg, using the generalization
error metrics defined in Definition 2.

In our experiments for the rest of the paper, both the teacher
and student models adopt the U-Net architecture (Ron-
neberger et al., 2015). The teacher model sg, is trained on
the CIFAR-10 dataset (Krizhevsky et al., 2009) with a fixed
model architecture (UNet-10 introduced in Section C.2).
The student model sg is trained on samples generated by
the teacher, with the number of distillation samples varying
from N = 26 to N = 26, using the same training hyper-
parameters but different model sizes. For evaluating the
generalization error in (8), we compute the PFD between the
teacher and student models using M = 10* samples drawn
from shared initial noise, as defined in (4). Similarly, for
the memorization error, we compute the PFD between the
student model and the empirical distribution of the train-
ing data. Additional details for the evaluation protocol and
ablation studies are provided in Section C.3 and Section E.

Comparison with practical metrics for evaluating gener-
alization. Before we use the proposed metrics Egep and Enen
for revealing the generalization properties of diffusion mod-
els in Section 4, we conclude this section by demonstrating
their advantages over commonly used practical metrics, such
as FID, FDpryovo (Stein et al., 2024), training and testing loss
Lirain, Lrest (see Equation (10)). We defer a more compre-
hensive comparison with other metrics such as IS, NND, KID
(Binkowski et al., 2018), CMMD (Jayasumana et al., 2024),
Precision, and Recall (Kynkédédnniemi et al., 2019) to
Section C 4.

As shown in Figure 1, we compare several metrics for cap-
turing the MtoG transition under distillation. Among them,
only the proposed metric Egen consistently tracks this tran-
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Figure 2. Scaling behavior in the MtoG transition. e and &g, plotted against Left: log, (V) for a range of U-Net architectures
(U-Net-1 to U-Net-10). Right: the same metrics plotted against log, (N/+/|60|), where |0] is the number of model parameters.

sition as the number of distillation samples increases. This
conclusion is supported by the qualitative results in the
bottom row of Figure 1: when N > 2! increasing N
makes the distilled model’s generations (bottom row) visu-
ally closer to the teacher distribution (top row), indicating
improved generalization. Among all metrics, only PFD cap-
tures this decreasing trend.

From a theoretical perspective, FID, FDprygyo relies on a
Gaussian assumption for feature distributions, while lyyain
and ly.5, provide only upper bounds on the negative log-
likelihood of the learned distribution pg (Song et al., 2021b);
as a result, none of these metrics can accurately capture
generalization. In contrast, PFD is both theoretically well-
founded and empirically validated as a reliable metric for
measuring generalization.

4. Findings of Key Generalization Behaviors

Based on the evaluation protocol in Section 3, this section
reveals several key generalization behaviors in diffusion
distillation: (i) MtoG scaling behaviors with model capac-
ity and distillation dataset size (Section 4.1), (ii) double
descent in learning dynamics (Section 4.2), and (iii) the
bias-variance trade-off of generalization error (Section 4.3).

4.1. Scaling Behaviors of Generalization

We investigate the scaling behavior of the distilled models
with respect to both model capacity |@| and distillation data
size IV, using the metrics Egen and Epen. We evaluate ten U-
Net architectures over CIFAR-10 dataset, with model sizes
ranging from 0.9M to 55.7M parameters (U-Net-1 to U-
Net-10). For each model, we compute Epen and Egen across
varying distillation dataset sizes, following the distillation
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Figure 3. Scaling behavior over ImageNet dataset. U-Net-11,
U-Net-12 contains 124.2M and 295.9M parameters. Distilling
data size N ranging from 26 to 2%,

setting outlined in Section 3. In addition, we conduct exper-
iments on the ImageNet dataset (Deng et al., 2009). Results
for CIFAR-10 and ImageNet are reported in Figure 2 and
Figure 3, respectively. Additional experimental details are
provided in Section C.5. From these results, we observe the
following:

MtoG transitions governed by the ratio N/./|0|. As
shown in Figure 2 (left), for a fixed model capacity |0|, our
metrics reveal a clear transition from memorization to gener-
alization as the number of distillation samples V increases,
consistent with prior experiments training diffusion models
from scratch. (Zhang et al., 2024; Yoon et al., 2023). More-
over, in contrast to prior work that focuses solely on the
effect of distillation sample size N, our results in Figure 2
(right) for CIFAR-10 and Figure 3 for ImageNet reveal a
consistent quantitative scaling behavior when using our met-
ric, governed by the ratio N/ \/@ between data size and
model capacity. Remarkably, both e, and Epen metrics
exhibit near-identical MtoG transition curves across models
of varying sizes when plotted against this ratio. As such,
analogous to the empirical scaling laws observed in large
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language models (Kaplan et al., 2020), this predictable trend
provides practical guidance for the development of diffusion
models, particularly when scaling up model size, data, or
compute to achieve optimal performance gains.

4.2. Generalization across Learning Dynamics

Building on the findings in Section 4.1, we further exam-
ine the generalization behavior across different training
regimes. Under the distillation setting for CIFAR-10 dataset
in Section 3, we analyze the learning dynamics of a U-
Net model with fixed model capacity (UNet-10 introduced
in Section C.2) distilled with N = 26, 212 and 216, corre-
sponding to the memorization, transition, and generalization
regimes in Section 4.1, respectively. The model is distilled
using stochastic gradient descent (SGD) for 500 epochs,
during which we track Enen, Egens Ltrain, and lieqr at each
epoch. The results in Figure 4 reveal several notable gener-
alization behaviors that align with phenomena previously
observed in the training of overparameterized deep models
(Zhang et al., 2017; Nakkiran et al., 2021):

Epochwise double descent of the generalization error
in the generalization regime. In contrast, as shown in
Figure 4 (right), distilling in the generalization regime
(N = 219) reveals a clear instance of the double descent
phenomenon (Nakkiran et al., 2021) in the generalization
error. Specifically, the error initially decreases, then in-
creases during intermediate distilling epochs, and finally
decreases again as distilling approaches convergence. No-
tably, this non-monotonic behavior is not captured by the
standard training and test losses {iyain and lyest, both of
which decrease monotonically throughout distilling. This
implies that extended distilling can improve generalization
performance in the generalization regime.

Epochwise early learning behavior in memorization and
transition regimes. As shown in Figure 4 (left & middle), in
both the memorization (N = 2%) and transition (N = 21?)
regimes, the generalization error initially decreases during
distilling but reaches its minimum at an early epoch, after
which it begins to increase again. This early learning (or
early generalization) phenomenon becomes more salient as
the distillation sample size increases from the memorization
to the transition regime. As shown in the visualization at the
bottom of Section 3, the model at Epoch 85 clearly exhibits
generalization, whereas the model at Epoch 500 fails to
generalize. This is also corroborated by the divergence of
training 1oss ¢y, and test loss fies¢ at the top of the figure.
It is worth mentioning that, although early learning behavior
has been theoretically and visually demonstrated in previous
works (Li et al., 2024d; 2023; Bonnaire et al., 2025), our
work develops the first framework for precisely capturing
this phenomenon.

4.3. Bias-variance Trade-off of the Generalization Error

In statistical learning theory, bias-variance trade-off is a
classical yet fundamental concept in supervised learning
which helps us understand and analyze the sources of pre-
diction error in the model (Kohavi et al., 1996; Hastie et al.,
2009; Yang et al., 2020; Belkin et al., 2019). Specifically,
bias—variance decomposition expresses the expected gen-
eralization error as the sum of two components: (i) the
bias term, which quantifies the discrepancy between the
expected model prediction and the true function: high bias
indicates systematic error or underfitting; and (ii) the vari-
ance term, which measures the prediction variability of the
model across different training sets: high variance reflects
sensitivity to data fluctuations or overfitting.

However, in unsupervised learning settings such as diffu-
sion models, the notion of generalization error was not well-
defined prior to our work, in contrast to the well-established
definitions in supervised learning. As a result, bias—variance
decomposition in this context remains largely unexplored.
In this work, we address this gap through the generaliza-
tion error measure Egep, (see Equation (8)), which admits a
bias—variance decomposition analogous to that in the super-
vised setting, as we detail below.

Definition 3 (Bias-Variance Decomposition of Egen). Based
on the same setup as Definition 2, we can decompose Egey
in Equation (8) as

]ED [6g29D (pO(D))] = t?ias + gvar (9)

where pg(p) denotes the distribution induced by a diffusion
model 0 (D) trained on a given training dataset D sampled
from paata. Specifically, the bias and variance terms are
defined as:

gbias = EmT([H‘P o q)Pdata(wT) —Po (I)pe (xT)||§])1/27
gvar = ]E’DEmT[H\II o (I)pg(p) (mT) -Wo i)PQ (mT)”%]v

with W o ®,,() = Ep[¥ o ®p,, ()]

Intuitively, our definitions of the bias term &,;.s and the
variance term &,,, are both well-justified: (i) Epias quan-
tifies the systematic error between the learned distribution
pe and the ground-truth distribution pgata; and (ii) Eyar cap-
tures the variability of model predictions across different
training sets by measuring the distance between pg and the
mean pg which can be empirically estimated by averaging
over multiple datasets D sampled from pgata. Experimental
results, following the protocol in Section 3, are shown in
Figure 5, with detailed settings in Section C.7.

In Figure 5 (a), when diffusion models are distilled in the
generalization regime, the resulting generalization decom-
position aligns with classical bias—variance theory from
supervised learning: as model complexity increases, the
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bias term ;. decreases while the variance term &, in-
creases, resulting in a U-shaped generalization error curve.
Additionally, Figure 5 (b) further illustrates the effect of the
distillation sample size N and number of parameters |0|:
increasing N reduces both &p;as and Eyay, thereby lower-
ing the generalization error Sgen, as expected; In contrast,
increasing |0| consistently increases Eyar, and its effect on
Evias depends on the size of IV: it decreases Epias When
N > 215 put increases it when N < 211,

5. Discussion & Conclusion

While PFD is designed to evaluate generalization in distilla-
tion settings, we believe its impact extends beyond distilla-
tion and is highly relevant to diffusion model training:

Distillation is closely aligned with training from scratch.
The teacher-student framework has been widely adopted
to understand learning phenomena observed in real-world
scenarios, both empirically (Betzalel et al., 2024; Lee et al.,
2021; Saglietti et al., 2022) and theoretically (Advani et al.,

2020; Goldt et al., 2019; d’ Ascoli et al., 2020). In this work,
the phenomena we observe, such as the MtoG transition (left
column of Figure 2) and early learning dynamics (middle
column of Figure 4), are consistent with observations re-
ported in prior studies of models trained from scratch. This
alignment suggests that distillation provides a tractable and
controllable setting for understanding training in real-world.

Training from scratch is increasingly close to distilla-
tion. Modern diffusion models are often trained on large-
scale datasets constructed from heterogeneous sources. Due
to the scarcity of sufficiently high-quality real-world data,
large-scale datasets such as LAION-5B (Schuhmann et al.,
2022) inevitably contain a substantial fraction of synthetic
data generated by foundation models. As a result, training
from scratch increasingly resembles a teacher-student set-
ting, where models implicitly learn from other pretrained
models rather than purely from natural data.

Taken together, these facts motivate the use of PFD beyond
explicit distillation settings, as a general tool for analyzing
generalization in real-world large-scale diffusion models.
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6. Impact Statement

This work advances the theoretical and empirical under-
standing of generalization in diffusion models by introduc-
ing Probability Flow Distance (PFD). Improved understand-
ing of generalization can help mitigate risks associated with
memorization, including privacy leakage and copyright con-
cerns. We do not anticipate direct negative societal impacts
arising from this work; however, as with all advances in
generative modeling, downstream applications should be
developed and deployed responsibly.
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The appendix is organized as follows. We first discuss related work in Section A. Next, we provide detailed proofs for
Section 2 in Section B. Experimental settings and additional discussions for Section 3 and Section 4 are presented in
Section C. We then offer further discussion related to &,y in Section D. Finally, ablation studies for PFD are included in
Section E.

A. Related Works

In this section, we briefly review related work on generalization metrics for diffusion models, discuss diffusion model
generalizability, and cover the fundamentals of training diffusion models.

A.1. Generalization Metrics for Diffusion Models

Generalization metrics quantify the distance between the learned distribution and the underlying data distribution in diffusion
models. To measure this distributional gap, theoretical works commonly employ metrics such as Kullback-Leibler (KL)
divergence (Chen et al., 2023e; Nie et al., 2024; Li et al., 2023), total variation (TV) (Chen et al., 2023c; Li et al., 2024b;a;
Yang et al., 2024; Li et al., 2024c; Liang et al., 2025), and Wasserstein distance (Gao & Zhu, 2025; Bortoli, 2022; Chen et al.,
2023a; Gao et al., 2025b). However, these metrics are practically inefficient for diffusion models. Practical metrics focus on
various perspective, including negative log-likelihood (NLL) (Song et al., 2021c), image generation quality: Fréchet inception
distance (FID) (Heusel et al., 2017), inception score (IS) (Salimans et al., 2016), FDginov2 (Stein et al., 2024), maximum
mean discrepancy (MMD) (Bifkowski et al., 2018), CLIP maximum mean discrepancy (CMMD) (Jayasumana et al., 2024);
alignment: CLIPscore (Hessel et al., 2021), and precision, recall (Sajjadi et al., 2018; Kynkédédnniemi et al.,
2019). However, these practical metrics are not explicitly designed to evaluate the generalizability of diffusion models. Thus,
there is a need for a generalization metric that are both theoretical grounded and practically efficient for diffusion models.
To address this gap, we propose PFD, a novel generalization metric that is theoretically proven to be a valid distributional
distance and can be efficiently approximated by its empirical version using a polynomial number of samples. In practice,
PFD requires fewer samples for estimation and is the only existing metric that explicitly quantifies generalization in diffusion
models.

A.2. Diffusion Model Generalizability

Recent works have shown that diffusion models transition from memorization to generalization as the number of training
samples increases (Yoon et al., 2023; Zhang et al., 2024). With sufficient data, models trained with different architectures,
loss functions, and even disjoint datasets can reproduce each other’s outputs, indicating a strong convergence toward the
underlying data distribution (Zhang et al., 2024; Kadkhodaie et al., 2024). To explain this strong generalization, (Kadkhodaie
et al., 2024) attribute it to the emergence of a geometric-adaptive harmonic basis, while others argue that generalization
arises from interpolation across the data manifold (Aithal et al., 2024; Chen, 2025). In contrast, (Vastola, 2025) explain
generalization through inductive biases in the noise, whereas (Zhang et al., 2026) attribute it to the emergence of a balanced
representation space. Theoretical insights by (Li et al., 2023) provide generalization bounds using KL-divergence under
simplified models, (Ye et al., 2026) establish a dual theoretical separation explaining memorization and generalization. More
recent efforts focus on characterizing the learned noise-to-image mapping for generalized diffusion models, either through
Gaussian parameterizations (Li et al., 2024d; Wang & Vastola, 2024), mixture of low rank Gaussian parameterizations
(Wang et al., 2024b), multi-subspace multi-modal modeling (Yang et al., 2026) or patch-wise optimal score functions
(Niedoba et al., 2024; Kamb & Ganguli, 2024), and analyses based on statistical properties of image datasets (Lukoianov
et al., 2025). In parallel, generalization has also been studied through the lens of associative memory (Pham et al., 2025;
Ambrogioni, 2024) and sparse autoencoders (Tinaz et al., 2025). However, despite these theoretical analyses and qualitative
insights, prior work lacks a quantitative framework for measuring generalizability. In this paper, we propose PFD, a metric
that enables such quantitative evaluation. Using this measure, we uncover further insights into the generalization behavior of
diffusion models, as discussed in Section 4.

A.3. Diffusion Model Distillation

Recent work on diffusion distillation has demonstrated substantial efficiency gains through both lightweight student
architectures (Chen et al., 2025; Kim et al., 2024; Hu et al., 2026) and reduced sampling trajectories (Yin et al., 2024b;a;
Salimans & Ho, 2022; Song et al., 2023; Meng et al., 2023; Sauer et al., 2024; Xie et al., 2024). Representative approaches
include progressive distillation (Salimans & Ho, 2022; Berthelot et al., 2023), adversarial distillation (Jolicoeur-Martineau
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etal., 2021; Xu et al., 2024; Sauer et al., 2024), and consistency-based distillation methods (Song et al., 2023; Wang et al.,
2024a). Beyond architectural and sampling efficiency, Meng et al. (Meng et al., 2023) distill the classifier-free guidance
score (Ho & Salimans, 2022) to further accelerate guidance at inference time. Moreover, diffusion distillation has been
successfully applied beyond efficiency improvements, including text-to-3D generation (Poole et al., 2023), learning from
corrupted data distributions (Zhang et al., 2025), and even achieving unexpected gains in generation quality (Ma et al.,
2025). In this paper, we adopt the most straightforward distillation paradigm, where the student is trained on data generated
by a teacher model. Nevertheless, PFD is orthogonal to the choice of distillation strategy and can be naturally extended to
more advanced techniques, such as progressive, adversarial, or consistency-based distillation frameworks, offering a flexible
foundation for future extensions.

A.4. Training Diffusion Models

To enable sampling via the PF-ODE (1), we train a neural network sg (¢, t) to approximate the score function V log p; ()
using denoising score matching loss (Song et al., 2021c):

. 1L T ) 2
min £(6) = N;/o MEeno.121,) [Hsf,(xu) —|—te7t)+e/tH2] at, (10)

At denotes a scalar weight for the loss at ¢. Given the learned score function, the corresponding noise-to-image mapping is:

0

®,, (zr) =1 —/ tse(x, t)dt. (11)
T

Although alternative training objectives exist, such as predicting noise 7 (Ho et al., 2020), clean image x( (Karras et al.,
2022a), rectified flow &7 — ¢ (Liu et al., 2023) or other linear combinations of x( and &1 (Salimans & Ho, 2022), prior
works (Luo, 2022; Gao et al., 2025a) have shown that it is still possible to recover an approximate score function sg(x;, t)
from these methods.

B. Proof in Section 2

Proof of Theorem 1. 1t is trivial to show PFD(p, ¢) > 0 for any p # ¢ and PFD(p,q) = PFD(q, p), and thus we omit the
proof.

* Proof of p = ¢ < PFD(p,q) =0 :

- (=)Ifp=gq,Viogp: (x;) = Vlogq; (x;), thus:

day = —t (Vilegpi(x:) — Vloggi(x;)) dt = 0 (12)

Thus, ®,(x7r) — ®,(x7) is the solution of the ODE function Equation (12) with initial 7 = 0. Thus ®,(x7) —
®, (z7) = 0 for all zp. Thus PFD(p,q) =0

- (<) If PFD(p, ¢) = 0 and ®,,, P, are continuous function w.r.t 7, then we have ®,(xr) = ®,(xr) for all 7. If
xg = ®(xr), from the transformation of probability identities, we have:

9] 9]
_ de, 13
p($0) 8[3130]1 a[mo]n /{\5|q>(€)§wo}pN(e) € ( )

where [x]; denotes the i-th element of &, f(€) < x( denotes the element wise less or equal. pas(-) is the probability
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density function (PDF) of Gaussian distribution N (0, 727, T,) Thus, for all y, we have:

) 9 /
plx —q(x = . PN (E dne
(o) =a(@0) = B Blmoln J e ercony ™
9 9 /
— v (€)d e,
Mwoli " Owoln Jreity (1<) (©
) 9 / . (14)
= pa(e)d™e
3[580]1 3[$0]n {e|®,(e)<z0} ( )
9 3 /
— pa(€)de,
Oazolr  Ozoln Jiej@,(e)<ao (©
= (:)7
sop=gq.
* Proof of PFD(p, q¢) < PFD(p, p’) + PFD(p/, q):
PFD(p, q)
1/2
= (Barenoren (|1, (21) — @, (1) 3] )
97\ 1/2
< (Barenorn [ (12, @1) = @y @0)ll, + |12, (@1) - @y (@1)],)°])
Iy (15)
< (EwTNN(OvTZI) {”@p (x1) — @4 (wT)”zD
1/2
+ (EmTNN(o,TZI) [H‘I’p (z7) — @4 (wT)H;D
=PFD(p, p’) + PFD(p’, q)
O

Lemma 1. Under Assumption 1, for all z7 € N'(0,T?1I,), as T — oo, we have:

LT? ; L7
@, (1) — @4 (27)|l, < exP N £+ 7 exp 5 |~ 1/, (16)

where & is a numerical constant and a finite timestep Ty depending only on &.

Proof of Lemma 1. Let ¢, t € [0, T] denotes the ODE trajectory:

o} :.’Bgfﬂjg,

¢
zf = xp —/ TV log pr (xP)dr,

t
x} =z — / 7V log g- (x)dr,
T

From the definition, ¢9 = ®, (x1) — ®, (7). Because limy_,oc ¢+ = 7 — &7 = 0, from the € — § definition of the
limit, given @, and a constant & , there exists a finite 7 related to £ such that:

Ipell, < € forall t > Te. (18)
Ast < Tg, we have:
d
% = —t(Vglogpi(x}) — Vylog g (xf)), (19)
Hd)Ts Hz <&
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Apply Assumption 1 to Equation (19), we could obtain the following integral inequality w.r.t ||¢||,:

d||¢: d¢t
d¢

dldl,

étllvm logpt(wf> — Vazlog g (xf)|l, (20)
<te+ Llaelly),
||¢TEH2 < 57 0<t< TE)

dli@elly _ || dos

dt - dt

where the first inequality comes from the fact that

. From Gronwall’s inequality (Coddington &

LT € LT2
Levinson, 1955), we could solve || @, (x1) — @4 (z7)|, = [|¢oll, < exp(— )5 + exp(—= 5 ) -1 O

Proof of Theorem 2. Let X = || ®, (x7) — @, (:J:T)||§ From Lemma 1,

0< X <k*(L,e),

. LT} € LT? o . :
with k (L, €) :== exp £ + exp | — | — 1 ]. From Hoeffding’s inequality (Hoeffding, 1994), we have:

2 2
2M~?
P ( E[X] - 7) < 2exp (—M) , 1)

with M samples to achieve ~ accuracy. Thus, we could guarantee PP (’E[X ] < fy) with probability 1, when:

M
—N"x,| >
2 2%

(L 2
v P9 log =. (22)
29 n
Because
|PFD(p, q) — PFD(p, ¢)| = |/E[X] — (23)
<,||E[X] - (24)
We could guarantee that P (|PFD(p, ¢) — PFD(p, q)| < ~) with probability , when:
(L 2
v g2 (25)
24 n
O
Example 1. The Wasserstein-2 distance Wa(+, -) is the lower bound of the probability flow distance, i.e.,
Wa(p,q) < PFD(p, q), (26)

Specifically, let p and q be multivariate Gaussian distribution N (p1, 31), N (p2, X2), respectively, where pq, pa € R™
and 31,39 € R™"*™, The PFD is given by

1/2
PFD (p, ) = (|l — pall, + [ =12 = 22| ) @)
under this case, the equality PFD(p, q) = Wa(p, q) holds when 31X = 353,
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Proof of Example 1. Proof of Wa(p, q) < PFD(p, q). From the definition of Wasserstein-2 distance:
| NG
Wap.a) = _inf (B, mpes o —2ll3) (28)
YEl(p,q)

where I' (p, q) is the set of all couplings of p and ¢. As proofed by (Song et al., 2021c), the noise-to-image mapping ®,, and
®,, pushes the Gaussian distribution N (0, TQIn) to the p and ¢ distribution respectively. Thus we could find the coupling
Yorp = (B, D), N (0,721,), i.e., the pushforward of N" (0, T?1,,) by (®,,, ®,), such that

1/2
PFD(p, q) = (E(wp,wqwm |zp — wq\lg) > Wa(p,q) (29)

When distribution p () is Gaussian distribution A (u, ) with g1 € R and 3 € R"*"™. Thus p; () is N (p, = + 071,,),
thus the score function could be caluclated as,

-1
Velogp: (z) = (Z+1,)  (p—=x). (30)
By plugging in Equation (30) to Equation (2), we could obtain the ODE equation w.r.t x:

de = —t (R +21,) " (p—a)dt,. 31)

The above ODE equation has a close form solution:

. [ A+ 2 [ Ap + 2
:L't:y,—I—Udlag ﬁ,...7 W UT (QCT_I,L) (32)

where U, A\, k € [n] are singlar value decomposition of 2, ¥ =Udiag ([M,.--, \))UT. diag( ) convert a vector in
R™ into diagonal matrix R"*", and &7 ~ N (O T2 I,L Let xp = Te with € ~ I

N
B [ A1+ t2 [ Ap + 2 T
x, = | I, — U diag PV RRREER | wa )U )u, (33)

have:

oo At 7o At 2 T
di 4
+ U diag N T " +T2 U zr, (34)
—u—i—Udlag([\/ 1,... DU xT, (35)
=p+3Y %z =& (xr). (36)

Thus, plugging in Definition 1, we have:

1/2
PFD (p,q) = (EwT~N(O,T2I) {H‘I’l (x7) — P2 (wT)HED (37
1/2 12 |2 1/2
= (Barnoren ||+ =120 — o — 2% | (38)
o\ 1/2
= (oo =gl + 2 - 237 39)
1/2a1/2\) /2
= (IIul pa 5 + Tr (21 +3, - 25?5l )) (40)

From Wasserstein-2 distance for Gaussian distribution p, ¢ has close form solution:
2 1/2 172\ /2 Yz
W2 (p,0) = <Iu1 — pall3 + x <21 + 5, -2 (275,517 )) . @1
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Figure 6. Comparison of different metrics on synthetic datasets. The figure illustrates (a) the sample efficiency of KL, W5, and PFD
under a Gaussian distribution, and (b) the correlation between W5 and PFD under a mixture of Gaussians.

From Lemma 2, we have W5 (p, ¢) < PFD (p, ¢). And specifically, W (p, ¢) = PFD (p, ¢) when X135 = 353, O

Lemma 2. Given two positive semi-definite matrix 31, 3o € R™*"™,

1/2
0<Tr (2}/225/2) <Tr ((2}/2222}/2) ) . 42)
Proof of Lemma 2. Because X1, 3, are positive semi-definite matrix, Tr (2}/ QEé/ 2) > (0 and

w((stman) ) o (o) (s ) < [steme] .

where || - ||« is the nuclear norm (trace norm). From trace norm inequality ((Bhatia, 2013) Chapter IV, Section 2), for a
random matrix M, Tr (M) < ||M||,. Thus, we have:

Tr (2}”2%) < Hz}”z%

(44)

*

O

C. Experiments

In this section, we provide experimental details and additional discussion of the main results.

C.1. Comparison of different metrics on synthetic datasets.

To support the claim that PFD is both sample-efficient and a meaningful distributional metric, we conduct numerical
experiments on synthetic datasets, comparing PFD with the KL divergence (KL) and the 2-Wasserstein distance (Ws).
Specifically, in Figure 6a, we evaluate the sample efficiency of these methods under multivariate Gaussian distributions. We
set the dimension of the Gaussian distributions to 5, randomly generate their means and variances, and repeat the experiment
10 times. By varying the number of samples used for estimation from 128 to 4096, denoted by M, we report the relative
error |€ — £|/|€|, where £ denotes the ground-truth value and & its empirical estimate. In Figure 6b, we examine the
correlation between estimates of W5 and PFD on mixtures of Gaussian distributions. We consider mixtures of 5 Gaussian
components, each with 5 dimensions. Both metrics are estimated using M = 4096 samples, and the experiment is repeated
100 times to generate the plotted results.

As shown in Figure 6a, PFD exhibits significantly better sampling efficiency than both KL and W5. With M = 4096 samples,
PFD achieves a relative error of approximately 4 x 10~2, whereas KL and W incur errors on the order of 2 x 10~. Moreover,
the computational complexity of PFD is O(M ), compared to O(M?) for W,. Consequently, under the same sampling
budget, PFD is substantially more efficient in both estimation accuracy and computational cost.

As illustrated in Figure 6b, when measuring the distance between two mixture-of-Gaussian distributions, the estimated
PFD exhibits a strong linear correlation with W5 (with correlation coefficient 0.992). This result indicates that PFD
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Table 2. U-Net architectures details.

Name Dimensions for encoder blocks Number of residual blocks Number of parameters ||
U-Net-1 [32, 32, 32] 4 0.9M
U-Net-2 [64, 64, 64] 4 3.5M
U-Net-3 [96, 96, 96] 4 7.9M
U-Net-4 [128, 128, 128] 4 14.0M
U-Net-5 [80, 160, 160] 4 17.1M
U-Net-6 [160, 160, 160] 3 17.8M
U-Net-7 [160, 160, 160] 4 21.8M
U-Net-8 [192, 192, 192] 4 31.3M
U-Net-9 [224, 224, 224] 4 42.7M
U-Net-10 [256, 256, 256] 4 55. M

captures meaningful distributional distance, which align with 2-Wasserstein distance, even for more complex, multimodal
distributions.

C.2. Network Architecture Details

In this subsection, we provide details of the U-Net architectures, as summarized in Table 2. The U-Net follows an encoder-
decoder design, where the encoder comprises multiple encoder blocks. The column “Dimensions for encoder blocks”
indicates the feature dimensions of each encoder block, while "Number of residual blocks” specifies how many residual
blocks are used within each encoder block. The decoder is symmetric to the encoder. For further architectural details, please
refer to (Karras et al., 2022b). By varying the encoder block dimensions and the number of residual blocks, we scale the
U-Net model from 0.9M to 55.7M parameters.

C.3. Evaluation Protocol

In this subsection, we provide details of the evaluation protocol introduced in Section 3, as well as the comparison between
the synthetic dataset from the teacher model and the real dataset.

Experiment settings for evaluation protocol. The teacher model 8; and the student model 6 share a similar U-Net
architecture (Ronneberger et al., 2015) with different numbers of parameters, as introduced in Section C.2. The teacher
model, with UNet-10 architecture, is trained on the CIFAR-10 dataset (Krizhevsky et al., 2009) using the EDM noise
scheduler (Karras et al., 2022a), with a batch size of 128 for 1,000 epochs. The student model ! is trained using the
variance-preserving (VP) noise scheduler (Ho et al., 2020), under the same training hyperparameters. We use one A40

GPU with 48 GB video random access memory (VRAM) for all experiments. We generated three subsets of initial noise
{wgain’T}f;l, {méze)mT}f‘il, {:cse)st’T M %S NF(0,T21,). The training and test datasets are produced using the teacher
model: '

D= {w*(c?ain}ij\il = {'I’pe,,(fcgr)ain,T) f\;u Diest = {xgle)st}'f\il = {‘I’pe,, (ﬁcgstj) ﬁr

To evaluate the student model, we generate an evaluation dataset from itself:

Dgen = {w(Z) }zl\il = {(I)Pe (w(l) ) i]\il‘

gen gen,T

All samples are generated using the second-order Heun solver (Karras et al., 2022a) with 18 sampling steps. We vary the
number of training samples N from 2 to 26 in powers of two. M is set to 50,000 for the experiments in Section C.4, and
10,000 for the rest.

Experiment settings for validating the synthetic dataset with real real-world dataset. We evaluate FID and &, for
diffusion models with UNet-4 architecture, trained separately on the synthetic dataset D and CIFAR-10 training dataset. We
keep the number of training dataset N the same for these two settings, ranging from 26 to 2%, with a power of 2. Then we

!The architecture of the student model varies across experiments and will be described in detail for each specific case.
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Figure 7. Comparison of practical metrics on the MtoG transition. The top figure plots multiple evaluation metrics as functions of
log, N. The bottom figure visualizes the generation under three numbers of training samples (2°,2'2, 2'®). For each setting, the figure
shows generations from the underlying distribution (top row), empirical data distribution (middle row), and the learned distribution from
the diffusion model (bottom row). Each column corresponds to the same initial noise.

evaluate the FID between Dgep, and De.s: (CIFAR-10 test dataset) for the synthetic (real-world) setting, with M = 10000.
To evaluate Eyen, We use the initial noise {a:((;e)n} ij‘il.

C.4. Comparison with Practical Metrics for Generalization Evaluation

In this subsection, we expand upon the experiment presented in Section 3, which compares our proposed metric with
practical metrics for evaluating generalization. We compare Egen and Epen, With well-used generative model metrics, inluding
FID,FDpryovz, KID,CMMD,Precision,Recall,NND, IS. We also including the training and testing 10ss €41 p, Crest
(Equation (10)) as comparison. We evaluating their ability in capturing the MtoG transition, under the evaluation protocol
proposed in Section 3.

Metric Dataset(s)

FID, FDpryovs, KID, CMMD,
Precision, Recall, NND

Dgen vS. Diese

FIDtraina FDDINOVZ,train D VS. Dtest
IS Dyen
gtrain D
gtest Dtest

® M
Enen> 5gen {mgen,T i=1

Table 3. Datasets used to evaluate each metric.

We use UNet-10 for the student model in this experiment. We summarized datasets used by these metrics in Table 3. Results
are shown in Figure 7, summarized into one sentence, only Eger, and Enen could quantitatively capture this transition. We
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include detailed discussions below:

Results discussions. Figure 7 (bottom) is consistent with prior empirical observations (Zhang et al., 2024; Yoon et al.,
2023): In the memorization regimes (N = 26), pg tends to memorize the empirical distribution penp, resulting in similar
generation between ®,, (1) and ®,, (x7); in the transition regime (N = 2'?), the model lacks sufficient capacity to
memorize and the sample complexity is inadequate for generalization, leading to poor-quality generations ®,, (xr); in
the generalization regimes ([N = 216). e captures the underlying distribution paata, and the generations ®,,,. . (zr) and
®,,, (1) are closely aligned.

As shown in Figure 7 (top), when IV increases, Epen consistently increases and Egen consistently decreases. This aligns with
our intuition: as sample complexity grows, models tend to generalize and memorize less. In contrast, all other metrics fail to
capture this transition effectively. The reasons can be summarized as follows:

* FID, FDpnov2, KID, IS, and CMMD are sensitive to generation quality. Image quality metrics, including FID,
FDpryov2, KID, IS, and CMMD, show degradation in performance at N = 22, This drop is primarily due to degraded
visual quality in the generated samples, as visualize in Figure 7 (bottom-middle). However, at this sample complexity,
the generated data still captures low-level features such as colors and structures from the underlying distribution. This is
evident from the visual similarity between ®,, _(xr) and ®,, (1), suggesting the model have some generalizability. In
comparison, only Ege, decreases consistently around N = 2'2_indicating it captures generalizability better than others
despite visual degradation.

e FID, FDprnove and Recall are sensitive to diversity. The monotonic trends for FID, FDpryoy2 and Recall are due
to their sensitivity to the diversity of Dg.n, rather than their ability to measure generalizability. At small N, the model
memorizes the training samples, resulting in Dy, closely resembling D and exhibiting significantly lower diversity than
Drest, since N < M. Under these conditions, FID, FDpryovz are large because they are biased towards the diversity of
the evaluation samples (as proved in (Chong & Forsyth, 2020)). Meanwhile, Recall is low because the the support of
Di et is limited, reducing the probability that samples drawn from Dy, lie within the support of D .. In contrast, Egen
measures generalizability by directly quantifying the distance between the generation from the learned distribution and
the underlying distribution and is less affected by the diversity of the generated samples.

* NND and / fail to capture the generalizability. The NND, originally designed for assessing the generalization of GANSs,
is sensitive to image quality and increases during the transition regime. Additionally, it produces identical values across
a wide range of sample sizes (e.g., N = 28,29 213 214 215 216y ‘making it unreliable for evaluating generalization in
diffusion models. Similarly, neither the training loss £ .5, nor the test loss /... exhibits a consistent decreasing trend
as N increases, indicating that these losses do not directly reflect either memorization or generalization. While the loss
gap lrest — ferain does tend to decrease with larger [V, it cannot serve as a robust generalization metric either. This is
because even a randomly initialized model 6 can exhibit a small loss gap.

In conclusion, Epen and Egen are the only metrics that could capture the MtoG transition for diffusion models. They evaluate
the generalization (memorization) by directly measuring the distance between the learned distribution by the diffusion model
and the underlying (empirical) distribution. Unlike other metrics, they are less affected by the quality or diversity of the
evaluating samples.

C.5. Scaling Behaviors of the MtoG Transition

In this subsection, we provide detailed experimental settings for Section 4.1, along with additional experiments to further
investigate the MtoG transition across more architectures (e.g., Transformer-based models (Bao et al., 2023)). We also
investigate the scaling behavior of the MtoG transition under the DINOv2 descriptor.

Experiment settings. The detailed architectures of the student models, from U-Net-1 to U-Net-10, are provided in
Section C.2, with model sizes ranging from 0.9M to 55.7M parameters. We scale up the architectures by increasing the
dimensionality of the encoder blocks and the number of residual blocks. For the ImageNet experiments, we adopt the U-Net
architectures proposed in (Karras et al., 2024), referred to as U-Net-11 and U-Net-12. These models contain 124.2M and
295.9M parameters, respectively.

MtoG transition between U-Net and transformer architecture. To further investigate the impact of network architecture,
we compare the U-Net architecture with the transformer-based UViT (Bao et al., 2023). Specifically, we use the U-Net-9
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Figure 8. Scaling behavior in the MtoG transition under DINOv2 descriptor. Epen and Eger plotted against log, (V) for a range of

U-Net architectures (U-Net-1 to U-Net-10). Right: the same metrics plotted against log, (IN/+/|6]), where || is the number of model
parameters.

from Table 2, containing 42.7M parameters, and design the UViT model with comparable parameters of 44.2M. Both models
are trained for 1000 epochs. Using the same experimental setup described in Section 4.1, we plot the MtoG transition curves
for both U-Net and UViT, as shown in Figure 9.

As illustrated in Figure 9, with a similar number of parameters and the same training data sizes, UViT exhibits a higher Epen
in the memorization regime (26 < N < 21°) and a higher Egen in the generalization regime (21 < N < 21%), suggesting a
lower model capacity compared to U-Net under these conditions. However, when provided with sufficient training data
(N = 216), UVIiT achieves a lower Egen, demonstrating better generalization performance. This observation is consistent
with prior findings on transformer architectures in classification tasks: transformer-based models, lacking the inductive
biases inherent to CNNs, tend to generalize poorly when trained on limited data (Dosovitskiy et al., 2021).

Scaling behavior of the MtoG transition under the DINOv2 descriptor. The scaling behavior under the DINOv2
descriptor is shown in Figure 8. Both Epen and Egen exhibit trends consistent with those observed under the SSCD descriptor
(see Figure 2). The only difference is that, under the DINOv2 descriptor, models with varying parameter sizes show greater
differentiation in the generalization regime compared to those under the SSCD descriptor. Further discussion on this can be
found in the ablation study on image descriptors in Section E.2.

C.6. Early Learning and Double Descent in Learning Dynamics

In this subsection, we build on the discussion from Section 4.2. In Figure 4, we evaluate /i .,;, and {; s+ across the three
training regimes. Notably, the gap f;.s: — ¢+ 21 €merges as a practical heuristic for identifying the training regime: In the
memorization regime, the gap increases steadily with training; In the transition regime, the gap remains near zero during
early training (when generalization improves) and increases for further training (when generalization degrades); in the
generalization regime, the gap remains close to zero throughout training. While £ cs. — fi 41, is not a strict measure of
generalization, it proves to be a useful empirical indicator of training regimes for diffusion models. Practically, by setting
aside a test dataset to estimate this gap, we can more effectively identify the training regime for diffusion models.

Training dynamics of diffusion models under the DINOv2 descriptor. The training dynamics under the DINOv2
descriptor are shown in Figure 10. Both &ep and &gy exhibit trends consistent with those observed under the SSCD
descriptor for N = 64 and N = 4096 (see Figure 4). For N = 65536, Egey still displays a double descent pattern under the
DINOV2 descriptor; however, instead of a rise between the two drops, the curve remains relatively flat.
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where |6 is the number of model parameters.

C.7. Bias-Variance Decomposition of Generalization Error

To approximate ¥ o ®,, (), we independently sample two training datasets, D1 and Ds, for each specified number of
training samples V. We then train two student models, 8(D;) and 8(D-), using these datasets. The quantity ¥ o ®,,,(-) is
approximated as follows:

1
lI’o(I)Pe(') ~ 5(‘1’0(1)109(131)(') +‘I’O‘I)P9(D2>('))’ (45)

Bias-Variance Decomposition of Generalization Error under the DINOv2 Descriptor. The bias-variance decomposition
under the DINOV2 descriptor is shown in Figure 11. Overall, the results are consistent with those observed under the SSCD
descriptor, with two differences: (1) for N = 65536, Egen does not exhibit a U-shaped curve under the DINOv2 descriptor;
and (2) Epias for U-Net-1 and U-Net-2 does not decrease monotonically, instead, it first decreases and then increases.

D. Further Discussions of &,

In this section, we present the mathematical formulation for estimating Eyen and compare it with the existing memorization
metric.

Empirically estimate &,.;. As described in Definition 1 and Definition 2, estimating &,e, requires access to the mapping
®,,..(-). According to Equation (2), this mapping is determined by the score function of the empirical distribution, denoted
as V log p;(x;). Based on prior works (Karras et al., 2022a; Zhang et al., 2024; Gu et al., 2023), the score function of the
empirical distribution has a closed-form expression:

1 <]Em~pemP N (xy; 2, T?1,) - x >
— Ty |,

l A —_——
Viogpi(i) = 73 Earpe, N (ze; @, T21,,)]

(46)

where penp(T) = Zj\; §(x — y™) corresponds to the empirical distribution over the training dataset y(*);_,. This
formulation allows us to numerically compute V log p;(x;) for any given ¢. Subsequently, we can use a numerical solver to
estimate the integral in Equation (2), thereby enabling the estimation of Eyep.

Comparison between existing memorization metric and &,,. Previous works (Yoon et al., 2023; Zhang et al., 2024)
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Figure 10. Training dynamics of diffusion models under DINOv2 descriptor in different regimes. The figure plots
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Figure 11. Bias—Variance Trade-off under DINOv2 descriptor. (a) plots the generalization error gen, bias Epias, and variance Evar
across different network architectures with a fixed training sample size of N = 2'®. (b) shows Epsas and Eyar as functions of the number
of training samples N for various network architectures.

define memorization metirc as:

M Distance (pg) = Eg, | min [|¥ (z) — ¥ o @, (z7)||, |, 47)

L~ Penp
A generated sample ®,,, (1) is a memorized sample if it is close enough to one of the sample & from penp. It is easy to
show that &,qn iS @ more strict metric than M Distance,i.e. "Epen (pa) = 0” is a sufficient but not necessary condition
for "M Distance (p?) = 0”. We propose &uen in order to unify the definition of memorization and generalization.

E. Ablation Study

In this section, we present ablation studies on the evaluation protocol, examining the effects of different noise schedulers
and sampling methods (Section E.1), image descriptors (Section E.2), sample sizes for evaluation (Section E.3), and teacher
models (Section E.4).

E.1. Sampling Methods

In this subsection, we present ablation studies on various noise schedulers and sampling strategies. Specifically, we evaluate
the performance of the following methods: Variance Preserving (VP) (Song et al., 2021c), Variance Exploding (VE) (Song
et al., 2021c), iDDPM (Nichol & Dhariwal, 2021) + DDIM (Song et al., 2021a), and EDM (Karras et al., 2022a). The
specific form of f(t), g(t) used in each approach are detailed in Table 1 of (Karras et al., 2022a). Additionally, each method
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Figure 12. Comparison of different sampling methods. Eyen and Egen plotted against log, (V) for different sampling methods, including:
EDM, VP, VE, iDDPM+DDIM.

also differs in its choice of ODE solver and timestep discretization strategy. For sampling, we use 256 steps for VP, 1000 for
VE, 100 for iDDPM + DDIM, and 18 for EDM. All experiments are conducted under the evaluation protocol described in
Section 3, where we estimate the e, under different training samples /V. The student models use the UNet-10 architecture.
During the ablation study, both the teacher and student models use the same sampling method? as specified above.

As shown in Figure 12, different samplers yield highly consistent results, demonstrating that PFD can be extended to various
noise schedules, i.e., different choices of f(¢) and g(t).

E.2. Image Descriptors

In this subsection, we present ablation studies on the image descriptor ¥ used in Equation (3). The descriptors evaluated
include DINOvV2 (Oquab et al., 2024), InceptionV3 (Szegedy et al., 2016), CLIP (Radford et al., 2021), SSCD (Pizzi et al.,
2022), and the identity function. All experiments follow the evaluation protocol described in Section 3, where we estimate
both Epen and Egen across varying training sample sizes N and different student model architectures: U-Net-1, U-Net-2,
U-Net-4, and U-Net-10.

As shown in Figure 13, different feature embeddings reveal a consistent trend in the memorization-to-generalization (MtoG)
transition across various U-Net architectures. With limited training samples, smaller models exhibit lower generalization
scores. Conversely, with sufficient training data, larger models tend to have lower generalization scores. When comparing
with &, measured in pixel space (i.e., using the identity function as the descriptor), we observe that &g, values are nearly
identical across diffusion architectures when N > 215, In this regime, all models have learned low-level image features
such as color and structure; however, only the larger models capture high-level perceptual details. Because pixel-space
measurements fail to reflect these high-level features, they yield similar £ge, values regardless of model size. Therefore, it is
better to evaluate &g, in a feature space, which better captures perceptual differences between models.

Different feature descriptors mainly differ in the generalization regime. Specifically, Ege, varies the most across architectures
when using the DINOv2 descriptor, and the least when using the SSCD descriptor. This is because each descriptor capture
different aspects of the image. SSCD focuses on detecting duplicate content and is more sensitive to low-frequency
features, while DINOv2 emphasizes perceptual quality and captures high-frequency features. Diffusion models with limited
capacity tend to learn low-frequency information first, as it it more easier to learn (Wang, 2025). As a result, under the
SSCD descriptor, different architectures show more similar Egep, values, since they are all primarily capturing the same
low-frequency information in the early training stages.

E.3. Evaluation Sample Number

In this subsection, we present ablation studies on the number of samples M used by PFD to approximate PFD, as defined in
Equation (4). All experiments follow the evaluation protocol described in Section 3, where we estimate Egep across varying

“Note that the noise scheduler used for sampling could differ from that used during training.
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Figure 13. Comparison between different image descriptors. &g, plotted against log, (V) for a range of U-Net architectures (U-Net-1,
U-Net-2, U-Net-4, U-Net-10) using different image descriptors, including identity function, SSCD, DINOv2, CLIP, Inceptionv3.

training sample sizes N and different student model architectures: U-Net-1, U-Net-2, U-Net-4, and U-Net-10. We vary

M € {10,32,100, 316, 1000, 3163, 10000}, and for each setting, generate 5 independent sets of {:cge)nyT}iAil initial noise
estimate Eger, computing both the mean and variance.

As shown in Figure 14, the variance of &, approaches zero as M increases to 10,000, indicating that when M > 10000,
the empirical estimate of g, converges to its value over the underlying distribution. This result holds consistently across
different model architectures.

E.4. Teacher Model Architecture

We end this section by examining how different teacher models affect the evaluation protocol. Specifically, we consider
three types of diffusion models: EDM, Rectified Flow (Rect) (Liu et al., 2023), and UViT. Using the CIFAR-10 dataset,
we train three teacher models, one for each of these diffusion types. For each teacher model, we then evaluate all three
diffusion models as student models. We report their corresponding &g, values. Both teacher and student models use the
same sampling method, the second-order Heun solver with 18 steps.

As shown in Figure 15, the &gy is approximately 0.7 when both the student and teacher models are selected from EDM or
UViT. However, Egey increases to around 0.8 when either the student or teacher model is Rect. According to its original
paper, Rect has the poorest generation quality among the three, as measured by FID. This suggests that the teacher model
should possess strong generative performance to serve as an underlying distribution that is close to the real-world data
distribution. Therefore, in this paper, we adopt EDM as the teacher model, as it achieves the lowest FID among the three
models.
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Figure 14. Comparison across evaluation sample sizes. The mean and variance of &g, are plotted against the number of evaluation
samples M for various U-Net architectures (U-Net-1, U-Net-2, U-Net-4, U-Net-10), with a fixed number of training samples N = 216,
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Figure 15. Comparison of different teacher models.The figure shows the Egen values for various student models (EDM, Rect, UViT)
trained using different teacher models (EDM, Rect, UViT), with a fixed training data size of N = 216,
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