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Abstract

In fields such as medicine and social sciences, the goal of treatment is often to maintain
the outcome of interest within a desirable range rather than to optimize its value. To
achieve this, it may be more practical to recommend a treatment dose interval rather than
a single fixed level for a study unit. Since individuals may respond differently to the same
treatment level, the recommended dose interval should be personalized based on their unique
characteristics. Existing methods for one-sided dose intervals and iteratively constructed
two-sided intervals provide useful foundations, but their theory does not directly address
simultaneous estimation over unrestricted product function spaces. To address this gap,
we propose a direct method for learning personalized two-sided dose intervals based on
empirical risk minimization with a doubly-robust loss function that is well-defined over a
tensor product function space. This formulation enables simultaneous estimation of the
lower and upper bounds without constrained alternating updates. We establish statistical
properties of the estimated dose interval in terms of excess risk by leveraging reproducing
kernel Hilbert space theory. Our simulation study and a real-world application in warfarin
dosing show that the proposed direct method compares favorably with competing indirect
regression-based methods.

1 Introduction

Personalized treatment rules, also known as individualized treatment rules or treatment policies, are strate-
gies for assigning treatments, such as medication or social policy, to individuals based on their characteristics.
These strategies have gained attention in various fields, such as medicine, education, and social science, due
to their superior performance compared to traditional “one-size-fits-all” treatment assignment approaches.
For example, many studies have shown that personalized warfarin dosing strategies, which take into account
patient characteristics, including pharmacogenetics, are more effective than standard dosing based on an
empirical protocol (Anderson et al., 2007; Stergiopoulos & Brown, 2014). Most research on personalized
treatment rules, including the warfarin example, aims to optimize the individual’s outcome by producing a
single recommended treatment level for each study unit under the rule (Laber & Zhao, 2015; Chen et al.,
2016; Kallus & Zhou, 2018; Zhu et al., 2020; Zhou et al., 2021; Schulz & Moodie, 2021; Hua et al., 2022;
Wang & Wang, 2023). However, single-level dose recommendations may be overly ambitious or inadequate,
as the primary goal of treatment in many real-world applications is not to achieve a specific value, but
rather to ensure that a study unit’s outcome falls within a favorable range. For instance, warfarin should
be prescribed to keep a patient’s international normalized ratio, a measure of the time for the blood to clot,
within a desired range, usually between 2 and 3 (January et al., 2014). Similarly, major medical associations
recommend targeting appropriate ranges for chronic disease management metrics such as hemoglobin level
and blood pressure (American Association of Clinical Endocrinologists and Others, 2019; Flack & Adekola,
2020).

In practice, the relationship between the amount of treatment and the likelihood of favorable outcomes,
referred to as the dose-probability curve, can be biphasic, resulting in an inverted U-shaped curve across
dose levels; this phenomenon is called hormesis (Mattson, 2008). These hormetic dosage responses are
common in many real-world applications, including the above warfarin example (Blann et al., 2003), clinical
trials (Calabrese, 2008), public health (Cook & Calabrese, 2006), biology, toxicology, and medicine (Calabrese
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& Mattson, 2017). Under hormesis, to have a probability of favorable outcomes greater than a certain level,
the treatment dose often falls within a two-sided interval.

As such, interval-based dosing, rooted in the concept of hormesis, is widely utilized in clinical practice. In
many cases, it is not only preferred but, quite often, the only feasible option. This is especially evident
in the following two key clinical settings. The first clinical setting involves subgroup-specific dose interval
recommendations, which are commonly established from a policy or guideline-making perspective. For
example, Ageno et al. (2012) and Witt et al. (2016) recommend an initial warfarin dose ranging from 5
to 10 mg for most patients, while a dose of less than 5 mg is often recommended for elderly patients or
those with poor nutrition, liver disease, congestive heart failure, or a high risk of bleeding. In prostate
cancer radiotherapy, Li et al. (2021) recommended that the definitive treatment doses for prostate cancer
can increase to 76-80 gray (Gy) when applying 3-dimensional conformal radiotherapy or intensity-modulated
radiotherapy with conventional fractionated radiotherapy. Similar types of interval recommendations were
given for radiotherapy of thyroid cancer and lung cancer (Luster et al., 2008; Saffarzadeh et al., 2021; Wadsley
et al., 2023). In many scenarios of this setting, the absorbed or ingested dose is more important than the
administered dose. The second clinical setting is chronic disease management, where blood sugar level and
blood pressure level control are of great importance for elderly subjects. Since these metrics are influenced
by various factors, such as lifestyle and dietary habits, a single-level dose recommendation is not feasible even
with pharmaceutical interventions. For example, the actual blood sugar level for a given dose of a glucose-
lowering drug can vary depending on the timing of administration, the patient’s activity level that day, and
dietary intake. As a result, the American Diabetes Association (ADA) and American Heart Association
only recommend intervals for these two metrics. For example, the ADA recommends a fasting glucose level
of 80-130 mg/dL for healthy elderly and 90-150 mg/dL for elderly with notable co-morbidities (American
Diabetes Association, 2023). A similar guideline exists for blood pressure management (Qaseem et al., 2017).
Moreover, identifying and estimating the optimal range of variables associated with preferred outcomes is
of significant interest in fields beyond medicine, including education, nutrition, neuroscience, management,
and social sciences (Zivin & Neidell, 2014; Conner et al., 2015; Northoff & Tumati, 2019; Albalate et al.,
2023; Liu et al., 2023). These examples illustrate the practical application of interval-based decision rules in
various settings.

Not surprisingly, determining the optimal personalized therapeutic dose range is challenging, as it requires
learning both the lower and upper bounds of the unit-specific dose interval. This target is distinct from
that of optimal single-level dose rules such as Chen et al. (2016). Even when the dose-probability curve is
unimodal or inverted U-shaped, a single-dose rule aims to identify the dose maximizing a reward, whereas
our target is the set of doses for which the probability of a favorable outcome exceeds a prespecified level.
Likewise, existing methods for one-sided intervals, which rely on monotonicity of the dose-probability curve
(Chen et al., 2022; Park et al., 2024), can be used to recover a two-sided interval only indirectly by estimating
one bound while treating the other as fixed and alternating between the two updates; see Remark 1. Such an
iterative construction can be computationally demanding, may be sensitive to initialization and convergence
behavior, and is not naturally aligned with unrestricted product function spaces. In particular, theoretical
tools for studying approximation error over product reproducing kernel Hilbert spaces (RKHSs) do not
directly apply when the optimization domain is restricted through alternating monotonicity constraints.

This paper proposes a new approach to estimating personalized therapeutic dose ranges under the hormetic
dose-probability curve. Our contributions are summarized as follows:

1. We propose a doubly-robust loss function that accommodates both monotonic and non-monotonic
pairs1. The proposed loss assigns higher values to non-monotonic intervals than to monotonic
intervals, while remaining robust to misspecification of either the dose-probability curve or the
propensity score (Scharfstein et al., 1999; Lunceford & Davidian, 2004; Bang & Robins, 2005); see
Section 3.2 for details.

2. Building on these properties, we formulate the empirical risk minimization problem over the full
product function space in Section 3.3. This enables simultaneous estimation of the lower and upper

1A monotonic pair refers to a pair in which the lower bound is less than or equal to the upper bound for all covariate values,
whereas a non-monotonic pair violates this relationship for some covariate values; see Section 2 for the formal definitions.
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bounds, without relying on constrained alternating updates or iterative learning of one bound at
a time. We also provide practical implementation details, including hyperparameter tuning and
optimization strategies.

3. In Section 4, we establish an excess-risk bound that accounts for both nuisance estimation error and
product-RKHS approximation error. In addition, we establish the convergence rate of the estimated
dose bounds themselves; see Theorems 4.2 and 4.3.

4. In Sections 5 and 6, we use simulations and a data application to show that the resulting direct
estimator compares favorably with the indirect approach discussed in Section 3.1.

Although methods exist for designing personalized policies that involve interval-based quantities, our work
offers a concrete and distinct contribution. For instance, the method proposed by Cai et al. (2023) can also
generate two-sided dose interval recommendations, but its goal is not to identify the personalized therapeutic
dose range. In simple terms, their target estimand is defined as follows. First, the dose range is divided into
user-specified sub-intervals, which are often infinitesimally small. The optimal dose range is then identified
as the sub-interval that maximizes the dose-probability curve when treatment is assigned within it. Their
approach is motivated by detecting multiple change points in the dose-probability curve to identify a dose
range that maximizes the outcome, which contrasts with our motivation and goal—identifying a treatment
range that leads to a preferred outcome. Additionally, several works on Interval Estimation have emerged
in the context of multi-stage contextual bandit and reinforcement learning problems (Lai, 1987; Kaelbling,
1993; Strehl & Littman, 2005; 2008; Karampatziakis et al., 2020; Hong et al., 2022). While these methods
differ in procedural details, the central idea of Interval Estimation is to identify the policy that maximizes
the upper bound of the outcome’s uncertainty interval. In these approaches, the term interval refers to the
uncertainty in the outcome estimate, rather than to the policy itself. In contrast, our framework defines
intervals directly in terms of policies rather than outcome estimates; see Section 2 for a formal definition
of our interval-based policy. Therefore, unlike the Interval Estimation approach, our framework focuses on
policies that are explicitly defined as intervals.

2 Preliminary

Let the subscript i denote the ith study unit. For each unit i ∈ {1, . . . , N}, we observe Oi = (Yi, Ai, Xi) ∈ O
which is an independent and identically distributed (i.i.d.) realization from a distribution PO. Here, Xi is a
d-dimensional pretreatment covariate with support X ⊆ R

d, Ai is the treatment dose taking its value in the
interval [0, 1], and Yi ∈ R is the observed outcome/reward. For simplicity, we assume that the treatment is
transformed so that its range is the unit interval. To define the dose assignment rule, we use the potential
outcome (Rubin, 1974). Specifically, let Y

(a)
i denote the potential outcome/reward when the treatment dose

is Ai = a. In what follows, we suppress the subscript i unless necessary.

Let F be a decision space, a set of dose assignment rules, specified by an investigator, where f ∈ F is a
dose assignment rule that maps X, the characteristics of a study unit, to f(X) ∈ [0, 1], a dose level. In
the context of learning two-sided dose intervals, we define F⊗2 =

{
(fL, fU ) | fL, fU ∈ F

}
, a set of pairs of

dose levels, as a decision space. Let Fmnt = {(fL, fU ) ∈ F⊗2 | fL(x) ≤ fU (x) for all x} be the collection
of pairs of functions such that the lower bound is smaller than or equal to the upper bound for all x. Let
Fnmnt = {(fL, fU ) ∈ F⊗2 | fL(x) > fU (x) for some x} be the collection of pairs of functions such that the
lower bound is larger than the upper bound for some x.

The interval rules can be more useful than the single-level dose assignment rules when one or more of
the following scenarios happen: (i) assigning any value in an interval yields almost the same outcome as
assigning the optimal treatment rule; (ii) finding the optimal treatment rule is inefficient; (iii) an investigator
has subject matter knowledge about the shape of the dose-probability curve. In particular, we consider a
(α, T )-probability dose interval (PDI) introduced in Li (2018) and Chen et al. (2022):

∀a ∈ [fL(X; α, T ), fU (X; α, T )] ∈ Fmnt ⇒ Pr
{

Y (a) ∈ T | X
}

≥ α . (1)

Hereafter, we omit (α, T ) in fL and fU for notational brevity. In words, if a study unit with characteristic X
is treated with a dose level in [fL(X), fU (X)], then the study unit’s outcome lies in the desired range T ⊆ R
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with probability at least α. Here, α plays a role analogous to that of a confidence level in hypothesis testing
because the corresponding PDI controls the type I error rate at 1 − α. As a result, the choice of α depends
on the desired confidence level for the scientific question at hand. In order to ensure meaningful PDIs, it is
important not to set α too high, such as α = 0.99, as this may result in no PDI satisfying the condition,
especially when Pr

{
Y (a) ∈ T | X

}
is small. The selection of α depends on the application and should ideally

be guided by domain expertise. If such expertise is not available, we suggest choosing an α > 0.5 or using
estimated outcome regression to help determine α. We remark that α and T may depend on X, i.e., the
probability threshold and the desired range can also be personalized. In addition, let R = 1(Y ∈ T ) be
the indicator of whether an individual’s outcome belongs to the desired range T , which is referred to as
the discretized outcome. The optimal PDI, denoted by [f∗

L, f∗
U ], is the PDI that has the longest length and

belongs to Fmnt. Formally, for a fixed (α, T ), f∗
L and f∗

U satisfy [fL(X), fU (X)] ⊆ [f∗
L(X), f∗

U (X)] for any
X and any fL and fU satisfying (1).

Lastly, we introduce additional notation used throughout. For random variables U , V , and W , let U |= V | W
denote the conditional independence of U and V given W . We use OP and oP to denote stochastic bound-
edness and convergence in probability. For two non-negative sequences aN and bN , let aN ≾ bN denote
aN ≤ C · bN for some constant C > 0, and let aN ≍ bN denote aN ≾ bN and bN ≾ aN . Let 1N be the length
N vector of ones. Lastly, we denote (x)+ = max(x, 0) and (x)− = max(−x, 0), satisfying the decomposition
x = (x)+ − (x)−.

Next, in order to establish identification of the PDI, we make the following assumptions.

Assumption 1 (Stable Unit Value Treatment Assumption; Rubin (1978)) Y = Y (A) almost
surely;

Assumption 2 (Unconfoundedness) We have Y (a) |= A | X for any a ∈ [0, 1];

Assumption 3 (Positivity) The generalized propensity score e∗(A | X) = P (A | X) (Imbens, 2000) is
bounded below by a constant ce > 0, i.e., e∗(A | X) > ce for all (A, X) ∈ [0, 1] ⊗ X .

We refer readers to Hirano & Imbens (2004) and Hernán & Robins (2020) for substantive discussions on these
assumptions. Under these assumptions, the probability of obtaining favorable outcomes given covariates,
i.e., Pr

{
Y (a) ∈ T | X

}
, can be identified from the observed data as µ∗(a, X) = Pr

(
R = 1 | A = a, X

)
, which

is the dose-probability curve of R for a unit with characteristic X.

To guarantee the existence of f∗
L and f∗

U , we make the following assumptions on µ∗:

Assumption 4 (Hormesis) For any X ∈ X , there exists a constant cµ > 0 such that µ∗(0, X) < α − cµ,
µ∗(1, X) < α − cµ, and µ∗(aX , X) > α + cµ for some aX ∈ (0, 1);

Assumption 5 (Smoothness and Connected PDI) For any X ∈ X , µ∗(a, X) is Lipschitz continuous
with respect to a and a level set

{
a | µ∗(a, X) ≥ α

}
is a closed interval.

Assumption 4 states that moderate dose levels are more likely to result in a favorable outcome compared to
low and high doses, also known as hormesis (Mattson, 2008). This phenomenon can be found in the inverted
U-shaped dose-probability curve; see Section 6 for details on warfarin and Calabrese (2008) for additional
examples of drugs that have hormetic dose-probability curves. If Assumption 4 is violated at X = x†, it
may imply that (i) study units having their covariates as x† always have favorable or unfavorable outcomes
regardless of the treatment dose level, i.e., µ∗(a, x†) > α or µ∗(a, x†) < α for all a, and/or that (ii) treatment
is not hormetic, say µ∗(a, x†) increases monotonically with a. The first part of Assumption 5 states that µ∗

is smooth with respect to dose, while the second part states that the therapeutic dose range is a connected
interval. Assumptions 4 and 5 guarantee the existence of the optimal PDI, but there are other sufficient
conditions; see Section A.1 of the Appendix for details.
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3 Methodology

3.1 Indirect Method

We present a simple two-step approach to estimate the optimal PDI, often referred to as the indirect method
(Moodie et al., 2012; Chakraborty & Moodie, 2013). In the first step, we estimate the dose-probability
curve µ̂ based on a posited outcome model. For instance, one can fit a logistic regression model of R on
(A, A2, X). Alternatively, flexible machine learning classifiers can be used, such as random forest (Breiman,
2001), gradient boosting (Friedman, 2001), neural net (Ripley, 1994), support vector machines (Steinwart &
Christmann, 2008), and many others; see Hastie et al. (2009) for additional examples. In the second step,
we find the range [f̂L(X), f̂U (X)] that satisfies the PDI criterion in (1), which can be done by a grid search
over the unit square [0, 1]2.

Although the indirect method is simple to implement, it can have notable drawbacks in terms of finite-sample
performance as demonstrated in the simulation study and application in Sections 5 and 6. Additionally, the
estimated PDI using indirect methods may not be available in a closed form unless µ̂ has a very simple
form. Furthermore, since the indirect rule only uses the dose-probability curve, it is more sensitive to model
misspecification than methods using both the dose-probability curve and the generalized propensity score.
This motivates our direct approach presented in the following sections.

3.2 Construction of the Loss and Risk Functions

We propose a method that directly estimates the optimal PDI from empirical risk minimization (ERM). An
essential part of the proposed direct method is to design a risk function that is minimized at (f∗

L, f∗
U ). If the

risk function does not have (f∗
L, f∗

U ) as a minimizer, the estimator obtained from the ERM does not converge
to (f∗

L, f∗
U ) in probability. We first start by reviewing the loss function in Chen et al. (2022) that has an

inverse probability-weighted (IPW) form defined over (fL, fU ) ∈ Fmnt:

LIPW(O, fL, fU ; e) =
α(1 − R)1

{
A ∈ [fL(X), fU (X)]

}
+ (1 − α)R1

{
A /∈ [fL(X), fU (X)]

}
e(A | X) .

The loss function is determined by the following four arguments. The first argument, O, is the observed
data. The second and third arguments, (fL, fU ), form a PDI candidate with the monotonicity condition,
i.e., fL(x) ≤ fU (x). The last argument is a user-specified propensity score model. The IPW loss function
above penalizes a study unit for either of the following cases: (i) the outcome does not belong to the desired
range, i.e., R = 0, even though the dose level belongs to the PDI candidate, or (ii) the outcome belongs to
the desired range, i.e., R = 1, even though the dose level lies outside of the PDI candidate. These errors
can be seen as false positives and false negatives, respectively. The coefficients α and 1 − α assign different
weights to these two errors. When the propensity score model is correctly specified, the IPW loss function
can be used to identify (f∗

L, f∗
U ) as E

{
LIPW(O; fL, fU ; e∗)} is minimized at (f∗

L, f∗
U ).

One drawback of LIPW is its sensitivity to misspecification of the propensity score model. Therefore, we
can consider the following augmented IPW (AIPW) loss function over (fL, fU ) ∈ Fmnt that is robust to the
propensity score model misspecification:

LAIPW(O, fL, fU ; µ, e) = α
{µ(A, X) − R}1{A ∈ [fL(X), fU (X)]}

e(A | X)

+ α

∫
{1 − µ(a, X)}1{a ∈ [fL(X), fU (X)]} da

+ (1 − α){R − µ(A, X)}1{A /∈ [fL(X), fU (X)]}
e(A | X)

+ (1 − α)
∫

µ(a, X)1{a /∈ [fL(X), fU (X)]} da .

Compared to LIPW, LAIPW has one more argument µ which is a user-specified model for the dose-probability
curve. The terms weighted by α and those weighted by 1 − α can be seen as functions that penalize false
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positive and false negative errors, respectively. These terms resemble the efficient influence function of
the average treatment effect (Hahn, 1998), and, not surprisingly, it has the doubly-robust property in the
following manner: the AIPW loss function is minimized at the optimal PDI so long as µ or e, but not
necessarily both, is correctly specified; see Lemma 3.1 for a related discussion.

The AIPW loss function LAIPW has a limitation in that it is defined solely over monotonic intervals Fmnt,
i.e., PDI candidates in Fnmnt are excluded from the loss function. Consequently, if LAIPW is used, the
optimization domain, denoted by Hmnt, must adhere to the monotonicity requirement between the lower
and upper bound candidates, which implies that Hmnt should be a subset of Fmnt. Moreover, Hmnt should be
rich enough to accurately approximate any function in Fmnt. These two observations indicate that an ideal
choice for Hmnt would be a rich subset of Fmnt. However, achieving both of these goals simultaneously is a
significant challenge for practitioners for the following reasons. First, to maintain the monotonicity between
the lower and upper bounds, iterative procedures are typically utilized in practice. By doing so, Hmnt may
be restricted in a specific way, casting doubt on its suitability as an approximation subspace of Fmnt. On
the other hand, naively choosing a rich product function space, such as a product reproducing kernel Hilbert
space (RKHS), for Hmnt can create difficulties in the optimization procedure because the AIPW loss function
is not compatible with non-monotonic intervals.

The limitation of the AIPW loss function originates from its constrained domain. One way to resolve the
limitation is to design a loss function that is well-defined over F⊗2 and is minimized at the optimal PDI
(f∗

L, f∗
U ). We can then estimate (f∗

L, f∗
U ) over a product function space that approximates F⊗2 without the

need to restrict the optimization domain. Our goal is to construct a simple extension of the AIPW loss from
Fmnt to F⊗2 while preserving the same minimizer over monotonic candidates. To this end, we propose a
new doubly-robust loss function L : O ⊗ F⊗2 → R, which is defined below:

L(O, fL, fU ; µ, e) =
{

L(1)(O, fL, fU ; µ, e) if fL(X) ≤ fU (X)
CL if fL(X) > fU (X) , (2)

L(1)(O, fL, fU ; µ, e) =
[ {

µ(A, X) − R
}
1{A ∈ [fL(X), fU (X)]}/e(A | X)

+
∫ {

α − µ(a, X)
}
1{a ∈ [fL(X), fU (X)]} da

]
,

where CL is a sufficiently large constant such as CL = 2 supO,fL,fU

∣∣L(1)(O, fL, fU ; µ, e)
∣∣. In words, a

common penalty CL to every non-monotonic pair, chosen to be sufficiently large. Therefore, this construction
guarantees that the penalty dominates the monotonic part of the loss and therefore preserves the desired
ordering between admissible and non-admissible pairs. Additionally, from simple algebra, we find that the
difference between LAIPW and L(1) does not depend on (fL, fU ), indicating that the minimizers of LAIPW
and L(1) are the same; see Section A.2 of the Appendix for details. In most observational studies, the true
nuisance components (µ∗, e∗) are unknown and must be estimated from the observed data; see Section 3.3
for details.

The loss function L has advantageous properties, which are summarized in the following lemma.

Lemma 3.1 Suppose that Assumptions 1-5 hold. Let R : F⊗2 → R be the risk function associated with L,
i.e., R(fL, fU ; µ, e) = E

{
L(O, fL, fU ; µ, e)

}
. Then, the optimal PDI is the minimizer of the risk function

with the true nuisance functions, i.e.,

(f∗
L, f∗

U ) ∈ arg min
(fL,fU )∈F⊗2

R(fL, fU ; µ∗, e∗) . (3)

Additionally, (f∗
L, f∗

U ) is the minimizer of (3) so long as either µ∗ or e∗ is correctly specified, i.e., (3) holds
for (µ′, e∗) and (µ∗, e′) for any µ′ and e′.

Lemma 3.1 states that the optimal PDI is achieved by minimizing the risk function when both nuisance
components are correctly specified. This means that the loss function is Fisher consistent in detecting the
optimal PDI. Additionally, if either the dose-probability curve or the propensity score is correctly specified,
the loss function remains Fisher consistent. This property is referred to as a doubly-robust property (Scharf-
stein et al., 1999; Lunceford & Davidian, 2004; Bang & Robins, 2005) and is further discussed in Theorem
4.2.
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3.3 Empirical Risk Minimization Via the Difference of Convex Functions Algorithm

Despite its theoretical validity, the loss function L in (2) itself is difficult to use in ERM because it is not
convex or smooth as induced by the indicator functions 1{fL(X) ≤ fU (X)} and 1{A ∈ [fL(X), fU (X)]}.
To address the non-smoothness, we design a surrogate loss function Lsur of the loss function L by replacing
the indicator functions with truncated hinge-type functions as follows:

Lsur(O, fL, fU ; µ, e) =


L(1)

sur(O, fL, fU ; µ, e) if fL(X) ≤ fU (X)
L(2)

sur(O, fL, fU ; µ, e) if fU (X) < fL(X) < fU (X) + ϵ
CL if fU (X) + ϵ ≤ fL(X)

,

L(1)
sur(O, fL, fU ; µ, e) =

[ {
µ(A, X) − R

}
Ψϵ

(
fL(X), A, fU (X)

)
/e(A | X)

+
∫ {

α − µ(a, X)
}
1{a ∈ [fL(X), fU (X)]} da

]
,

L(2)
sur(O, fL, fU ; µ, e) = Φϵ(fL(X), fU (X))

[
0.5
{

L(1)
sur(O, fL, fL; µ, e)

+L(1)
sur(O, fU , fU ; µ, e)

}
− CL

]
+ CL ,

where Ψϵ and Φϵ are truncated hinge-type functions:

Ψϵ(ℓ, t, u) =


t−ℓ+ϵ

ϵ if t ∈ [ℓ − ϵ, ℓ]
1 if t ∈ [ℓ, u]
u+ϵ−t

ϵ if t ∈ [u, u + ϵ]
0 otherwise

, Φϵ(ℓ, u) =


0 if u − ℓ ∈ (−∞, −ϵ]
u−ℓ+ϵ

ϵ if u − ℓ ∈ [−ϵ, 0]
1 if u − ℓ ∈ [0, ∞)

.

Here, ϵ > 0 is a bandwidth parameter where Ψϵ and Φϵ converge to the indicator functions as ϵ goes to zero; an
appropriate choice of ϵ is discussed in Section 4. As depicted in Figure 1, Ψϵ is a continuous approximation
of 1{A ∈ [fL(X), fU (X)]}, whereas Φϵ is a continuous approximation of 1{fL(X) ≤ fU (X)}. These
continuous approximations enable the use of computationally efficient algorithms, such as gradient-based
iterative methods, one of which we implement later in this section. Additionally, the truncated hinge-type
functions used in Lsur ensure that the loss function is bounded, making it robust to noisy training data (Wu
& Liu, 2007; Chen et al., 2016).

Using Lsur, we obtain a PDI estimator from the ERM with the estimated nuisance components, i.e.,

(f̂L, f̂U ) = arg min
(fL,fU )∈H⊗2

{
1
N

N∑
i=1

Lsur
(
Oi, fL, fU ; µ̂, ê

)
+ λ

∥∥fL

∥∥2
H + λ

∥∥fU

∥∥2
H

}
. (4)

Here, H is a user-specified function space, such as linear functions, splines, RKHS, or deep neural networks,
and λ > 0 is a regularization parameter. While other choices are possible in principle, we focus on the case
where H is an RKHS for the remainder of the paper. Specifically, let H be an RKHS with the Gaussian kernel
function k(x, x′) = exp{−∥x − x′∥2

2/γ2} where γ > 0 is a bandwidth parameter. We remark that other
universal kernels can be used with minor modifications. The RKHS is widely recognized for its approximation
properties. For example, the Gaussian RKHS is dense in L2(P ), the space of square-integrable functions,
whenever P is a finite measure (Steinwart & Christmann, 2008, Theorem 4.63). Moreover, the RKHS is
computationally efficient for our problem, as its parameters can be obtained efficiently via an iterative convex
optimization procedure. Further details are provided in the remainder of this section.

Under this specification, the ERM (4) is defined over the tensor product RKHS H⊗2. From the representer
theorem (Kimeldorf & Wahba, 1970; Schölkopf et al., 2001), the solution to the ERM, denoted by (f̂L, f̂U ),
is represented as linear combinations of the kernel-transformed covariates, i.e.,

f̂L(x) = ξ̂L,0 +
N∑

i=1
ξ̂L,ik(x, Xi) , f̂U (x) = ξ̂U,0 +

N∑
i=1

ξ̂U,ik(x, Xi) .

The coefficients ξ̂L = (ξ̂L,0, ξ̂L,1, . . . , ξ̂L,N )⊺ and ξ̂U = (ξ̂U,0, ξ̂U,1, . . . , ξ̂U,N )⊺ are obtained from an ERM over
an Euclidean space below: (

ξ̂L, ξ̂U

)
= arg min

ξL,ξU

Q(ξL, ξU ) ,

7
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where

Q(ξL, ξU ) = 1
N

N∑
i=1

Lsur
(
Oi, ξL,0 + k⊺

i ξL,(−0), ξU,0 + k⊺
i ξU,(−0); µ̂, ê

)
+ λ

{
ξ⊺

L,(−0)KξL,(−0) + ξ⊺
U,(−0)KξU,(−0)

}
. (5)

Here, K = [k(Xi, Xj)]i,j ∈ R
N×N is the gram matrix, ki ∈ R

N is the ith column of K, ξL,(−0) =
(ξL,1, . . . , ξL,N )⊺, and ξU,(−0) = (ξU,1, . . . , ξU,N )⊺.

Although (5) provides a characterization of the PDI estimator, solving it remains challenging due to the
nonconvexity of the surrogate loss function. While other nonconvex optimization methods can be applied,
we use the Difference of Convex Functions algorithm (DC algorithm; Le Thi & Pham Dinh, 1997) due to its
ready adaptation to our problem. Briefly, the DC algorithm is implemented as follows. First, we decompose
the surrogate loss function Lsur into a difference between two convex functions, say Lsur = Lsur,+ − Lsur,−.
We then iteratively solve a sequence of convex optimization problems using Lsur,+, Lsur,−, and specified
initial values. Section 5.4 of Le Thi & Pham Dinh (2018), a recent review of the DC algorithm, emphasizes
that the stability of the algorithm depends on (DC-1): selecting an appropriate DC decomposition and
(DC-2): implementing a strategy to calculate good initial values. Although there is no unified approach
to addressing these two factors, we outline how they are handled in our problem below. The proposed
specifications demonstrate reasonable performance, as shown in the simulation study in Section 5.

(DC-1): Decomposition of the Surrogate Loss Function

First, we consider the convex decompositions of Ψϵ and Φϵ:

Ψϵ,+(ℓ, t, u) =


−t+ℓ

ϵ if t ≤ ℓ − ϵ
1 if ℓ − ϵ < t < u + ϵ
t−u

ϵ if u + ϵ ≤ t
0 otherwise

, Ψϵ,−(ℓ, t, u) =


−t+ℓ

ϵ if t ≤ ℓ
0 if ℓ < t < u
t−u

ϵ if u ≤ t
0 otherwise

,

Φϵ,+(ℓ, u) =
{

ℓ−u
ϵ if u − ℓ < −ϵ

1 if − ϵ ≤ u − ℓ
, Φϵ,−(ℓ, u) =

{
ℓ−u

ϵ if u − ℓ < 0
0 if 0 ≤ u − ℓ

.

Note that Ψϵ = Ψϵ,+ − Ψϵ,− and Φϵ = Φϵ,+ − Φϵ,−; see Figure 1 for graphical illustrations of Ψϵ and Φϵ and
surrogates of these functions.

Let µ+(a, X) and µ−(a, X) be non-negative, non-decreasing, Lipschitz continuous functions in a satisfying
µ(a, X) = µ+(a, X) − µ−(a, X). Since µ(a, X) is Lipschitz continuous, we can easily find such µ+ and µ−.
For 0 ≤ ℓ ≤ u ≤ 1, we additionally define G+(ℓ, u, X) and G−(ℓ, u, X) as follows:

G+(ℓ, u, X) =
∫ ℓ

0
µ+(a, X) da +

∫ u

0
µ−(a, X) da + αu ,

G−(ℓ, u, X) =
∫ u

0
µ+(a, X) da +

∫ ℓ

0
µ−(a, X) da + αℓ .

Using these functions, we define Lsur,+ and Lsur,− as follows:

• If fL(X) ≤ fU (X):

Lsur,+
(
O, fL, fU ; µ, e)

= Φϵ,+(fL(X), fU (X))
e(A | X)

[ {
µ(A, X) − R

}
+

[
Ψϵ,+

(
fL(X), A, fU (X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,−

(
fL(X), A, fU (X)

)] ]
+ G+

(
fL(X), fU (X), X

)
+ CL ,

8
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Figure 1: Graphical illustrations of Ψϵ and Φϵ with ϵ = 0.2, and their convex decomposition.

and

Lsur,−
(
O, fL, fU ; µ, e)

= Φϵ,+(fL(X), fU (X))
e(A | X)

[ {
µ(A, X) − R

}
+

[
Ψϵ,−

(
fL(X), A, fU (X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,+

(
fL(X), A, fU (X)

)] ]
+ G−

(
fL(X), fU (X), X

)
+ CL .

• If fL(X) > fU (X):

Lsur,+
(
O, fL, fU ; µ, e)

= Φϵ,+(fL(X), fU (X))
2e(A | X)


{

µ(A, X) − R
}

+

[
Ψϵ,+

(
fL(X), A, fL(X)

)]
+
{

µ(A, X) − R
}

+

[
Ψϵ,+

(
fU (X), A, fU (X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,−

(
fL(X), A, fL(X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,−

(
fU (X), A, fU (X)

)]


+ Φϵ,−(fL(X), fU (X))
2e(A | X)



{
µ(A, X) − R

}
+

[
Ψϵ,−

(
fL(X), A, fL(X)

)]
+
{

µ(A, X) − R
}

+

[
Ψϵ,−

(
fU (X), A, fU (X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,+

(
fL(X), A, fL(X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,+

(
fU (X), A, fU (X)

)]
+2CLe(A | X)


+ CL + Ccvx{fL(X) − fU (X)}2/ϵ ,

9
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and

Lsur,−
(
O, fL, fU ; µ, e)

= Φϵ,+(fL(X), fU (X))
2e(A | X)



{
µ(A, X) − R

}
+

[
Ψϵ,−

(
fL(X), A, fL(X)

)]
+
{

µ(A, X) − R
}

+

[
Ψϵ,−

(
fU (X), A, fU (X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,+

(
fL(X), A, fL(X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,+

(
fU (X), A, fU (X)

)]
+2CLe(A | X)



+ Φϵ,−(fL(X), fU (X))
2e(A | X)


{

µ(A, X) − R
}

+

[
Ψϵ,+

(
fL(X), A, fL(X)

)]
+
{

µ(A, X) − R
}

+

[
Ψϵ,+

(
fU (X), A, fU (X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,−

(
fL(X), A, fL(X)

)]
−
{

µ(A, X) − R
}

−

[
Ψϵ,−

(
fU (X), A, fU (X)

)]


+ Ccvx{fL(X) − fU (X)}2/ϵ .

Here, Ccvx is a constant that guarantees the convexity. Specifically, if Ccvx is large enough, Lsur,+(O, ℓ, u; µ, e)
and Lsur,−(O, ℓ, u; µ, e) are convex in (ℓ, u). Therefore, we recommend choosing a large value for Ccvx, say
Ccvx = 104CL.

Using these functions, we finally define the following convex functions Q+ and Q−:

Q+(ξL, ξU ) = 1
N

N∑
i=1

Lsur,+
(
Oi, ξL,0 + k⊺

i ξL,(−0), ξU,0 + k⊺
i ξU,(−0); µ̂, ê

)
+ λ

{
ξ⊺

L,(−0)KξL,(−0) + ξ⊺
U,(−0)KξU,(−0)

}
,

Q−(ξL, ξU ) = 1
N

N∑
i=1

Lsur,−
(
Oi, ξL,0 + k⊺

i ξL,(−0), ξU,0 + k⊺
i ξU,(−0); µ̂, ê

)
. (6)

From straightforward algebra, one can show that Q+ and Q− are convex decompositions of Q in (5), i.e.,
Q+ and Q− are convex and satisfy Q = Q+ − Q−.

(DC-2): Computation of Initial Values

The solution to the DC algorithm depends on a (2N + 2)-dimensional vector (ξ(0)
L , ξ

(0)
U ), which can be quite

large even for moderate-sized datasets. Consequently, greedy algorithms are not appropriate for searching
initial points when the dataset has a moderate to large number of observations. Therefore, we propose an
alternative strategy as follows. We focus on the case of ξ

(0)
L below, as ξ

(0)
U can be selected using a similar

procedure. Given the indirect rules ℓi for i = 1, . . . , N , we consider the following internal division points
with the internal division ratio parameter ρ ∈ [0, 1]:

ℓ
(ρ)
i = ρℓi + (1 − ρ)ℓ , i = 1, . . . , N , ℓ = 1

N

N∑
i=1

ℓi . (7)

In other words, the internal division points ℓ(ρ) = (ℓ(ρ)
1 , . . . , ℓ

(ρ)
N )⊺ are homogeneous and are close to the

average of the indirect rules at small ρ. When ρ = 0, the internal division points for the lower bound
are chosen as the average of the indirect rules for all i, i.e., ℓ(ρ) = ℓ1N . On the contrary, when ρ = 1,
the internal division points are chosen as the indirect rules themselves, i.e., ℓ(ρ) = (ℓ1, . . . , ℓN )⊺. For the
given internal division points ℓ(ρ) and the gram matrix K, we find the coefficient vector ξ

(0)
L satisfying

ℓ(ρ) = ξ
(0)
L,01N + Kξ

(0)
L,(−0). That is, we find the coefficients that are associated with the internal division

points. For example, these coefficients can be calculated as follows:

ξ
(0)
L,0 = 1

N

N∑
i=1

ℓ
(ρ)
i , ξ

(0)
L,(−0) = K−1{ℓ(ρ) − ξ

(0)
L,01N

}
.

10
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With this choice, we have ξ
(0)
L,0 = ℓ for all ρ. Additionally, ξ

(0)
L,(−0) tends to be small and homogeneous for

small values of ρ, and large and heterogeneous for large values of ρ, reflecting the properties of ℓ(ρ).

Given the convex decomposition and the initial value, the DC algorithm can be implemented as in Algorithm
1:

Algorithm 1. DC Algorithm
Require: Initial coefficients (ξ(0)

L , ξ
(0)
U )

Let Q+ and Q− be the convex functions satisfying Q = Q+ − Q−, i.e., (6).
Update ξ

(t)
L and ξ

(t)
U based on the following optimization until convergence:(

ξ
(t+1)
L

ξ
(t+1)
U

)
= arg min

ξL,ξU

[
Q+(ξL, ξU ) −

{
∇Q−(ξ(t)

L , ξ
(t)
U )
}⊺
(

ξL

ξU

)]
.

return Converged ξ
(t)
L and ξ

(t)
U

We discuss how to select hyperparameters for implementing the optimization problem (5), namely the kernel
bandwidth parameter γ, the regularization parameter λ, and the internal division ratio parameter ρ. For
γ, we recommend using the median heuristic (Garreau et al., 2017), while for λ and ρ, we suggest using
cross-validation. The details of these selection methods are provided in Section A.3 of the Appendix.

Lastly, we consider some remedies to address the invalid intervals; notably, the PDI estimate can be invalid
when (i) the bound estimate does not lie over a proper dose range or (ii) the upper bound estimate is not larger
than the lower bound estimate, i.e., non-monotonic bounds. For the first violation, we simply winsorize the
estimates escaping the dose range; we remark that the winsorization does not affect its statistical property;
see Theorem 4.2 for details. To avoid the second violation, in the ERM, we may introduce an additional
regularization term penalizing when violations happen. For instance, in the optimization problem in (5), we
may use the following Q̃κ having an additional regularization term:

Q̃κ(ξL, ξU ) = Q(ξL, ξU ) + κ

N∑
i=1

(ξL,i − ξU,i)+ , κ ≥ 0 . (8)

The new regularization term assigns a larger loss function value if the lower bound coefficient is larger than
the upper bound coefficient. This helps to ensure that the PDI estimate stays within the specified dose
range. Again, the regularization parameter κ can be determined through cross-validation. Despite these
measures, there may still be cases where violations occur in the test data. In such instances, we resort to the
pointwise dose rule by taking the average of f̂L and f̂U . However, our simulations and data analysis indicate
that the direct method yields very few violations, even without incorporating the coefficient-regularization
term in (8); see the simulations and data applications in Sections 5 and 6 for empirical evidence. Therefore,
we take κ = 0 in the subsequent simulation studies and real-world data analyses.

Remark 1 Instead of learning fL and fU jointly, one can use an iterative procedure to optimize the lower
or upper bound function at a time while the other is treated as fixed. In particular, the procedure can be
summarized as follows: (i) given an estimator of the lower bound at iteration t, denoted by f̂

(t)
L , the upper

bound is only estimated, denoted by f̂
(t+1)
U , with the restriction f̂

(t)
L ≤ f̂

(t+1)
U ; (ii) given the new upper bound

estimator f̂
(t+1)
U , the lower bound is estimated, denoted by f̂

(t+1)
L , with the restriction f̂

(t+1)
L ≤ f̂

(t+1)
U ; and

(iii) repeat (i) and (ii) until both bound estimators converge. The procedure can be viewed as an extension of
the blockwise optimization method, also known as the nonlinear Gauss-Seidel method; see Wright (2015) for
details. However, we argue that the iterative procedure is suboptimal for several reasons. First, there is no
guarantee of its convergence and it faces a theoretical issue due to the restrictions on the PDI estimators, i.e.,
f̂

(t)
L ≤ f̂

(t+1)
U and f̂

(t+1)
L ≤ f̂

(t+1)
U . These constraints restrict the range of the PDI estimators in a complex

way, making the optimization domain smaller than the unrestricted product RKHS H⊗2. Consequently, the
approximation theory established under the unrestricted RKHS may not be applicable to the estimator obtained
from this iterative procedure and the restricted RKHS. On the other hand, the ERM in (5) simultaneously uses

11
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both lower and upper bound estimators without any restrictions over the candidates, making the computation
simpler and the RKHS theory applicable to our setting at the expense of more complicated, yet closed-form
surrogate loss function.

Remark 2 One may restrict the relationship between f∗
L and f∗

U so that the width of the PDI is constant
for all X, i.e., f∗

U (X) = f∗
L(X) + w for a non-negative constant w ≥ 0. The estimators of the PDI are

represented as f̂L(x) = ξ̂0 +
∑N

i=1 ξ̂ik(x, Xi) and f̂U (x) = ξ̂0 + ŵ +
∑N

i=1 ξ̂ik(x, Xi) where the coefficients
ξ̂0, ξ̂(−0) = (ξ̂1, . . . , ξ̂N )⊺, and ŵ ≥ 0 are obtained from the following ERM:

(
ξ̂0, ξ̂(−0), ŵ

)
= arg min

ξ0,ξ(−0),w

{
1
N

N∑
i=1

Lsur
(
Oi, ξ0 + k⊺

i ξ(−0), ξ0 + w + k⊺
i ξ(−0); µ̂, ê

)
+ λξ⊺

(−0)Kξ(−0)

}
.

Although the constant-width PDI is easier to interpret and implement than the proposed method, it fails to
account for variations in PDI width that may depend on X. In the context of the warfarin dataset analyzed
in Section 6, the estimated PDI exhibited significant variations with respect to age and gender in the warfarin
dataset; see Table 3 for details. This suggests that the constant-width PDI model may be unreasonable for
numerous real-world applications, including the warfarin dataset.

3.4 Estimation of the Nuisance Components

We conclude the section by presenting some methods for estimating nuisance functions µ∗ and e∗. First, as
assumed in Assumption 4, the dose-probability curve µ∗ has a hormetic form, so it is desirable to obtain
an estimator of µ∗ that maintains the same form. Some examples of estimation techniques are (semi-
)parametric models with a quadratic term of the dose level, and carefully designed nonparametric methods
such as multidimensional monotone Bayesian additive regression trees (Chipman et al., 2022). Second, the
generalized propensity score e∗ is a conditional density due to the continuous nature of A, which is often
regarded as a statistically more difficult object than the propensity score under discrete treatment. Again,
one may use (semi-)parametric models to estimate the conditional density of A given X or nonparametric
methods (Li & Racine, 2008; Zhu et al., 2015; Schuster et al., 2020).

The nuisance functions can also be estimated nonparametrically, but this requires a more careful estimation
procedure. Suppose nonparametric methods are naively used to estimate the nuisance functions by utilizing
the entire dataset, denoted as D = {1, . . . , N}, to (i) estimate the nuisance functions and (ii) estimate the
PDI by solving the ERM, using the nuisance functions estimated in step (i). In this setup, each observation
is used twice—once in step (i) and again in step (ii). Unfortunately, this “double-dipping” approach can
lead to inconsistent PDI estimates unless the nuisance functions are estimated within function spaces of
well-controlled complexity, such as the Donsker class or the Vapnik-Chervonenkis class.

To address this issue, we recommend using the cross-fitting procedure (Schick, 1986; Chernozhukov et al.,
2018), which mitigates the risk of non-diminishing bias in PDI estimators. The cross-fitting procedure
consists of the following steps: First, split the dataset D into non-overlapping split samples {D1, . . . , DS};
second, use a subset of data to estimate the nuisance functions; and third, use the remaining subsample to
solve the ERM for estimating the PDI. Algorithm 2 below summarizes the cross-fitting procedure. While
any finite value of S can be used in principle, one can select S = 2 for simplicity and computational efficiency
by following Bach et al. (2024).

Algorithm 2. Cross-fitting
Require: Split the data into equally sized S folds, say D1, . . . , DS

for s = 1, . . . , S do
Obtain (µ̂(−s), ê(−s)), estimators of the nuisance functions µ∗ and e∗ using Dc

s.
Choose hyperparameters from the cross-validation procedure (see Algorithm 3 of the Appendix)

using Ds where the loss function is evaluated with (µ̂(−s), ê(−s)).
Obtain a PDI estimator (f̂ (s)

L , f̂
(s)
U ) using the hyperparameters obtained in the previous step and

Ds.
end for

return Aggregated PDI estimator f̂L = S−1∑S
s=1 f̂

(s)
L and f̂U = S−1∑S

s=1 f̂
(s)
U .
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The cross-fitting procedure enables the characterization of the theoretical properties of the estimated PDI
(e.g., excess risk) by ensuring that the nuisance functions are estimated on a separate portion of the data
from where the PDI is evaluated. This approach mitigates the “double-dipping” issue by eliminating the
dependence between the nuisance function estimation and PDI estimation steps; see the next section for
further details. However, in practice, nonparametrically estimated nuisance functions can be unstable due to
limited sample size and may yield little or no improvement compared to well-designed parametric methods.
For this reason, in both the simulation study and data applications, we used parametrically estimated
nuisance functions without the cross-fitting procedure, resulting in well-performing PDI estimates.

4 Theoretical Properties

We examine theoretical properties of the PDI estimator obtained from the ERM with cross-fitting. Let
ED(·) be the expectation operator that regards the sample D as given. Note that, for a generic function
estimated from Dc

s, denoted by ĝ(−s), we have ED{ĝ(−s)(O)
}

=
∫

ĝ(−s)(o) dP (o). Similarly, we denote
RD(fL, fU ; µ(−s), e(−s)) = ED{L(O, fL, fU ; µ(−s), e(−s))} and RD

sur analogously.

First, we show that using the surrogate indicator function is a reasonable choice when ϵ is small under an
additional condition. We begin by introducing regularity conditions.

(RC1) The estimated propensity score ê(−s) is lower bounded by a constant ce > 0, i.e., ê(−s)(A | X) > ce

for all (A, X). Additionally, the estimated dose curve µ̂(−s)(a, X) is bounded in the unit interval,
i.e., µ̂(−s)(a, X) ∈ [0, 1].

(RC2) For any sequence aN = o(1), there exists a finite non-negative number b and b0 satisfying
ED[

1
{

f̂
(s)
L (X) − f̂

(s)
U (X) ∈ (0, aN )

}]
≤ aN b0N b.

Regularity Condition (RC1) states that the estimated propensity score and dose-probability curve satisfy
the positivity and boundedness conditions, respectively. In practice, (RC1) can be empirically verified by
investigating ê(−s) and µ̂(−s) over the observed samples, or it can be enforced by trimming or applying a
link function. Of note, these conditions are commonly made for tractable inference of causal effects (e.g.,
Assumption 5.1 of Chernozhukov et al. (2018)).

Regularity Condition (RC2) means that the probability of f̂
(s)
L and f̂

(s)
U being closer than a small bandwidth

aN is proportional to the bandwidth with a factor b0N b. Similar conditions have been used in the literature
(e.g., (3.3) of Qian & Murphy (2011), (16) of Luedtke & van der Laan (2016), (A5) and (A6) of Shi et al.
(2020), (A5) of Cai et al. (2023)). To better understand the condition, one can consider a derivative of the left-
hand side with respect to aN at 0, which reduces the condition that the derivative value is upper bounded by a
polynomial function b0N b. This implies that the probability density function of a random variable f̂

(s)
L − f̂

(s)
U ,

which can be seen as the degree of non-monotonicity, is effectively bounded by a polynomial function. A
sufficient condition of (RC2) is that f̂

(s)
L (X) ≤ f̂

(s)
U (X) uniformly holds over X. This monotonicity condition

can be empirically checked by investigating the empirical distribution of f̂
(s)
L (X) − f̂

(s)
U (X) for the observed

X values. If the monotonicity condition appears to be violated, potentially undermining the validity of
(RC2), one can make (RC2) more plausible by using Q̃κ in (8) with a large κ to enforce the constraint
f̂

(s)
L ≤ f̂

(s)
U .

The following lemma shows that using the surrogate indicator function is a reasonable choice when ϵ is small.

Lemma 4.1 Let (f̂ (s)
L , f̂

(s)
U ) be the PDI estimator obtained from the ERM (5) with the cross-fitting procedure.

(Result 1) Suppose Assumptions 1-5 and Regularity Condition (RC1). Then, we have the following results
for some constant c0: ∣∣RD

sur(f∗
L, f∗

U ; µ̂(−s), ê(−s)) − RD(f∗
L, f∗

U ; µ̂(−s), ê(−s))
∣∣ ≤ c0ϵ .
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(Result 2) Suppose Assumptions 1-5 and Regularity Conditions (RC1)-(RC2) are satisfied. Then, we have
the following results for some constant c0:∣∣RD

sur(f̂ (s)
L , f̂

(s)
U ; µ̂(−s), ê(−s)) − RD(f̂ (s)

L , f̂
(s)
U ; µ̂(−s), ê(−s))

∣∣ ≤ c0ϵN b .

(Result 1) of Lemma 4.1 states that, by viewing the estimated nuisance components as fixed functions, the
surrogate risk function evaluated at the optimal PDI is not far from the original risk function evaluated at
the optimal PDI. (Result 2) of the Lemma states that a similar result is established for the PDI estimator
obtained from the ERM under the additional condition (RC2).

Next, we present the result of the convergence of the estimated PDI in terms of the excess risk bound. In
order to do so, we introduce additional regularity conditions.

(RC3) The support of X is compact, and the density of X is bounded above by a constant.

(RC4) Let f†
L and f†

U be the optimal PDI given µ̂(−s) and ê(−s), i.e.,

(f†
L, f†

U ) ∈ arg min
(fL,fU )∈F⊗2

RD(fL, fU ; µ̂(−s), ê(−s)) .

Then, the optimal PDI bounds (f∗
L, f∗

U ) and (f†
L, f†

U ) belong to a Besov space with smoothness pa-
rameter β > 0, which is Bβ

1,∞(Rd) = {f ∈ L∞(Rd) | supt>0 t−β{ωr,L1(Rd)(f, t)} < ∞, r > β} where
ωr is the modulus of continuity of order r.

(RC5) There exist positive constants C, rµ, and re satisfying ED[{µ̂(−s)(A, X) − µ∗(A, X)
}2] ≤ C · N−2rµ ,

and ED[{ê(−s)(A | X)−e∗(A | X)
}2] ≤ C ·N−2re with probability not less than 1−∆N where ∆N → 0

as N → ∞.

Regularity Condition (RC3) states that the covariate does not concentrate at a certain point. Regularity
Condition (RC4) states that the optimal PDI corresponding to the true nuisance functions (µ∗, e∗) and the
one corresponding to the estimated nuisance functions (µ̂(−s), ê(−s)) have smoothness of order β in a Besov
space. Regularity Condition (RC5) implies that the estimated nuisance functions converge to their truth
as N grows. Regularity Condition (RC5) can be seen as requirements on the smoothness of the nuisance
functions µ∗ and e∗. For instance, if µ∗ belongs to the Hölder space with smoothness exponent δµ, the kernel
density estimator for µ∗ achieves a convergence rate of OP (N−2δµ/(2δµ+d′)) in terms of mean squared error,
where d′ = d+1 is the dimension of (A, X). This rate is minimax optimal, and similar rates can be attained
by other nonparametric methods; for further details, see Stone (1980) and Chapter 1 of Tsybakov (2009).
Therefore, (RC5) would hold for any rµ smaller than δµ/(2δµ + d′). A similar interpretation applies to e∗.

Under these Regularity Conditions, the convergence of the PDI estimator can be characterized in terms of
excess risk. Theorem 4.2 formally states the result.

Theorem 4.2 Let (f̂ (s)
L , f̂

(s)
U ) be the PDI estimator obtained from ERM with the cross-fitting procedure.

Suppose that Assumptions 1-5 and Regularity Conditions (RC1)-(RC5) hold. Then, for all fixed ϵ > 0,
d/(d + τ) < p < 1, τ > 0, and λ > 0, we obtain the following result with probability P N

O not less than
1 − 3e−τ − ∆N :

RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗)− RD(f∗

L, f∗
U ; µ∗, e∗)

≤ c1λγ−d + c2γβ + c3
{

γ(1−p)(1+ϵ)dλpN
}− 1

2−p + c4N−1/2τ1/2 + c5N−1τ + c6ϵN b + c7N−re−rµ

and

RD(f̂ (s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD(f∗

L, f∗
U ; µ∗, e∗)

≤ c1λγ−d + c2γβ + c3
{

γ(1−p)(1+ϵ)dλpN
}− 1

2−p + c4N−1/2τ1/2 + c5N−1τ + c6ϵN b + c8N−re−rµ

where constants c1, . . . , c8 do not depend on N .
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Theorem 4.2 states that the estimated PDI with the cross-fitting procedure converges to the optimal PDI
in terms of the excess risk bound. This convergence is subject to several regularity conditions, including the
boundedness of the estimated nuisance components and the density of X, the smoothness of the optimal
PDI, the condition outlined in Lemma 4.1, and certain properties of the surrogate loss functions. If the
hyperparameters are chosen with specific rates, specifically γ ≍ N−1/(2β+d), λ ≍ N−(β+d)/(2β+d), and
ϵ ≍ N−β/(2β+d)−b where b is the parameter satisfying (RC2) in Lemma 4.1, the excess risk bound has a
rate of OP

(
N−re−rµ + N−β/(2β+d)), which has two leading terms. The first term is proportional to the

product of the convergence rates of the nuisance components, which can achieve an oP (N−1/2) rate when
both e∗ and µ∗ are estimated at oP (N−1/4) rates. These rates can be attained using various machine learning
techniques, such as lasso (Belloni & Chernozhukov, 2011; 2013), random forests (Wager & Walther, 2016;
Syrgkanis & Zampetakis, 2020), neural networks (Chen & White, 1999; Farrell et al., 2021), and boosting
(Luo & Spindler, 2016), provided that e∗ and µ∗ exhibit sufficient smoothness. If at least one of the true
nuisance functions were known, as in experimental settings where e∗ was known, the first term would be
zero. The second term is from the approximation error of using the ERM over the Gaussian RKHS. When
the optimal PDI is sufficiently smooth compared to the dimension of the covariate, i.e., β/d ≃ ∞, the second
term approaches OP (N−1/2).

While Theorem 4.2 characterizes the convergence of the PDI estimator in terms of excess risk, it does not
ensure that the PDI estimator converges to the optimal PDI. To address this limitation, we directly analyze
the convergence rate of the PDI estimator. We begin by making the following regularity condition to establish
this convergence result:

(RC6) There exists a constant b > 0 and L > 0 such that f∗
U (X) − f∗

L(X) ≥ 2b, and∣∣∣∣ ∂

∂a
µ∗(a, X)

∣∣∣∣ ≥ L for all a ∈ [f∗
L(X) − b, f∗

L(X) + b] ∪ [f∗
U (X) − b, f∗

U (X) + b] .

Regularity Condition (RC6) consists of two parts. The first part means that the optimal PDI has a positive
length. The second part requires that the dose-response curve µ∗(·, X) exhibits sufficient variation near the
boundary points of the optimal PDI. Roughly speaking, the second part ensures that differences in the dose-
response curve correspond to differences in the dose level, provided that the dose level is near the boundary
points of the optimal PDI. This assumption is comparable to the conditions required in M-estimation, where
the gradient of the moment equation must be non-zero near the true parameter value (e.g., Theorem 5.21 in
van der Vaart (1998)).

Theorem 4.3 below establishes the convergence rate of the PDI estimator with respect to the L2(P )-norm
under the regularity conditions introduced above.

Theorem 4.3 Suppose that the conditions of Theorem 4.2 hold, and Regularity Condition (RC6) also holds.
Then, there exists a sequence δN such that δN → 0 as N → ∞, and the following result holds with probability
P N

O not less than 1 − 3e−τ − ∆N − δN :
For all fixed ϵ > 0, d/(d + τ) < p < 1, τ > 0, and λ > 0, we have

ED
[{

f̂
(s)
L (X) − f∗

L(X)
}2 +

{
f̂

(s)
U (X) − f∗

U (X)
}2
]

≤ c′
1λγ−d + c′

2γβ + c′
3
{

γ(1−p)(1+ϵ)dλpN
}− 1

2−p + c′
4N−1/2τ1/2 + c′

5N−1τ + c′
6ϵN b + c′

7N−re−rµ

where constants c′
1, . . . , c′

7 do not depend on N .

As in Theorem 4.2, the convergence rate established in Theorem 4.3 follows the same rate, differing only in
the constant terms. Consequently, the interpretation of Theorem 4.2 similarly applies to the convergence
rate of the PDI estimator. In particular, if γ ≍ N−1/(2β+d), λ ≍ N−(β+d)/(2β+d), and ϵ ≍ N−β/(2β+d)−b, the
convergence rate of the PDI estimator has a rate of OP

(
N−re−rµ + N−β/(2β+d)).
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5 Simulation

We conducted a simulation study to assess the finite-sample performance of the proposed method based on the
following data generating process with N ∈ {500, 1000, 1500, 2000} observations. Each observation consisted
of a 10-dimensional covariates X, a dose level A, and a discretized outcome R. We generated the first four
covariates, (X1, X2, X3, X4), from Unif(0, 1), the next three, (X5, X6, X7), from N(0, 1), and the remaining
three, (X8, X9, X10), from Ber(0.5), with each covariate generated independently. We then generated A

from N
(∑10

j=1 Xj/15 + 0.2, 0.12), and R from Ber(ν(A, X)) where ν(a, x) = expit(−(300 + 30
∑10

j=1 xj)(a −
0.45)2 + 0.1

∑10
j=1 xj + 2.5). We considered the range of the probability level α in {0.6, 0.65, 0.7}.

Using the generated data, we first estimated the PDI based on the approach proposed in Sections 3.2
and 3.3. Specifically, we estimated the propensity score and the dose-probability curve using parametric
models that are widely used in practice. For the propensity score, we fitted a linear regression model of A
regressed on X positing a normal error and obtained the density estimate based on the regression model, i.e.,
ê(A | X) = ϕ(A; η̂A(X), σ̂2

A) where ϕ(·; η, σ2) is the density of N(η, σ2), and η̂A(X) and σ̂2
A are the estimated

mean function and variance obtained from the regression model, respectively. We obtained the estimated
dose-probability curve µ̂(A, X) based on a logistic regression model of R regressed on (A, A2, X). We remark
that this parametric model is misspecified because the coefficient of A2 in the logistic regression model is
assumed to be constant, while it varies with X in the true model. However, we intentionally considered this
misspecified model to reflect its widespread use in practice.

For the surrogate loss function bandwidth parameter, we chose ϵ = 10−3. The kernel bandwidth parameter
γ was determined using the median heuristic described in Appendix A.3. The monotonicity-inducing reg-
ularization parameter κ in (8) was selected as κ = 0, which reduced to the optimization problem (5); we
remark that even though the monotonicity-inducing term is not introduced, the proportion of resulting in
non-monotonic bounds was very small; see the results below for details. The regularization parameter λ and
the internal division ratio parameter ρ for initial points were selected through 5-fold cross-validation from
the sets λ ∈ {2−4, 20, 24} and ρ ∈ {0, 0.5, 1}, respectively. The described PDI estimator is referred to as
(Direct).

For comparison, we additionally considered the following two estimators. First, we obtained the indirect
PDI estimator by following Section 3.1 based on the dose-probability curve estimator used in (Direct);
this indirect estimator is referred to as (Ind-Para). Furthermore, we obtained an additional indirect PDI
estimator where the dose-probability curve was estimated by an ensemble learner of random forest and
gradient boosting (Friedman, 2001); this PDI estimator is referred to as (Ind-Ens). For indirect methods, we
performed grid search to find an interval that made the estimated outcome regression greater than or equal
to the probability level α, i.e., [f̂L(X), f̂U (X)] = {a | µ̂(a, X) ≥ α}. If such an interval did not exist, we
took the dose level maximizing the estimated dose-probability curve as the indirect rule recommendation,
i.e., f̂L(X) = f̂U (X) = arg maxa µ̂(a, X). Lastly, for reference, we considered the optimal PDI, which is
referred to as (True). We evaluated the performance of these PDI estimators using a test dataset Dtest
having N ∈ {500, 1000, 1500, 2000} observations generated from the same distribution as the training data.
We repeated the simulation 1000 times for each N .

To evaluate the performance of a PDI estimator (f̂L, f̂U ), we considered the following criteria. First, we
obtained the empirical excess risk (EER) over the test set, which is defined by:

EER = 1
|Dtest|

∑
i∈Dtest

{
L(Oi, f̂L, f̂U ; µ∗, e∗) − L(Oi, f∗

L, f∗
U ; µ∗, e∗)

}
.

Note that the EER is an empirical analogue of the excess risk in Theorem 4.2. Of note, the EER of the
optimal PDI serves as the reference value of zero. Second, we calculated the proportion of cases in which a
method does not produce a valid PDI interval. Here, an invalid PDI means that at least one of the following
occurs: the estimated lower bound exceeds the estimated upper bound, or one of the estimated bounds falls
outside the admissible dose range and therefore requires post-hoc correction. Third, we focused on the mean
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absolute error (MAE) and the root mean squared error (RMSE), which are defined as follows:

MAE = 1
|Dtest|

∑
i∈Dtest

{
|f∗

L(Xi) − f̂L(Xi)| + |f∗
U (Xi) − f̂U (Xi)|

}
,

RMSE =
[

1
|Dtest|

∑
i∈Dtest

[
{f∗

L(Xi) − f̂L(Xi)}2 + {f∗
U (Xi) − f̂U (Xi)}2]]1/2

.

For these four evaluation metrics (EER, proportion of invalid PDI, MAE, and RMSE), a lower value indicates
better performance.

Lastly, we also evaluated the performance of the PDI estimators in terms of widely used classification
performance measures. Specifically, for each PDI estimator, we defined the contingency table counts, true
positives, true negatives, false positives, and false negatives as follows:

TP =
∑

i∈Dtest

1
{

Ri = 1, Ai ∈ [f̂L(Xi), f̂U (Xi)]
}

, TN =
∑

i∈Dtest

1
{

Ri = 0, Ai /∈ [f̂L(Xi), f̂U (Xi)]
}

,

FP =
∑

i∈Dtest

1
{

Ri = 0, Ai ∈ [f̂L(Xi), f̂U (Xi)]
}

, FN =
∑

i∈Dtest

1
{

Ri = 1, Ai /∈ [f̂L(Xi), f̂U (Xi)]
}

.

Using these contingency table counts, we calculated accuracy, F1 score, Matthews correlation coefficient
(MCC) (Matthews, 1975), recall, and Cohen’s kappa (Cohen, 1960), which are defined as follows:

Accuracy = TP + TN
TP + TN + FP + FN ,

F1 = 2TP
2TP + FP + FN ,

MCC = TP × TN − FP × FN
{(TP + FP) × (TP + FN) × (TN + FP) × (TN + FN)}1/2 ,

Recall = TP
TP + FN ,

Cohen’s kappa = 2 × (TP × TN − FN × FP)
(TP + FP) × (FP + TN) + (TP + FN) × (FN + TN) .

A larger value of these classification measures indicates better performance with fewer type I and/or II errors.

The results of the simulation are summarized in Table 1. First, the EER of (Direct) is the lowest among
the competing estimators, likely due to its construction based on empirical risk minimization. Moreover, it
decreases as the sample size N increases, consistent with Theorem 4.2. Second, we focus on the proportion of
invalid PDI estimates. (Direct) generates invalid PDI intervals only at negligible proportions, while the two
indirect methods produce invalid intervals more often. Among these, (Ind-Ens) is particularly susceptible to
this issue. As α increases, the proportion of invalid intervals rises because higher α values produce narrower
PDIs and therefore leave less room for estimation error in the lower and upper bounds. Third, in terms
of the MAE and RMSE, (Direct) uniformly outperforms the competing methods. We note that the EER,
MAE, and RMSE cannot be calculated in real-world applications, as these measures require knowledge of
the optimal PDI, which is not available. Lastly, in terms of classification performance measures, (Direct)
uniformly exhibits higher accuracy, F1 score, MCC, and Cohen’s kappa compared to the other methods.
We further note that (True) generally yields the highest classification performance measures. Consequently,
these measures, which can be calculated in real-world applications without knowledge of the optimal PDI,
can serve as practical proxies for the EER, MAE, and RMSE in such scenarios.

Two additional observations are worth emphasizing. First, (Ind-Para) remains reasonably competitive despite
misspecification because the posited logistic model still captures the dominant quadratic hormetic shape of
the true dose-probability curve. However, extracting an interval by thresholding the estimated curve remains
more sensitive to local bias than directly optimizing the proposed loss. Second, the substantially worse
performance of (Ind-Ens) suggests that flexible nuisance estimation alone does not guarantee good interval
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recovery: local irregularities in the estimated level set, together with the grid-search step used to extract
the interval, can amplify non-monotonicity and increase the frequency of invalid PDIs. These comparisons
clarify that the main practical benefit of the direct formulation is not merely improved curve fitting, but
rather stable estimation of both bounds under a joint optimization criterion.

Combining all numerical results, we conclude that the proposed direct method (Direct) outperforms the
other methods by almost always producing valid intervals, resulting in a smaller bias and fewer type I and
II errors.

Table 1: Summary of the Simulation Results. Each number shows an average of over 1000 simulation repe-
titions. A lower value indicates better performance for the first four evaluation metrics, while a higher value
indicates better performance for the latter five metrics. The best performance among the three competing
methods is highlighted in bold text. The evaluation metrics for (True) is aggregated across all N .

α Estimator N EER Invalid PDI
(%)

MAE
(×1000)

RMSE
(×1000) Accuracy F1 MCC Recall Cohen’s

kappa

0.6

(Ind-Para)

500 3.278 0.031 16.798 15.425 0.897 0.855 0.775 0.852 0.774
1000 0.366 0.003 11.914 10.810 0.899 0.858 0.780 0.856 0.780
1500 0.083 0.000 9.461 8.562 0.901 0.861 0.784 0.858 0.784
2000 0.037 0.000 8.407 7.595 0.902 0.862 0.786 0.859 0.786

(Ind-Ens)

500 75.191 0.749 20.894 22.913 0.891 0.844 0.762 0.827 0.760
1000 30.929 0.307 18.150 18.963 0.893 0.846 0.765 0.829 0.764
1500 19.378 0.192 17.177 17.706 0.894 0.848 0.767 0.828 0.767
2000 13.396 0.132 16.287 16.533 0.895 0.849 0.769 0.829 0.768

(Direct)

500 0.184 0.001 13.895 12.977 0.899 0.858 0.779 0.856 0.779
1000 0.070 0.000 10.045 9.314 0.900 0.860 0.783 0.859 0.783
1500 0.041 0.000 8.088 7.432 0.902 0.862 0.786 0.860 0.786
2000 0.016 0.000 7.267 6.645 0.902 0.863 0.787 0.861 0.787

(True) 0.000 0.000 0.000 0.000 0.903 0.864 0.788 0.861 0.788

0.65

(Ind-Para)

500 7.222 0.071 17.543 16.179 0.893 0.847 0.766 0.827 0.765
1000 0.658 0.006 12.394 11.259 0.896 0.850 0.771 0.831 0.770
1500 0.100 0.000 9.833 8.902 0.897 0.853 0.775 0.832 0.774
2000 0.047 0.000 8.724 7.880 0.898 0.853 0.776 0.833 0.775

(Ind-Ens)

500 179.484 1.792 24.247 27.649 0.883 0.826 0.741 0.786 0.738
1000 90.584 0.904 20.814 23.002 0.885 0.831 0.747 0.790 0.744
1500 62.496 0.623 19.398 21.273 0.886 0.832 0.750 0.790 0.747
2000 46.383 0.462 18.242 19.790 0.888 0.834 0.752 0.793 0.749

(Direct)

500 0.275 0.002 14.348 13.476 0.895 0.850 0.770 0.831 0.769
1000 0.090 0.000 10.184 9.474 0.897 0.852 0.774 0.835 0.773
1500 0.028 0.000 8.108 7.502 0.898 0.854 0.777 0.835 0.776
2000 0.026 0.000 7.220 6.662 0.899 0.855 0.778 0.836 0.777

(True) 0.000 0.000 0.000 0.000 0.899 0.855 0.779 0.835 0.778

0.7

(Ind-Para)

500 15.677 0.155 18.581 17.232 0.888 0.835 0.753 0.796 0.750
1000 1.437 0.014 13.094 11.929 0.890 0.838 0.757 0.800 0.755
1500 0.171 0.001 10.409 9.442 0.891 0.840 0.761 0.800 0.758
2000 0.096 0.001 9.235 8.356 0.892 0.841 0.762 0.801 0.760

(Ind-Ens)

500 409.985 4.097 29.186 33.773 0.869 0.798 0.711 0.731 0.703
1000 228.890 2.286 24.775 28.383 0.874 0.806 0.721 0.740 0.714
1500 173.203 1.730 22.839 26.199 0.875 0.809 0.724 0.742 0.717
2000 133.861 1.337 21.328 24.364 0.877 0.812 0.728 0.746 0.721

(Direct)

500 0.499 0.004 14.799 14.005 0.890 0.839 0.759 0.802 0.756
1000 0.067 0.000 10.587 9.892 0.891 0.841 0.761 0.804 0.759
1500 0.041 0.000 8.328 7.760 0.893 0.842 0.763 0.804 0.761
2000 0.020 0.000 7.392 6.872 0.893 0.843 0.764 0.805 0.762

(True) 0.000 0.000 0.000 0.000 0.893 0.843 0.765 0.803 0.762

6 Application: Warfarin Dosing

We applied our method to explore the two-sided PDI in the context of warfarin dosing. Warfarin is a
medicine for preventing harmful blood clots from forming and growing bigger. It is particularly useful for

18



Under review as submission to TMLR

patients suffering from conditions that can cause fatal blood clots such as stroke and heart attack. However,
excessive doses of warfarin can lead to severe complications, including life-threatening bleeding and tissue
death. Therefore, it is essential to prescribe warfarin in a suitable therapeutic dose to ensure its benefits
to patients. As recommended by the American Heart Association, warfarin should be prescribed to keep a
patient’s international normalized ratio (INR) within a desired range, typically between 2 and 3 (January
et al., 2014). The INR level increases with the warfarin dose, leading to a dose-probability curve with an
inverted U-shaped pattern, reflecting the hormetic response (Blann et al., 2003).

We used the dataset presented in The International Warfarin Pharmacogenetics Consortium (2009) to es-
timate the PDI of warfarin. Specifically, each patient’s target INR range, the reported INR value, and the
warfarin dose measured in mg/week were considered as the desired range T , the observed outcome Y , and
the observed dose level A, respectively. Accordingly, R = 1(Y ∈ T ) indicates whether the INR of a patient
was within the desired range. Furthermore, we included the following pharmacogenetic and clinical variables
as pre-treatment covariates X: gender (male/female), weight (in kg), height (in cm), age (nine discretized
levels), and Amiodarone receipt status (took Amiodarone/did not take Amiodarone). Although our frame-
work allows the desired range T to depend on covariates, we restricted our analysis to Asians because the
target INR ranges and empirical dose-response patterns differed substantially across racial groups, making
a common specification of the nuisance functions and a common hormetic shape assumption less credible in
the pooled sample. The subgroup restriction therefore served to create a more homogeneous population in
which Assumption 4 was empirically more plausible and overlap was better behaved. Lastly, we discarded
two observations with outlying dose levels greater than 80 mg/week to guarantee the positivity assump-
tion 3. Consequently, we used 1407 patients in the analysis. In this application, the PDI is interpreted as
a patient-specific interval of weekly warfarin doses such that, if an Asian patient were assigned any dose
within that interval, the probability that the patient’s INR falls within the target range would be at least α.
Thus, the lower and upper bounds of the PDI represent personalized dose thresholds within which warfarin
treatment is expected to be therapeutically acceptable with sufficiently high probability.

In our analysis, we implemented the proposed direct method, which corresponds to (Direct) in the simulation
study, as follows. We split the sample into two sets, with 1000 patients in the training set Dtrain and 407
patients in the test set Dtest. We repeated the split 100 times, and for each iteration, we used the training
set to estimate the PDI, and the test set to evaluate the estimated PDI. Using the training set, we estimated
the propensity score based on the linear regression model of log(A) on X with normal error and the dose-
probability curve based on the logistic regression model of R on A, A2, and X, which are denoted by ê and
µ̂, respectively. We note that log(A) was used in the propensity score model because it suggested better
model diagnostics; see Section A.4 for details. We then estimated the PDI from the ERM (4) where the
hyperparameters were chosen based on the same procedure as in the simulation study. The probability level
α was chosen from {0.6, 0.65, 0.7}.

For comparison, we also implemented the two indirect methods (Ind-Para) and (Ind-Ens) considered in the
simulation study.

In Table 2, we report the proportion of producing an invalid PDI and the classification performance measures
that were used in the simulation. First, we find that the proportion of invalid PDI estimates follows a similar
pattern to the simulation study: invalid PDI estimates are more frequent with the indirect methods than
with the direct method. Second, the classification performance measures suggest that the direct method
yields more accurate estimates. Specifically, the direct method uniformly shows higher values. Combining
all results from both simulation and data analysis, the direct method can be a valuable tool for practitioners
seeking to determine the therapeutic dose of warfarin.

We conclude the data analysis by providing the summary of the PDI estimates obtained from the proposed
direct method at α = 0.7. Table 3 summarizes the relationship between the PDI estimates and two covariates,
age and gender. In terms of age, we find that the PDI interval is wider for younger patients and narrower
for older patients. This result is consistent with previous medical studies which have established a negative
correlation between age and the therapeutic dose range of warfarin (Khoury & Sheikh-Taha, 2014; Shendre
et al., 2018). In terms of gender, we find that the PDI interval is wider for female patients, but the relationship
between gender and the therapeutic warfarin dose range remains uncertain based on previous medical studies.
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Table 2: Summary of the Warfarin Dosing Analysis. Each number shows an average of over 100 data splits.
A Lower value indicates better performance for the proportion of invalid PDI, while a higher value indicates
better performance for the latter five metrics. The best performance among the three competing methods
is highlighted in bold text.

α Estimator Invalid PDI (%) Accuracy F1 MCC Recall Cohen’s kappa

0.6
(Ind-Para) 0.020 0.730 0.834 0.147 0.913 0.130
(Ind-Ens) 1.401 0.655 0.768 0.089 0.774 0.085
(Direct) 0.000 0.743 0.845 0.168 0.939 0.136

0.65
(Ind-Para) 0.052 0.706 0.811 0.161 0.846 0.156
(Ind-Ens) 1.845 0.605 0.715 0.071 0.676 0.068
(Direct) 0.000 0.724 0.826 0.178 0.879 0.169

0.7
(Ind-Para) 0.216 0.667 0.769 0.176 0.744 0.174
(Ind-Ens) 2.961 0.564 0.660 0.099 0.574 0.090
(Direct) 0.012 0.684 0.786 0.177 0.782 0.176

Some studies did not find significant differences in the therapeutic warfarin dose range between male and
female patients (Poli et al., 2009; Miao et al., 2007), while others suggested that gender is an important
factor, especially for Asian patients (Choi et al., 2011; Liew et al., 2013). Our analysis, which only included
Asian patients, seems to support the latter view. However, more research is needed to establish the role of
gender in determining the therapeutic dose of warfarin.

Table 3: Average of the PDI Estimates at α = 0.7 Obtained from 100 Data Split (unit: mg/week).

Gender Age
Under 29 30-39 40-49 50-59 60-69 70-79 Over 80

Female (10.2, 73.0) (11.3, 71.7) (11.9, 71.1) (12.7, 70.2) (13.6, 69.2) (14.6, 68.2) (15.4, 67.5)
Male (12.3, 70.3) (13.3, 69.4) (14.2, 68.6) (15.1, 67.7) (16.1, 66.6) (17.3, 65.3) (19.0, 63.7)

7 Concluding Remarks

In this paper, we present a method for estimating the personalized two-sided PDI. To directly estimate the
PDI from an ERM, we develop a loss function that is robust to misspecification of the nuisance components
(the propensity score and the dose-probability curve), and design a computationally tractable surrogate
loss function for obtaining PDI estimators over the product RKHS. We show that the excess risk bound
of our estimated PDI converges to the true optimal PDI at a rate that depends on the estimation error
of the nuisance parameters and the approximation error of the PDI using functions within the product
RKHS. The simulation results show that our direct method can yield PDIs that are more likely to be valid
and more accurate in terms of bias and classification performance measures when compared to indirect
methods. Although optimal single-dose rules and personalized dose intervals are both useful summaries of
individualized treatment effects, they answer different scientific questions. A single-dose rule identifies the
dose maximizing a target criterion, whereas a PDI identifies the entire set of doses that achieve a clinically
acceptable outcome level. In that sense, a single recommended dose or the midpoint of an estimated PDI
may serve as a convenient summary, but it cannot replace the interval itself because it does not reveal the
range of feasible doses available to a practitioner.

The proposed methodology offers several opportunities for extension. First, our framework is well-suited to
settings with a moderate number of covariates, as illustrated by the two real-world applications in Section
6, involving 5 and 11 variables, respectively. To increase its versatility, the method could be extended
to accommodate high-dimensional covariates, expanding its applicability to a broader range of scenarios.
Second, many real-world datasets are collected in online settings, where the optimal decision rule must be
updated sequentially as new data arrive. While our framework is developed for an offline setting, which aligns
with the structure of the two real-world datasets analyzed, it would be valuable to extend the framework to
an online setting and investigate the corresponding regret bounds. Third, while the ERM in (4) is solved
within the RKHS framework, alternative function spaces—such as those generated by (deep) neural networks
(LeCun et al., 2015; Goodfellow et al., 2016), random forests (Breiman, 2001), or generalized additive models
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(Hastie & Tibshirani, 1986)—could be used in principle. However, establishing the convergence analysis of
the PDI estimates in these alternative spaces requires substantial effort, as it involves distinct approximation
theories that differ fundamentally from the RKHS approximation theory. Furthermore, the parameterization
of these spaces differs from that of the RKHS, which may render the proposed DC algorithm incapable of
preserving convexity under their parameterization. Therefore, we defer the exploration of these directions
to future work. Lastly, we also note that our method relies on the hormesis, i.e., Assumption 4. This
assumption restricts the shape of the dose-probability curve, but can be empirically verified in certain cases,
such as the data examples in Section 6. However, in cases where this assumption is difficult to verify due to
insufficient observations or heterogeneous data sources, an investigator should be aware of this assumption
and, if applicable, consider focusing on uncovering the mechanism between treatment and outcome through
randomized experiments.

We revisit the distinction between two approaches to personalized dose recommendations in continuous
treatment. The first focuses on optimal single-dose rules that maximize outcomes (e.g., Chen et al. (2016)),
while the second targets therapeutic dose intervals that achieve outcomes within a desired range. The former
is often preferred due to its interpretability and ease of estimation. Nevertheless, interval-based methods are
equally important in many applications, as illustrated in our motivating examples. From a clinical or policy
perspective, recommending a single fixed dose may be impractical when considerations such as feasibility,
adherence, toxicity, or implementation constraints require flexibility. In such settings, a PDI identifies the
set of doses that yield clinically acceptable outcomes rather than replacing clinical judgment with a fully
automated decision. Accordingly, our loss function evaluates whether observed outcomes support a candidate
interval based on whether the administered dose lies within the interval and whether the outcome falls in
the desired set, allowing the method to learn which intervals are compatible with favorable outcomes.

Building on this perspective, we conclude by outlining how PDIs can be used in practice and how they
complement point-based approaches. To initiate treatment, one may estimate both the optimal single-dose
rule and the PDI. By increasing α to impose a more stringent criterion, one can assess whether the point
recommendation remains within the PDI. If it does, the interval-based analysis reinforces the recommendation
by indicating robustness to stricter thresholds; if not, it suggests weaker support, and the clinician may
adjust toward doses that remain within the admissible interval. While a single dose or the midpoint of a
PDI provides a convenient summary, it cannot replace the interval itself, as it does not convey the range
of feasible options or the robustness of the recommendation. Thus, interval-based approaches complement
single-dose rules by offering flexibility, transparency, and practical value in real-world decision-making.
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Appendix

A Details of the Main Paper

A.1 Existence of the Optimal PDI

We discuss the existence of the optimal PDI, (f∗
L, f∗

U ), under Assumptions 4 and 5. It is trivial that aX in 4
belongs to the level set

{
a | µ∗(a, X) ≥ α

}
, which is uniquely determined based on Assumption 5. We now

show that
{

a | µ∗(a, X) ≥ α
}

is not a point, but an interval. Let Lµ be the Lipschitz constant of µ∗(·, X),
i.e.,

∣∣µ∗(a1, X) − µ∗(a2, X)
∣∣ ≤ Lµ

∣∣a1 − a2
∣∣. Since µ∗(aX , X) ≥ α + cµ, we find µ∗(aX − cµ/Lµ, X) > α and

µ∗(aX + cµ/Lµ, X) > α, indicating that [aX − cµ/Lµ, aX + cµ/Lµ] ⊆
{

a | µ∗(a, X) ≥ α
}

. As a result, we
find

f∗
L(X) = inf

a

{
a | µ∗(a, X) ≥ α

}
≤ aX − cµ

Lµ
, f∗

U (X) = sup
a

{
a | µ∗(a, X) ≥ α

}
≥ aX + cµ

Lµ
,

indicating f∗
L(X) < f∗

U (X).

A.2 Details of the AIPW Loss Function

Recall that

LAIPW(O, fL, fU ; µ, e)

= α

[{µ(A, X) − R}1
{

A ∈ [fL(X), fU (X)]
}

e(A | X) +
∫ {

1 − µ(a, X)
}
1
{

a ∈ [fL(X), fU (X)]
}

da

]
+ (1 − α)

[{
R − µ(A, X)

}
1
{

A /∈ [fL(X), fU (X)]
}

e(A | X) +
∫

µ(a, X)1
{

a /∈ [fL(X), fU (X)]
}

da

]
,

We first introduce the surrogate loss function of LAIPW.

LAIPW(O, fL, fU ; µ, e)

= α

[{µ(A, X) − R}Ψϵ

(
fL(X), A, fU (X)

)
e(A | X) +

∫ {
1 − µ(a, X)

}
1
{

a ∈ [fL(X), fU (X)]
}

da

]
+ (1 − α)

[{
R − µ(A, X)

}{
1 − Ψϵ

(
fL(X), A, fU (X)

)}
e(A | X) +

∫
µ(a, X)1

{
a /∈ [fL(X), fU (X)]

}
da

]
,

Here 1
{

A ∈ [fL(X), fU (X)]
}

is replaced with Ψϵ

(
fL(X), A, fU (X)

)
.

We find the two IPW terms in LAIPW are

α{µ(A, X) − R}1
{

A ∈ [fL(X), fU (X)]
}

+ (1 − α)
{

R − µ(A, X)
}
1
{

A /∈ [fL(X), fU (X)]
}

e(A | X)

=
α{µ(A, X) − R}1

{
A ∈ [fL(X), fU (X)]

}
− (1 − α){µ(A, X) − R}

[
1 − 1

{
A ∈ [fL(X), fU (X)]

}]
e(A | X)

=
{µ(A, X) − R}

[
− 1 + α + 1

{
A ∈ [fL(X), fU (X)]

}]
e(A | X)

=
{µ(A, X) − R}

[
1
{

A ∈ [fL(X), fU (X)]
}]

e(A | X) + B1(O)
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where B1(O) = {µ(A, X) − R}(α − 1)/e(A | X). The two outcome-integrated terms are

α

∫ {
1 − µ(a, X)

}
1
{

a ∈ [fL(X), fU (X)]
}

da + (1 − α)
∫

µ(a, X)1
{

a /∈ [fL(X), fU (X)]
}

da

=
∫

α1
{

a ∈ [fL(X), fU (X)]
}

+ (1 − α)µ(a, X) − µ(a, X)1
{

a ∈ [fL(X), fU (X)]
}

da

=
∫ {

α − µ(a, X)
}
1
{

a ∈ [fL(X), fU (X)]
}

da +
∫

(1 − α)µ(a, X) da

=
∫ {

α − µ(a, X)
}
1
{

a ∈ [fL(X), fU (X)]
}

da + B2(O) .

where B2(O) =
∫

(1 − α)µ(a, X) da. Therefore, LAIPW − L(1) does not depend on (fL, fU ).

A.3 Details of the Median Heuristic and Cross-validation

First, we provide details on the median heuristic (Garreau et al., 2017). The bandwidth parameter γ is set
as the median of the pairwise distances between the observed covariates, i.e., γ = mediani,j

∥∥Xi − Xj

∥∥.
This choice ensures that the entries of the Gram matrix, given by exp

(
−
∥∥Xi − Xj

∥∥2
2/γ2), remain within

a reasonable range, avoiding extreme values. This approach is referred to as the median heuristic.

Next, we summarize the cross-validation procedure for selecting λ in Algorithm 3.

Algorithm 3. Cross-validation
Require: Candidates of hyperparameters Θ; Number of folds M ; Data D

Split the data into equally sized L folds, say D1, . . . , DM

for t = 1, . . . , T do
Let θt ∈ Θ (t = 1, . . . , T ) be the tth hyperparameter candidate
for m = 1, . . . , M do

Let (ξ̂L, ξ̂U ) be the solution to (5) obtained by using Dc
m and θt

Let L̂t,m be the empirical loss evaluated over Dm

end for
Let L̂t be the average of L̂t,1, . . . , L̂t,M

end for
return Optimal hyperparameter θ∗ = arg minθt

L̂t

A.4 Details on the Data Analysis

We first present a graphical summary of the estimated dose-probability curve. Figure 2 shows the estimated
dose-probability curve, which has an inverted U-shape for almost all observations. Additionally, visual
inspection guarantees the existence of the PDI for α ∈ [0.6, 0.7]. Specifically, the PDIs are well-defined
for 1397 observations (99.29%) at α = 0.6 and 1403 observations (99.72%) at α = 0.7. This suggests that
Assumptions 4 and 5 are likely satisfied.

Next, we validate the propensity score model. Figure 3 shows the empirical distribution of the observed
dose level Ai and its log-transformed value log(Ai), and the QQ plots of the residuals obtained from the
parametric propensity score model where Ai or log(Ai) is regressed on the covariates Xi, respectively. The
visual diagnosis suggests that the propensity score model using the log-transformed dose is better than that
using the raw dose.

Lastly, we compare the desired ranges T for Asians and those for other races. Table 4 shows the frequencies
of T for Asians and non-Asians who have a complete set of covariates. We find that the desired ranges for
Asians are very different from those for non-Asians. Therefore, we only focus on the Asian subgroup to make
T homogeneous.

29



Under review as submission to TMLR

Figure 2: A graphical summary of the estimated dose-probability curve. The gray curves show µ̂(a, Xi)
for a ∈ [0, 1] and patient i’s covariates Xi. The black dashed line shows the mean of the dose-probability
curve across all N = 1407 patients. The red solid lines show the lower and upper ends of α = 0.6 and
0.7, respectively. The red percentages represent the proportion of observations with a valid PDI estimate at
α = 0.6, 0.7.

Figure 3: Graphical summaries of propensity score model diagnosis. The left and right panels show the raw
dose Ai and the log-transformed dose log(Ai), respectively. The top panel shows histograms of the (log)
dose levels of N = 1407 patients, and the bottom panel shows the QQ plot obtained from the parametric
propensity score model, respectively. The red solid lines in the bottom panel visually guide the QQ line for
the standard normal distribution.
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Table 4: Frequency Table of T among Asians and Non-Asians.

Lower end of T 0.8 1.2 1.25 1.3 1.5 1.7 1.75 1.8
Upper end of T 1.8 2.2 2.25 2.3 2.5 2.7 2.8 3.3 2.75 2.2 2.5 2.8

Non-Asian 1 1 6 1 4 184 0 0 4 1 3 5
Asian 0 0 0 0 631 1 236 249 0 0 0 0

Lower end of T 2 2.1 2.2 2.25 2.3 2.5 2.75 3 3
Upper end of T 3 3.5 3.1 3.2 3.25 3.3 3 3.5 3.75 3.5 4

Non-Asian 2805 435 1 11 1 3 2 335 1 2 10
Asian 286 1 0 0 0 0 0 5 0 0 0

B Proof

B.1 Proof of Lemma 3.1

Let (f#
L , f#

U ) be the minimzer of the risk function R. Based on the form of the loss function L, the minimizer
should satisfy f#

L (X) ≤ f#
U (X) for all X. For a PDI candidate satisfying fL(X) ≤ fU (X), we find

E
{

L(1)(O, fL, fU ; µ, e)
∣∣∣X}

= E
[{

µ(A, X) − R
}[
1{A ∈ [fL(X), fU (X)]}

]
e(A | X)

∣∣∣∣X]+
∫ fU (X)

fL(X)

{
α − µ(a, X)

}
da

= E
[{

µ(A, X) − µ∗(A, X)
}
1{A ∈ [fL(X), fU (X)]}

e(A | X)

∣∣∣∣X]+
∫ fU (X)

fL(X)

{
α − µ(a, X)

}
da

=
∫ fU (X)

fL(X)

{
µ(a, X) − µ∗(a, X)

}e∗(a | X)
e(a | X) da +

∫ fU (X)

fL(X)

{
α − µ(a, X)

}
da . (9)

If µ = µ∗, (9) reduces to

E
{

L(1)(O, fL, fU ; µ∗, e)
∣∣∣X}

=
∫ fU (X)

fL(X)

{
µ∗(a, X) − µ∗(a, X)

}︸ ︷︷ ︸
=0

e∗(a | X)
e(a | X) da +

∫ fU (X)

fL(X)

{
α − µ∗(a, X)

}
da

=
∫ fU (X)

fL(X)

{
α − µ∗(a, X)

}
da .

Likewise, if e = e∗, (9) becomes

E
{

L(1)(O, fL, fU ; µ, e∗)
∣∣∣X}

=
∫ fU (X)

fL(X)

{
µ(a, X) − µ∗(a, X)

} e∗(a | X)
e∗(a | X)︸ ︷︷ ︸

=1

da +
∫ fU (X)

fL(X)

{
α − µ(a, X)

}
da

=
∫ fU (X)

fL(X)

{
α − µ∗(a, X)

}
da .

Therefore, the minimizer (f#
L , f#

U ) must have a form

f#
L (X) = inf

ℓ

{
(ℓ, u) | ∀a ∈ (ℓ, u) ⇒ µ∗(a, X) ≥ α

}
,

f#
U (X) = sup

u

{
(ℓ, u) | ∀a ∈ (ℓ, u) ⇒ µ∗(a, X) ≥ α

}
,

which is equivalent to the definition of the PDI, i.e., (f∗
L, f∗

U ) = (f#
L , f#

U ). This completes the proof.
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B.2 Proof of Lemma 4.1

The proof is part of the proof of Theorem 4.2; see the derivation of (11) for details.

B.3 Proof of Theorem 4.2

Let (f†
L, f†

U ) and (f#
L , f#

U ) be the intermediate quantities that satisfy

(f†
L, f†

U ) = arg min
(fL,fU )

RD
sur(fL, fU ; µ̂(−s), ê(−s)) ,

(f#
L , f#

U ) = arg min
(fL,fU )

RD
sur(fL, fU ; µ∗, e∗) .

We decompose the difference between the two risk functions as follows.

RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗)− RD(f∗

L, f∗
U ; µ∗, e∗)

= RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗)− RD(f̂ (s)

L , f̂
(s)
U ; µ̂(−s), ê(−s))

+ RD(f̂ (s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))

+ RD
sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f†

L, f†
U ; µ̂(−s), ê(−s))

+ RD
sur
(
f†

L, f†
U ; µ̂(−s), ê(−s))− RD

sur
(
f#

L , f#
U ; µ∗, e∗)

+ RD
sur
(
f#

L , f#
U ; µ∗, e∗)− RD

sur
(
f∗

L, f∗
U ; µ∗, e∗)︸ ︷︷ ︸

≤0

+ RD
sur
(
f∗

L, f∗
U ; µ∗, e∗)− RD(f∗

L, f∗
U ; µ∗, e∗)

≤ RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗)− RD(f̂ (s)

L , f̂
(s)
U ; µ̂(−s), ê(−s)) ⇐ (A)

+ RD(f̂ (s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s)) ⇐ (B)

+ RD
sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f†

L, f†
U ; µ̂(−s), ê(−s)) ⇐ (C)

+ RD
sur
(
f†

L, f†
U ; µ̂(−s), ê(−s))− RD

sur
(
f#

L , f#
U ; µ∗, e∗) ⇐ (D)

+ RD
sur
(
f∗

L, f∗
U ; µ∗, e∗)− RD(f∗

L, f∗
U ; µ∗, e∗) . ⇐ (E)

Likewise, we have

RD(f̂ (s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD(f∗

L, f∗
U ; µ∗, e∗)

= RD(f̂ (s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))

+ RD
sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f†

L, f†
U ; µ̂(−s), ê(−s))

+ RD
sur
(
f†

L, f†
U ; µ̂(−s), ê(−s))− RD

sur
(
f#

L , f#
U ; µ∗, e∗)

+ RD
sur
(
f#

L , f#
U ; µ∗, e∗)− RD

sur
(
f∗

L, f∗
U ; µ∗, e∗)︸ ︷︷ ︸

≤0

+ RD
sur
(
f∗

L, f∗
U ; µ∗, e∗)− RD(f∗

L, f∗
U ; µ∗, e∗)

≤ RD(f̂ (s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s)) ⇐ (B)

+ RD
sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f†

L, f†
U ; µ̂(−s), ê(−s)) ⇐ (C)

+ RD
sur
(
f†

L, f†
U ; µ̂(−s), ê(−s))− RD

sur
(
f#

L , f#
U ; µ∗, e∗) ⇐ (D)

+ RD
sur
(
f∗

L, f∗
U ; µ∗, e∗)− RD(f∗

L, f∗
U ; µ∗, e∗) . ⇐ (E)
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In (10), (11), (12), (28), and (29), we establish:

(10) : With probability not less than 1 − ∆N , (A) ≲ N−rµ−re ;
(11) : (B) ≲ N bϵ ;
(12) : With probability not less than 1 − 3e−τ ,

(C) ≲ c1λγ−d + c2γβ + c3

{
γ(1−p)(1+ϵ)dλpN

}− 1
2−p + c4N−1/2τ1/2 + c5N−1τ ;

(28) : With probability not less than 1 − ∆N , (D) ≲ CN−rµ−re + C ′ϵ ≤ CN−rµ−re + C ′N bϵ ;
(29) : (E) ≲ ϵ ≤ N bϵ .

In the rest of the proof, we obtain the rate of each term, which completes the proof.

B.3.1 Upper bound of (A)

For any measurable functions (fL, fU ) : X ⊗2 → R
⊗2, the difference between the loss function at (µ∗, e∗) and

(µ′, e′) is

L(O, fL, fU ; µ∗, e∗) − L(O, fL, fU ; µ′, e′)

= 1{A ∈ [fL(X), fU (X)]}
e∗(A | X)e′(A | X)

[
R
{

e∗(A | X) − e′(A | X)
}

+µ∗(A, X)e′(A | X) − µ′(A, X)e∗(A | X)

]
+
∫ {

µ′(a, X) − µ∗(a, X)
}{
1{a ∈ [fL(X), fU (X)]}

}
da if fL(X) ≤ fU (X),

= 0 if fL(X) > fU (X).

Note that for all (fL, fU ), we have

E

1{fL(X) ≤ fU (X)
}[
1{A ∈ [fL(X), fU (X)]}

]
e∗(A | X)e′(A | X)

 R
{

e∗(A | X) − e′(A | X)
}

+µ∗(A, X)e′(A | X)
−µ′(A, X)e∗(A | X)


= E

[
1
{

fL(X) ≤ fU (X)
}[
1{A ∈ [fL(X), fU (X)]}

]{
µ∗(A, X) − µ′(A, X)

}
e′(A | X)

]
,

and

E
[
1
{

fL(X) ≤ fU (X)
}∫ {

µ′(a, X) − µ∗(a, X)
}{
1{a ∈ [fL(X), fU (X)]}

}
da
]

= E
[
1
{

fL(X) ≤ fU (X)
}[
1{A ∈ [fL(X), fU (X)]}

]{
µ′(A, X) − µ∗(A, X)

}
e∗(A | X)

]
.

As a consequence, (A) is upper bounded as follows.∣∣∣R(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗)− RD(f̂ (s)

L , f̂
(s)
U ; µ̂(−s), ê(−s))∣∣∣

=
∣∣∣ED

{
L(O, f̂

(s)
L , f̂

(s)
U ; µ∗, e∗) − L(O, f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))

}∣∣∣
=

∣∣∣∣∣∣ED

 1
{

f̂
(s)
L (X) ≤ f̂

(s)
U (X)

}
1{A ∈ [f̂ (s)

L (X), f̂
(s)
U (X)]}

ê(−s)(A | X)e∗(A | X)
×
{

e∗(A | X) − ê(−s)(A | X)
}{

µ∗(A, X) − µ̂(−s)(A, X)
}
∣∣∣∣∣∣

≤

∥∥∥∥∥1
{

f̂
(s)
L (X) ≤ f̂

(s)
U (X)

}
1{A ∈ [f̂ (s)

L (X), f̂
(s)
U (X)]}

ê(−s)(A | X)e∗(A | X)

∥∥∥∥∥
P,∞

×
∣∣∣E[{e∗(A | X) − ê(−s)(A | X)

}{
µ∗(A, X) − µ̂(−s)(A, X)

}]∣∣∣
≾
∥∥ê(−s) − e∗∥∥

P,2

∥∥µ̂(−s) − µ∗∥∥
P,2 .
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The two inequalities are obtained by applying the Hölder’s inequality. In particular, we used the assumption
that the (estimated) propensity scores are away from zero. Consequently, we have a constant C1 satisfying

(A) ≤ C1
∥∥ê(−s) − e∗∥∥

P,2

∥∥µ̂(−s) − µ∗∥∥
P,2 ≲ N−rµ−re , (10)

where the second inequality holds from (RC5).

B.3.2 Upper bound of (B)

For any measurable functions (fL, fU ) : X ⊗2 → R
⊗2, we consider the following three cases, namely: (i)

fL(X) ≤ fU (X), (ii) fU (X) + ϵ ≤ fL(X), and (iii) fL(X) ∈ (fU (X), fU (X) + ϵ).

— Case 1: fL(X) ≤ fU (X)

We find Φϵ

(
fL(X), fU (X)

)
= 1

{
fL(X) ≤ fU (X)

}
. Thus,

Lsur(O, fL, fU ; µ̂(s), ê(s)) − L(O, fL, fU ; µ̂(s), ê(s))

= 1
{

fL(X) ≤ fU (X)
}{µ̂(−s)(A, X) − R

}[
Ψϵ

(
fL(X), A, fU (X)

)
− 1

{
A ∈ [fL(X), fU (X)]

}]
ê(−s)(A | X) .

Since {µ̂(−s)(A, X) − R}/ê(−s)(A | X) is uniformly bounded under Assumption (R1), we have∣∣∣∣ED
[
1
{

fL(X) ≤ fU (X)
}{

Lsur(O, fL, fU ; µ̂(−s), ê(−s)) − L(O, fL, fU ; µ̂(−s), ê(−s))
}]∣∣∣∣

≾

∣∣∣∣E[1{fL(X) ≤ fU (X)
}[

Ψϵ

(
fL(X), A, fU (X)

)
− 1

{
A ∈ [fL(X), fU (X)]

}]]∣∣∣∣ .

Given fL ≤ fU , we find

Ψϵ

(
fL(X), A, fU (X)

)
− 1

{
A ∈ [fL(X), fU (X)]

}
= A − fL(X) + ϵ

ϵ
1
{

A ∈ [fL(X) − ϵ, fL(X)]
}

+ fU (X) − A + ϵ

ϵ
1
{

A ∈ [fU (X), fU (X) + ϵ]
}

,

which implies

E
{

Ψϵ

(
fL(X), A, fU (X)

)
− 1

{
A ∈ [fL(X), fU (X)]

}
| X
}

=
∫ fL(X)

fL(X)−ϵ

a − fL(X) + ϵ

ϵ
P (A = a | X) da +

∫ fU (X)+ϵ

fU (X)

fU (X) − a + ϵ

ϵ
P (A = a | X) da

≤ ce

∫ fL(X)

fL(X)−ϵ

a − fL(X) + ϵ

ϵ
da + ce

∫ fU (X)+ϵ

fU (X)

fU (X) − a + ϵ

ϵ
da

= ce · ϵ .

The inequality is from the positivity assumption 3, and the last equality is trivial. Combining the result, we
get ∣∣∣∣ED

[
1
{

fL(X) ≤ fU (X)
}{

Lsur(O, fL, fU ; µ̂(−s), ê(−s)) − L(O, fL, fU ; µ̂(−s), ê(−s))
}]∣∣∣∣

≾

∣∣∣∣E[1{fL(X) ≤ fU (X)
}[

Ψϵ

(
fL(X), A, fU (X)

)
− 1

{
A ∈ [fL(X), fU (X)]

}]]∣∣∣∣
≤ ce · ϵ .

— Case 2: fU (X) + ϵ ≤ fL(X)
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We have Lsur(O, fL, fU ; µ̂(−s), ê(−s)) − L(O, fL, fU ; µ̂(−s), ê(−s)) = 0 since L = Lsur ≡ CL.

— Case 3: fL(X) ∈ (fU (X), fU (X) + ϵ)

From the range of the loss functions, we have∣∣Lsur(O, fL, fU ; µ̂(−s), ê(−s)) − L(O, fL, fU ; µ̂(−s), ê(−s))
∣∣ ≤ 2CL .

Consequently, ∣∣∣∣ED
[
1
{

fL(X) ∈ (fU (X), fU (X) + ϵ)
}

×
{

Lsur(O, fL, fU ; µ̂(−s), ê(−s)) − L(O, fL, fU ; µ̂(−s), ê(−s))
}]∣∣∣∣

≤ 2CL · ED[
1
{

fL(X) − fU (X) ∈ (0, ϵ)
}]

.

Combining three cases, we find∣∣RD
sur(fL, fU ; µ̂(−s), ê(−s)) − RD(fL, fU ; µ̂(−s), ê(−s))

∣∣
≤ ce · ϵ + 0 + 2CL · ED[

1
{

fL(X) − fU (X) ∈ (0, ϵ)
}]

.

At the optimal PDI, we have ED[
1
{

f∗
L(X) − f∗

U (X) ∈ (0, ϵ)
}]

= 0. At the estimated PDI, this term is
assumed to be upper bounded by a term having a rate N bϵ. As a consequence, we get an upper bound of
(B) for some constant C2:∣∣RD

sur(f∗
L, f∗

U ; µ̂(−s), ê(−s)) − RD(f∗
L, f∗

U ; µ̂(−s), ê(−s))
∣∣ ≾ ϵ∣∣RD

sur(f̂
(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s)) − RD(f̂ (s)

L , f̂
(s)
U ; µ̂(−s), ê(−s))

∣∣ ≾ N bϵ .

The second result implies

(B) ≤ C2 · N bϵ . (11)

Note that this provides the proof of Lemma 4.1. In addition, if ϵ ≍ N−β/(2β+d)−b, we get

(B) ≤ C2N−β/(2β+d) .

B.3.3 Upper bound of (C)

The outline of the proof is similar to that of Theorem 2 of Chen et al. (2016). We remark that lemmas and the-
orems presented in Steinwart & Christmann (2008) and Eberts & Steinwart (2013) are essential for the proof.
For notational brevity, let L(O, ℓ, u) = Lsur(O, ℓ, u·; µ̂(−s), ê(−s)), R(ℓ, u) = ED{Lsur(O, ℓ, u; µ̂(−s), ê(−s))

}
,

and the expectation involving L is calculated conditioning on the estimation split data, i.e., E(L) :=
ED{Lsur(·; µ̂(−s), ê(−s))

}
. Let n be the number of observations in the ERM dataset Ds, which is proportional

to N .

We require L to satisfy the following conditions:

(C1) For all (o, ℓ, u), there exists a constant B > 0 satisfying 0 ≤ L(o, ℓ, u) ≤ B.

(C2) L(o, ℓ, u) is locally Lipschitz continuous with respect to (ℓ, u) for ℓ ≤ u.

(C3) For all (t, o), we have L(o, ℓW , uW ) ≤ L(o, ℓ, u) where ℓW = ℓ · 1
{

|ℓ| ≤ c0
}

+ sign(ℓ)c0 · 1
{

c0 < |ℓ|
}

.
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(C4) E
[{

L
(
O, fW

L , fW
U

)
− L

(
O, f†

L, f†
U

)}2] ≤ V ·
[
E
{

L
(
O, fW

L , fW
U

)
− L

(
O, f†

L, f†
U

)}]v is satisfied for con-
stant v ∈ [0, 1], V ≥ B2−v, and for all fL, fU ∈ H.

With some algebra, we find that the surrogate loss function L satisfies these conditions by (i) adding a
sufficiently large constant to make L non-negative and (ii) adding a very large constant for PDI candidates
outside of the proper dose range R2 \ [0, 1]2. Then, we find each condition is satisfied as follows:

(C1) Trivial after adding a baseline constant.

(C2) The surrogate loss function is Lipschitz continuous for given ϵ due to its construction.

(C3) Trivial after adding a penalizing constant over R2 \ [0, 1]2.

(C4) This holds with v = 0 and V = 4B2.

Our ultimate goal is to show the following inequality holds

RD
sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f†

L, f†
U ; µ̂(−s), ê(−s))

= E
{

L
(
O, f̂W

L , f̂W
U

)
− L

(
O, f†

L, f†
U

)}
≤ c1λγ−d + c2γβ + c3

{
γ(1−p)(1+ϵ)dλpN

}− 1
2−p + c4N−1/2τ1/2 + c5N−1τ . (12)

with probability P n
O not less than 1 − 3e−τ where c1, . . . , c5 does not depend on N . Then, taking γ ≍

N−1/(2β+d) and λ ≍ N−(β+d)/(2β+d), we get the following asymptotic rate with probability not less than
1 − 3e−τ :

RD
sur
(
f̂

(s)
L , f̂

(s)
U ; µ̂(−s), ê(−s))− RD

sur
(
f∗

L, f∗
U ; µ̂(−s), ê(−s)) = OP

(
N−β/(2β+d)) . (13)

Since the estimated nuisance functions are random (depending on Dc
s), we use OP -notation instead of O-

notation.

To show the result, we first present a formal result by extending Theorem 7.23 of Steinwart & Christmann
(2008) to our setting.

36



Under review as submission to TMLR

Theorem B.1 (Extension of Theorem 7.23. of Steinwart & Christmann (2008)) Let L be a loss
function having a non-negative value. Also, let H be a Gaussian RKHS with bandwidth parameter γ over
X ⊆ R

d. Consider the ERM of the form

(
f̂L, f̂U

)
= arg min

(fL,fU )∈H⊗2

[
1
N

N∑
i=1

L
(
Oi, fL, fU

)
+ λ

{∥∥fL

∥∥2
H + λ

∥∥fU

∥∥2
H

}]
. (14)

Let PO and PX be distributions of O and X, respectively. Furthermore, suppose Regularity Conditions (R2),
(R3), and , (R5) hold. Assume that for fixed n ≥ 1, there exist constant p ∈ (0, 1), and a ≥ B such that

EO∼P
|Ds|
O

[
en

(
identity map : H⊗2 → L⊗2

2 (µ)
)]

≤ a · i− 1
2p , i ≥ 1 . (15)

Finally, fix (fL,0, fU,0) ∈ H⊗2 and a constant B0 ≥ B such that
∥∥L(O, fL,0, fU,0)

∥∥
∞ ≤ B0. Then, for all

fixed τ > 0, and λ > 0, the ERM (14) using H and L satisfies

λ
∥∥f̂L

∥∥2
H + λ

∥∥f̂U

∥∥2
H + R

(
f̂W

L , f̂W
U

)
− R

(
f†

L, f†
U

)
≤ 9
{

λ
∥∥fL,0

∥∥2
H + λ

∥∥fU,0
∥∥2

H + R
(
fL,0, fU,0

)
− R

(
f†

L, f†
U

)}
+ K0

{
a2p

λpn

} 1
2−p−v+vp

+ 3
(

72V τ

n

) 1
2−v

+ 15B0τ

n
.

with probability P n
O not less than 1 − 3e−τ , where where K0 ≥ 1 is a constant only depending on p, c0, B, v,

and V .

We establish Theorem B.1 following the proof of Theorem 7.23 of Steinwart & Christmann (2008). When
a2p > λpn, we find

λ∥f̂L∥2
H + λ∥f̂U ∥2

H + R(f̂W
L , f̂W

U ) − R(f†
L, f†

U )
≤ λ∥f̂L∥2

H + λ∥f̂U ∥2
H + R̂(f̂W

L , f̂W
U ) + B

≤ R̂(0, 0) + B ≤ 2B ≤ 2B

(
a2p

λpn

) 1
1−(1−p)(1−v)

,

where R̂(ℓ, u) is the empirical risk
∑

i∈Ds
L(Oi, ℓ, u)/n. Therefore, the claim holds whenever K0 ≤ 2B.

Next, we consider a2p ≤ λpn. Let r∗ be

r∗ := inf
fL,fU ∈H

{
λ∥fL∥2

H + λ∥fU ∥2
H︸ ︷︷ ︸

Γ(fL,fU )

+R(fW
L , fW

U ) − R(f†
L, f†

U )
}

,

and we further define the following sets for r > r∗:

(HL ⊗ HU )r :=
{

fL, fU ∈ H | Γ(fL, fU ) + R(fW
L , fW

U ) − R(f†
L, f†

U ) ≤ r
}

Lr :=
{

L(O, fW
L , fW

U ) − L(O, f†
L, f†

U ) | (fL, fU ) ∈ (HL ⊗ HU )r

}
.

Let BH be the closed unit ball of H. For f ∈ (HL ⊗ HU )r, we have

Γ(fL, fU ) = λ∥fL∥2
H + λ∥fU ∥2

H ≤ λ∥fL∥2
H + λ∥fU ∥2

H + R(fW
L , fW

U ) − R(f†
L, f†

U ) ≤ r .

This implies f ∈ (HL ⊗ HU )r also belong to ((r/λ)1/2BH)⊗2.

To proceed, we adopt the approach used in the proof of Lemma 7.17 of Steinwart & Christmann (2008) to
our setting. Given that L ◦ (HL ⊗ HU )W

r ⊆ L2(PO), we have the relationship for (dyadic) entropy number
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en:

en

(
Lr, ∥ · ∥L2(PO)

)
≤ en

(
L ◦ (HL ⊗ HU )r, ∥ · ∥L2(PO)

)
.

Now let {f1, . . . , f2n−1} (f = (fL,i, fU,i)) be an ϵ-net of (HL ⊗ HU )r with respect to ∥ · ∥L2(PX ) where

∥f∥2
L2(PX ) =

∫
{fL(X)}2 + {fU (X)}2 dPX .

See Section A.5.6 of Steinwart & Christmann (2008) for details on the dyadic entropy number. This means
that, for f ∈ (HL ⊗ HU )r, there exists an i ∈ {1, . . . , 2M−1} such that ∥f − f∥L2(PX ) ≤ ϵ. Thus,∥∥∥L ◦ fW − L ◦ fW

∥∥∥2

L2(PO)
=
∫ ∣∣∣L(O, fW

L (X), fW
U (X)

)
− L

(
O, fW

L,i(X), fW
U,i(X)

)∣∣∣2 dPO

≤ L2
c

[ ∫ ∣∣∣fW
L (X) − fW

L,i(X)
∣∣∣2 dPX +

∫ ∣∣∣fW
U (X) − fW

U,i(X)
∣∣∣2 dPX

]
≤ 4L2

cϵ2 .

Therefore, {L ◦ fW
1 , . . . , L ◦ fW

2n−1} is an (2Lcϵ)-net of L ◦ (HL ⊗ HU )r. As a consequence,

en

(
Lr, ∥ · ∥L2(PO)

)
≤ 2Lcen

(
(HL ⊗ HU )r, ∥ · ∥L2(PX )

)
.

Taking expectation (only over the data used in ERM which is Ds), we have

EO∼P
|Ds|
O

[
en

(
identity map : Lr → L2(O)

)]
≤ 2Lc · EX ∼P

|Ds|
X

[
en

(
identity map : (HL ⊗ HU )r → L⊗2

2 (X )
)︸ ︷︷ ︸

=(Term 1)

]
.

Here, L⊗2
2 (X ) = {(f, g) |

∫
f2(X) dPX +

∫
g2(X) dPX < ∞}.

The quantity (Term 1) can be further upper bounded using Theorem 7.34 of Steinwart & Christmann
(2008), which we state below for completeness:

Theorem 7.34 (Entropy Numbers for Gaussian Kernels; Steinwart & Christmann (2008)) Let µ be a
distribution on Rd having tail exponent τ ∈ (0, ∞], and Hγ(Rd) be the RKHS endowed with the Gaussian
kernel with bandwidth γ. Then, for all ϵ > 0 and d/(d + τ) < p < 1, there exists a constant c ≥ 1 such that

en(identity map : Hγ(Rd) → L2(µ)) ≤ cϵ,pγ− (1−p)(1+ϵ)d
2p i− 1

2p

for all i ≥ 1 and γ ∈ (0, 1].

Since H is induced by the Gaussian kernel, we have

(Term 1) = en

(
identity map : (HL ⊗ HU )r → L⊗2

2 (X )
)

≤ en

(
identity map : ((r/λ)1/2BH)⊗2 → ℓ⊗2

∞ ((r/λ)1/2BH)
)

≤
(

r

λ

)1/2
en

(
identity map : (BH)⊗2 → ℓ⊗2

∞ (BH)
)

. (16)

From Lemma 6.21 and Excercise 6.8 of Steinwart & Christmann (2008), we have

en

(
identity map : (BH)⊗2 → ℓ⊗2

∞ (BH)
)
≲ n−1/q for some q > 0

⇔ log N (ϵ, (BH)⊗2, ∥ · ∥∞) ≲ (1/ϵ)q for some q > 0 (17)
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where N (ϵ, F , ∥ · ∥) is the ϵ-covering number of a space F with respect to a metric ∥ · ∥; see Definition 6.19
of Steinwart & Christmann (2008) for details. Therefore, to derive the upper bound of the right-hand side
(16), it suffices to characterize an upper bound of log N (ϵ, (BH)⊗2, ∥ · ∥∞). In order to do so, let Cm

b (S) be
all continuous functions from S ⊆ R

d with bounded m-th derivative. We further introduce Theorem 2.7.1
of van der Vaart & Wellner (1996) and an extension of Lemma 7 of Haussler (1992) which are provided
below for completeness:

Theorem 2.7.1 (van der Vaart & Wellner (1996)) Let X be a bounded, convex subset of Rd with nonempty
interior. There exists a constant K depending only on m and d such that

log N (ϵ, Cm
b (S), ∥ · ∥∞) ≲ (1/ϵ)d/m . (18)

Extension of Lemma 7 (Haussler (1992))

log N (ϵ, Cm
b (S)⊗2, ∥ · ∥∞) ≤ 2 log N (ϵ, Cm

b (S), ∥ · ∥∞) . (19)

We briefly show (19). Let U be an ϵ-net of Cm
b (S) having nϵ elements. Let U = U⊗2 = {(u1, u2) | u1, u2 ∈ U}

having n2
ϵ by construction. It suffices to show that U is an ϵ-net of Cm

b (S)⊗2. We arbitrarily take any function
(g1, g2) ∈ Cm

b (S)⊗2. Then, we can find uj ∈ U such that ∥gj − uj∥∞ ≤ ϵ, which implies

∥∥(g1, g2) − (u1, u2)
∥∥

∞ = max
i=1,2

∥∥gi − ui

∥∥
∞ ≤ ϵ .

Therefore, N (ϵ, Cm
b (S)⊗2, ∥ · ∥∞) ≤ |U| = n2

ϵ = N (ϵ, Cm
b (S), ∥ · ∥∞).

Combining equations (16)-(19), we establish that (Term 1) ≲ (r/γ)1/2n−m/d, which is essentially the same
as the result of Theorems 6.26, 6.27, 7.33 of Steinwart & Christmann (2008). Therefore, the remainder of the
proof of Theorem 7.34 of Steinwart & Christmann (2008) applies to our setting. Therefore, from Theorem
7.34 of Steinwart & Christmann (2008), we get

(Term 1) = en

(
identity map : (BH)⊗2 → ℓ⊗2

∞ (BH)
)

≤ en

(
identity map : H⊗2 → L⊗2

2 (µ)
)

≤ cϵ,pγ− (1−p)(1+ϵ)d
2p i− 1

2p ,

for all i ≥ 1 and γ ∈ (0, 1]. which satisfies condition (15) with a = cϵ,pγ− (1−p)(1+ϵ)d
2p . This further implies the

following result:

EO∼P
|Ds|
O

[
en

(
identity map : Lr → L2(O)

)]
≤ 2Lc · EX ∼P

|Ds|
X

[
en

(
identity map : (HL ⊗ HU )r → L⊗2

2 (X )
)︸ ︷︷ ︸

(Term 1)

]

≤ 2Lc

(
r

λ

)1/2
· a · i− 1

2p for any i ≥ 1 .
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The rest of the proof of Theorem B.1 is the same as that in Steinwart & Christmann (2008), which yields

λ
∥∥f̂L

∥∥2
H + λ

∥∥f̂U

∥∥2
H + R

(
f̂W

L , f̂W
U

)
− R

(
f†

L, f†
U

)
≤ 9
{

λ
∥∥fL,0

∥∥2
H + λ

∥∥fU,0
∥∥2

H + R
(
fL,0, fU,0

)
− R

(
f†

L, f†
U

)︸ ︷︷ ︸
=B(fL,0,fU,0)

}

+ K0

{
γ−(1−p)(1+ϵ)d

λpn

} 1
2−p

+ 3
(

72V τ

n

) 1
2−v

+ 15B0τ

n

take v = 0= B(fL,0, fU,0) + K0

{
γ−(1−p)(1+ϵ)d

λpn

} 1
2−p

+ 36
√

2B

√
τ

n
+ 15B

τ

n
. (20)

Since the above result holds for any (fL,0, fU,0) ∈ H⊗2, we can further bound B(fL,0, fU,0) by carefully
choosing (fL,0, fU,0) in a way presented in Eberts & Steinwart (2013). We first define a function Qr,γ : Rd →
R as

Qr,γ(z) =
r∑

j=1

(
r

j

)
(−1)1−j 1

jd

(
2
γ2

) d
2

Kjγ/
√

2(z) , Kγ(z) = exp
{

− γ−2∥∥z
∥∥2

2

}
. (21)

for r ∈ {1, 2, . . .} and γ > 0. If (f†
L, f†

U ) ∈ L2(Rd) ∩ L∞(Rd), we can define (fL,0, fU,0) by convolving Qr,γ

with (f†
L, f†

U ) as follows (Eberts & Steinwart, 2013).

fL,0(X) =
(
Qr,γ ∗ f∗

L

)
(X) =

∫
Rd

Qr,γ(X − z)f∗
L(z) dz .

Next, we introduce Theorems 2.2 and 2.3 of Eberts & Steinwart (2013).

Theorem 2.2 (Eberts & Steinwart (2013)) Let us fix some q ∈ [1, ∞). Furthermore, assume that PX is a
distribution on Rd that has a Lebesgue density pX ∈ Lp(Rd) for some p ∈ [1, ∞]. Let f : Rd → R be such
that f ∈ Lq(Rd) ∩ L∞(Rd). Then, for r ∈ {1, 2, . . .}, γ > 0, and s ≥ 1 with 1 = s−1 + p−1, we have∥∥Qr,γ ∗ f − f

∥∥q

Lq(PX ) ≤ Cr,q ·
∥∥pX

∥∥
Lp(Rd) · ωq

r,Lqs(Rd)(f, γ/2)

where Cr,q is a constant only depending on r and q.

Theorem 2.3 (Eberts & Steinwart (2013)) Let f ∈ L2(Rd), H be the RKHS of the Gaussian kernel with
parameter γ > 0, and Qr,γ be defined by (21) for a fixed r ∈ {1, 2, . . .}. Then we have Qr,γ ∗ f ∈ H with∥∥Qr,γ ∗ f

∥∥
H ≤

(
γ

√
π
)− d

2
(
2r − 1

)∥∥f
∥∥

L2(Rd) .

Moreover, if f ∈ L∞(Rd), we have |Qr,γ ∗ f | ≤ (2r − 1)
∥∥f
∥∥

L∞(Rd).
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As a result, we obtain

λ
∥∥fL,0

∥∥2
H + λ

∥∥fU,0
∥∥2

H + R
(
fL,0, fU,0

)
− R

(
f†

L, f†
U

)
(22)

= λ
∥∥Qr,γ ∗ f†

L

∥∥2
H + λ

∥∥Qr,γ ∗ f†
U

∥∥2
H + R

(
Qr,γ ∗ f†

L, Qr,γ ∗ f†
U

)
− R

(
f†

L, f†
U

)
≤ λ

(
γ

√
π
)−d(2r − 1

)2{∥∥f†
L

∥∥2
L2(Rd) +

∥∥f†
U

∥∥2
L2(Rd)

}
+ R

(
Qr,γ ∗ f†

L, Qr,γ ∗ f†
U

)
− R

(
f†

L, f†
U

)
≤ λ

(
γ

√
π
)−d(2r − 1

)2{∥∥f†
L

∥∥2
L2(Rd) +

∥∥f†
U

∥∥2
L2(Rd)

}
+ B′ ·

∥∥Qr,γ ∗ f†
L − f†

L

∥∥
L1(PX ) + B′ ·

∥∥Qr,γ ∗ f†
U − f†

U

∥∥
L1(PX )

≤ λ
(
γ

√
π
)−d(2r − 1

)2{∥∥f†
L

∥∥2
L2(Rd) +

∥∥f†
U

∥∥2
L2(Rd)

}
+ B′ · Cr,1 ·

∥∥pX

∥∥
L∞(Rd) ·

{
ωr,L1(Rd)(f†

L, γ/2) + ωr,L1(Rd)(f†
U , γ/2)

}
≤ λ

(
γ

√
π
)−d(2r − 1

)2{∥∥f†
L

∥∥2
L2(Rd) +

∥∥f†
U

∥∥2
L2(Rd)

}
+ B′c′ · Cr,1 ·

∥∥pX

∥∥
L∞(Rd)γ

β .

The first equality is from the construction of (fL,0, fU,0). The first inequality is from Theorem 2.3 of Eberts
& Steinwart (2013). The second inequality is from Lipschitz continuity of L. The third inequality is from
Theorem 2.2 of Eberts & Steinwart (2013) with q = s = 1 and p = ∞. The last inequality holds for some
constant c′ since f†

L, f†
U ∈ Bβ

1,∞(Rd) implies ωr,L1(Rd)(f†, γ/2) ≤ c′γβ from the definition of a Besov space.

Combining the results in (20) and (22), we have the following result.

R
(
f̂W

L , f̂W
U

)
− R

(
f†

L, f†
U

)
≤ 9
[
λ
(
γ

√
π
)−d(2r − 1

)2{∥∥f†
L

∥∥2
L2(Rd) +

∥∥f†
U

∥∥2
L2(Rd)

}
+ B′c′ · Cr,1 ·

∥∥pX

∥∥
L∞(Rd)γ

β
]

+ K0

{
γ−(1−p)(1+ϵ)d

λpn

} 1
2−p

+ 36
√

2B

√
τ

n
+ 15B

τ

n

≤ c1λγ−d + c2γβ + c3

{
γ(1−p)(1+ϵ)dλpN

}− 1
2−p + c4N−1/2τ1/2 + c5N−1τ .

The latter inequality is from the fact that n is proportional to N . This establishes (12).

B.3.4 Upper bound of (D)

Since (f#
L , f#

U ) is the minimizer of RD
sur(fL, fU ; µ∗, e∗), we find

RD
sur(f

†
L, f†

U ; µ̂(−s), ê(−s))
= RD

sur(f
†
L, f†

U ; µ̂(−s), ê(−s)) + RD
sur(f

†
L, f†

U ; µ∗, e∗) − RD
sur(f

†
L, f†

U ; µ∗, e∗)
≥ RD

sur(f
†
L, f†

U ; µ̂(−s), ê(−s)) + RD
sur(f

#
L , f#

U ; µ∗, e∗) − RD
sur(f

†
L, f†

U ; µ∗, e∗) . (23)

Likewise, (f†
L, f†

U ) is the minimizer of RD
sur(fL, fU ; µ̂(−s), ê(−s)), we find

RD
sur(f

#
L , f#

U ; µ∗, e∗)
= RD

sur(f
#
L , f#

U ; µ∗, e∗) + RD
sur(f

#
L , f#

U ; µ̂(−s), ê(−s)) − RD
sur(f

#
L , f#

U ; µ̂(−s), ê(−s))
≥ RD

sur(f
#
L , f#

U ; µ∗, e∗) + RD
sur(f

†
L, f†

U ; µ̂(−s), ê(−s)) − RD
sur(f

#
L , f#

U ; µ̂(−s), ê(−s)) . (24)

Results (23) and (24) imply that

RD
sur(f

†
L, f†

U ; µ̂(−s), ê(−s)) − RD
sur(f

†
L, f†

U ; µ∗, e∗)
≤ RD

sur(f
†
L, f†

U ; µ̂(−s), ê(−s)) − RD
sur(f

#
L , f#

U ; µ∗, e∗)
≤ RD

sur(f
#
L , f#

U ; µ̂(−s), ê(−s)) − RD
sur(f

#
L , f#

U ; µ∗, e∗) .
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Therefore, we find ∣∣RD
sur(f

†
L, f†

U ; µ̂(−s), ê(−s)) − RD
sur(f

#
L , f#

U ; µ∗, e∗)
∣∣

≤ max
{ ∣∣RD

sur(f
#
L , f#

U ; µ̂(−s), ê(−s)) − RD
sur(f

#
L , f#

U ; µ∗, e∗)
∣∣,∣∣RD

sur(f
†
L, f†

U ; µ̂(−s), ê(−s)) − RD
sur(f

†
L, f†

U ; µ∗, e∗)
∣∣

}
. (25)

In addition, we remark that f#
L (X) ≤ f#

U (X) and f†
L(X) ≤ f†

U (X) for all X, because Lsur is defined in a way
that Lsur(O, fL, fU ; µ, e) ≤ Lsur(O, f ′

L, f ′
U ; µ, e) for any pair (fL, fU ) and (f ′

L, f ′
U ) satisfying fL(X) ≤ fU (X)

and fL(X) > fU (X). Consequently, following the steps in Section B.3.2, we establish∣∣RD
sur(f

#
L , f#

U ; µ̂(−s), ê(−s)) − RD(f#
L , f#

U ; µ̂(−s), ê(−s))
∣∣ ≤ ce · ϵ ,∣∣RD

sur(f
#
L , f#

U ; µ∗, e∗) − RD(f#
L , f#

U ; µ∗, e∗)
∣∣ ≤ ce · ϵ ,∣∣RD

sur(f
†
L, f†

U ; µ̂(−s), ê(−s)) − RD(f†
L, f†

U ; µ̂(−s), ê(−s))
∣∣ ≤ ce · ϵ ,∣∣RD

sur(f
†
L, f†

U ; µ∗, e∗) − RD(f†
L, f†

U ; µ∗, e∗)
∣∣ ≤ ce · ϵ . (26)

Results (25) and (26) imply that∣∣RD
sur(f

†
L, f†

U ; µ̂(−s), ê(−s)) − RD
sur(f

#
L , f#

U ; µ∗, e∗)
∣∣

≤ max
{ ∣∣RD(f#

L , f#
U ; µ̂(−s), ê(−s)) − RD(f#

L , f#
U ; µ∗, e∗)

∣∣,∣∣RD(f†
L, f†

U ; µ̂(−s), ê(−s)) − RD(f†
L, f†

U ; µ∗, e∗)
∣∣

}
+ 2ce · ϵ . (27)

Following the derivation for (10), we find the following result holds with probability at least 1 − ∆N :∣∣RD(fL, fU ; µ̂(−s), ê(−s)) − RD(fL, fU ; µ∗, e∗)
∣∣

≲
∥∥ê(−s) − e∗∥∥

P,2

∥∥µ̂(−s) − µ∗∥∥
P,2

≲ N−rµ−re .

Therefore, (27) reduces to∣∣RD
sur(f

†
L, f†

U ; µ̂(−s), ê(−s)) − RD
sur(f

#
L , f#

U ; µ∗, e∗)
∣∣ ≤ CN−rµ−re + C ′ϵ (28)

for some constants C and C ′ with probability at least 1 − ∆N .

B.3.5 Upper bound of (E)

Following the steps in Section B.3.2, we establish∣∣RD
sur(f∗

L, f∗
U ; µ∗, e∗) − RD(f∗

L, f∗
U ; µ∗, e∗)

∣∣ ≤ ce · ϵ . (29)

B.4 Proof of Theorem 4.3

Suppose that the result in Theorem 4.2 holds, which occurs with a probability not less than 1 − 3e−τ − ∆N .
We denote this event by EThm 4.2.

For readability, we restate the loss function in (2):

L(O, fL, fU ; µ∗, e∗) =
{

L(1)(O, fL, fU ; µ∗, e∗) if fL(X) ≤ fU (X)
CL if fL(X) > fU (X) ,

L(1)(O, fL, fU ; µ∗, e∗) =
[ {

µ∗(A, X) − R
}
1{A ∈ [fL(X), fU (X)]}/e∗(A | X)

+
∫ {

α − µ∗(a, X)
}
1{a ∈ [fL(X), fU (X)]} da

]
,

where CL = 2 supO,fL,fU

∣∣L(1)(O, fL, fU ; µ∗, e∗)
∣∣.
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Suppose that PrD{f̂
(s)
L (X) > f̂

(s)
U (X)} =

∫
1{f̂

(s)
L (X) > f̂

(s)
U (X)} dPX → c for a positive constant c as

N → ∞. Then, we find

RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗) − RD(f∗

L, f∗
U ; µ∗, e∗)

=
∫ {

L(O, f̂
(s)
L , f̂

(s)
U ; µ∗, e∗) − L(O, f∗

L, f∗
U ; µ∗, e∗)

}
dPO

=
∫
1
{

f̂
(s)
L (X) > f̂

(s)
U (X)

}{
L(O, f̂

(s)
L , f̂

(s)
U ; µ∗, e∗) − L(O, f∗

L, f∗
U ; µ∗, e∗)

}
dPO

+
∫
1
{

f̂
(s)
L (X) ≤ f̂

(s)
U (X)

}{
L(O, f̂

(s)
L , f̂

(s)
U ; µ∗, e∗) − L(O, f∗

L, f∗
U ; µ∗, e∗)

}
dPO

(a)
≥
∫
1
{

f̂
(s)
L (X) > f̂

(s)
U (X)

}{
L(O, f̂

(s)
L , f̂

(s)
U ; µ∗, e∗) − L(O, f∗

L, f∗
U ; µ∗, e∗)

}
dPO

=
∫
1
{

f̂
(s)
L (X) > f̂

(s)
U (X)

}{
CL − L(O, f∗

L, f∗
U ; µ∗, e∗)

}
dPO

(b)= 0.5CL

∫
1
{

f̂
(s)
L (X) > f̂

(s)
U (X)

}
dPX

→ 0.5cCL > 0 .

Inequality
(a)
≥ holds from the fact that (f∗

L, f∗
U ) is the minimizer of

∫
L(fL, fU ; µ∗, e∗) given that fL ≤

fU . Equality (b)= holds from the fact that CL = 2 supO,fL,fU

∣∣L(1)(O, fL, fU ; µ∗, e∗)
∣∣. Therefore,

RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗) − RD(f∗

L, f∗
U ; µ∗, e∗) converges to a positive value as N grows to infinity. This con-

tradicts the result of Theorem 4.2. Therefore, we conclude that∫
1{f̂

(s)
L (X) > f̂

(s)
U (X)} dPX → 0 as N → ∞ . (30)

We henceforth assume that f̂
(s)
L ≤ f̂

(s)
U , which happens with probability tending to 1.

Provided that fL ≤ fU , we find RD(fL, fU ; µ∗, e∗) is represented as follows:

RD(fL, fU ; µ∗, e∗)
= ED{L(1)(O, fL, fU ; µ∗, e∗)

}
= ED

[
{µ∗(A, X) − R}1{A ∈ [fL(X), fU (X)]}/e∗(A | X)
+
∫

{α − µ∗(a, X)}1{a ∈ [fL(X), fU (X)]} da

]
= ED

[
ED

[
{µ∗(A, X) − R}1{A ∈ [fL(X), fU (X)]}/e∗(A | X)
+
∫

{α − µ∗(a, X)}1{a ∈ [fL(X), fU (X)]} da

∣∣∣∣∣A, X

]]

= ED
[∫

{α − µ∗(a, X)}1{a ∈ [fL(X), fU (X)]} da

]
. (31)

Based on equation (31), we find the excess risk is simplified as follows, given that f̂
(s)
L ≤ f̂

(s)
U :

RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗) − RD(f∗

L, f∗
U ; µ∗, e∗)

= ED
[∫

{α − µ∗(a, X)}
[
1{a ∈ [f̂ (s)

L (X), f̂
(s)
U (X)]}

−1{a ∈ [f∗
L(X), f∗

U (X)]}

]
da

]

= ED
[ ∫ f∗

L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

]
. (32)

From the proof of Lemma 3.1 in Section B.1, we find

f∗
L(X) = inf

{
a | µ∗(a, X) ≥ α

}
, f∗

U (X) = sup
{

a | µ∗(a, X) ≥ α
}

.
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Under Assumption 5, we have that:

µ∗(f∗
L(X), X) = µ∗(f∗

U (X), X) = α ,

µ∗(a, X) ≥ α , ∀a ∈ [f∗
L(X), f∗

U (X)] ,

µ∗(a, X) < α , ∀a /∈ [f∗
L(X), f∗

U (X)] . (33)

From (33), we find that the following conditions hold for any f̂
(s)
L (X) and f̂

(s)
U (X):

∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da ≥ 0 ,

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da ≥ 0 . (34)

In addition, Regularity Condition (RC6) implies that

α − µ∗(a, X) = µ∗(f∗
L(X), X) − µ∗(a, X) ≥ L

{
f∗

L(X) − a
}

≥ 0 , ∀a ∈ [f∗
L(X) − b, f∗

L(X)] ,

α − µ∗(a, X) = µ∗(f∗
L(X), X) − µ∗(a, X) ≤ L

{
f∗

L(X) − a
}

≤ 0 , ∀a ∈ [f∗
L(X), f∗

L(X) + b] ,

α − µ∗(a, X) = µ∗(f∗
U (X), X) − µ∗(a, X) ≥ L

{
a − f∗

U (X)
}

≥ 0 , ∀a ∈ [f∗
U (X), f∗

U (X) + b] ,

α − µ∗(a, X) = µ∗(f∗
U (X), X) − µ∗(a, X) ≤ L

{
a − f∗

U (X)
}

≤ 0 , ∀a ∈ [f∗
U (X) − b, f∗

U (X)] .

This implies that

∫ f∗
L(X)

f∗
L

(X)−b

{
α − µ∗(a, X)

}
da ≥ Lb2/2 ,

∫ f∗
L(X)+b

f∗
L

(X)

{
µ∗(a, X) − α

}
da ≥ Lb2/2 , (35)∫ f∗

U (X)

f∗
U

(X)−b

{
µ∗(a, X) − α

}
da ≥ Lb2/2 ,

∫ f∗
U (X)+b

f∗
U

(X)

{
α − µ∗(a, X)

}
da ≥ Lb2/2 .

Let EL :=
{

X | f̂
(s)
L (X) /∈ [f∗

L(X)−b, f∗
L(X)+b]

}
or EU :=

{
X | f̂

(s)
U (X) /∈ [f∗

U (X)−b, f∗
U (X)+b]

}
where

a constant b satisfies (35). We consider the following subevents of EL:

• (Case 1) f̂
(s)
L (X) < f∗

L(X) − b:

We find

∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

≥
∫ f∗

L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da

≥
∫ f∗

L(X)

f∗
L

(X)−b

{α − µ∗(a, X)} da

≥ Lb2/2 .

The first and second inequalities are from (33) and (34). The third inequality is from (35).

• (Case 2) f∗
L(X) + b < f̂

(s)
L (X) ≤ f∗

U (X):
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We find ∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

=
∫ f̂

(s)
L

(X)

f∗
L

(X)
{µ∗(a, X) − α} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

≥
∫ f̂

(s)
L

(X)

f∗
L

(X)
{µ∗(a, X) − α} da

≥
∫ f∗

L(X)+b

f∗
L

(X)
{µ∗(a, X) − α} da

≥ Lb2/2 .

The first four lines are from (33) and (34). The last line holds from (35).

• (Case 3) f∗
U (X) < f̂

(s)
L (X):

We find∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

=
∫ f̂

(s)
L

(X)

f∗
L

(X)
{µ∗(a, X) − α} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

=
∫ f∗

U (X)

f∗
L

(X)
{µ∗(a, X) − α} da +

∫ f̂
(s)
L

(X)

f∗
U

(X)
{µ∗(a, X) − α} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

=
∫ f∗

U (X)

f∗
L

(X)
{µ∗(a, X) − α} da −

∫ f̂
(s)
L

(X)

f∗
U

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

=
∫ f∗

U (X)

f∗
L

(X)
{µ∗(a, X) − α} da +

∫ f̂
(s)
U

(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da

≥
∫ f∗

U (X)

f∗
L

(X)
{µ∗(a, X) − α} da

≥
∫ f∗

L(X)+b

f∗
L

(X)
{µ∗(a, X) − α} da

≥ Lb2/2 .

The equalities are obtained from straightforward algebra. The first and second inequalities are from
(33). The last line holds from (35).

Therefore, X ∈ EL implies that∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da ≥ Lb2/2 . (36)

Likewise, one can also show that X ∈ EU implies that∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da ≥ Lb2/2 . (37)
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Therefore, we find

RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗) − RD(f∗

L, f∗
U ; µ∗, e∗)

= ED

[∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

]

= PrD(X ∈ EL ∪ EU ) × ED

[∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

∣∣∣∣X ∈ EL ∪ EU

]

+ PrD(X ∈ Ec
L ∩ Ec

U ) × ED

[∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

∣∣∣∣X ∈ Ec
L ∩ Ec

U

]
(a)
≥ 0.5PrD(X ∈ EL ∪ EU ) × Lb2

+ PrD(X ∈ Ec
L ∩ Ec

U ) × ED

[∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

∣∣∣∣X ∈ Ec
L ∩ Ec

U

]
(b)
≥ 0.5PrD(X ∈ EL ∪ EU ) × Lb2 .

Inequality
(a)
≥ holds from (36) and (37). Inequality

(b)
≥ holds from (34).

Suppose that PrD(X ∈ EL ∪ EU ) → c for a positive constant c as N → ∞. Then, we find

RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗) − RD(f∗

L, f∗
U ; µ∗, e∗) → 0.5cLb2 > 0 .

Again, this contradicts the result of Theorem 4.2. Therefore, we conclude that

PrD(X ∈ EL ∪ EU ) → 0 as N → ∞ . (38)

We now consider the following event Ef :

Ef :=


{f̂

(s)
L (X) ≤ f̂

(s)
U (X)}

∩ {f̂
(s)
L (X) ∈ [f∗

L(X) − b, f∗
L(X) + b]}

∩ {f̂
(s)
U (X) ∈ [f∗

U (X) − b, f∗
U (X) + b]}

 ,

which occurs with probability not less than 1 − δN where δN → 0 as N → ∞ from (30) and (38).

Given EThm 4.2 ∩Ef , which happens with probability not less than 1−3e−τ −∆N −δN , we find the following
results:

• (Case 1 for fL) f̂
(s)
L ∈ [f∗

L − b, f∗
L]

We find ∫ f∗
L(X)

f̂
(s)
L

(X)

{
α − µ∗(a, X)

}
da =

∫ f∗
L(X)

f̂
(s)
L

(X)

{
µ∗(f∗

L(X), X) − µ∗(a, X)
}

da

≥ L

∫ f∗
L(X)

f̂
(s)
L

(X)

{
f∗

L(X) − a
}

da

= 0.5L
{

f∗
L(X) − f̂

(s)
L (X)

}2
.

The first line holds from (33). The second line holds from (35). The last line holds from straight-
forward algebra.
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• (Case 2 for fL) f̂
(s)
L ∈ [f∗

L, f∗
L + b]

We find ∫ f∗
L(X)

f̂
(s)
L

(X)

{
α − µ∗(a, X)

}
da =

∫ f̂
(s)
L

(X)

f∗
L

(X)

{
µ∗(a, X) − α

}
da

=
∫ f̂

(s)
L

(X)

f∗
L

(X)

{
µ∗(a, X) − µ∗(f∗

L(X), X)
}

da

≥ L

∫ f̂
(s)
L

(X)

f∗
L

(X)

{
a − f∗

L(X)
}

da

= 0.5L
{

f∗
L(X) − f̂

(s)
L (X)

}2
.

The first line holds from straightforward algebra. The second line holds from (33). The third line
holds from (35). The last line again holds from straightforward algebra.

• (Case 1 for fU ) f̂
(s)
U ∈ [f∗

U , f∗
U + b]

By following the analogous steps as in (Case 1 for fL), one can establish∫ f̂
(s)
U

(X)

f∗
U

(X)

{
α − µ∗(a, X)

}
da ≥ 0.5L

{
f∗

U (X) − f̂
(s)
U (X)

}2
.

• (Case 2 for fU ) f̂
(s)
U ∈ [f∗

U − b, f∗
U ]

By following the analogous steps as in (Case 2 for fL), one can establish∫ f̂
(s)
U

(X)

f∗
U

(X)

{
α − µ∗(a, X)

}
da ≥ 0.5L

{
f∗

U (X) − f̂
(s)
U (X)

}2
.

Therefore, given EThm 4.2 ∩ Ef , we have∫ f∗
L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

≥ 0.5L
[{

f∗
L(X) − f̂

(s)
L (X)

}2 +
{

f∗
U (X) − f̂

(s)
U (X)

}2]
. (39)

Accordingly, we find the following representation of the excess risk in (32):

RD(f̂ (s)
L , f̂

(s)
U ; µ∗, e∗) − RD(f∗

L, f∗
U ; µ∗, e∗)

= ED
[ ∫ f∗

L(X)

f̂
(s)
L

(X)
{α − µ∗(a, X)} da +

∫ f̂
(s)
U

(X)

f∗
U

(X)
{α − µ∗(a, X)} da

]
≥ 0.5L × ED

[{
f∗

L(X) − f̂
(s)
L (X)

}2 +
{

f∗
U (X) − f̂

(s)
U (X)

}2
]

.

The last line holds from (39). Consequently, this completes the proof that the following result holds with
probability not less than 1 − 3e−τ − ∆N − δN :

ED
[{

f∗
L(X) − f̂

(s)
L (X)

}2 +
{

f∗
U (X) − f̂

(s)
U (X)

}2
]

≤ c′
1λγ−d + c′

2γβ + c′
3
{

γ(1−p)(1+ϵ)dλpN
}− 1

2−p + c′
4N−1/2τ1/2 + c′

5N−1τ + c′
6ϵN b + c′

7N−re−rµ

where constants c′
1, . . . , c′

7 do not depend on N . Taking γ ≍ N−1/(2β+d) and λ ≍ N−(β+d)/(2β+d), we get
the following asymptotic rate with probability not less than 1 − 3e−τ − ∆N − δN :

ED
[{

f∗
L(X) − f̂

(s)
L (X)

}2 +
{

f∗
U (X) − f̂

(s)
U (X)

}2
]

= OP

(
N−β/(2β+d) + N−re−rµ

)
. (40)

This completes the proof.
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