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Abstract

The Good-Turing (GT) estimator for the missing mass (i.e., total probability of missing
symbols) in n samples is the number of symbols that appeared exactly once divided by n. For
i.i.d samples, the bias and squared-error risk of the GT estimator can be shown to fall as 1/n
by bounding the expected error uniformly over all symbols. In this work, we study convergence
of the GT estimator for missing stationary mass (i.e., total stationary probability of missing
symbols) of Markov samples on an alphabet X with stationary distribution |7, : € X] and
transition probability matrix (t.p.m) P. This is an important and interesting problem because
GT is widely used in applications with temporal dependencies such as language models
assigning probabilities to word sequences, which are modelled as Markov. We show that
convergence of GT depends on convergence of (P~*)", where P~* is P with the z-th column
zeroed out. This, in turn, depends on the Perron eigenvalue A~* of P™~* and its relationship
with 7, uniformly over z. For randomly generated t.p.ms and t.p.ms derived from New York
Times and Charles Dickens corpora, we numerically exhibit such uniform-over-z relationships
between A\~* and m,. This supports the observed success of GT in language models and
practical text data scenarios. For Markov chains with rank-2, diagonalizable t.p.ms having
spectral gap 3, we show minimax rate upper and lower bounds of 1/(n3°) and 1/(nf),
respectively, for the estimation of stationary missing mass. This theoretical result extends
the 1/n minimax rate for i.i.d or rank-1 t.p.ms to rank-2 Markov, and is a first such minimax
rate result for missing mass of Markov samples. We also show, through experiments, that
the MSE of GT decays at a slower rate as the rank of the t.p.m increases.

1 Introduction

When observing a sequence of symbols from an unknown alphabet and distribution, we are often interested in
the probability that the next sampled symbol is going to be new, i.e. a symbol that has not been seen so far.
This probability is the sum of the probabilities of all the symbols missing in the sequence of samples observed
so far, and is called the missing mass. Good and Turing (Good, |1953) had originally studied this problem in
the context of solving the enigma code. The popular Good-Turing (GT) estimator estimates missing mass as
the ratio of the number of symbols seen exactly once in the samples to the sample size. Today, estimation of
missing mass finds applications in language modelling (W.Church & A.Gale, |1991} |Gale & Sampson, [1995;
Chen & Goodman, [1996)), ecology (Chao & Lee, [1992; [Shen et al.,|2003) and in entropy estimation (Vu et al.,
2007), and it has been studied in the i.i.d samples setting by multiple authors (McAllester & Schapire} 2000;
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Berend & Kontorovichl, [Chandra et al), [2019; [Ohannessian & Dahleh) [2012; [Mossel & Ohannessian, 2019}
Orlitsky & Suresh| 2015} [Rajaraman et all, [2017; [Acharya et all [2018; |Cohen et al., 2020} Painskyl, 2022)).
The mean-squared error for estimating missing mass using the GT estimator in the i.i.d setting (Rajaraman
et all, falls as (sample-size) ~! with no further assumptions on the alphabet size or restrictions to the
distribution. So, whenever the missing mass is expected to be non-vanishing, it can be reliably estimated in
the i.i.d case.

While missing mass and the GT estimator are well-studied in the i.i.d samples regime, their definitions and
properties in cases where the samples have memory have not been extensively considered in the literature.
Many applications like natural language text processing involve data with temporal dependencies, which are
often modelled as Markov chains (Chen & Goodman, 1996). In this work, we study missing mass and its
estimation through GT estimator in cases when the samples form a Markov chain. Estimation from Markov
samples has been considered in (Wolfer & Kontorovich| [2019} Hao et al., 2018; [Han et al., 2018; [Hsu et al.
2019; Han et al., 2021) and forays towards missing mass estimation from Markov chains were made in (Skorski
2020; |Chandra et al., 2020} [Chandra et all 2022). Though GT missing mass estimates are used as part of
distribution estimation in cases where the samples have memory, theoretical properties of the estimation of
missing mass in such scenarios is, to the best of our knowledge, considered for the first time here.

2 Missing stationary mass of a Markov chain

A sequence X" = (X1, Xs,...,X,), X; € X, is said to be a Markov chain if
PI“(Xi::EAXi,l:.’Ei,l, e ,X1=£L'1) = PT(XQZLL'Z‘|X1:$Z‘,1)

fori=2,...,n and all ; € X. The X;’s are called states and X is called the state space. K = |X/| is the size
of the alphabet X. The transition probability matrix (t.p.m) of the Markov chain, denoted P, is the K x K
matrix with (i, j)-th element P;; £ Pr(Xs = j|X; = i). A distribution 7 = [my,...,7x] on X is said to be a
stationary or invariant distribution of the Markov chain if #P = 7 . A Markov chain X™ is
said to be stationary if X; ~ 7, which implies that X; ~ 7 for all <. We denote by X" ~ Markov(P, ), a
stationary Markov chain with t.p.m. P and state distribution 7.

Let I(-) and E[-] denote the indicator random variable and expectation, respectively, and let [K] denote the
set {1,2,...,K}. For x € X, N,(X") £ > " | I(X; = ) is the number of occurrences of z in X", also called
the frequency of z. For [ =0,1,2,..., ¢;(X") £ Y 4 I(Ny(X™) = 1) is the number of letters that have

occurred [ times in X™.

The missing stationary mass of a Markov chain X™ ~ Markov(P, 7), which is the missing mass of 7 in X™,
is defined as
Mo(m, X™) £ ", I(N(X™) =0). (1)
TeEX

Estimation of the missing mass My(7, X™) when X" ~ Markov(P, 7) and the quantities X', K, 7 and P are
unknown is important for many applications and in theory (see the role of missing mass in excess risk of
competitive distribution estimation in (Orlitsky & Suresh| [2015)). Note that My(w, X™) is a random variable
that is a function of both the samples X™ and the distribution 7. This makes estimation of missing mass
and its analysis non-trivial even in the classical i.i.d regime where X" ~ i.i.d @ or a Markov chain with
P =1m. For X" ~ Markov(P, 7) with a general P, the samples are not drawn exactly as per 7r, which is the
weight for measuring missing mass. This makes the study of missing stationary mass of a Markov chain more
challenging, when compared to an i.i.d sequence.

The Good-Turing (GT) estimator (Good, [1953)) for the missing mass My (w, X™) is defined as

which is the fraction of symbols that have appeared exactly once in the n samples.
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The minimax squared-error riskﬂ of estimating missing mass over a class of distributions P, denoted R} (P),
is defined as

R:(P) = min N max EX"wMarkov(P,‘n)[(M](Xn) — M()(Tl', Xn))2] (3)
Estimator My (P,m)eP

The GT estimator has a worst-case squared error risk of O(1/n) in the i.i.d regime and is known to be
minimax rate-optimal (Rajaraman et al.,2017; |Acharya et al. [2018). A common approach to use an estimator
that works well on i.i.d sequences in the (non-i.i.d) Markov setting is to sub-sample the Markov chain at
intervals of mixing time and apply the estimator on the resultant, nearly i.i.d, sub-sampled sequence. But
such an estimate using the GT estimator will have a non-vanishing bias for the missing stationary mass of a
Markov chain, since the missing mass of the subsampled sequence would be different and possibly greater
than the missing mass of the whole Markov chain. Moreover, through examples, we demonstrate how the GT
estimator fails to converge to the missing mass for Markov chains with mixing time 2 or 3.

Another metric that is extensively used in the study of Markov chains is spectral gap (Gallager, [1996; Levin
et all, 2008). A chain with nonzero, constant spectral gap shares several properties of i.i.d sequences. However,
through a counter example, we show how the GT estimator fails to converge to missing mass for Markov
chains with a non-vanishing spectral gap. Hence, the success of the GT estimator for missing mass in the
Markov case appears to require a new measure of closeness to i.i.d, and we study such a closeness property in
this work.

We make two main contributions. Firstly, we study the Good-Turing (GT) estimator and characterise the
classes of Markov chains or t.p.ms for which it converges to missing stationary mass. A large class of t.p.ms
occurring in practical scenarios are likely to satisfy these characterisations.

Secondly, on the theoretical side, we characterise the minimax squared-error risk of estimating missing
stationary mass over a class of rank-2 Markov t.p.ms with a spectral gap. To the best of our knowledge, this
work presents the first minimax rate result for a Markov case.

3 Main Results

3.1 Convergence of GT estimator

We first provide a simplified expression for the bias of the GT estimator for missing stationary mass, using
which convergence analysis becomes possible. We require the following notation.

For x € X, let P™* be a modified transition matrix equal to P in all positions except the x-th column, which
is set as the all-0 vector. So, under P~*, the symbol x is never observed. Let Pfx £ P — P~® be all-zero
except for the z-th column, which is set as the z-th column of P. Let w™~% be equal to the vector 7r in all
positions except the xz-th entry, which is set as 0. Let 1 be the |X| x 1 vector with all entries as 1 and e, be
the 1 x |X]| vector with the z-th entry as 1 and all other entries as zeros.

Lemma 1. For a stationary Markov chain X™ ~ Markov(P, ), the bias of the Good-Turing estimator can
be expressed as follows:

E[M{T(X™) — Mo(, - Z [7% e, —7~") (P~ 1
zeX

+ > v (P D (P, — P (P L (4)

m=2

Proof. Section [5] O

In cases where missing mass is expected to vanish with n, relative error is more meaningful as shown in (Mossel &
Ohannessiar], |2019). However, in many interesting large alphabet scenarios, missing mass is non-vanishing for large n, and
estimation is critical in the non-vanishing case. So, we consider additive error in this work.
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For X" ~ iid =, the t.p.m P =1, P~* =1 ™" and the bias of the GT estimator equals ) 72 (1—
7:)" "1 = O(1/n). Therefore, the Good-Turing estimator has a vanishing bias for the missing stationary
mass in the i.i.d case and one might expect J\/Z(?T to perform similarly over Markov chains that are close to
the i.i.d regime, say, in mixing time or spectral gap. In Section we show through simulations that there
exists a non-i.i.d Markov chain with mixing time as small as 2 (or 3), which is the closest non-i.i.d Markov
chains can get to the i.i.d regime in terms of mixing time, for which the Good-Turing estimator does not
converge to the missing stationary mass. A similar counterexample is shown for spectral gap as well. So we
need a different notion of proximity to the i.i.d regime to extend the i.i.d result on the convergence of the GT
estimator to the Markov regime.

In the following theorem, we present sufficient conditions on the t.p.m P for the convergence of the GT
estimator to My(7, X™). These conditions require powers of P~ to be close to 17w~7, which is P;{" of the
corresponding i.i.d chain with t.p.m P;q = 17 and stationary distribution 7. In Section [3.3] we verify that
these conditions are satisfied by randomly generated t.p.ms, empirical t.p.ms built using language corpora
and the GT estimator has vanishing MSE for My(w, X™) of the stationary Markov chains from these t.p.ms.

Theorem 2. The absolute bias of the Good-Turing estimator ]\/ZOGT(X”), for the missing stationary mass of
a stationary Markov chain X™ ~ Markov(P, ) is bounded as

2(2ng + 1 e~ ! e~ 1
(2no )+

|[EMLST(X™) — Mo(m, X")]| < [Beno.n + €on] + 22

n
where ng, € n, ao and ¢1 (defined below) satisfy the following conditions:

1. there exist ng = o(n), Ay € [0,1] for x € X and e, > 0 such that for any r € X and k > no,

(a) (NE—1 — €kn) T < e, (P~@)k < (A1 4 €rn) ™7, 2 € X,
() Ao < 1—c1m,, ¢ €10,1],

2. there exists ag > 0 such that Py, < ag 7, for allxz € X.

The MSE of the GT estimator J/\J\OGT(X”) for Mo(m, X™) of X" ~ Markov(P, ) is bounded as

— n " 2 3e !
BIIET(X") = Mo, XM < = (5m+2) [24 oo | empn + 6y o+ Al ) (1)
1
+— [2+e*1 (86*1+c;1+02‘1 (3+8aoe*1))} (6)

if, in addition to the above mentioned conditions, there exist ng = o(n), {A\zy €[0,1] 1 z,y € X,z # y} and
€.n > 0 such that for any z,y € X,z #y and k > ng,

(A) M)t =€) 7778 < e (PY™Y)F < (Ml 46 ) 7779, 2 € X,

(B) /\:v,y <1 —62(71'1 +7Ty), Cy € [0,1],

where the matriz P~"Y equals the t.p.m P in all entries except in the x-th and y-th columns which are set to
0 and ©~"Y is the vector obtained by setting the x-th and y-th entries to 0 in .

Proof. Section [6] O

It is easy to retrieve the classical O(1/n) bounds on the bias and MSE of the GT estimator for missing mass
in n i.i.d samples from Theorem [2| by checking that the conditions required for and @ are satisfied in the
iidcase with Ay =1 — 73, Ay y =1 — (M + 7y), €k = EQWL =0, =cy=ap=1and ng =ny =1.

The conditions on the t.p.m P in the above theorem constrain the rows of (P~*)* to be similar to those
of (1 #~*)* = (1 —7,)*1 1 «~*. This is reasonable and may be satisfied by many t.p.ms since the k-th
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power of a non-negative matrix converges to the k-th power of its Perron eigenvalue, i.e. the eigenvalue
with the largest magnitude, times the outer-product of the corresponding right and left eigenvectors and we
expect such left and right eigenvectors of P™~* to be close to those of 17w™~* i.e. w™~* and 1, and the Perron
eigenvalue of P~* to be close to 1 — m,, the only non-zero eigenvalue of 1 #~%. The conditions on P~*¥Y
have similar interpretations.

The error term in the convergence of (PNw)k, which we have denoted ¢ ,,, may, in general, be a function of &
and n (note that entries of P may be scaling with n as well). The convergence of bias to zero depends on the
convergence of €,, , to zero. This may be numerically verified for many interesting t.p.ms, as shown later.
Similarly, the convergence of MSE to zero depends on the convergence of ei%m to zero.

The condition on P,, (self-loop probability) is necessary for successful convergence of the GT estimator as
shown later by a counter example. This condition is also expected to be satisfied by a wide range of t.p.ms
such as those arising from natural language text because a word seldom follows itself in writing.

The conditions of Theorem [2| need to be satisfied only for those letters = that are most likely to contribute to
the missing mass. For example, if 7, > 1/n, the letter = will appear in n samples with high probability and
P~* need not satisfy the conditions. We have not explicitly stated such modifications for simplicity.

The conditions of Theorem [2] constrain a Markov t.p.m to be close to the i.i.d regime in an analytical way.
Next, we shift to an algebraic view, and study missing mass estimation from Markov chains with t.p.ms that
are close to the i.i.d regime in rank. Note that the i.i.d t.p.m has rank 1. As a natural next step, we consider
t.p.ms with rank equal to 2.

3.2 Rank-2 Markov chains

Consider a Markov chain with a rank-2 t.p.m P, which we will call, loosely, as a rank-2 Markov chain. Since
P has all entries in [0, 1] with each row adding to 1 and since it has rank 2, the eigenvalues of P will be 1, A,
0,...,0,and —1 < Ay <1 (by Perron-Frobenius theorem) (Pillai et al., [2005). The value of A2 determines
several important properties of the chain. If Ay = 1, the chain is reducible. If A = —1, the chain is periodic
with period 2. If Ay = 0, the chain is i.i.d For —1 < s < 1, the chain is irreducible and aperiodic. We define
the spectral gap of a t.p.m P as

B(P)£1-X€0,2]. (7)

In this section, we let Py g denote the family of rank-2 diagonalizable t.p.ms with spectral gap 3.

3.2.1 Bias of GT estimator

The absolute bias of the GT estimator converges as 1/(n3?) +1/(n33) for rank-2 Markov chains with spectral
gap (. This is shown in the next theorem.

1/2
Theorem 3. For P € Py g with stationary distribution m and § > [30(111 n)/(n—3)] , there exists universal

constants c1,co > 0, such that

[BIST(X™) = Mo(m, X™)]| < -+ 25+ O(1/m). (8)

In comparison to Theorem [2] we see that the bias is explicitly bounded in terms of the spectral gap, which
is an important parameter of the chain. For 5 < 1, we see that the bias of the GT estimator converges if
(1/(nB3)) — 0, or B is higher than ¢//n for large n. So, even in cases where the spectral gap is asymptotically
vanishing, the GT estimator converges if the rate of fall is not too rapid.

3.2.2 Minimax rate

For rank-2 chains, a much stronger result than convergence of bias can be shown. We next characterise the
minimax rate R} (P2 g) of the squared error risk of estimating My(w, X™) of X™ ~ Markov(P, ) for the
class P 3.
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Theorem 4. The minimax squared error risk R}, (Pa,g) is bounded as follows:

1. For 8> ((1601nn)/(n — 5))1/3)

R, (P2g) < O(1/np). (9)
2. For n sufficiently large, there is a constant ¢ such that

R (Pg) > R,(P2p) > (10)

C
%.

We get the upper bound in @D by analyzing the worst-case MSE (over P2 g) of the GT estimator ]\//.T(E;T(X”) =
$1(X™)/n in estimating Mo(w, X™) from X" ~ Markov(P, 7) with P € P 3. The simplifications in the
upper bound are fairly involved and an outline of the proof is presented in Section [7} The complete proof is
provided in the Appendix.

To get the lower bound in , we modify the Le Cam two point method. The usual Le Cam method for
lower bounds on minimax risk (Yu,|1997) directly applies when the estimand does not depend on the samples,
and is a parameter of the distribution alone. Using concentration properties, we extend the Le Cam two-point
method to the case of estimating missing stationary mass My (7, X™) that clearly depends on the samples X™.
By constructing two Markov chains (with t.p.ms in P3 g) close in distribution and separated in My(w, X™),
we get the lower bound in on R} (P2p). Since Ps g is contained in Pg, the class of all Markov chains
with spectral gap f, the same lower bound extends to R} (Pg) as well. Specific details are provided in the
Appendix.

Overall, we see that the minimax rate behaves as 1/n for rank-2 chains. This extends the previously known
1/n rate for i.i.d samples. The behaviour with respect to 3 differs in the upper and lower bounds (1/(n3%) vs
1/(np)), and this gap could be closed in future work.

3.3 Synthetic and corpora-based illustrations

In this section, we present the results of our simulations studying the performance of the GT estimator in
estimating the missing stationary mass of Markov sequences drawn using rank 2 t.p.ms, higher rank t.p.ms,
randomly generated t.p.ms, and empirical t.p.ms built over natural language text.

3.3.1 Rank-2 synthetic t.p.m

We consider a K x K rank-2 t.p.m with spectral gap 8 formed by 4 K/2 x K/2 blocks as follows:

[exp 0 cxp o cxp | B/2 0 o 0]
ckp - Ckp Ckp| B/2 0 o 0
0 -+ 0 B/2|ckp cxp - ckp |
L 0 -~ 0 B/2|cks ckp - ckp
where cxpg = (1 — B/2)(2/K). We generated stationary Markov sequences of lengths n =

30, 60, 120,240, 500, 1000 from the rank—2 t.p.m specified above with K = 1.2n and with 8 = 1/n%2
B =1/n and computed the missing mass My and the GT estimate over 5000 trials. The mean values with
standard deviation bars are shown in Fig. [[] For comparison, similar results are shown for i.i.d sequences
from the same stationary distribution. As predicted by the theoretical results, the GT estimate converges in
the rank-2 case for 3 = 1/n%2, while it is away by a constant value for f = 1/n. In the i.i.d case, there is
convergence in all cases. We see that the variances in the rank-2 case are noticeably higher when compared
to the i.i.d case.
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Figure 2: MSE of GT for a rank-2 chain with spectral gap 8 and rank L sticky t.p.m.

A plot of MSE of GT versus n is shown in Fig. [2] for a larger range of values for n for the rank-2 chain
considered above. The parameters were chosen as K = 1.2n,8 = 1/n%2,1/n%% 1/n°8 1/n, and the MSE
was averaged over 16000 trials for each n. We observe that the MSE falls with n for 8 higher than 1/n, while
it stays flat for S = 1/n. So, in this particular case, it appears that the actual MSE is as per the lower bound
of Theorem [ in terms of 3.

3.3.2 Markov chains with rank of t.p.m above 2

The mean square error of the GT estimator for the missing stationary mass of a Markov chain with t.p.m
rank greater than 2 is considered next for simulations. Through these simulations, we show the following:

o The rate of decay (with number of samples) of MSE of the GT estimator for the missing stationary
mass of a Markov chain appears to vary with the rank of the t.p.m, possibly as one of the parameters.

e Rapid mixing of a Markov chain is not sufficient for convergence of GT estimator of missing mass.

o Large spectral gap of a Markov chain is not sufficient for convergence of GT estimator of missing
mass.

We consider a K x K t.p.m P with the i-th row as (recall that e; is a vector with 1 at the 4-th position and
zero elsewhere)

P, =cae+(l—a)p, fori=1,2,...,L, and P, = p, fori=L+1,...,K,
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where a € [0,1] and p = {p, : * € X} is a probability distribution on X = {1,...,K}. The stationary
distribution 7 of this t.p.m is such that

1 1-—
m = —p;, fori=1,2,...,L, and m; = in, fori=L+1,...,K,
T T

where 1 =1—« (ZfiLﬂpi).

For a > 0 and L = K, w = p and we refer to the above t.p.m as a (geometrically) sticky t.p.m or a sticky
Markov chain. For a > 0 and L < K, we refer to the above t.p.m as a partially sticky t.p.m. For a = 0, we
retrieve the i.i.d chain. Note that the rank of this t.p.m is L + 1 for L < K and K, i.e. full rank, for L = K.

We generated stationary Markov sequences of lengths n = 100, 200, 400, 800, 1600, 3200, 6400 from the t.p.m
specified above with K = 1.2n, L = n%2% n05 n%7 1.2n, a = 0.5 and p as the uniform distribution.

The scaling of the alphabet size K (and, as a result, the parameters of the t.p.m) with the sample size n
models the large alphabet nature of applications like language text where the alphabet size is greater or of
the same order as the data size. The missing mass estimation problem is non-trivial in cases such as these
since, for example, the (expected value of) missing mass in n samples drawn from a uniform distribution
on cn letters, ¢ being a constant, converges to e~ /¢ as n — oo, whereas in cases with the alphabet size
or parameters of t.p.m independent of n, the (expected value of) missing mass in n samples of a sequence
generated from such t.p.ms converges to 0 as n increases. Note that the MSE of the GT estimator for the
missing mass in n i.i.d samples (i.e. rank-1 t.p.m) of a uniform distribution on cn letters decays as 1/n
(Rajaraman et al. [2017]).

A plot of the MSE (averaged over 16000 trials) of GT against n, for these choices of L, is shown in Fig
From the plot, we observe that the MSE of the GT estimator, for missing stationary mass of a Markov chain
with the above specified t.p.m, increases with the rank of the t.p.m and the rate of decay of the MSE depends
on the rank.

Further, the MSE is non-vanishing (with n) when the t.p.m is of full rank which is a geometrically sticky
t.p.m in this case. Note that the geometrically sticky Markov chain considered here with o = 0.5 has mixing
times of 2 and 3 for total-variation distances of 1/4 and 1/8 to the stationary distribution 7. Further, the
spectral gap is 1 — a = 0.5. Therefore, even in the regime of mixing times close to i.i.d (the mixing time of an
i.i.d chain is 1) and constant spectral gap, there exist Markov chains for which the GT estimator does not
converge to My(mw, X™).

The geometrically sticky chain violates Condition 2 of Theorem [2} i.e. P, = a+ (1 — )7, < ag 7, is not
satisfied for o > 7. The authors of (Chandra et al., |2022) suggest a scaling of the GT estimator, which
converges to missing mass in this case.

3.3.3 T.p.ms generated at random and from corpora

Analytical characterisation of non-i.i.d t.p.ms that satisfy the conditions in Theorem [2] is a challenging
problem. While there are counterexamples such as the sticky channels, the GT estimator appears to work in
practice for several text-based corpora, which behave like Markov chains. To study this phenomenon under
the setting of Theorem [2| we construct some random t.p.ms and some t.p.ms from text corpora and verify
conditions in Theorem [2[ numerically.

We consider a class of randomly generated t.p.ms, and two classes of t.p.ms from text corpora.

o Pinif.gen: Each entry is first drawn i.i.d from the uniform distribution over [0, 1] and each row is then
scaled to make the row sum equal to 1.

o NYT: The New York Times (NYT) corpus E| consists of randomly collected articles from the front
pages of New York Times from the years 2017 and 2018. To build an empirical t.p.m, we consider an

2available under CCO:Public domain license at https://www.kaggle.com/datasets/mathurinache/10700-articles-from-new-
york-times
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article in the NYT corpus and set the empirical transition probability (from word w;y to wa) Py, w,
as Ny wy /Nuw, , where Ny, 1, is the number of times the word ws follows w; in the article and N,
is the number of occurences of the word w in the article EL The empirical probability m,, is set to
N, /(total wordcount) of the article.

o GE: The novel Great Ezpectations (GE) by Charles Dickens is available under the project Gutenberg
(https://www.gutenberg.org/). To construct a t.p.m, we consider a chapter from the novel and repeat
the same process as NYT above.

We specifically use two Punifgen t.p.ms with support sizes K = 1250, 1.2n and three empirical t.p.ms, each
built using a chapter of the novel Great Ezxpectations and five empirical t.p.ms, each built using an article
with more than 1600 words from the NYT corpus. To verify Condition 1 in Theorem [2| we use the Perron
eigenvalue A ;, the eigenvalue of P~* with the largest magnitude. We consider the difference between the
ratio (PN“’)’;Z/WZ and (/\1@)’“’1 and denote by €, -, the maximum of the absolute value of this difference
over all the entries of (P~*)*, except the entries of the z-th column which are 0. €k,n is the maximum of
€k,n,z OVer all z. Fig@shows two scatter plots, for k£ = 16 and 64, of €, ,, , against 1 —m, for a Punif.gen t.p.m
with K = 1.2n and n = 100,200 and 400. From these plots, we see that € , , falls with both k and n. Fig
also shows a scatter plot of A\; , against 1 — 7, for the same t.p.m with n = 100, 200 and 400, which indicates
a linear relation between A; ; and 1 — . From the plots in Fig 3] we see that Condition 1 in Theorem [2]is
satisfied by this t.p.m with A, as A1 ; as €, decreases with n.

, k=16 o2 k=64
1. i _
100 2 0.998 n=400 @
1 -
. , 0.996 /
& P n = 200

n=200 08 @
1,
Q 0.6

050 n=400 o 04 @ 0991 /n =100

| | | | |
0.991 0.995 0.998 0.991 0.995 0.998 0.991  0.995 0.998

1—m,
Figure 3: €gnq vs 1 —m, and Ay 5 vs 1 — 7, for Punifgen t.p.ms with K =1.2n

Figure E| shows scatter plots of 1 — Ay , against the stationary probability 7, for the remaining three t.p.ms.
All the plots show a linear upper bound relation between 1 — A; , and 7, closely matching the Condition
1(b) in Theorem [2| In addition, these t.p.ms satisfy Condition 1(a) in Theorem 2 as €,, , is negligible for a
sufficiently high nq.

For the randomly generated t.p.ms Pupnitgen With K = 1250 and K = 1.2n, P,, was found to be less than
10m,, for any x. For the empirical t.p.ms built from language text, P,, = 0 for any x. Therefore, the t.p.ms
under consideration also satisfy Condition 2 in Theorem @ Since €y, falls with n for the Pynirgen t.p.m
with K = 1.2n and is negligible for a suitable choice of ng for the other t.p.ms, Theorem [2] implies that the
GT estimator should converge to the missing stationary mass of Markov chains from these t.p.ms.

Figure [5| plots the MSE of the GT estimator for My (7w, X™) of a stationary Markov chain X™ generated using
the t.p.ms Pynif-gen With K = 1250,1.2n, the three empirical t.p.ms from GE and the five empirical t.p.ms
from NYT corpora, for n = 100, 200, 400, 800, 1600, 3200, 6400 and averaged over 16000 trials. The curves for
GE and NYT correspond to MSE averaged over the three t.p.ms from Great Fxpectations and the five t.p.ms
from the NYT corpus. We observe that MSE falls for all of these t.p.ms.

3We change all the words in the article to lower case, lemmatize the words and ignore punctuations.



Published in Transactions on Machine Learning Research (MM/YYYY)

3 Empirical t.p.ms from
1072

GE 5 EI{l&)_igical t.p.ms from NYT

.Jlﬂagg_gen with K = 1250

6 o T T T T T T
81 g1 84f 0%
6L © 8.2
H.\
< 4l & 8|
| 7.8 -
— 2
0 ! ! 7.6 i ! ! !
4 6 8 76 7.8 82 84
1072 1074

stationary/empirical probability

Figure 4: 1 — Ay ; vs m, for randomly generated t.p.m and t.p.ms from corpora.

o —— ko ¥
10 e E
F X = i\: - §
2 104} CESEsL
= 0 E - %~ Punif-gen, K = 1250 1\\\\ :ig
|- Punif—gCD,K =1.2n \\ |
1075 = *- GE \\ |
|- x- NYT b=
L ‘ ! I 1 B
100 200 400 800 1600 6200

Sample size n

Figure 5: MSE of GT for randomly generated t.p.ms and t.p.ms from corpora.

4 Conclusion and Future Directions

In conclusion, our study of the Good-Turing (GT) estimator for missing stationary mass of a Markov
chain with t.p.m P and stationary probability = (with support size assumed to be unknown) indicates that
convergence of GT depends on relationships between the spectrum of P~* (P with z-th column zeroed
out) and 7, to be satisfied uniformly for all z that contribute to missing mass. We derive specific sufficient
conditions for convergence of absolute bias in terms of the nature of convergence of powers of P~* with
respect to powers of P. These conditions are verified numerically for t.p.ms derived from text corpora, which
supports the success of GT in practice. Analytical understanding of relationships between the spectrum of
P~* and 7, for arbitrary t.p.ms is a topic for future study. In the case when P has rank 2 with a spectral
gap of 3, we derive lower (¢/(nf3)) and upper (¢’/(n3°)) bounds on the minimax squared-error risk. The
bounds extend the 1/n minimax rate result from the i.i.d case to rank-2 Markov. Characterizing the exact
dependence on § is a topic for future work. Through our simulations on high-rank t.p.ms, we see that the
rate of decay (with n) of the MSE of the GT estimator for the missing stationary mass might vary with rank
of the t.p.m.

5 Proof of Lemma [

To prove (4, we begin with the expressions for the expected values of My(w, X™) and J/\4\(§;T using w~%, P™*
and P? .
lz

10



Published in Transactions on Machine Learning Research (MM/YYYY)

Since Mo(m, X™) =3 cx Te I(N(X™) = 0), we have

E[My(m, X™) Z 7y Pr(N, Z Ty T (P, (11)
rzeX reX

Since MFT(X™) = ¢1(X™)/n =1 ¥, o T(NL(X™) = 1), we have

— 1 1 -
EMST(X™)] = - > Pr(N,(X")=1) = - SN Pr(Xm =X £l #£#m1<1<n)
TEX TEX m=1
1
==Y |me (P14 S (PR B, (P (12)
reX m=2

Taking the difference and , we get . This completes the proof of Lemma

6 Proof of Theorem

In this section, we provide a proof for in Theorem [2l The proof for @ is similar. To prove the bound on
the bias of M§™T in , we first bound the expectation of MST. Let X" = (X1,..., X;e1, Xont1,---> Xn)s
the samples X ... X, except X,,,, form=1,... n.

1
EMST(X™)] = - 1) = — _ noy
[MST(X™) Z Pr(N, =1) = — > ) Pr(Xm =a,No(X2,,) =0)
rzeX xeX m=1
1 n—no
== > l > Pr(Xp =a, No(X2,) =0)+ Y Pr(Xm:x,Nm(ijm):O)]
n reX m=1,...,npo+1 m=ng+2

n—no+1,...,n

< %Z [ 12 Pr(X,, = x) + i Pr(Xm_x,Nx(XZm)_O)]

TEX =1,...,np0+1 m=ng+2
n—no+1,...,n

n—ngo

> [(2710 +) e+ Yy, w (PR P, (P 1]

m=ngo+2

S|

n—no

reX

Z [ ro+ )t > w AP P enan) 1o P (N e ) 1 1}
ex
ex

3\1—‘

m=ng+2
n—mno
[@ro+ 1) mt D me (1= Pra) (1= 1) (A2 + € AR 72 € A"

m=ngo+2

S|

+ €m—2n 6nfm,n)]

) 30 [me (1= Pa) (1= ) (27 4 26+ €2,

reX

(d) 2 1 2 1
no + +(1_ ng +

n n

2(2 1 2 1
(n0+ )+(1_ ng +

- ) [2€n0.m + €0y ] + Z Ty (1= Ppp) (1 —m,)% A274, (13)

zeX

n

where we get (a) by using Pr(X,, = ;X; # z,0l #m,1 <1 <n) < Pr(X,, = z) = 7, (b) by using
Condition 1(a) of Theorem [2| (c) by using #~* 1 =1 — 7, and 7#~* P), 1 = 7, (1 — Py), (d) by using
Yowex Tz =1 Az <l and €umn > €ngns €m—2,n > €ng,n for m = ng +2,...,n —ng and (e) by using
Yowex Mo (1= Prg) (1— )2 AT < Yowex Mo (1= Pra) (1— )2 < Yowex Te =1

11
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Using a similar method, we lower bound the expectation of My(w, X™) as

(a)
E[My(mw, X™)) Z e ©~% (P11 > Z o T° (N2 — 6 1) 1777 1
reX reX
= Z Ty (1 - 7736)2 (AZ_2 - €n—1,n)7 (14)
TeX

where we get (a) by using Condition 1(a) of Theorem [2} Using and (14), we get

— (@) 2(2 1
E[Mé}T(Xn)] . E[Mo(ﬂ',Xn)] < M + [35710’” + 67210’774] + Z g (1 — 71—1)2 )\2—4 [1 — Py — )\i]

n

zeX
(b 2(2 1
< (2ng +1) + [Beng.n + eio,n] + Z Tp(1 — )2 A4 [2(1 —Az) + aowm}
" zeX
(&) 2(2np +1) e ! e !
— + 3¢, 2 15
— n [€l07”+€n0n]+ ’n—4+a061(n—2) ( )

where we get (a) by using >~ . 7 (1 - T2)? €n-1n < €n—1n Yowex Tz < €n—in < €ngm, (b) by using
1+ X <2, P < ag m, and (¢) by using A\, < 1 — ¢y, from Condition 1 in Theorem [2| along with
maxeo1) t (1—8)" < e '/n.

Using a similar method, we can show that

2(2np + 1 e ! e !
(2no )+

E[Mo(m, X™)] — EMg™" (X")] <
This completes the proof of in Theorem

7 Proof of Theorems 3] and @

A proof of Theorem [3]is given in Section [A] of the Appendix. In the proof,

o we split the alphabet X into three sets: letters with m, = P,,, which we refer to as iid-like letters,
infrequent letters with 7, # P, frequent letters with 7, # P,, and bound the letter-wise bias of
the GT estimator Ty 2 1 Pr(N,(X") = 1) — m, Pr(N,(X") = 0), i.e. E[MFT(X™) — Mo(m, X™)] =
> wex L'z, over these sets. The infrequent letters contribute the most to missing mass, in expectation.

o For the letters with m, = P, Pr(N,(X™) =0) = (1 —m,)" and Pr(N,(X")=1) =n 1, (1 —7m,)"*
and the sum of |I'z| over all the id-like letters is bounded as O(l/n).

o We bound the sum of |F3c over all infrequent letters (with m, # P,,) by using the eigenvalue
decomposition of P~ in ({)) along with bounds of the form Ay , <1 — ¢omy, ¢o being a function of
the spectral gap 3, on the Perron eigenvalue Ay ; of P™.

« To bound the sum of |I'z| (over all frequent letters) with m, # Py, we bound Pr(N,(X") = 0)
and Pr(N,(X™) = 1) using the eigenvalue decomposition of P~* along with bounds of the form
A,z < 1—com, and use these to upper bound the absolute value of I';.

The upper bound on the bias of the GT estimator in is obtained by combining the bounds on the sum of
[T | over these three sets and choosing a suitable threshold on stationary probability to split the alphabet X
into frequent and infrequent letters.

The proof of the upper bound in Theorem [ also uses ideas similar to the above. See Section [B] in the
Appendix.

The lower bound in Theorem [4] is proved by an extension of the standard Le Cam method to estimation of
the missing mass random variable. See Section [C]in the Appendix.

12
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A Proof of Theorem [3

Consider a rank-2, K x K diagonalizable t.p.m P with stationary distribution 7 = [my --- 7] and spectral
gap 8. By the standard eigenvector decomposition for the rank-2 matrix P, there exist vectors u = [uy -+ ug]
and v = [v; --- vg|T satisfying the decomposition

P — RDS with SR — [(1) ﬂ 7

where R = [1 v],D: {0 1_

1 0 5} and S = {Z] Since P is a t.p.m, we have, for 1 <i,j5 < K,

0P =m; —|—B’Uz’u]' <1, (16)

where the notation @ 2 1 — a.

Since P = RDS, we have P~* = RDS™" where S™" is obtained by setting the z-th column in S to zeros.
Now, the matrix P~*, when diagonalizable, can be written as

2
P =" N 0w, (17)
i=1

14
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with

eigenvalues \;, £ 0.5(7, + B(1 — vau,) + (—1)"T1A,), (18)
right eigenvectors v =1+ (1/27,v,) [s2 + (=1)'A,] v, (19)
left eigenvectors u® = (1/Ai0Ay) ((1/2) (A, + (—1)1s,] 7™ + (—1) Brgvs uw), (20)

for i = 1,2, where A2 £ 82+ 4By and Sp 2 8 — Ty + Buguy. We use u™® to denote the vector u with
2-th entry set to 0. Note wv® =1 for ¢ = 1,2, since wv = 0. P™*, in the rank-2 case, is not diagonalizable
when both its non-zero eigenvalues equal 1 — 7, with only one non-trivial eigenvector and this case is handled
separately later (refer lemma .

The right and left eigenvectors of P~* are expressed in terms of 1 and 7 (or w~%), the right and left
eigenvectors of P. However, the difference terms involve the eigenvalues and eigenvector coordinates, which
need to be carefully bounded.

The following lemma contains important relationships between A; ,, 7, and 3.

Lemma 5. 1.

A,y € [—(B(1 —7p) + Piz), (B(1 —7y) + Pys)l, if B€10,1] (21)

2.
Ay € [=(B+ (1= Bvzug), (B+ (1= Blugug)l, if B € [1,2] (22)

3.
Nzl < 1—(cg/2)my, i =1,2, (23)

where cg = B for € (0,1], cg =1 for B €[1,2].

4
B o 4
|/\i,z| < 1- mﬂ'za 1=1,2. (2 )
Proof. See Section [A-4] O

In the eigenvalue decomposition of P, let 1., = B, u., for w, z € X. The following lemma bounds summation
terms that typically occur in the analysis.

Lemma 6. Forz,y € X,

S (m)® [ [0S, < 3, fora,bee{0,1,2,3,...} anda+b+c>1. (25)
zeX
Proof. See Section [A-4] O

Let I'; £ L Pr(N,(X") = 1) — 7, Pr(N,(X") = 0) be the letter-wise bias of the GT estimator i.e.
E[]\//.TOGT (X™) = Mo(mw, X™)] = >, cx T'z. To bound I'y, we divide the alphabet X’ into three sets,

2
(>

{r € X :m, = Py, }, (iid-like)
{r e X\ Ay : 7y <4}, (infrequent)
{r e X\ Ay : my > 6}, (frequent)

b
=
>,
=
>

b
—~
(=9
~—
(1>

with 0 <0 < /5. For § = O((Inn)/n), the letters in the set A(J) are less likely to occur in X", than the
letters in A(d), and contribute more to the missing mass My (w, X™).

15
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A.1 Case 1: Infrequent letters

Using (|17) and the ensuing expressions in 7 we obtain

2
Lo = | D (i)™ (uF™1) () PLof™ = moia)
=1
+(1/n) AL (M) = Q)] Y (131 (UTIPfxvfx)]- (26)
i.j€[2): i

For € A(6), we will show by careful analysis that }, c 45 [I'z| is bounded. The following lemma bounds
the absolute value of the factors multiplying \; , powers in the above expression for I';, when = ¢ Ao.
Lemma 7. Forx € X'\ Ay,

1. Foriv=1,2,

(u;"1) (u;™ Pfx U7 = T Ai )

7

< A2 {4 (Waa] + ) Mo +2 70 Mo (1= A)|.  (27)

2. Fori,j in {1,2} with i # j,

|7 1) (57 Py o)

< 6 A7 T, (28)

x

Proof. To prove Lemma |7 we use the expressions for v7"* and u}™ in and to get

1.
~T _ 1 _ i*lsiQj s
U 1_2[1+( 1) AJ,Z_1,2. (29)
2.
R A = |58+ (1)) (B Aia)
U; lz Vi TxNix = A, |2\ Sz iz
+ (=1t Niz(1 = Niz) — B(me + kux)]] vi=1,2. (30)
3.
. . 1 _ 1
i Plvs® = 5= e =B [me + 5(80 + 52)] (31)
o . 1 = 1
uj wa oyt = A [6 — )\274 [ﬂ'gj + §(A$ — 51)} (32)

Proof of Lemmal[7, part
Using and , we have

|0 1) uy® P o = modia
(1/4) (A2 = 52) (B = i)

(1) (1/2) (Do (<1 50) 7o Pio(L = Aie) = Bl + vyt
= 8.2 B (st (B Ai) + (1/2) (<)) (B + (1) 1s) (70 + 0]

+ (=1 (1/2) (A + (=1)"1sa) T Aiw(l— Niz)

= A72
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Using (1/2) (Ay — sz) =75 — (1 — A12), (1/2) (Az +85) =1 — 75 — Ao, along with ¢, = Bugty, |B| <1,
1—my <land|\z| <1, we get

IN

~T ~T 0 ~T
‘(ul 1) Uy Pix vy — ﬂ-acAl,x

A2 [2(2|¢m| b 7y) T+ 270 Mg (1— /\W)]

‘(Uz 1) uy™ Pl v — Tpdo s

IN

A;2 |:4(|'(/}ww| + 7T1) Ty + 2 Ty Al,x (1 - /\1,w):|

Proof of Lemmal[7, part[Z
Using along with and , we have

|571) (i PR v3®)| = 872 70 [ = 5] [me = (1= M) + o]
(d1)

< 6A7m,,
AL Pl = A7 [ ea] [(1-m = dos) + v
< AL T,
where we get (d1) and (da) using [B] < 1, [Nio| < 1,1 -7, <1 and [1h.] < 1. O

Using and in to bound the absolute value of T',, for z € A(J), we have

‘]-—‘x| é 2 (Al,x)n71 A;2 [4 (|wmm| +7T:n) Ty + 2 T )\1,1 (1 - )\1,1)]
+ (12/n) AT (M) = (N2w)"] 7o

(b1)
< 2872 [4 (ol +72) Mo ()™ 4270 ()™ (1= M)
+ (24/n) AT 7,

2 (1m) A2 [(fep) (Rorel + 72+ 7o +6 A7 ], (33)

where we get (b1) by using |\ ;| < 1,4 =1,2, and (b2) by using along with max,c(o,1yp (1 —cp)" <
min{e~!/(cn), 1/c(n +1)}.

We next claim that A, is bounded away from 0 for x € A(9).
Claim 1: A, > /3, for z € A(9).
Proof. Using fugu, > —m, from 7 we get
B =y + Bugug > B — 2wy,
47%3%1% > —47r§.

Using the above in the expression for A2,

AL = (B =T+ Buatis)® + 4mefoste > (8 —2mp)? — 4wy = B —4fm, > B7/5 > §2/9,  (34)
where we use 7, < 3/5 to get (a). O

Using the above lower bound on A, for z € A(8) in ([33), we get
Tl < 36 (1/n8%) [(4/cs) (Wuul + ) + (7" +18/8) 7. (35)
Taking the sum of over z in A(4), we get

Sl € 36 (1nB) (e + 16/c5 +34/8), (36)
z€A(S)

where we get (a1) by using Y-, ¢ 45 T < 1 and Lemma@as Y zea) Vel < Xpex (Y2l < 1.
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A.2 Other two cases

When = ¢ A(J), we require computation of the probabilities Pr(N,(X"™) = 0) and Pr(N,;(X™) = 1) occurring
in the definition of T',. Pr(V,(X™) = 0) can be written as

(i)

Pr(N,(X") =0) & 7~ (P~*)"~11 = (&™) R D (S~*RD)""2 §~* 1

(: [1 — Ty _(1 - B)ﬂ-acvm] (SNQ:RD)”_2 |:1 - 7Tac:| ) (37)

—Uy

=

where we get (a) by noting that the entry of the (K x 1) vector (P~%)"~! 1 corresponding to any state z € X
is the probability of not passing through the state x in the next n — 1 steps, given the present state is z, (b)
by using w1 =1,7 v =0, and ul = 0.

Pr(N,(X™) = 1) can be written as

Pr(N,(X")=1) = Y Pr(Xy =2, No(X7"7) = No(X]yy) = 0)

> Pr(Xy =2, No(X5") = 0) Pr(Xy = 2, N (X5 ™) = 0), (38)

m=1
where we get (a) by using the Markov property, (b) using
Pr(X,, =z, N.(X"™ ) = 0) = Pr(X;=x, N, (X3") = 0) (39)
and noting that Pr(N, (X}, ;) = 0| X, =) = 7t Pr(X; = x,NI(Xg_m'H) =0). Now,

Pr(X; =2, N, (X3") =0) = 7y e, (P™")" 11 = 7, e, RD (S™RD)™ 2 8~ 1

m [I Bu.] (S™*RD)™2 [1“}, (40)

where e, is a 1 x K vector with z-th entry as 1 and all other entries as 0.

The expressions for Pr(NV,(X™) = 0) and Pr(N,(X"™) = 1) involve powers of the 2 x 2 matrix S~ RD.
Using the eigen decomposition, we find expressions for terms in powers of S~ RD and derive bounds for
Pr(N,(X™) =0), Pr(N,(X™) =1) and |I';|. This is done differently for the two remaining cases.

A.2.1 Case 2: iid-like letters

Since P, = mp + (1 — B)vztuy, T = Py, implies that u, = 0 or v, = 0. For this scenario, the powers of
S~ RD simplify as shown in the following lemma.

T 0
Lemma 8. 1. For x € X, with v, = u, = 0,(S~*RD)! = [ g ﬂl] .

2. Forx € X, with mp, = Py, = 3,
(a) vy =0,u; #0:

(S~*RD)!

I
|
£
3¢l
ﬁio
| IS

(b) vy #0,u, =0:

— —1
(S~"RD)" = [“z l“”f”m}

0 T

18
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3. For x € X, with n, = P, # 3,
(a) vy =0,u; #0:

1 o] [= o 10
(S~*RD)" = [ s } - [ s } (41)

mop U0 B lwZ !

(b) Vg 7& 0,u, = 0:

1 ,M- 7'['711 0 1 Eﬂ'zvm
S~*RD)! = To—B _ To—B 42
( ) [0 i lo 511 [0 1 (42)

Proof. Since SR = I, we have S~ R = “Mele and
ux 1 —vu,
~T _ | Tz 7_B7T$UJI:

S~"RD — [_u, ﬁ(l_wm)} (43)

1. We substitute v, = u, =0 in and raise the power on both sides to [.

2. (a) Substituting v, =0, 8 = 7, in , we get SY*RD = [ } Note that this matrix is
not diagonalizable since both its eigenvalues are equal to 7, W1th [01]7 as the only non-trivial

eigenvector. Using induction on the exponent I, we get (S~*RD)! = [ I Wol} .
T x

*Tzﬂ—r Vg

b) Substituting u, =0, 8 = m, in (43)), we get S~ RD = o . Similar to the above case,
0

T
this matrix is also not diagonalizable with both its eigenvalues as 7, and [1 0]7" as the only non-

— —1
trivial eigenvector. Using induction on the exponent [, we get (S~*RD)! = Fg lﬂ-;i}fm } .
xr

—Uyg B

1
eigenvalues of S~ RD with { U } and {(1)] as their respective right eigenvectors resulting in
T — 03

the diagonalised form in ([41)).

3. (a) Substituting v, = 0 in , we get SYPRD = [ T O} . We observe that 7, 8 are the

(b) Substituting u, = 0 in , we get S~ RD = K)l _ﬁngx} . We observe that 7, 8 are the
Brpvg

eigenvalues of S~ RD with B] and | ﬂi—ﬂ ] as their respective right eigenvectors resulting in

the diagonalised form in .

Substituting the corresponding form of (S~*RD)"~? in and gives

Pr(Ny(X™) =0) = (1 —m,)", (44)
Pr(X; =z, N, (X3") =0) =7, (1 — 7)™ L.

Using the above in 7 we get

Pr(N,(X™) =1) = nmp(1 — )" L.
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So, we have (in a manner reminiscent of the iid case)

Ty = me(1 — )" —7m,(1 — 7)) = 72(1 —7,)" ] < 7, mgxp(l —p)" ' =7, O(1/n).

This results in the following bound:

Y [Tul=0(1/n).

z€Ap

(45)

A.2.2 Case 3: Frequent letters

In this case, m; > 0 and the letters x are likely to occur multiple times. So, Pr(Nz(X"™) = 0) and
Pr(N,(X™) = 1) will both be small, and we bound them both. Further, since Py, # 7, we have that u, # 0
and v, # 0. For this scenario, the powers of S~ RD simplify as shown in the following lemma.

Lemma 9. For x € X, with v, # 0,u; # 0,

l
(S~*RD)! = v~* [(Alé””) ( AQOJ)J (v~ (46)
1 1
where V% = _Ax — 8z Ap+sg |,
Qmevm Qszvz

Sp=1—m, — B(1

— Vgl ).

Proof. Solving det(S~*RD — A\I) = 0, we get X\ip = 0.5(7, + B(1 — vyuy) + (—

the eigenvalues of S~ RD with 1

[—(Aw - sx>/<2ﬁwx>]’ LAI + 52)/ (280

DAL, i = 1,2, as

1
)] as their respective right

eigenvectors, where A2 = s2 + BT Uplg, S5 = 1 — Ty — B (1 — vyu,), resulting in the diagonalised form in

(H6). O
Substituting the diagonalized form of (S~*RD)"~2 from into 7 and simplifying, we get
n—1
ny __ _ 1 n n Sz n—1-—1 l

PV = 0) = 5| Ol 5 )" | + 5| 00| )

1 s . m—2
PI‘(Xl =, Nx(X’Qm) = 0) = 57'('9; |: (Al,x)m_l + (A27g¢)7n_1:| + Ty [?32 - szux} |: Z (Al,x)m72il()\27x)l

1=0

(48)

Claim 2: |s,| <3

Proof. Using |B] <1, 7, < 1, and Bvgu, <1 — 7, from in s; =7y

Using triangle inequality on the R.H.S of , we get

Pr(N,(X™) =0) <

IN

2

IN

2

where we use along with 1 — z < e™* to get (a),
for z € A(9) to get (c).

20

(b) <1+3n> o 0-5(n—1)cpm, (g <1+32n> 670.5(71—1)%57

—B+vaug;,we get ‘Sw| < 3. O

3| ™ + (e | + "[; (sl (el

(a)
6—0.5057rz + 7’L|S$‘ e—O.5(n—1)cg7nr

(49)

e #* <1 and the above Claim 2 to get (b), and 7, > §
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Claim 3: For z in A(§), m=1,...,n,
Pr(X; =2, Ny (X5") =0) <m, (1+(5/2) (m—1)) exp{—(m —2) ¢z 6/2}.

Proof. To get the above bound, we bound using |s,;| < 3 (Claim 2 above), |Bv,u,| < 1, and |X; .| <
1 —¢pd/2 (from along with 1 —¢ < e™*. O

Using Claim 3 in , we get

Pr(N,(X") =1) < 3 w0 (1+(5/2) (m— 1)) exp{—(m —2) c §/2}

m=1

(1+(5/2) (n—m)) exp{—(n—m —1) cg 6/2}
= N Tg g(n) exp{_(n - 3) cp 5/2}a
where g(n) =[1+ (5/2) (n —1) (14 (5/12) (n — 2))]. So,

Pl = |- Pr(No(X") = 1) = mPr(NL(X") = 0)| € SPr(No(X") = 1) + mPr(N(X") = 0)
< 70 [g(n) exp{—(n—3) cg 6/2} + (1+(3/2) n) exp{—(n—1) ¢z 6/2}].

Summing over z in A(§) and using erZ(zs) T < 1, we get

S I < [g(n) exp{—(n—3) c5 6/2) + (L4 (3/2) m) exp{~(n—1) e 6/2]  (50)
zEA(S)

A.3 Combining all cases
Taking the sum of (36, and (50), and choosing & = (6/cg) (Inn)/(n — 3), we get
| BT (X™) = Mo(m, X")]| <36 (1/n82) (1+16/c5 +18/8) + O(1/n),

1/2

for g > {SO(IH n)/(n— 3)} (since 6 < /5). This concludes the proof of Theorem

A.4 Proofs of some lemmas

A.4.1 Proof of Lemma
1. We first consider the case with a > 1.
a b c (f) a
Z(ﬂ'x) Vel |¢y¢ < Z(T"a) < Z T = 1,

zeX reX reX

where we get (f) by using [¢zs], [tye| < 1 (from (16)) and (g) by using 7% < m,.

2. We now consider the case with a = 0. Since a + b+ ¢ > 1, atleast one of b, ¢ must be > 1.

(a) Say ¢ > 1.
) (a)
Yo Wl el < D Wl = D el + DY Y
reX reX TEX 1Py <0 TEX 1Py >0
(9)
o2 ¥ ez ¥ w2
TEX 17y, <0 TEX 1Py <0

where we get (a) by using [tgq|, [ty < 1 (from (16)), (b) by using >, ¥ye =0, and (c) by
using —tpy, <, (from ((L6)).
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(b) Say b> 1.

(a)
ST W < Y el = DY (el DL Y

zeX zEX TEX 134 <0 TEX My >0

Ya-mr2 Y

TEX Y7 <0
(c)
< 1l+2 ) m <3
TEX 3, <0
where we get (a) by using [V, [¥ys] < 1 (from ), (b) by using >y Y2z = (1 — 3), and
(c) by using —tz; < 7, (from (L6)).
This completes the proof.

A.4.2 Proof of Lemma

To prove , we first start with the expression for A2 and bound it in the following way:

A2 = [(1-m) — (1= B)1 —vu,)]? +4(1 — B)mvpu,
= [(1 —7) + (1= B)A — vpuz)]? — 4(1 — B)(1 — Ty — vptuy)

< B+ = B)me + (1 = Blvgug)? + 72(8% + 28(1 — B)) + 2B8m.[(B — 2) + (1 — B)vyu,]

[B(1 = 73) + Puo)> + 72(6% +28(1 — B)) + 2B87,(8 — 2) + 287, (1 — 7,)
= [5(1 - ﬂz) + me]2 - 527'(5 + 2B7rr(/3 - 1)

< [5(1 - 71'95) + PM]Q

where (a) follows by using [(1 — m,) + (1 — 8)(1 — vu,)]?> = [B+ (1 — B)me + (1 — B)vpuy + B, — 2]? and
simplyfying, (b) follows by using Py, = 7, + (1 — 8)vzts, (1 — B)vgu, < 1—m, from and (c) follows from
B < 1.Since (1 —my) + Ppy > 0, we get Ay € [—(B8(1 —7y) + Pug), (B(1 — m3) + Pyy)]. This completes the
proof of .

To prove , we again start with the expression for A2 but bound it in a different way as shown below:

AL = [(1=m) = (1= B) (1 = veuy)]? +4(1 = B)mpvpu,
= B+ (1= Bvguy — ] +4(1 = B)mpvau,
= [ﬁ + (1 - ﬁ)vzum}Q - 257'('35 + 7T92: + 2(1 - ﬂ)ﬁzvzuz

(%) [ﬁ + (1 - 5)vzuw]2 - 2ﬁ7rz + 7T3 —+ 27Tw(1 — 7T:r)

= [B+(1~- B)Uruxp +2m,(1 =) — 7Ta27

Y B+ (1— Bueu)?

where (a) follows by using (1 — 8)vyuy < 1 — 7, from and (b) follows from 8 > 1. Since 8+ (1 — vz uy
is positive for 8 > 1, we get A, € [—(8+ (1= B)vaus), (B+ (1 — B)vsug)]. This completes the proof of (22)).

Using and in the expression A; ;= 5 (1 —m) + (1 = B)(1 = vauz) + (=1)F1A,) , i =1,2, we get
Miw < 1-0.56m,,8 € [0,1] and Ay < 1—0.5m,, 5 € [1,2] for i = 1,2. Using £ < § for § € [0,1] and
B% < B+ 2 for B € [1,2] completes the proof of Lemma

B Proof of Theorem [, Upper bound

In this appendix, we provide proof for the upper bound in theorem [
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The minimax risk R} (Ps ) is upper bounded by the worst-case risk (over Py g) of the Good-Turing estimator.
Our next lemma gives an expression for the MSE of the GT estimator.

Lemma 10. Consider a stationary Markov chain X™ with state distribution . Let Q7 (a) = Pr(N,(X") = a),
and Q7 (a,b) £ Pr(N,(X"™) = a,Ny(X") = b) for z,y € X and a,b € {0,1,...}.

E[(Mo(m, X"™) — MET(X™))?]

=> (ﬁg Q™(0) + (1/n)? Q ) Y T ﬁ@;,y(l,l) (51)

reX reX yeEX y#x

where Ty, = mpmy Qf,(0,0) — 1 (my Q7 (1,0) + 7m0 Q ,(0,1)) + sy Q7 ,(1,1).

Proof. Substituting Mo(w, X") = > .4 mI(N, = 0) and MSET(X™) = (1/n) Yowex I(Ny = 1) into
E[(My(X™ m) — M\(?T(X”))Q] and taking expectation of each term in the square of the summation,

E[(Mo — Mg")?] = (Zm w = 0) = (1/n)I(N. —1)>

zeX

> (wg Pr(N, = 0) + (1/n)? Pr(N, = 1))

zeX

1
+ E E Ty Pr(Ny, = N, = 0) — EwyPr(Nm =1,N,=0)
TEX yeEX yF£x

1 1
— —m,Pr(N, =0,N, =1) + —Pr(Nw =N, =1)
" : :

O (o unren) - ¥ e,

TeX reX yeX, y;é;n

YLD, mem, Qz,y(o,m—;(wy 7y(1,0) +m Q1 ,(0,1))
TEX ye X, yF#x

1 n
T @b o

n(n—1)

where we get (a) by expanding 1/n? as 1/n? = —1— — W and using the definitions of Q7 (a), Q% ,(a,b).
Using the definition of T}’ in completes the proof of

To bound E[(My — M\OGT)Q], we begin with the following expression for Q% (1).

Qp(1) = Pr(N,(X")=1) = Y Pr(X;=a;Xpm#x,m#1) < Y Pr(X;=2) = nm,. (53)

=1 =1

This implies

(1/n?) ZQ" )< 1/n (54)

reX
Similarly,
n—1
;,u(Ll):Pr(NLE:NU: Z Z PI‘ Xl1_x Xlz_an #xy m#lth)
li=11ls=l1+1
n—1 n
+Z Z Pr(Xll :anl'z :anm#xﬂ'/ ;m7éllal2) (55)
l1=11l=11+1
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Forly > 1, > 1,

Pr(Xy, ==, X, =y, Xm Zx,y ;m#,l) < Pr(X), =2, X, =vy)
= 7, Pr(X;, =y| X, =) (56)
Similarly, Pr(X;, =y, Xj, = 2, X,y # 2,y ;m # l1,l0) < 7w, Pr(X, =z|X;, =y) (57)

Plugging and into ,
n—1 n
1) < Z Z 7 Pr(Xy, = y| X, =)

I1=11s=11+1

n—1 n
+ Z Z Ty Pr(Xlg = x|Xl1 = y)

l1=11l3=l1+1

Since erX ZyeX ytr Tz Pr( = y‘Xll = 35) < ZzeX m, < 1, we get
DozeX DoyeX yra wa(l 1) < n(n—l). Therefore,
n_lz YoooQu,) < 1yn (58)

TEX yeX y#x

To bound Y ., 72 Q7(0), we consider the sets Ag, A(6) and A(d) (with 0 < & < 3/5) defined in section
that make up X.

For x € A(4), we have

n—1
Q1(0) = Pr(N,(X"™) = 0) = (1/2) [ M) + <A2,x>"] (5./2) [Z(M”“(Am)ﬂ
=0
from .
Since the claim 1 (in section implies A1 ; — A2 = A, > 0 for x € A(9), 8 € (0,2], we get
n—1 1
>0 ) = 5| ()= )" | € A (59)
1=0 z

Substituting in and applying triangle inequality on the absolute value of the R.H.S, we get

@20 < 5 (145 [+ Graeh
¢ <1+|Zc|> (1—%57%)" ¢ <1+Z) (1—%37r1) (60)

where we use to get (a) and the claims 1 and 2 from section |A|to get (b). Therefore, for z € A(9),

Z 72 Q" (0) (2) (14—2) Z 2 (1 0557%)

zEA(S) z€A(J)

(b1)

29142 (1/ncg) Z T g 2142 (1/ncg) (61)
B B

z€A(S

n
where we get (a;) by using , (b1) by using maxpc,1)p (1 —cp)" = ﬁ (1 — n%_l) < %, and (c1)
by using ZIGA(& e < 1.
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For z € A(4),

(a2) 3n . (c2) 3n
2 Nn —0.5(n—1)cpd 2 —0.5(n—1)cpd
Eﬁ T Qz(0) < <1+ 2) e g Z Ty < (1+ 2) e s (62)

where we get (az) by using , and (cg) by using ZmEZ(é) 2 < 1.
For z € Ay (9),

Z 72 Q"(0) (a0) Z 72 (1 —7,)" (2) 1/n Z T (C§O) 1/n (63)

zE€AQ TE€AQ €Ay

n
where we get (ag) by using , (bo) by using max,c(o,1)p (1 —p)" = (nil) (1 — %_H) < %, and (cp) by
using D o4, T2 < 1.

Since X = A(8) U A(8) U Ay,

domiQuo) = Y mQro)+ Y w0+ Y. w2 Qu(0)

reX z€Ap z€A(J) o€A(S)
(a)
< 1/7’1 + 2 <1 =+ Z) (1/7’10[3) + <1 + 327'L> 6*0.5(7171)0[,6

where we get (a) by combining (61)), and (63)).
Choosing ¢ = (8/cg) (Inn)/(n — 1) and using n — 5 < n — 1, we get

Z 2 Q"0) < 2 (1+ 9) (1/ncg) + O(1/n), (64)
TEX ﬁ

where ¢z = 0 for 8 € (0,1] and cg = 1 for g € [1,2].

To bound }°, v >y cx ysa Lay, We divide {(z,y) : z € X,y € X,z # y} into two sets:

S
—~
>,
~—
>

{(zy)ra,ye X, v #y, m+my <3}
{(z,y) 2,y e X, v #y, m+m, >0}

o
=
Nt

lI>

with 0 < § < /5. Similar to the sets A(J) and A(6), defined in section [A] the ordered pairs in B(§) have
atleast one frequent letter that is likely to be seen in X", while the set B(d) contains ordered pairs of rare
letters that are less likely to be seen in X™ and hence contribute more to the missing mass My (mw, X™).

In the following lemma, we provide bounds on T} for (z,y) in B(6), B(9).
Lemma 11. For a rank-2 diagonalizable t.p.m P with spectral gap /3, and § € [0, 5/5),

1. For (x,y) in B(d),

T2 < qy (16 (e + ) (1—2&2@%@)”_2
Hany () (1450 (63)
2. For (z,y) in B(5),
13, < 4, 0) exp{ ~ (n-9) 5 5} (66)
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where the positive constants quy, ¢,,, and gy, are such that Z(m nexz oy Z(x Jex? 0y and Z(x Jex? Ty
are constant w.r.t. n.

Proof. We get (65]) by using a method similar to the upper bound on the letter wise bias I, for infrequent
letters, in section is obtained by following a method similar to the upper bound on I',, for frequent
letters, in section [A:2:2 O

We first the bound the sum of T} over (z,y) in B(J) using (65).

X E X gyt B e [ty

(#:y)€B() (#:4)€B() (#:y)€B()
(®) (5+ 6
< 4 — 7 [ T
= ( 2. qu) [2 35(n — 2 qu) [ * Fn (nl)]
(z,y)eXx? (z,y)eXx?
()
< 0(1/np?), (67)

where we get (a) by using max,ejo,1) p(1 — ep)v 2 < ﬁ, (b) by using Z(%y eB(s) doy < Z(x yyex? oy
2 (e)eB(6) Doy <2 (nyyex? doy, and (¢) because 3-, ycyve Quys Doy y)en2 oy ar€ constant w.r.t. n.

Similarly, we get

n B
z; Ty, < O(n’) eXP{ —(n—5) 2B+2) 5}
(z,y)€B(3)

using . Choosing § = 8 ﬂQ(:Q;) Inn, we have

ST < 0@/n). (68)

(z,9)€B(5)

Combining with (68), we get
Y. > TE, < 00/ng) (69)

zEX yEX yFx

Combining , , , and to upper bound completes the proof of the upper bound on R} (P g)
in Theorem [4

C Proof of Theorem [4, Lower bound

To prove the lower bound on R}, (P2,) in (L0)), we use the Le Cam method. The standard Le Cam method
Yu| (1997)) is for estimating constant parameters of a distribution whereas My(7, X™) is a function of both the
distribution and the samples. To get , we use the following extension of Le Cam method for estimands
that depend on both the distribution and its samples.

Le Cam lower bound for estimating random variables: Let Q be a family of distributions over an alphabet ) and
Y be a random variable distributed according to @ € Q. Let 6(Y, Q), taking values in a pseudometric space D
with a pseudometric d, be a function of both Y and the distribution ). We assume that the set D is bounded
i.e. the distance d(u,v) between any two points u,v € D is at most A. Let d(Dy, D2) £ min,ep, vep, d(u,v)
be the distance between the subsets Dy, D of D. Let g(Y) be an estimator for 8(Y, Q) and co(Q) denote the
convex hull of Q.

The following lemma provides a lower bound on the worst-case risk (over Q) of any estimator é\(Y) for

0(Y,Q).
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Lemma 12. (Chandra et all 2022, Lemma 5) Let D1, Dy be two subsets of D, and Q1, Qs be two subsets of
Q such that for any Q; € Q;, 0(Y, Q;) € D; with probability at least 1 —¢;, i = 1,2. Let § = d(Dy,Ds)/2, and
[|Q1 A Q2| 21— ||Q1 — Qa||7v denote the affinity of the two distributions Q1 and Qz. Then

sup Eld@B(Y),6(Y,Q))] > 6 ( sup ||Q1AQ2||> (o +e)A. (70)
QeQ Qi€co(Q;)

To prove the lower bound in theorem {4} we apply Lemma [12|on Ps g, the family of rank-2 diagonalizable
t.p.ms with spectral gap 3, using two specifically constructed t.p.ms € P, 3 that are hard to distinguish.

We first prove ([10) for 8 € (0,1.6).

1-6 (01/R) 11xx—1
Let P[0, 0] 2 ! x
[91,02] 02 1g—1x1 (1 —02)/R 1x_1xKx—1
and 1x_1x1 denoting the row and column vectors with all entries as 1, and 1x_1xx—1 denoting the
K — 1 x K — 1 matrix with all entries as 1.

Let P1 = {P1} and Py = {P2} be two subsets of Ps g, where P, = P[0.53,0.55], P = P[0.58 —
a,0.58 + «] are two t.p.ms on the alphabet {1,2,...,L 4+ 1} with w; = 0.5 [1 (1/L)11X,;] and wy =
[0.5+ (a/B) (0.5 — (a/B))/L 11x1] as their respective stationary distributions. For each element of Py to
lie in [0, 1] and each row of P, to sum up to 1, we require that & < min{0.58,1 — 0.58}. Both P; and P»
have the same spectral gap 5 (and hence € P; g) and «, L are choosen appropriately to get the best lower
bound on R} (P2 ).

] be a K x K t.p.m parameterized by 81, do, with 11« x 1

For i = 1,2, if X™ is a stationary Markov chain with t.p.m P;, then My(X", ;) satisfies

1-axnm) (054 6-0%) 104 #0) ()
-t € (05 46-05) 10020 + § (05— 0= 1) (72)
s« [(-0-47) (- -0 5)].

with probability 1 — (0-5 — (i 1)2) (1 - § — (i 1)a)n_1, (73)

where we get the bounds in (a) and (b) by considering the cases of : (i) the letter 1 occuring in all the samples
X™ and (ii) all the n samples, X™, being distinct with the letter 1 occurring only once, respectively. We get
the confidence interval in by using the bounds in and in the event of the letter 1 occurring
atleast once.

Let o > 0.506n/L, so that the above confidence intervals in for My(X™,m;),4 = 1,2, are non-overlapping.
Using lemmawith Q="Pyp Y =X"0(Y,Q)=My(mw,X"),D=[0,1],d(u,v) = (u—v)?,A=1,0; =P,
and D; as the confidence interval in for i = 1,2, we get

p

sup EI(TH(X") ~ Ma(m, X)) 2 05 (5= 52 ) Imeeyarexil - (1-5) @

Our next lemma gives an upper bound on the total variation distance between P;(X™) and Py(X™).

Lemma 13. For the t.p.ms P, P, € Py g, constructed above and X" being a stationary Markov chain,

140.5(n— 2)6)0'5

1-0.53 (75)

IPL(X™) — Py (X" |ry < (VEa/) (

Proof. Section [C.1] O
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Since ||P1(X™) A Po(X™)|| =1 — ||Pi(X™) — Po(X™)||7v, using the above Lemma to lower bound the R.H.S
in , we get

s FTR) X002 2 05 (53] (1= (Hp222)”)

_ (1 - g)“ (76)

0.5
Substituting o = 2‘%@ (%) ,and L = €" in completes the proof of for g € (0,1.6).

We now prove for 8 € [1.6,2]. Let P; = {P;} and P, = {P5} be two subsets of Py g, with g € [1.6, 2],

where

pr— 2-p 0.5(8 - 1) (0.5(8—1)/L) 1ixr,
1 — )
lixryt Orrixrp41
_ _ ! _ _ !
Py = 2=6 05(F—1+a" ((05(8—1)=al)/L) Tixr are two t.p.ms on the alphabet
lixrit Or1xr+1

{1,2,...,L+2} withw} = [1/8 0.5(8—1)/8 0.5(8 —1)/BL 11x.] and

= [1/8 (05(8—1)+a')/B (0.5(8—1)—a')/BL 11x1] as their respective stationary distributions
and Or11x1+1 being the L +1 x L 4 1 all zero matrix. For each element of P} to lie in [0, 1] and each row
of Py to sum up to 1, we require that o/ < min{0.5(8 —1),1 — 0.5(8 — 1)}. Both P and Pj have the same
spectral gap 0 (and hence € P) and o/, L are choosen appropriately to get the best lower bound on R (P2 ).

Following a method similar to the proof of for B € (0,1.6), we get

—~ n NN 2 1 o n 2 / n / n nTid
g B ~ Ma(m X2 2 5 (G = 57500-1)) PR A PO - 9(09) 55 ()

Our next lemma gives an upper bound on the total variation distance between Pj(X™) and Pj(X™).

Lemma 14. For the t.p.ms Py, Py € Ps 3, constructed above and X" being a stationary Markov chain,

I1P{(X™) = Py(X™)[lrv < V2na'//B(B ~1) (78)

Proof. Section [C.1] O

Using the above lemma to lower bound the R.H.S in and choosing o/ = 0.5\/8(8—1)/v2n, L ="
completes the proof of for g € [1.6,2].
This completes the proof of the lower bound on R (Ps ).

C.1 Proof of Lemmas[13] 14

To show the bound in (75), we first bound the total variation distance between P;(X™) and P»(X") by the
KL divergence Dy (P (X™)||P2(X™)) using Pinsker’s inequality.

Lemma 15. Pinkser’s inequality (Boucheron et all (2015, Theorem 4.19)

IPL(X™) — By(X™)lry < %

where D (P (X™)||P2(X™)) is the KL divergence between Py (X™) and Py(X™).

VD L(PL(X")[[P2(X™)) (79)

Our next lemma expresses D, (P (X™)||P2(X™)) in terms of the KL divergence between the stationary
distributions 71, 7v5 and the KL divergence between the corresponding rows of P; and Ps.
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Lemma 16. For any two t.p.ms Py, P, on an X, with 71, ™y as their respective stationary distributions,

Drr(P(X")||Po(X™)) = Dgr(millme) +(n—1) Y me Drr(Pi(fe) || P(-|z) (80)
reX

where P;(-|x) denotes the row of the t.p.m P;,i = 1,2, with transition probabilities from the state x.

Proof. Let o™ £ (x1,22,...,2T,) € X™.

Drr(PL(X™)[|[Pa(X™))
= > Pie") In(Pi(a")/Pa(a)

zneXxn
n

P(X) =z X110 = x1-1)

(@)
@ Pi(z") |In (110 /7o 1
y;( V(@) |In (71,0, /T2,2,) + ; o N T c—

P (X =z X110 = x1-1)

® - !
= Dgp(m||m) + Z Z Py(2") In Po(Xi = 21| X1 = 211)
=2 zlex!

© Dy (m1||m2)

- P (X; =2 X;—1 = 21-1)
D) o PUX = 2| X = )]
+ T, P1L (X = 2| X121 = 2-1) nPQ(Xl e PRpp——

=2 zj_1,x1€EX

= Dip(mi|lme) +(n=1) Y m. Drr(Pi(|z) || Pa(|z))
reX

where we get (a) by using the Markov property P;(z™) = 5, [} o Pi(Xi = 2| X121 = 2121), i = 1,2, (b)
and (c) by appropriately marginalizing P (™). O

C.1.1 Proof of Lemma[13

Using the values specified for m; 5, P;(Xo = y|X1 =) for z,y € {1,...,L+1}, i = 1,2, in the section we
get

= —0.5In (1 —4a?/p%)
—(1-0.58) In(1+ /(1 =0.58)) — 0.5 3 In(1—2a/B)
—(1-0.58) In(1—a/(1—0.58)) — 0.5 3 In(1+2a/B),

Dy p(m1]|m2)
Drr(Pi([1) || P2(-[1))
Drr(Pi(|z) || P2(+|z))

forx € {2,...,L+1}.

Using the above three equations in , we get

Dy (Pr(X™)||P2(X™))
= —05(n-1)[(1-058) In(1—a?/(1-0.58)%) +0.5 8 In(1—4a*/5%)]
—0.51In (1 —4a”/5%)
2 2

(a) a? a? a a

where we get (a) by using —In(1 — z) < 2z, for € (0,0.5). Plugging the above bound into completes
the proof of Lemma
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C.1.2 Proof of Lemma[14

Using the values specified for 7 ., P/(X2 = y| X1 = 2) for z,y € {1,..., L +2},i= 1,2, in the section we
get

Dicp(m|m) = —(52_51) 8 ll_ (/fa/lﬂ

~0.5(8—1) In [1 - (;ﬁ‘ll)zl

Dir(Pl(l2) || Pi(|x)) = 0, forze{2,...,L+2).

Dir(P(-[1) || Py(-[1))

Using the above three equations in and following a method similar to we get ||Pj(X™) —
Py (X™)||7v < v2na’/+/B(B — 1). This completes the proof of Lemma
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