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Abstract

Distribution variations in machine learning, driven by the dynamic nature of deploy-
ment environments, significantly impact the performance of learning models. This
paper explores endogenous distribution shifts in learning systems, where deployed
models influence environments, which in turn alters the data distributions that the
learning models rely on. This phenomenon is formulated by a decision-dependent
distribution mapping within the recently introduced framework of performative
prediction (PP) (Perdomo et al.| [2020). Our study investigates the performative
effect in a decentralized noncooperative game, where players aim to minimize
private cost functions while simultaneously managing coupled inequality con-
straints. In this context, we examine two equilibrium concepts for the studied game:
performative stable equilibrium (PSE) and Nash equilibrium (NE), and establish
sufficient conditions for their existence and uniqueness. Notably, we provide the
first upper bound on the distance between the PSE and NE in the literature, which
is challenging to evaluate due to the absence of strong convexity on the joint cost
function. Furthermore, we develop a decentralized stochastic primal-dual algorithm
for efficiently computing the PSE point. By rigorously bounding the performative
effect, we prove that the proposed algorithm achieves sublinear convergence rates
for both performative regret and constraint violations and maintains the same order
of convergence rate as the case without performativity. Numerical experiments
further confirm the effectiveness of our algorithm and theoretical results.

1 Introduction

Machine learning aims to generalize models trained on given datasets to make accurate predic-
tions or decisions on new, unseen data (EI Naga and Murphyl [2015). The effectiveness of those
models depends on the alignment between the training datasets and deployment environments
(Quinonero-Candela et al., [2008)). However, real-world environments are seldom static and often
exhibit fluctuations that can severely degrade model performance (Zhou, 2022). In particular, shifts
in data-generating distributions, driven by the dynamic nature of real-world conditions, present
significant challenges for model deployment.

Distribution shifts in machine learning can occur exogenously or endogenously. Exogenous distri-
bution shifts are driven by external factors beyond the control of the learning platforms, such as
environmental changes (Chan et al.| [2020) or policy amendments (Wu et al., [2021). In contrast,
endogenous shifts arise from the system’s inherent dynamics and interactions, where the deployed
models affect environments, which in turn alters the data distributions that the learning models rely
on (Dong et al.| 2018)). For instance, an increase in commodity prices may decrease user interest,
thereby impacting sales. The key distinction lies in the controllability of endogenous shifts, providing
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an opportunity for designers to either exploit these shifts for improved performance or mitigate
unintended consequences (Dean et al.| [2023)).

While substantial efforts have been made to address exogenous distribution changes, such as covariate
shift (Chan et al.|[2020), label shift (Wu et al.,|2021), and concept drift (Lu et al., [2018)), relatively
little attention has been paid to the challenges posed by endogenous distribution shifts. Tackling
these endogenous shifts is particularly challenging as data distributions are intrinsically linked to
the decisions made by the learning model itself (Perdomo et al., 2020). As a result, addressing
endogenous shifts may require the explicit modeling of feedback loops, consideration of causal
relationships, and the adaptation of models to dynamic environments.

A notable advancement in this area is the recently proposed framework of “performative prediction
(PP)” (Perdomo et al.[2020), also referred to as “decision-dependent learning” (Drusvyatskiy and
Xiaol [2023). This framework elegantly captures the dynamic interplay between decisions and
data distributions through a decision-dependent mapping, denoted by D(6) where € represents the
decision variable. By linking 6 to the data distribution, this formulation bridges the gap between
model deployment and parameter optimization. Following the seminal work of (Perdomo et al.,[2020)),
a growing body of research has emerged, focusing on stability and optimality analysis (Piliouras
and Yu, 2023} Miller et al., [2021)), as well as algorithmic design for various settings, including
reinforcement learning (Mandal et al., 2023), online learning (Wood et al., 2021}, bandit problems
(Jagadeesan et al.,2022), and bilevel optimization (Lul 2023).

This paper investigates endogenous distribution shifts in a decentralized noncooperative game, where
players aim to minimize private cost functions while simultaneously managing coupled inequality
constraints. To contextualize this setting, consider scenarios where strategic responses exhibit in
learning environments and competitive interactions occur among players. For example, in autonomous
vehicular networks, multiple vehicles compete to select their routes under constraints such as road
capacities, traffic congestion, and travel costs. The route choices of each vehicle influence traffic
patterns and consequently affect the travel times experienced by other vehicles (Mori et al.,|2015]).
Similarly, in finance, traders compete to maximize profits under constraints like market capacities
and inventory levels. The trading strategies of these participants impact market volatility and the
distribution of asset prices, creating a dynamic pricing landscape (Fattouh and Mahadeval 2014).
These dynamics extend to other domains, such as electricity market competition (Moshari et al.,
2010), ride-sharing platforms (Narang et al.,2023)), natural resource extraction (Cust and Poelhekkel
2013)), and online advertising auctions (Varian, [2009).

Despite its pervasiveness, this performative phenomenon has largely been overlooked in the studies of
decentralized noncooperative games. This paper addresses the problem by formulating performativity
using coupled decision-dependent distributions, following the PP framework of (Perdomo et al.,
2020). However, the intricate interplay between decentralized players and endogenous distribution
shifts presents challenging theoretical and algorithmic questions: How do strategic responses in
learning environments influence the game’s equilibrium? How can players adapt their strategies
effectively when confronted with coupled decision-dependent distributions? How can we design
algorithms to exploit these dynamics for optimal decision-making? These questions form the core
of our investigation, guiding us toward more resilient, adaptive, and efficient learning outcomes in
decentralized games, especially in environments characterized by continuously evolving data and
decision-making processes. Our main contributions are summarized below:

* We initially formulate the problem of decentralized noncooperative games with data perfor-
mativity, where selfish players seek to minimize individual costs while managing coupled
inequality constraints. Under this setting, we examine two equilibrium concepts: performa-
tive stable equilibrium (PSE) and Nash equilibrium (NE), and establish sufficient conditions
for their existence and uniqueness. Compared to conventional games, this examination is
more complicated due to the interplay between decision-making and distribution changes.
Notably, we make a significant contribution by providing the first upper bound on the
distance between the PSE and NE in the literature. Computing this distance in PP games is
challenging due to the absence of strong convexity on the joint cost function, an essential
property for determining the optimality gap of performative stable points in previous work.
Instead, we characterize the distance by leveraging relations from strong duality and derive
a result comparable to the findings of the prior work (Perdomo et al., [2020; |Lu, 2023)).



* To compute the PSE point of the PP-game, we propose a decentralized stochastic primal-dual
algorithm based on repeated risk minimization (RRM). The development and convergence
analysis of this algorithm face two primary challenges. First, there is a complex interaction
between decentralized competition and endogenous distribution shifts. Second, players only
have partial observation, as they communicate solely with neighbors, despite their private
cost functions being influenced by the strategies of all players. We evaluate the performance
of our algorithm by two commonly used metrics: performative regret, which measures the
suboptimality of the strategy sequence generated by RRM relative to the PSE point, and
constraint violation. By rigorously bounding the performative effect, we prove that the
proposed algorithm achieves sublinear convergence rates for both metrics. Furthermore,
our results show that while the performative effect slows down convergence, it does not
degrade the order of performative regret compared to the case without performativity (Lu
et al.,[2020).

Finally, we conduct numerical experiments on a networked Cournot game and a ride-share market.
The simulation results confirm the sublinear convergence of our algorithm. Furthermore, the results
demonstrate that while greater performative strength leads to a wider gap between the PSE and NE,
the discrepancy between these two equilibria remains marginal. This verifies both the effectiveness
of the PSE solutions and the accuracy of our distance analysis between the PSE and NE.

Related Work: Among the numerous existing studies, two closely related works (Narang et al.,
2023)) and (Wang et al., 2023) have considered performative behaviors in games. A key distinction in
our work is that our model requires all players’ collective strategies to adhere to the constraints of the
learning system, whereas both (Narang et al.| [2023)) and (Wang et al.| |2023)) address unconstrained
settings. This difference results in fundamentally distinct algorithmic designs and convergence
analyses. Our approach employs a primal-dual technique and requires consensus, whereas their
methods only rely on local stochastic gradient descent. Additionally, we consider a mathematically
richer model compared to (Wang et al., |2023), whose framework is structured in a specific form
involving local costs dependent solely on individual strategies and a regularizer quantifying similarity
among neighboring strategies. Furthermore, our algorithm design accounts for practical constraints
where players can only communicate with their immediate neighbors, while (Narang et al., 2023
assumes full accessibility to all players’ strategies across the entire network. Importantly, our work
makes a significant contribution by providing the first upper bound on the distance between the
performative stable equilibrium (PSE) and Nash equilibrium (NE)—a gap not previously addressed.
Other related works such as (Li et al.,|2022)) and (Piliouras and Yul 2023)), have studied performative
prediction in decentralized multi-agent optimization. The former focuses on consensus-seeking
agents, while the latter is restricted to location-scale families. Finally, (Yan and Cao, 2024b)
considers the constrained performative prediction problem in a single-agent setting, whereas our
paper addresses decentralized noncooperative games. A more comprehensive literature review is
provided in Appendix [A]

2 Problem Formulation

Consider a decentralized noncooperative game with n players. Each player ¢ selects a strategy (or,
interchangeably, decision, action), denoted as 8;, from its feasible set £2; C R?. Let the collective
decisions of all players be denoted as 8 := col (81, - - - , 8,,), and the collective decisions of all players
except player ¢ be represented as 8 _; := col (01, ,0;_1,0;41,--- ,0,,), for any i € [n], where
[n] denotes the set of integers {1,2,...,n}. Each player ¢ has a private cost function J;(&;;60;,0_;),
which depends on the random variable £, € E;, the player’s private decision 6;, and the decisions of
all other players 0 _;. This paper considers a scenario where the underlying populations strategically
respond to the players’ decisions, causing shifts in data distributions. This interplay is modeled by
a decision-dependent distribution mapping &, ~ D; (0;,0_;) for all i € [n]. The objective of each
player i is to selfishly minimize its performative risk B¢, p,(0,.0_,)Ji (&;;0;,0_;) (abbreviated as
PR;(0;,0_;)), subject to a coupled constriant ) . ; g;(0;) = 0, i.e.,

i Ee p,0,0_,)Ji (§;0i,0_;
9%18,1 £,~D;(6;,0_;)Yi (67 i z) (1)

subjectto  g;(6:) +>_,,,9;(0;) 0.
Both J;(-) and g, (+) are only locally accessible to player i for all ¢ € [n]. In the game (T)), each player
solves its private optimization problem to determine the best strategy, given the current strategies



of all the other players. An equilibrium of the game (T]) corresponds to a set of strategies where no
player can improve its performance by deviating unilaterally from its strategy.

Denote by & := col (&, --,&,) the concatenation of the variables &, and by J (&;6)
col (J1(&1;0),---,Jn (€,;0)) the concatenation of the cost functions .J;(-) for all i
[n]. A stochastic pseudogradient mapping of J(&;0) is defined as V.J(&;0)
col (Vo,J1 (£1;0),---, Ve, Jn (€,;0)). We have the following assumption on VJ (; ).

Assumption 2.1. There exists a constant z > 0 such that the stochastic gradient mapping V.J (£; 6)
is p-strongly monotone, i.e., (V.J (&;0) — V.J (&0'),0 —0') > pl|0 — 0'||3,VE € E,6,6" € Q,
where 2:= 81 X --- x Epand 2 := 2y X --- X Q.

m

Assumption [2.1]is commonly made in the literature of game theory. It suffices to guarantee the
existence of Nash equilibrium for a stochastic game with fixed data distributions (Facchinei and Pang]
2003, Theorem 2.3.3(b)). However, in our paper, since the data distributions are decision-dependent,
Assumption [2.T]does not imply the monotonicity of the gradient mapping of the joint performative
risk, denoted by PR(-) := col (PR4(), -+ ,PR,(:)). Therefore, the existence and uniqueness
(E&U) conditions for the Nash equilibrium of the game (T)) need further investigation.

We define a graph G(P) to represent the impact of players’ decisions on the data distributions of
different players. In G(P), the weight p;; > 0 if player j’s decision affects player ¢’s data distribution,
and p;; = 0 otherwise. Particularly, p;; represents the weight of self-influence. These weights are
normalized as Z?Zl pi; = 1, for all i € [n]. Clearly, the larger the weight p;;, the stronger the effect
of player j’s decision on the data distribution of player .

Let Wy (D, D’) represent the Wasserstein-1 distance between two probability measures D and D’.
Following (Wang et al., 2023), we impose the following assumption on the distributions {D; } ;¢ [n]-

Assumption 2.2. For any i € [n], there exists a constant &; > 0 such that, V0,0’ ¢ Q, the
distribution mapping D; is constrained by Wi (D; (0),D; (8')) < 51‘\/2?:1 pij ||6; — 0 H;

For any i € [n], the parameter ¢; bounds the sensitivity of player ¢’s distribution with respect to (w.r.t.)
the decision variations of all players. This e-sensitivity property of distributions is conceptually akin
to the Lipschitz continuity of functions that quantifies the variation of function values w.r.t argument
changes. We also require the following assumptions.

Assumption 2.3. For any i € [n], the non-empty feasible set ; is closed, convex, and bounded, i.e.,
there exists a constant C' > 0 such that, VO; € Q;, ||0;]|» < C.

Assumption 2.4. For any ¢ € [n] and 0; € $€2;, the cost function J;(&;;0;,0_;) is convex
w.rt. 6,. Moreover, there exists a constant L; > 0 such that J; (§;;0) is L;-smooth, i.e,
|V Ji (&:50) —VJ; (€0 ||, < Li (||&; — &ill, + 1|0 — €7]],) , V&€ € Bi, 0,6 € .
Assumption 2.5. For any ¢ € [n] and §; € €, the constraint function g,(0;) is convex w.r.t. ;.
Moreover, there exist a constant Gy > 0 such that g, (-) is G4-Lipschitz, i.e., ||g,(0;) — g,(6;) H2 <
Gg”az - 0;”2,V01,0; € Q;.

Assumptions [2.3]and [2.5]are widely used in constrained optimization (Bertsekas| 2014} [Yan and Cao,
2024a), and Assumption|2.4]is standard in the PP literature. From|Yan and Caol(2024a, Proposition 1),
under Assurnptionsand 2.4 the cost function J;(&;; @), Vi € [n] is Lipschitz continuous, i.e., there
exist a constant G; > 0 such that [.J;(&,;0) — J;(£};0")| < G; (||&; — &, + |0 — €'|,) . V&, & €
E;,0,0 < Q. Moreover, Assumptionsand imply the boundedness of ||g,(0;)]|2, i.e., there
exists a constant B > 0 such that ||g,(0;)]|2 < B,V0; € Q;,i € [n].

3 Equilibrium of the PP-Game

This section examines two fundamental equilibrium concepts of the performative game (I): Nash
equilibrium (NE) and performative stable equilibrium (PSE), as defined below.
Definition 3.1 (Nash Equilibrium). A vector 8"° := col (07°,.. ., 0)°) achieves an NE of the game
(T if it holds for any 7 € [n] that
0;° € arg min EspDi(Bi,e‘f)Ji (57;; 0;, Orlei)
0,€Q; ‘
subjectto  g;(6;) + 3., 9,(05°) < 0.



Definition 3.2 (Performative Stable Equilibrium). A vector 87°° := col (67, ..., 0%°°) achieves a
PSE of the game (T if it holds for any ¢ € [n] that

Y ¢ agg rgln E¢,~p, (g7 Ji (&::6;,6)
€

subjectto  g,;(0;) + Z_F,gl 9g; (Opse) =0.

NE is a fundamental concept in game theory. At NE, each player’s strategy optimally aligns with
its own interest, given the strategies of other players. Hence, no player has an incentive to deviate
from its strategy unilaterally. In the case of performative games, the computation of NE needs to take
into account the data distributions D;(+) for all ¢ € [n], as they are parameterized by the optimization
variable 8. However, this information is often unavailable in practice. Instead, at PSE, the data
distribution of each player ¢ € [n] is fixed at D; (6°°) and the PSE point achieves an NE of the game
(T) under the fixed data distribution of its own deployment. This formulation draws benign properties
akin to problems with fixed data distributions, facilitating the adaptation of existing algorithms.
Therefore, PSE is more frequently chosen as a performance metric in the literature of PP.

3.1 Existence and Uniqueness of PSE

We first establish the condition for the E&U of the PSE of the game (T)). Our approach relies on
repeated risk minimization (RRM) for closed-loop retraining. First, we define a mapping 7 (6) :=
{Ti(6)}cn that, for any i € [n],

0, = T;(0) := argmin E¢,~p,(0.,0_,)7i ({i;ui,GLi)
u; €Q;

subjectto g, (u;) + Z#i g, (8) <o0.
The mapping 7 (0) outputs the NE of the game (I)) under the fixed data distributions D;(6;, 0_;) for

all ¢ € [n]. With Assumptlon | the E&U of this NE is guaranteed, thereby ensuring the validity of
the mapping 7 (0). Based on ’T(G), the RRM updates 6! at each iteration ¢ by

0!t = T;(6"),Vi € [n)]. 2)

Clearly, 0! is an NE of the game (I)) under the deployment of 0'. Additionally, we have that
any fixed point of (2)) achieves an PSE for the game (I)), i.e., 8°*° = T (6"*°). By investigating the
convergence the iterative equation (2)), we have the following sufficient condition for the E&U of the
PSE of the game (I)).

Theorem 3.3. Suppose that Assumptions hold. Then, for any 0,6 € €2, the mapping T (0)
satisfies

IT(8) = T(O)ll> < 4/, L33 max;cqu pis 16 — 6]l -
Thus, if it is satisfied that

%L\/Z?ﬂ Lie} maX;en) Pij < 1, 3)

the sequence generated by the RRM (2)) converges to a unique PSE point O°*° at a linear rate that

||0t+1 epse ( \/Zz 1L &‘ Max; ] p”) Hel OpseH

The proof of Theorem [3.3]is provided in Appendix [B] According to Theorem 3.3] under Assumptions
[2.T2.5] when condition (3) holds, we have that: (i) the game (1) admits a unique PSE, and (ii) the
RRM method (2) converges linearly to the PSE.

Since the influence weights {p;;} ;e[ are normalized, with Z?zl pi; = 1foralli € [n], we

generally have that p;; = O(%) Therefore, the contraction condition (3) exhibits good scalability
w.r.t. the number of players. Moreover, according to the proof in Appendix |B| if for any player
i € [n], its distribution D;(-) depends only on its own decision 8;, i.e., p;; = 0 for all j # i, then we
have

I7(8) = T(8)ll2 < ; maxieqn) Lici [|6 — 0]



The contraction of the above iterative equation only requires that % max;c(y) Lig; < 1. Furthermore,

if all players exhibit equivalent model parameters that L; =--- =L, = Lande; =--- =¢, =¢
and p;; = % forall 4, j € [n], condition (3) reduces to % < 1, recovering the contraction requirement

of (Perdomo et al., 2020) for a single-agent PP case.

3.2 Existence and Uniqueness of NE

First, we define a gradient mapping Gg) (05,0 ;) = B¢, ~p,0)Vs,Ji (§;0:,0_;) forany i € [n],
and Gg(9) := col (Gél)(é), e ,Gé”)(é)). Moreover, for any ¢ € [n], define

HY y (8) = VB, pi(uno o) [Ji (€ 6)]]

and Hg(d) := col (Hé?,e,l(‘s), e ,Héz),ew(&)). Then, for any ¢ € [n], the gradient of the
performative risk PR;(0;,0_;) w.r.t. 8; is given by
Vo,PRi(60,,0_;) =Gy y (8:,0_) +HYy (6,,0_,).
Define VPR(0) := col (Vg,PR;(0),--- , Vg, PR, (8)), we further have
VPR(0) = Go(0) + Hg(0).

From |[Facchinei and Pang| (2003, Theorem 2.3.3(b)), to prove the E&U of the NE of the (), we
require the strongly monotonivity of the gradient mapping VPR/(). Therefore, we have the following
sufficient condition for the E&U of the NE of the game (T).

Theorem 3.4. Suppose that Assumptions 2.5\ hold. If it is satisfied that
f— >0y Ligs maxjep) /bij — / 2oimr Ligipii > 0, (4)

then, the PP-game (1)) is strongly monotone and admits a unique NE.

The proof of Theorem is presented in Appendix [Cl Since p;; characterizes the influence of
player j’s decision on the data distribution of player ¢, we typically have p;; < p;; for j # i and
thus max;¢p, pi; = pii for all @ € [n]. Then, the condition @) reduces to pu — 7" | Lig;pi; —
V>oiy L?e?p;; > 0. Similarly, when Ly = --- =L, = L, ey = --- = ¢, = ¢, and p;; = % for
all 4, j € [n], we require that 1 — 2Le > 0, i.e., ¢ < 47, which recovers the condition to guarantee
the convexity of the performative risk PR(-), and thereby the E&U of the performative optimal point
of (Miller et al., [2021])) for single-agent PP.

3.3 Distance Between PSE and NE

Theorem 3.5. Define @ = poo— Yory Ligsmaxjep, /Di; and =
S, G; (1 + € max;e[p) 4 /pij). Suppose that Assumptions hold and 1t > 0. Then,
for every PSE point and NE point, we have the following relations:

167 — 0"l2 < £ V/3iL; Gieipi and  [PR(6) — PR(6™)| < /371, Gefpii.

The proof of Theorem [3.5]is presented in Appendix [D] According to Theorem [3.5] the distance
between the PSE and NE of the game (I)) depends on the cost functions’ parameters u, {G;}, {L:},
as well as the sensitivity of the data distributions {e;}. Larger sensitivity parameters widen the gap
between the PSE and NE, while a bigger monotonicity parameter p reduces it. Notably, when the
sensitivity parameter ; = 0 for all ¢ € [n], the game (T)) reduces to a conventional stochastic game
with fixed data distributions, and as a result, the PSE and NE converge to the same point.

To the best of our knowledge, this is the first result on the distance between PSE and NE of PP-games.
Characterizing this distance is challenging in games due to the lack of strong convexity on the joint
cost function J(-), which is an essential property for determining the optimality gap of performative
stable points in previous work (Perdomo et al., [2020; [Lu, 2023). In this paper, we characterize
this gap by leveraging relations from strong duality (Boyd and Vandenberghe, [2004; [Facchinei and
Pang| 2010). Our result is comparable to the findings in (Perdomo et al.| 2020) for single-agent PP

problems wherein this optimality gap is bounded by QTLE In our case, when Gy = --- =G, = G,
e1 ==&, =cand p;; = + foralli,j € [n], we have [|§P>° — 6|5 < ,fia-



Algorithm 1 Decentralized Stochastic Primal-Dual Algorithm: The Procedures at Player i, Vi € [n]:

1: Initialize 8; € E; arbitrarily. Set A} = 0 and éllh = 0 for all h # 3.
2: fort=1toT do

3:  Exchange 05, 5:, and )\2 with all neighbors;

4:  Update the estimate éfh for all h # i by: 5::1 = kth am@’;h + ainb};
5. Deploy the model @} and sample &/ ~ D;(6%,0",);
¢
6 7

Update the primal variable by: 87 = Pg, [Gf — Y (Vgi Ji (52; 95,5) + ’ythi(Hﬁ)T)\ﬁ)};

7. Update the dual variable by: Ai™! = [(1 %) dieN, aij>\§- + Mg, (0:)}
‘ +

8: end for

4 Computation of the PSE

Although RRM theoretically has the capability to find a PSE point, how to perform risk minimization
at its each update remains unknown. Moreover, RRM requires the computation of an NE for each
deployment, which is computationally intensive. In this section, we present a decentralized stochastic
primal-dual algorithm for efficiently computing the PSE of the game (T)). Theoretical analysis is also
provided on the convergence of the proposed algorithm.

4.1 Algorithm Development

For each player i € [n], define a regularized Lagrangian as
Cgi)(9i7 0_;, }\) = EﬁiNDi(tS)Ji (él, 0;, 0_1‘) + <)\,gi(01‘) + Eﬁéi g, (0])> ,

where A € R is the dual variable. Denote by Vg, (-) the Jacobian matrix of g;(-). From the
primal-dual theory (Boyd and Vandenberghel 2004} [Facchinei and Pang}, |2010), for any ~ > 0, there
exists a bounded Lagrangian multiplier A**® such that the following condition holds:

077 =P 07— (G- (07", 37) £ 19,0 x)] i )
APSe — {)\pse +7 (9i(9$se) + 249 (e?se))kr ;

where  is a control parameter. Thus, given ™7 and under &, ~ D;(07°), (07°°, AP*°) is a saddle

point of the Lagrangian .Cglle (0;,0™, X) forany i € [n]. The joint saddle point (67°°, AP*°) achieve
the PSE of the game (I)) under strong duality (Boyd and Vandenberghe}, 2004).

In the decentralized noncooperative game (), each player can only communicate with its neighbors.
We use G(A) to denote the communication graph of the network, where A = (a;),, ., represents a
weight matrix. In G(A), a;; = a;; > 0 if there is a communication link between player ¢ and play j,
and a;; = aj; = 0 otherwise. Let \/; be the set containing player ¢ and all its neighbors such that
j € N;if a;; > 0. We assume that the communication graph G(A) is connected and the weight
matrix A is doubly stochastic.

To find the saddle point (67°°, AP*®), we develop a decentralized stochastic primal-dual algorithm,
as presented in Algorithm [l} The basic idea of Algorithm |l|is to perform gradient update on the
primal variables 6; for all i € [n] and the dual variable A. In the decentralized noncooperative game,
each player i € [n] only observes information from its neighbors. However, its private cost funtion
Ji(&;;0;,0_;) involves all players’ strategies. To solve this problem, we let each player 4 store an
estimate for the strategies of all the other players, denoted by 6, for all h # 4. Define a vector 8;
that concatenates all the estimates 8. In each iteration ¢, neighbors exchange strategy 05, estimate

~t —~
0, and dual varible X! with each other. Then, each player i updates the estimates 8;, for all h # i
by weighted average in Step 4. The primal variable 6 is updated by gradient descent by Step 6, and

the dual variable ! is updated by gradient ascent by Step 7. The coefficient -, is the stepsize at the
tth iteration for all ¢ € [T].



4.2 Performance Analysis

Before analyzing the performance of Algorithm[I] we define the performance metrics adopted in this
paper. The first metric is performative regret. For any player ¢ € [n], its performative regret over T
iterations is defined as

Ri(T):=1_1 (B ~pi(ove)J; (€;: 0%, 07) —PR; (6°°))..

The regret R;(T') measures the suboptimality of the sequence of decisions {8, - - , 8] } taken by
play 1 relative to 87", Besides, since the decisions of all players are subject to constraints, another
performance metric of constraint violation, denoted by R, (1)), is required, defined as

Lt @)] |

Any online or learning algorithm is regarded as “good” if both the time-average regret and the
time-average constraint violation are sublinear, i.e., limy_,o, R;(T)/T < o(1) for any i € [n] and
limy 00 Ry(T)/T < o(1).

For analysis, we make the following assumption on the variance of the stochastic gradient
Vo, Ji (§:;6). Vi € [n].

Assumption 4.1. The stochastic gradient Vs, J;(€;;0,,0_;) is unbiased that
E¢.~p,0)Vs,Ji (§;0i,6-:) = Gg) (6;,0_;) and there exist constants og,oqy > 0 such
that 37| Ee p,(0) ||V, Ji (€505, 0-5) — Gy (8:,8-,) ’ S s tat]e- 67°||2,v0,6 € Q.
Theorem 4.2. Define = pwo— > 1L €iMaXje[n] \/Pij and v =

3 (‘71 L3y L? (1 + €2 max;c(n ]pw)) Suppose that Assumptlons and . hold

and i > 0. By Algomhm if the stepsize satisfies sup,c ) i < £, then, the performatlve regret of
the game (1)) is bounded by

RAT) <O <\/§ (% +3T %)> Vi € [n].

Further, the constraint violation is bounded by

Ry(1) 20 (&/(% +Z) (1+Z012)).

For a sequence of diminishing stepsize v; = 7{ (T2t + 71) ™", where 71,72 > 0and 0 < 1 < 1, we
have that: 1) ZZ;I Y <O (T1);2) 23:1 72(t) < O (T*2"). Plugging the above results into
Theorem [4.2) yields

Ry(T )<o( 5 i3 ),ie[n} and Rg(T)gO(T%"JrT#JrTl—%).

Rg(T) -

Based on the above two inequalities, the best choice of 7 is 4 such that R;(T") < O(T%),Vi € [n]

and R, (T) < O(T'%). This convergence speed matches that of the decentralized noncooperative
game without performativity (Lu et al., 2020).

The proof of Theorem[4.2]is provided in Appendix [E] Accordlng to Theorem{.2] the performative
effect reduces the convergence rate by amplifying the coefﬁment = in the regret bounds. Specifically,
as the sensitivity parameters ¢; increase, the coefficient 1 decreases leading to a slower convergence
rate of R;(T") for all ¢ € [n]. This occurs because a larger ¢; indicates a stronger performative
influence, which more significantly impacts the algorithm’s convergence. Nevertheless, the perfor-
mative effect does not degrade the convergence order of Algorithm [I|compared to the case without
performativity (Lu et al., | 2020).

5 Numerical Experiments

In this section, we evaluate the effectiveness of our algorithm and theoretical results by conducting
numerical experiments on a networked Cournot game (Abolhassani et al.,|2014), which is a founda-
tional model in economic theory (Allaz and Vila, |1993) for analyzing oligopolistic competitions. We
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Figure 1: Convergence of time-average regrets and time-average constraint violations.
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Figure 2: (a). Normalized distance between 0" and 6™°. (b). Total revenue at PSE and NE.

consider a networked Cournot game with five firms selling a single commodity across three markets.
Each firm aims to maximize its profit by determining the quantities it serves in all markets. The total
accommodated quantity in each market is limited by its market capacity. The simulation details and
additional numerical results are presented in Appendix [F1I] We also provide an additional experiment
on a ride-share market in Appendix

Fig. [1] illustrates the convergence of the time-average regrets of five firms, denoted by R;(¢)/t,
Vi € [5], and the convergence of the time-average constraint violations of three markets, de-

noted by %Zi’:l S gij(Oﬁl), Vj € [3]. The results demonstrate that both R;(t)/t and

% E§':1 Z:-L:l gij(G’; ) approach zero as the ite?rations increase. This verifies the sublinear con-
vergence of the regrets and constraint violations in Theorem [{.2]

Fig. [2| (a) compares the normalized distance between 6°, generated by Algorithm [I| and the NE
point 8", denoted as ||@" — 6"°||2/||6"||2. The NE point is computed based on perfect knowledge
of {D;}ic[n). We consider three different performative strengths: ¢ = 0.2, 0.4, and 0.6. It is

observed that ||@" — 8"°||5/||6"||2 stabilizes at values approximately equal to or smaller than 10~
with iterations, varifying the effectiveness of Algorithm[I] Additionally, a 1ar§er performative strength
leads to a wider normalized distance between the convergent point of 8 and 6"°. In Fig. [2| (b),

we compare the total revenues, denoted by — Z?:l PR;(0") under the same three  settings. We

consider two scenarios: 1). “pse”, where " is generated by Algorithm 2). “ne”, where 6" is
generated by performing the same procedures as Algorithm [T|but with perfect information on the
distributions {D;(0) }ic[n)- The result demonstrates the close performance of the “pse” approach and
the “ne” approach. More numerical results can be found in Appendix

Conclusions: We have studied the performative phenomenon in a decentralized noncooperative game
where selfish players seek to maximize their individual profits while adhering to coupled inequality
constraints. We have derived sufficient conditions for the E&U of both PSE and NE and provided the
first upper bound on the distance between these two equilibria. Furthermore, we have developed a
decentralized stochastic primal-dual algorithm for efficiently computing of the PSE point. Theoretical
analysis has demonstrated the same order of convergence speed of our algorithm as the case without
performativity. Finally, numerical simulations have been provided to verify the effectiveness of our
algorithm and theoretical results.
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A Related Work

In recent years, the exploration of distribution shifts in machine learning systems has been extended
beyond traditional exogenous shifts (Quinonero-Candela et al.l |2008), such as covariate (Chan
et al.| |2020), label (Wu et al.l [2021)), and concept (Lu et al., 2018)) drifts, to include endogenous
shifts resulting from strategic behaviors within the learning platforms themselves. [Perdomo et al.
(2020) introduced the framework of performative prediction, which captures the platform’s strategic
responses using decision-dependent distribution mappings. Following this seminal work, significant
research effort has been dedicated to investigating the phenomenon of performativity in various
scenarios. In particular, (Shan et al.l 2023)) studied the endogenous distribution change in open
environments, where data are obtained from a corrupted decision-dependent distribution. They
proposed an effective algorithm with theoretical guarantees by decoupling the two sources of effects.
Lu/(2023) investigated the presence of performativity in bilevel optimization. They first established
sufficient conditions for the existence of performatively stable solutions and then developed a
stochastic algorithm to find the PS point. In (Mandal et al. 2023), the authors examined the
performative effect in a regularized reinforcement learning problem and showed that repeatedly
optimizing this objective converges to a performatively stable policy under reasonable assumptions
on the transition dynamics. It is demonstrated in (Drusvyatskiy and Xiao, [2023)) that typical gradient-
based stochastic algorithms can be applied to find performative stable equilibria with a biased gradient
oracle.

While most existing work focused on finding performative stable points, there are studies aimed at
identifying the optimal solutions for performative prediction problems (Miller et al.|| 2021} |[Izzo et al.|
2021; Jagadeesan et al.| 2022)). The optimality gap of performative stable points was first presented
in (Perdomo et al., |2020)), where their bound is proportional to the strong convexity parameter and
inversely proportional to the smoothness parameter of cost functions and the sensitivity parameter
of the decision-dependent distributions. The primary challenges in computing optimal points in
performative prediction problems lie in the unknown decision-dependent data distributions. To
address this challenge, a commonly used method is to make parametric assumptions on the data
distributions and then design algorithms to estimate them. For instance, (Miller et al.|[2021)) proposed
a two-stage algorithm to find the performative optima for distribution maps in the location family. |Izzo
et al.|(2021) proposed a PerfGD algorithm by exploiting the exponential structure of the underlying
distribution maps.

Among the numerous existing studies, (Narang et al., 2023) and (Wang et al.l [2023) are, at a
conceptual level, the closest papers to our own since they have considered performative behaviors in
games. On a technical level, however, these two works are quite distinct from ours since we study
completely different problem settings. One defining distinction is that, in our model, the collective
strategies of all players must adhere to the learning system’s constraints, whereas both (Narang
et al.| 2023) and (Wang et al.|[2023) are unconstrained. Constraints are unavoidable in certain game
scenarios, such as safety and cost constraints in transportation, relevance and diversity constraints in
advertising, and risk tolerance and portfolio constraints in financial trading. The constrained problem
in our work results in a fundamentally different algorithm design and convergence analysis from
these two papers. Our work utilizes the primal-dual technique and necessitates consensus, whereas
their approach only requires local stochastic gradient descent. Additionally, there are distinctions in
the problem settings. In (Wang et al., [2023), the private cost function of each player is structured
in a specific form, involving a local cost depending solely on its own strategy and a regularizer
quantifying the similarity of strategies among neighbors. In contrast, we consider a mathematically
richer setting where each player’s private cost function depends on the strategies of all players in the
game, thus encompassing the model in (Wang et al.l 2023)). Moreover, our algorithm design takes
into account the practical implementation where players can only communicate with their neighbors,
while (Narang et al.,2023) assumes that the strategies of all players are publicly accessible across the
entire network. This more practical setting poses challenges for each player in observing the entire
network. More importantly, although (Narang et al.,|2023)) and (Wang et al.| [2023)) demonstrated the
existence and uniqueness of the PSE and NE for their respective game settings, neither of them offers
insights into the distance between these two equilibria. This paper makes a significant contribution
by presenting the first upper bound on this distance.

Furthermore, there are works on decentralized optimization of multiagent performative prediction
(L1 et al., 2022} Piliouras and Yu, |2023). Specifically, (Li et al., 2022} focused on decentralized
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optimization with consensus-seeking agents, where the data distribution of each agent depends only
on its own decision. Although (Piliouras and Yul [2023)) considers multiagent, their study is in a
centralized fashion and their data distributions are restricted to location-scale families. Lastly, it is
worth mentioning that one paper (Yan and Caol [2024b) has considered constrained optimization in
the context of performative prediction. However, (Yan and Cao, [2024b)) studied the single-agent case,
while this work considers a more complex model with decentralized noncooperative players and
partially observed information about competitors’ strategies. Additionally, this paper contributes to
the evaluation of equilibria, whereas such analysis has not been involved in (Yan and Caol [2024b).

B Existence and Uniqueness of Performative Stable Equilibrium

From the definition of the mapping 7 (8), we have that

0; = Ti(0) = argmin  E¢ p,(0)Ji (£i5us,0";) st g;(u;) + Zgj (65) <0, Vie|[n],

u; €€ £
8, =Ti(8) = aigergi.n Ee,~pi6)Ji (€i5ui,07;) st gi(us) + Zgj (6;) <0, Vié€ln]
€8 i

Define E¢, p,(9) Ve, Ji (¢;;0;,0";) := G(ei) (0;,0"_,). From the optimality condition of constrained
optimization, we have

<G§;’> AR 5g> <0, Vieln.

Define a vector G(8') := col (Gél)(O’), . ,Gé”)(0’)> that concatenates all the G (6'), i € [n].
Then, we have

(Go (0),6'—¢") <. (A1)
Similarly, we have

(Gs (8'),0"—48") > 0. (A2)

Further, from the monotoniticy of the gradient mapping VJ (£; 0) in Assumption we have
(Go(0') = Gg(8'),0" — &) = Eepo) (VI (£60) — VI (&6'),0 —8') > pul6 - &3,

(A3)
where D(0) := D1(0) X - - X D,,(0). Plugging and into gives
W6 — 813 < (~Go ()6 — &)
<(Gs(8') —Go (6'),6" —&")
< |G (8) = Go (9")]|, [|6" =&, - (Ad)

From Assumption Wh (Di (8),D; (0/)) <eg \/2?21 Dij ||9j — 0; ||§ Along with Assumption
2.4l we have that

IG5 (8") — Go (8)]|; < YO LieipislIs; — 6515

i=1 j=1

n
< L2322 maxp;; ||6 — 02 .
— ; 1< je[n]p” H ||2

Plugging the above result into (A4) yields

1 n
0 -8, <= L2e? maxp;; |6 — 0], .
|| H2 1 ; 4 lje[n] J || ||2
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From the RRM procedure, we know that " = T(6") and the PSE satisfies 8" = 7(6"*°). Then,
we have

n

) 1 .
H0t+1 _ 0?56”2 < MJ ;Lfsf jné%ipij ||9t _ apseHz
t

1 n
<= E L22 max p;; o' —or=°
=\ e\ & e |

I

Further, if for any player ¢, its distribution D; depends only on its own decision 8, i.e., p;; = 0 and
pii = 1foralli,j € [n] and j # 4, then, we have

n

1(Gs (8') — Go (8"))]|, < \l > L2 6; - 645 < ?el?rf](LiEi 16 —6,. (A5)

i=1
Plugging (A3) into (Ad) yields
1
||0l — 6/H2 < —max L;g; H5 - 0”2 )
1 i€ln]

Correspondingly, we have

1 t
o =0l < (G ) o -0,

C Existence and Uniqueness of Nash Equilibrium

Based on the results in |[Facchinei and Pang| (2003 Theorem 2.3.3(b)), to show the existence and
uniqueness of NE, we need to prove that the gradient mapping VPR/(0) of the performative game
(T is strongly monotone, i.e., there exists a « > 0 such that (VPR(0) — VPR(0),0 — §) >

a||@ — 8|2, where a denotes the strongly-monotone parameter. Since VPR(8) = Gg(8) + Hg(8),
we have

(VPR(8) — VPR(8),0 — 8) = (Go(6) — G5(8),0 — 8) + (Hp(0) — Hs(8),0 — 5).

From Assumption[2.2] we have

(Go(6) = G5(0),6 = 8) > = Lizimax \/pij [0 8]l
i=1 JElmn

Moreover, from the monotonicity of the gradient mapping VJ (§; 0) in Assumption we have
(Gs(6) — Go(8).0 — 8) = Eep(s) (VJ(€:0) ~ VI (£:6).0 —8) > u]|6 — 8]]5.
Combining the above two inequalities yields
(Go(0) — G5(0),0 — 6) = (Go(0) — G5(0),0 — d) + (Gs(0) — G5(9),0 — 5)
> (M_ZLiEijné?ﬁ pm) 16— 4]l5 - (A6)
i=1
Further, let v(s) = 0" + s (6 — 0") for s € (0,1). Then, we have

1
Ji (€;:0) — J; (£;6') = /0 (VJ; (€;0 +5(0-6)),0—-60)ds

- / (VJ: (6:7(s)) .0 — 8') ds. (A7)

14



From the definition of Héi) (8) that Héi) (0) = Vau,Be, op,(ui0_,) [Ji (&3 0)] ’u,-:e,’ we have that

HY(0) — H(0') = Vu,Ee. o, (ui0 ) [ /0 (VJ; (€57(5)),0 — 6") ds}

1
_ / VuFe piuo_ ) (VI (€5(s) .0 —0) ds.  (A8)
0

From Assumption[2.4] we have
|Ee,~p,VJ; (& 6) — Ee:p/VJ; (5;;9)“2 < LW\ (D;,D;).

Along with Assumption we know that the function E¢ < p,(6,,0_,)VJi (51-; 0’) is L;e;pii-
Lipschitz continuous w.r.t 8;, and thus its gradient satisfies

H VUiEgiNDi(Ui,e—i) [VJZ (£z7 7(8))]
Combing and (A9) gives

|#©) - 15 9)

—o ’ < Ligipii- (A9)
u;=0il|g

Mo —¢],ds

u;=0;

< [ VB0 19 €626
< Ligipii |0 — €',
where the first inequality holds due to the Cauchy-Schwartz inequality. This further implies that

| Ho(0) — Ho(0)]], = zHH” 1§ 0

2

< ZLZ€lpu ’0*0/”2‘

Following prior work (Narang et al.|[2023)) and (Wang et al.,[2023) on performative games, we assume
that the mapping Hs (@) is monotone w.r.t 9, i.e., (Hg(0) — Hs(6),0 — §) > 0. Then, we have that

(VPR(0) — VPR(4),0 — ) = (Go(0 )—Ga( )s 9—5> (Ho(0) — Hs(8),0 — 6)
= (Go(0) — ( ),0 — &) + (Ho(0) — Hs(0),6 — 9)
+(Gs(0) — G5(0),0 — 6) + (Hs(0) — Hs(5),0 — 6)
=2 Lismax /piy — | > Lictpis | 116 =4l
i=1 J€n i=1

Based on the classical result that a strongly monotone game over a non-empty, closed, and convex set
admits a unique NE [Facchinei and Pang| (2003, Theorem 2.3.3(b)), we have the E&U condition for
the NE of the game (1)) as given in theorem 3.4]

D Distance Between PSE and NE

The computation on the distance between the PSE and NE of the game (I)) is based on the strong
duality (Boyd and Vandenberghel 2004; [Facchinei and Pang, 2010). Recall the definitions in Section
4.1l that

J#i
Moreover, define a gradient mapping ¢;(£,; 0, X) := Vg, J; (€,;0)+Vg,(0;) " X and a concatenation
Vector ¢ = [¢1, -+ ,b,] . Forany i € [n], since (87°°, AP*°) is a saddle point of the Lagrangian

Ll pbe(G 07, X) under &, ~ D;(07°°), we have that

—3

LY. (67,67 X)) < £ (97%¢,67° A7) < £8). (6,,6%°, AP*) v, € Q;, A € R

—q
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Similarly, for any ¢ € [n], (07°,A") the saddle point of the regularized Lagrangian
E(e?’g,lq (0,0, \) with decision-dependent distribution &, ~ D;(0;,0"). Setting A = A"
in the first part of the proceeding inequality, we obtain

0 < Ly (07,67, AP) — L) (87,075, A™) = (A — X)) g (67),Vi € [n],

where (AP* — A") T g (0P%°) = ST (AT = A8) (221 44 (07°°)). By the convexity of g;i(-)
forall j € [m], i € [n], we have that

Z ggz epse S

M=

(95i (07°) + (Vg;i (67) , 67 — 6))

i=1

'M=

(Vgyi (07°),07° — 67°),Vj € [m],

=1

where the last inequality follows from that g;(6"°) = > g;; (8;) < 0. Multiplying the preceding
inequality with A™ and adding over all j € [m], we obtain

m n

DD NG (07) = () T g (07™) < Y <Z ATV ;i (07°), 07 — 9?e>
~\=

j=1i=1

3
-

= (Vg () TAP*, 67 — 67) . (A10)
=1

By the definition of the mapping ¢;(-), for any &, € Z;, we have that,
Vg, (07%) T AP = ¢, (&,; 0%, \P%) — Vo, J; (£;;0°%°),Vi € [n]. (A11)
Plugging (ATI) into (AT0) gives

(AP) T g (67 < Z (i (&;; 07, XP%°) — Vg, J; (€,;07°°),0°° — 07°) Vi € [n]. (A12)

i=1

Likewise, we have the following inequality based on the convexity of the functions {g;;(-)}:
956 (7°) = 32 (67°) + (Vg (87°) ,07°° — 01°) ¥ & [m], i € [n].

Multiplying the preceding inequality with —A’¢ and summing over j € [m], we obtain

DN g5 (07
j=1 =1

n

PN AUSEDS <Z Ni°Vg;i (07°) 05 — ene>
j=1 =1 j=1

IN

i=1

_ z": <Vgi (67T Ave gre apse> ,

i=1

where the equality follows from that 37", A2° 370 | g5 (07°) = ()\nc)T (6"°) = 0, which holds

Py
by the complementary slackness condition of the Lagrangian L Lone (0,07, X) for all i € [n].
Similar to (AT2), we have

n

_ (Anc Bpsc Z Bnc, Anc) _ VGi Jz (EN enC) ,B?C _ 0$se> . (Al3)

Combining (AT2) and (AT3) yields

()\psc )\nc psc Z ¢7, £27 Gpsc ApSC) (bz (51‘; Bnc’ )\ncz)7 egse _ 0?c>
=1
= (Vo Ji (£;:07) — Vg, J; (£ 0™), 07 — 67°) .
=1
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Taking expectation on both sides of the above inequality over the distribution D;(6"*°) for all i € [n]
gives

(A =) g (67) < 3" Be pome) (01(€15 07, A™) = 6,(€::07°, ™), 07 — 01

=1
Zn: (Gl (67) = GGl (07%) 07 — 07" ) (Al4)
=1

Since (67, AP*) is a saddle point of the Lagrangian EGPES(OPSG, AP*) given €, ~ D;(6*°), we
have that

E¢,~p,(gvs) (9i(&;; 07, APS) 0V — 07°) < 0,Vi € [n]. (A15)
Furthermore, for any i € [n], we have
Eg,~p, (v 01(£:3 07 A™) = G (67°) + Vg, (67°) T A™
+ Vg,PR;(07¢,0") — Vo,PR;(0)°,07%). (A16)
Since (07°, A"°) is a saddle point of the Lagrangian ﬁ&{ gne (0,025, X*°) with decision-dependent
distribution D;(0;,0",), we have that
—(Vg,PR;(607°,0") + Vg,(67°) T A", 0 — 6;°) < 0,Vi € [n]. (A17)
Plugging (AT3), (AT6), and (AT7) into (AT4) yields
0< ()\pse _ Ane)Tg(epse)

<> (ViPRy(61°,6™) — GGl (6™) 67 — 01°)

> (Gl (67) = GG (67) 07 — 6}

(Hi- (07) + Gl (67) = Gl (67°) 07 = 01°).

Il
INgE
-
i
X

i=1

Then, we have
<G9pse (Opbe) _ Gene (One) 79pse _ 0ne> S <H6ne (0116)7 gpse _ 0ne> .
From the result in (A6)) and the Cauchy-Schwarz inequality, we have

o Li5i max o apse o One 2 < || Hone ene opse o ene .
(u ; 3 o m) | 12 < [[Heore (6™)]|2]| 2

Since the cost function J;(+) is G; Lipschitz for any ¢ € [n], along with Assumption we have

| Hone (0°)l2 = \| D | Hope gue (67°,0°)[3 < | > G2e2pis.
i=1 =1

Combining the above results yields

grse _ gne < V Z?:l GfE?p“
|| ||2 > n T .
1= iy Ligimaxepn) \/Pij

Further, from Assumption[2.2} we have

|PRi(0Pse) _ PRi(ene)‘ S GiHepse _ 0n9||2 4 Gifi Zpij ||9§><e BneH
j=1

<q (1 T e max pij> 167 — 67|
J€[n]

17



Then, we have

[PR(6™) — PR(6"™)| = > |PR;(6”) — PRy(6")

n S G2e2y,
Z Gi (1 T £; max p”> Z’L:l i €iPii
P} Jj€ln]

IN

=3y Ligimaxjem) /Pij
E Convergence of the Decentralized Stochastic Primal-Dual Algorithm

The proof of this section utilizes the following supporting lemmas.

Lemma E.1. Based on the update rule of the dual variable A in Algorithm[I} for any v, > 0,
Xl € R™, i € [n], and t € [T), we have that >_;_, || v AL]|3 < nB2.

Lemma E.2. Define o= % Dy )\i the average of the dual variable over all players at the tth
iteration. Then, for any v > 0 and t € [T'], we have the following relationship:

n

T T n
SHRLUPIEES 9 VAR (1 B3 YIS 93]
t=1 t=1 =1

t=1 i=1 t=1 i=1

T n T
2(14+/n)B Z’yt Z Hx\f — XtHQ + 4nB? Z’y?
t=1 =1 t=1

A

Moreover, we require the following Lemma on the weight matrix A.

Lemma E.3. Let 05(A) denote the second-largest eigenvalue of the weight matrix A. Since A is
assumed to be doubly stochastic, it holds that o2 (A) < 1 (Horn and Johnson||2012). Furthermore,
for any i € [n], we construct a weight matrix A; by removing the ith row and column of A. Let 3

represent the maximum eigenvalue of A for all i € [n]. It has been established in|Hong et al.|(2006]
Lemma 3) that 5 < 1.

With LemmaE.3] we have the following results.

~t
Lemma Ed4. Define e, := 0,, — 02 the estimation error of player i on the decision of player
h at the tth iteration, for all i,h € [n] and t € [T|. Let €}, denote the concatenation of €', that

el = col (eﬁh, € 1y €y ,eﬁbh). Then, the sum of ||€, ||2 over h € [n] and t € [T
satisfies
T n T T
nC  nyn—1(G+ /nBG,)
33 Bl < 10+ WIS o (55,),
t=1 h=1 t=1 t=1

Moreover, the sum of ||€t, ||3 over h € [n] and t € [T satisfies

2n(n — 1)(G nBG,)? a r
3 Bjef 13 < 2 4 20 Mo >;%:o<;%>.

t=1 h=1

Lemma E.5. With the definition X o= %Z?:l /\f, we have the following relationship on the
consensus error of the dual variable \., given by Xl — X, foralli € [n]andt € [T):

T n T T
ZZ!AE—*H;%Z%:O@%)’

t=1 =1 t=1

—t|2 (n++/n)*B? a
= i o ().

t=1 i=1

18



Next, we start the proof of Theorem @ For ease of proposition, we define the following gra-

dient mappings: for any t € [T], ¢1(€;;0:,0_;,) = V,;J; (£;;0,,0_;,0) + vVg;(0;) "\,
() = [050) LT, B (O.0) = G (0) + %Vg,(0:)TA and (0,X) =

L
[(I)(lsﬂf(g7 A), -, 0540, )\)} . Then, we have

E |6+ — o7 = Z]EHPQ (6 — e (gl,ef,el,x)] ~ Pa, 07 — @t (67, 27)] Hz

<E|6" - 9PSQ||2 + %s

. 2
(e l,ei,emt) — D (67, A7)

72%ZIE<0t o7, ! (g,,ef,oz,x) Dihe (67, A7) (A18)

The second term on the right side of (AT8) is handled as follows.

. 2
o1 (£1361,00, A1) = gk (0™, 27)|

= ’Yt

<3%22E’

(gz,at 0, A) ot (0‘;,91)&) + P (ef,owxﬁ) — DL (67, AP) z

o (€00, ) — @t (0,80 0) |

+397 ZIE |65 (6:.87) - GG (07|

2

(a) (b)

2
+ 3 ZEHW DAL= Vg (0r) A (A19)

(e)
We have the following results on these three terms in the last inequality of (AT9).

a) = 32 Z]EHVQ i (gse1.8) - 4 (61.8))

< 3’yt (O’O + olE ||9t 9pse||2) .

= 392 ZE |60 (6:.80) = G2 (6") + Gy (6) - Gy (67) + G (6™) — GG (6°) z
< 942 ZE (HGE}? (95,52) —a® ()|
i=1
<9y} En:E (L? 0;
=1

where the last inequality is based on Assumptions[2.2]and [2.4] Further, since the constriant function
g;(+) is G4 Lipschitz for all ¢ € [n], we have that

) (i) [ gosen || (i) /gpse 0 se
0') - Gy (07| +||c5) (™) - G (67)

y

> 2 +L$ ||0t _ grse
2

2+ 222t o - 07,

() <67§ZEHV91 (0" Al

2
ot S o, o) o

< 692G2 3 Bl + 6ynE A
i=1
< 697 nBGY + 67{nGEI A5,
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where the last inequality is based on Lemma@
Plugging the results of (a), (b), and (c) into (AT9) gives

2> E|
i=1
< 3’% UO +3'}/t (Ul +SZL2 <1+€ m?ﬁpzy)) EHgt pbe||2
=1
+ 997 Z

2

of (£1:0.80.0) — @ (67, 27)

2

inB>G? + 67/ nG, | AP°|3. (A20)

Next, we deal with the last term on the right side of (AT8). First, we have the following inequality:

[th (5“ 05,92, )\t) pbe (o7, )\paeﬂ
=E [G(l) (92,/\1) G(ezpbe 6 Pbe)] +vE {ng (075) )\115 — Vg, (Opse)T )\pse:| '

7

Moreover, we have
oS (oot (0.8) i 07)

— 92y, ZE (61 —67.Gy) (61,8;) — GY) (6")) — 2B (6" — 07, G (6') — G (67°))
— 2R <0f — 0P, Gyt (B°%°) — Ggrse (6°))

< 4CH;
i=1

2 = 2
ol =20 =07, 4203 L B [0 07
(A21)

where the last inequality is from Assumptions[2.2] 2.3] 2:4]and the Cauchy-Schwarz inequality.

Further, we have
—z%ZE< 6, Vg, (6) A~ Vg, (67) A=)

<297 Y B (07— 0.V, (61) XL) + 497CG, A
i=1

<292 Y E[(9,(67) - 9, (6) " Al] + 420G 1A
1=1

< 297K

30,677 (A - X) 4 g(07) X g, (6) X

i=1 i=1

<223 E [|lg; (07, |
i=1

+ 477Gy X™]

N T Se
N =X -9 (0)7 N 4P, 1A, (A22)

where the last inequality uses the fact that g (8°%) " X <o.

Define /i := pu — >y Ligi max;cpn) /Pij» v = 3 (07 + 33211, L7 (1 + & maxejn) pij)), and
T = 305 + 6nB*G? + 6nGL A3 + 4CG || AP°||. Plugging the results in (A20), (AZT), and
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(A22) into (ATS) yields

Eflort — o7

52—0&

Z

0,007+ 2 2

< (1= 2+ ) B0 - 07 2+ 40
=1

+ 292 Z E {
Let sup;>; 7 < ;, then 1 — 217y, + vy? < 1 — [iry;. Thus, we have

E o' — 7],

—t

1 Se Se 2 4C
<= (Elo'- pHZEWm—WHQ+~

9% ZLQ 2% Z]E[B‘

Summing the above inequality over ¢ € [ ] and plugging into the result of Lemma-ylelds

T T
se 1 Se Se
S El6r— 6|, <> — (E[o" - ™[~ E [0+ — o7 H) Z
t=1 = M7t t=1 i=1
9 T n )
S IRD W

9 T ni:1
+uZZ\

i=1

2

AL ,\H —g,(6) ,\t} ”%.

~t

E(3+2\/E)BZ%_

8nB?
AL AH + %+ : Z%
t=

T
2 n
==Y wATg(0) + = (1 +) 7?) Y (A24)
® t=11 K t=1

—1i=1
Since ||0t - HpseHz < 4C?, we have that

T
l t 2 t+1 2
S (el -0 el o)
~ ~E 0" — 6|} - —E[}6™ - WQ+XX% LYot - 07|
402
< 7402 - - 40% < —/ A25
+Z<% Vi— 1) ~ o’ ( )

where in the last inequality is based on the fact that 2 e
sequence. Further, we have the following relations:

— > 0 because ~; is a non-increasing

— ¢ e
> LE — 04|, = maxLi > [leh 3, (A26)
i=1 i=1 h#i h=1
n " . n P . 5
ZLiEHGi—Gﬂ» ’ gmaXLiZ Z 0,, —0;
i=1 2 ! i=1 \ hi 2
< maxL; nzz b\t
! i=1 hti
< maxLivn ) |lef 2, (A27)
h=1
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where the last inequality is based on the fact that v/a + b + ¢ < \/a + Vb + /c for any a, b, ¢ > 0.
Plugging (A23), (A26) and (A27) into (A24) and utilizing the results in Lemmas [E-4]and [E}3] we

have that

ZEH@* o™ +HZZ%AT92 0*)—<1+th>||xn2

t=1 i=1
1 1
<Ol=—+=> %] (A28)
pyr R =1
T71 t ;Ll 9;
Since any A € R satisfies the above inequality, by setting A = (=i (’IEX:); g’YZ() )]+ , we have that
n t=1"7t

2

H S i 0. (6]
H”( +Zt:1%)

2 (A29)

%)\T (i% igi (95)) - = <1+27t> A5 =

As the terms in (A29) is non-negative, omitting it in (A28) gives

ZEHOt o>|| <(9<MT+ Z%)

t=1

Ji(€;:07,07) — J;(€,,07°) < G ||0) — 67

Furthermore, since Eﬁi ~D(OP5¢)

,» forany i € [n],
we have that

T
Ri(T) =) (Ee,~piore) [J (07,077 — J (£;:67)))

On the other hand plugging (A29) into (A28) and omitting the non-negtive term

S E|6" - 0|2, we have

2°
2

[[SL s 0. 60)]
2 <0 (f +1 ) .
in (14 X1, 77) pyr ;%

1 T T
<0 (4-2%) (14—2%2) :
9 - t=1

Then, we prove that

[z 2 (99] +

t=1 i=1




E.1 Proof of Lemma|[E.1]

From the update rule of the dual variables, for any A, € R, i € [n], and t € [T, we have that

2
ZH)\t+1H2 <Z Zalj ’Yt }\ +7tgz(01)]
i=1|j=1 2
112
<33 a0 - a2 4222000
== Tt 9
SZZ%‘[ 715 H)\tH + H 015 H }
i=1j=1

n n
<=3 S INE + D las@h]l;
=1 =1
<(1=93) Y A5+ B

=1

We next bound "7 [|A] ;, ¥t € [T] by deduction. First, since \j = 0, y; < 1, and ||g;(8})3 <
B2, Vi € [n], we have that Y, ||)\2H§ < |g:(6; Hz < nB? < nBQ, Assume that

SR < "B . Since {7; }+e[7] is a non-incerasing sequence, »_;" ||)\tH2 < ”tB < ’{f
and thus Zl 1 ||)\t+1||2 < (1- *yt) 72

t+1 B2 B2
SN < 2 < 2

inB

. Therefore, for any t € [T], we have

Al < nBQ, which completes the proof.

E.2 Proof of LemmalE.2

From the update rule of the dual variables A;, for any A € R, we have that

2
SN AR =30 8 S e s, (99] BN
=1 i=1 jENi .
2
n 2
<@ =77) D ai (= AD) + (AL = A) + 7 (9; (67) — wAl)
1=1 ]E./V’l )
n
<SS an [IAL = AL+ (X = Al 92 (g (88) — v
=1 JEN;
+23 @i (A = AL = ) + 29 (AL = X g, (0)) — L)
JEN;
+29 ) aig [N = Al [lg: (67) w\fllg) : (A30)
JEN;

where we use the fact 1 — 7 < 1in (A30). Next, we simplify the terms in (A30). First, based on the
inequality (a — b)? < 2 (a? + b?) for any a, b > 0, we have that

z;zla 1AL = x| = z;zla (s -x) - (=) ) <
== =

2

—t
Y H .
2
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In addition, with the result in Lemma [E.T} we know that

3l 0) X3 <237 llgi (63 + 23 [N < 208° + 2082 = anis?
= i=1 =1

lg: (67) —veXill, < llgi (63) [, + [edill, < B+ VB = (14 vn)B.

Moreover, based on the fact that } ;" | Z;.L:l ij <)\§ -l z> = O for any z € R™, we have that

n n n n

SO (A= ALX = Ay = 30> e (X - ALA =X

i=1j=1 i=1 j=1

1 n n
<3 Yy (1%~ Al
j=1

)

Furthermore, notice that

(X=X, g, (8)) — 3Al) = (AL = X, g; (0)) — AL+ mAT AL

< (A=A, (0)+ 2 (1A - [INE)

where the last inequality follows that AT A! = SUINIZ + || A7 Hz) We also have

n n

DD ai [N =Xl <

=1 j=1

-X].

Plugging all the above results into (A30), we obtain
> et Al =3 (- Al
i=1

+ 23 (A = A g, (6) + 97 (I3 — [X]1)

+dy(

=X,

— XtH ) + 4nB2*yt2
2

Rearranging the terms in the above inequality and summing over ¢ € [T] gives

T n
S (AL = A g; (6) +Z"” INI12
t=1 i=1
1 n
> 33 (I = Al = I3 = ALl
t=1 i=1

—t

+ZZ 7 x2-

The last term on the right side of the above inequality is non-negative and can be omitted. Besides,
since A\; = O for all i € [n], then Zthl (H)\EH - )\Hz - H)\: - AH;) > —||A|3 for any A} Tt €
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R’". Thus, we have

n

R (CONACHERNACH)

B Z; T 9 T n
-Z (HZ%Q) PEEEDIM
t=1 t=1 i=1

T n T
—2(1+\/ﬁ)BZ%Z‘ By 2
t=1 =1 t=1

Rearranging the terms in the above inequality yields

- T T n
D) RUCITTIES 9 SN IE <1+va> INE 5 303 X
t=1

t=1 i=1 t=1 i=1 t=1 i=1

T

A X

T
21 +m32%2 A= X| +anB2 Y702,
t=1 =1 t=1

which completes the proof.

E.3 Proof of Lemmal[E4
~t ~t+1 ~t & . .
Based on the update rule of 0, that 0;, = >, j, airby), + ain),Vh # iand i, h € [n], we have
that
et 9t _ gt At t t+1 t t
=0y, — 0" = anby, +anb), — 0,7 + 6}, — 6],
k#h
= Z aike};h — (02“ — 02) .
k#h
Recall that A is the weight matrix formed by removing the hth row and hth column of the weight
matrix A for any h € [n], and e}, := col (eﬁh, e =el(th71)h7 efhﬂ)h, e ,efm). Then,
et = (A, @Lye) +1,_1 @ (8;7" —67}).
Since 3 is the maximium eigenvalue of A, for all i € [n], we have that
Elle; " 2 < E[|(A; @ Laey |, + El[1nn @ (6,7 = 6})]],

< BE|lef 2 + v — 1E |0}, (£1:61.81, A1) |
< BE|let||s + \/ﬁ%Evath (5h,9h,0h)H + V= 172E || Vg, (01) TAL,
< BE|leflla + vVn = 17(G + G4E[ly A, ||2)

t—1
< B'Ellehlla + vVn =1 B"_r(G + VnBG,). (A31)
k=0
Further, since 0}, = 0 for any i, h € [n], then, from Assumption Ellehlla = 185]2 < C.
Summing the above inequality over ¢ € [T'] and h € [n], we obtain
T t—2
Z S Blel . < nCZB’ PV =G+ ViBGy) Y Y B
t=1 h=1 t=1 k=0
nC K,
< 5+ nVn = 1(G +vnBG,) > Y By
k=1t=k+1
T
nC nyvn — 1(G + /nBG
< + (G +VnBGy) S e
1-p 1-p pet
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On the other hand, taking square on both sides of (A3T), we have

t—2 2
Elel|? < 28'E He}LHz +2(n — 1)(G + VnBG,)? <Z ﬁ’“%“) . (A32)

Using the Cauchy-Schwarz inequality yields

t—2 2 t—2 t— =2 g
<Z B’“%_H) < < ﬁ’“) (Z B’Wf_k_1> < ’“Zolfvﬁt’“ (A33)
k=0 k=0 k=0

Plugging (A33) into (A32) and summing over ¢ € [T, we have that

T n T _ 9 /T t—2
> S e < 2nc? 3 gt 2= UE T VR BC) (sz_k_1>
t=1

t=1 h=1

2nC%  2n(n —1)(G + /nBGy)? d
=1-p" (1- By 2w

E.4 Proof of LemmalE.5

Let w} := [(1 -7)> SN aijkz- +7t9; (95)} =D e aij)\;. Then, for any ¢ € [n], we have
k2 + 7
that

lwilly = {|| (1 =%) D aiAf+ g (67)| = D aiA;
JEN; i JEN; 9
<||-% Z aij%)\z‘ + "G (02)
JEN;

2

<Y ag Xl + e g (69) ],
JEN;

< (VA +1)B. (A34)

The first inequality in (A34) results from the nonexpansive property of projection, and the third
inequality holds by using Lemma By the update rule of A; for any i € [n], we have that

t+1 _ ot ¢
AT = Z aijAN; + wj.
JEN;

Define concatenation vectors X, = col (A, ,A%) and w! = col (wi, -+ ,w!). Then, for any
t € [T, we have

A — (AR L) AL+ Wi, (A35)
Since A’ = 2 7| A, we have that

B 1,17

n

Al =X —(1,® L)X = <(In

Combining (A33) and (A36) yields

) ® Im> ALVt € [T]. (A36)

117
AT = (A®I,) A"+ ((I - ) ®Im> wt vt e [T].
n

26



Market 2

Figure 3: A networked Cournot game with five firms and three markets.
Since )\l1 = 0 for all i € [n], then A' = 0. Based on the fact that HI — % H < 2, we have that
F

T
A+ _xt“H =A%y, = H(A®Im) A+ ((1 - 11) ®Im> w!
2 n 2

t 11T t
< |(AeL,) A, + I-— )@l )

< oo(A) A", + 2|,

t—1
<23 oa(A) [|lwg |,
k=0

2

<2(n++n)B Z o2 (A) v,

where the last inequality is based on the result in (A34). Summing the above inequality over ¢ € [T]
yields

ZZ’At >‘H <2”+\F)BZ a2 (A) -1k

t=1 i=1 t

2(n +V)B «
1— os(A) DY

- 12 4(n+ /n)2B2 L
Y <¢Z’yk'

t=1 1=1
F Simulation Details

F.1 Networked Cournot Game

The Cournot game is a foundational model in economic theory (Allaz and Vila, [1993) for analyzing
oligopolistic competition, where a limited number of firms dominate a specific market. In Cournot
games, all firms sell a homogeneous commodity and aim to maximize their individual profits by
independently and simultaneously determining optimal production quantities. The total quantity
produced by all firms is constrained by factors such as market capacity, raw material availability, and
environmental considerations. The profit of each firm depends not only on its own production quantity
but also on the quantities chosen by its competitors, as they influence the demand price determined

27



=02 £=0.4 e=0.6

4_
4 39
3_
(o
2 2
£, ] 2-
. pse 14 11
I ne
0- 0- 0-
M1 M2 M3 M1 M2 M3 M1 M2 M3
Figure 4: The demand prices of three markets.
£€=0.2 £=0.4 £=0.6
8_
61 61 61
z
-
< 4+ 4 4
3
s}
24 . pse
B ne
0- ; — : — : —
FL F2 F3 F4 F5 FL F2 F3 F4 F5 FL F2 F3 F4 F5
£=0.2 £=0.6
| 4
3?4
=
c
©
3 21 21
BN pse
BN ne
0- — 01l
FL F2 F3 F4 F5 F5 FL F2 F3 F4 F5
£€=0.2 £=0.6
3-
2
€ 2
©
>
]
11 . pse 11 11
I ne
0- 0- 0-
FL F2 F3 F4 F5 FL F2 F3 F4 F5 FL F2 F3 F4 F5

Figure 5: The serving quantities of five firms to three markets.

by the market’s demand curve and the total production quantity. There are strategic interactions
between firms and markets in the Cournot game. According to the law of supply and demand, an
increased production quantity drives down the demand price, and vice versa. The Cournot game model
has diverse applications in various fields, including supply chain management, electricity market
competition, natural resource extraction, online advertising auctions, and the telecommunications
industry.

In this experiment, we consider a networked Cournot game comprising n firms selling a single
commodity across m markets, as illustrated in Fig.[3| Each firm ¢ € [n] determines its output quantity
6; = col (0;1,- -, 6;m) subject to the constraint of its production capacity @; that Z;T;l 0i; < Q.
Here, 6;; denotes the quantity of player ¢ sold to the jth market. The total quantity allocated to market
J is limited by its market capacity B, satisfying the condition that Y ;- , 6;; < B; Vj € [m]. Thus,
the local constraint of player ¢ associated with market j is

9ij(0;) =0;; — Bj/n,Vi € [n],j € [m].
Let 91(91) := col (gil(ei)v e agim(ei))a Vi e [Tl]
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The cost function of firm i is defined as
Ji=d; 0; =Y pibij,
j=1

where d; = col (d;1, - - , di) and d;; represents the cost that firm ¢ sells a unit of its product to the
jth market, Vi € [n], j € [m]. d; includes the cost of raw material, transportation, maintenance, etc.
In J;, the term p; denotes the unit demand price of market j determined by its market demand curve
and the total production quantity, given by

1 -
pi=E&+4; <0j+d,z9ij>
J =1

where c¢;, d; Aj, and 7; > 0 are constants, §; is a random variable. Due to the interaction between
firms and markets, the demand price can fluctuate with production quantities, represented by &; ~
D;(0). Note that the quantity-dependent distributions D, (8) for all j € [m] are unknown by players.
For any j € [m], the variable ¢; is defined as

=& +€% (Z@j) :

where &7 is the random base component, ¢ > 0 represents the performative strength of markets, and
a; is the relative strength of market j for any j € [m]. According to the law of supply and demand,
an increased production quantity generally decreases a market’s demand price, which corresponds to
the setup that o; < 0 for all j € [m]. Thus, the objective of each play ¢ € [n] in the network Cournot
game is formulated by

T

" V) e fml, (A37)

. T
nin By, p, 0., vieln).jelm) | & 0i = D piti;

subject to 6, + Zl%j < Bj,Vj € [m].
i

In the simulation, we set n = 5 and m = 3. The network structure is as depicted in Fig. 3] Each

element of the communication weight matrix A = (a;;),, ., is set to be a;; = le—‘ and |N;| is the

cardinality of ;. The production capacity @; is randomly and uniformly drawn from [10, 12] for all
i € [5], and the market’s capacity B, is randomly and uniformly drawn from [10, 15] for all j € [m].
All entries in d;, Vi € [n] are randomly and uniformly drawn from [1, 1.5]. The distribution of £f is
set to min(max (N (2.5,1),2.5), 7.5). The performative power ¢; is randomly and uniformly drawn
from (—1,0], for all j € [3]. Other settings are: A; = 10, ¢; = 10,d; = 5and 7; = 2, Vj € [3].

Fig. 4| compares the demand prices of three markets at PSE and NE with performative strength
€ =0.2,0.4, and 0.6 and Fig. [5|compares the corresponding serving quantities of five firms to these
three markets. The results suggest that, although a larger performative strength leads to a wider gap,
the difference in these two indicators between the PSE and NE remains insignificant. This confirms
the effectiveness of PSE solutions and our distance analysis between the PSE and NE as stated in
Theorem

F.2 Ride-Share Market

We further examine an example of a ride-share market, where multiple platforms compete to maximize
their individual revenue by offering shared rides in competitive areas, taking into account opera-
tional constraints and market demands. This experiment builds upon the semi-synthetic simulation
conducted in (Narang et al.,|2023)), adapting it to our constrained noncooperative game setting.

Consider a ride-share market with n platforms competing in m areas. Each platform i € [n] aims to
maximize its revenue by determining the quantities it offers at the jth area, denoted as 6;;, for all
j € [m]. Let @; = [0;1,--- ,0:m] . The total number of rides provided by each platform 7 cannot
exceed a predefined limit );, given by Z;nzl 0i; < Q;, Vi € [n]. Let p; denote the demand price
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Figure 6: Convergence of the time-average revenues of three platforms.
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Figure 7: Convergence of the time-average constraint violations at eight areas.

at the jth location, which fluctuates with the total offered quantity at the area following the law of
supply and demand. We adopt the same model for {p;} as in the network Cournot game, given by
(A37). Additionally, the maintenance costs associated with platform operations may vary across
locations due to factors such as distance or labor costs. Let d; € R™ represent the cost vector of
platform ¢ at all areas. Then, the inverse of the revenue function for each platform can be expressed as

J; = _ijeij + d;ei,Vi S [n]

j=1

Assume that each platform only offers one type of ride. Considering the diverse ride characteristics,
such as shape and speed, we use h; to denote the spatial occupancy of each ride offered by platform <.
The accommodated ride quantity at each location is constrained by B, due to parking availability
and road conditions, such that )" | h;0;; < B;. Then, the objective of each platform ¢ € [n] in the
ride-share market is formulated as

i T
bt Ep, D, (0., vicln)) vicim] | — O Pifi; +di 0;
J=1 (A38)
subject to  h;0;; + Z hib;; < B;,Vj € [m].
il i

The simulation setup is based on dataset from a prior Kaggle competitionﬂ Our study focuses on
three ride-share platforms (Uber, Lyft, and Via) and eight competing areas within New York. We
randomly and uniformly assign the total number of rides, @;, from the range [200, 400] for each
platform ¢ € [3]. Similarly, the accommodated capacity, B;, is randomly and uniformly drawn from
[50, 150] for all j € [8]. All entries in d;, Vi € [n] are randomly and uniformly drawn from [0.2, 2.2].
The distribution of £ is set as min(max(N(1, 1), 1), 5). Additionally, we set the following values
for all areas j € [8]: Aj =5,¢; =5,d; =5,and 7; = 2.

Fig. [6]compares the convergence of the time-average revenues of these three platforms: Uber, Lyft,
and Via, denoted by — 1 S, Ept~p(et)[Ji(p'; 6" )]. We consider three performative strengths:

’The data is publicly available at https://www.kaggle.com/brllrb/uber-and-lyft-dataset-boston-ma
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£ =0.1,0.2, and 0.3. Similarly to Fig.[2|(b), we compare the performance of Algorithm|I] represented
by “pse”, and the performance of Algorithm ith perfect knowledge of data distributions D; ()
for all j € [m]. It is observed that, with a mild performative strength ¢, the revenues achieved by
the “pse” are close to those of the “ne” for all three platforms. However, as € increases, the gap
between the two approaches widens, although it remains relatively small. This observation confirms
the analytical result presented in Theorem [3.3]

Fig. [7]shows the convergence of the time-average constraint violations at eight areas by Algorithm T]
denoted by + 2;:1 Z?Zl 9i;(0:),5=1,-- 8, with performative strengths of ¢ = 0.1, 0.2, and
0.3. The constraints hold for all three performative strengths. However, as ¢ increases, the platform
tends to allocate fewer rides. This may be attributed to larger market fluctuations associated with a
higher ¢, leading to a more conservative allocation.

Fig. [8 compares the normalized distance between " and the NE point "¢, denoted as ||0t -
6"°||2/||0"||2, with performative strengths: ¢ = 0.1, 0.2, and 0.3. The result is quantitatively

analogous to the findings presented in Fig. |8 Firstly, 8" gradually approaches 8™ with iterations.
Secondly, a higher performative strength leads to a wider normalized distance between the convergent
point of 8" and 6™°.

Fig.[9] compares the demand prices of eight areas and the ride quantities offered to them by three
platforms at PSE and NE. We consider performative strengths € = 0.1 and € = 0.3. It is observed
that the values of these indicators at the PSE and NE are close to each other when € = 0.1. However,
a noticeable discrepancy arises when € = 0.3.

Additionally, we display the demand prices of eight areas in New York in Fig. [T0] with different
performative strengths: € = 0.1, 0.2, and 0.3. It can be observed that, while prices vary by location,
smaller values of ¢ generally correspond to higher prices. The offered quantities of these three
platforms to the eight locations are illustrated in Fig.[TT] The results indicate a conservative allocation
as the performative strength increases. Furthermore, with the cost of these three platforms at different
locations in Fig. we obtain the revenues of the platforms Uber, Lyft, and Via in different areas, as
illustrated in Fig. Clearly, performativity has an inverse effect on revenues, and the stronger the
performative strength, the lower the revenues.
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Figure 13: The revenues of platforms in different areas.
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