OPT2024: 16th Annual Workshop on Optimization for Machine Learning

The Dimension Strikes Back with Gradients: Generalization of
Gradient Methods in Stochastic Convex Optimization

Matan Schliserman SCHLISERMAN @MAIL.TAU.AC.IL
Uri Sherman URISHERMAN @MAIL.TAU.AC.IL
Blavatnik School of Computer Science, Tel Aviv University

Tomer Koren TKOREN @ TAUEX.TAU.AC.IL

Blavatnik School of Computer Science, Tel Aviv University and Google Research

Abstract

We study the generalization performance of gradient methods in the fundamental stochastic convex
optimization setting, focusing on its dimension dependence. First, for full-batch gradient descent
(GD) we give a construction of a learning problem in dimension d = O(n?), where the canoni-
cal version of GD (tuned for optimal performance on the empirical risk) trained with »n training
examples converges, with constant probability, to an approximate empirical risk minimizer with
Q(1) population excess risk. Our bound translates to a lower bound of Q(Vd) on the number
of training examples required for standard GD to reach a non-trivial test error, answering an open
question raised by Feldman (2016) and Amir, Koren and Livni (2021) and showing that a non-trivial
dimension dependence is unavoidable. Furthermore, for standard one-pass stochastic gradient de-
scent (SGD), we show that an application of the same construction technique provides a similar
Q(Vd) lower bound for the sample complexity of SGD to reach a non-trivial empirical error, de-
spite achieving optimal test performance. This again provides for an exponential improvement
in the dimension dependence compared to previous work (Koren et al., 2022), resolving an open
question left therein.

1. Introduction

The study of generalization properties of stochastic optimization algorithms has been at the heart of
contemporary machine learning research. While in the more classical frameworks studies largely
focused on the learning problem [e.g., 1, 9], in the past decade it has become clear that in modern
scenarios the particular algorithm used to learn the model plays a vital role in its generalization
performance. As a prominent example, heavily over-parameterized deep neural networks trained
by first order methods output models that generalize well, despite the fact that an arbitrarily chosen
Empirical Risk Minimizer (ERM) may perform poorly [18, 19, 23]. The present paper aims at
understanding the generalization behavior of gradient methods, specifically in connection with the
problem dimension, in the fundamental Stochastic Convex Optimization (SCO) learning setup; a
well studied, theoretical framework widely used to study stochastic optimization algorithms.

The seminal work of Shalev-Shwartz et al. [21] was the first to show that uniform convergence,
the canonical condition for generalization in statistical learning [e.g., 4, 22] may not hold in high-
dimensional SCO: they demonstrated learning problems where there exist certain ERMs that overfit
the training data (i.e., exhibit large population risk), while models produced by e.g., Stochastic Gra-
dient Descent (SGD) or regularized empirical risk minimization generalize well. The construction
presented by Shalev-Shwartz et al. [21], however, featured a learning problem with dimension expo-
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nential in the number of training examples, which only served to prove an Q(log d) lower bound on
the sample complexity for reaching non-trivial population risk performance, where d is the problem
dimension. In a followup work, Feldman [12] showed how to dramatically improve the dimension
dependence and established an Q(d) sample complexity lower bound, matching (in terms of d) the
well-known upper bound obtained from standard covering number arguments [see e.g., 20].

Despite settling the dimension dependence of uniform convergence in SCO, it remained unclear
from [12, 21] whether the sample complexity lower bounds for uniform convergence actually trans-
fer to natural learning algorithms in this framework, and in particular, to common gradient-based
optimization methods. Indeed, it is well-known that in SCO there exist simple algorithms, such
as SGD, that the models they produce actually generalize well with high probability [see e.g., 20],
despite these lower bounds. More technically, the construction of Feldman [12] relied heavily on
the existence of a “peculiar” ERM which does not seem reachable by gradient steps from a data-
independent initialization, and it was not at all clear (and in fact, stated as an open problem in 12)
how to adapt the construction so as to pertain to ERMs that could be found by gradient methods.

In an attempt to address this issue, Amir et al. [3] recently studied the population performance
of batch Gradient Descent (GD) in SCO, and demonstrated problem instances where it leads (with
constant probability) to an approximate ERM that generalizes poorly, unless the number of training
examples is dimension-dependent.! Subsequently, Amir et al. [2] generalized this result to the more
general class of batch first-order algorithms. However, due to technical complications, the construc-
tions in these papers were based in part on the earlier arguments of Shalev-Shwartz et al. [21] rather
than the developments by Feldman [12], and therefore fell short of establishing their results in di-
mension polynomial in the number of training examples. As a consequence, their results are unable
to rule out a sample complexity upper bound for GD that depends only (poly-)logarithmically on
the problem dimension.

In this work, we resolve the open questions posed in both [12] and [3]: Our first main result
demonstrates a convex learning problem where GD, unless trained with at least Q(Vd) training
examples, outputs a bad ERM with constant probability. This bridges the gap between the results
of Feldman [12] and actual, concrete learning algorithms (albeit with a slightly weaker rate of
Q(Vd), compared to the Q(d) of the latter paper) and greatly improves on the previous Q(log d)
lower bound of Amir et al. [3], establishing that the sample complexity of batch GD in SCO has a
significant, polynomial dependence on the problem dimension.

Furthermore, in our second main result we show how an application of the same construction
technique provides a similar improvement in the dimension dependence of the empirical risk lower
bound presented in the recent work of Koren et al. [16], thus also resolving the open question left
in their work. This work demonstrated that in SCO, well-tuned SGD may underfit the training data
despite achieving optimal population risk performance. At a deeper level, the overfitting of GD and
underfitting of SGD both stem from a combination of two conditions: lack of algorithmic stability,
and failure of uniform convergence; as it turns out, this combination allows for the output models
to exhibit a large generalization gap, defined as the difference in absolute value between the empir-
ical and population risks. Our work presents a construction technique for such generalization gap
lower bounds that achieves small polynomial dimension dependence, providing for an exponential
improvement over previous works.

1. Here we refer to GD as performing T = n iterations with stepsize 7 = ©(1/+/n), where n denotes the size of the
training set, but our results hold more generally; see below for a more detailed discussion of the various regimes.
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1.1. Our contributions

In some more detail, our main contributions are as follows:

(i) We present a construction of a learning problem in dimension d = O (nT + n”> + n°T?) where
running GD for 7 iterations with step i over a training set of n i.i.d.-sampled examples leads,
with constant probability, to a solution with population error Q(nVT + 1/7T).> In particu-
lar, for the canonical configuration of T = n and n = ©(1/+/n), the lower bound becomes
Q(1) and demonstrates that GD suffers from catastrophic overfitting already in dimension
d = O(n?). Put differently, this translates to an ﬁ(\/ﬁ) lower bound the number of training
examples required for GD to reach nontrivial test error. See Theorem 1 below for a formal
statement and further implications of this result.

(i) Furthermore, we give a construction of dimension d = 0 (n?) where the empirical error of
one-pass SGD trained over T' = n training examples is Q(n+vn + 1/nn). Assuming the stan-
dard setting of = @(1/+/n), chosen for optimal test performance, the empirical error lower
bound becomes (1), showing that the “benign underfitting” phenomena of one-pass SGD
is exhibited already in dimension polynomial in the number of training samples. Rephrasing
this lower bound in terms of the number of training examples required to reach nontrivial
empirical risk, we again obtain an ﬁ(\/ﬁ) sample complexity lower bound. See Theorem 2
for the formal statement and further implications.

Both of the results above are tight (up to logarithmic factors) in view of existing matching upper
bounds of [7]. We remark that the constructions leading to the results feature differentiable Lipschitz
and convex loss functions, whereas the lower bounds in previous works concerned with gradient
methods [2, 3, 16] crucially applied only to the class of non-differentiable loss functions. From the
perspective of general non-smooth convex optimization, this implies that our lower bounds remain
valid under any choice of a subgradient oracle of the loss function (as opposed to only claiming that
there exists a subgradient oracle under which they apply, like prior results do).

1.2. Main ideas and techniques

Our work builds primarily on two basic ideas. The first is due to Feldman [12], whereby an exponen-
tial number (in n) of approximately orthogonal directions, that represent the potential candidates for
a “bad ERM,” are embedded in a ®(n)-dimensional space. The second idea, underlying [2, 3, 7, 16],
is to augment the loss function with a highly non-smooth component, that is capable of generating
large (sub-)gradients around initialization directed at all candidate directions, that could steer GD
towards a bad ERM that overfits the training set.

The major challenge is in making these two components play in tandem: since the candidate
directions of Feldman [12] are only nearly orthogonal, the progress of GD towards one specific
direction gets hampered by its movement in other, irrelevant directions. And indeed, previous work
in this context fell short of resolving this incompatibility and instead, opted for a simpler con-
struction with a perfectly-orthogonal set of candidate directions, that was used in the earlier work
of Shalev-Shwartz et al. [21]. Unfortunately though, this latter construction requires the ambient

2. By population error (or test error) we mean the population excess risk, namely the gap in population risk between the
returned solution and the optimal solution.
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dimensionality to be exponential in the number of samples n, which is precisely what we aim to
avoid.

Our solution for overcoming this obstacle, which we describe in length in Appendix B, is based
on several new ideas. Firstly, we employ multiple copies of the original construction of Feldman
[12] in orthogonal subspaces, in a way that it suffices for GD to make a single step within each copy
so as to reach, across all copies, a bad ERM solution; this serves to circumvent the “collisions”
between consecutive GD steps alluded to above. Secondly, we carefully design a convex loss term
that, when augmented to the loss function, forces successive gradient steps to be taken in a round-
robin fashion between the different copies, so that each subspace indeed sees a single update step
through the GD execution. Lastly, we introduce a novel technique that memorizes the full training
set by “encoding” it into the iterates in a convex and differentiable manner, so that the GD iterate
itself (to which the subgradient oracle has access) contains the information required to “decode”
the right movement direction towards a bad ERM. We further show how all of these added loss
components can be made differentiable, so as to allow for a differentiable construction overall.
A detailed overview of these construction techniques and a virtually complete description of our
construction are provided in Appendix B.

1.3. Additional related work

Due to space constraints, we defer the discussion of additional related works to Appendix A.

2. Problem setup and main results

We consider the standard setting of Stochastic Convex Optimization (SCO). The problem is char-
acterized by a population distribution 9 over an instance set Z, and loss function f : W x Z — R
defined over convex domain W C R¢ in d-dimensional Euclidean space. We assume that, for any
fixed instance z € Z, the function f(w,z) is both convex and L-Lipschitz with respect to its first
argument w. In this setting, the learner is interested in minimizing the population loss (or risk)
which corresponds to the expected value of the loss function over D, defined as

F(w) =E;-n[f(w,2)], (population risk/loss)

namely, finding a model w € W that achieves an e-optimal population loss, namely such that
F(w) < F(w,) + &, where w, € argmin,, .y F(w) is a population minimizer.

To find such a model w, the learner uses a set of n training examples S = {zy, ..., 2}, drawn
i.i.d. from the unknown distribution 9. Given the sample S, the corresponding empirical loss (or
risk), denoted F (w), is defined as the average loss over samples in S:

—~ 1 <&
F(w) = - Z fw,z). (empirical risk/loss)
i=1

We let w, € argmin,,cw F (w) denote a minimizer of the empirical risk, refered to as an empirical
risk minimizer (ERM). Moreover, for every w € W, we define the generalization gap at w as the
absolute value of the difference between the population loss and the empirical loss, i.e., |F(w) —
F(w)|.
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Optimization algorithms. First-order algorithms make use of a (deterministic) subgradient oracle
that takes as input a pair (w, z) and returns a subgradient g(w, z) € 9, f(w, z) of the convex loss
function f(w, z) with respect to w. If |0, f(w, z)| = 1, the loss f(-, z) is differentiable at w and the
subgradient oracle simply returns the gradient at w; otherwise, the subgradient oracle is allowed to
emit any subgradient in the subdifferential set d,, f (w, 7).

First, we consider standard gradient descent (GD) with a fixed step size n > 0 applied to the
empirical risk F. We allow for a potentially projected, m-suffix averaged version of the algorithm
that takes the following form: Given an initialization w; € W,

update wie1 = Hw

n
Wl‘_gzg(wlvzi)“a Vlst<T7
i=1 (1)

1 m
return WTom = — Z WT—it]-
miS

Here ITyy : RY — W denotes the Euclidean projection onto the set W; when W is the entire space
R, this becomes simply unprojected GD. The algorithm returns either the final iterate, the average
of the iterates, or more generally, any m-suffix average (1 < m < T) of iterates.

The second method that we analyze is Stochastic Gradient Descent (SGD), which is again po-
tentially projected and/or suffix averaged. This method uses a fixed stepsize n > 0 and takes the
following form: : Given an initialization w; € W,

update  wpeq = Hw|w, —ng(wr,z)], VY1<t<T;
1 « ()
return WT.m = % ZI: WT—i+l-

Main results. Our main contributions in the context of SCO are tight lower bounds for the pop-
ulation loss of GD and for the empirical loss of SGD, where the problem dimension is polynomial
in the number of samples n and steps 7. First, for the population risk performance of GD, we prove
the following:

Theorem 1 Fixn > 0,T > 3200% and 0 < < 1/(5VT) and let d = 178nT+2n>+max{1, 257°T2}.
There exists a distribution D over instance set Z and a convex, differentiable and 1-Lipschitz loss
function f : R4xZ — R such that for GD (either projected or unprojected; cf. Eq. (1) with W = B¢
or W = R4 respectively) initialized at wy = 0 with step size n, for allm = 1,...,T, the m-suffix
averaged iterate has, with probability at least é over the choice of the training sample,

Fwrm) — F(w.) =Q (min (VT + 10T, 1}) . 3)
For SGD, we prove the following theorem concerning its convergence on the empirical risk:

Theorem 2 Fix n > 2048 and 0 < < 1/(5y/n) and let d = 712nlogn + 2n* + max{1,25n°n’}.
There exists a distribution D over instance set Z and a convex, 1-Lipschitz and differentiable loss
function f : RY x Z — R such that for one-pass SGD (either projected or unprojected; cf. Eq. (2)
with W = B or W = R¥ respectively) over T = n steps initialized at wi = 0 with step size 1, for
allm=1,...,T, the m-suffix averaged iterate has, with probability at least % over the choice of the
training sample,

Fwrm) - F(#.) = Q (min {nVT + 1T, 1}) : 4)

5
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Discussion. As noted in the introduction, both of the bounds above are tight up to logarithmic
factors in view of matching upper bounds due to [7]. For GD tuned for optimal convergence on
the empirical risk, where T = n and n = ©(1/+/n), Theorem 1 gives an Q(1) lower bound for
the population error, which precludes any sample complexity upper bound for this algorithm of the
form O(d” /e?) unless p > % In particular, this implies an Q(Vd) lower bound the number of
training examples required for GD to reach a nontrivial population risk. In contrast, lower bounds
in previous work [3] only implies an exponentially weaker € (log d) dimension dependence in the
sample complexity. We note however that there is still a small polynomial gap between our sample
complexity lower bounds to the known (nearly tight) bounds for generic ERMs [11, 12]; we leave
narrowing this gap as an open problem for future investigation.

More generally, with GD fixed to perform 7' = n®, @ > 0O steps, and setting 77 so as to optimize
the lower bound, the right-hand side in Eq. (3) becomes ®(n~®/*), which rules out any sample
complexity upper bound of the form O(d”/e?) unless it satisfies max{2,a + 1}p + %a/q > 1.3
Specifically, we see that any dimension-free upper bound with 7 = n must have at least an 1/¢*
dependence on €; and that for matching the statistically optimal sample complexity rate of 1/€,
one must either run GD for T = n? steps or suffer a polynomial dimension dependence in the rate
(e.g., for T = n this dependence is at least d'/4).

Similar lower bounds (up to a logarithmic factor) are obtained for SGD through Theorem 2,
but for the empirical risk of the algorithm when tuned for optimal performance on the population
risk with T = n. In this case, the bounds provide an exponential improvement in the dimension
dependence over the recent results of Koren et al. [16], showing that the “benign underfitting”
phenomena they revealed for one-pass SGD is exhibited already in dimension polynomial in the
number of training samples.

Finally, we remark that our restriction on 7 is only meant for placing focus on the more common
and interesting range of stepsizes in the context of stochastic optimization. It is not hard to extend
the result of Theorems 1 and 2 to larger values of 7 (in this case the lower bounds are Q(1), the
same rate the theorems give for 7 = ©(1/VT)), in the same way this is done in previous work [e.g.,
3, 16].

Acknowledgments

This project has received funding from the European Research Council (ERC) under the Euro-
pean Union’s Horizon 2020 research and innovation program (grant agreements No. 101078075;
882396). Views and opinions expressed are however those of the author(s) only and do not neces-
sarily reflect those of the European Union or the European Research Council. Neither the European
Union nor the granting authority can be held responsible for them. This work received additional
support from the Israel Science Foundation (ISF, grant numbers 2549/19 and 3174/23), from the
Len Blavatnik and the Blavatnik Family foundation, and from the Adelis Foundation.

References

[1] Noga Alon, Shai Ben-David, Nicolo Cesa-Bianchi, and David Haussler. Scale-sensitive di-
mensions, uniform convergence, and learnability. Journal of the ACM (JACM), 44(4):615-631,

3. To see this, let r = max{2, @ + 1} and note that for our construction d = O(nT +n?) = O(n") and € = Q(n_“/“); the
sample complexity upper bound O(dP /e?) can be therefore rewritten in terms of n as O (n"P*@4/4), and since this
should asymptotically upper bound the number of samples 7, one must have that rp + %aq > 1.



[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

THE DIMENSION STRIKES BACK WITH GRADIENTS

1997.

Idan Amir, Yair Carmon, Tomer Koren, and Roi Livni. Never go full batch (in stochastic
convex optimization). Advances in Neural Information Processing Systems, 34:25033-25043,
2021.

Idan Amir, Tomer Koren, and Roi Livni. SGD generalizes better than gd (and regularization
doesn’t help). In Conference on Learning Theory, pages 63-92. PMLR, 2021.

Peter L Bartlett and Shahar Mendelson. Rademacher and gaussian complexities: Risk bounds
and structural results. Journal of Machine Learning Research, 3(Nov):463-482, 2002.

Peter L Bartlett, Philip M Long, Gabor Lugosi, and Alexander Tsigler. Benign overfitting in
linear regression. Proceedings of the National Academy of Sciences, 117(48):30063-30070,
2020.

Peter L Bartlett, Andrea Montanari, and Alexander Rakhlin. Deep learning: a statistical view-
point. Acta numerica, 30:87-201, 2021.

Raef Bassily, Vitaly Feldman, Cristébal Guzman, and Kunal Talwar. Stability of stochastic
gradient descent on nonsmooth convex losses. Advances in Neural Information Processing
Systems, 33, 2020.

Mikhail Belkin. Fit without fear: remarkable mathematical phenomena of deep learning
through the prism of interpolation. Acta Numerica, 30:203-248, 2021.

Anselm Blumer, Andrzej Ehrenfeucht, David Haussler, and Manfred K Warmuth. Learnability
and the vapnik-chervonenkis dimension. Journal of the ACM (JACM), 36(4):929-965, 1989.

Olivier Bousquet and André Elisseeff. Stability and generalization. The Journal of Machine
Learning Research, 2:499-526, 2002.

Daniel Carmon, Roi Livni, and Amir Yehudayoff. The sample complexity of ERMs in stochas-
tic convex optimization. arXiv preprint arXiv:2311.05398, 2023.

Vitaly Feldman. Generalization of ERM in stochastic convex optimization: The dimension
strikes back. In Advances in Neural Information Processing Systems, volume 29, 2016.

Abraham D Flaxman, Adam Tauman Kalai, and H Brendan McMahan. Online convex op-
timization in the bandit setting: gradient descent without a gradient. In Proceedings of the
sixteenth annual ACM-SIAM symposium on Discrete algorithms, pages 385-394, 2005.

Moritz Hardt, Ben Recht, and Yoram Singer. Train faster, generalize better: Stability of
stochastic gradient descent. In International Conference on Machine Learning, pages 1225—
1234. PMLR, 2016.

Satyen Kale, Ayush Sekhari, and Karthik Sridharan. SGD: The role of implicit regularization,
batch-size and multiple-epochs. arXiv preprint arXiv:2107.05074, 2021.



THE DIMENSION STRIKES BACK WITH GRADIENTS

[16] Tomer Koren, Roi Livni, Yishay Mansour, and Uri Sherman. Benign underfitting of stochastic
gradient descent. In S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave, K. Cho, and A. Oh,
editors, Advances in Neural Information Processing Systems, volume 35, pages 19605-19617.
Curran Associates, Inc., 2022.

[17] Roey Magen and Ohad Shamir. Initialization-dependent sample complexity of linear predic-
tors and neural networks. arXiv preprint arXiv:2305.16475, 2023.

[18] Behnam Neyshabur, Ryota Tomioka, and Nathan Srebro. In search of the real inductive bias:
On the role of implicit regularization in deep learning. arXiv preprint arXiv:1412.6614, 2014.

[19] Behnam Neyshabur, Srinadh Bhojanapalli, David McAllester, and Nati Srebro. Exploring
generalization in deep learning. Advances in neural information processing systems, 30, 2017.

[20] S. Shalev-Shwartz and S. Ben-David. Understanding Machine Learning: From Theory to
Algorithms. Understanding Machine Learning: From Theory to Algorithms. Cambridge Uni-
versity Press, 2014. ISBN 9781107057135.

[21] Shai Shalev-Shwartz, Ohad Shamir, Nathan Srebro, and Karthik Sridharan. Learnability, sta-
bility and uniform convergence. The Journal of Machine Learning Research, 11:2635-2670,
2010.

[22] VN Vapnik. On the uniform convergence of relative frequencies of events to their probabilities.
Theory of Probability and its Applications, 16(2):264-281, 1971.

[23] Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Under-
standing deep learning requires rethinking generalization. In 5th International Conference on
Learning Representations, ICLR 2017, 2017.

Appendix A. Additional related work

Learnability and generalization in the SCO framework. Our work belongs to the body of lit-
erature on stability and generalization in modern statistical learning theory, pioneered by Shalev-
Shwartz et al. [21] and the earlier foundational work of Bousquet and Elisseeff [10]. In this line
of research, Bassily et al. [7], Hardt et al. [14] study algorithmic stability of SGD and GD in the
smooth and non-smooth (convex) cases, respectively. In the general non-smooth case which we
study here, [7] gave an iteration complexity upper bound of O (VT + 1/3T + 5T /n) test error for
T iterations with step size n over a training set of size n. The more recent work of Amir et al. [3]
showed this to be tight up to log-factors in the dimension independent regime, and Amir et al. [2]
further extends this result to any optimization algorithm making use of only batch gradients (i.e.,
gradients of the empirical risk).

Even more recently, Kale et al. [15] consider a variation on the SCO model where individual
losses may be non-convex (yet the expected loss is still convex). In this model, they prove that
regularized ERMs may fail to learn (as opposed to plain ERMs, studied in [12, 21]), and also present
a sample complexity separation result between SGD and GD. As commented in their Section 3, the
result relating to regularized ERMs can be extended to hold with d = ©®(n), by a direct application
of the technique of [12]. Importantly, this is not the case for their sample complexity result for
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gradient methods, which inherits the exponential dimension requirement from [3] which they build
upon.

Sample complexity of ERMs. With relation to the sample complexity of an (arbitrary) ERM in
SCO, Feldman [12] showed that reaching e-test error requires Q(d/e + 1/€?) training samples, but
did not establish optimality of this bound. In a recent work, [11] show this to be nearly tight and
presents a O(d/e+1/€?) upper bound for any ERM, improving over the O (d/&?) upper bound that
can be derived from standard covering number arguments. Another recent work related to ours is
that of Magen and Shamir [17], who provided another example for a setting in which learnability
can be achieved without uniform convergence, showing that uniform convergence may not hold in
the class of vector-valued linear (multi-class) predictors. However, the dimension of their problem
instance was exponential in the number of training examples.

Implicit regularization and benign overfitting. Another relevant body of research focuses on
understanding the effective generalization of over-parameterized models trained to achieve zero
training error through gradient methods [see e.g., 5, 6, 8]. This phenomenon appears to challenge
conventional statistical wisdom, which emphasizes the importance of balancing data fit and model
complexity, and motivated the study of implicit regularization (or bias) as a notion for explaining
generalization in the over-parameterized regimes. Our findings in this paper could be viewed as an
indication that, at least in SCO, generalization does not stem from some form of an implicit bias or
regularization; see Amir et al. [3], Koren et al. [16] for a more detailed discussion.

Appendix B. Overview of constructions and proof ideas

In this section we outline the principal ideas leading to our main results and give an overview
of the lower bound constructions; due to space constraints, all formal proofs are deferred to the
supplementary material. As discussed above, the main technical contribution of this paper is in
establishing the first Q(nVT) term in Egs. (3) and (4) using a loss function in dimension polynomial
in n and T, and this is also the focus of our presentation in this section. In Appendices B.1 to B.4 we
focus on GD and describe the main ingredients and technical steps towards proving our first main
result Theorem 1. The additional steps and adjustments needed to obtain our second main result
concerning SGD (Theorem 2) are then discussed in Appendix B.6.

Starting with GD and Theorem 1, recall that our goal is to establish a learning scenario where
GD is likely to converge to a “bad ERM”, namely a minimizer of the empirical risk whose pop-
ulation loss is large. We will do that in four steps: we will first establish that such a “bad ERM”
actually exists; then, we will show how to make such a solution reachable by gradient steps from the
origin; we next describe how the information required to identify this solution can be “memorized”
by GD into its iterates; and finally, we show how to combine these components and actually drive
GD towards a bad ERM.

B.1. A preliminary: existence of bad ERMs

Our starting point is the work of Feldman [12] that demonstrated that in SCO, an empirical risk
minimizer might fail to generalize, already in dimension linear in the number of training samples.
Their approach was based on a construction of a set of unit vectors U ¢ R? (for d’ = ©(n)) of
size 290" that are “nearly orthogonal”: the dot product between any two distinct u, v € U satisfies
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[(u,v)| < %.4 Then, they take the power set Z = P(U) of U as the sample space (namely, identifying
samples with subsets of U), the distribution D to be uniform over Z, and the (convex, Lipschitz)
loss hpie : RY x Z — R to be defined as follows:

hgie(w, V) = max {%, ma‘)/c(u, w)}. 5)

For this problem 1nstance they show that with constant probability over the training set sample

={V},...,V .} ¥ D" there exists ug € U \ |J}_, V; that is in fact an €(1)-bad ERM (for which
the generahzatlon gap is (1)). To see why this is the case, note that, since every vector u € U is
in every training example V; with probability % the set U (whose size is exponential in n) is large
enough to guarantee the existence of a vector ug ¢ ;- 3 Vi With constant probability. Consequently,
the empirical loss of such u equals 5 (since (ug,v) < g < 3 for any v € V;). However, for a fresh
example V ~ D, with probablhty it holds that ug € V in Wthh case hgi6(uo, V) = 1, and thus the
population risk of ug is at least = 12 1+ 2 5 = %.

B.2. Ensuring that bad ERMs are reachable by GD

As Feldman [12] explain in their work, although there exists an ERM with a large generalization
gap, it is not guaranteed that such a minimizer is at all reachable by gradient methods. This is
because in their construction, the loss function hp; remains flat (and equals % see Eq. (5)) inside
a ball of radius Q(1) around the origin (where GD is initialized); hence it remains unclear how to
steer GD with stepsize of order n = O(1/VT) away from this flat region. To address this challenge,
we increase dimensionality and replicate Feldman’s construction in 7" orthogonal subspaces; which
allows us to decrease, in each of the subspaces, the distance required to travel towards a bad ERM
to only O(n). Then, while each of these subspace ERMs is only Q(7)-bad, when taken together
they constitute an Q(1)-bad ERM in the lifted space. Concretely, we introduce a loss function
h: R x P(U) — R that resembles Feldman’s function from Eq. (5) up to a minor adjustment:

h(w’,V) = max {3‘1277, runeaéi(u, w)}. (6)

As in the original construction by Feldman, V here ranges over subsets of a set U € R? of size
29 "the elements of which are nearly-orthogonal unit vectors. Then, we construct a loss func-
tion in dimension d = Td’ by applying 4 in T orthogonal subspaces of dimension d’, denoted
wh o w T as follows:d

(h(w®,V))? . (7

M~

fl(W,V) =

>~
1l

2

Here and throughout, w(K) refers to the k’th orthogonal component of the vector w, that resides
in the subspace W(X). Finally, the distribution O is again taken to be uniform over Z = P(U),
and a training set is formed by sampling S = {V1,...,V,} ~ D". As before, we know that with
probability at least %, there exists a vector ug such that ug € U \ UL, V;. In addition (and unlike
before), it can be shown that any vector w satisfying w¥) = cnug for a sufficiently large constant
¢ > 0 and Q(T)-many components k, is an Q(1)-bad ERM with respect to ¢;. Further, the important
point is that such bad ERMs are potentially reachable by GD.

4. The original construction [12] satisfied slightly different conditions, which we adjust here for our analysis.
5. The summation starts at k = 2 due to technical reasons that will become apparent later in this proof sketch.

10
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B.3. Memorizing the dataset in the iterate

There is one notable obstacle to the plan we just described: the vector ug is determined by the full
description of the training set, and it is unclear how to find such a vector through subgradients of
the empirical loss, which is the only input GD has that carries information about the training set.
To cope with this difficulty, we augment the domain W with an “encoding subspace” denoted W ()
which is orthogonal to W) ..., WT) and employ a mechanism that effectively memorizes the full
training set in the iterates w;®) in a manner that can be decoded by the subgradient oracle.

We take W(® to be of dimension 2n?, and augment samples with a number j € [1n?], drawn
uniformly at random; namely, each sample in the training set is now a pair (V;, j;) € P(U) x [n?],
fori=1,...,n. Wethenlet ¢ : P(U)x [n?] — W' denote an encoding function such that ¢(V, )
maps the set V into the j’th (2-dimensional) subspace of the encoding space W(?). The role of ; is to
ensure that with constant probability, different training examples are mapped to distinct subspaces
of W The encoding is then implemented within the optimization process through the following
loss term:

O(w, (V, ) = (=p(V, j),wD). (8)

Now, following the first step of GD, we have w, () = % iy ¢(V4, ji), and with constant probability
each vector ¢(V;, j;) is non-zero in distinct components of w,(?). Proceeding, we represent every
potential training set using a vector ¢y € ¥ C [EB2"2, and define a mapping a : R2"* — U such that
for all € W, a(¥) is some vector in U that is not contained in the training set represented by ¢ (if
such a vector exists). The desired gradient step is then induced by the additional loss term:

{3(w) = max {61, 3121;}( {(zp, w Oy - Bla(y), w(l))}} i )

where 3,61 > 0 are small predefined constants. For suitable choices of ¢ and « it can be shown
Y* € ¥ that represents the actual training set V1, .. ., V,, is realized as a unique maximizer in Eq. (9),
which in turn triggers a gradient step along ug = (") in the subspace W(!). We note that while
there exist rather straightforward approaches to construct ¢, @, the challenge lies in designing such
functions so that ug is realized as the unigue subgradient (i.e., the gradient) of the loss function.
Such a mechanism, established formally in Theorem 4, will serve to show that our lower bound
is valid for any subgradient oracle (and not only for an adversarially chosen one), as well as for
making the construction differentiable; we discuss this later on, in Appendix B.5.

B.4. Making GD converge to a bad ERM

Our final task is to make GD converge to a “bad ERM” w € R such that w'®) = cnug for a
sufficiently large constant ¢ > 0 and Q(7')-many values of k (assuming w, ") = ¢jug as we detailed
in the previous section). To this end, we employ a variation of a technique used in previous lower
bound constructions [3, 7, 16] to induce gradient instability around the origin. Notably, in these prior
instances, the potential directions of progress—analogous to vectors in our set U—were perfectly
orthogonal (and thus, the dimension of space was required to be exponential in n). By contrast,
in our scenario the vectors in U are only approximately orthogonal, and directly applying previous
approaches could lead to situations where gradient steps from consecutive iterations may interfere
with progress made in correlated directions in previous iterations. Accordingly, our approach differs
from previous works and incorporates a chain-like gradient step sequence, induced by the following

11
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additional loss term:

C4(W) = max {62, ueUr’nlagka {%(u, w Ry _ %(u, w(k+1)>}} i (10)
where 9, > 0 is a small constant. The key idea here is that following the initialization stage,
the inner maximization above is always attained at the same vector u = ug, and for values of & that
increase by 1 in every iteration of GD. Consequently, subgradient steps with respect to this term will
result in making a step towards ug in each of the components w!, w(® ... one by one, avoiding
interference between consecutive steps. At the end of this process, there are Q(7') values of k such
that w®) = %77140, which is what we set to achieve.

In some more detail, assuming GD successfully reaches a vector wp, = w with w) = ciug
and w¥) = 0 for k > 1 (c; > 0 is a small constant), we have that the maximum in Eq. (10) is
uniquely attained at k = 1 and u = ug. Consequently, the subgradient of ¢4 is a vector g such
that gV = %uo, g? = —%uo (and g¥) = 0 for k # 1,2), and taking a subgradient step with
stepsize 7 results in w) = (»B - %)uo and w® = %uo (for k # 1,2, w®) remains as is). In each
subsequent iteration, the maximization in Eq. (10) is attained at an index k for which w(*) = guo
and at u = ug ®. Subsequently, every gradient step adds —%nuo to w¥) and guo to w1 and results

inw® =y = =pk = Zug and wk+) = Fug (whereas for all s > k + 1, w) remains
ZEero).
Finally, we note that the GD dynamics we described ensure that the iterates wy, ..., wr remain

strictly within the unit ball B¢, even when the algorithm does not employ any projections. As a
consequence, the construction we described applies equally to a projected version of GD, with pro-
jections to the unit ball, and the resulting lower bound will apply to both versions of the algorithm.

B.S. Putting things together

We can now integrate the ideas described in Appendices B.1 to B.4 into a construction of a learning
problem where GD overfits the training data (with constant probability), that would serve to prove
our lower bound. To summarize this construction:

* The examples in the learning problem are parameterized by pairs (V,j) € Z = P(U) x [n?],
where U is the set of nearly-orthogonal vectors described in Appendix B.1, and P(U) is its power
set;

* The population distribution D is uniform over pairs (V, j) € Z, namely V ~ Unif(P(U)) (i.e., Vis
formed by including every element u € U independently with probability %) and j ~ Unif([n?]);

* The loss function in this construction, f : W x (P(U) x [1n?]) — R, is then given by:
V(V,j)€Z, Fw, (V. ))) =6 (w, V) + 6w, (V,))) +G(w) + a(w), (11)
with the terms €1, {», {3, {4 as defined in Eqs. (7) to (10) respectively.

With a suitable choice of parameters, this construction serves to prove Theorem 1. We remark that,
while f in this construction is convex and O(1)-Lipschitz, it is evidently non-differentiable. For
obtaining a construction with a differentiable objective that maintains the same lower bound and

6. This follows from direct computation and considering the near-orthogonality of vectors in U.

12
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establishes the Theorem 1 fully, we add one final step of randomized smoothing of the objective.
This argument hinges on the fact that the subgradients of f are unique along any possible trajectory
of GD, so that smoothing in a sufficiently small neighborhood would preserve gradients along any
such trajectory (and thus does not affect the the dynamics of GD), while making the objective
differentiable everywhere. The full proof of Theorem 1 is given in Appendix C.

B.6. Adapting the construction for SGD

Moving on to discuss our second main result for SGD, we provide here a brief overview of the
necessary modifications upon the construction for GD to establish the lower bound for SGD in
Theorem 2; further details can be found in Appendix D. In the case of SGD, our goal is to establish
underfitting: namely, to show that the algorithm may converge to a solution with an excessively
large empirical risk despite successfully converging on the population risk.

The main ideas leading to our construction for SGD are similar to what we discussed above,
but there are several necessary modifications that arise from the fact that, whereas in GD the entire
training set is revealed already in the first iteration, in SGD it is revealed sequentially, one training
sample at a time. In particular, unlike in the case of GD where it is possible to identify a bad ERM
uq after the first step of the algorithm and steer the algorithm in this direction in every subspace
w w@ . for SGD the required progress direction in W), represented as a “bad solution”
u;, can be only determined in the #’th step based on the encoded training set up to that point,
Vi,...,Vi—1. As aresult, it is crucial to modify the loss function such that the process of decoding
such u, from Vi, ..., V;_| occurs in every iteration ¢.

Another essential adjustment involves identifying a solution with a large generalization gap
(namely large empirical risk, low population risk) and guiding the SGD iterates to converge to
such a solution. Considering the function ¢; defined in Eq. (7), such a solution is represented
by a vector u € U that appears in all of the sets Vi,...,V, in the training sample. However,
since u; cannot depend on future examples, our goal within every subspace W(*) is to take a single
gradient step towards a vector u; present only in sets up to that point, namely in ﬂﬁ;ll Vi (note
that such u; maximizes the corresponding loss functions ¢ (w, Vi) ...€;(w,V;_1)). Additionally,
to ensure that gradients for future loss functions remain zero and do not affect the algorithm’s
dynamics, it is necessary to guarantee that u, € (), V;: in other words, we are looking for a
solution u, € ﬂ?;ﬂ Vin L, V,;. For ensuring that such a vector actually exists (with constant
probability), we lift the dimension of the set U and the subspaces {W(k)}zzl to d’ = O(nlogn)
(instead of ®(n) as before) and modify the distribution D so as to have that V is sampled such that
every element u € U is included in V independently with probability 1/4n>.

With these adaptations in place, we can obtain Theorem 2; we include the full technical details
in Appendix D.

Appendix C. Overfitting of GD: Proof of Theorem 1

In this section, we provide a formal proof of our main result for GD. We first establish a lower bound
of Q(nVT) for the population loss of GD given a non-differentiable loss (Theorem 5). The proof
of Theorem 1 given at the end of this section then extends the result to a differentiable loss and
combines it with a standard optimization lower bound. Unless stated otherwise, proofs for lemmas
below are deferred to Appendix C.4.

13



THE DIMENSION STRIKES BACK WITH GRADIENTS

For the first step, for a dimension d’ that will be set later, we use a set of approximately or-
thogonal vectors in R?" with size (at least) exponential in d’, the existence of which is given by the
following lemma, adapted from Feldman [12].

Lemma 3 For any d’ > 256, there exists a set Uy C R, with |Ug'| = 24'N78  such that all
u € Uy are of unit length ||u|| = 1, and for all u,v € Uy ,u # v, it holds that |{u, v)| < %.

Now, let n be the number of examples in the training set. We define the set U := Uy to be a set
as specified by Theorem 3 for d’ = 178n. Then, as outlined in Appendix B, we define the sample
space Z = {(V,j) : V C U, j € [n*]} and the distribution O as the uniform distribution. Our next
lemma asserts the existence of suitable encoding (¢) and selection («) functions.

Lemmad4 Letn,d > 1 and a set U C BY. Let P(U) be the power set of U. Then, there exist a set
¥ C R2, g number 0 < € < % and two mappings ¢ : P(U) x [n?] — R o : R? — U such
that,

(i) Forevery j € [n*] andV C U, it holds ||¢ (V, j) || < 1;
(ii) Foreveryy € ¥, it holds ||| < 1;

(iii) Let V1,...,V, be arbitrary subsets of U. If ji,...,J, hold that j; # jix fori # k, y* =
maxyew (Y, 5 X1y $(Vis Ji)) is that,

(v, zl] S i) > o

o Foreveryy e W, ¢ # y*:

(v, 21] (Vi) = (v, %gas(vi,m) +e

* IfUiL, Vi # U, then it holds that:
ay") =ve e U\ Vi, fori*:min{i:vieU\UVi}.
i=1 i=1

We are now ready to state our main theorem for this section, providing the principal lower bound
guarantees.

Theorem 5 Assume that n > 0, T > 3200 and 5 < —=. Consider the distribution D and the

T
loss function f defined in Appendix B.5 instantiated with ¥, ¢, o from Theorem 4, d = 178nT +2n?,
&€= #(1 - COS(W)), B=1m01= % and 6y = 31"6’8. Then f is convex and 5-Lipschitz, and

for Unprojected GD (cf. Eq. (1) with W = R?) on F, initialized at wi = 0 with step size i1, we have,
with probability at least % over the choice of the training sample:

(i) The iterates of GD remain within the unit ball, namely w; € B forallt=1,...,T;

14
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(ii) Forallm=1,...,T, the m-suffix averaged iterate has:

F(Wr.m) — F(w.) = Q(nVT).

The lemmas given next will constitute the proof of Theorem 5. Before presenting them, for con-
venience, we repeat the loss function definition along with the constants specified in our theorem
above:

T

fw,V) = JZ (max{%n,r&a&((u,w(kw})z (1)
k=2

+(=¢(V, j),w) (&)

+ max {61,Ilzlaé{(lp,w(0)> —ﬁ(a(lﬂ),w(l))}} (€3)

+ max {52, ueUr,n]ankT {%(u, W(k)> _ %(u, w(k+1)>}} , (£4)

where,

d = 178nT + 2n?,

e=01 ~cos(5rp),
€

,3: m,

01 = gln,

5 = lif.

Lemma 6 For every (V, j) € Z, the loss function f(w, (V,J)) as defined by Theorem 5 is convex
and 5-Lipschitz over R with respect to its first argument.

Next, we formulate the “good event” — conditioned on this event the optimization dynamics of GD
will lead to a bad ERM:

E={{J_ Vi# Uy {ji# g vk #1}. (12)

In words, under the event & there exists at least one “bad direction” (which is a vector in the set
U \ U}, Vi) and there is no collision between the indices ji, ..., j,. In the following lemma we
show that & holds with constant probability.

Lemma 7 For the event & defined in Eq. (12), it holds that Pr(E) > é.

The next lemma is the key component in the proof of Theorem 5, and characterizes the trajectory of
GD when applied to the empirical risk F, conditioned on the good event. The proof is provided in
Appendix C.1.
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Lemma 8 Assume the conditions of Theorem 5, and consider the iterates of unprojected GD on
F, with step size n < 1/NT initialized at wi = 0. Under the event &, we have for all t > 5 that

z :1:1 ¢(‘/l’ .]l) k = 07

n

(-3 + o k=1

we' =3 dnug 2<k<i-3; (13)
%771«!0 k=t-2;
0 t—-1<k<T,

where ug is a vector such that ug € U \ U}, V;. Furthermore, ||w;|| < 1 forall t € [T].

Now we can turn to prove Theorem 5. Here we prove the lower bound for the case of suffix
averaging with m = 1, namely, when the output solution is the final iterate wr of GD; the full proof
for the more general case can be found in Appendix C.3.

Proof [of Theorem 5 (m = 1 case)] We prove the theorem under the condition that & occurs, which
happens w.p. > é by Theorem 7. First, note that f is convex and 5-Lipschitz by Theorem 6, and
that (i) is implied immediately by the fact that |w,|| < 1, as assured by Theorem 8.

Next, consider wr that takes the form stated in Eq. (13) given by Theorem 8. Note that if a
vector v € U isin aset V C U, it holds that max,cy{u,v) = 1. However, if v ¢ V, it holds that
maxyey{u,v) = % As a result, by the fact that every vector for a fresh pair (V, j) ~ D, ug € U isin
V with probability %, the following holds:

T 2
3n
(k) >
[EVJ kgzz max { vk r‘?ea‘)/((u, wr )} > [EVJ

2
3
= [EV\/(T — 4) max {%, glea&qu, guo)}

_nNT -4
B 8
- nVNT —4
B 8

n
= INT -4,
64

T-3 3 2
max {_77’ max{u, wT(k>)}
— 32 uev

3
Ey max {4_1’ glea‘)/((u, u0>}

(% Pr(ug ¢ V) + Pr(ug € V))

Moreover, again by Theorem 8, we notice that for every ¢, V C U and j € [n?],
Gwe, (V. ) 2 =llw Il = =1, 63(w,) 2 61 and La(w,) = 62,
thus, it holds that:
/N
F(wr) = a T—-4+61+6,—1m;

F(w,) < F(0) < i—gﬁ+61+62+n.
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Then, since T > 100 by assumption, we have VT 9/10, thus:

INT—4
InNT
Flwr) - F(w.) = 2N = «/_ o/
64 640
which completes the proof. |

The remaining elements for Theorem 1 are establishing Theorem 5 for a differentiable loss

function, and merging the result with a standard optimization lower bound of Q (min (%, 1)) given

in Theorem 38 in Appendix F.
Proof [of Theorem 1] Let 8, €, 61, 02, and f, D be those specified in Theorem 5, and define

f~(W, (V’ J)) = [Ev~Unif([EBd) [f(W +0v, (V7 .]))] > (14)
where
=B
0= TR (15)

liurther, denote the empirical loss and the population loss with respect to the loss function f as
F(w) = 13, f(w, (Vi ji) and F(w) = E(v,jy~pf(w, (V, )), respectively. We have that this
loss function is convex and Lipschitz, and that the GD iterates identify with those of the original,
non-smoothed loss.

Lemma9 For every (V, j) € Z, the loss function f is differentiable, convex and 1-Lipschitz with
respect to its first argument and over RY.

Lemma 10 Let w;, W, be the iterates of Unprojected GD with step size < # andwy =0, on F
and F respectively. Then, if & occurs, for every t € [T, it holds that w, = W;.

Now let wr_,, be the m-suffix average of GD when is applied on F. Letw; = argmin,, F(w). By
Theorem 10, we know that, with probability of at least L& occurs and WT.m = Wr.m- Then, by
Theorem 5 and the fact that || f — f|le < 56 (see Theorem 35),

32OO«/‘<F(WM) F(wy)

= F(WT,m) - F(W_*)
< F(wr.m) +56 — F(wy) +56
< F(wr.m) +56 — F(w.) + 56,

hence,
~ - i 10ne
F -F(wy) 2 —=——VT -
(vrm) = FOw.) 2 35656V = 10572
n n
> L7
3200 1072
n_ 7
> — >
6400 (T2 30)
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= Cll]\/f.

Further, by Theorem 38, we know that for Unprojected GD and d» = max (255272, 1), there exist a
constant C, and a deterministic loss function fOFT : R% — R such that

& 5 1
FOPY W m) = FOPT(w.) = Comin (1, —) )
nT
Now, let C = %min (C1,Cy). Ity = T‘%, then, n\/T > min(1, "LT), and we get,

. . 1 1
Fwrm) —F(ws) >C 77\/?+min 1,—]] =2 C|min 1,77\/?+— .
’ nT nT
Otherwise, we get that,

PO (wrm) = PO () = € (nﬁ + min (1, i)) > C (min (1,m/f+ i)) .
nT nT

Since in both cases, by Theorems 8 and 38, w, € B for every ¢ € [T], the theorem is applicable
also for Projected GD. Finally, we scale the loss by 1/5, and note that the iterates of GD with step

size n on F behave identically to those with step size %n on the scaled version. This completes the
proof. |

C.1. GD Dynamics: Proof of Theorem 8

To prove Theorem 8, we break down to the different components of the loss and analyze how the
terms {1, ¢3 and ¢4 affects the dynamics of GD under the event &. For each of these components,
which involve maximum over linear functions, we show which term achieves the maximum value
for each w, and derive the expressions for the gradients at those points by the maximizing terms.
First, we show that under this event, the gradients of £; do not affect the dynamics since in any
iteration ¢ the gradient of ¢ is zero, as stated in the following lemma.

Lemma 11 Assume the conditions of Theorem 5 and the event E. Let 0 < ¢ < % and let w € R4
be such that for every 2 < k < T, w'®) = cnug, where ug € U \ U, Vi. Then, for everyi € [n], it
holds that

(i) for every k > 2, it holds maxyev,(w™,u) < &;

(ii) €1(-,'V;) is differentiable at w and V€, (w,V;) = 0.

Proof For the first part, we know that, forevery2 < k < T, wk) = cnug, where ¢ < % In addition,
by the facts that ug € U \ U}, V; and that for every u # v € U, it holds that (u,v) < % (see
Theorem 3), we get for every i, max,ey; (uo, u) < %, thus, for every i and k > 2,

n
. < —.
cn = 16

oo | —

max(u, w'®) = max(u, cnug) <
uev; ueV;
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For the second part, for every sub-gradient g(w,V;) € d¢;(w,V;), there exists a sub gradient

2
gniw,V;)eo (Z{;z max (%,maxuev(u, w(k))) ) such that

h(w,V;
g(w.V,) = g, Vi) -
2\/Z£:2 max (%, max,.cy, (uw(k)))
Then, since for every k, it holds that max, ey (w, ug) < % < 33—'27 we have g (w,V;) = 0, hence
Ve (w,V;) =0. [ |

Next, for the term ¢3, as outlined in Appendix B.3, it is used for identifying the actual training
set § = {(V;,ji)}, given an encoding y* = %Z?:l #(V;, ji) in the iterate w,(?) and ensuring
a performance of gradient step in W(!) towards a corresponding vector ug € U \ U, Vi in the
following iteration. It is done by getting ¥* as a maximum of linear functions (with positive constant
margin) over the set ¥ which contains all possible encoded datasets. This idea is formalized in the
following lemma.

Lemma 12 Assume the conditions of Theorem 5 and the event &. Let y* = % i ¢(Vi, ji) and
w € R? be such w'® = ny*, and let wV) = cnuyg for |c| < 1 and uy € U \ UL, Vi. Then

(i) Foreveryy € WP, v # y*:
WO,y = e ), wD) > @, ) - Sa(y), wh) + LE;
(ii) Fory =", it holds that

Wy = &), W) > 61+ s

(iii) €3 is differentiable at w and the gradient is given by:

/s k =0;
(V)M =1 —35u k=1
0 otherwise.

Proof For the first part, by Theorem 4, the fact that for every , ||a(¥)|| < 1, and by ||[w(V|| < 7,
forevery y e ¥,y =1 ", ¢(Vi, ji) holds,

n

WO,y - %

. /AN ey TIE
4ﬁmwxM%z§;Mwmw -7

1< .
> (=3 6V w) -
i=1

ne

) (Theorem 4)

1 n
2 0(— D ¢ (Vi ji) ) + 1
i=1
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= (- Zqﬁ(vl,m )+ T+ L

(0) __ (1
> 0,0 - LS a) )+ 2
Further (again by Theorem 4),

arg max (<w<°>,¢> - mw(w) w<‘>>)

For the second part, by the fact that € < l and Theorem 4,

My > o, s
4T2<0‘("”)W >_8n an 2 T Ten O

Now, by &, for uy which is the u with the minimal index in U \ U}_, V;, we have:

(w @, y) -

n
a(y)=uge U\ | JVi.
i=l
As a result, by the fact that the maximum is attained uniquely at *, we derive that,

Lyt o(Viji) k=0
Vi3 (w) ) = 3”3 o k=1
0 otherwise.

16n°

Finally, for ¢4, as detailed in Appendix B.4, the role of this term is to make the last iterate wr
hold wrK) = %777140 for Q(T) many sub-spaces W¥) . In the following lemma, we show that in every
iteration ¢, every gradient step increases the amount of such ks by 1, namely, in every iteration ¢, the
maximum of £y is attained at u = ug and index k; = arg max{k : w, (k) % 0}, which increases by 1

in every iteration, making the w,, %) = %77“0-

Lemma 13 Assume the conditions of Theorem 5 and the event &. Let w € R, ug € U\ UL Vi
and 3 < m < T be such that wV) = cnuyg for -3 <c<0, wk) = guoforevery2 <k<m-1,

wm) = uo and w'*) =0 for every k > m + 1. Then it holds that,

(i) For every pairu € U and k < T such that k # m or u # uy,

2o, w™y = Lug, wm™y > T, w®y - L, wkHDy 4 I

(ii)
Huo, w™) = uo, w™Vy > 63+ &

(iii) €4 is differentiable at w and the gradient is given as follows:

%uo k =m;
(Vaw) ™ =3-tuy  k=m+1;
0 otherwise.
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Proof We show that the maximum is attained uniquely at k = m and u = ug. We repeatedly use that
| (u,upy| < 1/8 foru € U,u # ug (see Theorem 3). For k = 1 and every u € U,

o _ DB

3 1 3
o (hy _ = @y - =
8(u,w, ) 2<M,Wt ) 8<”,CTI’40> (u up) < 512 28 T 512°

Moreover, for every 2 < k < m — 2 and every u € U,

3 1 3 7
3wy Lo, aeny 23000 o
8<u,w ) 2<M,W ) (u Suo) (u uo) < + 8 = 108"
For k =m — 1 and every u € U,
3 3 5
g(u,w(m_l)) —(u w(my = —(u §u0> - (u uo) < 6Z + 3”2 6_Z

For k = m and u = uyg,

3 1 3 n 1 3n
2 (m)y _ 1 (metyy _ 2, M 1 _
A (u, w'™) 2<u, w ) A (uo, 2uo) 3 (uo, 0) T

For k = m and u # ug,

3n

%MWWU— S, WWHU— w-mw——w 0 < g

Foreverym+1 <k <T —1andeveryu € U,
%(u,w(k)) - %(u',w(k“)) =0
Moreover, since T > 4,71 < 1,e < 1,8 < 1024, and
%(u,w(m)) - %(u,w(””l)) = ?_77 > 6y + L.

We derive that,

%uo k=m
Vow)P =3-tuy  k=m+1
0 otherwise.

The final components required for the proof of Theorem 8 are direct computations for the initial
iterates, which are detailed in Appendix C.2. With these in place, we are now ready for the proof.
Proof [of Theorem 8] We prove the lemma by induction on ¢; the base case, for ¢ = 5, is proved in
Theorem 17 in Appendix C.2. For the induction step, fix any ¢ > 5 and assume the that the lemma
holds for w;; we will prove the claim for wy,.

First for £, note that, by the hypothesis of the induction forevery2 < k < T, w,'®) = cnuy

forc < 2, thus, by Theorem 11, for every i, V£ (w;,V;) =
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For ¢,, we know that, for every i,

-0 (Vi ji) k =0;
0 otherwise.

(Ve (wi, (Vi ji)))® = {

For {3, using the hypothesis of the induction, which implies that w, (") = cnug for |¢| < 1 and
w0 =1 © 1 96(Vi, ji), by Theorem 12, we get that,

n

Lyt o(Viuji)  k=0;

k
(Vaw)™ = { - 5u0 k=1,
0 otherwise.

For {4, again by the inductive hypothesis, we know that w,(!) = (—% + “:12) %

—% < ¢ £ 0. Then the conditions of Theorem 13 hold for m = ¢ — 2, thus, it holds that,

Jnuo = cnug for

%uo k=t-2;
k
(Vaw))™ =4-1ug  k=1-1;
0 otherwise.
Combining all together, we get that,
—zlo k=1,
3
—~ 2 k=1t-2;
(VE(w,)) " = {50
—5UQ k=t-1;
0 otherwise,

where ug € U \ U, Vi, which gives the desired for w1 = w; — nVI? (w;) by direct computation.
Lastly, we have ||w;|| < 1 by Theorem 18, and the proof is complete. |

C.2. GD Dynamics: The first iterates

Lemma 14 Under the conditions of Theorem 5, if & occurs and w, is the iterate of Unprojected

GD on I?, with step size n < # and wy = 0, then, for t = 2 it holds that,

0 = [ 2 9(Viji) - k=0
0 k> 0.

Proof For r = 1, w; = 0. By Theorem 11 we know that for every i, V£; (w1, V;) = 0. Moreover, by
the fact that 6, 6o > 0 the maximum in £3 and ¢4 is attained in 6| and 9,, respectively, thus we get
that

Vi3 (wy) = Vg (wy) =0

As aresult,

—Lyr (Vij) k=0

= x 1 < .\ ()
VF(w ==Y Vo(wiy, (Vi =
(w1) Zl 20w, (Vi ji)® = 3 otherwise.
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hence,

0 otherwise.

Lemma 15 Under the conditions of Theorem 5, if & occurs and w; is the iterate of Unprojected
GD on F, with step sizen < # and wy = 0, then, for t = 3 it holds that,
1 ?:1 ¢(‘/l7]l) k :0

n
k 7
ERER S =

0 2<k<T,

where ug € U\ U}, V.

Proof By Theorem 14, wz(l), ...,wz(T) = 0, thus, by Theorem 11, we know that for every i,
V& (wy,V;) = 0. Moreover, by the fact that 5, > 0, we get that V&4(w,) = 0. For £3(w;), by
Theorem 12, using the fact that w,>(!) = 0 and w,©) = % Yimy 9(Vi, ji), we get that

% ?:1¢(Vi,ji) k=0
Vi3 (w)™ = 1 -1 5w k=1
0 otherwise.

For ¢, (w,), for every i, the gradient is

- ‘/ia 'i k = 0
Vs (wa. (Vi jip)® = =V 00) .
0 otherwise.

(Note that this implies in particular, 1 w1 Vi (wa, (Vi iNn©® = —Vl3(wr) @) Combining all

’n

together, we conclude that, for ug € U \ U?:l Vi, it holds that,

0 k=0
~ k
VEw)" =-leu, k=1
0 2<k<T,
and the result follows from w3 = wy — nVI::(wz). |

Lemma 16 Under the conditions of Theorem 5, if & occurs and w; is the iterate Unprojected GD
on F, with step size n < # and wy = 0, then, for t = 4 it holds that,
%] ?:1 ¢(‘/l’ .]l) k
3
Wy =3\
714() k
0 3

where ug € U\ Ul V.
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Proof We start with €1, {5, (3. For {;, by Theorem 15, forevery 2 < k < T, W3(k) = 0, thus, by
Theorem 11, we know that for every i, V&, (w1, V;) = 0. For £», we know that, for every i,

-o(Vi, i) k=0

Vf ws, V', 'l_ (k) =
2(ws, (Vi, ji) {0 otherwise.

For £3, by Theorem 12, using the fact that w3 = cqug for |¢| < 1 and w3(© = % L o(Visji)s
we get that,

G2 o(Vij) k=0
Vi3 (wa)'™ = 115w k=1
0 otherwise.
Now, for {4, we show that the maximum is attained uniquely in k¥ = 1 and u = ug: For k # 1, for
everyu € U
3 1
g(u,m(k)) - §<M,W3(k+1)> =0.
For k =1 and u # uyg,

3 1 3 1
g(u,m(k)) - E(M,W3(k+l)> = g(u,m(l)) - §<M,W3(2)>

3< n e
= —(U, ——
84712
e
256 T2

< 02. (16)

uo)

For k =1 and u = uy,

3 1 3 1
gl w3 ™) — §<M,W3(k+l)> = g(uo,w_%(l)) - §<”O,W3(2)>

3< ne )
= —(uo, ——u
g 420
_3n €
- 3272
> 0). an
We derive that,
guo k=1
1
-5 k=2
ey (wa)®) = {210
40v3) 3<k<T
k=0.
Combining all together, we get that,
ot k=
1
—~ —= k=2
VF(W?,)(k) _ U0
0 3<k<T
0 k=0
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and
Z - (Vla.]l) k=0
’27 0 k=2
0 3<s<T,
where up € U\ U, V. |

Lemma 17 Under the conditions of Theorem 5, if & occurs and w; is the iterate Unprojected GD
on F, with step size n < L and w1 =0, then, for t =5 it holds that,

NT
Lyr o(Viji) k=0,
nuo+3f]f2uo k=1
ws k) = 377”0 k=2
%T]uo k=3
0 4<s<T

where ug € U\ !, V.

Proof We begin with €1, {5, £3. Note that, by Theorem 16, for every 2 < k < T, wa K = cnug for
c < ; thus, by Theorem 11, for every i, V€, (wy, V;) = 0. For £,, we know that, for every i,

/ - (V’ ") k = 0
Vo (wa, (Vir ji)) M = ¢Vi. Ji |
0 otherwise.
For ¢3, by Theorem 12, using Theorem 16, where we showed that ws") = cnug for |¢| < 1 and

W4(O) = % :l:] ¢(‘/l’ ji)’ we get that’

SX o(Vij) k=0
V3 (wa) M) = —35 62 Uo k=1

0 otherwise.

It is left to calculate V€4 (wy4). We show that the maximum is attained uniquely at k = 2 and
u = ug. First,

3
g( up) = ETZ(M, up) < 16T2’
thus, since T > 4,
3 1
—<u wa®y - 1 S(awy®) = —<u ~gi0 + 3 5u0) = 5 {u, Jo)

9
S_ﬂ+1+9_’7=@
512 32 256 512
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<16.

For k =2 and u = uy,

3 1 3 n 1 3n
bl )y _ = (€ i __ _ =
8<M, wa' ) 2(u, wa') 8(”0, 2”0) 2(”0,0) 16(> 92).

For k =2 and u # u;_»,

3 1 3 1 3
2 @Oy — 2 wa®y = 2 Ty — 20y < 2L
g wal™) = S’ w3ty = o u, o) — S w,0) < o

Forevery3 <k <T -1,
3 1
§<M,W4(k)> - 5(14 ,wa KDy = 0,

We derive that,

Vey(wa) ) =

[\e]
<
o
R
Il

IA

S W N
IA
~

Combining all together, we get that,

—35up k=1
%uo k=2
- (k) 1
VF(ws4) = =1{-5u0 k=3
0 4<k<T
0 k=0
and
—%77140 + 3777%140 k=1
%77”0 k=2
ws®) = %77“0 k=3
0 4<s<T
7 2 ¢Vij) k=0,

where ug € U\ U, Vi.

Lemma 18 Assume the conditions of Theorem 5, and consider the iterates of unprojected GD on
F, with step size n < 1/NT initialized at wi = 0. Under the event &, we have for all t € [T] that

llwell < 1.
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Proof If & holds, by Theorems 8 and 14 to 16, we know that for every t > 2, |lw,(V| < %

[w, =Vl < 7 and for every k € {2,...,1 =2}, |lw,“"V| < L. As aresult,

d
2
il < Z

2 .2
- n(T-3) ,
< L
_2+ ca +7
1 3 1
< — 4+ — < =
e T < )
<1 (T >2)
[ |

C.3. Full proof of Theorem 5

Proof [of Theorem 5] By Theorem 7, with probability of at least +, & occurs and by Theorem 8, it
holds for every 2 < k < T — 3 that,

k<T-m-2
o -1 (k) — <
w w 18
o Z o {,;(” HT—k-2)ug k>T-m~1 (19
§u0 k<T-m-2
T 2D k> T—m— 1

Then, we denote ay € RT~* the vector which its kth entry is max (332 , Max, ey {U, Wr.m (k“))) By

the fact that every vector u € U is in V with probability % the following holds,

T
[EVJ Z max ( max(u wr m(k))) > [EVJ
T-

2
=Ey Z max( max(u WT.m (k“)))

3

2
(— max(u me(k)))
=2

= Eyllavll
> [|Evavl|
T-3 2
3n
= Z Ey max | =—, max(u, wr_, (K))
—~ 32" uev ’
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Then, by Eq. (18),

T 2
3n
- (k)

[Ev\ Z max (32, glg;(u, WT,m >)

k=2

T-m-2 3 T-3 2
> Z ([Ev max (%, max(u, wT,m(k)))) ([Ev max ( 2 max(u wr m(k)>))

\ k=2 uev k=T—m-1
T-m-2 2 -3 2
3n 3 T—k+2
> \ kZ; ([Ev max (32 rl?ax(u guo))) + Z ([Ev max (% max( 77(8—m+)u0)))
= k=T-m-1
T-m-2 2 3 2
3 3 T-k+2
= gJ Z ([Ev max (4_1’ max{u, u()})) + ([EV max ( * max(u, uo)))
= ueV k=T —m—1 m %
T-m-2 2 3 2
3 3 T—-k+2
> L Z ([EV max (—, max(u, uo))) + Ev max ( hl ——— max{u, ug) )
8 —~ 4 k—T T ueV
= =T-m—1

T-m-2 2 m-1 >
gJ Z; ([Evmax (i max(u M0>)) + Z ([Evmax (% #max(u uo)))

k=1

Now, treating each of the term separately, with probability % on V, max, ey {(u, up) < % (otherwise
itis 1), thus,

W
+
N =

| =

3
E - uo)| =
y max (4,r;1€a‘>/<(u u0>)
Moreover, if k < % -4

Ey ma S k+4ma ( ) 3
Xx|-.—— X = —
v 27T vt 4’

otherwise,
Ev max 3 k+4max( ) >1 3 k+4 +1 3
- — —max |-, — | += -~
VI e T o) =5 7T |72
3 k+4
> -4 —
8 2T
Then, we get, if m > T — 3, (note that it implies [ — 1 > 4),
T 3n 2
Ey Zmax (ﬁ max(u me(k)))
k=2
m—1 3 2
> g 2, ([EV max (4,Tmax(u, uo)))
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v

9 3 k+4\?
Yo%t Y (3¢5

kil<k<3f -4 k3L —d<k<m-1

v

DI N (A

k:il<k<3-4 k3L <k<T

v

27T—144+ Z 9+3k
64 64 8T

k:%<k§T

v

v

27T — 144 | 9T 3
i B k
64 256 8T }Z
k:%<k§T

2T - 144 (97 372 3C¢ 417 Ecyn 2o )

64 256 ' 16T 16T 2 oAl =2
2T -144 (9T 3T 27T 3 9

64 256 ' 16 256 16T 32
148T 45 3
256 32 16T
147T 45 3 T
i T=512 = £+ <0
101VT

100 °

\%

v
0|3

2 T-3 2
3 T—-k+2
[Evmax(—,max(u,u()})) + ([Evmax( , hl max(u,uo)))
uev 4 T
k=T-m-1
2 2
7 9 3k
D YT Y (4
kil<k<3T -4 kT <k<m+3
2 2
9 3k
c 3wt 3 i)
kil<k<3L -4 k:T<k<m+3

9 3 k)’
5+ X (3437

~~
[~ |98
+
[\]
N
IA
[ IEN]
p—
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32 100

Moreover, we notice that for every ¢, &,(w;) > —||w; Q|| > —n, &3(w;) > 6; and &4(w;) > &2, thus,
it holds that,

303
F(WTI)—_3200\/_+61+52_77 77(3200 —1)

and
3n
F(w,) < —=VT +7n
32
Then, with probability of at least %,

F(wry) - Fw) > (oD T -2 - x/T)

3200
303 302
- T > 32007 2 <
> 13500 VT = 3200 V1) (7= = 2< VD)
n
=1 T
00 V7

C.4. Deferred Proofs

Proof [of Theorem 3] Letr = 2% For every 1 <i<randl < j < d’ we define the random

variable u to be — \/z with probability 1 5> and _F with probability 1 5. Then, forevery 1 <i <,

we define the vector u; = (ul., , ld ) and look at the set U = {uj, u, ...u, }. This set will satisfy
the required property with positive probability. First, for every i # k, (u;, uy) are sums of d random
variables that take values in {—i, %} with E(u;, ux) = 0. Then by Hoeffding’s inequality,

1 /
Pr(|<ui’uk>| > g) < 2e ¢ d’2 =2e” gs

Then, by union bound on the ( ) pairs of vectors in U,
. 1 _d. |r _a 1,
Pr(3i, k [{u;,ur)| > g) <2e 1% . 5 <2e 18 ey <1

Proof [of Theorem 4] First, we consider an arbitrary enumeration of P(U) = {V!,...VV}, with

= |P(U)|, and define g : P(U) — R?, g(V') = (sin (%), cos (5)). Now, we refer to a vector

2 . .
a € R¥ as a concatenation of n? vectors in R2, a( . a(" ). Then, we define 6 = 1 — cos (
€= n—‘52 and

w):

s(V, U ={ gV) =

0 otherwise
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As a result, for every V’, j it holds that

.2 .\ 2
||¢<vf,j>||=||g<vf>||=\/sin(ﬂ) +eos (ﬂ_) -

2N 2N
Moreover, if j; # jo,
@V, j1). (V' j2)) =0,
and if i > k,

(VL ), p(VE, )y =(g(V1), g(VF))

< cos (L (cos is monotonic decreasing in [0, 7/2])
0

We notice that 0 < ¢ < 1. Now, we consider an arbitrary enumeration of U = {vy,...vy|}, and

define the following set ¥ C R2"* and the following two mappings o : R PU),a: R
U7

1 n
W= (=) ¢Viji) ViV CU.L i€ [’ andi# 1 = ji # ji)
i=1
Note that, for every ¢ € V¥,

1 < , 1 ¢ ,
ol =11~ D 6ol < — ) llo (Ve ji)ll = 1.
i=1 i=1
Then, for every a € R27’ and j € [n?], we denote the index g(a, j) € [|P(U)|] as
q(a, j) = argmax(g(V;),a'”),
r

and define the following mapping o : R27 — P U),

nZ
o(a)= U Vy(a,j)-

j=1,a)£0

Moreover, for every a € [Rz”z, we denote the index p(a) € [|U]] as

-1 o(a)=U,
pla) = { o
argmin;{i :v; e U\ o(a)} o(a)+U,
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and define the following mapping o : R?" — U,

| vy o(@)=U
a(a) = { Vpay o(a)#U °

Now, Let Vi, ...,V, C U and j, ...j, that are sampled uniformly from [n*], We prove the last
part of the lemma under the condition that j; # ji fori # k. ¢* = % ey ¢(Vi, ji) holds

R Y RN :
W~ Zl #(Vie ) = (- ;mv,-,m, - ;mvi,ﬁ»

_ %Z<¢(Vi,ji),¢(vi,ji>>
i=1

oS-

>_
8n

Lety e W,y = % 21 ¢(V/, j)) such that ¢ # ¢, then by the definition of ¥ there are at most n
pairs 7, [ such that (¢(V, ji), #(V/, j;)) # 0. Thus, there exists a pair (V, j;) such that (V/, j) ¢
{(Vi, ji) - i € [n]}, and for every i, (¢(V;, ji), #(V], j{)) < 1 = 6. As aresult,

02 % > 6 (Vir i) <}l D oD, % 2, ¢
=1 i=1 i=1

1 n n
e ISR
i=1 I=1

n—12(1—5+ an 1)

i=1,i#r

IA

1
S—2(1—6+n—1)
n
_1 0
n n?

AN
= (W ,;;qs(vi,ﬁ»—e

(i)
Furthermore, since all j; are distinct, for every i € [n] it holds that, (% Yoy ¢(Vir, j,-/)) =
1g(V;), thus,

1 & (Jji)
-3 ¢<Vi/,jif)) >
i

= arg max(g(V,), %g(%))

1 & .
q (— > ¢(Vi’,1i’),]i) = arg max <g<vr>,
n 4= r

1

=1,
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and we get,

oW =c (% ;qs(vi,m)

n?

- U Vq(% S0 o (Visji)g)

. ANE))
JELE S 6 (Vi) #0

C:

( S G(Vinji) i) (The indices that are non-zero are {j;}"" | })

~.
1l
—_

=

Vi
1

~.
Il

Finally, assuming that J}_, V; # U,

a(y’) = Vp(a) € U\ UVL
i=1
|

Proof [of Theorem 6] We prove that £}, ¢, and {4 are convex and 1-Lipschitz and €3 is convex and
2-Lipschitz. First, by Theorems 3 and 4 for every u € U and V € P(U), j € [n?], it holds that
llu]]| = 1 and ||¢(V, j)|| = 1. Hence, £, is a 1-Lipschitz linear function, and £ is a maximum over
1-Lipschitz linear functions, thus, also both functions are convex and 1-Lipschitz. Further, every
Y € W satisfies ||¢/]| < 1 by Theorem 3 (ii), thus, taking into account that 8 < 1, we have €3 is a
maximum over 2-Lipschitz linear functions and therefore convex and 2-Lipschitz.

For ¢y, for every set V C U, let ay(w) € RT~! to be the vector which its k’th coordinate is

ozv(w)(k) = max (%, max,ey (U, w(k”))) and prove convexity and 1-Lipshitzness. For establish-

ing convexity, observe

T 2
Z max ( max(u (Ax+ (1 - ﬂ)y)(k)>)
=2

r 2
JZ max (— max (A, xBy + (1 = ), y(k)>))

IA

2
T 2
\ Z max (— max (Au, xRy + max ((1=2)u, y(k)>))
k=2

(convexity of max & monotonicity of square root)

T 2
\ Z (/lmax (i—g,mea‘)/( ((u,x(k)))) + (1 = 1) max (i_g,nlea&(<u’y(k)>))

k=2
= [[day (x) + (1 - Dav ()2

IA
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< Alay )|z + (1 = Dav(y)ll2 (convexity of £, norm)

2

T 2 T
3n 3n
= E L (k) - E - (k)
AJ 2, max (32,%a‘)/<<u,x )) + (1 A)J 2, max (32,11?6a‘)/<(u,y )) .

For 1-Lipschitzness, for every w € R? and sub-gradient g(w,V) € 0¢;(w,V), there exists a sub

2
gradient g, (w,V) € 0 (ZLZ max (33—'27, max,ev{u, w(k))) ) such that

llgn(w, V)l __ llegnGw, M|

2 a 2'
2\/Z£:2 max (%,maxuev(u,w(k)>) 2\/2“{:2 av(w)(k)

llg(w. VIl =

Further, note that gy (w, V) is of the form

T
gn(w, V) =23 riv(w)ay (w)©,
k=2

where
riv () € (w i ay(m) ) (w),
hence

{0} J#k,

)
riey (W) € {COHV({O} uU) j=k

where Conv(S) denotes the convex hull of a set S. This implies that ||rk,v(w)|| <1,and (rkgv(w), rk/,v(w)> =
0 for k # k’. Therefore,

T

23 revw)ay(w)®

k=2

lign(w, V) =

T 2

D rvway ()™

k=2

T
=2,>" ay () O riy )|
\ =

This now implies that ||g(w, V)|| < 1, and completes the proof. |

Proof [of Theorem 7] By the fact that every V; and j; are independent, it is enough to show that

n
| Jvizu

i=1

Pr >

’

| =
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and,

1
Pr (for every k # 1, jx # Jj1) > 3

For the former, for every u € U, since V; are sampled independently and every vector u € U is in
every V; with probability %,

Pr

n n
ueUVi):l—Pr(uerVi):l—Z‘”,
i=1 i=1

thus, since by Theorem 3, |U| > 2#8 = 2" | it holds that,

n n
Pr(UVizU =Pr{VueUuce€ V,-)
i=1 i=1
=(1-2mW!
< (1-27m*"

1
< -
e
1
< =.
2

We conclude,

=

N —

Pr(OV,-iU

i=1
For the latter, since all j;s are sampled independently, for a single pair k # [, it holds that

1
Pr(je#j)=1-=
n

As aresult,

1

Pr (for every k # I, ji # ji) = (1 - —2)
n

|

Proof [of Theorem 9] First, differentiability can be derived immediately from Theorem 31. Second,
for 5-Lipschitzness, for every (V, j) € Z, we define fNV,j ‘R4 - R as fv,]-(w) = f(w,(V,j)). By
the 5-Lipschitzness of f with respect to its first argument and Jensen Inequality, for every x, y € R¢,
it holds that

|Av.j(x) = fv i) = [Evess (fv.;(y +v)) = Evesr (fv.j(w+v))]|
=|Evess (fv.j(x+v) = fy;(y +v))]
< Evess|(fv.j(x+v) = fu (v +v))]
< 5Slx —y|.
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Third, for convexity, by the convexity of f for every x,y € R? and « € [0, 1],

fv.jlax+(1—a)y) =Evesn (fv.jlax+ (1 —a)y +v))
=Evesn (fv.j(@x+v) + (1 -a)(y+v)))
< Evess (afvj(x+v) + (1 —a)fv j(y +v)))
= aEyes (fv,j(x+v)) + (1 — @) (Evespfv,j(y +V))
=afy;j(x)+(1-a)fv;(y).

Proof [of Theorem 10] We assume that & (Eq. (12)) holds and show Theorem 10 under this event.
We prove the claim by induction on ¢. For ¢ = 1, it is trivial. Now, we assume that w; = W,.

For ¢, in every t, by the proofs of Theorems 14 to 17 and Theorem 8, it can be observed that
forevery i € [n], k > 2 max, maxyev, (4, A )> < ’7 , thus, in every iteration the term that gets

the maximal value is 3 . Then, by Theorem 33 and the hypothe51s of the induction, for every i,
VO (W, Vi) = Ve (we, V) = 0= Va0 (we, V).
For £, and every w € R4,V C U and j € [1?], by linearity of expectation,

ZZ(W7 (V’ ])) =Evess [(W(O) + V(O)’ _¢(V’ ])>]
= 6w, (V) + (Evessv® (V. )
= €2(W’ (V’ .]))

Then, we derive that for every w and i, sz(w, Vi, ji) = Vo (w, (Vi Ji)).
For #3, when ¢ = 1 the term that gets the maximal value is ;. Moreover, it can be observed that
for every ¢ € ¥,
(0)
ma 01”0

1
- e >)
Then, we can apply Theorem 32, and get by the hypothesis of the induction,
Vi3 (W) = Vi3 (w1) = 0 = VE3(w)).

If t > 2, by Theorems 15 to 17 and Theorem 8, we have,

{3(w;) = max (62, max ((w(o) ) —
weP

dratm )]

= max (<w<°) 0 = o) w >>)
and further by Theorem 12 (i), the maximal value of (w(®,y) — i%(a(;ﬁ), w1 is attained at
Y = ¢, and the difference from the second maximal possible value of this term is at least "e
In addition, by Theorem 12 (ii) we have that this maximum is also larger than ¢; by at least —~ 16n
Hence, since ¢ = % = 12’78;2 < %’74 we can apply Theorem 34 and get by the hypothesis of the

induction that,

~ k ~ k
vy ()Y = v (w)*
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Ly (Vi ji) k=0
= 1-1=a(G XL o(Vinj)) k=1

0 otherwise
= Vo3 (w) ™.

For ¢y, for t € {1,2}, w,(k) = 0 for k > 0 by Theorem 14, hence the term that gets the maximal
value is 6,. Moreover, it can be observed that for every such ¢, and every k € [T — 1] and u € U,

3 1
g(”, Wz(k)> - §<“, Wz(k+l)> =0.
Then, we can apply Theorem 32, and get by the hypothesis of the induction,
V&(W,) = Vf4(wt) = 0=Vl (w,).

For ¢t = 3, it can be observed by Theorem 15 that,

3 1
£4(w;) = max (62, oA (§<”’Wt(k)> - 5{u. Wt(k+1)>))

3 1
= (k)y _ Z (k+1)
ke[Tn—l?J)EueU (8<u,wr > 2<u’ W >)

3
= §<u7 wt(1)>

3 ne
8472
_ 3ne
3217

(uo, uo)

The second maximal possible value of this term is d, = 3¢ (by Eqgs. (16) and (17)), then, by the
3ne _ 3me _ 3nye

6412
fact th?lt 0 < 5577 ~ @72 = a2 We can again apply Theorem 34 and get by the hypothesis of the
induction that

~ k ~ k
Vi, (o)™ = v (w)™

2ug k=1
= —%uo k=2

0 otherwise
= Vs (w)'™.

For t > 4, it can be observed by Theorem 8 and the proof of Theorem 17 that,

3 1
G(we) =max (6, max | =(u,w, Oy = =, w, )y
ke[T-1],ucU \ 8 2

3 1
_ d (kyy _ 1 (k+1)
ke[Tn—Rll])fueU (8<M’wt ) 2<u’ W >)
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Moreover, the maximal value is 31—'67 and is attained in kg =t —2,u = up = a(y*). The second

maximal possible value of this term is smaller then 56—;7, then we can apply again Theorem 34 and
get by the hypothesis of the induction that

~ k ~ k
Vi, ()" = v, (w) ™

%uo k=t-2
=1-qug  k=t-1

0 otherwise
= Vs (w) ™.

In conclusion, we proved that VF (wy) = VI/:: (W;), thus, by the hypothesis of the induction,

Wist = wp = VE(wy) =W, = VE(W,) = Wea

Appendix D. Underfitting of SGD: Proof of Theorem 2

In this section we provide a formal proof of our main result for SGD given in Theorem 2. Here, our
goal is to establish underfitting: namely, to show that the algorithm may converge to a solution with
an excessively large empirical risk despite successfully converging on the population risk.

As in GD, we construct a hard loss function, which is defined in a d-dimensional Euclidean
space such that d is polynomial in the number of examples n. For the first step of the construction,
we use Theorem 3 (see Appendix C), which shows for every dimension d’ an existence of a set of
approximately orthogonal vectors in U € R4 with size exponential in d’. We define the set U to be
U = Uy for d’ = 712nlogn, the sample space to be Z56P = {V : V C U}, and the distribution
DSEP 1o be such that every u € U is included in V C U independently with probability § = #.
Henceforth, we consider an arbitrary enumeration of the elements of U:

U={vi,....viu}- (19)
As before, we refer to every vector w € R4 as a concatenation of vectors, w = (w(o), cwmy)
’ 2 . . . .
where for 1 < k < n, w®) € R? and w(® € R?"". In this construction, w ) is also a concatenation
of n vectors w(®1 .. w(©n) such that each for every r € [n], w(®") € R?".

Our a(gproach is, asin G D, in every iteration ¢, to encode the set V;, sampled from DSCD into the
iterate w, +i. For this, we construct an encoder, ¢ : P(U) x [n] — R?", a decoder  : R** — U, a
real number € > 0 and #n sets denoted as W1, ..., ¥,. Here, the idea is that the set i/, may represent
all of the possible training sets with k examples, {V; ..., Vi}, and in every iteration ¢, it is possible
to get the vector t//;“_ | € Y,_1 — which is identified with the actual sets Vi, ..., V,_; that were
sampled before this iteration — as a maximizer of a linear function with margin €. Then, we aim to
output a vector u; € (i, V;. The construction of such ¢, @, ¥y, ..., ¥, is provided the following.

Lemma 19 Letn, asetU € RY. Let P(U) be the power set of U. Then, there exist sets {¥1, ..., } C
R?*, a number 0 < € < % and two mappings ¢ : P(U) X [n] — R, @ : R** — U such that,
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1. Forevery je[nlandV CU, ||¢ (V,)) | < 1
2. Foreveryk, y € ¥, |la(y)| < 1, |ly|l < 1.
3. LetVi,..., Vi CU. Then, for every k, ;. = %Zle o(Vi,i):

s Foreveryy € Wi, ¥ # ¢
1< 1<
Wi DL 0VeD) 2 (W~ D (Vi) + e
i=1 i=1

. Ifﬂf;l Vi#0and m = argmin{i : v; e U N ﬂf.‘zl Vi}, then a(Y*) = vy, € U.

The proofs of the above and of other lemmas in this section are deferred to Appendix D.4. Proceed-

ing, we define our loss function /5P, composed of three terms £56P, £56P, £36P:
T 3 2
FSP(w, V) = kzzzmax (%,Elea‘)/((u,w(k))) (20)
fISGD(w,V)::
+max |81, max E<u,w<’<>> - 1<a(¢), Wy 40 Ly
ke[n—1],uelU,ye¥y 8 2 4n

1 1
= (wOED gy (O g (Ve 1>>))
n 4n

1 1
0,1) _ _ (1)
# WD, g (V. 1) = (o w),

€3SGD(W,V)::
where the second term is denoted fszD (w, V) and u, is an arbitrary vector in U. The next theorem
is the core component of the lower bound.
Theorem 20 Assume that n > 2048 and n < # Consider the distribution D5°P to be such that
every u € U is included in V C U independently with probability 6 = ﬁ, and the loss function

56D with d = 712n*logn +2n?, & = #(1 - cos(ﬁ)) and 61 = 8—;73. Then 5P is convex and

4-Lipschitz, and for Unprojected SGD (cf. Eq. (2) with W = R?) initialized at wi = 0 with step size
n, we have, with probability at least % over the choice of the training sample:

(i) The iterates of SGD remain within the unit ball, namely w; € B? forallt=1,...,T;
(ii) Forallm=1,...,T, the m-suffix averaged iterate has:

FSP (wr ) — FSCP(,) = Q(nVT).

The proof of Theorem 20 is given in Appendix D.3, and builds upon the lemmas presented next.

Lemma 21 For every V € Z, the loss function f3°P(w,V) specified by Theorem 20 is convex and
4-Lipschitz over R? with respect to its first argument.
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As in GD, we provide a key lemma that characterizes the trajectory of SGD under a certain ”good
event”. Consider a random training set sample S = {V;}'", and define:

S/Z{VISTPt¢0andJ,€St}, (21)

r-1
where P, = ﬂ Vi, (22)

i=1

t=n_

S, = ﬂ Vi, (23)

i=t
and for P; # 0 : r; ;= argmin{r : v, € U N P;} (24)
Jy=v, €U (25)

Our next lemma shows that & occurs with a constant probability.
Lemma 22 Under the conditions of Theorem 20, it holds that Pr(&’) > %

Under this event, the dynamics of SGD is characterized as follows,

Lemma 23 Assume the conditions of Theorem 20, and consider the iterates of unprojected SGD,

with step sizen < \/LT initialized at wi = 0. Conditioned on the event &', we have fort > 4,

—%nul + (1 — l)n—'73M1 k=1
o (6 %nuk 2<k<t-2
roT %nut_l k=t-1

0 t<k<n,

and

LD eV l) k=1
w OF =3 LS e(Vii)  k=t-1
0 k¢ {l,t—1}.

where uy € U, and for k > 1: uy € ﬂf:_ll Vin Mg V.

At this point, we are ready to prove Theorem 20. The proof is similar to that of Theorem 5, using
Theorem 23 instead of Theorem 8, and is given in Appendix D.3. All that remains for the proof
of Theorem 2 given next, is to apply smoothing to make the learning problem from Theorem 20
differentiable, and combine its result with a standard optimization lower bound (Theorem 38).
Proof [of Theorem 2] Let

PP w, V) = E, tnirma [P (w+v, V)], (26)
where
- ne
0= . 27
32n3 27
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Analogously, we denote the empirical loss and the population loss with respect to the loss function
- ~SGD - - -

f5PasF (w) =137, /5P(w,V;) and FSP(w) = Ey.p 5P (w, V), respectively. We have
that this loss function is convex and Lipschitz, and that the GD iterates identify with those of the
original, non-smoothed loss.

Lemma 24 For every V € Z, the loss function f56P
respect to its first argument and over RY.

is differentiable, convex and 4-Lipschitz with

Lemma 25 Let wy, W, be the iterates of Unprojected SGD with step size n < \Lﬁ and wy =0, on
=~SGD
FSCP gnd F respectively. Then, if & occurs, for every t € [T] it holds that w, = W,.

Now let w,, ,, be the m-suffix average of SGD on 56D and let W, = arg min,,, I/T\SGD(W). By

Theorem 25, we know that, with a probability 2 5 Wnm = wSGD Then, by Theorem 20 and the fact
that || fSOP — 56D, < 46 (see Theorem 35),

\/_ FSGD (—) fSGD (W_*)

64000
= F¥ % (wym) = FP ()
~SGD . =SGD — -
<SF  (Wpm)+40-F (w,)+46
~SGD ~ =56D =
SF  (Wym) +40-F  (w,) +49,
hence,
}J:‘SGD AS \/_
(b =F (5 2 64000 4 a3
> 1 o
64000 4n3
n
> > 40
> 128000 V" (n 2 40)
= Cinvn.

In addition, by Theorem 38, we know that for Unprojected SGD and d» = max(257°T?, 1), there
exist a constant C, and a deterministic loss function fOFT : R% — R such that

FOPT(wrm) — FOFT(W,) > Co min (1, L)
nT

Now, let C = %min (C1,Cr). Ity = T‘%, then, nVT > min(1, %), and we get,

—~SGD

P wrm) —F (@) 2 C (m/f+min (1, i)) e (min (1,nx/f+ i)) |
nT nT

Otherwise, we get that,
1 1
fOPT(WT m) — OPT(W*) >C (17\/_+m1n (1 —T)) >C (min (l,n\/T+ _T)) .
n n

In both cases, by Theorems 23 and 38, w, € B? for every ¢ € [T], hence the result is applicable also
for Projected SGD, and the proof is complete. |
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D.1. SGD Dynamics: Proof of Theorem 23

For proving this key lemma, we analyze how the terms KISGD, é’;’GD affects the dynamics of SGD
under the event &’. First, we show that the gradients of €ISGD do not affect the dynamics of SGD, as
the gradient of this term at any iterate w; is zero.

Lemma 26 Assume the conditions of Theorem 20 and the event &'. Let w € R? and t be such that
forevery2 <k <t—1, w®) = cnuy for0 < ¢ < % and every such uy holds u;, € ﬂ{.‘:_ll VinNiz, Vis
and for everyt < k < T, wK) = 0. Then ffGD(-, Vy) is differentiable at w and foGD(w, Vi) =0.

Proof First, by the fact that foreveryr < k < T, w(k) =0, for every such k,

3n
(k)y —
muea)t(@t,w y=0< vk

For2<k<t-1,wk = cnuy, where 0 < ¢ < % and every uy € ﬂiT:kVi C V,, thus,

1 3
3

Ry 12
max{u, w )_2 g <3

uev;
We derive that V£7P (w,, V;) = 0. [ |

Now, we analyze the gradient of €§GD. The role of this component is to decode the next ’bad
solution” « (% Z;;ll o(V;, i)) from the sets Vi,...,V;_1, and make a progress in this direction in

some subspace W~ In the following lemma, we show that the gradient of €ZSGD, serves this goal.

Lemma 27 Assume the conditions of Theorem 20 and the event &'. For every k, let Y, =
%Zle #(V;,1). Moreover, let m > 3 and w € R such that w' = cnu, for —% < c¢ £ 0and
uy € U, forevery2 < k <m —1, wk) = %nuk such that every uy holds uy € ﬂfz_ll Vi 0 ik v,
wm = %num where u,, holds u,, € ﬂ"l]l Vin ﬂf’:mvt and foreverym+1 < k < T, wk) = 0.
Moreover, assume that w holds w(©™) = %:,//,’;1, lw©D|| < n and for every k ¢ {m, 1}, w(®K) =0,
Then, for everyV C U, €§GD is differentiable at (w, V) and, we have for k + 0,

3

) Flm k=m
vEPw ) = tar)  k=m+l
0 ké¢{mm+1}
and,
0.4) # :iﬁb(vt,i) k=m
vEPw, V)T = = S 6 (Vi) - (Vi) k=m+1
0 k¢ {mm+1}.

Proof First, we show that the maximum of [SGD(W, V) is attained with k = m and u = u,,. For
k>m+ 1, forevery u € U and ¢ € ¥y,

3 1 1
z (k)y _ — (k+1) 0.k)
=G w M) = S (@), ) + (O, )
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1 1
= D, )+ O, - g (V k1)) = 0.

For k = 1, for every u € U and ¢ € ¥, by Theorem 19, we know that for every ,V, j,
lgll, lg(V, DIl < 1, and a(y) € U, thus,

3 1 1 1 1
2wy = (@) w D) + (w0, gy — (O gy 4 (O (v k + 1))
8 2 4dn 4n 4n

3c

_ 3¢ _n ok Lo\
) = T s, ) + (), L)~ 040
9 n 7

< L4 L L0

S5 128 1

<% (n > 4)

For2 < k <m -2, forevery u € U and ¢ € Wi, by Theorem 19, we know that for every ¢, V, j,
gl lg(V, DIl < 1, and e(y) € U, thus,

3 1 1 1 1
§<u9 w(k)> - z(a(’ﬁ)’ W(k+l)> + <W(O’k)’ 4_lr//> - <W(O,k+l)’ _'7[’> + <W(O,k+l)’ __2¢(V9 k + 1)>
n 4n 4n

3 n
= 6—4<uk,u> - 1—6<uk+1,a(t//)> +0-0+0

3n 7n
<L 1
o116
<1

8

For k = m — 1, for every u € U and ¢ € ¥, by Theorem 19, we know that for every ¥, V, j,
Il lo(V, )HIl < 1, and a(¥) € U, thus,

3 1 1 1 1
~(u,w®y = =@ (), w )+ (wOB, —yy — (O —yy 4 (WO —— g (V, K+ 1))
8 2 4n 4n 4dn

3 n ©k+1) L Oks1) 1
_6_4<uk’u>_Z<uk+1’a(¢)>+0_<w " »Elﬂ)"‘(W " ,Mﬂv,m))

< 3n LN 1 N 1
64 32 16n2  16md
< g (n>4)

For k = m, u # u,, and every ¢ € ¥,,, by Theorem 19, we know that for every y,V, j,
llell, gV, HIl < 1, and a(y) € U, thus,

3 1 1 1 1
_<M, w(k)> - —<Q’(l//), W(k+1)> + <w(0’k)9 _l//> - <w(0’k+l)’ —¢> + <w(0’k+l)a __2¢(V7 k+ 1)>
8 2 4n 4n 4n

3 1
= G w )+ (g, W)

3 1

= 2, Tu) + (g wO)
3n o, _m

< —+

T 128 16n?
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<L

32

For k = m, u = u,, and every ¢ € ¥,,,, by Theorem 19, we know that for every v, V, j, ||¥|l, [|¢(V, j)|| <
1, and a(¥) € U, thus,

(n>4)

3 1 1 1
0w ®) = ) wt Dy 4 000, Ly ook, Ly 4 o L
8 2 4n 4n

o #(Vok+ 1)

3 1
= §<M, Wz(k)> + <Ew, Wt(o’k)>

n

3 1
— ¢y L - (0,k)
8<M7 2um>+<4n(//’Wt >

> — (n>4)
>51.

Second, we show that when £k = m and u = u,,, the maximum among ¥ € ¥, is attained
uniquely in ¢, = % e ¢(Vs,t). For any ¢ € ¥, with ¢ # y;,, by Theorem 19, for k = m,

u:uma
3,y _ ] £y () ©Om L.
2w ™) = Sl w D)+ O™, g

. 1
= Oy + WO g (Vom 1)

3 1
= (w4 (u W)

3n
= Tt T W Z(ﬁ(vt,t»
S —— ZW Dy +——
“T6 " 16 2 " 16 2
_ 20 (0.m)
<u w >+< —yw ) + 16 —
3 1
= §<u,w(’")> - —<a(w), wmy 4 <w(°””), ym
(0,m 1) (0,m 1) 1€
— (w'hm 4n g+ (wHmr 22 fVem+ )+ 2
‘We derive that,
%um k=m
v w. ) = tay)  k=m+1
0 k¢ {mm+1}
(0.4) 4n2 1¢(Vt’t) k =m
veEPw, V) =1L Zt:] (Vi) = o (Vom+1)  k=m+]
0 k¢ {mm+1}.
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Now we can prove Theorem 23.
Proof [of Theorem 23] We assume that &’ holds and prove the lemma by induction on ¢. We begin
from the basis of the induction, ¢ = 4, which is proved in Theorem 30 in Appendix D.2. Now, we
assume the hypothesis of the induction, that the lemma holds for iteration ¢ and turn to show the
required for iteration ¢ + 1.

First, we notice that for every 2 < k <t — 1, w,"®) = cnuy, for ¢ < % and every such uy holds
Uy € ﬂf.‘:_ll Vi NNk V;, and for everyt <k <T, w; %) = 0. Then, by Theorem 26, we have that
VKISGD(wt, Vi) =0.

Second, €§GD is a linear function, thus,
—n—gul s=1
VggGD(Wt,Vt)(S) = —ﬁff)(vz, 1) s=0,1
0 otherwise.

Third, For f;GD(w,, V;), we notice for m =t — 1 > 3 it holds that w, () = cnu for —% <c¢ <0and
uy e U,forevery2 <k <m-1, w, ) = %nuk such that every uy holds uy € ﬂfz_ll Vi 0y v,
w, (M) = %num where u,,, holds u,, € ﬂ;’;l Vi N it V,,and forevery m+1 < k < T, w¥) = 0.
Moreover, w; holds w®™) = i—zlt,//;"n, lw; @D < n and for every k ¢ {m, 1}, w, %K) = 0. Then, by
Theorem 27, we get that, we have for £ # 0,

%Mt_l k=t-1
k
VP, vy = {-lar ) k=t
0 ke¢{r—1,1}

and,

LYo k=m
SGD 0,k) _ 1 vt . _
V€2 (Wz, Vt) =\ T3 Li=1 ¢(‘/la l) k=m+1

0 k¢ {mm+1}.

Now, by Theorem 19, for j = argmin;{i : v; € ﬂ;;ll Vi}, we get that

t—1

a(y;_ ) =vje ﬂVi.
i=1

We notice that ﬂ;;ll Vi = P, and thus a(y;_,) = J;. Then, by &, a(¥;_,) also holds a(¢_,) € S;.
Combining the above together, we get, for u; = a(¥;_,) € P, N Sy,

—%ul k=1
Up_ k=t-1
V(g Vi) ) = {8
—iut k =t
0 ke {lt-1,t},
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and,
— = $(Va, 1) k=1
1 t—1 .
_Z— ¢(V9l) k=1-1
Vf(wg, Vt)(o’k) = 4n21 l_,l l } _
_m Z[:l ¢(‘/l’l) k =t
0 ke{l,t—1,t},
and the lemma follows. |

D.2. SGD Dynamics: The first iterates

Lemma 28 Under the conditions of Theorem 20, if & occurs and wy is the iterate of Unprojected
SGD with step size < —= and wy =0,

Vi
n —
wa ) = f k_l,
0 k>2

and,

n _
1, (0:) = me(Vi,) k=1
0 k#1.

Proof w, = 0, thus, for every &,

3n
(k)y — =
gg;l((u, wiy=0< ok

and we derive that V&P (wy,Vy) = 0. By the same argument, V£59P(wy,V)) = 0 (where the

maximum is attained uniquely in 7). Moreover, €3SGD is a linear function, then, we get that,
1
- k=1
VeSS0 (v, v (R R L3 ’
3 ( 1 1) 0 k>2
and,
1
——o(V,1 k=1
V€3SGD(W1’V1)(0J<) _ 2o
0 k+1,
and the lemma follows. |

Lemma 29 Under the conditions of Theorem 20, if & occurs and wy is the iterate of Unprojected
SGD with step sizen < \/Lﬁ andwy =0,

FLM—?M] k=1
W3(k)= 7—27142 k=2
0 3<k<n
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4n2 ¢(V29 1) k = 1
w0 = 3 LoV, 1) + Le(Va,2) k=2
0 k>3

where uy € U, and uy holds uy € P, N S».

Proof
First, by the fact that for every 2 < k < T, w, %) = 0, for every such k,
3n
)y =0 <
mip(e) =0< 5.
and we derive that V¢ f’GD(wz, V) =0
Moreover, €§GD is a linear function, thus,
n
—SUuj k=1
256D (1, V. k) _ %3 ’
3 ( 2 2) 0 k>2

and,

L g(Va, 1) k=1
£59D (1 V) ®) = 9V,
s (w2 V2) 0 k# 1.

For KZSGD(W2, V»), we get by the fact that for every k > 1, wpK*1) =1y, (0-k+1) = 0

5P (wy, V2) = max (62, max ( (u, wo®) +< g, wr ”)))
ke[n—1],uelU,ye¥;

As a first step, we show that the the maximum is attained with k = 1 and 4 = uy, For k # 1, for
every u € U and ¢ € ¥y,

3 1
SGuw2 )+ (@) =0
8 4n
For k = 1, u # u; and every ¢ € Wy, by the fact that ||y/||, ||¢(V1, D|| < 1,

3 o n _ Tm o _ 3n
64n3  16n3  64n3  16n3°

1
2 w2y 4+ (g, OO0 <
8 4n

For k = 1, u = u; and every ¥ € ¥, by the fact that ||y]|, ||¢(V1, D] < 1,

3n 77>3n

3 0y 4 oy 5 31 30
<“ w2 < W) 2 e T o T Tend

>51.

As a second step we show that the maximum among ¢ € ¥ is attained uniquely in ¢} =
%q)(Vl, 1). For any ¢ € ¥y, with ¢ # ¢]. By Theorem 19, for k = 1, u = uy,

1
w2 @) (g ) = 2L <—¢;<,4i2¢<v1,1>>

3
= L L g 1)

47



THE DIMENSION STRIKES BACK WITH GRADIENTS

3n n
> L ——
8n3  16n?

3 1
= g(u, wo Ky + (E% wo O-F)y 4

1 ne
W, Z‘P(Vl, 1)+ Ton?

ne
16n2

We got that the maximum is uniquely attained at k = 1,u = uj, ¥ = %q&(\/l, 1). Now, by Theo-
rem 19, for j = argmin;{i : v; € V;}, we get that

a(y) =v; € V.

We notice that V| = P, and thus a(y) = J>. Then, by &', a(y) also holds a () € S,. Combining
the above together, we get, for up = a(y) € P, NS>,

%M[ - %ul k =1
Vi(wa, Vo) =4 -1y, k=2
0 k>3
and,
2= d(Vi, 1) = 72¢(Va, 1) k=1
Vf(wa, Vo) @0 =3-Lgwi 1) - Le(h2) k=2
0 k>3,
and the lemma follows. |

Lemma 30 Under the conditions of Theorem 20, if & occurs and wy is the iterate of Unprojected
SGD with step size < -= and wy =0,

v
%Lﬁ - T”ul k =1
W4(’<) = §7 )
71,{3 k = 3
0 k>4
and,
Lp(Va, 1) + 75(Vs, 1) k=
wy (00 = #qﬁ(vl, 1)+ #MVZ’ 2)+ #MV% 3) k=3
0 ke {1,3}

Proof First, we notice that by Theorem 29, it holds that w3® = cnuy for ¢ < % and uy holds
u € VinNi, A and for every3 < k < T, w, &) = 0. Then, by Theorem 26, we have that

foGD(W3, V3) = 0. Moreover, €§GD is a linear function, thus,

/A k=1
£56D (33, v3) M) = {7t :
3 (3 3) 0 k>2
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and,

a5, 1) k=1
fSGD w ,V (k) — 4n2¢ )
3w Vy) 0 k#1.

For ngD (w3, V), we first show that the the maximum is attained with k = 2 and u = u,. For k > 3,
foreveryu € U and § € Py,

3 1 1
g(u, w3 Ky — —<a’(lﬂ), w3 FFDY 4 (300 4—'#)
n

Ok+1) L (0,k+1)

1
— (w3 W)+ (w3 ,—m¢(v,k+1)>=o

For k =1, for everyu € U and ¢ € W1, by the fact that for every Y, V, j, ¥/, |6V, )| < 1,

3 1 I
w3y = (@), w3y + (WO, —y)
8 2 4n

1 1
- <W3(O,k+])9 _¢> + <W3(0’k+1)’ __2¢(V’ k + 1)>
3 277
8(
+< 291+ 2¢(V2,2) i 2¢(V3,2)>
< 977 AN n Lo

>< 1) = Tz, (W) + (15 ¢>(vz, D) = (¢ (Vi D)+ 75 6(V2.2).)

T512 32 42 222 8t
2977
< 256
<
8

Fork =2, u # up and every € W, , by the fact that for every Y, V, j, ¥, lo(V, )| < 1,

1
b Ew)

1 1
= (w3 D, —w> + (w3 O, =g (V. k4 1)

3 1
3 w3y — 5l (), w3 D) 4 (w3 (00

3
=g, W3(k)>+< w w3 R))

3 n
= _<u7 §M2> + <E¢’7 m(ﬁ(vh 1) + m(b(VZa 2)>

8
BV

128  8n3

n

n >4
NED) (nz4

Fork =2, u =uy and every y € W,, by the fact that |||, ||l¢(V1, D] < 1,

¥)

3 1 1
=G w39y = > (@), wy D) + s O, =
8 2 4n
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1 1
- <W3(O,k+1)> _l//> + <W3(O’k+1)a _m(p(v’ k + 1)>
3
= g(u W3(k)>+< l/’ w3 R))

_§<u u2>+( v, (Vi D) + 25 6(1,2)

S 3_77_1

~ 16 8n3

el (n>4)
32 -

>51.

Second, we show that the maximum among € ¥, is attained uniquely in ; = %¢(Vl, 1) +
%q&(Vz, 2). For any y € W, with  # 5, by Theorem 19, for k =2, u = u,

3 1 1
§<u, w3y — 5@(%), w3 Dy 4 (w3 00 4—¢§>
n
1, 1
= (3 @D, g s O, =g (V k4 1)

=—<M W3(k)>+< l// w3 0Ky
3n

=16t <—$§, 4—2¢(V1, 1)+ —¢(V2, 2))
3n
1_6 16 2 <lr//2’ ¢(V1’ l) + ¢(V2’ 2))
3n .

> 16 Ton 2<W ¢(V1,1)+ ¢(V272)>+

= 2ws®) + (w0 4 TS
3 1
= ~(u,w3™) - —(a(tﬁ),m(k”)) + (w3 O, —y)
8 2 4n
1 1 €
_ Ok+1) =y o Ok+1) _ 2 v k+1)) + n
o3y o+ w3 O, s (Vek o+ D)+ s

We got that the maximum is uniquely attained at k = 2,u = up,y = 5. Now, by Theorem 19, for
Jj =argmin{i : v; € Vi N V1}, we get that

a(y) = vieVinv,.
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We notice that Vi NV, = P3 and thus a(Y) = J3. Then, by &', a(y) also holds a(y) € Ss.
Combining the above together, we get, for uy € U, uy € P, NSy and uz = a(y3) € P3N S3,

_n_laul s=1

%Mz s=2

—%Ms s=3

Ve v =1 dosn

—72¢(V3, 1) s=0,1

(Vi 1) + p26(V2,2) 5=0,2
—= (VL) = 756(V2,2) - 75¢(V3,3)  5=0,3

0 s=0,kfork >3,

and the lemma follows. |

D.3. Proof of Theorem 20

Proof [of Theorem 20] We show that the theorem holds if the event & occurs. First, we prove that
for every t, ||w¢|| < 1. By Theorem 23,

d
Iwell < | Y- weli]?
\&

< Z lw, 12 + Z [lw, D2

\k:] =1
2 (O ra-n (2 e (L)
\/(_)¥

1 5 1
= < L
o1 o =<3

<1 n=4)

Now, denote ay € R"™3 the vector which its kth entry is max (7%, maxyev, (u, (n = k +2) Lugsr)).
Forw, =wy n, andany2 < s <n-2,

W, ) = us+(n—s—1)—us—(n—s+3)—us
2n 8n

Then,

2

S

2 n
ZJZmaX (— rréax(u wn(k))) 1 JZmax (— max(u w, Ky

i=
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2
= % 2 \Zmax( max(u (n—k +3)8n_nuk>)

2
= lz Zmax( max(u (n—k+2)—uk+1>)
n o\ £ o

n-3 3 2
:—Z Zmax —n,max(u, (n—k+2)luk+1>
n 4 \ 32 uev; 8n
i=1 k=1
1 n
=~ ) llavl
i=1

> ||%§av,~ll
n-2 n 2
= JZ (l Z max (3— max(u (n—k+ 3)—Mk>))
= \" o 32

4

n-2 n 2
o 1 3 n—k+3
= §\Z (; . max (Z,Il}g;f(u . Uk)

k=2 i=1
n-2 n 2
n 1 3 n—k+2
= g — max Z,mag((u, —ug)
\kZZ n i1 uev; n

Now, by the fact that if & holds, by Theorem 23, for2 < k <n -2, up € Py = ﬂf.‘:_ll Vi,

1 n n 3U 2

_ — (k)

n ZJ kZZmaX (32’3?&“”’“ >)
i= =

k-1 n 2
1 n—k+2 1 3 n—k+2
- Z max ( max(u Tuk)) + - Z max (4_1 mz%}(u, Tuk)))

n-2

n
> =

8‘\ ;E; ( i= i=k uevi

n "‘2(3(n—k+1) k-1 (3 n—k+2))2
> = + max | —, ————

8\k=2 4n n 4 n

2 2

Zg (3(n—4k+1)+(k—1)(n2—k+1)) .y (3(n—4k+1)+3(k4—1))

\ 2<k<y -2 " n 4-3<k<n-2 " "
_n Z ((n—k+1)(3n+4(k—l))) 27n

2

B\, 5t 4n o4
_n ((n - k)(3n+4k)) 27n
- 2

B\ 15 4n o4
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4in = 8n — n
1 n n 3 2
- JZmax (—,max(u,w ( )>)
i3 iz uevi

3,k 2 L on 21 2n
128 16T

n | 9n 3 ngwjk O9n 27 27n

\%
|

—_— + R
8\ 128  64n p 128 16 64
2
Zz\/l(z_l) 27, 36n
8V21\8 16 64
n | n 27 36n
> 44— - = > 16
=3\V512 16 64 (n 2 16)
n [577n
> 4 > 2048
=3V 1024 (n 2 2048)
S 3n 377 2001
=32 2000
Now, form <nand?2 <k <n-2,
’ %(%uk+(n—k—l)%us) k>n-m
3 %uk k<n-m-1
- Wué k>n-—m.
Then, by similar arguments, it holds that,
max max(u W m(k)>) > — max (—,max(u, wn,m(k)))
n i1 = 32 uEVi
n-2 2
1 3n
Z s (k)
ZJ (anax(32 Lréa)l((u s Whm )))
k=2
n-m—1 1 n 3 2 n-2 1 n 3 k+3 2
_n 2z 2 2z 2 n-k+>
=3 Z (n Zmax (4,%21‘35(%%))) + (n Zmax (4,{2&&“% - uk)))
k=2 i=1 k=n-m i=1
> = — ) max (—,max(u,uk))) + (— max (—,max(u, —uk)))
8 = n P 4 ueV; e n P 4 uev; n
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2
gJZ( Zmax( max(u #uk))) (k=22 = ”‘T’”Z <1

_ 3n 2001

32 lculation f
32 © 2000 (calculation for wy, ,,)

As a result, we notice that for every t, ngD(w,) > -5 % and £y(w;) = 81 thus, it holds that,

1
AnZ
gy 2000 11
32 2000 4n2 W

3np4/n 2001 7

32 2000 2n?

3nyn 2001 npy/n

z 3;/_ 2000 _ 80000 (n > 256)
gy (2001 1

32 '(2000_4000)

3pyi 4001

32 4000

F(Wom) =

=

\%

v

and
—~ —~ 37]
F(w,) < F(0) < §§v%
Then, if & holds

3pyn 2001 I

R R s
Flwnm) = F(W.) 2 == 5506 = 3

A
64000

D.4. Deferred Proofs

Proof [of Theorem 19] The construction is similar to Theorem 4. First, we consider an arbitrary enu-
meration of P(U) = {V!, .. VIPWI} and define g : P(U) — R2, g(V?) = (sin (%) ,COS (W))
Here, we refer to a vector a € R?" as a concatenation of n vectors in R2, a‘D, ..., a™). Then, we
define § = 1 — cos (ﬁ), €= n% and

N _ ] &vV)y i=]
o(V.J) { 0 otherwise

As aresult, for every V;, j it holds that

] 2 . 2
lp(V?, J)II—IIg(VWH‘\/ (2|P7T(IU)|) s(2|Pn(lU)|):
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Moreover, if j; # jo,
@V, j1), 6(V', j2)y =0
and if i > k,

(V' ), o(VE, )y =(g(V'), g(VF))

rk i rk
(2|P(U>|) (2|P<U>|) s (2|P<U>|) o (2|P<U>|)

(71'(1 - k))
2|P(U)|
bis
< cos (cos is monotonic decreasing in [0, 7/2])
(2|P<U>|) ¢
=1-4

We notice that 0 < § < 1. Now, we consider an arbitrary enumeration of U = {vy, ...V|U|}, and
define the following sets W1, ... ¥, € R*" and the following two mappings o : R?" — P(U), « :
R2n N U,

k
1 : .
W= {- ) o(Vii) ViV €U}
s
Note that, for every ¥ € P,
< <
ol =11 D ¢l < — ) lle (Ve jill < 1.
i=1 i=1
Then, for every a € R?" and j € [n], we denote the index ¢(a, j) € [|P(U)|] as
q(a, j) = argmax(g(V;),a'),

and define the following mapping o : R?* — P(U),

o(a) = m Vaca,j)-

j=l,al)#
Moreover, for every a € R*", we denote the index p(a) € [|U]] as

pla) = arg min{i :vi €o(a)},

and define the following mapping a : R2" — U,

| vy o(a)=0
a(a) = { Vpa)y o(a)#0 °

Note that for every a € R*", a(a) € U, thus, |la(a)| < 1.
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Now, Let Vi,...,V, C U, k € [n] and ¢ = L 35 ¢(V;,i). Then,
1 & 1 <& 1 &
W, ;;cb(vi,i)) =(- ;sb(vi,i), ;;sb(vi,i»

k
= YYD, 6V
i=1

k
n2

For ¢ = % Zf.‘zl ¢(V/,i) such that s # ¢, there exists a index r such that V; # V,. thus,

| & RS N
Wom > o)y = (> (Vi) = > #(Viui))
=1 i=1 i=1
1 k
= — D (Vi) o (V] 1))
i=1
| k
= E (1 _6+i=12i¢r 1)
< 12(1 ~5+k—1)
n
k o
2w

RN .
= Wi~ lezs(vi,ﬁ» ~e
i=
Furthermore, it holds that, 1 ¥ | ¢(V;, i)(l) = 1g(V}), thus,
(i)

k k
1 (% ;‘NVI‘JM) = argmax(g(V;), % ;qs(v,-,i) )

= arg max{g(V,), %g(Vi»

=i,
thus, we get,
1 &
s =0 (; Z; $(Vi, i))
n

- m Ve sk e vV )

J=LESE eV 20

k

= ﬂ Vq(l S5 ¢ (Vii))) (The indices that are non-zero are j = 1, ..

j=1 )
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:ﬂvi

i=1

Then, assuming that ﬂle Vi # 0, and let and m = arg min; {i : v; € ﬂle Vi}, p(a) = m and,

a(y)=vy, € ﬁVi.

i=1

Proof [of Theorem 21] First, £ is convex and 1-Lipschitz by the fact that £f°° = ¢, and Theo-
rem 6. Moreover, by Theorem 19, KZSGD is a maximum over 1-Lipschitz linear functions, thus, é’;GD
is convex and 1-Lipschitz. Finally, £3SGD is a summation of two 1-Lipschitz linear functions, thus,
f;’GD is convex and 2-Lipschitz. Combining all together, we get the lemma. |

Proof [of Theorem 22] First, by union bound,
Pr(Vte [n] P, #0andJ, €S;))=1—-Pr (3t P, =0orJ, ¢S,)

> 1—ZPr(P,:0or (P, #0and J, ¢ S;))

t=1

> 1_Z;Pr(Pt :(Z))—Z;Pr(P, #0andJ; ¢ S;)
t= =

Pr(P,=0) - > Pr(P, #0)Pr(J, ¢ S|P, #0).
1 t=1

=1-

n
=

Now, for every v € U,

r—1 t—1
Pr(ve (V) =1-Prve( |V)=1-¢6""<1-6",
i=1 i=1

and similarly,
Pr(vegS,)=1-(1-6)"""<1-(1-6)".

Then,

Pr(P, =0)="Pr

s

i=1

t
=Pr(Vv e Uv ¢ ﬂvl-)
i=1

< (1=-8HUl,
Moreover, by the fact that for every ¢, P, is independent of V., ...V},

Pr(P;#@)Pr(J,éSAP,#@)S 1—(1—6)n.
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Combining all of the above, we get that,
Pr(Vt € [n] Pt * 0 and Jl € Sz)

=1- Pr(PtZ(b)—ZPr(PtQE@)PI‘(Jt¢S,|P,¢@)
=1

t t=1

>1-n(1-6MY"-n1->0-86".

Further, for 6 = 15, by the fact that |U| > 215 = p4nlog(n) — n*",

4n?’
n dn_-2n,—n 2n1—n
|U|6" = n"'n™ 47" > n“"47" > log(4n).
Therefore,

Pr(Vte[n| P, #0andJ; € ;) > 1 —n(1-6MYI —n(1-(1-6)"
> 1-ne WIO" —pn(1-(1-n6))

> | —ne g _ 25

Proof [of Theorem 24] First, differentiability can be derived immediately from Theorem 31. Sec-
ond, for 4-Lipschitzness, for every V € Z, we define 5P : R? — R as 5P (w) = f5P(w, V).
By the 5-Lipschitzness of £GP with respect to its first argument and Jensen Inequality, for every
x,y € R4, it holds that

Evesn (550 +v) ~ Evesn (£ 00 +v))
Evesn (50 +v) = f5 0 +v))

< Evesn ‘(stD(x +v) - fSGD(y + V))|

<4lx —yl.

/0P () = PP )l =

Third, for convexity, by the convexity of fSP for every x,y € R¢ and a € [0, 1],

R (ax + (1= @)y) = Evesn (S (ax + (1= a)y+)
= Evesn (0 (a(x +v) + (1= ) (y +v)))
< Evesn (@i (e +v) + (1= a) fy (v +1)))
= aE,eon (P +1)) + (1= @) (Evesn Sy + )

= af$P ) + (1 - ) f5P(y).
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Proof [of Theorem 25] We assume that & (Eq. (21)) holds and prove Theorem 25 under this event.
We prove the claim by induction on ¢. For ¢t = 1, it is trivial. Now, we assume that w, = w,. First,
for %SGD and every w and V, by linearity of expectation,

1 1
P (w,V) =Evess ((w(o’l) +vOD, —22?V-D) - <EM1,W(1) + VU)))

1 1
= [:?GD(W’ V) + <|EVE5BV(O’1)’ __2¢(V’ 1)> - <_3M1, EVE&BV(1)>
4n n
= £59° (w, V)

Then, we derive that for every w, V&3P (w, V) = V£35P (w, V). Now, for r € {1,2} we show that
in each term £>P (w,, V), the argument that gives the maximum value is the same as £56P (w;, V;).
For EISGD(W,, V:), in every t, by the proofs of Theorem 28, Theorem 29 and Theorem 23, the

. .3 . k
maximal value is 3—'27 Moreover, it can be observed that for every k > 2, max, maxyev, (u, thGD( )) <

1—776. Then, by Theorem 33, and the hypothesis of the induction,
V{?GD(Wt, Vi) = VK?GD(Wt, Vi)=0= VflsGD(Wt, Vi).

Now, for fZSGD, fort =1, Vf;GD(wl ,V1) = 0 and the maximum is attained uniquely in §; = #
(the second maximal value is zero). Then, we can apply Theorem 32 and by the hypothesis of the

induction, it follows that,
V&P (1, V1) = VB (w1, V1) = 0 = VP (wi, V).

For every ¢t > 2, the maximum is attained uniquely in the linear term of kK = f — 1,u = u,_; and
Y =y _, such that the difference between the maximal value the second largest value is larger than

1767;2. Then, we can apply Theorem 34 and by the hypothesis of the induction, it follows that,

V@GD(W}, Vt) = V{ZEGD(W“ Vt) = V{tSGD(Wz, Vt).

In conclusion, we proved that V/SCP(5,,V,) = VfSGP(w,, V,), thus, by the hypothesis of the
induction,

Wil = W — VfSGD(Wt, Vz) Wy — V]FSGD("T’t’ Vz) = Wisl-

Appendix E. Differentiability: Auxiliary Lemmas

Lemma 31 (Lemma I in [13]) Let d and 6 > 0, B be the d-dimensional unit ball and S be the d-
dimensional unit sphere. Moreover, let Dy and Ds be the uniform distributions on B, S respectively.
If f(x) = Ev~py [f(x +6V)], then,

V() = $Eaun, [7(x+ 5a)a]
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Lemma 32 Let d. Let B be the d-dimensional unit ball and Dy the uniform distributions on
B. Let {1 > & > 0, a function g : R — R and ay,...a; € B. Moreover, let h : B — R,
h(x) = g (max({y, max|<,<i{a,,x)) and xo € B such that max;<,<j{a,,xo) < (. We define
h(x) = Eyopy, [A(x +6V)]. Then, forany 0 < 6 < {1 — &,

Vh(xo) =0,
h(xo) = g(&1).

Proof First, for every r and v € B, by Cauchy-Schwartz Inequality,

(ar,xo +0v) ={ar,xo) +{ar,0v) < Hr+6 < {4

Then,
max ({1, max {a,,xo +0v)) = {1,
1<r<li
and
h(xo + 0v) = g(max({1, 1n<151§l<ar,xO +ov)) =g({1).
As a result,
h(x0) = Ey~py [A(xo +6v)] = g(£1)
and by Theorem 31,

Vi(x0) = SEv, [hxo + 67

= g[EVND§ [g (max(gl, lngai(l(ar,xo + 6\1)) v]
d

=g [g(&)v]
d

= gg(fl)Eng [v]

=0

Lemma 33 Let d and K. Let B be the dK-dimensional unit ball and Dy the uniform distri-
butions on B. Let &y > & > 0 and ay,..a; € B Moreover, let g : B4 — R, g(x) =

max ({1, max; <, <;{dar, X)) and h : B — R, h(x) = \/25_, g(x*))2. Let xo € B such that for every
k, max;<,<i{a,,xo™) < &. We define h(x) = Ev~pg [A(x +06V)]. Then, forany 0 <6 < {1 — {2,

Vh(xg) =0,
h(xo) = (i VK.
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Proof First, for every k,r and u € B¢, by Cauchy-Schwartz Inequality,
(ar,x0™ +6u) = (ar, 0™y +(a,, 6u) < L+ < &

Then,
g(xo"® + 6u) = max (&4, lmaxl<ar,x0(k) +ou)) = (i,
<r<

and for every v € B,

K
h(xp +6v) = JZ g(max(¢y, 1maxl(ar,xo(k) +6vRY) = VK.
<r<

k=1

As a result,
h(x0) = Ey-py [h(xo +6v)] = 1 VK.

Now, by Theorem 31,

sz(xo) = gﬂEW@S [A(xg +6v)v]

2

K

d

5 Ev-0s sz_;(maX(g“l,lnSlg;«l(ar,xo(k)+6v(’<>) v
5

d
= —|EV~1)§ [{1 \/Ev]
d
= gé“l VKE,-pq [v]
=0.
[ ]
Lemma34 Letd. LetB = B‘é be the d-dimensional ball of radius G and Dy the uniform dis-
tributions on B. Let {1 > (7,3 > 0 and vectors ay,...a; € B. Moreover, let h : B — R, h(x)

max (§3a maXlSrSl(“r’-x» andxy € B,rg € [l] such that <ar0ax0> =0 andmaxlgrsl,r¢r0<ar’x0> <
Ly We define h(x) = E,.pg [A(x + 6v)]. Then, for any 0 < § < % (&1 — max (&2, £3)),

h(x0) = (ar» x0)
Vh(xg) = ar,

Proof First, by Cauchy-Schwartz Inequality,

max | {3, max{a,, xo + 6v)) < max ({3, max{a,, xo) + max{ov, a, )
r#ry r#ro r#ro

<max ({3, + GI)
<max ({3,8) +Go
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1
< 5((1 +max ({3, 2)),
and for r,
1
(arys X0 + OV) = (ary, X0) + {0V, ayy) = {1 — GO > 5 (&1 + max (&2, 43)) .

We derive that for every v € B,
h(xo + 0v) = max | {3, 1maxl<atr,x +0v)| =(an,x+0v).
<r<

and that the maximum is attained in ro. Then,
h(x0) = Eypg [h(xo +6V)]
=Ey.pg [(ar()a)CO + 6\/)]
= <Clr0,X() + 6|EV~D[E[5V>
= <ar0, )C()>

and by Theorem 31,

- d
Vh(xo) = g[Ev~Z)§

max (53, (lrnaxl(ar,xo + 5v>)) v}
d

= E[E\,Ng)S [({ary, X0+ 6v)) v]

d d
= <ar0,x0>g[Ev~Z)§ [V] + S[EV~D§ [<ar0’ 5V>V]
=0+dE,~.pg [va] ar,
=dE,.p [va] ar,
1

= dglaro

= ay,.

Lemma35 Letd and 6 > 0. Let f : R — R be a G-Lipschitz function. Let B be the d-
dimensional unit ball. Moreover, let Dy be the uniform distributions on B. If f (x) = E,.p, [ f(x + V)],
then for every x,

|f(x) = f(0)] < Gs
Proof By the fact that f is G-Lipschitz,
|f(x) = F(0)] = [Eveny [f(x +6v)] = f(x)]
< |Ev~opg [f(3)] + GOE,~pg + [IIVII] = f(x)]
= GOEy~pg [IIVI]
<Go
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. - 1
Appendix F. Lower bound of Q (mm (1, n_T))

In this section, we prove the € (min (1, ULT)) lower bound. Since our hard construction for getting

this bound involves a deterministic loss function, GD is equivalent to SGD. For clarity, we refer in
our proof to the performance of GD, however, the same result is applicable also for SGD with 7' = n
iterations.

F.1. Construction of a non-differentiable loss function.

For d = max(257°T?, 1), we define the hard loss function fOFT : R? — R, as follows,

1 .
FOPT (w) = max |0, lrg[aj(]{ﬁ —-wli] - % . (28)

For this loss function, we prove the following lemma,

Lemma 36 Assume n,T > 0,1 < #T Consider the loss function fOF7T that is defined in Eq. (28)

for d = max(25n°T?, 1). Then, for Unprojected GD (cf. Eq. (1) with W = R?) on fOFT, initialized
at wi = 0 with step size 11, we have,

(i) The iterates of GD remain within the unit ball, namely w, € B forallt=1,...,T;

(ii) Forallm =1,...,T, the m-suffix averaged iterate has:

w15}

Algorithm’s dynamics We start by proving a lemma that characterizes the dynamics of the algo-
rithm.

FOTwrm) = O (w.) = Q

Lemma 37 Assume the conditions of Theorem 36, and consider the iterate of Unprojected GD on

fOFT initialized at wi = O with step size n < #T Let w, be the iterate of Then, it holds that,

(i) Foreveryi € [d] and for everyt € [T],

<L
2Vd

we [i]
(ii) Foreveryt € [T], there exists an index j, € [d] such that k # j;,

1 o1
—— - > — - k] - —— +—.
va welJjil 4d> Ny we[k] 4d+8d

(iii) For everyt € [T], J; also holds
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Proof We prove by induction on ¢. For ¢ = 1, w; = 0, thus,

1
wili] =0< —
2Vd
Moreover, the maximizer is ji = 1. Then, we notice that for both d = 1 and d = 257°T%, 5 <
1
v = < 3 \f Then, it holds that,
1 nJj1 . n
\/_ 1[]1] ad = \/_ Wl[]l] 4
19
>
20Vd
> L
8d
and, for every k # ji,
1 nji 1 nk  n(k—j1)
=il =g = = wilk] - o e
Vd 4d g 4d 4d
1 k
> ——wilk]- L+ L
d 4d 4d
1 nk n
v wilkl =35 * 5a

In the step of the induction we assume that the lemma holds for every s < ¢ and prove it for
s = t+ 1. By the hypothesis of the induction, we know that for every iteration s < ¢, ||w;||2 < 2, asa
result, we know that the projections does not affect the dynamics of the algorithm until the iteration
t. Moreover, we know that for every iteration s < ¢ there exists an index j; € [d] such that the term
that achieve the maximum value in ws is \/LE —wg[js]— 7% This maximum is attained uniquely in j

by margin that is strictly larger than . As aresult, we derive that, forevery s < ¢, Vf(w,) = —ej,.
Now, for every index m € [d], we deﬁne

n'={s<t: m—argmax{——ws[i]—%}}l.

ie[d] \/_

We get that, for every i it holds that,
wee [i] = ;.

Then,

el = >l <,
i

and ,thus, there exists a entry k € [d] with w,,1[k] < Z-. Now, we prove the first part of the lemma
using this observation and the step of the induction. For every i # j,,

‘ .

wipt [i] = we[i] <

9

2
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Otherwise, we know that, by the definition of j;

L L LA SRS L

—_— —_ —_— —_—— + —_—,
va "7 4d " 8d
. nk—i 7n
weli] < welk] + g 8
B
d 4
1 1
< ——
25vVd  20Vd
and,
wert[i] < weli] +7
1 1 1
< + +
25Vd  20Vd  5Vd
<
2Vd
where we again used the fact that n < % implies n < #2 for both d = 1 and d = 257*T>.

For the second part of the lemma, we define J; C [d], J, = arg minj{n'ti} and j;4; = min{j € J;}
and show that j;,; holds the required. We know, for every j # i € [d],

weat [i] = west [] = n(nl = nl).

. . k J
For k # ji1 with nf > n)™',

=Ld—wt+1[k]—n—%+n(k;—dj”l)
g
<%—Wz+1[ ]—%—g

in contradiction to the fact that j;,; gets the maximal value. For k # j;;; with nf > n{’*', it holds
that wey1[jr+1] < weri[k] — 1, and,

1 . ] 1 ]
ﬁ —West 1] = '74]&1 = ﬁ — Wit k] +1 = %
1 nk  n(k = jis1)
_\/3 weet [k] +7 4d+ ad
1 nk n
> 4 _ 1
=7 wir[k] +7 4d 4
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1 nk n
>ﬁ_WH1[k] 4d Sd

as required. For the third part of the lemma, we know that for every i € [d],

1 (i o 1 n

\/2 t+1 4d_2\/3 4
" 20Vd
n
>8d.

Proof of lower bound. Now we can prove Theorem 36.
Proof [of Theorem 36] The first part of the theorem is an immediate corollary from Theorem 37.
Moreover, by applying this lemma again, we know that, for every i € [d],

[ < —
wrmli] £ —,
r 2

thus,
T m) = £ () = —= — T
,m x) =
2Vd 4
s L __n
2Vd  20Vd
1
> —_—
4Nd
1 1
= min
4’ 20 T
|
F.2. Construction of a differentiable loss function.
In this section, we prove the lower bound for a smoothing of fOFT, defined as
FOPT () = E, cpa max |0, rgglx]{T - wli] - ov[i] - (29)

namely, we prove the following lemma,

Lemma 38 Assume n,T > 0,17 < Consider the loss function fOFT that is defined in Eq. (29)

sxf
for d = max(257°T>,1) and § = lgd. Then, for Unprojected GD (cf. Eq. (1) with W = R9) on
f OFT initialized at wi = 0 with step size n, we have,
(i) The iterates of GD remain within the unit ball, namely w, € BY forallt=1,...,T;
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(ii) Forallm=1,...,T, the m-suffix averaged iterate has:

w17}

First, we prove that the smoothing of the loss function does not affect the dynamics of the algorithm,
as stated in the following lemma,

FO wrm) = 7O (w.) = Q

Lemma 39 Under the conditions of Theorems 36 and 38, let w;, W, be the iterates of Unprojected
GD with step sizen < 5; and wy = 0, on fOPT and fOPT respectively. Then, for every t € [T], it

T
holds that w; = W;.
Proof We proof the lemma by induction on ¢. For r = 1, we know that w; = w; = 0. Now, we
assume that w; = w,. By Theorem 37, we know that the maximum of the loss function is attained

uniquely with the property that the difference between the maximal value and the second maximal
value is larger then %. As a result, by the facts that f is 1-Lipschitz and 6 = %, we can use

Theorem 34 for F (w;) and get that,
VE(w,) = VE(w,) = VE(W,).
It follows by the hypothesis of the induction that,
Weal = Wy = VE(w,) = W, = VE(W,) = W1
|

Now we can prove Theorem 38.

Proof [of Theorem 38] Let wr ,, be the m-suffix average of GD when is applied on f OPT 1 et
w, = argmin,, fO°T(w). By Theorem 39, we know that, wr_,, = Wr_,. Then, by Theorem 36 and
Theorem 35,

ﬁ < fOPT(WT,m) —fOPT(W_*)
— fOPT(WT,m) _ fOPT(W_*)
< fO N wrm) +6 = FOT ) + 6

< O wrm) +6 = FOPT(w) +6,

and,
PO () = FOT () 2 —— — L
’ C4Vd 8d
| 1
2 _
aNd  8Vd
s L
8Vd
> min(=, ——).
= min(g, 40r]T)
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