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Abstract

We consider infinite-horizon y-discounted (linear) constrained Markov decision processes (CMDPs)
where the objective is to find a policy that maximizes the expected cumulative reward subject to
expected cumulative constraints. Given access to a generative model, we propose to solve CMDPs
with a primal-dual framework that can leverage any black-box unconstrained MDP solver. For
linear CMDPs with feature dimension d, we instantiate the framework by using mirror descent value
iteration (MDVT) (Kitamura et al., 2023) an example MDP solver. We provide sample complexity
bounds for the resulting CMDP algorithm in two cases: (i) relaxed feasibility, where small constraint
violations are allowed, and (ii) strict feasibility, where the output policy is required to exactly
satisfy the constraint. For (i), we prove that the algorithm can return an e-optimal policy with

d?

high probability by using O (W) samples. For (ii), we show that the algorithm requires
0 ((177%7;242) samples, where ( is the problem-dependent Slater constant that characterizes

the size of the feasible region. Furthermore, we prove a lower-bound of €2 % for the
g (1—v)%e¢

strict feasibility setting. We note that our upper bounds under both settings exhibit a near-optimal
dependence on d, ¢, and (. Finally, we instantiate our framework for tabular CMDPs and show that
it can be used to recover near-optimal sample complexities in this setting.

Keywords: Reinforcement Learning, Sample Complexity, Constrained MDPs, Linear Function
Approximation

1. Introduction

Reinforcement learning (RL) (Sutton et al., 1998) is a machine learning paradigm aimed at building
learning agents capable of making sequential decisions in an (unknown) environment. RL algorithms
have found applications in games such as Atari (Mnih et al., 2015) or Go (Silver et al., 2016), robot
manipulation tasks (Tan et al., 2018; Zeng et al., 2020), clinical trials (Schaefer et al., 2005) and
more recently, aligning large language models to human preferences (Shao et al., 2024; Ouyang
et al., 2022). Typical RL algorithms only focus on optimizing an unconstrained objective, although
in many real-world applications, agents are often required to not only maximize cumulative rewards
but also to satisfy constraints imposed by safety, fairness, or resource usage. RL with such side-
constraints is typically formulated within the framework of constrained Markov decision processes
(CMDPs) (Altman, 1999), where the goal is to optimize an expected reward function while ensuring
that the expected cumulative cost (or utility) satisfies a given threshold. For example, in wireless
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sensor networks (Buratti et al., 2009; Julian et al., 2002), the agent aims to deploy a policy that
maximizes the bitrate with a constraint on its average power consumption.

Given the practical importance of constrained RL, there is a vast literature (Efroni et al., 2020;
Zheng and Ratliff, 2020; Qiu et al., 2020; Brantley et al., 2020; Kalagarla et al., 2021; Yu et al.,
2021; Ding et al., 2021; Gattami et al., 2021; Miryoosefi and Jin, 2022; Mondal and Aggarwal,
2024) that aims to obtain a near-optimal policy in unknown tabular CMDPs with finite states and
actions. These works simultaneously tackle the exploration, estimation and planning problems and
aim to minimize the regret and constraint violation in the online setting. On the other hand, recent
works (HasanzadeZonuzy et al., 2021; Wei et al., 2021; Bai et al., 2021; Vaswani et al., 2022) consider
an easier, but even more fundamental problem of obtaining a near-optimal policy with access to a
simulator or generative model (Kearns and Singh, 1999; Kakade, 2003; Agarwal et al., 2020; Sidford
et al., 2018; Yang and Wang, 2019). In particular, these works assume that the agent has access
to a sampling oracle (the generative model) that returns a sample of the next state when given any
state-action pair as input. Depending on the application of interest, such a generative model is often
available either directly for the task at hand (for example, in Atari games where the aim is to win the
game) or as an proxy to the task (for example, the CARLA simulator (Dosovitskiy et al., 2017) for
training autonomous vehicles). Moreover, from a theoretical perspective, since the generative model
setting removes the need for exploration it has been used to characterize the statistical complexity
of obtaining near-optimal policies for (C)MDPs (Azar et al., 2013; Agarwal et al., 2020; Li et al.,
2020; Vaswani et al., 2022). In particular, for CMDPs, Vaswani et al. (2022) established near-optimal
upper and lower-bounds on the sample complexity in two settings: (i) relaxed feasibility, where small
constraint violations are allowed, and (ii) strict feasibility, where the output policy is required to
exactly satisfy the constraint. For tabular CMDPs, the proposed algorithms and resulting bounds
depend on the cardinality of the state-action space, and hence do not apply to modern applications
involving large or infinite state spaces. Consequently, it is essential to develop provably efficient
algorithms that can incorporate function approximation and go beyond the tabular case.

For unconstrained MDPs, the linear MDP assumption (e.g., (Yang and Wang, 2019; Jin et al.,
2020)) is a common formalization to analyze algorithms that have access to state-action features
and can incorporate linear function approximation. The assumption implies that both the rewards
and transition probabilities (approximately) lie in the span of the given d-dimensional feature
representation, and can be used to obtain sample complexity bounds independent of the size of the
state-action space. Unconstrained linear MDPs have been extensively studied in the context of both
finite-horizon regret minimization (Jin et al., 2020; Hu et al., 2022; Weisz et al., 2022; Sherman
et al., 2023; Liu et al., 2023) and with access to a generative model (Kitamura et al., 2023; Taupin
et al., 2023). Following the linear MDP literature, recent works consider CMDPs with linear function
approximation (Jain et al., 2022; Ding et al., 2021; Miryoosefi and Jin, 2022; Ghosh et al., 2022,
2024; Liu et al., 2022; Tian et al., 2024) and assume that (in addition to the rewards and transition
probabilities), the costs or utilities can also be expressed using the given features. However, all
previous work on linear CMDPs considers the online regret minimization setting and the statistical
complexity of the problem remains unclear. Motivated by Vaswani et al. (2022), we aim to study the
sample complexity of solving linear CMDPs with access to a generative model. In particular, we
make the following contributions.

(1) Generic primal-dual algorithm framework: In Sec. 3, we provide a generic primal-dual
algorithmic framework (Alg. 1) that can be used to achieve both the relaxed and strict feasibility
objectives, for both tabular and linear CMDPs. As model-based approaches (Vaswani et al., 2022)
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are not applicable in the linear CMDP setting, Alg. 1 is designed to be model-free and relies on
three black-box subroutines: a DataCollection procedure, a black-box MDP-Solver and a
PolicyEvaluation oracle. We prove a meta-theorem (Thm. 4) to quantify the sample complexity
of Alg. 1 in terms of that of the MDP-Solver and PolicyEvaluation oracle.

(2) Instantiating the framework for linear CMDPs: In Sec. 4.2, we instantiate the linear
MDP-Solver with a variant of the mirror-descent value iteration (MDVI) algorithm (Kozuno et al.,
2022; Kitamura et al., 2023). In contrast to the existing MDVI variants, the proposed Alg. 2 does
not use entropy regularization and outputs a stationary policy, thus simplifying the algorithm design.
We develop a new theoretical analysis for Alg. 2 and characterize its sample complexity for solving
unconstrained linear MDPs. In Sec. 4.3, we instantiate the PolicyEvaluation oracle with
least-squares policy evaluation (Alg. 3) and analyze the sample complexity required to evaluate the
performance of a (data-dependent) policy.

(3) Upper-bound on sample complexity for linear CMDPs: In Sec. 4.5, we leverage our
meta-theorem and analyze the sample complexity for the resulting CMDP algorithm that uses Algs. 2
and 3. In particular, if d is the dimension of the feature mapping, we prove that the proposed

algorithm requires no more than 0, (%) samples to obtain an e-optimal policy in the relaxed
feasibility setting. Since the lower-bound on the sample complexity for solving unconstrained
linear MDP is 2 <ﬁ) (Weisz et al., 2022), our sample complexity achieves the near-optimal
dependence on d and ¢, and is away from the lower bound by atmost a multiplicative factor of
-
where ( is the problem-dependent Slater constant that characterizes the size of the feasible region and
dictates the difficulty of the problem. Given the lower-bounds for tabular CMDPs in Vaswani et al.
(2022), we conjecture that the dependence on d, ¢, and ¢ in our bounds is tight, with suboptimality
arising only in the multiplicative dependence on O(1/1—~). To the best of our knowledge, these
are the first such sample complexity bounds with the near-optimal dependence on both d and ¢ .
In App. D.5, we alternatively instantiate the linear MDP-Solver to be the G-Sampling-and-Stop
(GsS) algorithm (Taupin et al., 2023) and analyze the sample complexity of the resulting CMDP
algorithm, thus demonstrating the flexibility of our framework.

O (1/1—). Under strict feasibility, our algorithm requires no more than O ((1%725242) samples,

(4) Lower-bound on sample complexity for linear CMDPs: In Sec. 4.5, we prove a problem-

dependent 2 ((1_;;7382(2> lower-bound on the sample-complexity in the strict feasibility setting.
Our results thus demonstrate that the proposed algorithm is near-optimal in terms of d, €, and ¢, with
a suboptimality only in the multiplicative dependence on H. The lower bound also indicates that
under strict feasibility solving linear CMDPs is inherently more difficult than solving unconstrained
linear MDPs, and the problem difficulty increases as the size of the feasible region (measured in
terms of () decreases. To the best of our knowledge, it is the first result characterizing the difficulty

of solving linear CMDPs with access to a generative model.

(5) Sample complexity bounds for tabular CMDPs: Finally, in App. G, we utilize our
framework for tabular CMDPs. In particular, we instantiate Alg. 1 with tabular variants of Algs. 2
and 3 (obtained by setting d = S A and considering one-hot features) and analyze the resulting
CMDP algorithm. Under the relaxed and strict feasibility settings, the resulting algorithm attains

sample complexity bounds of 0, <(1|f!)“§‘52) and O (u_‘i')%é'zcg) , respectively. These results match
the near-optimal bounds attained by the model-based algorithm in Vaswani et al. (2022), and improve

upon the sample-complexity of the model-free approach proposed in Bai et al. (2021).
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2. Problem Formulation

An infinite-horizon discounted constrained tabular Markov decision process (CMDP) (Altman, 1999)
is denoted by M, and is defined by the tuple (S, A, P, r,c,b, p,v) where S is the set of states, A
is the action set, P : S x A — Ag is the transition probability function, p € Ag is the initial
distribution of states and «y € [0, 1) is the discount factor. The primary reward to be maximized is
denoted by 7 : S x A — [0, 1], whereas the constraint reward is denoted by ¢ : S x A — [0,1]%. If
A 4 denotes the simplex over the action space, the expected discounted return or reward value function
of a stationary, stochastic policy® 7 : S — A4 is defined as V" (p) = Esy a0,... [Zfi 0V (se, at)},
where sg ~ p,a; ~ 7(:|s¢), and s;11 ~ P(+|s¢, ar). For each state-action pair (s, a) and policy
m, the reward action-value function is defined as Q7 : S x A — R, and satisfies the relation:
VI(s) = (m(-]s), QF(s,-)), where V7 (s) is the reward value function when the starting state is
equal to s. Analogously, the constraint value function and constraint action-value function of policy
m is denoted by V" (p) and Q7 respectively. Throughout, it will be convenient to present our results
in terms of the effective horizon H := 1/(1—).

In addition to the tabular CMDPs with a finite state-action space, we also consider linear (Jin
et al., 2020) CMDPs where the state space can be large or possibly infinite. In this case, we assume
access to a feature representation ¢ such that r, ¢ and the transition probabilities P (approximately)
lie in the span of the given d-dimensional feature representation.

Assumption 1 (Linear Constrained MDP) For the CMDP M with the state-action space S X A,
we have access to a known feature map ¢ : S x A — RY that satisfies the following condition:
there exist vectors Py, ). € R? and signed measures i := (ji1, . . ., jug) on S such that P(-|s,a) =
(p(s,a),u) for any (s,a) € S x A, r(s,a) = (¢(s,a),v¥,), and c(s,a) = (¢(s,a),.). Let
®:={¢(s,a) : (s,a) € S x A} C R? be the set of all feature vectors. We assume that ® is compact
and spans R,

The objective is to return a policy that maximizes V,"(p), while ensuring that V" (p) > b. Formally,
max V" (p) s.t. VI(p)>b. (1)

The optimal stochastic policy for the above CMDP is denoted by 7* and the corresponding reward
value function is denoted by V,*(p). We also define ¢ := max, V. (p) — b > 0 as the problem-
dependent quantity referred to as the Slater constant (Ding et al., 2021; Bai et al., 2021). The Slater
constant is a measure of the size of the feasible region and determines the difficulty of solving Eq. (1).

For simplicity of exposition, we assume that the rewards r and constraint rewards c are known, but
the transition probabilities P are unknown. We note that assuming the knowledge of the rewards does
not affect the leading terms of the sample complexity since learning these is an easier problem (Azar
et al., 2013; Sidford et al., 2018). Following Azar et al. (2013); Vaswani et al. (2022), we assume
access to a generative model or simulator that allows the agent to obtain samples from the P(-|s, a)
distribution for any (s, a).

Definition 1 (Generative Model) A generative model Gen for an MDP is an oracle that, given any
state-action pair (s, a), returns an independent sample of the next state s' ~ P(- | s,a).

1. These ranges for r and c are chosen for simplicity. Our results can be easily extended to handle other ranges.
2. The performance of an optimal policy in a CMDP can always be achieved by a stationary, stochastic policy (Altman,
1999). On the other hand, for an MDP, it suffices to only consider stationary, deterministic policies (Puterman, 2014).
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Assuming access to such a generative model, we aim to characterize the sample complexity
(number of times Gen is queried) required to return a near-optimal policy 7. Specifically, given a
target error € > 0, we consider two different definitions of optimality.

Relaxed feasibility: We require 7 to achieve an approximately optimal reward value, while allowing
it to have a small constraint violation. Formally, we aim to find a 7 such that,

Vi(p) =V (p)—e and VI(p)>b—e. (2)

Strict feasibility: We require 7 to achieve an approximately optimal reward value, while simultane-
ously demanding zero constraint violation. Formally,we aim to find a 7 such that,

Vi(p) >V (p) —e and V[(p) >b. 3)

In the next section, we design a generic algorithmic framework to achieves these objectives.

3. A Generic Framework for Solving CMDPs

We first present a generic primal-dual algorithmic framework for solving CMDPs, and subsequently
present a meta-theorem that quantifies its sample-complexity in the relaxed and strict feasibility
settings. For this, we frame the CMDP problem in Eq. (1) as an equivalent saddle-point problem,

max min [V,"(p) + A (V" (p) = b)] , S

T A>0

where, A is the Lagrange multiplier. The solution to Eq. (4) is (7*, \*) where 7* is the optimal policy
to the CMDP and A* is the optimal Lagrange multiplier. We solve Eq. (4) iteratively, by alternatively
updating the policy (primal variable) and the Lagrange multiplier (dual variable) (Ding et al., 2021;
Vaswani et al., 2022).

Algorithm 1 Primal-dual CMDP framework with a generative model

Input: r (rewards), c (constraint rewards), b (constraint RHS), U (projection upper bound), K
(number of iterations), n (step-size), A\g = 0 (initialization), Gen (generative model), C
(subset of S x A), N (sample size for each (s, a) pair in C), ¢ (feature map).

Output: Mixture policy 7 = & Zf:iol -

procedure CMDPF(r,c,b',U, K,n,Gen,C, N, ¢)

Data collection procedure to populate buffer: B = DataCollection(Gen,C, N).

fork=0,..., K—1do
Updating the primal variable: Let 7, = MDP-Solver(r + \xc, B, ¢).
Policy Evaluation: Let Vf = PolicyEvaluation(mg,c, B, ¢).

Updating the dual variable: A\g 11 = Pjg ] [)\k —n(VF(p) - b’)].

end

end

Remark 2 The model-based framework for solving tabular CMDPs in Vaswani et al. (2022) does not
directly extend to the linear MDP setting for the following reasons. In the PAC-RL framework (with
access to a simulator), model-based methods build a model for the transition matrix by sampling
next states for each state-action pair. In the linear (C)MDP setting, the transition kernel and reward
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functions are assumed to be approximated by a linear function. Specifically, the SA x S transition
matrix can be factorized into a known S A x d matrix of features and an unknown d x S matrix to be
estimated. Hence, naively estimating the transition matrix will require O(S) samples, resulting in
high sample complexity.

The primal and dual updates in Alg. 1 rely on three oracles, which we instantiate subsequently.
Data Collection Oracle: We first describe the mechanism of the DataCollection oracle
in Alg. 1. This oracle takes as input a generative model Gen, a subset of state-action pairs C C S x A,
and a sample size N. For each (s, a) € C, it queries the generative model Gen to obtain N indepen-
dent next-state samples (s}); from the distribution Gen(- | s, a). It then stores the resulting triplets
(s,a,s:)N | in a buffer B. After all state-action pairs in C are processed, the buffer B contains N
samples for each pair and is returned as the output.

MDP-Solver: The primal update at iteration % uses the MDP-Solver, which takes as input a buffer

B of samples and returns a policy 7, satisfying the following assumption.

Assumption 2 We have access to a black-box algorithm MDP-Solver(O, B, ¢) for which the
inputs are the feature map ¢ and an arbitrary but bounded reward function O€ [0, R|, and the output
is a policy T satisfying the following condition with probability 1 — 6,

max VE(p) — V& (p) < R fmap(B),

where, fmap(B) denotes an upper bound on the sub-optimality when given access to buffer B.

Policy Evaluation Oracle: The dual update at iteration %k in Alg. 1 is given as:
Aot =Py | M —n (VE(p) =) ,

where Py ;7] denotes the projection onto the interval [0, U], and b’ is a relaxed constraint parameter

that depends on b, f,qp, and the problem setting (relaxed or strict). The term Vck is an estimate of
V™, computed via the PolicyEvaluation oracle which satisfies following assumption.

Assumption 3 We have access to a black-box algorithm PolicyEvaluation(m,o,B,¢) for
which the inputs are a possibly data-dependent (one that depends on the buffer B) policy w, the
feature map ¢, a reward function ¢ € [0, 1], and the output is a value function Ve satisfying the
following condition with probability 1 — 0,

|V<>(p) - Vf(ﬂ)| < feva(B) ’
where, feva(B) denotes an upper bound on the sub-optimality when given access to buffer .

Remark 3 We note that while there are existing methods that update the dual variable using
empirical utility value functions obtained from the MDP solver, this approach does not result in
near-optimal statistical guarantees. This is because the MDP solver can only imply a concentration
guarantee on the value function for the combined reward function r + \ic and not for the individual
value functions V,, and V.. Proving near-optimal statistical guarantees necessitates the development
of the proposed policy evaluation subroutine. Alternative ways to handle such concentration include
using a uniform concentration bound (Ghosh et al., 2022) (i.e., building an e-cover over the function
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class and using a union bound). However, such an analysis results in a sub-optimal O(d>) dependence
on the dimension. Furthermore, in order to guarantee concentration, Ghosh et al. (2022) needs to
guarantee Lipschitzness in the policy update. Our technique does not require this, and consequently,
we can use greedy policy updates that are not Lipschitz.

After K iterations of primal and dual updates, Alg. 1 returns a mixture policy 7 which is a policy
drawn uniformly at random from the set {7, ..., 7x_1}. Given access to these oracles, we state a
meta-theorem (proved in App. C) to characterize the sub-optimality of the algorithm.

Theorem 4  Suppose Assumptions 2 and 3 hold and let f(B) := max{ fmap(B), feva(B)}. For
5 €(0,1), Alg. 1 withU = ﬁ, n= U(l_w, K= U2 > and b = b — 2f(B), returns a

VK [f(B)]*(1—7)
mixture policy T satisfying the following condition with probability 1 — 6,

V™(p) > VT (p) —4f(B) , V7™(p)>b—6f(B). (Relaxed Feasibility Setting)

With the same algorithm parameters, but with b’ = b+ 4f(B) for f(B) < %, Alg. 1 returns a mixture
policy T satisfying the following condition with probability 1 — ¢,
- . 16f(B ~
Vi(p) =V (p) — C(lf()) , VI(p) > b. (Strict Feasibility Setting)
-7

The above theorem implies that, provided we can adequately control the terms fy,qp(58) and
feva(B) via the three oracle procedures, both the relaxed feasibility condition (2) and the strict
feasibility conditions (3) can be satisfied. Furthermore, we note that similar to (Vaswani et al., 2022),

the error for the strict feasibility setting is inflated by an O <ﬁ) factor.

Hence, in the next section, we instantiate the subroutines DataCollection, MDP-Solver
and PolicyEvaluation such that the quantities fiqp(B) and feva(B) are sufficiently small.

4. Instantiating the Framework for Linear Constrained MDPs

We first describe the construction of the coreset C, which serves as input to the DataCollection
procedure. We then introduce a model-free algorithm, LS-MDVTI, as an instantiation of the MDP—
Solver. Finally, we present LS-PE, which serves as the instantiation of the PolicyEvaluation
subroutine.

4.1. Data Collection via Core Set Construction

Recall that the DataCollection procedure requires as input a subset of S x A. In the linear
setting, we provide a coreset C as this input. We now describe the construction of the coreset
(Lattimore et al., 2020; Kitamura et al., 2023). The key properties of the coreset are that it has
few elements (independent of the cardinality of S and .A), while the features corresponding to
the (z,b) € C provide a good coverage of the feature space. For a distribution p over S x A, let
G € R™? and g(j) € R be defined as:

G:= Z plz,b) ¢z, b)p(z,b) " and  ¢(p):= max (é(s,a),G ro(s,a)).

(@h)ec (s,a)eSxA

We refer to p as the design, GG as the corresponding design matrix, and define the coreset of p as its
support, C := Supp(p). The task of identifying a design that minimizes g is known as the G-optimal
design problem. We assume that we can construct near-optimal experimental design.
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Assumption 4 (Optimal Design) We have access to an oracle called ComputeOptimalDesign
which returns p, C and G such that g(p) < 2d and the coreset of p has size at most O(d).

Such a design can be obtained using the Frank-Wolfe algorithm (Todd, 2016) described in App. A.
Accordingly, we first use the ComputeOpt imalDesign procedure to construct p, C, and the
associated design matrix (7, and then utilize the resulting coreset C to collect data. For each state-
action pair in C, we collect NV independent samples and store them in the buffer 3. Hence, the total
sample complexity is NV |C|. In the subsequent section, it is convenient to consider 3 as a union of
T disjoint subsets By U - - - U Bpr_1, where each B; consists of M independent samples for every
state-action pair in C. Consequently, we have N =T M.

4.2. Instantiating the MDP-Solver: Least-Squares Mirror Descent Value Iteration

We now introduce a model-free algorithm referred to as least-squares mirror descent value iteration
(LLs-MDVI) which serves as an instantiation of the MDP-Solver.

LS—-MDVTI is a generalization of MDVI (Geist et al., 2019; Vieillard et al., 2020; Kozuno et al.,
2022) to the linear function approximation setting and is related to the algorithm proposed in Kitamura
et al. (2023). In particular, LS-MDVTI corresponds to a limiting case of policy mirror descent (Lan,
2023) when the KL regularization tends to zero (or equivalently, the step-size tends to infinity). This
results in a value iteration method which we describe below.

Define H(7(-|s)) as the entropy of the policy 7 in state s and KL(7(-|s)||7’(+|s)) as the KL
divergence between policies 7(-|s) and 7/(-|s) in state s. With a slight abuse of notation, we consider
7 to be an operator such that (7Q)(s) := >, 4 m(a|s)Q(s,a). Atiteration ¢ € [T], LS-MDVI
requires the corresponding action-value function to update the policy. Specifically, if 7 is the strength
of the KL regularization and & is the entropy regularization coefficient s.t. o = %, 8= ﬁlﬁ, given
Q'*! for some reward function, the entropic mirror descent and LS-MDVT updates can be written as:

Entropic Mirror Descent : 7,1 (als) o« [m(a|s)]* exp (3Q" (s, a)),
VI (s) = (me1Q" ) (5) — 7KL (w1 ([s)[|me (] 5)) + kM (w41 (-]s)).

t+1 t+1 ¢
LS-MDVI : 7r.41(+|s) = arg maxZQi(s, a); ViT(s) = <7rt+1 ZCT) (s) — (ﬂ't Z Qi) (s).
@ i=0 i=0 i=0

Starting from entropic mirror descent, for x = 0 and as 7 — 0, implying a@ = 1, we recover the
LS-MDVTI update (see (Kozuno et al., 2022, App. B) for the derivation).

Remark 5 In contrast, Kitamura et al. (2023) consider both x — 0, 7 — 0 while keeping «
fixed and effectively consider an entropy-regularized update. This proposed change simplifies the
algorithm design for LS—-MDVI. Furthermore, while the algorithm in Kitamura et al. (2023) produces
non-stationary policies, LS—MDVI outputs a stationary policy.

Next, we present Alg. 2 which implements the above LS-MDVI update, but uses the linear
CMDP structure and the data collected in the buffer B to estimate Q**!. Specifically, ' estimation
in Alg. 2 corresponds to the Q™! estimation using linear regression and the last line in Alg. 2
corresponds to the above update. Similar to approximate value iteration, the Q! update depends
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on V! via the Bellman equation, however, 7,1 depends on Q1 the “soft” Q function formed by

using the estimates up to iteration ¢ + 1.

Algorithm 2 Least-Squares Mirror Descent Value Iteration (LS-MDVI)

Input: 7' (number of iterations), M (number of next-state samples obtained per state-action pair in
each iteration), O (rewards in MDP), B = By U - - - U By_1 (Buffer), p (design), C (coreset),
¢ (feature map).

Output: 77 where Vs € S, 7p(+|s) € arg max, Q% (s, a).

Initialize: V0 = 0, 6, =

procedure LS—MDVI(T7 M,0,B,C,¢)

fort =0,. —1do

V(s, ) e C Access (s,a, s, )M_, from the buffer Bt
Define regression target Qth (s,a) == O(s,a) + v M VE(sh,).
b

05! = arg mind 4 copl(@, b) (($(x. ), 0) — QF™ (x,b))”.

feR

Define QK1 = (6, Y2155601); Vi1 (s) = max { Q5 (s, ) | — max { Qb (s.a) }.

end
end

In each iteration ¢ € [T'], Alg. 2 uses the buffer B; consisting of M samples per state-action
pair in C. However, since Vil and Qttt depend on all the past §° vectors and hence, on the
data collected in the previous iterations, the algorithm can effectively leverage all the data in B.
Furthermore, using the difference between the consecutive Q functions can be viewed as a form of
variance reduction. This enables us to prove an O(1/+/N) concentration result for Q™. Moreover,
since the DataCollection procedure constructs a coreset which ensures good coverage across
the feature space, the resulting sample complexity is independent of the size of the state-action space.
Formally, in App. D.2, we prove the following sub-optimality bound for O = r + Ay c at iteration k
of Alg. 1.

Lemma 6 Fora fixed e € (0,1], 0 € (0,1), and any k € [K|, when using Alg. 2 at iteration k
of Alg. 1 withO =1 + \ye, M = O (@) andT = O ( - ) the output policy r satisfies the
following condition with probability 1 — 0,

max VT, o(p) = VI, o(p) < O((1+ Ar)e)

Hence, with a buffer B of size T M|C| = (%) Alg. 2 guarantees an optimality gap of

fmdp(B) = O(e), thereby satisfying Assumption 2. We note that the entropy-regularized variant of
the above linear MDVT algorithm (Kitamura et al., 2023) also attains a similar guarantee but for a
non-stationary policy output by the corresponding algorithm. Furthermore, in contrast to Thm. 6, the
guarantee in Kitamura et al. (2023) only holds for a more restricted range of ¢ € (0,1/H]. In the
next section, we instantiate the PolicyEvaluation oracle.

4.3. Instantiating the PolicyEvaluation oracle: Least-Squares Policy Evaluation

To understand the need for an explicit PolicyEvaluation oracle, note that in each iteration k,
we can prove that Alg. 2 ensures a concentration guarantee for the value function corresponding
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to r + Agc. However, this does not directly imply a concentration guarantee on the individual

value functions corresponding to the reward and constraint rewards. This is in contrast to model-

based approaches (Vaswani et al., 2022) for tabular CMDPs that guarantee concentration for the

empirical transition probabilities, and use that to ensure concentration for both the reward and

constraint reward value functions. However, since such model-based approaches cannot be used for

linear MDPs, we require an additional algorithm that can compute the empirical value functions

satisfying Assumption 3. To that end, we present Alg. 3 that can be used as an instantiation of the

PolicyEvaluation oraclein Alg. 1. The algorithm is also based on least-squares and uses the

same coreset constructed in Sec. 4.1. Furthermore, we note that Alg. 3 can be viewed as a special

case of Alg. 2 for a fixed policy.

Algorithm 3 Least-Squares Policy Evaluation (LS-PE)

Input: 7' (number of iterations), M (number of next-state samples obtained per state-action pair in
each iteration), ¢ (eitherr or ¢), B = By U - - - U Br_1 (Buffer), 7 (policy to be evaluated),

p (design), C (coreset), ¢ (feature map).

Output: V1 (p) = £ 31—, Vi(p).

Initialize: Define 10 = 0.

procedure 1.S-PE(T, M, o, B, w, p,C, ¢)

fort=0,1,2..., 7 —1do
V(s,a) € C : Access (s,a, s, )M_, from the buffer B;.
Define regression target Q5t1(s, a) 1= o(s,a) + v Soml_, VE(sh,)-
"‘}<t>—’—1 = arg minweRd Z(;y,b)ec ﬁ(l‘, b)(<¢(aj7 b)v w> - Qi—i_l(gca b))2
Define Vi (s) := (m (¢, wt1))(s).

end

end

Remark 7 There exists prior CMDP literature that uses PE as a subroutine (Efroni et al., 2020;
Ding et al., 2021), but our PE subroutine differs in several aspects. First, Efroni et al. (2020);
Ding et al. (2021) use value functions estimated via model-based policy evaluation to update both
the primal and dual variables; we utilize the PE subroutine solely for updating the dual variable.
This decoupling enables a more reductionist algorithm and modular proof. Moreover, the resulting
algorithmsin Efroni et al. (2020); Ding et al. (2021) do not achieve the near-optimal regret even
for tabular CMDPs (in terms of their dependence on both S and H), and consequently sample-
complexity in the generative model setting. In contrast, our method leverages averaging within PE
and returns an averaged value function, which plays a crucial role in attaining the near-optimal (in
d and ¢ for the linear setting and in all parameters for the tabular setting) sample complexity. An
additional technical challenge lies in integrating the PE-induced error into the primal-dual analysis
(i.e., Lemma 11) without losing statistical complexity.

Note that .S-PE uses a fixed dataset (the buffer B) to evaluate a fixed policy, and is similar to
the policy evaluation algorithms in offline reinforcement learning (Duan et al., 2020). The theoretical
guarantees for such offline algorithms depend on the quality of the dataset, measured in terms of
metrics such as coverage or concentrability. However, in our case, we curate the dataset and choose
the buffer B such that it has good coverage properties that allow for fine-grained control on the
algorithm’s sub-optimality. In particular, we prove the following result in App. D.3.

10
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Lemma8 Fora fived ¢ € (0,1], § € (0,1), Alg. 3 with M = O (d?HQ) and T = O (i) the
output VI satisfies the following condition with probability 1 — §,

VI (p) = VI (p) <O(e).

Hence, with a buffer B of size ' M|C| = O (dg{ 4), Alg. 3 guarantees an optimality gap of
feva(B) = O(e), thereby satisfying Assumption 3.

4.4. Putting everything together

We have seen that Algs. 2 and 3 use the buffer B constructed by the DataCollection procedure
to provide control over the terms f,qp(83) and feva(B) appearing in Thm. 4. Combining these results,
we prove the following corollary in App. D.4.

Corollary 9 Using LS-MDVT ( Alg. 2) and LS—PE ( Alg. 3) as instantiations of the MDP-Solver
and PolicyEvaluationinAlg. I and using the DataCollection oracle describedin Sec. 4.1

has the following guarantee: for a fixed ¢ € (0,1], 6 € (0,1), Alg. I with O (d?f) samples,

U=0 ( = 7)) n= U(\lﬁv) K=0 (ﬁ) and b’ = b — O(g), returns a mixture policy
satisfying the following condition with probability 1 — ¢,

Vi (p) = VI (p) = O(e), and V[I(p)>b—Oe).

With the same algorithm parameters, but with b/ = b+ O(e) and O ( R 26) samples, Alg. 1 returns

a mixture policy T satisfying the following condition with probability 1 — 6,
Vi(p) = V" (p) = O(e), and VI(p)>b.

Hence, the total sample complexity required to achieve the relaxed feasibility objective in Eq. (2)
and the strict feasibility objective in Eq. (3) is O (dg{ 4) and O ( 262 ) respectively. Since the

lower bound for unconstrained linear MDPs is 2 (di’j >

) (Weisz et al., 2022), our sample complexity
achieves the optimal dependence on d and ¢ in the relaxed setting.
Flexibility of Alg. 1. Note that instead of LS-MDVI, we can use other unconstrained linear MDP

solvers. For example, the G-Sampling and Stop (GSS) algorithm from Taupin et al. (2023) uses a
different DataCollection procedure and algorithm to return an e-optimal policy. It requires

O (d e ) samples to do so, thus matching the sample complexity of LS-MDVI. We describe this
algorithm in detail and formally instantiate Alg. 1 in App. D.5.

4.5. Lower Bound

As shown by Vaswani et al. (2022), under the relaxed feasibility setting the statistical complexity
of solving CMDPs matches that of unconstrained MDPs. In contrast, solving CMDPs under the
strict setting is more challenging. In the tabular case, Vaswani et al. (2022) established a lower
bound using a linear-programming argument. In this section, we establish a lower bound for solving
linear CMDPs under strict feasibility. The proof technique of the following result is simpler and
fundamentally different from that of Vaswani et al. (2022). The proof is presented in Section E.

11
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Figure 1: The lower
=0 bound instance consists of
c=0 CMDPs with four states. o
is the fixed starting state.
At state o, taking an ac-
tion will either transition
to state sq or to the “safe”
state z. At state sg, taking
r=0 an action will either transi-
¢=(b+()(1+~)/y tiontostate sy orstay in so.
States z and s are absorb-

ing.

Theorem 10 Ler § € (0,0.08], v € [7/12,1), H = 1/(1 — ~), € € (0,0.002), ¢ € (0,49/2280),
b€ [H/2,H], and d > 6. There exists a class of linear constrained MDPs such that any (&, 0)-sound
algorithm requires ) (d2H e 2) samples from the generative model in the worst case.

Thus, the dependence on d, ¢, ¢ in our bounds for the strict feasibility setting is also tight, with a
suboptimality arising only in the multiplicative dependence on H. Note that setting ( = H reduces
the above lower bound to €2 (d2H 3/ 52), which recovers the lower bound in the unconstrained linear
MDPs setting.

4.6. Discussion

Why variance-weighted least squares fails in our setting. For unconstrained linear MDPs, Ki-
tamura et al. (2023) provide an alternative entropy-regularized algorithm that constructs coresets
that depend on the estimated empirical variance in the value function. The resulting algorithm uses
dQEIgS
for unconstrained linear MDPs. To the best of our knowledge, this is the only algorithm that can
achieve such an optimal bound. Unfortunately, using such an idea for linear CMDPs fails. This is
because in the linear CMDP setting, since the MDP reward function r + A ¢ (and hence the MDP
value function) change in every iteration k of Alg. 1, using variance-aware coresets implies that we
need to construct a distinct coreset in every such iteration. This prevents the resulting algorithm
from reusing data similar to Alg. 1, and actually increases the corresponding sample complexity.
Resolving this issue and attaining the optimal dependence on H is an important direction for future
work.

variance-weighted least squares and is able to attain the near-optimal O ( sample complexity

Comparing with online methods. In order to further contextualize our results, we use the state-of-
the-art regret guarantees for the finite-horizon online setting (Ghosh et al., 2022) and use the reduction
in Bai et al. (2021) to our problem setting. The reduction implies that the algorithm in (Ghosh
et al., 2022) (designed and analyzed for the more difficult online regret minimization) results in an

2
our results have a better dimension dependence. Interestingly, the analysis in (Ghosh et al., 2022)

O (d3 H4) and O (%) sample complexity for the relaxed and strict settings respectively. Hence,

12
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has a worse dependence on d because it uses a uniform concentration argument to get a handle on
the concentration for the individual value functions corresponding to the (constraint) rewards. Recall
that in Sec. 4.3, we encountered a similar issue and resolved it by using policy evaluation. We believe
that our technique might be useful even for online regret minimization.

Comparing with offline methods. Since we store all the samples at the beginning (see Alg. 1), an
alternative approach is to treat these stored samples as an offline dataset, and use a standard offline
RL algorithm (Neu and Okolo, 2024; Hong and Tewari, 2024) for the CMDP setting. It is worth
noting that the sample complexity for such a reduction from the offline constrained RL setting can
be substantially worse or even vacuous. In particular, the result on linear CMDP (e.g., Theorem
9) in Hong and Tewari (2024) depends on the concentrability coefficient C* (see Assumption 2
therein), which can become unbounded if we do not collect data that covers the optimal action in
every state. We note that constructing the O(d?) size coreset as in our paper does not directly ensure
such coverage for each optimal action. When using the result from Hong and Tewari (2024), this can
lead to unbounded values of C* and a vacuous bound. For the sake of argument, even if we assume
that C'* is bounded by an absolute constant (independent of d and H), the bounds for the offline
CMDP setting in Hong and Tewari (2024) are worse than ours. Specifically, Hong and Tewari (2024,
Theorem 9) is established under the relaxed feasibility setting; however, their sample complexity
bound exhibits a quadratic dependence on the Slater constant, while our bounds in this setting do not
have such a dependence. It is known that the Slater constant is only relevant in the strict feasibility
regime (Vaswani et al., 2022). Additionally, the dependence on the feature dimension d is d® in Hong
and Tewari (2024), whereas our approach achieves the near-optimal dependence of d?.

5. Conclusion

Given access to a generative model, we proposed a generic primal-dual framework for reducing the
(linear) CMDP problem to the (linear) MDP problem. Using (linear) MDVI as the MDP-Solver
enabled us to obtain sample complexity bounds for both tabular and linear CMDPs with either
O(e) or zero constraint violation. We obtained the first near-optimal (in d, ¢, and () guarantees for
linear CMDPs, whereas for tabular CMDPs, we matched the existing near-optimal guarantees. We
also provide a lower bound for solving linear CMDPs under strict feasibility. For linear CMDPs,
improving the dependence of the sample complexity on the effective horizon H is an important
direction for future work.
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Appendix A. An Instantiation of ComputeOptimalDesign

In this section, we present an instantiation of the ComputeOptimalDesign oracle using the
Frank-Wolfe algorithm (Todd, 2016).
Algorithm 4 InitializeDesign

Choose an arbitrary nonzero ¢y € R

Output: p.

procedure TnitializeDesign

forj =0,1,2...,d—1do
(5j,a;) = arg max , 4 esx 4 ¢, H(5, a).
(sj,a;) = arg min( , 5.4 ¢; O(s,a).
zj = §(55,a5) — P35, a5)-

Choose an arbitrary nonzero c¢;1 orthogonal to xo, .. ., ;.

end
Let Z := {(Ej,&j), (sj,aj) |j=0,...,d—1}.
Choose p to put equal weight on each of the distinct points of Z.

end

Below we present the classical Frank-Wol fe algorithm for experimental design.
Algorithm 5 Frank-Wolfe
Input: W (Tolerance for algorithm)

Output: p,C, G. (Coreset, optimal design and covariance matrix)
Initialize: Define V0 = 0.

procedure Frank-Wolfe(e™V)
p=1InitializeDesign by Algorithm 4.
Define U : p — diag(p) € RISIMIXISIAL where diag(p) is a diagonal matrix with elements of
5.
For (s,a) € S x A, let ® € RISIMIX? be a matrix such that its (s|.A| 4 a)th row is ¢(s, a).
Define Z : p+— (&7 U(p) ®)~!. (defines the inverse of the covariance matrix)
Letv: (s,a,p) — ¢(s,a) " Z(p)¢(s,a). (measures the variance proxy for (s, a))
Let 6 : p = max(sq)esx4(V(s,a,p) — d)/d (computes the relative difference between the
worst-case variance and d)
while 6(5) > 'V do
Let (7,b) := arg max,, a)GSXA v(s,a,p).
Letn® := (v(x,b,p) — d)/((d = D)v(z,b, p)).
5(w,b)  f(,b) + k.
5 p/(1+m).
end
LetC := {(s a) |v(s,a,p) >d (1 + 6(’) \/5 5(ﬁ212d2

(form the coreset containing state-action pairs with sufﬁc1ently high variance value)
Let G := 3", pyec P(@, b) (2, b)¢(x, b)". (calculate the corresponding covariance matrix)

end
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The subroutine InitializeDesign returns an initial design to be used in Frank-Wolfe.
InitializeDesign is a deterministic procedure for constructing a core set of state-action pairs
that provides good coverage of the feature space in linear MDPs. The algorithm sequentially identifies
informative directions in the feature space by iteratively computing difference vectors between state-
action pairs with maximal and minimal feature projections along a given search direction. The
algorithm iteratively updates the search direction to be orthogonal to the span of the previously
discovered directions. Specifically, the vector ¢; € R? is an auxiliary direction vector used to
sequentially identify maximally informative state-action pairs. The next vector ¢; 1 is then chosen
to be orthogonal to all previous x, . .., x; ensuring that the design explores linearly independent
directions in feature space. The resulting set of state-action pairs is then used as the support for a
design distribution in regression.

Appendix B. Table of Notation

Notation Meaning
A, S action space of size |.A|, state space of size |S|
v, H discount factor in [0,1), 1/(1 — )
P transition matrix P € RISII4x|S]
P,, P! 7P € RISXISI 7B, € RISIXIS]
T, C reward vector in [0,1] range, constraint reward vector in [0,1] range
P initial distribution of states
o 7 orc
O r+ Acwhere A € {1, -+, Ak}
b, ¢ constraint value in [0,1/(1 — +)), Slater constant
A, A* Lagrange multiplier, the optimal Lagrange multiplier
U projection upper bound
¢, d feature map of a linear MDP and its dimension
p,C a design over S x A, coreset
G design matrix with respect to ¢ and p. Equal to 3_, e p(2,0) (2, b)¢(z, b’
W('Z) Gil Z(Lb)ec ﬁ(m,b)¢(m,b)z(m,b)

(solution of a least-squares estimation with features ¢(z, b), weights p and targets z(z, b))

€,0 admissible suboptimality, admissible failure probability
K, T number of outer and inner iterations

= Z%:l Vi(s! ) where s, € B
E[VI(s")|s0 = s,a0 = a]
o-algebra in the filtration for Algs. 2, 3, 6 and 7

T Bellman operator r 4+ yP(mw
P g
g state-action value function for policy 7
pohcy
4 estimated state-action value function in iteration ¢ in Algs. 2 and 6
At

estimated state-action value function in iteration ¢ in Algs. 3 and 7
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Vi (s) (Tabular) max {ZE:O Qi (s, a)} — max {Zi;é Qi (s, a)} in Alg. 6
Vi (s) (Linear) | max {({¢, X1_ 65))(s,0)} — max {(<¢, Sl (s, a)} in Alg. 2
Qh (Tabular) | >°5_, Qf in Alg. 6
th, (Linear) <¢,Z§:0 04) in Alg. 2
Vi(s) (Tabular) | (7Q¢)(s) in Alg. 7
lfji(s) (Linear) | (m (¢, wf>>)(s) inAlg.3
VE(s), Vi(s) | 3375, Va(s), § 205y Vils)
vk vr output of the PolicyEvaluation oracle in line 5 in Algorithm 1, 4 z k,K 01 Vok
Tk output policy of MDP-Solver
T mixture policy equal to % ZkK;()l Tk
* argmax, V" (p) s.t. V' (p) > b
Tt argmax, V" (p) s.t. V™ (p) > b+ 6f(B)
WZ argmaxw{ r+)\kc}
T a non-stationary policy that follows policies 7y, 71, . . .
upto timestep ¢ and follows 7 thereafter
(ﬂ-Q)(S) ZaE.ATr(a|S) Q(Sa (1)
(xr)(s) > yeuwlals) r(s,a)
[ least-squares value estimate in Alg. 2
0% parameter that satisfies (¢, 8%) := O + yPVZ~! in the linear MDP
W least-squares value estimate in Alg. 3
wl parameter that satisfies (¢, w!) := o + yPV.~! in the linear MDP

Appendix C. Proof of Theorem 4

Theorem 4 Suppose Assumptions 2 and 3 hold and let f ( ) := max{ fmdp(B), feva(B)}. For

5 €(0,1), Alg. 1 withU = (1 Ty = U(\}%ﬁ, K = gape ( e and b = b — 2f(B), returns a

mixture policy T satisfying the following condition with probability 1 — 6,

VT (p) >V (p) —4f(B) , V7™(p)>b—6f(B). (Relaxed Feasibility Setting)

With the same algorithm parameters, but with b’ = b+ 4 f(B) for f(B) < % Alg. 1 returns a mixture
policy T satisfying the following condition with probability 1 — ¢,

16£(B)

—==2 | V7(p) >b. (Strict Feasibility Setting
Ca-) (p) ( )

c

Proof We denote VI = % ZkK:_Ol_‘Z}’“ where ¢ = r or c. We first prove the relaxed feasibility
statement. By Lemma 11, we have V7 (p) > b — 5f(B). Hence,

VI (p) =V (p) = Vi(p) + VE(p)
>b—5f(B) = [V (p) = Vi(p)|
>b—5f(B)— f(B) (By Assumption 3 for each policy {7 }1 ")
=b—6f(B).
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< 3£(B)+ [V (p) = V7 (p)] (By Lemma 11)
< 3f(B)+ f(B) (By Assumption 3 for each policy {Wk}f 1
=4f(B).

Now we prove the strict feasibility statement. By Lemma 11, we have V7 (p) > b + f(B), and thus,

Vi (p) = Vi (p) = Vi (p) + Vi (p)
> b+ f(B) = [V (p) = VI(p)l
> b+ f(B) — f(B) (By Assumption 3 for each policy {ﬂ'k}kK:_ol)

which satisfies the constraint. Next, we prove V™ (p) — V.7 (p) < 28f(B). We define 7** €
argmax, V.7 (p) s.t. V'(p) > b+ 6f(B). Note that such a policy exists by the definition of ¢ and

the assumption that f(B) < %. By Lemma 66 and Lemma 65, we know that
V”p—V”+p <1L2f(B)N < ——=.
V" () = V™ (p)] BN = 70—

Applying Lemma 11 and Assumption 3 as before, we have

VT (p) = Vi (p) = VT (p) = V7 ()] + [V (p) = VE(p)] + VT (p) — VT (p)]

12f(B)
— B B
< 318 + 1B
16 f(B) 1—y
Sm- (C(l_’Y)Sﬁ—D
This completes the proof. n

C.1. Proof of Lemma 11 (Primal-Dual Guarantees for Algorithm 1)
Lemma 11 (Primal-Dual Guarantees for Algorithm 1) Suppose Assumptions 2 and 3 hold and

let f(B) = max{fmap(B), feva(B)}. For § € (0,1), when Alg. 1 is run with U = ﬁ
717 :5U(\}[1;’), K= M{ﬁ andt/ = b — 2f(B), the following condition holds with probability
= ] KL
e VE(p) = V™ (p) = 3f(B) T VE(p) > b—5f(B).
k=0 k=0

With the same algorithm parameters, but with b’ = b + 4 f(B), the following condition holds with
probability 1 — 9,

S
L
=

-1
)2 VI ) - 31B) L e S VR 2 b+ (B)
0

| -
Eond
Il
o
bl
Il
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Proof We begin by proving the first part of the lemma. Since both r and c are bounded by 1, we
note that (s, a) + Agc(s, a) < 1+ A forall (s,a) € S x A. Define 7}, := arg max, V", , . asan
optimal policy in the MDP with rewards r + Ay c. For each iteration k in Alg. 1, by Assumption 2
with R = 1 + \g, we have

Vi (p) + MVet (p) = VIt o < fnap(B)(1+ Ar).
By Assumption 3 for policy 7y, we have

VIELo(0) = ViE() = MVE(p) = V™ (p) + MV (p) = ViE(p) — MeViE(p)
= Vi (p) — VE(p) + M(VI™ (p) — VE(p))
< feva(B)(l + )\k)

Combining the above inequalities and letting f(B) = max{ fmdap(B), feva(B)}, we obtain
V5 (p) + XMV  (p) = (ViE(p) + MVE(0) < (fnap(B) + feva(B)) (1 + M) < 2£(B) (1 + Ay).
By the definition of 77,
VI (0) + MV (p) < Vi (p) + MV ™ (p).
Therefore, by combining the above inequalities,

V™ (p) + MV (p) < VE(p) + MViE(p) + 2f(B) (1 + Ak (5)
= V" (p) — VF(p) < Me(VE(p) = VI (p) + 2 (B)) + 2 (B).

Since V™" (p) > band A > 0, we obtain
VT (p) = ViE(p) < M(VE(p) — b+ 2f(B)) + 2£(B).

By taking the average, letting &’ = b—2 f(13), and adding both sides by the same term ;} {f 01 [b’ — ‘A/'Ck (p)] ,

| K1 ) Kol 1 K-1
- " s _ Y
=D [V = VEO)] + 2 D0 [0 - VEe)] < 2 X0 k= N ) — ) + 2/ (B).
k=0 k=0 K=
Now we define R(\, K) := f;ol(/\;c — \)(Vk(p) — V) as the dual regret and denote VI =
+ Ef:_ol V¥ (where o = 7 or ¢). Thus, for any A € [0, U],
. N - RO\ K
VI () = V) + A~ V) < T aps) ©

Below we show that for any A € [0, U], the following bound holds for the dual regret:

UVK

1—7

R(\K) <
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Using the dual update in Alg. 1, we observe that,
. 2
A1 — A2 < ‘)\k - (Vf(p) — b') - )\’ (by non-expansiveness of projection)

::Mk_AP—2nuk—A)0?00—U>+”20¥00_HY

7]2

(1=

where (a) follows because b and the constraint value are in the [0,1/(1 — )] interval. Rearranging
and dividing by 27, we get

(a) .
< = AP =20 (O = ) (Vo) =) +

A = A2 = [Apy1 — A2 n
27 2(1— )%

Summing from k£ = 0 to K — 1 and using the definition of the dual regret,

(= 0 (Vo) —v) <

] K-l K
ME) < — — AP = M1 = AP+ s
ROK) < 537 [ =2 = P = 2] + 57

Telescoping, bounding |\g — A| by U and dropping a negative term gives

U? nkK
RNK) < —+ ——
. )_2n+2ﬂ—vﬁ’
Setting n = U(\}I:{W),
R(\ K) < (1]_” f (7)

Next, in order to bound the reward optimality gap, setting A = 0 in Eq. (6) and using the above
bound on the dual regret, we obtain

] U
T (1-2WK

In order to bound the constraint violation, we consider two cases. The first case is when b’ — VT (p) <
0. Consequently, b — 2f(B) — V¥(p) < 0 and hence, V7 (p) > b — 2f(B) > b — 5f(B), which
completes the proof.

The second case is when b’ — V¥ (p) > 0. In this case, using the notation [r]; = max{x,0}
and Eq. (6) with A\ = U, we have

3
S
N—
|
=
S
A

+2f(B). ®)

R(U, K)
K

*

VZ(p) = Vi) +U [V = V()] < +2/(B).

Since U has been set such that U > \*, we can use Lemma 64 and obtain that,

/ 7 R(U, K B
¥~ Vi), < K(<U_A>*) iG]
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Combining the above inequality with Eq. (7) gives
_ __ U 2f(B
bl < L 2B

W —VT(p) < [b —VF . 9
cp) <[ (p)] ST AR T T—x ©)
By Lemma 65, we know \* < C(l ok By letting U = 4(12 5y e have U — \* > C( ) > 1 as the

Slater constant ¢ € (0, 177] Thus, 7=+ )\* < 1. Now, setting K to to be

U2
[f(B)P(1 =)

and substituting into Egs. (8) and (9), we obtain

Vi(p) >V (p) — 3f(B), and VI(p) >t —3f(B). (10)

K=

This establishes the first claim by substituting ' = b — 2f ().
Next, we prove the second claim. We define 7** € argmax, V" (p) s.t. V" (p) > b+ 6f(B).
From Eq. (11), recall that

Vi (p) + MV (p) = (VE(p) + MeVE(p)) < 2£(B) (14 Ax)
As before, using the definition of 7, we have
VI (o) + MV (0) 2 VI () + MV (),

Therefore, by combining the above inequalities,

VI (o) + MVE (0) < VE0) + MVE(p) +2(B) (1 + Ar) (1D

= V7 (p) = VE(p) < M(VE() = VI (p) + 2/ (B)) + 2/ (B).
Since V™" (p) > b+ 6(BB), we obtain,

VI () = VE(p) < MelVE(p) — (b4 3£(B))] + 2£(B).

As before, by taking the average, letting b’ = b + 4f(B), and adding both sides by the same term
A SR [b’ - f/ck(p)] , we obtain that for A € [0, U],

K 22k=0
et _ - RMK

VI (0) = V) + AW - VI < 0D o)

The remainder of the proof proceeds in the same manner as before. Setting K to to be
U2
K= meg e
[FB)*(1 =)

the algorithm ensures that

Vi(p) = Vi (p) = 3/(B), and VI(p) =V —3f(B). (12)
This establishes the second claim by substituting b’ = b+ 4f(B). [ |

26



SAMPLE COMPLEXITY FOR LINEAR CMDP

Appendix D. Proofs for Section 4

The proofs in Section D.1, Section D.2 and Section D.3 are adapted from Kitamura et al. (2023);
Kozuno et al. (2022) with modifications to fit our setting. Specifically, the analysis in Kitamura
et al. (2023) applies to the non-stationary policies returned by MDV I with entropy regularization. In
contrast, our analysis applies to the stationary policy returned by MDVI without entropy regulariza-
tion. Furthermore, we also require additional analysis of the value functions returned by the LS-PE
algorithm.

Throughout, we treat 7 as an operator that returns an |S|-dimensional vector s.t. for an arbitrary
|S||A|-dimensional vector u such that (7u)(s) := > . 4 7(als) u(s,a). Furthermore, we define
Py := 7P where P, € RISI¥IS| and denotes the transition probability matrix induced by policy .

D.1. Deriving LS-MDVI from Entropic Mirror Descent

We show that the LS-MDVTI update can be derived as a limiting case of entropic mirror descent.
At iteration ¢, given @)y, if x is the entropy regularization parameter and 7 is the KL regularization
parameter, then, the entropic mirror descent policy update Kitamura et al. (2023) is:

p(a)

m(+]s) = arg max) Zp(a) <Qt(s,a) — 7 log e (als) nlogp(a)) , forallseS,

A
PEA(A acA

The above policy update can be rewritten in a closed-form solution as follows (Kozuno et al., 2019,
Equation 5)),

T (als) — [mi—1(als)]® exp (BQ'(s,a)) e
ol )_ZbeA[Wt—l(bIS)]ae@(BQt(s,b))’ h =7/(T+k), B:=1/(1 + k)
= m(als) = exp(B i Q'(s,a))

 Ypeaexp(B i at T Qi(s, b))
Since LS-MDVT does not use entropy regularization x = 0 implying « = 1, the resulting update is:
t i
J 1
) = —SPET @ (0)

- > peacxp(f Zﬁ:o Q'(s,b) e Zb;éa exp(B(Q*(s,b) — Qt(Sia))
(where Q' := S"!_, Q")

For LS-MDVTI, we take the limit 7 — 0, 8 — oo and consider two cases.

Case 1: If a = arg max, Q'(s,b), then, B(Q'(s,b) — Q%(s,a)) < 0 for all b # a. Hence, as
8 — oo, Zbyéa exp(B(Q'(s,b) — Q(s,a)) — 0 and m(als) — 1.

Case 2: If a # arg max, Q'(s,b), then, 3(Q%(s,b) — Q*(s,a)) > 0 for the action b corre-
sponding to the arg max action. Hence, as 8 — 00, 3,4, exp(B(Q*(s,b) — Q'(s,a)) — oo and
me(als) — 0.

Hence, as k = 0 and 7 — 0, 7 is a greedy policy and for all s € S, m(als) = 1 for
a = arg maxy ZE:O Q' (s, b), which recovers the policy update for LS-MDVT.

For entropic mirror descent, the value update is given as (Kitamura et al., 2023), for all s € S,

me(als)

Vi(s) = Za:m(ays) <Qt(s, a) — 7 log <7Tt_1(a|s)> — K ln(ﬂt(a|s))>
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= (mQ")(s) — TKL(me(+[s)[me-1(]5)) + K H(mi(]5))-

Plugging the entropic mirror descent policy update and simplifying similar to (Kozuno et al., 2022,
App. B), we get,

Vi(s) = 51og Y exp (5Q'(s,) + alog w1 (als)
acA
logZeXp (BZozt ‘Q(s,a > — —logZexp (BZozt ‘Q'(s,a > .
acA acA

Since LS-MDVTI does not use entropy regularization i.e. x = 0 implying o = 1, the update is:

logZexp (52@@ s,a ) ——logZeXp (52@1 s a>.

acA acA

For LS-MDVTI, we take the limit 7 — 0, 3 — oco. Using LHopital’s rule for the two terms, we get
that,

t t—1
ts) = milals) Y. QU(s.a) = Y m-i(als) D Q(s.a)
a =0 a =0

" - t—1
- (m ZQZ) (s) — <m > Q") (s)
i=0 =0

which recovers the value update for LS-MDVT.

D.2. Proof of Lemma 6 (Optimality Guarantees for Algorithm 2 - Linear CMDP)

Note that for each Ay where k € [K], we run Algorithm 2 with O = r + A, c. We define

T 1= arg maxV+)\kc (13)

z (by telescopmg) 1 =7, (by deﬁmtlon) 1 i
Z =(mrQ) - (w <¢,Za >> (14)

Throughout the proof, for any |S||.A|-dimensional vector z, we let IV (z) denote the solution to a
weighted linear regression problem over the core set,

W(z) :=argmin »  p(x,b) (2(z,b) — (¢(x,b),0))*. (15)

The above problem can be solved as

=G >, b)(z, b)2(x, b) (16)

(z,b)eC
where G := 3 e p(2, D) d(z,b)d(z, b’
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Using this definition and the definition of 0% in Alg. 2, we have 6, = W (QL).

The linear MDP assumption ensures that there exists a vector 8% such that (¢, %) := O +
~ PV, Therefore, using the definition of W, we have 85 = W ((¢, O1)).

We now present the proof of Lemma 6.

Lemma 12 Forafixede € (0,1], 6 € (0,1), and any k € [K|, when using Alg. 2 at iteration k
of Alg. 1 withO = r 4+ A\ye, M = O (dH2) andT = O (%2) the output policy r satisfies the

£

following condition with probability 1 — 06,

max V7, o(p) = Vo (p) < O((1+ Me)e)
Proof Using the definition of 7 and that O = r + \;, ¢, we decompose the sub-optimality as:
Vi e(p) = VI (0) = VT () = VE ()] + [VE (p) = VI, o (P)]

Bounding the first term by Lemma 13 and the second by Lemma 14,

< — 1+ H4(1 —
_O< T + H(1+ M) TM

with probability at least 1 — 26. Setting M = O (dH : ), T = O(HTQ), and appropriately rescaling

IS
the confidence parameter § completes the proof. |

We now prove Thms. 13 and 14.

Lemma 13 Let 7} and V' be defined as in Egs. (13) and (14). For any k € [K], with O = r 4 M\, c
and M > O (dHQ), we have

Vihelo) ~ VA (p) < O (I”IT“’“) FHALE A Tj@)
with probability at least 1 — 9.
Proof We first recall that V3* — V;f)\kc and V' = VI, by the definition of O. By the value
difference lemma, we have that,
VEF = V5 = (I = 4Pg) " (m}0) + 7 Pr VE = Vi) (17

Next, from Line 6 in Algorithm 2, by the telescoping sum, and by the greediness of 7, we have

_ 1 -
Vo = 7 (mrQo) (18)
1, ,~
> 7 (m.Q0). (19)
Now, we have
Vok =V = (I —yPry) " (D) + 4P V5 = V) (By Eq. (17))
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_ 1 ~
< (I = vPr) (kD) +7Pry V3 = 7 (nQ1)) (By Eq. (19))
1 o 1
= (L~ Pry) " (7D) + 1P 3 (w1 Q) — 3 (w1 QD)) (By Eq. (13)
1 - 1 .
= (I=7Pr)™" | (7iB) + vPr; 72 (70 QD) = (D) = YPry 75 (7r2 Q0 7")

(Using Lemma 21 for %QE)

1 & .
— (m’; <¢,W (T ; L= (o, 05)>>)>>

(mr—1QL™Y)

(sl o))

By defining Hr: := (I — fyPW;;)_l, taking the infinity norm and using the triangle inequality, we
obtain

MHH

. 1 ~ 1 AT
|vat - v _< Hfmﬂ;Pﬂ,; (T (m7Q8) = 7 (7r1Q5 1>> H
Term (i)
I
Term (ii)

In order to bound Term (i), we use Holder’s inequality i.e. for a matrix A and vector z,
|Az|| o, < |All} o N[l - and that [[Hre Pre < H to obtain,

T

H’wa;Pn;; (;(WTQT) - l(7TT Q67 )H <H‘ T

( (77 QO8) — o (mp 1 G 1)H

2
<4H( +)\k)

< T (Using Thm. 17)

with probability at least 1 — §. For term (ii),

T
HH (w;‘; <¢>, W (; > QL — (4, eé>>> >>
=0

T
< H'sz . <7T;: <¢>, w (1{ Z(QZD — (o, 0’D>)> >> (By Holder’s inequality)
1=0 o)
1 I
<H ( < n > QL - (6,65) >>> (Since || Hrr < H)
=0 fe'e)

(By definition of the 7 operator)

ﬂ\*—‘

0

o0

30



SAMPLE COMPLEXITY FOR LINEAR CMDP

<0 <H2(1 + ) T%) (By Lemma 18)

Combining the above relations,
AH?(1+ M)

~ d
< LT 2 @
‘ o = T + 0 (H (1+)\k) TM)

Using that for any |S|-dimensional vector V', V' (p) = E,~,V (s) < ||V 0, We get that,

i —
Vok — VT

™ = AH?(1+N) - d
Viielp) = VE(p) £ =522 1 0 HA(L 4+ M)y
with probability at least 1 — 4. n

Lemma 14 Ler VI be defined as in Eq. (14). For any k € [K|, with O = r + \yc and M >
0] (dHQ), we have

V2 (0) = V75, (p) < O (HQ“”“ FHA(L4 ) d)

with probability at least 1 — 9.

Proof The proof is similar as for the above lemma. By the value difference lemma, we have that,

Ve - V:fAkc = - VPWT)_I(VDT — (7r0) = vPr, VDT) 2n

Now, we have

L (1, - .
V=V = (= 2Pe)” ((02QB) — () = 12, T )

— (1 =1Pop) ™ (3 (r2QE) = (rr0) = 2Pry 1 (72 G5))

T
= (I - P)/PWT)_I (WTD) +vFPr, %(WT—IQE_I) + <7TT <¢7 4 <; ;(QZ\] - <¢7 01D>)) >>
— (mr0) — v P, % (WTQE):| (Using Lemma 21 for %QT)
— (1= 2Po) ™ [Py 1G5 ) = YPep 1 (52 0E)

1 ,
+ <7rT <¢,W (T ;(QE — (8, oe>>> >)
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By defining H,. := (I — vPy,)"}, taking the infinity norm and using the triangle inequality, we
obtain

_ - 1 O 1 -
’ VDT - Vrf/\kc oo < H’Y,HWTPWT (T (WT—IQTE? 1) - T (WTQ5)> H
Term (i)
1S ,
+ |[Har (wT <¢,W (T ;(Q’D — (9, e’u>)> >> (22)
Term (ii)
In order to bound Term (i), we use Holder’s inequality and that [|Hr, Pr. |, ., < H,
VHog Pry (7 (1G5 ) = 2 (r0@D) )| < H | GrraQE ) - o (e Q)
v\ T Lo T T .

2
_ A1+ )

< T (Using Thm. 17)

with probability at least 1 — §. For term (ii),

T
(o (o (3550- 0))
1 '°°
<7rT <¢,W (T > QL - (4, 0&>)) >>
1=0

< H <7TT<¢,W ;Z@E—w,eé»)»

< | Hr | 1,00 (By Holder’s inequality)

[e.9]

(Since | Hryp |[1,00 < H)

=0 o)
1 & .
<H <¢, |14 (T Z(QE — (o, 0’D>)> > (By definition of the 7 operator)
i=1 e’}
~ 9 d
<O H*(1+ X\g) T (By Lemma 18)

Combining the above relations and using that for any |S|-dimensional vector V', V' (p) = Es,V (s) <
V|00, We get that,

_ - 4H?(1+ X ~ d
VA (p) ~ Vit elp) < LR 4 6 <H2<1 ) TM)

with probability at least 1 — 4. n

D.2.1. AUXILIARY LEMMAS

Lemma 15 Forany k € [K] and t € [T], with O = r + A\ cand M > O (dH?), we have
IVElloo < 2H (1 + )
with probability at least 1 — 0.
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Proof First, we note that from the last line in Algorithm 2,

Vb= (mQb) — (m-1Q5™)

t t—1
= <7Tt <¢729f3>> - <7Tt1 <¢7ZHE>>
ZTO ti;:O
< <7Tt <¢, Z 9E>> — <7rt <¢, Z 9%>> (By the greediness of 7;_1)
i=0 i=0

= (7 (9,60))- (23)
Next, we bound the term (¢, 0). We have

(¢, 08)| = )<¢, W(QE))‘ (By the definition of W in Eq. (16))
< [0, W ((6,650)] + (6. W(QL) — W((6,65))|  (By triangle inequality)

— |(¢,05) \+‘ (6, W (0L — (¢, eg>)>‘ (Since W (2) is linear in 2)

)u APV 1‘ +] 6, W(OQ4 — (o, 05>)>( (By the definition of 6%)

< (14 A+ 7V o)1 + {6, W(Q5 — (6,65)))| (Since D(s,a) < 1+ M)
< (L A7 IVE o)t +v2d i Qb (s,0) = ({6, 65))(s,0)| 1
(By Lemma 22 with z = Q% — (¢, 6%))
= (1 M+ 7T o)1
+ V2 max [B(s, a) + (P VE)(s,a) = Bls, @) —(PYE)(s,0)| 1
(By definition of QL and 6%)
= (1 A + V8 loo)1 + V2d max Y (Pra V) (5,0) = A (PVE ) (5,0)| 1
— [(6,05)] < (14 M+ 7V o)1 + V24 H e [3(Pa V) (s, @) = 2 (PYE) (s, 0) |1
Next, we bound the term

1

T PV — APV .
T PV (s~ (P s 0)

We first note that this term is upper bounded by 2. Now, using the Azuma-Hoeffding inequality
(Lemma 58) and taking a union bound over (s,a) € C and ¢t € [T, we have

1

Ay - 1
I ;na)ec‘ (PaVE)(s,a) = (PVS 1)(3760)‘20(7 M)) <.

P <H(S,a,t) €Cx[T] st

Therefore, with probability at least 1 — §, we have

(6, 05)| < (14 Mo + V[VE Hloo) 1 + [VE O <7 ) 1. (24)
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Given the above inequality, we can prove the claim by induction on ¢. Since VDO = 0, the base case is
satisfied. We assume that ||V~ < 2H (1 + A\g). By combining Eq. (23) and Eq. (24), we have

Vi lloo < [1(m(6,66)) oo
< {9, 05 llso (By definition of the 7 operator)

N N ~ d
< (1 + M+ YIVE oo + IVE IO (7\/ M))
~ [ d . .
< (1 +2Hy+2HO (7 M)) (1+ Ag). (Induction hypothesis)

By taking M > 10) (dHZ), we have

IVElloo < (14+2Hy + 1)(1+ Ar)
= (24 2H)(1+ \p)
< 2H(1 4 M) (Since H = 1/(1 — 7))

which completes the proof. |
The following corollary is a direct consequence of Eq. (24) and the above lemma.
Corollary 16 Forany k € [K] andt € [T], with O = r + A\ cand M > O (dH?), we have
(¢, 05) || oo < 2H(1+ )
with probability at least 1 — § respectively.
Lemma 17 For any k € [K], with M > O (dH?), we have

| rr @) - 1B

_2H(+ M)
T

- T

[e.e]

with probability at least 1 — 9.

Proof By the definition of Q% and due to the greediness of 771, we have

1 1 1

- i 1 - i
T(WTQ:\S) - T(TFT—ng h< T(WTQE) - T(WTQ:\S Y
A s
~(r{erp-r3e)
1
= T(WT<¢’95>)
1
< T H (6,0L) Hoo 1 (By definition of the 7 operator)
< Ml (By Corollary 16)

- T
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with probability at least 1 — §. Similarly, by the greediness of 77, we have

1 = 1 ~ 1 ~_ 1 ~
f(WT—ng - T(WTQS) < T(WT—1QE - T(WT—ng)
[T T
[ {orEe- 1)
=~ rr(6,65)) < o || (r (6, 65))]
T »vd =T »vd o)
1
< T H (p,68) HOO 1 (By definition of the 7 operator)
2H(1+ A\
< (;_k)l (By Corollary 16)
with probability at least 1 — 4. |

Lemma 18 Forany k € [K] and t € [T], with O = r + M\ cand M > O (dH?), we have

H<¢,W (1 > (@b, ee>>>> <0 <H(1 A0y 1 )
=1

tM
with probability at least 1 — 0.

o0

Proof
1~
H <<z>, w (t ;(QE — (9, ee>>> >
= '
S \/ﬁ(ﬂ?gc Z gl |:QD(57 a) - (<¢7 0D>)(Su a)i| ‘
(By Lemma 22 with z = § Y"/([Qh — (¢, 65)])
t—1
=V2d (mz)xxc % [7(1%175)(3, a) —y(PVE)(s, a)] (By definition of Q% and %)
s,a)€ i—0

By Lemma 15, we have that, with probability at least 1 — &, the bound ‘

Vil < 2H(1+ Ag) holds

for all 7 € [T']. Now, using Lemma 57 and taking the union bound over (s, a) € C, we have

t—1
P (El(s,a) €C st %Z [(I—:’iVé)(s,a) - (P‘A/]ji)(s,a)] >0 (H(l + i)t/ t]1\4>> <.

1=0

Therefore, by appropriately rescaling §, we have that with probability at least 1 — 4,

<¢,W C (@~ . 03>)>>
=1
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Lemma 19 Forany k € [K] and i € [T), with O =1 + A\, cand M > O (dH?), we have

(6. w(@h - (0,60 _<0 <H(1 ) ;4)

with probability at least 1 — .
Proof By following a similar proof as that for the above lemma,

[0 W@~ (.00 < V2d max [1PTa(s. )~ PTG ). @)

By Lemma 15, we have that, with probability at least 1 — 0, (P;V)(s,a) < 2H (1 + ;) holds for all
i € [T] and all (s, a). We note that by the definition of P;, (P;V)(s, a) is the empirical average of
M value functions. Now, using Lemma 58 with N = M and taking the union bound over (s, a) € C
and i € [T], we have

P (El(s,a,t) €Cx [T] st. (PVE)(s,a) — (PVE)(s,a) > O (H(l +)\k)\/g>> <5

Combining the above inequality with Eq. (25) and appropriately rescaling § completes the proof. H

Lemma 20 Foranyt € [T, we have

t
1 i 1 -,
n <¢a E 95> = DJF’Y;P(Wt—thD h).
i—0

Proof We first recall that by definition, (¢, 8%) := O +~PVE™!, V8 = 0, and 6% = 0. Now we
have

~ | =

t t—1
(6.3°00) =1 S0 2rit
=0

1=0

[(miQ%) - m_l@m})
(From the last line in Algorithm 2)

1 ~
=H+73 P(m_1Q5 ). (Telescoping Sum)
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T 2 ? T : :( EZD < ’ 7ID)> ) T( 1 1 ;D )
=0

Proof We first recall that by the definition of W, we have 0, = W (Q%) and 85 = W ((¢, 05))).
Thus,

Lar _ Lor 1N g L5y g
TQD—TQD—T;w, D>>+T;<¢, o))
I o 1 o 1, )
=7 ;w, 65) — Zg@b, 6b)) + g;(gb, o)) (By definition of OF)
1 d 7 i 1 d I3
== ;m 0b — 05) + ;w, )
1 < Ai i 1 d i
72 (0. W(Qh) -~ W((.65)) + 7 2 (0,00)
(Since 0 = W (Qh) and 65 = W ({¢,65))))
T T
= <¢, w (; ;@E — (9, eé)>)> + ;;wﬁ, ) (W () is linear in 2)
= (o, W IZT:(Q" —(6.65) | )+ 0+ 2P (77105 7Y)
= ) Tizo ] »Un T7 T-1%o )

(By Lemma 20 witht =T — 1)
|

The following lemma bounds the extrapolation error due to the least-squares regression. It is the
unweighted version (i.e., uniform weighting with f = 1) of Lemma 4.3 in Kitamura et al. (2023).

Lemma 22 (KW Bound) Ler z be a function defined over C. Then, there exists p € A(S x A) with
a finite support C := Supp(p) of size less than or equal to uc such that

w <vad "y
Lmax [(0(s,@). W()] < V2 max |=(a".1)

where W (z) .= G~1 > (@ pec Pz, 0)o(z,b)z(,b).

)

D.3. Proof of Lemma 8 (Optimality Guarantees for Algorithm 3 - Linear CMDP)
We define

1@ 1 o
VI = 7 PR @ 7 <7r <¢,ng>) (26)
=1 =1
(¢, wl) == o+ ~yPVI! 27)

where (a) is from the last line in Algorithm 3.
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Lemma 23 For afived e € (0,1, § € (0,1), Alg. 3 with M = O <d§2> and T = O (i) the
output VI satisfies the following condition with probability 1 — §,

Ve (p) = VI (p)l <O (e).
Proof Using the value difference lemma,
Vo = V&= (I = Pr) T (V] = (w0) —yPRVY).

‘We now have

VI-VI=(I—~P)"

i 1 d 7 o
w (;s,fz% — (wo) — P V!

(By definition of V! in Eq. (26))
= (I —~P;)~ ! (77 <¢,W

1 I ‘ =
TZZ;( o <¢vwo>)>>> + (7r<>) Jr7P7r <7T <¢’T ;wo>>

(By Lemma 25)

1 T A ; 1T71 i .
T2<Q<>—<¢’7%>> T ¢,T;% PV
1 ; . ) 1T7—1 '
oW ( Z(Qi - <¢,w}>>))>> +~ Py (w <¢’T ng>>

T

: ) ] (By definition of V! in Eq. (26))
1
T

T
(w <¢>,W( > (9 - <¢>7wi>>>>> —vPﬂ;<w<¢,wZ>>] :
i=1

Taking the infinity norm and using the triangle inequality,

T
(I —~Pr)~" (w <¢>,W (} P <¢>,wi>>) >>
i=1

i -vporp b

1 Ai i
m{ o, W *Z(Qo_«ﬁ?wo))
=1

Ve =Vl <

o0

< |7 = 7Py o

o0

+|(I = vPr) 'y Pr Hloo H (¢, wl)) ’ (By Holder’s inequality)

<H w 1 r

< m{ ¢ Tz 1 ,Wo ) _
(Since ||(I —vPx) 1\\100 <H,| \ 1 7P MY Pr]y oo < H)
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1 & .
<H ”|<¢W (T T <¢,wz>>>>

~ d  H?
<0 <H2 T + T) . (By Lemma 24 and Lemma 26)

1 T
8 J

(By definition of the 7 operator)

Using that for any |S|-dimensional vector V, V' (p) = Es,|V (s)| < ||V||cc completes the proof. H

D.3.1. AUXILIARY LEMMAS

Since the updates in Algorithm 3 are a special case of those in Algorithm 2, the proofs of the auxiliary
lemmas are analogous. We therefore present lemmas analogous to Lemma 15, Lemma 21 and Lemma
18, whose proofs follow by the same reasoning.

Lemma 24 Foranyt € [T], witho = r or cand M > 0) (dHQ), we have
1, wi)lloo < 2H and || Vi < 2H
with probability at least 1 — .

Lemma 25 Foranyt € [T], o = r or ¢, we have

1< 1L , =
<¢7Ti_21wi> - <¢>,W (T >0 <¢,wz>>) > fotqp (w <¢,T ¥w>> |

Lemma 26 Witho =1 orcand M > O (dH?), we have
~ [ d
< Hy\ —

1 ,
H<¢,W (T P <¢>,wi>))>
=1 0

with probability at least 1 — 9.

D.4. Proof of Corollary 9

Corollary 27 Using LS-MDVT ( Alg. 2) and LS-PE ( Alg. 3) as instantiations of the MDP-Solver
and PolicyEvaluationinAlg. I and using the DataCollection oracle describedin Sec. 4.1

has the following guarantee: for a fixed ¢ € (0,1], 6 € (0,1), Alg. I with O (diéf“) samples,

U=0 ( - 7)> n= (\1F7) K=0 (82 = )2>, and b = b — O(g), returns a mixture policy

satisfying the following condition with probability 1 — 9,
VE(p) 2 V7 (p) = 0(e), and V7(p) = b—O(e).

With the same algorithm parameters, but with b’ = b+ O(g) and O < T ) samples, Alg. I returns
a mixture policy T satisfying the following condition with probability 1 — 0,

Vi(p) > V7 (p) = O(e), and VI(p)>b.
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Proof By Lemma 6 and Lemma 8, the sample complexity required to ensure f(B) < O(e) is

TMI|C| = 0 (diﬁ] . ) Therefore, the guarantee for the relaxed feasibility setting follows directly
from our meta-theorem (Theorem 4). For the strict feasibility setting, we rescale € by a factor
of O(¢(1 —)). Since e < 1 and 1 — v < 1, the condition of f(B) < (/6 in Theorem 4 can
be satisfied. The rescaling increases the sample complexity by a multiplicative factor of W,

thereby completing the proof.

D.5. Instantiating the MDP-Solver: G-Sampling-and-Stop

Instead of LS-MDVI, we can instantiate the linear MDP-Solver in Algorithm 1 with the GSS
algorithm (Taupin et al., 2023). The GSS algorithm begins by computing a G-optimal sampling
distribution over state-action pairs that minimizes the worst-case variance of value estimates. It
then repeatedly samples transitions and rewards according to this distribution and uses regularized
least-squares estimators to learn the reward and transition parameters of the MDP. For an arbitrary
distribution j over S x A, let G € R%**“ and g(j) € R be defined as:

Gi= Y pxb)¢x,b)e(x,b)T  and  g(p):= max (¢(s,a),G (s, a)),

S
(@h)eC (s,a)eSxA

The GSS method samples one state-action pair (s, a;) ~ p* in an iteration ¢ where p* :=
arg min,ca ., 9(p). We denote this data collection procedure as DataCollection-GSS. Note
that this is different than the sampling scheme used in App. A.

For solving a linear MDP, the GSS algorithm uses a stopping rule based on confidence bounds
derived from matrix concentration inequalities, and determines when the estimates are accurate
enough to ensure that the returned policy is e-optimal for the true MDP with high probability. The
stopping time is denoted by

r=inf{t >1:Z(t) > B(t)}

where [(t) is a certain threshold and Z(t) is the quantity we seek to control in order to achieve the
desired sample complexity. Their main result in the setting of infinite-horizon y-discounted linear
unconstrained MDPs is stated below.

Theorem 28 (Theorem 2 and Theorem 3 in (Taupin et al., 2023)) Ler e, € (0,1). The GSS al-
gorithm returns an e-optimal policy with probability at least 1 — 0, and the expected number of
samples used is bounded by

o (=rym (o (5) e (=)

Using the GSS algorithm as an alternative instantiation of MDP-Solver(r + Axc, B, ¢), we have
that, with N = O (dzH - ) , the GSS algorithm satisfies Assumption 2 with fr,q,(B) = O(e). Hence,

2
instantiating the three oracles by DataCollection-GSS, the GSS algorithm and using the same
PolicyEvaluation oracle as in Alg. 3, we can use our meta-theorem (Theorem 4) to obtain the

same sample complexity bounds as in Thm. 9.
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Appendix E. Lower Bound

Theorem 10 Let 6 € (0,0.08], v € [7/12,1), H = 1/(1 — ), € € (0,0.002), ¢ € (0,49/2280),
b€ [H/2,H], and d > 6. There exists a class of linear constrained MDPs such that any (&, 0)-sound
algorithm requires ) (d2H e 2) samples from the generative model in the worst case.

Proof We construct a lower bound by using the ideas from Weisz et al. (2022); Vaswani et al. (2022).

Hard Instance. We construct a class of hard linear CMDPs, where each individual CMDP, denoted
as M, is parameterized by a vector 5. Each MDP in Mg has four states: S = {0, so, s1, 2} with o
being the initial state. The action space is A = A x {0, 1} = {£1/+/d — 5}%7° x {0, 1}, where A is
a subset of a (d — 5)-dimensional hypercube. Thus, each action can be written as a = (a',a’)" € A
where a is a d — 5 dimensional vector and ¢’ € {0,1} is a scalar. Recall from Assumption 1
that the reward r(s,a) = (¢(s,a), 1), cost ¢(s,a) = (¢(s,a),1.), and transition probability
P(-|s,a) = {(#(s,a),u) are all defined as linear functions. Let 3 € A, A € (0,0.2(1 — ~)],
U= 1ﬂQfﬂA(b — (). Note that the parameter ( is the Slater constant for this CMDP instance. As
can be verified from Eq. (30), there exists a policy that achieves a constraint value of b + (, satisfying
the definition. Now, we define the following parameters.

¢(s0,a) = (1,0,0,0,0,a")", ¢(s1,a) = (0,1,0,0,0,...,0)",
#(0,a) = (0,0,a’,1—d’,0,...,0)",  #(z,a) =(0,0,0,1,1,0,...,0)"
p(s0) = (,0,1,0,0, ABT) p(s1) = (1-,1,0,0,0,—A8")T,
( )= (0,...,0)7, (z) (0,0,0,1,0,...,0)",
= (1,0, 0T, = (u,0,0,0,(b+¢)(1 —7)/7,0...,0) .

Under the above parameter settings, the transition dynamics is defined as follows.
7)5(80‘507(1) :7+ABTda Pﬁ(81|807a) = 1_7_A6Ta7
Ps(solo,a) = d, Ps(zlo,a) =1—d,

States s and z are absorbing. The reward and constraint functions are then specified as follows. For
any action a,

r(so,a) =1, r(z,a) =0,
0(307a) =u, C(Z7a) = (b+ C)(l - 7)/’7‘

Rewards and costs for other states are zero. By solving the Bellman equation V,";(so) = 1 + (v +

AEg [a’ B)VT5(s0), we can define the value functions for a policy 7 in the MDP Mg. The
notation V”B represents the reward value function for policy 7 within the specific MDP instance

defined by . Similarly, 3 1s the cost value function. The value functions starting from the initial
state o are
72 aea@'m(alo)
=~ dn(alo)V7s(so —, (28)
; 0)Vr(s0) = — 72 = yAEgr[a" f]
’yZaﬂa|0 5(50) +’yz 1 —d")m(alo)Vs(2)
acA acA
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B YUY gea @'m(alo) oy
=1 % AR, aTh +C§4 m(alo)(1 —a’)(b+C). (29)

Note that V,(s1) = 0 and V75(2) = % - w = b%g We now define the probability of a
policy 7 transitioning from o to so as p := Pj [0 — s0]. According to the hard instance construction,
Ps(solo,a) = a’. Thus, p is the marginal probability under 7 that ' = 1 when in state o. This is

equivalent to stating that the policy m must satisfy:

Y w(@ 1) o)=p and > w(( )=1—p

acA acA

Since we are in the strict feasibility setting, the constraint has to be satisfied as C”B(o) > bfora
feasible policy 7. We denote the optimal feasible policy for the CMDP M as 5. Next, we show
that the policy ﬂ'E must satisfy:

1
> m(@’,1)7o) = 5 and > w((BT,d) |so) = 1.
acA a’e{0,1}
Since states z and s; are absorbing, the choice of policies on them is irrelevant. It is clear from
Eq. (28) that for any fixed p, V"5(0) is maximized when Eg-.x [@a"B] = BT = 1. In this case,
T5(0) = ﬁ. Next, when Ez[a' 3] = 83, we observe that

Vaglo) = % + (1 =p)(b+Q)
=p(b—¢)+ (1= p)(b+() (=228 - )
=b+(1-2p)C. (30)

Therefore, for a policy to be feasible, it needs to ensure p < 1/2. The value function is then
maximized when p = 1/2. It means that, at the initial state o, the optimal policy should maintain
an equal probability of moving into sg and z. At state sg, the optimal policy should pick an action
from the set {(37,0)T,(37,1)T} with probability 1. Note that for an action a = (a',a’)", the
constraint satisfaction depends only on the action component a’, and the value function at state sq is
determined by a. Thus, @ and a’ are optimized independently. For this optimal policy WE, we have

i 5
(0) = and ch (o) =b.

™5
K 2(1 =92 —7A)’

r?ﬂ
Now, consider an algorithm which incorrectly identifies the true parameter 3 as a different parameter
(. The algorithm then outputs a policy 7. According to this misestimated parameter, the policy
satisfies Egz[a' 3] = B’ T . Hence, in the true CMDP Mg, its corresponding value function
involves /3’ T 5. Suppose the probability of transition to so from o with this policy is p. We have

A Yyup .
V(o) = +(1-p)b+
w3(0) TRy v T (1-=p)(b+¢)
yup . Yyup Yyup
= 4+ (1-p)b+) -
1—92—9A 1=P)b+¢) 1—72—~7A  1-~42—-~yABTS
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pb— )+ (1 =p)(b+¢) —e (u =122 — ()
b+ (1—-2p)¢ —ec

where

B ~up B ~up _ VupA(l — ' B)
1= =9A 1-2—9ABT8 (1—72—7A)(1—22—yABTB)

Ec

Therefore, in order for 7 to be feasible in the original CMDP M 3, we require that

1=
(-2)2ec=ps 550 31

In the meanwhile, for a policy 7 to be (e, §)-sound, it must satisfied that, with probability 1 — 9,

€>Vﬂ;;o—V7fr0: J — 4l
2 Vg0 = Vi) 21 =72 =74)  (1-72—7A8'7H)

which implies

(1—72—vA8"p)

~ 2 a
p> e —y —e(l=~"=~A8" B)/v
1—~%2—9A
> 2((1 _772 _WVA)) —e(1—72—7AB" B)/y CAEES)
= é — (1=~ =08 B) /.

This lower bound implies that achieving higher rewards requires the policy to transition less frequently
into the safe state. Since & € (0,0.002), v € [7/12,1), A < 0.2(1 — ), and 8 8 > —1, we have

3
e(1 =7 =7A8" B)/7 < el =77 +027(1 = 7))/7 < Je < 0.003
and thus
p>0.5—-0.003 > 0.4. (32)

Now we analyze parameter u. Recall that ( € (0,49/2280) A < 1 —~, b € [H/2,H], and
H = ﬁ € [12/5,00). We obtain

1—~2 —~A 1-— 1 49 1 49 1
u:#(b_oz v _ > - —— >
v v 2(1 —~) 2280 2 2280 ~ 4

Next, we denote 7 as the total number of queries a planner sends to the generative model before it
stops its process and outputs a final policy. For any (&, §)-sound algorithm outputting a policy 7 with
query complexity 7, we have (with probability 1 — )
™5 -
€2 ‘/;‘,,8 (0) - r,ﬁ(o)
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_ gl _ Py

21=7"=78)  (1-9"=7A8"f)

gl _ Py Ta <

Z3i - —9A) (-2 A) @ p=D
_ g 1
T (I-92-194) <2_p>
>__ 7 (1 > A>0

D) ) P (A=0)
B 1

- (2 7)
- ( < ) (v € [7/12,1)
> W (by Eq. (31))
_ ( yup >

19(:1— 1-— ’yQ—yA 1_’72_7A/8/T6
_ Tyup ( 1 >
_1941— 1—~2 —'yA 1_’72_7Aﬁ/T5

7'yup <

19¢( 1 - 5 (s0 7“5(50)>

= 2280@(1 —) (VT,E( 0) =

v, ﬂ(30)> (by the lower bound on ~y, u, and p)
Note that once the agent enters state sg, the CMDP framework no longer plays a role. At this point,
the problem has been reduced to establishing a lower bound for unconstrained linear MDPs where
the starting state distribution is sg, a result proven in Weisz et al. (2022). Note that the hard instance
constructed in Weisz et al. (2022) is identical to ours after the initial transition from initial state o to
S0-

Specifically, as shown in their Theorem H.3, under the parameter settings 6 € (0,0.08], v €
[7/12,1), H = 1/(1 — 7), @ € (0,0.005vH/(1 +v)?), A < 0.2(1 — ), and d > 3, if 7 is the
number of samples, then,

Iy - 3 8 5A2HE [7‘]
B ™ > > - — —75
Pg (Vr,ﬁ (so) VTﬂ(so) a) 35 35 \/1 exp ( ( 2)2 >

which implies that the algorithm is not («, §) sound unless Eg[r] > Q(d*H?/a?). Substituting

a = %‘él_” completes our proof. We note that the range of « in Weisz et al. (2022) is

(0,0.005vH /(1 + v)?) where 0.005vH /(1 + ~)? > 0.00279. Replacing @ = %g(l_w <ee€
(0,0.002) satisfies their choice of range. Except for the range of ¢ and the lower bound on d, other
parameter choices exactly match those in Weisz et al. (2022). |

44



SAMPLE COMPLEXITY FOR LINEAR CMDP

Appendix F. Algorithms for Solving Tabular CMDPs

Algorithm 6 Tabular Mirror Descent Value Iteration (Tabular—MDVI)

Input: T (number of iterations), M (number of next-state samples obtained per state-action pair in
each iteration), O (rewards in MDP), B = By U - - - U By_1 (Buffer).

Output: mp where Vs € S : mp(+|s) € arg max,QL (s, a).

Initialize: VD =0, QD =0.

procedure Tabular—-MpVI(T, M, O, B)
fort=0,1,2..., T —1do
V(s,a) € S x A : Access (s, a, sh,)M_, from the buffer ;.
V(s,a) € S x A: Qb(s,a) = O(s, a) —l—’yM Z%zl VE(s!).
Define Q4 = >!_ QL; Vs € S: Vit (s) = mgx{@lfj(s, a)} — mélx{@tm_l(s,a)}.

end

end

Algorithm 7 Tabular Policy Evaluation (Tabular-PE)
Input: 7" (number of iterations), M (number of next-state samples obtained per state-action pair in
each iteration), ¢ (either r or ¢), B = By U - - - U Byr_1 (Buffer), 7 (policy to be evaluated).
Output: VY (p) = £ 31—, Vi(p).
Initialize: V¥ = 0.
procedure Tabular—-PE(T, M, ¢, B, 7)
fort=0,1,2..., 7T —1do
V(s,a) € 8 x A : Access (s, a, sh,)M_, from the buffer ;.
V( ) ) SX-A QZ(S,CL) _O(Sva)+'yM ZmZIVzi( m)
DL = 2 Q).

end
end

Appendix G. Instantiating the Framework for Tabular Constrained MDPs

We now instantiate the framework for tabular CMDPs, and prove that the resulting algorithm attains
near-optimal sample complexity. In contrast to the linear setting, we set C = S x A as the input to the
DataCollection oracle. For the MDP-Solver and PolicyEvaluation, we adapt Algs. 2
and 3 to the tabular setting. In particular, for both these algorithms, we set the features to be |S||.A|
dimensional one-hot encodings of the state-action space implying that the feature map ¢ is an
|S||.A|-dimensional identity matrix. Consequently, the resulting algorithm does not require linear
regression to estimate the (Q-function. We provide the pseudo-code for these two instantiations is
provided in App. F. Their corresponding optimality guarantees are proved in App. H and stated
below.

Lemma29 Forafixed e € (0,1/H?, § € (0,1), any k € [K], and T > 2log(T)/~, when
using Alg. 6 at iteration k of Alg. 1 with O = r + \ye, M = O (g) andT = O (HTZ), the output
policy wp satisfies the following condition with probability 1 — 6,

max V7 y, o (p) = VI, o(p) < O((1+ Ak)e),
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The resulting sample complexity is N =T M|C| = 0 (‘SHELJH?’)

Lemma 30 For a fixed e € (0,H], 6 € (0,1), Alg. 7 with M = o) (g) and T = O (HTQ> the
output VI satisfies the following condition with probability 1 — 9,

Vs (p) = V& (p) <O (e)
The resulting sample complexity is N = T M|C| = O <|SH:%2‘HJ>

The proofs of Thms. 29 and 30 can use the total variance technique and a Bernstein-type
concentration argument (Azar et al., 2013; Kozuno et al., 2022) and result in near-optimal bounds in
the tabular setting. Moreover, the corresponding algorithms do not require constructing coresets or
using (variance-weighted) linear regression. Consequently, unlike the linear setting in Sec. 4, the
same buffer 55 can be reused across all iterations of Alg. 1. This allows the near-optimal sample
complexities of both Algs. 6 and 7 to be preserved for tabular CMDPs. In particular, we prove the
following result in App. H.4.

Corollary 31 LetAlg. 6 and Alg. 7 be the instantiations of the MDP—Solverand PolicyEvaluation
~ 3
inAlg. 1. Forafixede € (0,1/H?), § € (0,1), Alg. 1 with O (%) samples, U = O <%”/)>’

¢(1
n= % K=0 (m), and b/ = b — O(e), returns a policy T satisfying the following

condition with probability 1 — 6,
Vi (p) = VI (p) = O(e), and VTI(p)>b—Oe).

|S||.A|H°
C252

Under the same conditions, but with b/ = b + O(e) and O (
policy T satisfying the following condition with probability 1 — 6,

) samples, Alg. 1 returns a

Vi(p) 2 V" (p) = Ole), and VI(p)=0.

The above result matches the near-optimal sample complexity bounds attained by the model-
based algorithm in Vaswani et al. (2022). Furthermore, instantiating the MDP-Solver to be the
model-based algorithm (Agarwal et al., 2020; Li et al., 2020) and using Alg. 1 will result in a
near-optimal sample complexity for solving tabular CMDPs (see App. H.5 for details). Note that the
MDP-Solver can also be instantiated by a range of model-free algorithms for solving unconstrained
MDPs with access to a generative model (Azar et al., 2013; Sidford et al., 2023, 2018; Wang, 2017;
Jin et al., 2024). Consequently, our framework can be interpreted as a generalization of the the
primal-dual approach in (Vaswani et al., 2022) to handle model-free algorithms and linear function
approximation.

Appendix H. Proofs for Section G

Throughout, we treat 7 as an operator that returns an |S|-dimensional vector s.t. for an arbitrary
|S||.Al-dimensional vector u such that (7u)(s) := >, 4 7(a|s) u(s,a). Furthermore, we define
P, := wP where P, € RISI*ISI and denotes the transition probability matrix induced by policy 7.

46



SAMPLE COMPLEXITY FOR LINEAR CMDP

We also recall that 7} := arg max, V%, , _and define VI := 4 3"/ Vii. We define y; yn,s,q to be

the m-th next-state sample s/, correspondlng to the state-action pair (s, a) at iteration ¢. For a value
function V, Var(V') denote the function
Var(V) : (s,a) = (PV?)(s,a) — (PV)?(s,a)
and o (V) := /Var(V).
H.1. Proof of Lemma 29 (Optimality Guarantees for Algorithm 6 - Tabular CMDP)

Lemma 32 For a fixed ¢ € (0,1/H?), § € (0,1), any k € [K], and T > 2log(T)/~, when
using Alg. 6 at iteration k of Alg. 1 with O = r + A\y¢e, M = O (g) andT = O (HTQ> the output
policy mp satisfies the following condition with probability 1 — 6,

max VT, (p) = VI e(p) < O((1+ Mp)e)
The resulting sample complexity is N =T M|C| = ('SHA‘H )

Proof By Lemma 35 and Lemma 36, we have

VE*(p) — VAT (p) = VE*(p) — V¥ (p) + VI ( > V7 (p)

7H2 1+)\k / 6HS( 1+)\k 50H? 4L2
T2 M

with probability at least 1 — §. By letting M = 6}?2, T = %, and e € (0,1/H?], we have

VER(p) — VT (p) < (14 Ap)e/12 + £ /90 + (1 + ) H¥ e (giH + 8/81H>

= (1+M)e/124¢/90 + (1 + M\)e2VH /9 + (1 + A\p)He*? /9

< (14 Xp)e/124+e/9+ (1 + Xp)e/9+ (14 Ag)e/9
(¢ € (0,1/H?] and ¢ = log(2|S||A|/5) > 1)

< (14 Mp)e

which completes the proof. |

H.1.1. PROOF OF LEMMA 33 AND LEMMA 34 (PROOFS WITH HOEFFDING’S INEQUALITY)
Lemma 33 Let ;. be defined as in Eq. (13), and let VE denote the averaged empirical value
function in Algorithm 6 when run with \i. For any k € [K]|, we have

3H2(14 M)
T

log(2|S]|A[/9)

T T T _ =T <
Vit (p) + MeVe(p) = Vi (p) — MV (p) < ™

+2H(1+ M)
with probability at least 1 — 0.
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Proof Since (I — ')/Pﬂ;;)ng’z = (7;0), we have

(I =P )(VEF = VE) = (mD) — (V& — P V)
= (mi0) + ¥ Pr: VE — VI
— VB = V3 = (I = yPr) " (D) + v P VS — V5) (33)

By Lemma 38 and due to the greediness of 7, for all ¢ € [T'], we have

=
(7t 7
Va = t;mc; )
=
23 (e Qb)- G4
1=0
Now, we have
Vak — V' = (I = yPry) " H(m£0) + v Pr VE — V) (By Eq. 33))
=
(I —~Pry) ( )+ 9P VS = Z(ﬁ;@g)) (By Eq. (34))
i=0
= = o A
(I —~Px:) ( )+ P VE — (m0) = v Pry s D (mr1Q0) — Z [WPTZFZVDZ _WP“ZVDZD
=0
(By Lemma 39)
1 T-2 . 1 T-1 .
(I —~Pry) (VP Vo — 1P > (rrQb) - T o |V - ’YPW;;VDZ})
i=0 i=0
1 r=2 1 -1 N )
— (I —Py) GP%—WWAMN%>TZh%%w%M>
i=0 i=0

T—2
+ (I ’7P7r ) (T(T )7P7rk Z TT— IQD ) .

We note that 1 ZiT:_O2(7rT_1QiD) = VZ'~! by Lemma 38. By defining Hor 1= fy(I—'yPﬂ;;)_lwz €
RISIXII we obtain

T-1 T—2

e ¥ o 1 g 5 Yri 1 Ad
VER VT < Hag POVE = VE ™)+ Hay S [PV = BV 4+ 7y (T(T_ 5P (m%)) .
1=0 i=0

Vv R i=
Term (i)

Term (ii) Term (iii)

(35)
Note that for any vector Q € RISI¥IAIl
”HWzQHOO = ||7(I - 7PWZ)717FZQHOO
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< v (T = 7P,rz)_1\|1H7r,’;QHOO (By Holders inequality)
< H||mQllo (Since [|[y(I — yPr;) "l < H)
< H||Q||oo- (By definition of the 7 operator)

In order to bound Term (i), using Thm. 40, we have

2
‘ o 2HP(1+ \)
oo T

| POVE = V3

For bounding Term (ii), letting ¢ = 7" in Lemma 57 and invoking it twice for 7 and ¢, we have

T-1
1 o ) L
HHW;T EO [PVé —PZ-VDl} < 2H*(1+ \g) T
i= 00

with probability at least 1 — 9.
Finally, we bound Term (iii) by noting that || >>7 > (77—1Q%)||loe < (T — 1)H(1 + \;,) due to
Lemma 37. Hence,

2
_ A+ M)
= T

[e.e]

1 T—2 N
H’Hw;; (T(T— 1)PZ(7TT1QE)> .

=0

Note that for any vector V, V(p) < ||V||o. Putting everything together, we have

OH2(1 + Ay [ ——
+ (14 Ag) T

¥ T — — 3H2 ]. + )\
V™ (p) + M Ve (p) = Vi (p) — MV (p) < (Tk)

with probability at least 1 — §.
|

Lemma 34 Let 7y be the output policy, and let VI denote the averaged empirical value function
in Algorithm 6 when run with \,. For any k € [K]|, we have

2H2(1 + \p)

L
2H?%(1 —
T + ( + )\k)

A ok _ /7T _ T <
Vi () + Ve (p) = Vi (p) = MV (p) < ™
with probability at least 1 — 0.

Proof The proof follows similar steps as before. Since (I — vP,,)V4" = 7pO, we have

(I - ’YPWT)(VDT - VETT) = (VI;\T - ’YPWTVDT) — QU
= VDT - (ﬂ-TD) + PYPWTVDT
= Vg = VBT = (I —=vPr,) ' (Vd = (w70) + vPr, V3) (36)

Recall that for all ¢ € [T'], we have

Vi = 12‘/ = %Z(m@i)- (37)



LIU YANG VASWANI

Now, we have

Va3 = VE" = (I = yPrp) (V8 — (wrD) +vPr, V) (By Eq. (36))
T—1
1 ~ _
= (I —vPr)"! <T (mrQp) — (7r0) + vPﬂTVDT> (By Eq. (37))
=0
1 T-1 . ~
= (I ’YPWT) ! (T (WTQD) - (WTD) ’YPWTVDT>
=0

T—2 T-1
3 N 1 o .
= (I —~Pr,)"! ((WTD) +YPep— Y (mp1Qh) + [vP;TVD’ - vaTVDﬂ
—(mrQ) — ’YPWTVDT) (By Lemma 39)
= ‘ 1 I- o A
= —vPr)! <7P7rTT Z(WT—lQE) + T Z P, V& — ’yPWTVD’} — 'yPﬂTVDT)
352,V — V5] mwﬁ) |

We note that 15 S0 % (mr-1Qh) = VZ 1. By letting Hry. = (I — vPry)~'77, we obtain

T-1
_ _ _ 1 o iy
VE = V& < Hon POVE ™ = VE) + Mg Y | PVE = PTR]. (38)
i=0
Note that for any vector ) € RISIxIAL
[Hrr Qlloo = 71 = VPWT)_IWTQ”OO
< (I = vPrp) a7 Qo (By Holders inequality)
< Hl|wrQlloo (Since [|y(I = vPr,) "l < H)
< H||Q|oo- (By definition of the 7 operator)

Thus, letting t = T" in Lemma 57, we have

1 Ny Ny
Horge > [BVE = PV||| < 2H(1+ M)y /7

|| T-1
1=0

o0

with probability at least 1 — §. By Lemma 40,

—r1 2H?(1+ A
[y POVE V), < 2O A,
Note that for any vector V', V(p) < ||V||. Putting everything together, we have
2
o 2HP(14 \)
- T

F2H(1 4 M)y ) o

VI (p) + MV (p) = VI (p) — MV (p) i

with probability at least 1 — §.

50



SAMPLE COMPLEXITY FOR LINEAR CMDP

H.1.2. PROOF OF LEMMA 35 AND LEMMA 36 (PROOFS WITH BERNSTEIN’S INEQUALITY)

Lemma 35 Let 7, be defined as in Eq. (13), and let V.I' denote the averaged empirical value
Sfunction in Algorithm 6 when run with \i. For any k € [K]| and T' > 21og(T')/~, we have

SHAY(1+M)2 (4 16H22 N 3H3  4H?(1+ \g)
T™ T

Tl';; W; _7T _ 1T < -
Vit (p) + Ve " (p) = Vi (p) = MV (p)\/ T i +

with probability at least 1 — 9.

Proof From Eq. (35), we have

T-1 T—2
e ¥ o 1 Z g 5 7i 1 Z Ad
V\jk — VDT S %WZP(VDT - VDT 1) +H7r2f |:PVD - P’LVD] +H7|—Z <JMP (7TT1QD)>
=0 =0

Term (i)

Term (ii) Term (iii)

We bound Term (i) and Term (iii) the same way as before. Thus, we only have Term (ii) remains. By
Lemma 46, we know

t
LS 805 - 0] (o) < FOEN 7

; tM
1=1
where
7. SH?(1 4 \p)? 4 N 16H?,2 n 3Var(VDﬂZ(s,a))
o tM T2 M tM ‘
Therefore,
T—1
1 Ny A n 3H2(1+ )2 [ 4 16H2.2 H(1+4 Mgt 3 -
Mo 2 |PVE— V2] < H\/TM 7= )Y L e e (R

=0

SH2(1+M,)2 [ 4 16 H2,2 H(1+ X 3H3
g [ (L WOy gy MO R

TM™ T2 M TM TM™M
(By Lemma 63)
. \/3H4(Z{A;Ak)2 <T42 . 161]1\14%2)1 . HQ(;L)\k)Ll . :;1]7\1431_
Lastly, combining the upper bounds for Term (i) and Term (iii), we have
VAL e \/W <T42+ 161]\{42L2>1+ H2(;L)\k)b1+ ?E\I;pr 3H2(1T+>\k)1

H4(1 2 /4 16H22 H3 4H?2(1
gf»(ww 6 L>1+ 3 (L+ M)

— 1
TM T2 M ™™ * T
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Lemma 36 Let w7 be the output policy, and let VI denote the averaged empirical value function
in Algorithm 6 when run with \,.. For any k € [K] and T > 21log(T')/~, we have

_ _ 2 6 5
V(o) + M () — Vi () — v (o) < S E A \/7 \/3H T (50 iw)

with probability at least 1 — 9.

Proof Similarly as before, we have

T-1

VA — VAT < Hap VI = V) 4 Hay > Vi — PV (By Eq. (38))
=0
< 2H2(;+)‘k)1 + ’HWT% S |:Pi - P Acﬂ (By Lemma 40)
1=0
+ %”T}wl +Hr \/E (Vo ) (By Lemma 40)

2H2(1 + M) SHY 1+ M\)2 (4 4H2?2
< 1 — 1
- T + TM ™M

H2(1+ M) 3
+7TM 1+ He, o\l 7af” o(Va )

< 3H2(1T+ )"“)1+\/3[{4%\7\"”>2 <;2+LH]{;L2>1+HWT %U(VSZ).
Now, it remains to bound the last term. We first observe that
J(V\jﬂ;) < (VD7rz — VD”T) + o (VET) (By Lemma 62)
< \Vg; - Vg7 + o (VZT) (By Lemma 61)

S5H2(14 ) 9 L
< —1+4H*(1 —1 T
< T + (14 Ag) TM +o (V3T)

(By combining Lemma 33 and Lemma 34)

Therefore,

3 . [ 3 [(B5H?*(1+\ / 3
Hﬂ'T WU(VDk) SHWT ™ < (T+ k) +4H2(1+>\k > 1+ TMHWTO'

3H2 (5H?(1+ \p) 9 3

<4/ 5Ty

S\ 7 ( T +4H*(1+ \) > TM"HWTO (V&™)
3H? (5H?(1+ \p) ) [3H

<

< TM( T +4H=(1+ \g) >1+ Ml

(By Lemma 63)

'ﬂ
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_[BHS(1+ Ap)? §+ 161 - 3H31
o M T TM ™

By combining the above results and consolidating like terms, we conclude the proof. |

H.1.3. AUXILIARY LEMMAS

Lemma 37 Denote O = 1 + M\c. Forany k € [K] and any t € [T], Q4(s,a) and Vi(s) are
bounded by (1 + \y)H

Proof We prove it by induction. By initialization, QL (s, a) = r(s,a) + Age(s;a) < 1+ Ay and
Va(s) = Qh(s,m1(-|s)) <1+ A\ < (14 M) H. Now, suppose Vi~!(s) is bounded by (1 + \x) H
for some ¢t > 1. We have

t t—1
it = Z(thD) (m—1 QZD) (From the last line in Algorithm 6)
=0 =0
t 4 t—1 '
<Y (mQb) — > (mQb) (By the greediness of m;_1)
=0 i=0
= (mQE™)
< (mO)+ 7(15;;1175*1) (From the second last line in Algorithm 6)
<A+ +HyA1+)H) (Induction hypothesis)
= (1+ \)HL. A+ =15)

Therefore, V% (s) is bounded by (1 + A\y)H. As a consequence, Qb (s, a) is also bounded by
(1 + )\k)H. [ |

Lemma 38 Foranyk € [K|andt € [T], we have

Proof

t
1 ~
t._ 7
e

t—1 [ i i1
1
=7 Z Tit1 Q<> Z WZQJ (From the last line in Algorithm 6)
i=0 \j=0 j=0
=
=7 (mQY). (Due to telescoping sum)
1=0
|
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Lemma 39 Foranyk € [K|andt € [T], we have

t—1 t—2 t—1
S Qi = toaP Y (maQl) + 3 PV - APT]
i=0 i=0 i=0
and
-1 t—2 A t—1 A
>Qh =t + M) + P Y (ma Q) + Y [7PLVE — P V]
i=0 i=0 i=0
Proof We prove the first equality. The second equality follows by linearity.
=1 -l '
Z Q. = Z {0 + 'yPl-VO’} (From the second last line in Algorithm 6)
=0 =0
t—1

{o + vPVQi — va/f + ’Yif’z"};i}

I
=)

i

t—1 t—1
=ty P S Ui+ Y (1R P Y]
=0 1=0

t—2 t—1
=to+vP Z(Wt_;l@i) + Z [7]32-% — 'yPVj] . (From Lemma 38)
i=0 i=0

Lemma 40 Forany k € [K],

_ _ 2H(1+ X
IV — V2 oo < 2R A
Proof We present the proof for the case of VX' — VZ—1. The proof for the another case is similar. By

the definition of V¢ and due to the greediness of m7_1, we have

= , T2
Vg -vg = 7 2_ (@) — 7 ) (mr-10)
=0 =0
= ' =
< TZ(WTQE)_ﬁ (mrQn)
1=0 =0
| T | T2 A
<7 (mrQn) — T (mrQpb)
i=0 =0
1
< f(WTQg b
2H(1 + X
< (T+’“)1. (By Lemma 37)
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H.2. Proof of Lemma 30 (Optimality Guarantees for Algorithm 7 - Tabular CMDP)
Lemma 41 For a fixed ¢ € (0,H], § € (0,1), Alg. 7 with M = O (Z)and T = O (H?Q>

output VI satisfies the following condition with probability 1 — §,

V2 (p) = VI (p)| <O (e)

The resulting sample complexity is N = T M|C| = O <|SH§‘H3>
Proof By Lemma 44, we have
- - (H?> H H* H3
T ™
VL <O+ oy o
Ve =Vl < <T+tM+ e " tM)

£ 3

with probability at least 1 — d. By letting M = O (ﬁ), T=0 (H2>, and € € (0, H], we have
2

HVE—%”HOOSO<6+;2+E—I—E> <0 (e)

with total sample complexity N = T'M|C| = 0, (%) and probability at least 1 — 4.

H.2.1. AUXILIARY LEMMAS

the

Since Algorithm 7 is equivalent to running Algorithm 6 with a fixed policy, the following lemma

follows directly from Lemma 37.

Lemma 42 Foranyt € [T, QL(s,a) and V! (s) are bounded by H.
Lemma 43 VI — V7 < P(VI-1 = V1) 4 2,2 7! [Pﬁ)z; - Pf;j;] .

Proof First, we notice that

t—1 t—1
>0 =3 |o+vPVY
1=0 =0
t—1
=" [o+aPVi— 4PV + BV
=0
t—1 t—1
=to+yP Z Vi+ Z [WPZ]A)Z - 'yP]A/f;]
=0 1=0
t—2 t—1
=to+yP Y (mQl)+ ) [’VPZ‘V}; - ffoJf;} :
=0 =0
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It is different from Lemma 39 because the policy is now fixed at each iteration. The rest of the
proof follows the same set of steps as in the proof of Lemma 33. Denote ¢ = r or c. Since
(I —yPr)V] = mo, we have

(I =vPo)(VI = V) = (V] =P V) — o
= T}g - (7T<>) + VPW]}Z
— V] = VI = (I —vPr) ' (V] = (o) +vP:V)) (40)

Recall that V! = 1 St Vi = i Zf;é Q! forall t € [T]. Now, we have
Vo = V&= =P)7 (V5 = (m0) + 4 PrV;) (By Eq. (40))

T-1
1
=T —~P) !
(I = vPr) (T

T—2 T—1
— 1 7 1 R 52 \;
= (I —7Py)"" ((m) +1Pr Y (7 ) + [PiV = PV — (o) — va)

(By Eq. (39))

(mQ) — (wo) + v Py VT>

(ﬂ-QAi)"’—l ‘ |:'7 A;Ai_’ypwvé}_vavg>

< (I —~P, -1 LT_Q A% lT . Ay il T
< (I =7Pe) | YPrm— > (mQh) + Z[PV — VPV — 1Py V]
=0 1=

We note that + ZTﬁZ(W ol ) VI=1 asitis an equivalent result of Lemma 38 with a fixed policy.
By letting H, = (I — vP,)~'m, we obtain

T—1
= oT— 5 1 Sy i
VI =V < HaP(VT ™ = VD) + Mo §__0j 2V - PV @1)

Lemma 44 We have

oo B )

with probability at least 1 — 9.

Proof By Lemma 43, we have
= ' '
VI =V < HePVT ™ = VD) + Mo D [PVE - PV
i=0
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Ny . H
[Pl-vg - Pvg] (s,a) < tﬂb +VZ

@
Il
=)

where

_ tLM (5\[; + Var(V (s, a))>

with probability at least 1 — §. Therefore,

_ . (H?
VZ—VJ§O<T> +—1+ 1+\/ ”Hm

which completes the proof.

Lemma 45 |VI -V <L

Proof Similar to the proof of Lemma 40, we have

Y VT — 1 i 1 )
V<>T - VoT l= T (mQs) — T-1 (mQs)
1=0 =0
1 Il ' =
=7 > (wQh) - 71 2. (T
1=0 =0
= N = N
< T gl (ﬂ-Qo) - f gl (TFQO)
< (x0T
= T &
H
< 1.
T
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H.3. Proof of Lemma 46 and Lemma 47 (Concentration Error Bounds with Bernstein’s
Inequality - Tabular CMDP)

All the proofs presented in this section are adapted from the proofs for Lemmas 5 to 8 in Kozuno
et al. (2022), with substantial modifications to suit our setting.

Lemma 46 Foranyt > 2log(t)/y and k € [K], we have
t

. El [PZVD PVD} (s,a) < i +VvZ

where

g SHALEM? (4 16H2) 3Var(Vak (s, a))
o tM 12 M tM

with probability at least 1 — 0.

Proof We have
1. o o 1 1 .
E Z [P,LVEZ‘ — PVEZli| (s,a) = E Z M Z [Vé(yi,m,s,a) - (PVé)(s,a)}
i= 1= m=1
' 1 1t Mo N
= 30D [VWimsa) = (PV)(s.a)]
=1 m=1

The above is a sum of bounded martingale differences with respect to the filtraion (F )t’M

i1m=1- Let
Xim = ﬁ (Vé (Yim,s,a) — (Pf/é)(s, a)). It can be noted that X ,,, < W (by Lemma 37)

and E[X; ,,,] = 0. Next, we bound Z’ as defined in Lemma 60

i=1 m=1
t M
1 ~ ~ 2
=2 > E [tQMQ( LWimsa) = (PVE)(s,0) }
1=1 m=1
1 X y
= 2 M2 Z Z Var( Ell(yi,m,s,a))
=1 m=1
t M
3 4H?(1+ Mp)?2 16HA(1 + M\p)%i? -
< 2 (R A var1 ) ) By Lemma s
=1 m=1
3 [A4H?(1+ X\p)%2  16H*(1 4 )22 -
= /.
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By letting U = H(1 + \j) in Lemma 60, we have

| =

o H(1+ A
[PiVDZ - PVDZ} (s,a) < W +VZ
=1

with probability at least 1 — 6. |

Lemma 47 For any t > 2log(t)/~, we have

t—1
S [Pvi- P ) < HeVE

~ | =

~

where

with probability at least 1 — 0.

Proof We have

1

t

| =

[Pif)f; — Pf)f;} (s,a) = 1i % i []}Z(yi,m,s,a) - (Pf/i)(s,a)]

s
Il
=)
-
Il
i
Il
—

The above is a sum of bounded martingale differences with respect to the filtraion (F )f:]\/llmzl Let

Xim = 117 (]}g(ylmsa) — (PVi)(s, a)). It can be noted that X, < A and E[X; ,,] = 0. Next,

we bound Z' as defined in Lemma 60

t M

z'=3 2 B[Xin]

=1 m=1
t M

=Y Y B (e~ (PP6.0) ]

i=1 m=1

1 = i
= p Z Z Var(V; (Yim.s,a))

i=1 m=1

L LM
202 >, (M + Var (V] (s, a))> (By Lemma 54)

i=1 m=1

= (B Va7 .
=7

IN
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with probability at least 1 — §. Taking the union bound over (s, a,?) € S x A X [t] and by Lemma
60, we have

t—1

o . H
[PV = PVi] (s,0) < o+ VZ

~ | =

@
Il
o

with probability at least 1 — 4. |

H.3.1. AUXILIARY LEMMAS FOR LEMMA 46

Lemma 48 Foranyt € [T|and k € K],

i—1

i 1 I Ny H(1+ X\g)
mt Htiex | = VI _ J A T AR
0 < v —vi <3 (TIvpe i~ 0P | 15 [120 =] + RS
i=1 \j=1 7=0
Proof The first inequality is due to the definition of 7;. For the second inequality, since we have
t t
* 7_r/ * 1 1 7.‘_/ .
Vok —Vat = Vgk — 7 Z(ﬂtQ’ )+ Z(mQD) Vat, we first bound term (i)
i=1 , i=1
Term (i) Term (ii)
T A 1
VaE — T Z QL < (m1Q5 ) Z(WkQ’ ) (By the greediness of ;)
i=1 z=1

t

. .1 A
= (m;0) + YPr VE* — ZZ(Wk S)

i=1
. = =
= (mi0) + P V5* = (mi8) = Py T > (m1Qb) — 1 D [VPZ Ve — P Vi
i=0 i=0
(By Lemma 39)
1 t—2 1 t—1
=7Px; <v -1 (m_lcm) — 2 2 [P VE — P VR
=0 =0
. 12 t—2 =
e
=YPr; <Vuk =5 2 (m1Qu) + o — > (maQb) — 1 > (m 1Qm)>
=0 =0 =0
1 — i Yri
T [')’Pn*,VD — VP VD:|
=0
t—2 t—1
. . 1 L 1 H(1+ M)
<P [VEF - L10h) ) - - [ PV — PW*V’] 20t )y
Sy | Vo t_liZO(TFt 1@5)) t;’ywkm Y Va | + =1
ymi Pl || we— 1Q4 |lse < H (14 M) for all k and 4)
t i—1
i1 H(1+ X\g)
< S (yPn)tis [PJVJ PWVJ} y Tk
< ;(V z;)v Y Prs - 1)

(By induction (Lemma 52) and V\g =0)
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Next, we bound term (ii). We define Q™ the Q-value function for a policy 7 being its unique fixed

point.

t t t—1
1 1
: Z QL) — g ; Z(thD — Ty H THQR (From the definition of ;)
i=1 =1
1 , t—2
=D (mQb) — (m0) = yPrym [[ THQE
i=1 =1
= ' = o ‘
= (m0) +7Pr 5 D (maQb) + n > [’Ypfrtvé - ’YPmVDZ}
i=0 i=0
t—2
— (D) = yPrma [[ T QT (By Lemma 39)
i=1
= =
71'
= VPr, (t (m-1Qb) — Vo'~ 1) Ty Z [V ’YPmVD]
=0 1=0
= =
x oA .
§’Ypm (t 12 Tt— 1QD Dt 1) +¥ |:7P7ZrtVEZ¥_7P7TtVEZV:|
i=0 i=0
t t—i 1 i—1 A A A
< ZH VPr,_; ZZ [ P7]Tiv‘jj —’meVé} :
=1 j=1 7=0
(By induction (Lemma 52) and V9 =0)
Thus, we obtain the second inequality. |

Lemmad49 Foranyt e [T — 1] and k € [K],
Vi < VI At (1 4 M1 Z H NV(PEEVET — Py, VAT
=1 j=t—i+1

and

V£+12VD7T§,_ NI (14 Ag) 1_|_27 H Pr,_v Pt ZV — P, V&Y.
=1 j=t—it+l

Proof We first note that

t t—1

Vi = Z(Tf—tJrl QL) — Z(thZ ) (From the last line in Algorithm 6)
=0 =0

< Z(WHlQE) - (me11Qn) (By the greediness of ;)
i=0 i=0
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= (7Tt+1QtD)
= (m410) + 7rt+1VD
= (7Tt+1|j) + /y 7|'t+1VD + rY( Tt+4+1 VD 7Tt+1V|:|)

t
< Z,yz‘ H Pr, (O + 7(]5,?:1‘75 — Pr, ZV )) (By induction on t)
Let 7™ denote the Bellman operator with policy 7, we have

t t t t
Tt+1 H THQE = Z’YZ H PTrt,j (m0) + 'YH_I H PTrt,j (moQE”)
=0 7=0

i=1  j=t—i—1
t t t
=> 7 [ Pr,@0) < [[THQF + 4 H + M1
=1 Jj=t—i—1 i=0
(Since [j_o Pm;QF < tH(1+ Ax)1)
Combining all above, we obtain

t
VEH < [ T7 QB + 9 (1 + ) 1+Zv H P, Py V™ = Pry V)
=0 i=1 j=t—i+1

Denoting 7}, , a non-stationary policy that follows 741, ¢, m—1, . .. sequentially, we simplify the
above inequality as

VR < VAR 4y U (L 4+ AL Z H Pr,_y(PE A VET = P, VETY).
i=1

= j=t—i+1
Similarly,
t ‘ t—1
Vit = Z(MHQE) Z(Wth )
i=1 =1
t . t—1
> (mQh) — (ﬂ'tQD) (By the greediness of m;11)
i=1 i=1
= (7Tt E)
= (m0) + ’Yp;tvé
= (D) + vPr, Vi + y(PLVE — Pr, V)
t t
> Z 7 H P, (O+ 7(]5;;’1 Vit - P, VETY) (By induction on t)
i=1  j=t—i+l
and
t+1 t
Tt4+1 HT R = Z'Y H Pr,_ 71'1 0) +’7t+1HPﬂtfj+1(7TOQTEr\O)

=1 Jj=t—i+1 j=1
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t+1
- nyi H Pﬂt—j(ﬂ—iD) > Tt HT’TileErlo .

FHEH (1 4+ M)
=1

(Since [[j_; Pmj_1QF <~ THH(14 M\p)1)
Combining the above, we obtain

t+1
Ve [T -

t
YTUHH(L+ )1+ H Pr, y(PLVE — P VAT
=1

i=1  j=t—i+1

= V& — AUH (L 4 Ay 1—|—ny H (B

rt—1
_Pﬂ't—iVD )
=1 Jj=t—i+1

Lemma 50 Foranyt € [T|and k € [K],

T ~ A
Vak — Vi < ( tpy 1M

- >>H1—ny H Pr, (Pr, V&I — P VAT

Tt—q
1=1 j=t—i+1
t t—1 1 1—1 '
+ > | 0P i = [T0Pr I | = D0 [7BVE =PV
i=1 j=1 j=0
and
. t—1 ‘ t—1
Var =V > —AHQ+ M)l = >y [ Py (P, VT = PV,
i=1  j=t—i
Proof From Lemma 49, we know
, t—1 ‘ t—1
VESVE + 9 tHOU+ AL+ " [T Py (Pr  VE T = P VY
i=1  j=t—i
. t—1 ‘ t—1
SVE  +ytH(L+ )1+ > A ] Proo v (Pre VE = PLVETY)
i=1  j=t—i

which gives us the second inequality. From Lemma 49 and Lemma 48 we have

1L Vt+1<7ttH(1+/\k1—ny H

pt—i Yrt—i
V(Pr, 1V - P VaT)
=1 j=t—i+1

and

L[ 5 o o1 H(L+ )
) t—1i,_x . _ _ 7
-Vt < § j | T Pa i — (P 3 [ PV + Sy
Combining them gives us the upper bound.
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Lemma 51 Foranyt > 2log(t)/v and k € [K],

(VD _< +4H\/>) (1+ A1+ o(VEH)

with probability at least 1 — 0.
Proof We denote ¢ = log(2|S||.A|/d) throughout the proof. By Lemma 50,

* N 1
7r t t t—
Vuk—VD§<7t+t(t_1)> (14 M1 Zv H A(PEAVE Py, VR
= j=t—i+1
Term () Term (ii)
t t—i = ‘ ‘
+3° [ Pt = [P, I ZZO v,V - vPVd] 42)
j:

7j=1

Term (iii)

We first bound Term (ii) and Term (iii). By Azuma-Hoeffding’s inequality (Lemma 58), we have

] - SQH(l-ﬁ-)\k)\/ﬁ,

and by Lemma 57 with ¢ = 7, we have

= B :
=" [vPLVE - P V]| <2m(+ )\k)\/i;

J=0 oo

Crt—1 pt—i Y7t
Pﬂtﬂ.VD - Pﬂtﬂ.vg

each with probability at least 1 — §. Thus, to bound Term (ii), we have

Z H N(PEVET — P VAT

=1 j=t—i+1

t
<>y H re_s
=1

j=t—i+1 1
¢
< E v
i=1

2 L
<2H (1+)\k)”M (44)

and to bound Term (iii) we have

(43)

oo

Dt—i Y t—i Crt—1
PV — P,V

o0

—1 Yrt—1 Crt—1
Tt—j VD - Pﬂ't—ivlj

o0

)
"U
Ey

\

—
Y
QU
?
S| =
M|
o

B

o
\
2
e
o

Jj=0 oo
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t t—1 i—1
_ Sl ]2
<> P e = () i) 2> [fyp Vi — fypvq
=1 j=1 7=0 oo
t 1 i—1
<D oES VB Ve - PV
i=1 j=0 .

SZ i /4H21+)\k
< 2H?*(1+4 )\ 45
L+ 2/ 57 (45)

each with probability at least 1 — J. Lastly we bound Term (i). For ¢t > 2log(t) /7, we have

1
t
< =
T=q
and thus
1 1 1 2
t
t <-4 - =-. 46
Tty St i T (46)
Combining Egs. (42) and (44) to (46), we have
. 2
Vak — V| < <t+4H1/]\L4> (14 \p)H1. (47)
Finally, we have
o (Vg) <q (VD’”: - Vé) Yo (VSZ) (By Lemma 62)
< |V[7|rz —V£|+0<VSZ) (By Lemma 61)
< (24am /L) a4 HL+ (V”Z)
=\7 M k o\ Vo
with probability at least 1 — §, which completes the proof. |

Lemma 52 (Induction Lemma) Assume Xk, A, B, >0, k=1,..., and X117 < Ap Xy + By,

then we have Xy 41 <Hl 1AX1+ZZ 1]_[] i1 4jBi.

H.3.2. AUXILIARY LEMMAS FOR LEMMA 47

‘ ¢ N

Lemma 53 Foranyt € [T],

with probability at least 1 — 0.
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Proof
V= (O™
= (mo) +yPL VI
= (mo) + 'YPﬂf)i_l + 'Y(P;_lf}i_l - Pﬂf}i_l)

Y (Pr)((m0) + W(Pﬁ_i_lfii_i_l - ow/i_i_l)) (By induction on t)

I
-

-
0]

= |l

t
V(e (o) 34 (PR (P - PV
=0

.
[en]

[oe] t
VE = 3 A (Pr)i(mo) + 304 (P (P - PV,
i=t+1 =0

Note that with probability at least 1 — §

t
Z ’7i+1(P7r)i(P7tr_i_ll>£_i_l _ Pﬁfjé_i_l)
1=0

L
<2H?\[—
- M

o0

by a similar argument as in Eq. (44), and

s . .
Z Y(Pr)'mol| < A'H.
i=t+1 o
We conclude that
. - [ H?
Vi—Vrl <O —=—=++'H
o2~ vz <0 (757 +x)
with probability at least 1 — 4. n

Lemma 54 For any i € [T], we have
\ 7% A H? t T

with probability at least 1 — 0.

Proof We have
a(Vi) < o(VI = Vi) + o (V) (By Lemma 62)
< VI =Vi|+a(V]) (By Lemma 61)
- [ H?
<O|(— + tH)l—i—aV’r By Lemma 53
< ( _— ve) By )
with probability at least 1 — 4. n
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H.4. Proof of Corollary 31

Corollary 55 Let Alg. 6 and Alg. 7 be the instantiations of the MDP—Solverand PolicyEvaluation

inAlg. 1. Forafixede € (0,1/H?], 6 € (0,1), Alg. I with O (‘SHE#) samples, U = O (C(l 7)>
n= UE};” K=0 (ﬁ) and b/ = b — O(e), returns a policy T satisfying the following

condition with probability 1 — 6,

VE(p) 2 Vi (p) = Oe), and V7(p) 2 b—O(e).

Under the same conditions, but with b’ = b + O(e) and O ( samples, Alg. 1 returns a

policy T satisfying the following condition with probability 1 — 6,

IS\IAIH5)
L

= *

Vi(p) = V" (p) = O(e), and VI (p)>b.

Proof By Lemma 29 and Lemma 30, the sample complexity required to ensure f(B) < O(e) is
TMI|C| = ('S‘ AL ) Therefore, the guarantee for the relaxed feasibility setting follows directly

from our meta-theorem (Theorem 4). For the strict feasibility setting, we rescale € by a factor
of O(¢(1 —)). Since e < 1 and 1 — v < 1, the condition of f(B) < (/6 in Theorem 4 can
be satisfied. The rescaling increases the sample complexity by a multiplicative factor of ﬁ
thereby completing the proof. |

H.5. Instantiating the MDP—-Solver: Model-based algorithm (Li et al., 2020)

Instead of using MDVI-Tabular, the tabular MDP-Solver subroutine in Algorithm 1 can be
instantiated with any model-based method that computes an optimal policy with respect to the
estimated model. In this subsection, we adapt the framework analyzed in (Li et al., 2020) to show
that, when combined with our overall framework, certain model-based MDP-Solver algorithms
can recover the near-optimal sample complexity for solving tabular constrained MDPs.

Since we are using model-based methods, we denote P as the probability transition kernel form
by

vs' €S, P(s'|s,a)= NZH{SM—

where (s? ,)¥ | are the next-state samples from B = DataCollection(Gen,S x A, N). Denote

the perturbed reward by
rp(s,a) =7(s,a) +((s,a), ((s,a) ~ Unif(0,§)

where Unif(0, £) denotes the uniform distribution. For any policy 7, denote Vp” the corresponding
value functlon of the perturbed empirical MDP /\/lp = (S, A, P ,Tp,7Y). Denote 7 the optimal

policy w.r.t. M, (i.e. 7, = arg max, V”) Their main result is stated as follows.
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Theorem 56 (Theorem 1 in (Li et al. 2()20)) There exist some universal constants cy, c1 > 0 such

V(s,a) € S x A, Vﬁ;(s) > V*(S) —¢ and Q% (s,a) > Q*(s,a) — e, (11)
with probability at least 1 — 0§, provided that the perturbation size is £ = ‘ SI dﬁf and that the sample

size per state-action pair exceeds

Co log((‘ ”“;‘E'(S)
N > A= (12)

In addition, both the empirical QVI and PI algorithms w.r.t. M\ (cf- (Azar et al., 2013), Algorithms
1-2) are able to recover 7, perfectly within O ( log <(|SH“;\€‘5>) iterations.

Therefore, let B = DataCollection(Gen,Sx.A, N). Then, by instantiating MDP-Solver(r+
k¢, B, ¢) with any model-based algorithm that returns an optimal policy with respect to the perturbed
empirical MDP constructed from 3, Assumption 2 can be satisfied with fi,qp(B) = O(e). As a
consequence, we recover the near-optimal sample complexity bounds for solving tabular constrained
MDPs via our meta-theorem (Theorem 4). Furthermore, the limited rage of € (i.e. (0,1/H?]) in
Corollary 31 will be improved to a full range (i.e. (0, H]).

Appendix I. Supporting Lemmas

I.1. Concentration Inequalities

The following lemma is used throughout the paper. In the linear setting, we take C to be the core set
and set R = (1 4+ A;)H. In the tabular setting, we let C =S x A and set R = H.

Lemma 57 Let V' be an empirical value function with entries bounded in [0, R), and letC C S x A.
Then, foranyt € 1,...,T, the following holds:

t—1
1 A A Ny
P (El(s,a) €C st n Z[(Pivl)(s,a) — (PV*)(s,a)] > 2R\/log(2\C]/5)/tM> <9
=0
Proof Consider a fixed ¢t € {1,--- ,T} and (s, a) € C. Denote y; , s o as the m/th next-state sample

we collect for state-action pair (s, a) at iteration ¢. Since

1= R ; i
7 2 [BVs0) = (PV(s0)] = 5 32 5 37 [V tmea) = (PV)(510)]
=0 = m=1

0
-1

H.s

Vi (gt sa) = (PV)(5.0)]

wl\‘}—t
<[~
WE

-
Il
o
i
—

is a sum of bounded martingale differences with respect to the filtration (F;, m)f (1) i\f 1- Thus, using

the Azuma-Hoeffding inequality (Lemma 58),

t—1

L log(2[C[/8)\ _ &
(; ml{ Whmaa) = (FV)(5,0)| 2 2R m)—m-
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Taking the union bound over (s,a) € C

t—1 M
1 1 i i log(2(C|/é)
- . <
P((Sa tZZ_Ole[V Yumsa) = (PV)( 3“ 2B\ =00
19581 &y log 2\0]/5
>1— — [ Z >
> 1 ( )ECP 23 ME; [V(ytmsa) (PV)( sa 2Ry )

21_57

which implies the desired result. |

Lemma 58 (Azuma-Hoeffding Inequality) Consider a real-valued stochastic process (Xn)fyzl
adapted to a filtration (F,)_,. Assume that X,, € [l,,, uy] and B, [X,,] = 0 almost surely, for all n.
Then,

forany 6 € (0,1).

Lemma 59 (Bernstein’s Inequality) Consider a real-valued stochastic process (Xn)fy:l adapted

to a filtration (F,,)N_,.Suppose that X,, < U and E,, [X,,] = 0 almost surely, for all n. Then, letting
7' =3 En [X7].

ol U 1 1 ,
P Zan?logg—i— 2Zlog s and 7' < 7 | <6
n=1

forany Z € [0,00) and 6 € (0,1).

Lemma 60 (Conditional Bernstein’s Inequality) Consider the same notations and assumptions
in Lemma 59. Furthermore, let £ be an event that implies Z' < Z for some Z € [0,00) with
P(E) > 1 — &' for some §' € (0,1). Then,

g> <s

1 1
Xn > 1 _— 2Zlog ————
(Z 5 B5a—o) " \/ 51— 0)
forany 6 € (0,1).

Lemma 61 (Popoviciu’s Inequality for Variances) The variance of any random variable bounded
by x is bounded by x>.

I.2. Lemmas for Variances

Lemma 62 (Azar et al. (2013)) Suppose two real-valued random variables X,Y whose variances,
VX and VY, exist and are finite. Then, VVX < \/V[X — Y]+ VVY.

Lemma 63 (Total
2H3.

(I=Pr) "o (V)| <
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1.3. Lemmas for Constrained MDPs

Lemma 64 (Constraint violation bound, Lemma B.2 in Jain et al. (2022)) Forany C' > \* and
any 7 ..V (p) = V¥ (p) + Clb— VF(p) < B, we have [b— VI ()] < .

Lemma 65 (Bounding the dual variable, Lemma 4.1 in Jain et al. (2022)) The objective Eq. (1)
satisfies strong duality, and the optimal dual variables are bounded as

1
N < ———, where ( :=max V] (p) —b>0.
(1 =)¢ e Ve o)

Lemma 66 (Bounding the sensitivity error, Lemma 13 in Vaswani et al. (2022)) If we have

7* € argmax V" (p) s.t. V' (p) > b+ A

7* € argmax V" (p) s.t. V' (p) > b— A,

then the sensitivity error term can be bounded by:
V7 (p) = Vi (p)] < 24N

where \* is the optimal Lagrange multiplier (i.e., the solution to Eq. (4)).
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