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Abstract

Among the most canonical systems are linear time-invariant dynamics governed
by differential equations and stochastic disturbances. Since in many application
the true dynamics are not known, an interesting problem in this class of systems is
learning to minimize a quadratic cost function when system matrices are unknown.
This work initiates theoretical analysis of implementable reinforcement learning
policies for balancing exploration versus exploitation in such systems. We present
an online policy that learns the optimal control actions fast by carefully randomizing
the parameter estimates to explore. More precisely, we establish performance
guarantees for the presented policy showing that the regret grows as the square-root
of time multiplied by the number of parameters. Implementation of the policy for
a flight control task shows its efficacy. Further, we prove tight results that ensure
stability under inexact system matrices and fully specify unavoidable performance
degradations caused by a non-optimal policy. To obtain the results, we conduct
a novel analysis for matrix perturbation, bound comparative ratios of stochastic
integrals, and introduce the new method of policy differentiation. These technical
novelties are expected to provide a useful cornerstone for similar continuous-time
reinforcement learning problems.

1 Introduction

State-space models are widely-used for decision-making in dynamic environments. A popular model
is the one that represents the continuous-time dynamics of the environment by linear stochastic
differential equations. In this setting, the multidimensional state of the system is driven by the control
action and the Brownian noise, according to an Ito stochastic differential equation. The range of
applications is extensive, including chemistry, biology, finance, and engineering [23} 138,136} 29].

In many applications, uncertainties about the true dynamics necessitate adaptive methods that learn
optimal actions, often relying on parameter estimation. Accordingly, reinforcement learning policies
are extensively studied for decision-making under uncertainty in discrete time systems. The existing
literature is fairly rich, including efficient algorithms that use optimism in the face of uncertainty
and posterior sampling [1} 2} 35, 122]]. Further, regret bounds are available in the presence of domain
knowledge, partial observation, and multiple agents [31. 10,42l 43\ 3, 28} 24]].

On the other hand, the existing literature for continuous-time systems is still immature. Early papers
focus on estimating unknown parameters after an infinitely long interaction with the environment [33}
32,18, [17,116]. Recently, sub-optimal policies with linear regrets are proposed and consistency is
shown for systems with full-rank input matrices [9]. Ensuing papers study offline algorithms for
learning to control continuous-time systems from a batch of data. It is shown that computation
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of optimal policies can be performed using dynamic programming, temporal difference, entropy
regularization, and system identification [15} 137, 140, |5]].

However, online reinforcement learning policies that can learn optimal actions from a single state
trajectory without imposing additional costs to the system are currently unavailable. The existing
results rely on asymptotic estimation, require strong assumptions, and provide sub-optimal per-
formance [16, [9]. A fundamental challenge compared to batch learning is that an online policy
needs to simultaneously minimize the cost and estimate the unknown dynamics parameters. These
two goals are contradictory and constitute the important exploration-exploitation dilemma. That is,
estimation accuracy is necessary for optimal decision-making, while sub-optimal actions are required
for obtaining accurate estimates. We provide the first online continuous-time reinforcement learning
policy that balances the exploration-exploitation trade-off in a provably efficient manner and under
minimal assumptions.

The main contributions of this paper can be summarized as follows. In Algorithm[I] we propose
an efficient online reinforcement learning policy based on randomized estimates of the unknown
system matrices. Then, we establish the rates for both the error in learning the dynamics matrices,
as well as scaling of the regret that the algorithm incurs. Algorithm I]is easy to implement, yet, it

learns the optimal control actions fast so that its regret at time 7" is O (ﬁ log T) (Theorem .
the

Furthermore, we study stability of linear systems for inaccurate system matrices and establish
minimal stabilizability margin (Theorem [2). Finally, a reciprocal expression is provided for regret
that fully captures sub-optimalities due to uncertainty or inaccuracy in approximating the optimal
control action (Theorem 3)). The results provide both the average-case as well as worst-case analyses,
the presented bounds are tight, and the assumptions are minimal.

To study online policies, one needs to address important challenges. First, sensitivity analysis of
(complex) eigenvalues of matrices with perturbed entries is needed. Further, anti-concentration
bounds for smallest singular values of partially-random matrices are required. Finally, we need to
fully characterize the cumulative sub-optimalities in cost function in terms of model uncertainties.
Thus, we develop multiple novel techniques for matrix-perturbation analysis, for comparative ratios
of stochastic integrals, and for spectral properties of random matrices. We also introduce the method
of policy differentiation to precisely capture the cost of sub-optimal control actions. En route, different
tools from stochastic control, Ito calculus, and stochastic analysis are used, including Hamilton-
Jacobi-Bellman equations, Ito Isometry, as well as martingale convergence theorems [41} 34 14]].

This paper is organized as follows. In Section[2] we discuss the problem and the preliminary materials.
Then, in Section 3] we study system stability when the control action is designed based on dynamics
matrices other than the true ones and establish stabilizability guarantees. Next, effects of sub-optimal
actions and the regret they cause are examined in Section[d] Section [5] contains the randomized-
estimates policy of Algorithm|[I] as well as the theoretical analysis showing its efficiency. Because of
space limitations, all proofs are delegated to the appendices, as outlined on page [I3]

Notation. The smallest (largest) eigenvalue of A, in magnitude, is Apin (A) (Amax (A)). For
v € C% its norm is defined as ||v]|* = Z?Zl lui|>. Moreover, we write ||A|| for the operator
norm of matrices; ||A|| = sup,=; [Av|, and A' for Moore-Penrose generalized inverse. The
sigma-field generated by the stochastic process {Y;} .., is denoted by o (Yy.1). A multivariate

normal distribution with mean p and covariance matrix 3 is shown by A (u, X2). For A € C, we use
R (A), S (A) to denote the real and imaginary parts of A, respectively. The symbol V (resp., A) is
used to show the maximum (resp., minimum). Finally, O (-) refers to the order of magnitude.

2 Problem Statement

We study reinforcement learning policies for a multidimensional Ito stochastic differential equation
with unknown drift matrices. That is, the state vector at time ¢ is X; € R?X which follows the
unknown dynamics equation

dX; = (A, X; + B, U;) dt + CdW,. (1)

Above, the vector U, € R% is the control action at time ¢, and the disturbance {Wt}t>0 is a standard
Brownian motion in a dy dimensional space. Technically, by fixing the probability space ({2, F, P)



which is completed by adding the null-sets of IP, let all stochastic objects belong to this probability
space, and let IE [-] be expectation with respect to P (unless otherwise explicitly stated). The Brownian
motion {W;},, starts from the origin and has independent normally distributed increments. That
is, Wy =0, forall 0 < t; < ty < t3 < ty, the vectors W, — Wy, and Wy, — Wy, are statistically
independent, and for all non-negative reals s < ¢, it holds that Wy — W, ~ N (0, (t — s) L4, ).
Furthermore, C' € R4x*w reflects the effect of TV, on the state evolution.

We aim to design computationally tractable and provably efficient reinforcement learning policies for
the system in @]) The transition matrix A, the input matrix B,, and the noise-coefficient matrix C,
all are unknown. The goal is to minimize the expected average cost

T
1
J= = limsup T E /c,r (X, Up)dt |

T—00
0

where ¢ (X¢,U;) = X,/ QX; + U,” RU, is the cost at ¢. The value of c, (X;, U;) is determined by
the positive definite matrices @), R of proper dimensions and by the policy 7, as defined below.

Technically, 7r is a non-anticipative closed-loop policy: At every time ¢, 7 determines U, according
to the information available at the time. More precisely, w maps the state observations (i.e., X
for s € [0,t]) and the previously taken actions (i.e., Us for s in the open interval [0, ¢[) to the
current control action U;. This mapping can be stochastic or deterministic. Importantly, 7 faces the
fundamental exploration-exploitation dilemma for minimizing the expected average cost, because
the dynamics matrices A,, B, are unknown and need to be learned based on the state and action
observations. The details of this dilemma are discussed in Section[5] We assume that ), R are known
to the policy, the rationale being that the decision-makers are aware of the objective they aims to
achieve, while their uncertainty about the true dynamics impedes them from deciding optimally.

The benchmark for assessing reinforcement learning policies is the optimal policy 7w* that designs U,
having access to A, By. To define w*, let ® 4, p, (+) : R¥x*dx — Rdxxdx pe

4, g, (M)=A]M+MA, - MB,R'B]/M +Q, VM ¢ RI¥xxdx,

The above mapping is vital for finding 7w*. To see the intuition, first note that a control action U,
directly influences the current cost ¢ (X¢, Uy), and indirectly affects the future cost values according
to (I). So, future consequences of decisions need to be considered for minimizing J, and ®4, g, (-)
is employed for this purpose [12} 4T]]. To proceed towards identifying 7*, let M = K (A, B) solve
the equation ® 4, g, (M) = 0. In order to investigate existence and uniqueness of K (A,, B, ), we
need the following definition and assumption.

Definition 1 (Notations X (-), £ (-)) Let X (D) be the largest real-part of the eigenvalues of an
arbitrary square matrix D: X (D) = max {R()\) : det (D — \I) = 0}. Further, for arbitrary
matrices A € R¥x*dx B ¢ RIX* define £(A,B) = |A — A.|| + ||B — Bs|- So, £(A, B)
measures the deviation of A, B from the true dynamics matrices A, By.

Note that unlike Apin (+) , Amax (+) that consider only magnitudes of the eigenvalues, A (-) reflects
the signs of the eigenvalues as well, and so can be either positive, zero, or negative. However, they

are related according to Apax (eP) = eMP).

We assume that the true dynamics matrices A, , B, are stabilizable:
Assumption 1 (Stabilizability) There exists some L € R >Ixsuch that X (A, + B, L) < 0.

Assumption [T|expresses that by applying U; = L X, the system can operate without any explosion.
Technically, it is straightforward to see that the solution of the differential equation (I)) under the
feedback policy U; = LX; is

t
X, = oAtB LI X, 4 /e(A*JrB*L)(t*S)Cd[/VS. )
0

So, because of A (A, + B,L) < 0, X; does not grow unbounded with ¢. Importantly, existence
of a stabilizing matrix L is necessary for the problem to be well-defined. Otherwise, state explo-
sion renders the average cost infinite for all decision-making policies [12, 41]]. Now, recall that



P4, B, (K(As, By)) =0,let L (A,, B,) = —R™'B] K (A,, B,) and define the feedback policy
T U =L(A,,By) X, Vt>0. 3)
We show that Assumption [I|suffices for unique existence of K (A, By ) and for optimality of 7*.

Theorem 1 (Optimal policy) The matrix K (A, By) uniquely exists, and 7 in (3)) gives
Tnr = inf T = tr (K (A4, B,) CCT) | X (A, + B,L(A,,B,)) <0.

To compute K (A, By), it suffices to solve the differential equation M, =®y, B, (M,) starting from
t
a positive semidefinite M. Note that it is equivalent to the integration M; = Mo+ [ @4, 5, (M;)ds.
0
In the proof of Theorem we show that tlim M, = K (Ay, By).
—00

Next, we focus on learning A,, B, and the additional cost compared to the cost of 7w*. To that end,
we formulate sub-optimalities of decision-making policies and the increase in cost due to lack of
knowledge about the optimal actions U; = L (A, B,) X;. For a general policy 7, the regret of 7 at
time T is denoted by R (T) and is defined as the cumulative increase in the cost by T'. That is, the
difference between the instantaneous costs of 7 and 7v* in @) is integrated over 0 <t < T":

T

R (T) = / [en (X0 Uy) — e (X0, UL, @
0

Clearly, randomness of state and action leads to that of regret. So, regret analyses for reinforcement
learning policies include worst-case analyses that establish upper-bounds for R (T'), as well as
average-case analyses that provide bounds for E [R (T')]. Further, for unknown A, B,, we hope
that the increasing observations of state and action over time will be effectively leveraged so that
eventually, the policy makes near-optimal decisions. So, as ¢t grows, we expect ¢ (X, U;) —
Cn* (X3, Uy) to shrink. Accordingly, R (T) is desired to scale sub-linearly with 7. In the rest of
this paper, we study R (T), E [R (T')], and their dependence on 7" and the problem parameters.

Another quantity of interest is the accuracy of estimating the unknown dynamics. So, letting A;, B,
be estimates of A,, B, based on the state-action observations by time t; i.e., { X, Us}0<s<t, we

study the decay rate of the estimation error £ (A¢, By), as defined in Deﬁnition

3 Stability Analysis for Perturbed Dynamics Matrices

In this section, we study the effects of uncertainties about the dynamical model on the system stability.
We specify the minimal information one needs to possess in order to ensure stabilization, and show
that a coarse-grained approximation of the truth is sufficient for that purpose. Results of this section
will be used later in the design of randomized-estimates policy in Section[5} Importantly, the stability
analysis in this section is general, captures effects of all involved quantities, and provides tight results
in the sense that the conditions of Theorem [2] are required for guaranteeing stabilization. In addition,
the results presented here are of independent interests, because stability is required for letting the
system operate for a reasonable time period.

To proceed, note that if hypothetically the optimal linear feedback in (3)) is applied to the system
in (T), then stability is guaranteed. More precisely, applying £ (A, By), the resulting closed-loop
transition matrix D, = A, 4+ B, L (A, By) has all its eigenvalues on the open left half-plane of
the complex plane, as stated in Theorem [I] The issue is that the true dynamics matrices A, B, are
unknown and need to be learned. However, if some matrices A, B meet the conditions we shortly
discuss, one can stabilize the system by applying the linear feedback U; = L (A, B) X;.

To proceed, let D = A + BL (A, B) be the closed-loop transition matrix of a system with dynamics
matrices A, B, under the feedback U; = L (A, B) X;. Then, let p > 0 and ¢ < oo satisfy

A(D) < —p, I (A, B)|| < ¢. (5)

The quantities in (3) both are required for studying stability of the matrixiA* + B,L(A,B), as
follows. Remember that we have a closed-loop stability result in Theorem A (D) < 0. So, the first



inequality in (B) quantifies the extent to which £ (A, B) is able to stabilize the system of parameters
A, B. Intuitively speaking, A (D) is the smallest (i.e., most negative) upper-bound one can hope for
the eigenvalues of A, + B, L (A, B), since the optimal feedback L (A, B) is purposefully designed
for the certainly known matrices A, B. It can be shown that the positive quantity p enjoys a uniform
positive lower-bound as long as A, B live in some neighborhoods of A,, B,, as expressed in (31).
The second inequality in (3 is somewhat guaranteed by the first one. Technically, it is shown in (22)

in the proof of Theorem [I]that
K (A, B) = /eDTt (@+£(A.B) RL(A, B)) Phar. ©)
0

Therefore, A (D) < p < 0 implies that for some ¢ < oo, we have || (A, B)|| < ¢. So, ¢ is merely
used for simplifying the expressions.

Towards stability analysis, we need further information of D = A + BL (A, B) that the Jordan
form of this matrix provides. Suppose that eigenvalues of D are Aq,--- , \x, and let the Jordan
decomposition be D = P~YAP. So, A = diag (Ay,- -+, Ay) is a block-diagonal matrix, and all
diagonal entries of A; are \;, the immediate off-diagonal entries above the diagonal of A; are 1,
and all other entries of A; are 0 (as shown in (24))). Now, a consequential quantity for determining
the stability margin is the largest block-size p, defined in Definition [2| It depends on the above-
mentioned blocks A;, 7 = 1,--- | k, by letting , denote the dimension of the square matrix A;, and
referring to the largest among pq,- - , p;, by pp.

Definition 2 (Largest block-size p1,) Letting P and A; € CHi*Hi be as in the Jordan decomposi-
tion D = P~ AP explained above, define p;, = ax ;.

The quantity g, is the largest size of the blocks Ay, --- , Ay in the Jordan form and crucially
determines the order of stability margin, as established in the following theorem.

Theorem 2 (Stability margin) Let P, ju, and p,  be as in Definition 2| and ), respectively. Then,
we have X (A, + B.L (A, B)) < =6, as long as

1 (p=0)A(p—)"»
E(A,B 1A . 7
(4,5) < ( |||£(AﬂB)|||) wy I PP v

Note that in (7), we can upper-bound ||£ (A, B)|| " with Amin (R) ¢™[|B||". Theorem [2]states
that if £ (A4, B) is sufficiently small to satisfy (7), then A, + B,L (A, B) is stable and all of its
eigenvalues in the complex plane lie on the left-hand-side of the vertical line ¢ = —4. In addition, (7)
reflects effects of different factors, as follows. First, the reason for the decrease in the stability margin
on the right-hand-side of (7) as ||£ (A, B)|| increases, is that the difference between the closed-loop
matrices is the product of B, — B and £ (A, B). Further, as can be seen in Deﬁnition the quantity
u}j/2|||P||| [|P~*|| = 1 quantifies non-diagonality of D, and it is 1 for fully diagonal matrices D
where P is the identity matrix and g, = 1. Therefore, more non-diagonal closed-loop matrices D
lead to smaller stability margins and make stabilization harder to learn.

The dependence on p corroborates the intuition that systems whose optimal closed-loop matrices has
eigenvalues of larger real-parts (i.e., smaller p), are harder to stabilize. Moreover, the expression
(p—8) A (p— 0)*P indicates that p , is very important for determining the rates of bounding the
eigenvalues of A, + B, L (A, B). The rates for p — 6 < 1 and p — § > 1 are different, because of
a similar phenomena in sensitivity of eigenvalues of matrices to perturbations in their entries. This
result is of independent interest as it is a generalization of Bauer-Fike Theorem [6] to asymmetric
matrices we establish in the proof of Theorem [2] Intuitively, we prove that larger blocks in the Jordan
decomposition can lead to drastic fluctuations in eigenvalues.

To close this section, we provide uniform lower and upper bounds for p > 0 and { < oo, respectively.
For that purpose, similar to Definition E], define the largest block size p, = pp, based on the

Jordan decomposition D, = A, + B,L (A, By) = P7'A,P,. Then, we show in the proof of
Theoremthat £ (A, B) < ¢ is sufficient for satbilization, p > Amin (Q) 47K (A, B,)||~". and



¢ <2|K (A4, By)|l, where
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4 Reciprocal Regret Bounds and Policy Differentiation

In this section, we investigate sub-optimalities and provide a tight expression for the regret that
non-optimal control actions cause. Such investigation is vital since reinforcement learning policies
need to learn the unknown dynamics A,, B, and so their non-optimal actions are unavoidable.

To proceed, let U; be the control action of the policy 7 at time ¢. In the following theorem, we
quantify R (T') in terms of deviations U; — L (A, B,) X, and introduce acr that fully assesses the
regret of 7r. In fact, a7 unifies average-case and worst-case analyses by capturing both E [R . (T")]
and R (T'). Further, Theorem [3|provides scalings with different problem parameters. For example,
it shows that the difference between R (T) and E [R . (T)] scales linearly with the dimension of
the Brownian motion. After the statement of Theorem 3] we discuss its intuitions and implications.

To establish Theorem [3] we utilize the theory of continuous-time martingales and (in Lemma [2))
develop novel results on comparative ratios of stochastic integrals. More importantly, we con-
struct the new framework of policy differentiation for finding tight and accurate regret bounds.
Broadly speaking, policy differentiation precisely evaluates the regret in terms of infinitesimal sub-
optimalities. Then, we integrate these infinitesimal deviations and obtain a7, in which the integrand

2 . L .
||R1/ 2(Ly — L (Ay, By)) Xy || plays a role similar to the derivative of the regret. This framework
can be used for an analogous regret analysis in other continuous-time reinforcement problems.

Theorem 3 (Regret analysis) Suppose that L, is a bounded piecewise continuous function of t, and
7 is the policy Uy = Ly X;. Then, we have B[R (T)] = E [ar], and

R.(T) = ar+0 (wRa%F/z log aT) ,

/
where D, = A, + B,L (As, By), By = eDitKe (A, B,) Pt wr = ‘)”\Cm "'@()’i‘;gf*)_"‘?;)‘f%, and

T
2
dt — 2/ (X, Er_¢B, (Ly — L (A, B,)) X;)dt.
0

T
ar = / HRUQ (L — L (A,, B) X,
0

The boundedness and piecewise continuity conditions are somewhat natural to ensure that the state
process in (2) is well-defined. Because the optimal policy is a time-invariant feedback, violating these
conditions does not lead to smaller regret. Furthermore, since by Theorem |1{ we have A (D,) <0,
the matrix E; exponentially decays as t grows. Therefore, the second integral in the definition of cvp
is dominated by the first one. So, Theorem 3] shows that the sub-optimality 7r incurs at time ¢ scales
as square of the deviation L; — L (A, B,). Finally, the constant wy reflects effects of different
problem parameters and indicates that R, (T') — a scales linearly with dyy .

The results of Theorem [3] are interesting along different directions. First, the exact equality
E[R~ (T)] = E[ar] can be used for establishing regret lower-bounds by studying the fastest
rates 7w* is learned and the deviation L; — £ (A, B, ) shrinks. Further, since a;/ 2 logar = O (ar),
not only the average-case criteria E [R (T')], but also the worst-case regret R (T') are captured
by ar. In other words, Theoremindicates that the fluctuations of R (T) around its expectation
E [R (T)] are in magnitude smaller than the expected value itself. Thus, studying a7 is sufficient
and necessary for regret analysis, and it provides a general reciprocal relationship for all policies.

Moreover, when A, , B, are unknown, a reinforcement learning policy becomes progressively more
capable of narrowing down the sub-optimality gap as time goes by. More precisely, as soon as
having sufficiently long trajectories to learn A,, B, to satisfy HR1/2 (Ly — L (A, By)) X; ‘ <1,
the regret grows much slower since avr integrates the squares of these deviations. For example, if the
estimation accuracy satisfies the ideal square-root rate £ (A, By) = O (tl/ 2), then the regret scales




logarithmic with time; a7 = O (log T'). However, due to the trade-off between the exploration and
exploitation, this is not the case (see Proposition[I]). Technically, to obtain the above error rate, Uy
needs to persistently deviate from £ (A, By) X, which causes a linearly growing regret.

Theorem 3] provides both a general result for analyzing online policies, as well as a useful insight on
how to design them. We utilize this insight to design Algorithm [I]and to establish Theorem[4]in the
next section. Indeed, we randomize the parameter estimates so that U; appropriately deviates from

7*, leading to £ (A, B;) = O (t‘1/4). So, we obtain the efficient regret bound arp = O (T'/2).

5 Randomized-Estimates Policy

In this section, we discuss fast and tractable algorithms with efficient performances for cost minimiza-
tion subject to uncertainties about the dynamics matrices A, B,. First, we explain the fundamental
exploration-exploitation dilemma. Then, we investigate a procedure for estimating the unknown
dynamics using the data of state-action trajectory. Based on that, an online reinforcement learning
policy that employs randomizations of the parameter estimates for balancing exploration versus
exploitation is presented in Algorithm[I] Next, a regret bound is established in Theorem [ indicating
that Algorithm [T]efficiently minimizes the cost function so that the regret scales as the square-root of
the time. We also specify the rates of identifying the dynamics matrices.

First, by Theorem [3| the policy needs to ensure that U; ~ L (A,, B,) X; to incur a small regret.
Further, since A,, B, are unknown, the policy needs to estimate them based on { X, U, S}O <o<t DY
time ¢. However, if Us; &~ L (A, By) X, then some of the coordinates of the data point X, Uy
become (almost) uninformative as they are (approximately) linear transformations of the rest of them.
This defeats the purpose and renders accurate estimation of A,, B, infeasible. Note that accurate
approximations of A,, B, are needed for taking near-optimal actions. This, known as the exploration-
exploitation dilemma, is the main obstacle in online reinforcement learning and shows that a low-regret
policy needs to diversify the actions {Uy },. ., by deviating from {L (A, By) Xs}g< o<y

Now, we discuss the learning procedure in Algorithm [1| based on extensions of the least-squares
estimates. Suppose that instead of the full data X, U, for real values of s > 0, one has access to
samples at a discrete set of time points; Xy, Uy for k = 0,1, - - -. Then, (1)) for a small € gives the ap-
proximate data generation mechanism X j, 1) — Xpe = (AxXge + BiUpgc) e+C (W(k+1)e — Wke).
So, a natural approach is to form a linear regression problem and estimate A,, B, by a minimizer

of 7, HX(k:H)e — Xie — (AXke + BUyc) €H2 over A, B. Denoting Y, = [XST, UST}T, this gives

the estimates [A, B] = >, (X(x+1)e — Xie) Yire (X YkeY,;eQ)T. Therefore, letting ¢ — 0, the
summations become integrations and we get the continuous-time estimate based on the full trajectory
{Xs,Us} o< g<i- The result is shown in () below and will be used by Algorithm

To ensure that the system evolves stable, Algorithm [I] projects the parameter estimates on the
stabilization oracle Sy in lights of Theorem[2] In the sequel, we explain how one can learn S, fast.

Definition 3 For a fixed 6 > 0, let Sy be a set containing matrices A, B that satisfy (7)) for § = dy.

Intuitively, the system is stabilized by having access to Sy, despite uncertainties about the true
dynamics matrices A,, B,. Note that the condition in (7) is verifiable since p, { depend on the known
parameter estimates A, B. Availability of a stabilization set is a common assumption in the literature
of online reinforcement learning policies for linear systems [33}132, 8| 2| 135} 22} 142, 143]]. For example,
if an initial stabilizing feedback L is available, we can devote a short time period to explore by
applying sub-optimal control actions and use the resulting observations to learn Sp. In systems
operating prior to running Algorithm [T]or in open-loop-stable systems, this condition automatically
holds (in the latter case, Ly = 0 is an initial stabilizer). Similarly, in systems with a reset option that
can immediately steer the system-state to small values, Sy can be learned fast 9} (5] [19]].

In Sectionwe saw that an ¢y neighborhood of A,, B, is sufficient for bounding p, ¢, for € in (8).
That is, a coarse-grained approximation of A, B, suffices for Sy. So, if Sy is not available in advance,
it can be learned from the state-input trajectories of short lengths [16} 9} 20} 21} 27, {13} [19} [25]].
In addition, in Theorem 4| we show that the algorithm learns A, , B, with the rate t— /4. So, the

projection on Sy will be automatically performed after the time ¢t = O (55 4).



The algorithm proceeds as follows. For some fixed v > 1, the sequence {7}~ , contains the time
instants at which the algorithm updates the parameter estimates. In fact, Algorithm [I]applies control
actions Uy = L (A,,, B,) X; during the time period 4" < t < 41, where A,,, B,, are estimates of
A,, B, , based on the trajectory up to time ™. Further, to ensure that the policy commits sufficiently
to explore the environment, a random matrix ©,, is added to the parameter estimates at time ¢t = ™.
Then, Algorithm [1] projects the resulting dx x (dx + dy) matrix onto Sy. Formally, letting I1s, (-)
denote projection on Sy, define

T t

" "
[An, By =11, / Y,dX, / Y.Y,"ds| +0, |, )
0 0

where Y, = [X ], U/ ]| " and the dy x (dx + di7) matrices {©,},-, are independent of everything
else and of each others. Further, the random matrix ©,, that is used at time ¢ = «™ has independent

Gaussian entries of mean zero and standard deviation o, = 0 (fy*"n)l/4 =0y (t’l log,, t) 1/4, for
some fixed 0. This decay rate of o, is delicately adjusted for two purposes. On one hand, ©,, is
sufficiently large for randomizing the parameter estimates to ensure that effective exploration occurs
and the current data is diverse enough so that we obtain accurate estimates in the future. On the other
hand, ©,, is sufficiently small to let the current estimates remain accurate and prevent significant
deviations. Otherwise, large values of ©,, deteriorate the current efficient exploitation.

Algorithm 1 : Randomized Estimates Policy

Select v > 1 and Ay, By € Sy arbitrarily
For0 <t < 1=+ apply U; = L (Ag, By) X¢
forn=20,1,2,--- do
Update parameter estimates A,,, B,, by (9)
while v <t < 4"t! do
Take action Uy = L (A4, Bn) X;
end while
end for

The memory that Algorithm [T]occupies is remarkably small since in () it can update the involved ma-
trices by continuously integrating the stream of the observations Yy, d X ;. Furthermore, calculations
can be done fast, making update of the parameter estimates at time 4" immediately effective. The ra-
tionale for freezing the parameter estimates for exponentially growing time intervals 4" < t < "1
is that Algorithm[I]can defer the learning step until collecting enough observations Yy so that a new
update of parameter estimates is effectively more accurate than the previous one. The following result
provides performance guarantees for the randomized estimates policy.

Theorem 4 (Analysis of Algorithm@ Let the policy m and the estimates A,,, B,, be those in Algo-
rithm Assume that n satisfies " < T < "1, Then, using Deﬁnitionand @), we have

E(An,By)? =0 (WgT—W log T) : R (T) =0 (W,T:rl/2 1ogT) 7

where
(v = DICIZIK (As, BOI°IL R we.
Amin (Q)2 Amin (R)4

Wrx =

d dw |C|?
ng(dx—‘rdu)( x wllCl )

logy  Amin (CCT)

Theorem [ indicates efficiency of Algorithm [T} At time 7', the sub-optimality gap is as small as
O (wT~Y21ogT). It also provides wn,we that reflect the dependence of estimation error and
regret on different parameters in the problem. So, the regret scales linearly with the number of
unknown parameters in A, B,, while the estimation error dwindles linearly with the dimension.

To establish Theorem [d] we study the learning step in (9) and determine the rates Algorithm [I]
estimates A, , B,. For that purpose, we prove concentration bounds for the empirical covariance

¢

matrices of the state vectors and also show anti-concentration of the Gram matrix [ Y,Y,"ds of
0

} T

the signal Yy = [X ST U, I , as t grows. Then, we establish bounds on the comparative ratios of



Normalized Estimation Error vs Time Normalized Regret vs Time

59

0 . . . . (i~ . \ L .
0 100 200 300 400 500 00 100 200 300 400 500

Figure 1: Left: Normalized estimation error 7/2€ (A, Bn)2 is plotted vs T', such that v < T <
A"+, for some integer n. Multiple replicates of the normalized estimation error are reported in the
graph, which clearly remain bounded as time grows. Therefore, the graph depicts Theorem @] about
the rates Algorithm [I]learns the dynamics matrices.

Right: The graph presents curves of the normalized regret T~'/2R . (T) versus time T, while
 is the policy in Algorithm[T] Multiple replicates of the system are simulated, all corroborating
Theorem [4] that the normalized regret remains (almost) bounded.

stochastic integrals and use that for controlling the estimation error. Furthermore, we show that
the optimal feedback matrices have a Lipschitz property with respect to the dynamics matrices and
leverage that for finding the deviation rates from the optimal feedback. Finally, we utilize policy
differentiation and Theorem 3] for getting the regret bounds in Theorem 4]

Note that for obtaining descending estimation errors and sub-linear regret bounds we need
Amin (C’CT) > 0. This is a standard requirement in estimation and control of stochastic linear
systems and expresses that all coordinates of the state vectors are randomized by the Brownian motion
{Wt}t>0 in a relatively short time [30, 139, 9]]. So, all state variables have significant roles in the

dynamics. From a modeling point of view, Ay (C’C T) > 0 indicates that the stochastic differential
equation in (I) is irreducible in the sense that a smaller subset of state variables is insufficient for
capturing the stochastic dynamical behavior of the environment.

To close this section observe that the estimation error of Algorithm shrinks as T~1/4. So, it does
not decay with the ideal square-root rate because the main priority of Algorithm[I]is to minimize the
regret by exploring minimally. However, if the randomization matrices ©,, are persistent and their
standard deviations do not diminish as n grows, then we obtain the square-root consistency. This is
formalized in Proposition |1} Of course, the compromise is that R (") grows linearly with T if ©,,
does not dwindle as n grows.

Numerical Illustrations. Here, we provide numerical analyses of Algorithm[I] The details of the
experiments are provided in Appendix [A] The normalized rates of the estimation error are plotted
in Figure|[T] versus the continuous time 7. To illustrate the rates in Theoremd] the figure contains
multiple trajectories of T"/2& (A, Bn)Q, while n, T satisfy v < T < ~4™*!. The normalized
estimation errors in Figure[T]are (almost) bounded as time grows, corroborating Theorem 4] Figure|T]
depicts normalized regret versus time. That is, the horizontal axis is 7', while the vertical one presents
the values of T~'/2R.. (T), where 7 is the online reinforcement learning policy in Algorithm
Again, it is clear that Theorem [ holds, as the normalized regret remains bounded as time grows.

6 Concluding Remarks

We studied online reinforcement learning policies for unknown continuous-time stochastic linear
systems and presented algorithms that learn to minimize quadratic costs. Three important problems
are fully investigated, followed by the intuitions and implications of the presented analyses.



First, we studied stabilization of stochastic linear systems based on incorrect dynamics matrices
and proved Theorem 2] that specifies the coarse-grained approximations for guaranteeing stability.
Then, proposing the novel approach of policy differentiation, we established a reciprocal result in
Theorem [3]for the regret that policies cause by taking sub-optimal actions. More importantly, we
presented the online reinforcement learning Algorithm [I]and established its performance guarantees.

Indeed, Theoremexpresses that the estimation rate of Algorithmis o (dT‘l/ 4 1og1/ 2 T) and it
enjoys the efficient regret bound O (d2T*/?log T'), where T is the time and d is the dimension.

As an initiating paper on design and analysis of online reinforcement learning policies for continuous-
time stochastic systems, this study introduces interesting directions for future work. That includes
establishing anytime regret bounds that hold uniformly over time, investigating high-dimensional
systems with structured dynamics such as low-rank or sparse matrices, designing efficient policies
under imperfect state-observations, and extending the analysis to non-linear systems.
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A Numerical Illustrations of Estimation Error and Regret

Now, we provide numerical analyses for showcasing the performance of Algorithm I] for estimating
the unknown dynamics matrices and learning the optimal policy. For this purpose, we assume that the
true continuous-time system matrices are lateral-directional state-space matrices of X-29A airplane at
4000 ft altitude [7]]. The system is of dimension dx = 4, is controlled by two dimensional commands;
dy = 2, and the transition and input matrices in @) are

—0.1850  0.1475  —0.9825 0.1120 —0.4470 x 107%  0.4020 x 1073
A — —0.3467 —1.710  0.9029 —0.5843 x 107° B. — 0.3715 0.0549
T 1174 —0.0825 —0.1826 —0.4428 x 1077 |~ * 0.0265 —0.0135
0.0 1.0 0.1429 0.0 0.0 0.0

Note that the above dimensions of the control action and the state vector, as well as open-loop
instability of A, and the notably small entries of B,, render control of the above-mentioned airplane
challenging. Further, we let the coefficient matrix of the Brownian disturbance W; be C' = 0.2 x I,
and employ Algorithm [I]to learn to control a quadratic cost with the weight matrices @ = 10 x
Iy, R = 14, . The online reinforcement learning policy of Algorithm|T]is run for 500 seconds, while
the parameter estimates are updated at times ¢ = «", for integer values of n and v = 1.2. In order
to find an initial stabilizing feedback, we run the Bayesian-learning stabilization algorithm for 25
seconds [[19].

B Proof of Theorem [I] (Optimal policy)

Fixing € > 0, suppose that the control inputs U, are frozen in intervals of length € and can change
only at times ke, for k = 0,1, --. That is, for all times ¢ satisfying ke < ¢ < (k + 1)e, the action
vector is fixed; U; = Uy.. Next, we proceed towards finding a decision-making policy for minimizing
the expected average cost. Note that due to the above-mentioned freezing during e-length intervals,
resulting decision-making policies can be sub-optimal, and indeed provide an upper bound for the
optimal cost value.

Next, fix an arbitrary time horizon 7', and denote the minimum cost-to-go at time ¢ by
T

Vi (X)) =infE /c (Xs,Us)ds
t
where the infimum is taken over non-anticipating policies that freeze the control action in e-length
intervals, as elaborated above, and the information at time ¢ is F; = o (Xo.¢, Up.¢); the sigma-field
generated by the state and action vectors up to the time. Now, finding an optimal policy is equivalent
to applying dynamic programming principle and writing Bellman optimality equations [26,[12]. So,
we have

ft )

(k+1)e
Vee () =in® | [ e (40Ut + Vigsnye (X |Fic | (10
ke
ke

subject to the dynamics equation in ().

For the sake of simplicity, suppose that 7'/¢ is an integer. Solving (I0) for k = T'/e — 1, we get the
optimal control action U}, = 0. Accordingly, this gives
Vs e (X(kt1)e) = X(—ll—c+1)€QX(k:+1)s€7
for k = T'/e — 2, which, after substituting in (I0)), becomes
(k+1)e

Vi (Xio) = min / E [Xj QXt’]-";%} dt + UL RUpee +E | X5 10.QX (k1) ]-";4 e, (11
ke
where we applied Fubini’s Theorem to derive
(k+1)e (k+1)e
E / ¢ (X4, Up)dt | Fie | = / E [XJ QX, ]—"ke] dt + U, RUjee. (12)
ke ke
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However, solving the dynamics (I)) for ke < ¢ < (k + 1)e, we obtain
t t
Xy =eMtRIX, / e =D 0dw, + / e =9 ds B, Uy,
ke ke
which together with Ito’s Lemma, dI/VSdI/VST = I,,,ds [34], yields to

t

E [XJ 0X, f,“} - / tr (eA*T(t_S)QeA*(t_S)CCT)ds
ke
t T t
+ GA*(tikE)Xke + \/eA*(tfs)dsB*UkE Q GA*(tikE)Xke + \/eA*(tfs)dSB*UkE
ke ke

Plugging these results in the dynamic programming equation in (TI), the expression in front of the
minimum becomes the following quadratic function of Uy,:

X, QXpe + 2X. . GUyc + U/ RU.
~ ~ T ~ ~ ~
+ (AXp + BUL) Post (AXo + BU) + tr (BeaoCT),

where P11 = Qe¢, and

1 A€
A = ™€
€

B = /eA*SdsB*,

0
€

@ — /eA;rthA*tdt,
0
€ t

G = /eA*TtQ /eA*(t_s)ds B,dt,

0

0

€ t

R = Re—l—/B*T /eA*T(t_S)QeA*(t_s)ds B,dt,
0 0

€ € t

ﬁk_H = Pk+1/eA*TseA*Sds+/ /eA*TSQeA*Sds dt.
0 0 \0

Note that in the last equation above, we used Ito Isometry [4] to find }BkH. Now, performing the
minimization the optimal control action is

Ui =~ (BTPe B+ R) - (BTPeaA+CT) Xie,

and (TT) leads to
€ € t

Vie (Xpe) = Xp P Xpe +tr [ CCT | Py / eArseAesds 1 / / eAsQetsds | dt| |, (13)
0 0

where Py is calculated according to the discrete time Riccati equation

P, = @ + /TTPICJFUZ — (é + ETPk+1§> (ETPICJAE + E) o <§T.Pk+1;{+ C:'T) . (14
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It is shown that if there is some matrix L such that A, (/T + EL) < 1, then as £ — —o0, the

matrix Py in the above discrete time Riccati equation converges to a uniquely existing matrix P that
solves the algebraic Riccati equation

P=Q+ATPA-(G+ATPB)(BTPB+ sz)_l (BTPA+aT). (15)

regardless of the terminal matrix for the largest value k£ + 1, which here corresponds to Pr /e L1} 14,
20]].

Next, we show that if € is sufficiently small, then the matrix L mentioned above exists. To that end,
write

i e N Are
A = ete= nz::o = Iy, +eM(e)A,,
. & AZS" > A1L€n+1
B = Z/ —dsB, =) T 1)'3* — eM(€)By,
n=07 0
where
0 Azflenfl > 2716n72
M(e)znz::l py zfdx—i-e; pr

Then, letting L be as in Assumption [T} if € is small enough, it holds that
X (M(e) (A + B,L)) < 0. (16)

That is because the eigenvalues of the matrix M (e) (A4 + B, L) are continuous functions of €, and
for e = 0 we have X (M (0) (A, + B,L)) = XA((A, + B,L)) < 0, according to Assumption
Hence, A + BL = I, + M(€) (A, 4+ B, L) € implies that eigenvalues of A + BL are exactly one
plus the eigenvalues of M (¢) (A, + B, L) €. So, it holds that

Ao (Z n EL)2 <14 26X (M(€) (Ay + BoL)) + Amax (M(€) (A, + ByL))? 2. (17)

Now, putting (T6) and together, if € is small enough, then Ay .x (ﬁ +B L) < 1. Henceforth,
suppose that € is sufficiently small so that the latter inequality holds true.

As long as € > 0 is small enough as described above, letting the time horizon T tend to infinity, the
e-length frozen optimal policy for minimizing the expected average cost is

Nl
Up, = — (BTPB + R) (BTPA n GT) Xe, (18)
where P is the unique solution of (T3). On the other hand, for a fixed time horizon T, as € shrinks the

discrete-time Riccati equation in (I14)) becomes a continuous-time Riccati equation as follows. First,
we have

A1
lim =9 = 4,
e—0 €
B
lim — = By,
e—0 €
e = @
limg = 0,
e—0 €
limE = R
e—0 €



Using these limits, letting ¢ — 0 in (T4) leads to

P —P ATP. AP
lim "1 = Jim © 4 lim bl s
e—0 € e—0 € e—0 €
~ ~. ~ ~ ~ ~\ —1 ~ ~ ~
~ lim G+ATPk+1B BTPk+1B+R BTP;C_HA—"-GT
e—0 € € €

= Q+ Al Piy1+ Prp1 Ay — Pop1 BLRT'B] Py,

That is, the backward differential equation

dP;
' —® P 19
dt A*,B* ( )7 ( )

with the terminal condition Pr = 0. Thus, as € — 0, the optimal policy becomes
Uf = —R'B] P.X,,

where P; is the solution of (I9). Similarly, letting ¢ — 0 in (I3), we get the optimal policy
Ur = L (A,, By) X for minimizing the infinite horizon expected average cost, where

L(A.,B.) =-R'B]K(A.,B.),
and K (A,, B,) solves ® 4, p, (P) = 0. Equivalently, letting P, 1 be the solution of (I9) when the
time horizon is 7, it holds that Tlim Py r = K (A, By), where K (A, B,) solves @4, g, (P) =0.
— 00
Note that all these relationships rely on the convergence of discrete time Riccati equation (T4) to the
algebraic Riccati equation (I3), as T' — oc.

Next, subtracting V(j,+1)e (Xke) from both sides of (I0), dividing by ¢, and letting € — 0, Ito Isomery
implies that
Ft] )

Vs (X
—7192 s — minc (X, Uy) dt + B
where we used the limits of the matrices @ , G , Ras e — 0 to find the expression on the right-hand-
side of the above equality. Note that the above partial derivatives exist according to (I3) together
with Dominated Convergence Theorem. Hence, substituting for d X; from the dynamics (I)), and
leveraging Ito’s Lemma, we obtain the Hamilton-Jacobi-Bellman [41]] equation

Ve (Xe) . Ny (Xy)" 1 0*Vy (Xy)
_T = Il'lljltnc (Xt, Ut) + T (A*Xt + B*Ut) + 51’,1‘ W

Further, letting € — 0, the expression in (I3) gives

Wi (X)) 1, PVi(Xy)

axy el
Cox, 2% axex)

dX;

CCT> . (20)

T
V(X)) = X, PX, + /tr (CCTP,)ds, 1)
t

where P; solve @ This can be equivalently obtained using the fact that a quadratic function of the
form V; (X;) = X,' F1 X + @ solves the partial differential equation (20), as long as
d dF;
7% — X/ thXt = min X QX, + U] RU,

+ 2X]F (AX: + B.Uy) + tr (RRCCT)
which after solving for U; gives the optimal policy U = —R™'B] F; X;, as well as

d dF;
_der XtT—tXt = X, QX,+2X, F, (A, X))
X, F,B,R'B] F,X; + tr (F,CC").
Because the equation above needs to hold for an arbitrary X, it splits to
dFt d(pt o

~S = (F), 2

n —tr (F,0CT)

17



that is, F} solves @I) Further, note that cost-to-go at time 7' is zero because time-to-go is zero, which
provides the terminal condition V7 (X7) = 0, implying that ; = ftr (CCTF,)ds. Therefore, the
solutions F}, ¢, of (Z0) lead to the same expression as in T). t
Finally, the expected average cost of the policy U; = L (A,, B,) X; is the limit of the expected
average cost of the policy Uy = —R™'B] P, 1 Xy, as T — 003
T
lim sup %]E /c (Xs,Usg)ds

T—00
0

T
1
= limsupf/tr (CCTPS7T)d5

T—o0

— tr (CCT lim PS,T)
T—o0
= tr(CCTK (AL, B.)).
Moreover, suppose that C' = 0, and apply the policy Uy = L (A, By) X;. Then, the state trajectory
becomes X; = eP+! Xy, where D, = A, + B,L (A,, B,). So, by (1), we have
X, K (A, B.) Xo

_ /Xj (@+£(A, B)T RL (AL, BY)) Xidt
0

= XOT/eD*Tt (Q +L(A,,By) RL (A*,B*)> ePtdtX,,
0
for an arbitrary initial state X. Thus, @ holds:
K (A,,B,) = /eD*Tt (Q + L (A,,B,)" RL(A,, B*)) ePtdt. (22)
0
Since @ is positive definite, the above equality implies that X (D,) < 0, as well as
D]K (A., B.) + K (A, B.) D,
+ Q+L(A., B, RL(A,,B,)=0. (23)

So far, we have shown that by restricting our search for an optimal decision-making policy to the
class of policies that the control action is frozen during intervals of length ¢, and then letting € decay
to vanish, we obtain optimal policies given by (T9). Next, we show that these policies are optimal in
the larger class of all control policies satisfying the information criteria at every time. That is, for all
t, the control action U, can be determined using F; = o (Xo.¢, Up.;). For this purpose, first note that
the decision-making policy U; = R~ B K (A,, B,) X; provides an upper-bound for the optimal
expected average cost. That is,

inf 7 < tr (CC"K (A, B,)).

Now, suppose that there is another policy, denoted by 7, that satisfies
J#= < tr (CCTK (Ay, B.)). Define cost-to-go of the policy 7 by

T

V(X)) = E /c;, (X, U.)ds

t

fta

where 7' is large enough to satisfy
Vi (Xy) < 2X, K (A, B,) Xy + 2Ttr (C’CTIC (A, B*)), for all 0 < t < 1. Note that such T'
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exists since 7 provides a smaller expected average cost than the policy Uy = R™'B] K (A,, B,) Xy,
and the desired upper-bound for V; (X;) is 2V; (X;); two times the cost-to-go of the policy U; =
R™'B]K (A, B,) X;. Next, writing
t+e
Vi(X,) =E / ez (X5, Ug)ds + Vige (Xiso)
t

-Ft )

subtract ]7t+€ (X:) from both sides, and divide by e. Letting € decay to zero, the upper-bound

for 17t (X}) in terms of V; (X) implies that according to Dominated Convergence Theorem, the
following derivatives exist and it holds that

oV, (X _
- ta(t ) = c(Xe, 7 (Fr))
W (x)" _ 1. (82 (X)) ., -+
Y (AX, + B, “tr |~ .
ox, (Xt B (F)) + gtr 9X,0X, ce

Now, note that since ¢ (X, U;) as well as B, U, are continuous functions of Uy, the above partial

differential equation for V, (X,) indicates that 7 (F) is a continuous function of X;. This, together
with the fact that W, is an almost surely continuous function of time ¢, in lights of the dynamics
equation in (), leads to continuity of state trajectory Xy; i.e., Uy = T (F3) is continuous as ¢ varies.
Thus, decision-making policies that freeze for e-length intervals provide accurate approximations

of Uy = 7 (F:) in a sense that there exists a sequence {Ut(")}
intervals of the length 1/n, and it holds that

such that Ut(n) freezes during
n=1

T
1 n) o~
lim sup lim sup — /IE [HUt( ) W(ft)H]dt =0.
n—oo T— o0 T
Therefore, we have

J= > inf inf T = tr (K (As, B,) CCT) ,
e>0

where the inner infimum is taken over all policies that freeze during e-length intervals. This shows
that the policy U; = —R~'B] K (A,, B,) X; is an optimal one, which completes the proof.
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C Proof of Theorem 2] (Stability margin)

First, we study eigenvalues of the sum of two matrices. Suppose that M, A are arbitrary square

matrices of the same size, and let M = P~!AP be the Jordan decomposition. That is, A1, -+ , A
are eigenvalues of M, A € Cdx*dx ig a block diagonal matrix with blocks Ay, -, Ay, and
N 10 -+ 0 0
0 X 1 o --- 0
Ap= | w0 r o eCh (24)
o o0 -~ 0 XN 1
o o 0 - 0 N

Further, similar to Deﬁnition let oy, = max ;. We prove that X (M — A) is at most
<i<k

o / M
X0 + i PAP v ()l Par)) " @5)

To show the above inequality, first let A be an eigenvalue of M — A that satisfies & (A) > A (M).
So, M — Al is an invertible matirx, and there exists at least one vector v, such that v # 0 and
(M — A —X)P~'v = 0. Then, (M — X\I) P~'v = AP~ v implies that

= (A=) PAP . (26)
Because A = diag (Aq,---,Ag), the matrix A — AT is block diagonal as well, and we have
(A= AI)"" = diag ((A1 - )‘Im)_l s (A — )\I,Lk)_l). Further, it is straightforward to see
that (A, — AZ,,, ) s
A=) A=) =)
0 A=X)"" o (=) T
0 . 0 (A=x)""

Therefore, we have
-1
223 )

Using this bound for the operator norms of blocks of the block-diagonal matrix (A= XI )71, since
w; < pyyand R (N) > X (M), the equation in (26) implies

i8] <7

1

IN

o0y pp < o ey

w [PAPHI (RO = X (M) A (RO = X (M)

-1

IN

So, letting A be an eigenvalue of M — A that satisfies R(\) = X (M — A), we obtain (23).

Now, using (23), we compare A+ B,L (A, B)and D = A+ BL (A, B). Since A, +B,L (A, B)—
Dis

A,=A,—~A—(B,—B)R'BK(A,B), 27)
using (3)), and letting M = D in (23)), we have

X (A, + BLL(A,B) < —p+ i [P PIAL Y (w2 Piag)

So, in order to have X (A, + B.L (A, B)) < -4, it suffices to show that
ug* [P IPINALY < p =0 A (o= 8)° 08)

However, since |A,| < £(A4, B) (1 v \IIBI%{Q provides (28), which leads to the desired

result.
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C.1 Proof of sufficiency of (8] for stabilization bounds

Next, we show that £ (A, B) < ¢ is sufficient for stabilization and express uniform bounds for p, ¢
in @) Let D, = Ay + ByL (A, By) = P*_lA*P* be the Jordan decomposition as defined in the
beginning of the proof, and define the largest block size ., = pp_, similar to Definition El Further,
suppose that the following is satisfied:

-1

at )

6 ! (XD A XD | T o
o< iz e |

0

The inequality in (29) implies that if we write D; = A+BL (A, By) = A+ B, L (Ay, By)+A; =
D, + Ay, then, the matrix Ay = A — A, + (B — By) L (A, B,) satisfies

(A D)) A (=AD"

AL < =
w2 PP

So, taking M = D,, the bound in (23] implies that X (D;) < 0. Hence, we can employ Lemmalé—_l|to
study consequences of applying the linear feedback £ (A,, B,) to a system of dynamics matrices
A, B, and get

K(A,B)< M =K(A,B)+ /eDTtFeDltdt,
0

where
F=I[L(A,,B,) —L(A,B)]" RIL(A,,B,) — L(A,B)].

Above, we used the fact that the initial state Xy = z in Lemma|§|is arbitrary, and so, the involved
matrices are themselves equal. Further, similar to Lemma[] it is straightforward to see that

M= /eDTt {Q + L (A,,B,) RL(A,, B*)} ePitdt.
0

This leads to

Q+L(A,,B,)" RL(A,,B,)=—D] M — MD,
= —D/M —MD, — A] M — MA,.

Because A (D,) < 0, the latter equation and () provide

eI [Q+ £(An BT RE (A, BL) + AL M + MA | ePtat

DIt [Q + L(A,, B)T RL(A,, B*)] eP-tar / P [AT M + MA,] P tdt
0

[
[

K (A,,B,) + /eth [ATM + MA,] eP+tat.
0

}th, which, according to (29)

Therefore, it holds that | M || < || (A, B.) |+ 2| A ||| [ |[|eP+*
0
and K (A, B) < M, yields to
I (A, B)|| < M| < 2K (Ax, B)l- (30)
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To proceed, suppose that v € C4x satisfies [|v]| = 1 and Dv = Av. Now, (6) implies that

/v*eDTt [Q—l—E(A,B)TRﬂ (A7B)} ePludt
0

V'K (A,B)v

2
dt,

1
2
€At11

O/ H [Q+£(4,B) RL(4,B)]

where v* is the transposed complex conjugate of v. Thus, maximizing the left-hand-side above while
taking minimum on the right-hand-side, it holds that

oo

Amin (Q)
A, B)|| > Ain W > TR 31
I (4 B = Auin (@) [ 2 V1at > S G
0
Putting (30) and (31) together, we obtain X (D) < —Amin (Q) (4]|K (A, B,)||)”". This and (30)
imply that £ (4, B) < ¢ is sufficient for @), with p = Apin (Q) 4_1HUC(A*,B*)|||_1, ¢ =
2|IK (Ax, BOII- |
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D Proof of Theorem [3| (Regret analysis)

Let M = Q + L (A,, B*)—r RL (A4, By). Recall that 7 applies U; = L; X; at time t. Now, for a
given T, suppose that € > 0 is a fixed small real, and let N = [T/¢]. Then, define the sequence of

policies {7;} 1 ,:

e — Ut:LtXt t < ie
T \U = L(A,B) X, t>ide’
Note that as long as one concerns about times ¢t < T, it holds that w* = mg, wny = m. Clearly,
N-1
since Ry, (T) = 0, we have R (T) = 3 (Ra,, (T) — R, (T)). Thus, Lemmagives
i=0

N-1
Rx(T) = > (XL FieXic +2X,. gic + Bic), where the matrix Fj, the vector g;., and the scalar
i=0

i=
Bie are defined in @), (42), and (@3), respectively. Now, letting ¢ — 0, since L, is piecewise
continuous, we have

T
— [ (X Fixo+ 275+ B) (32)
0
where F; = lim e 'F, g = lim e lgi,and B, = lim e !B;,. Note that the
e—0,2e—1t e—0,ie—t e—0,ie—1t

above limits exist, since Fj, g:c, Bic are continuous. To calculate ﬁt, Gt Et, using Lemma and the
piecewise continuity of L;, we obtain 3; = 0,

T
ﬁt = S+ QHtT / eDj(S*t)MeD*(sft)ds,
t
T S
gt = / Ht—r DI(Sft)M/eD*(Sfu)CdWU‘ d57
t
where Sy = L] RL; — L (A,, B*)T RL (A, B,), and
e(Aut+BiLi)e _  D.e
H, = lim = B, (L; — L (A4, By))
e—0 €

Now, by (6) and [ D (5= pfeD+(s=)ds = Er_,, the expression for £, becomes
T

S, +HK(A.,B,) +K(A,,B,)H, — H' Er_; — Er_.H,. (33)
So, after doing some algebra (see (51)), we get
Sy + H/K(A., B.)+K (A, B,) H,
= (Li— L(A,B))  R(Li — L (A, B)). (34)
Since W, has independent increments and in g; we have u > ¢, Fubini’s Theorem gives

E [Xt gf} =E [E [XtTgt’U (WO:t)H =E [XtTE [gt‘a (Wo;t)” =0.

Hence, (32), (33), (34), and Fubini’s Theorem imply that E [R . (T')] = E [ar].
To proceed towards establishing the second result, apply Stochastic Fubini Theorem [34} 4] to get

T T s

T
/ X, gdt = / / / (XtT HeP? (S‘t)MeD*(“”‘“)C)qudsdt
0

T u
= / / / XTHT D, (s=t) ppeD+(s— “)C)dsdtdW / y,rdw,,
0 0 u
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where, using the expression for Hy, the vector Y,, can be written as

u

u T
YT = / / (XtT H P! <S*t>MeD*<S*U>C) dsdt = / (XtT (Ly — £ (A, B))T PtTu)dt,
0 u

0

T
for P, = fBT L (5=t JreD+(s=w) Cds. Now, letting Vi = f||Y |2du, for Vi < 1, Ito Isome-
try [4], and for Vr > 1, Lemma[2} imply that

T
/ Y. AW, = O (dWV;/ 2 Jogl/2 VT) . (35)
0

However, by using the triangle inequality and Fubini’s Theorem, we obtain

v < / / 1P (Lt — £ (Ay, B,)) X, |Pdtdu

= / X, (Ly — L (A, By)) / wPrudu| (L — L (A,, B))) X, | dt

IN

2
[ || [ B2 PR | B2 (L £ (4B
0 t

The second part of the integrand above appears in ar. So, we proceed by finding an upper-bound for
the first part. For this purpose, we use the triangle inequality and (6) to get the equation

T
Amax / P, P, du
t

2

T T
2
/ || BreP 0| / P = NP (= s || O du

IA

IN

1B (A, BIPICI? [ [|e”
0

Therefore, by using (1)), we get

IBPIK (A BOIPICH? o
Amin (Q) Amin (R) ™

since E; decays exponentially with ¢. So, (33) gives the desired result. ]

Vr <
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E Proof of Theorem 4] (Analysis of Algorithm I))

In order to establish Theorem [ we study the estimation procedure in (9) and specify the accuracy at
which the algorithm is able to estimate A, By. To that end, LemmaE] and Lemma|§| are utilized to

n

ot
study the Gram matrix V,, = [ Y,Y,"ds in (), while Lemma[2|is used for bounding the estimation

0
error. Then, by leveraging Lemma[3] we find the rates of deviating from the optimal policy in ().
Finally, the resulting regret of Algorithm T]is investigated in lights of Theorem 3]
T

Viis

o
By using (T) to substitute for dX;, | [ YidX,
0

T

" "
/Ysyj [A*,B*]Tdﬁ/YSdWJCT Vi
0 0

In (38), we show that V;, is non-singular. So, we have
n T n T

Y Y
/ Y. dX] | V,'=[A,BJ+ |V, ! / v.aw/ cT| . (36)
0 0
Because [A,, B,] € Sp, (9) and (36) lead to
o
E(A,,B,) < ||V} /stchT + (104,
0

Since entries of ©,, are A/ (0, 'y*"/znl/Z), we have
P10l > d¥” (dx +du)' /2yt ) = 0 ().
This, by Borel-Cantelli Lemma, leads to

l0nll = 0 (ax? (dx +du) /25" nt/2)

Thus, letting d = dx + dy, according to Lemma[2] £ (4, By,) is at most

log Amax (Vi) V2 e
/20 d1/2 C max \¥n d/ n/ap1/2 | 37
( ol (5o ) a2 @7
Now, Lemma |5 provides O (1og Amax (V»,)) = nlog~y. Further, we will shortly show that
liminf "2 Amin (Vi) > Amin (CCT). (38)
n— oo

Thus, and (38) yield to the upper-bound

dyf* 1C| 1og"
E(An,B,) =0 | d'/? d¥2+wogl/; A2 |
Amin (CCT)

This gives the first result in Theorem@ To prove the other statement, let 3, be as defined in Lemma
So, Lemma [3]implies that

dw ||C[* logy | -
_ 2 _ 2 SWAME *Ms 1 n/2
I (A, By) — £ (A, B)|? = O <(dX +dy) B2 (dX IR wres a RGO R

Now, since during the time period 4"~ < t < 4™ the feedback matrix is frozen to £ (A,,_1, Bn_1),
according to Lemma([5] we have

’Yn n
/ |RY2 (L0 - £(A.,BL)) XtHth -0 <Z BL,Yk—l,y—(k—l)mk) |
0 k=1
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where

dwllC|? log
5y = d? <dx ¥ %) (v = D IRIICI®

Moreover, since by Theoremwe have X (D,.) < 0, the matrix E; in Theorem decays exponentially
with ¢. So, it holds that

T
/ (X Br B, (L — £ (A, B.)) X,)dt = O (1o T).
0

Therefore, according to Theorem 3} we have the following:

[(log T)/(log v)] 3
Re@=0| Y ) =0 (Ll ri ).
log
k=1
This, according to 3, in Lemma 3] completes the proof.
To prove (38), let Dy, = A, 4+ B, L (Aj_1, Bx_1). Then, by Lemma|[5] we have

k

»
lim inf 4% Amin / X X, dt | = medmin (CCT) (39)
k— o0

k—1

V
N -1

where g, = (1 —~71) (f ||e=Pr-2e |||2d5> . Hence, (39) implies that to establish (38), it suffices
0

to show that the following inequality holds for some 0 < ¢ < n — 1:
n—1 I I T 1
CI— X k—n/2 dx dx > 7
i inf A (;; Y {K (A, Bk)] [c (A, Bk)} ) Z e WO

For an arbitrary fixed € > 0, consider the event that the above-mentioned smallest eigenvalue is less
than ¢, and let M,, (¢) be the set of matrices [Ay, Bk]Z;j for which this event occurs:

Mn(e) = {[AZ7BE7 o ;Anflaanl] : )\min (PE,nPZTn) < 6} 5

where the (dx + dy) X dx(n — £) matrix Py, is

E

Now, note that the set of all matrices

B Pe/Q—nMIdX e L P ]
n At/2=n/Ap, . yn=D/2-n/Ap

n—1
2

i [c (AnLﬁ{Bnl)” :

[VIEN
I3

Lo
E(AfaBZ) ) 77

that there exists v € R%x+4v satisfying |[v|| = 1 and F,] v = 0, is of dimension dx + dyy — 1+ (n —
£)(dy — 1). To show that, on one hand, the set of unit dx + dyy dimensional vectors is (a sphere) of

dimension dx + dy — 1. On the other hand, by writing v = [vir, v;—] T, for v; € R and vy € R,
clearly, F,Tv = 0 is equivalent to L;—vg = —vy, forall k = ¢,--- ,n — 1. The latter enforces every
column of L, to be in a certain hyperplane in R% .

Thus, according to Lemma@ the dimension of M., (0) is at most dx + (dy — 1) (n—€+1)+(n—¢)d%.
Further, if £ is sufficiently large so that y~¢+"/2¢ < 1, then for every [Ay, Bk]Z;Zl € M, (¢), there

~ ~ 7n—1
exists some {Ak, Bk} - € M, (0), such that forall k = £,--- ,n — 1, it holds that

14050 - [ ][ = (w07,
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The random matrices {@k}z;é are independent, and entries of © are independent identically
distributed " (0, 7~*/2k1/2) random variables. Hence, we have

P(M.,(€)) = {(’) (76/4371/474/2+”/461/2) A 1} m7

where m = (dxdy —dy +1) (n — {) — dx — dy + 1. To see that, note that M,,(0) is a dx +
(dy —1)(n — €+ 1) + (n — £)d3% dimensional object in a dx (dx + dy)(n — ¢) dimensional
space. So, the exponent is at least m. Letting ¢ = n — 5, we have m > 5. Further, as n

grows, O (£71/4y(n=0/4¢l/2) < 1 holds for € = , max 1nk_1. So, we have " P(M,,(¢)) =
— _n_

n=>5

> O 4)5 < 0o, which by Borel-Cantelli Lemma implies (@0). [ |
n=>5

27



F Estimation Rates under Persistent Randomization

Proposition 1 Assume that in Algorithm the variance of entries of ©,, is 02, where

liminf o, > 0.
n—roo

n

v
Then, letting wg be as in Theorem Y, = [X‘;r, U]‘T] T, and V,, = f YSYSTds, we have
0
n T
~
} / V,dX, | ViI—[A,B)|| =0 (wey "n?).
0

’YTL
Proof. By (3), it suffices to study A = V,I [ Y,dW, C. In the sequel, we show that
0

lim inf ny ™" Amin (Vi) > Amin (C’CT) )

n—oo

So, putting Lemma 2] and Lemma 5] together, we obtain the desired result, since they give

-n 210g’y
All? = d di) d 2y 08T )
A1 =0 ((ds +dv) dw 1) 250

Thus, by (39), it is enough to show that for some 0 < ¢ < n — 1,

n—1 T
.. . k—n IdX Idx
hggloréf Amin (kz_:é T [ﬁ (Ak, Bk)} {E (Ak, Br)

is at least € = ,Jnax nk 1. Let M, (€) be the set of [Ay, Bk]Z;Zl that the above does not hold:

<k<n-1

Ma(e) = {[AZ,BE, e Anet, Baol : Amin (ngnpgn) < e}, where Py, is

[c (AnIfTBM)H :

~ n—1
Similar to the proof of Theorem , for [Ak,Bk]Z;gl € My (e), there is [Ak, Bk}k , € M, (0),

N
ol

e ax n
Y ﬁ(Ag,Bg)’ Y

such that ‘H[Ak, By — {Ek’ Ek} ’H = O (y"*n~'e¢). Thus, hni)inf o, > 0, together with the
dimension of M,,(0) that we calculated in the proof of Theorem leads to

P(M,(e)) = [(9 (7("75)/27171/261/2) A l]m,

form = (dxdy —dy + 1) (n —¥€) —dx —dy + 1. Finally, £ = n — 4 gives > P(M,(¢)) < .
n=4
Therefore, Borel-Cantelli Lemma implies the desired result. |
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G Auxiliary Lemmas

In this section, we state the auxiliary lemmas used for establishing the main results and provide their
proofs, each subsection corresponding to one lemma.

First, in Lemmal(I]in Subsection|G.1] we provide expressions for the difference between the regrets of
two policies. Study of self-normalized stochastic integrals is the content of Lemma 2} while Lemma3|
on Lipschitz continuity of the optimal feedback with respect to the dynamics matrices is established
in Subsection

Next, in Lemma 4] we consider the total cumulative cost for the case of applying a sub-optimal
time-invariant linear feedback policy to a deterministic system. Then, Lemma 5] focuses on explicit
calculation of the empirical covariance matrix of the state vectors. Finally, in Lemma [6]in Sub-
section[G.6 we specify the set of dynamics matrices that possess the same optimal linear feedback
matrix.

G.1 Difference in regrets of two policies
Lemma 1 For fixed 0 < t1 < to < T, define the policies w1, ™o according to
. Ui = LX; t<t;
U =L(AGB) Xy >t
Further; let D, = A, + B,L(A,,B,), D = A, + B.L, M, = Q + L(A,,B,)' RL(A,,B,),
t
M = Q+ LRL, Ay = ePtt) — eD:(t=t1) 7, = [ [eP(t=9) — eD-(t=9)] CAW,, and S =
t1
M — M, = LTRL — L(A,,B.)" RL(A,,B,).
Then, we have Ry, (T) — R, (T) = XtTlFtht1 + 2XtT1gt1 + Bt,, where Fy,, gi,, and B, are
to

oo /(eD*T(t—tl)SeD*(t—m 207 MeP+ ) 4 ATMA, )t

1

ty
T
+ / <2A;26D*T(t_t2)M*eD*(t_t1) + At—ZeD*T (t_mM*eD*(t_tz)Atz)dt, 41)
ta

to t t
G, = / S / P =) Ccaw, + Al M / L =)W, + 24 =t pf 7, | dt
t1 t1 t1

to T t
- / A/ MZdt + / ALl g | Pt 7, / e = odw; | dt
to

t1 ty
T

+ / (eD*T (t*tl)M*eD*(t*tZ)Zh)dt, 42)
to
to t 2 t

B, = / S1/2 / ePt=Dcaw,|| +2z," M / ePt=Dcaw, + z Mz, |at

t1 t1 t1
T t

+ / VARGV / P =) CAW, + 7 P+ (=2 N, P (-82) 7, | dt.(43)
tQ tl
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Proof. Letting X;"* be the state of the system under the policy 7;, clearly, for ¢ < ¢4, it holds that
X = X2, So, we use Xy, for both states at time ¢1. Moreover, for t; < t < t5, we have

t

X = eD*(t—h)th+/6D*(t—S)CdWS7
ty
t

Xtﬂ'z _ GD(titl)th +/6D(t75)CdVVS’
t1

where Y; = X[ — X[™*. So, by denoting the instantaneous cost of policy 7; at time ¢ by ¢, (¢), we
get Y = Ay Xy, + Zy, as well as

to to
[ @)= cni it = [ X7 +¥0T 2 (X 4 ¥7) - X7 TMLXE e
t1 t1
to
_ / [XZ”TSXZ' Loy, MXT 4+ YJMY;} dt. (44)

t1

On the other hand, for ¢ > t5, we have

T T
[ em = emtinae = [ [+ v 200+ v - XM ar
to to
= / [2Y," M, X7 +Y,T M,Y,]dt. (45)
ta
and
t
X7 o= Pty / P = caw;,
ta
Y, = D (t—t2) [XZ;Q _ XZ;l:I — Dx(t—t2) [Athtl + th].
Thus, putting (44) and [@3)) together, we obtain the desired results. [ ]

G.2 Scaling of self-normalized stochastic integrals
Lemma 2 Suppose that Y; € R™ is a vector-valued stochastic process such that Yy is Fy-measurable

t
for the natural filtration F; = o ({W5}0<s<t)' Then, letting V; = fYSYSTds, we have
== 0

2

t
(I+Vt)_1/2/YSdWST = O (mdw 10g Amax (V2)) .

Proof. First, fix ¢ > 0, and for an arbitrary € > 0, let n = |t/€]. So, for k = 0,1, -- ,n, consider
k
the sequence of matrices My = e 1T+ > Y;GYJ. Then, for k = 1, - - - | n, consider the sequence
i=0

of scalars [3), defined according to [, = Y,;M k__llYke. Using the formula for determinants of the
products of matrices, we have

det My, = det [My_1 (I + M; "\ Y3Vl )] = det (My—1)det (I + M ', Y Ys0) -
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Since all eigenvalues of I + M, ', Y;..Y, are unit, except one of them which is 1 + (5, we have
(1 + Bg) det My_1 = det My. On the other hand, matrix inversion formula gives
1
M it=Mt M V.YV M ',
k k=177 T YkTEM;;llYks k—1tkelgetHp—1

which leads to
ﬁ,% 1 o det Mk, 1

Y M W = Vi (Myoy + YieYil) ™ Yae = Bi — = = :
ke Vg k ke( k—1 T Yk ke) k ﬂk 1+Bk 1+/8k deth

Further, by using the inequality 1 — 3 < —log (8 for 5 > 0, the latter equality gives
Yt M, 'Yy < logdet My, — logdet Mj,_;. (46)

Now, let F}, = Z Yie (W(z+1)e — WiE)T. Using the facts that Yy, Fi,—1, and M}, all are Fg.-

measurable, the Browman motion W; has independent increments, and its covariance matrix is a
multiple of identity, properties of conditional expectations give

FIM{'F,] =E {IE {FJM,;le‘]-"MH

[
-
[ { Fr1 + Yie (Wiks1)e — Wke)T) Mt (Fk—l + Yie Wis1)e — Wke)T> ‘fke]]
[ M P +E {(W(k-&-l)e Whe) Yt My ' Yie (Wiki1)e — Wie) ‘]:keH

= E[F M 'Fey+ (VI M) €]

So, using ([@6) together with the fact that (as positive semidefinite matrices) the order M1 < My,
holds, we get the telescopic relationships

Amax (E [FI;FM;;le}) — Amax (E [F];r_lei_llefl]) <e <10g det(e]w'k))

det (eMy_1)

Since F,;'— (M k)fl Fj, is positive semidefinite, its trace is larger than its largest eigenvalue. Hence,
adding up for k = 0, 1, - - - , n, by interchanging trace and expectation, we obtain

E [Amax (FnT (M) ™" Fn)} <E [tr (FnT (M) ™" Fnﬂ < dyw Amax (E [F,LT (M) ™" FnD :
which, by eMy > I, leads to

E [,\max (FnT (eMn)_anﬂ < mdyw 108 Amax (€M) .

Thus, according to Doob’s Martingale Convergence Theorem [34} 4], we have

Finally, letting ¢ — 0, we obtain the desired result, because eM,,, F}, are e-approximations of the
corresponding integrals. ]

2
(eM,) Y2 F, || = O (mdw 1og Amax (€M) .

G.3 Lipschitz continuity of optimal feedback

Lemma 3 Using the Jordan decomposition D, = A, + B,L (A, B,) = P71\ P,, define p, =
Kp,, similar to Deﬁnition and suppose that £ (A, B) < Ky, for

—1

Ry =

| (“X(D.) A (X (D /”

WVICGAL BN e e, 5

31



Then, letting

CACCLBIN ], ML gy (1 2080 IK (BT,

ﬁ* >\Inin (R) Amin (Q) Amin (R)

we have
I£ (A, B) — L (A, B))|l < B.E(A, B).
In general, without the condition £ (A, B) < ks, the constant 3, is replaced with
5 = <4, B 2] BLIIIC (Ao, Bo)|* (1 y UBl +&(A, B)) |’C(onBo)|||>
)\min (R) )‘min (Q) )\min (R) >\min (R) ’
for some convex combination [Ag, Byl =n[A,B] + (1 — ) [As, By, and 0 < n < 1.

Proof. Fix the matrices A, B, and consider the matrix-valued curve

¢ ={(1-n)[Ax, Bs] +n[A, Bl}o<, < -

For an arbitrary A, By € ¢, we find the derivative of the matrix K (Ag, By) at Ay, By, assuming
that the matrices Ag, By vary along . For this purpose, letting Ay = A — A,, Ap = B — B,, we
first calculate K (Ay, By) for Ay = Ag + nAa, By = By + nAp, and then let n — 0. First, letting
P = ]C (Al, Bl) — ,C (1407 Bo), we get
K (A07 BO) BlRilB;rIC (Ao, BO)
= 7’]’(: (Ao, Bo) ABR_lB;rK: (AQ, Bo) —|— IC (1407 BQ) BoR_lBirK: (AO, Bo)
= 7°K (Ao, Bo) ApR™ ALK (Ao, Bo) + 1K (Ao, Bo) ApR™' By K (A, Bo)
+ 1K (Ao, By) BiR™' ALK (Ao, Bo)
+ K (Ao, Bo) BiOR !By K (Ao, By) .
The above expression, because of
K (A1, B)) BLR™'B] K (A, B))
= K(A1,B))BIR'B] P+K(A,B))BiR"'B] K (Ao, By)
= PB R 'B/P+K(Ay,By) BiR'B/ P
+ PBiR™'B{ K (Ao, By) + K (Ao, Bo) BiR™ ' B{ K (Ao, Bo),
implies that the followings hold true:
K (A1, B1) BLR™'B] K (A1, B1) — K (Ao, Bo) BR ' By K (Ao, By)
= PBR'B/P+K(Ay,By) BBR"'B] P+ PB,R™'B] K (Ao, By)
+ 77K (Ao, Bo) ApR™'ALK (Ao, Bo) + 1K (Ao, Bo) AgR™" By K (Ao, Bo)
+ 7’]K: (AQ,B()) BoR_lAEIC (Ao,BQ) . (47)
By plugging (7)) and
ATK (A1, By) + K (A1, B)) Ay = A] K (Ao, Bo) + A] P+ K (Ao, Bo) A1 + PA;
= Ay K (Ao, Bo) + 1A LK (Ag, Bo) + A] P+ K (Ao, Bo) Ao + 1K (Ao, Bo) Aa + P Ay,

in®y4, B, (K(A;,B;)) =0fori=0,1, we obtain
0

= [A] =K (Ao,By) BiR™'B{| P+ P [A; — BiR"'B{ K (4o, Bo)] — PBiR™'B| P
+ nALK (Ao, By) + 1K (Ao, Bo) Aa — n*K (Ao, By) ApR™'ALK (Ao, By)
— K (Ao, Bo) ApR™'BJ K (Ao, Bo) — nK (Ao, Bo) BoR ALK (Ao, By),
or equivalently, N N N
0=A"P4+PA—-PBR'B'P+Q, (48)
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for A= A; — BiR"'B] K (Ao, By), and

Q = nALK (Ao, By) + 1K (Ao, Bo) A — n*K (Ao, Bo) ApR™TALK (Ao, By)
= (Ao, Bo) [Aa + ApL (Ao, Bo) | +1[£ (A0, Bo)" AL + AL]K (Ao, Bo)
— T]2IC (A(),Bo) ABRilA—BrK: (Ao,Bo) .

Suppose that 1 is sufficiently small so that A (g) < 0. Note that it is possible thanks to stabilizability
of Ay, By, Theorem |1} and lir%g = Ay + BoL (Ag, By) = Dy. So, since PByR™'B/ Pis a

n—
positive semidefinite matrix, (@8) implies that

o0
P = /eﬂ (-PBlR*IBIP+ @) eAtdt

0
oo

[ aea< (o] [ |
0

0

2
dt | I,

IN

This, because of lin%)@ = 0. leads to lim P = 0. Thus, letting M = Aa + ApL (Ao, Bo) and
n— n—
Ak(Ag,By) = lir% n~1P, @) gives the following for Aic(4,,B,):
n—

/ ePot (K (A, Bo) M + MK (Ao, By)) ePotdt. (49)
0

By

1
K(A,B) - K (A, B,) = /A(l—n)[A*,B*]—o—n[A,B]dnv
0

(31, @9), and the Cauchy-Schwarz inequality provide
”VC (A7 B) -K (A*a B*)l”

2
< E(A,B) sup 2K (Ao, Bo)ll (1\/|||/3(Ao7Bo)|||)/|H€D°t||| dt
[Ao,Boley 0

2
< E(A,B) = sup [IK (Ao, Bo)|I* (1V [I£ (Ao, Bo)ll)-
Amin (Q) [Ao,Bol€p

Next, note that £ (4, B) < k,, together with (29) and (30), implies that

8K (A, B)II” (1 v ZUBA + #4) 1€ (A, B*)|||> .

IC(4, B) = K (A, Bl < £(4, B) =< —=55 Amin (R)

Therefore, using (30), and putting the above inequality together with

I1£(A, B) = L (A, Bl

|”R_1 [(B* - Bl) K (A7 B) + B* (]C (A*7 B*) -K (Aa B))] “|
Z=H[ 1Bs = BullllC (A, B)lI + B (As, B) — K (A, B

IN

we get the first desired result. To establish the second result, it suffices to let Ay, By be the one for
which the above supremum over ¢ is achieved. |
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G.4 Effects of sub-optimal linear feedback policies

Lemma 4 Consider a noiseless linear dynamical system with the stabilizable dynamics matrices
A, B. Thatis, dX; = (ﬁlXt + BU,) dt, starting from Xo = x. Then, if we apply the linear feedback
Ui = LXy, as long as X (A + BL) < 0, it holds that

oo oo 9
/C(Xt,Ut)dt:xTIC(A,B):c—i—/HRl/Q (L—c(A,B))e<A+BL>fo dt.
0 0

Proof. Denote D; = A + BL(A,B) and Dy = A + BL. So, the dynamics equation dX; =
(AX; + BLX,)dt implies that X; = eP2!z, which leads to

(oo}

/c(Xt,Ut)dt: /XtT (Q+L"TRL) X,dt
0

0
= /mTeD;t (Q+ LTRL) eP2tydt = T Px,
0

where

P = /eD;t(Q—kLTRL)eD?tdt

0
€

- /eD;t (Q+ LTRL) eP='dt

0
[S9)

4+ eDie /eD;t(Q—&—LTRL)eD?tdt eDze

0
€

= /eD;t (Q + LTRL) eP2tde + eDQTEPeD2€,
0
which yields to

€

1
Q+L'RL = lim- /eD;t (Q+ LTRL) eP*'dt
e—0 €
0

. 1 T T T
= lim - {P—GD2 P4 eP2ep — P2 e pelee
e—0 €

= —D,P—PD,.
Similar to (23), it holds that DT K (A, B) + K (A, B) D1 + Q + L (A, B)" RL (A, B). So, sub-

tracting the latter two equalities, we get
(D2 = D1)" K (4,B) +K (A, B) (D2 — Dy) (50)
+ Dy (P—K(A,B))+(P—-K(A,B))Dy+ S =0,
where
S=L"RL—-L(A,B)" RC(A,B).
Because A (Dz) < 0, solving (50) for P—K (A, B), and using the fact Do— D1 = B[L — L (A, B)],

we have
oo

P—-K(A,B)= /eD"‘TtFeD"’tdt,
0
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wh
o F=S+[L—L(A B) B"K(A,B)+K(A,B)B[L — L(A,B)].

Then, using BTK (A, B) = —RL (A, B), after doing some algebra we obtain
S + [L-L(A,B) B'K(A,B)+K(A,B)BI[L — L (A, B)]
= [L-L(A,B) R[L-L(A,B). (51)
Thus, P — K (A, B) is
/eDJt [L — £ (A,B)]" R[L — L (A, B)] eP>dt,
0
which implies the desired result. ]

G.5 Convergence of empirical covariance matrix of the state vectors

Lemma S Suppose that for t > +, the linear feedback L is applied to the system (@ such that
A (D) < 0, where D = A, + B, L. Then, we have

1 ~+T o
lim — / XtXtTdt:/eDSCCTeDTSds.
¥ 0

T—oo T

Proof. First, denote
v+T

1
Vr == / X, X, dt.
ol

Then, define the matrix Y; = XtXtT , and apply Ito’s Formula [4]] to find dY;:
dV; = dX,: X, + X;dX,” +dX.dX, .
Plugging in for d.X; from (I)), we obtain
dy, = (DX.dt+ Cdw;) X,
+ X, (DX, dt+CaW,)" +cCTdt,

where we used the facts dtdt = 0, dW;dt = 0, and Ito Isometry dVthVVtT = dtly,, [4]. Thus, we
have

y+T y+T
Y, ir—Y, = / dvidt = / (DX X, + X, X,/ D" +CCT)dt + TM, r,
v ¥
where
. v+T . v+T T
My =7 / Xy dW, CT + T / X dw, C"
¥ v
This can equivalently be written as
1
7 (XurX[ir =X, X]) = DVr+ VD' +CCT + M, 1.
Since A (D) < 0, the latter equality implies that V7 is
Ds T 1 T 1 T DTs
& CC =+ M»%T + ?X’YX’Y — ?X’\/+TX7+T e dS.

Now, according to the following statements, the above leads to the desired result, because the terms
corresponding to M, 7, X, X,, 47 vanish as T' grows.
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1. Clearly, it holds that lim T~1/2| X, | = 0.
T— o0

2. Since A (D) < 0, the expression
v+T

X, yr=ePTX, + / ePOFT=8) Caw

implies that Tlgréo T71/2||X7+TH —0.

3. Putting X (D) < 0 together with Doob’s Martingale Convergence Theorem [34, 4], we get
lim MFY’T =0.

T—o0

G.6 Manifolds of dynamical systems with equal optimal feedback matrices

Lemma 6 Consider the set of dynamics matrices A, B that share optimal feedback with Ay, By:
Mo = {[A,B] € Réx*x(x+dv) , £ (4 B) = L(AO,BO)} .

Then, M is a manifold of dimension d%.

Proof. Suppose that for the matrix [A, B] = [Ag, Bo]+¢€ [M, N], itholds that £ (A, B) = L (Ao, By).
We find the derivative of £ (A, By) along the direction [M, N]. First, using the expressions in (23)
for A, B and for Ay, By, we get

(Do + €M + eNL (Ao, Bo)) ' K (A, B)
+ K(A4,B)(Dg+eM + eNL (Ao, By))
= —Q— L(Ay,Bo)" RL (Ao, Bo)
= Dy K (Ao, Bo) + K (Ao, Bo) D,

where Dy = Ag + BoL (Ao, By). Simplifying the above expressions and letting ¢ — 0, for the
matrix

A =lime ' (K(A,B) — K (Ao, By)),

e—0
we have
DJ A+ ADg+ (M + NL (A, Bo))' K (Ao, Bo)
+ K (Ao, By) (M + NL(Ap,By)) =0.
Thus, since according to Theorem X (Dy) < 0, it yields to

A= /eDOTtFeDDtdt,
0
where
F = (M+NL(Ao, Bo))" K (Ao, Bo)
+ K (Ao,By) (M + NL (Ao, Byp))-
On the other hand, £ (A, B) = —R™'BTK (A, B) gives

1
0 = lim- (B'K(A,B)— By K (A, By))

e—0 €

— lim - (BT — By )K (A, B)

e—0 €
— By (K(Ao,Bo) — K (A,B))

= NTK(Ao,By) + By A.
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So, M, is a manifold, and its tangent space consists of matrices M, IV satisfying the above equation.
To find the dimension, select a dx x dx matrix P arbitrarily, and let N be

N=-K (1407 B())il /GDJt [PTIC (A(), B()) + K (A(], B()) P] €D0tBodt =0. (52)
0

Note that since Apin (Q) > 0, the inverse K (Ag, By) ™" exists. Then, solve for M according to
M + NL (Ao, By) = P. Therefore, the matrices M, N satisfy in N "X (Ag, By) + B A = 0, and
so correspond to a member of M. Conversely, every matrices M, N in the tangent space of M
provide a dx x dx matrix P = M + NL (Ag, By) such that NTK (Ao, By) + By A = 0. Thus,
M, is of dimension d% , which is the desired result. |
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