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Abstract

We introduce the Riemannian Proximal Sampler, a method for sampling from den-
sities defined on Riemannian manifolds. The performance of this sampler critically
depends on two key oracles: the Manifold Brownian Increments (MBI) oracle and
the Riemannian Heat-kernel (RHK) oracle. We establish high-accuracy sampling
guarantees for the Riemannian Proximal Sampler, showing that generating samples
with e-accuracy requires O(log(1/¢)) iterations in Kullback-Leibler divergence
assuming access to exact oracles and O(log?(1/¢)) iterations in the total variation
metric assuming access to sufficiently accurate inexact oracles. Furthermore, we
present practical implementations of these oracles by leveraging heat-kernel trun-
cation and Varadhan’s asymptotics. In the latter case, we interpret the Riemannian
Proximal Sampler as a discretization of the entropy-regularized Riemannian Proxi-
mal Point Method on the associated Wasserstein space. We provide preliminary
numerical results that illustrate the effectiveness of the proposed methodology.

1 Introduction

We study the problem of sampling from a density 7% oc e~/ on a Riemannian manifold (M, g), where
g is the metric and 7% is defined with respect to the volume measure dV,,. The normalization constant
/ M e~/ dVy, is unknown. Riemannian sampling arises in Bayesian inference (e.g., hierarchical
models and Bayesian deep learning) [Girolami and Calderhead, 2011] Byrne and Girolamil [2013|
Patterson and Teh| 2013|, [Liu and Zhu, 2018|, |Arnaudon et al., 2019, [Liu et al., 2016} [Piggott
and Solol 2016, Muniz et al., 2022 [Lie et al.|[2023], statistical physics (e.g., constrained molecular
dynamics) [[Leimkuhler and Matthews, 2016]], and manifold optimization problems such as eigenvalue
computation, low-rank approximation, and diffusion models [Goyal and Shetty,[2019}|Li and Erdogdul
2023} 'Yu et al., 2023, Bonet et al., 2023, [De Bortoli et al.,|2022, [Huang et al.| [2022].
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Table 1: Comparison of iteration complexity with |Li and Erdogdu! [2023]] and (Cheng et al.| [2022].
Here, ¢ is the target accuracy, K5 is the gradient Lipschitz constant, and d is the manifold dimension;
for a product of n spheres of dimension m, d = mn. All works assume a uniform lower bound on
Ricci curvature and include the hypersphere as a common example. |Cheng et al.| [2022] does not
provide explicit dependence on d or other problem parameters.

Assumptions Source Complexity Metric

LSLM =8" xS x..x8™
f is K3-smooth

aze

Li and Erdogdu|[2023] O (dK% log fo@o)) KL

Distant-dissipativity,
f isKy-smooth, M has Cheng et al.|[2022] O (% Poly (d, K3)) wh
bounded sectional curvature

LSI, M = 8%, fis L-Lipschitz Corollary O(%d log2 %) TV

On a Riemannian manifold, Langevin dynamics takes the form dX; = — grad f(X;)dt + V2dB;,
where grad is the Riemannian gradient and B; is Brownian motion on the manifold. This formu-
lation extends Euclidean Langevin dynamics by incorporating geometric information through the
Riemannian metric, but discretizing manifold Brownian motion is generally intractable. |Li and
Erdogdul [2023]] considered product manifolds S™ x --- x 8™, showing convergence for a scheme
that discretizes only the drift while assuming exact Brownian motion—feasible on spheres. |Gatmiry
and Vempala| [2022]] extended this to general Hessian manifolds, however, requiring exact Brownian
motion. Both assume a log-Sobolev inequality and achieve poly(1/¢) iteration complexity in KL
divergence, but the need for exact Brownian motion in|Gatmiry and Vempala| [[2022] limits practical
applicability.

Cheng et al.|[2022] analyzed a practical discretization of Riemannian Langevin dynamics, where both
drift and noise are discretized. They established O(1/£?) iteration complexity in the 1-Wasserstein
distance under general assumptions, and in the 2-Wasserstein distance under a stronger, log-concavity-
like condition. A key challenge is proving Wasserstein contractivity without convexity (e.g., on
compact manifolds), addressed via a second-order expansion of the Jacobi equation [Cheng et al.|
2022, Lemma 29]. [Kong and Tao| [2024] proposed a Lie-group MCMC sampler for densities on Lie
groups, achieving polynomial O(poly(1/¢)) complexity in 2-Wasserstein distance.

In comparison to the above works for Riemannian sampling, for the Euclidean case, high-accuracy
algorithms, i.e., algorithms with iteration complexity of O(polylog(1/¢)) are available under various
assumptions (that are essentially based on (strong) log-concavity or isoperimetry); see for example Lee
et al.|[2021]], /Chen et al.| [2022]], [Fan et al.|[2023]], He et al.|[[2024]] for such results for the Euclidean
proximal sampler and [Dwivedi et al.| [2019]], Chen et al.|[2020]], Chewi et al.|[2021], |Lee et al.| [2020],
Wu et al.|[2022],|(Chen and Gatmiry|[2023]], Andrieu et al.|[2024]], |Altschuler and Chewi|[2024] for
various Metropolized algorithms including Metropolis Random Walk (MRW), Metropolis Adjusted
Langevin Algorithm (MALA) and Metropolis Hamiltonian Monte Carlo (MHMC).

High-accuracy samplers for constrained Euclidean sampling—i.e., from densities supported on
convex sets K C R%%—have been developed using Hit-and-Run and Ball Walk under various con-
ditions [Lovasz, (1999, [Kannan et al., 2006} [1997]]; see Kook and Zhang|[2025| Section 1.3] for a
survey. Kook et al.|[2022] introduced Constrained Riemannian HMC (CRHMC) with an Implicit
Midpoint integrator and proved high-accuracy guarantees. Noble et al.| [2023]] proposed Barrier
HMC (BHMC) and its discretizations with asymptotic guarantees. [Kook et al.|[2024] developed the
"In-and-Out" algorithm for uniform sampling on convex bodies. Kook and Vempala| [2024]] achieved
state-of-the-art accuracy for log-concave sampling via a proximal method. Srinivasan et al.| [2024a/b]
showed that Metropolized Mirror and preconditioned Langevin samplers also achieve high-accuracy
under suitable assumptions.

Given the above, the following natural question arises:

Can one develop high-accuracy algorithms for sampling on Riemannian manifolds?



To the best of our knowledge, no prior work exists on providing an affirmative answer to this question.
In this work, we develop the Riemannian Proximal Sampler which generalizes the Euclidean Proximal
Sampler from [Lee et al.| [2021]]. In contrast to the Euclidean case, the algorithm is based on the
availability of two oracles: the Manifold Brownian Increment (MBI) oracle and the Riemannian
Heat Kernel (RHK) oracle. We show in Theorem [6] and Theorem [§] that the algorithm achieves
high-accuracy guarantees under functional inequality assumptions when exact oracles are available,
and under Assumption [I] when inexact oracles are available, respectively. We further develop
practical implementations of the aforementioned oracles that satisfy the conditions in Assumption ]
(Section [3), and that are connected to entropy-regularized proximal point method on Wasserstein
spaces (Appendix[A)). A comparison with the existing results for the case of sampling on spheres is
provided in Table[I] We also demonstrate the numerical performance of the algorithms via simulations
in Appendix B}

2 Preliminaries

Throughout the paper, unless otherwise specified, we use O, to suppress dependency on other
parameters except for £, and only keep leading factor. For example, X log(1)(loglog 1) = O(log 1).
We first recall certain preliminaries on Riemannian manifolds; additional preliminaries are provided
in Appendix |C} We refer the readers to|Lee| [2018]] for more details.

Let M be a Riemannian manifold of dimension d equipped with metric g. The manifold M is assumed
to be complete, connected Riemannian manifold without boundary. For a point x € M, T,, M denotes
the tangent space at . For any v,w € T, M, we can write the metric as g, (v, w) = (v, w),. For
x € Mandv € T, M, exp,(v) denotes the exponential map. We use grad and dV to represent the
Riemannian gradient and the Riemannian volume form respectively.

For z € M, Cut (z) denotes the cut locus of z. For z,y € M, we use d(z,y) to denote the geodesic
distance between x and y. Let div denotes the Riemannian divergence, and Laplace-Beltrami
operator A : C°°(M) — C°°(M) is defined as the Riemannian divergence of Riemannian gradient:
Au = div (grad u). We use v(t, z, y) to denote the density of manifold Brownian motion with time
t, starting at x, evaluated at y.

Let (M,F) be a measurable space. Note that the Riemannian volume form dVj, is a measure.
A probability measure p and its corresponding probability density function p are related through
dp = pdVj,. Given a measurable set A € F, P,(A) denotes the probability assigned to the set A by
p. We have P,(A) = [, p(z)dVy(z) = [, dp(x).

Definition 1 (TV distance). Let pi1,p2 be probability measures defined on the measurable
space (M, F). The total variation distance between py and ps is defined as ||p1 — p2||lrv =

sup g7 [p1(A) = p2(A)].

Definition 2 (KL divergence and y? divergence). Let py, p2 be probability measures on the measur-
able space (M, F), with full support. The Kullback-Leibler (KL) divergence and x* divergence of py
with respect to py are defined as (respectively)

dp1 2 / dps 2
H = log —dp, = — —1)“d
p2(P1) /M 8 4oy 1 Xy, (P1) M( s )“dp2

where g—g; is the Radon-Nikodym derivative.
It is known that H,,(p1) > 0 with equality if and only if p; = po. Although the KL divergence is
not symmetric, it serve as a “distance” function between two probability measures. For instance, the

well known Pinsker inequality states that || ps — p1 |3, < $H,,(p1).

Definition 3 (Log-Sobolev Inequality (LSI)). A probability measure py satisfies Log-Sobolev
Inequality with parameter o > 0 (a-LSl) if H,,(p1) < 5=Jp,(p1),Yp1, where J,,(p1) =

Jos Il grad log o |2dpy is the relative Fisher information.

We also recall the definition of Poincaré inequality which is a generalization of LSI.

Definition 4 (Poincaré Inequality (P1)). A probability measure p satisfies Poincaré Inequality with
parameter o > 0 (a-Pl) if E,(¢%) — E,[g]* < iEP[H grad gl|?],Vg € C°°(M)



For more technical details on LSI and PI, see Appendix [H.2]and[H.3] In Euclidean space, conditions
like LS| and PI can be viewed as a relaxation of strong convexity assumption on f, and is used
to establish convergence of sampling algorithms in KL divergence. See, for example, Vempala
and Wibisono| [2019] (for the Langevin Monte Carlo Algorithm) and |Chen et al.| [2022] (for the
Euclidean proximal sampler). For a Riemannian manifold, the Bakry-Emery condition can be used to
establish LSI. Informally speaking, when the potential f satisfies certain convexity, the corresponding
probability measure satisfies LSI. For more details see for example [Bakry et al.| [2014] and [Li
and Erdogdul 2023 Appendix B]. When the manifold is compact, it is well known that the only
convex function is the constant function, and therefore the Bakry-Emery condition does not yield
useful information; but for non-compact manifolds, such a condition may serve as a useful tool to
establish LSI. Moreover, recent works translated LSI/PI conditions on 7 to the Polyak-Lojasiewicz
(PL) condition on f. For example, considering e ~/(*)/? in the low-temperature regime, i.e., t — 0
limit, (Chewi and Stromme]| [[2024] related LSI constant and the PL constant. Similarly |Gong et al.
[2024] related the PI constant and a local PL constant. (Chen and Sridharan| [2024]] considered an
“optimizability" condition and analyzed LSI/PI constant for (informally) ¢ < O(1/d). It is interesting
future work to establish similar relationships in the manifold setting.

2.1 Curvature

We also need notions of curvature on manifolds to present our main results. Let X (/) denote the
set of all smooth vector fields on M. Define a map called Riemann curvature endomorphism by
R:X(M)xX(M)x X(M) — X(M)by R(X,Y)Z =VxVyZ —VyVxZ — Vixy)Z While
such definition is very abstract, we provide an intuitive explanation of what curvature is. Intuitively,
on a manifold of positive curvature (say, a 2-dimensional sphere), geodesics tend to “contract”. More
precisely, given x,y € M and v € T, M, we can parallel transport v to u = PYv € T,M. Itisa

well-known result that (ignore higher order terms) d(exp,, tv, exp,, tu) < (1 — %K )d(x,y) for some
K (which is actually the sectional curvature). From this, we see that for positive curvature, which
means K > 0, the distance between geodesics would decrease.

Formally, given v, w € T}, M being linearly independent, the sectional curvature of the plane spanned

by v and w can be computed through K (v, w) = m%; see |Lee|[2018} Proposition 8.29].

On the other hand, Ricci curvature can be viewed as the average of sectional curvatures. The Ricci
curvature at € M along direction v is denoted as Ric . (v), which is equal to the sum of the

sectional curvatures of the 2-planes spanned by (v, b;)%_, where v, ba, ..., by is an orthonormal basis
for T, M ; see|Lee|[2018] Proposition 8.32].

We remark that the Ricci curvature is actually a symmetric 2-tensor field defined as the trace of the
curvature endomorphism on its first and last indices [Leel |2018]], which sometimes is written as
Ric 4 (u, v) for u,v € T, M. The previous notation is a shorthand of Ric ,(v) = Ric (v, v). When
we say Ricci curvature is lower bounded by , we mean Ric (v,v) > k,Yv € T, M, ||v|| = 1. We
end this subsection through some concrete examples.

1. The hypersphere S¢ has constant sectional curvature equal to 1, and constant Ricci curvature
Ric = (d — 1)g,Vx € M (so that Ric . (v) = d — 1 for all unit tangent vector v € T, M).

2. For P,, C R™*™_ the manifold of positive definite matrices (with affine-invariant metric),
its sectional curvatures are in the interval [— %, 0]; see, for example, [Criscitiello and Boumal

[2023]]. Hence its Ricci curvature is lower bounded by —%.

2.2 Brownian motion on manifolds

Now we briefly discuss Brownian motion on a Riemannian manifold. Recall that in Euclidean space,
Brownian motion is described by the Wiener process. Given 2z € R? and ¢ > 0, the Brownian motion

1 _l=z—y|?
2t . It solves

starting at  with time ¢ has (a Gaussian) density function v (¢, x,y) = Grnarz®

the heat equation %V(t, z,y) = $A,v(t,z,y) with initial condition (0, z,y) = &, (y).
On a Riemannian manifold, we can describe the density of Brownian motion (heat kernel) through

heat equation. Let B, ; be a random variable denoting manifold Brownian motion starting at = with
time ¢ and let v(¢, x, y) be the density of B, ;. The Brownian motion density v(¢, x, y) is then defined



Algorithm 1 Riemannian proximal sampler
for k=0,1,2,...do
Step 1 (MBI): From xj, sample y;, ~ 7r37/ X (+, ) which is a manifold Brownian increment.

Step 2 (RHK): From vy, sample x4 1 ~ mi(‘Y(, yr) o e T@u(n, 2, ).

end for

as the minimal solution of the following heat equation:
0 1
al/(tw,y) = iAyy(t,m,y) with v(0,z,y) = 0,(y).

More details can be found in [Hsu| [2002, Chapter 4]. Unlike the Euclidean case, on Riemannian
manifold, the heat kernel does not have a closed-form solution in general. However, some properties
of the Euclidean heat kernel is preserved on a Riemannian manifold. One such property is the

following: Consider M = R? we have tlog v(t, z,y) = tlog W - M Ast — 0, we get

1imt_>() t log V(tv €, y) = _M

Fact 5 (Varadhan’s asymptotic relation [Hsu, 2002])). For all x,y € M withy ¢ Cut (x), we have

. On a Riemannian manifold, we have the following result.

] J— d( k) )2
}%tlogu(t,x,y) - 7%

and lim; o tgrad, logv(t,z,y) = exp;1 ().
When evaluation of the heat kernel is required for practical applications, the Varadhan asymptotics
aforementioned is used [De Bortoli et al., [2022].

Yet another numerical method for evaluating the heat kernel on manifold is truncation method; see,
for example, |Corstanje et al.| [2024} Section 5.1] and |De Bortoli et al.|[2022]. In many cases, the
heat-kernel has an infinite series expansion. For example, a power series expansion of heat kernel
on hypersphere is given in|Zhao and Song|[2018| Theorem 1], and more examples can be found in
Eltzner et al.| [2021, Example 1-5]. Similar results are also available for more general manifolds;
see, for example, |Azangulov et al.[[2022] for compact Lie groups and their homogeneous space, and
Azangulov et al.| [2024] for non-compact symmetric spaces. Hence, a natural approach is to truncate
this infinite series at an appropriate level. For example, on S 2 C R3, the heat kernel and its truncation
up to the [-th term (denoted as v;) can be written respectively as

= i+t 20 + 1 l i+t 20 + 1
v(t,z,y) = Zfif > ?PP(@,WW) and v (t,z,y) = 267 > ?PL‘O(@,WW),
=0 =0

where P? are Legendre polynomials.

3 The Riemannian proximal sampler

We now describe the Riemannian Proximal Sampler, introduced in Algorithm [I] Similar to the
Euclidean proximal sampler [Lee et al.,|2021], the algorithm has two steps. The first step is sampling
from the Manifold Brownian Increment (MBI) oracle. The second step is called the Riemannian Heat-
Kernel (RHK) Oracle. Recall that v(n, x, y) denotes the density of manifold Brownian motion with
time 7). Define a joint distribution 7, (z,y) o e~/@v(n, x,y). Then, step 2 consists of sampling
from the aforementioned distribution. When there is no ambiguity, we omit the step size 1 and simply
write 7(z,y) oc e~ @ (n, z,y). Algorithmis an idealized algorithm, in the sense that we assume
exact access to MBI and RHK oracles. Following |Chen et al.|[2022]], next we provide an intuitive
explanation for the algorithm from a diffusion process perspective.

Step 1: For fixed =, we see that 7r?7/|X (-,z) x v(n,z,-) which is the density of Brownian motion
starting from z for time 7. From this we see that the first step of the algorithm is running forward
manifold heat flow: dZ; = dB;.

Step 2:  We will illustrate that the second step of the algorithm is running the time-reversed process
of the forward process. Consider a stochastic process Z; : ¢ > 0. When we have observations



of x, ~ Z,, we can compute the conditional probability of Zy conditioned on endpoint Z,,. We
denote 1(xo|z,) as the posterior. Bayes Theorem says p(zo|x,,) o< pu(zo)L(zy|zo), Where p(zo)
is the prior guess and the likelihood L depends on the model. We consider the following model
(forward heat flow): dZ; = dB; with Zy ~ 7% oc e=¥(®). Then p(zo) = 7% (20) and L(x,|z0) =
v(n, zo, T,). Thus we get p(zo|x,) o< e~ @)u(n, 0, 3,), and we observe that pu(zo|z,) is exactly
7XIY=%n(z4|2,). For the forward heat flow dZ; = d B, with initialization Zy ~ 7% o e~/(*), there

is a well-defined time reversed process Z; , which satisfies (Zo, Z,,) 4 (ZAn‘ ,Zy ). See Appendix
for more details. Based on this, for the time-reversed process 7z ., the law of Zn_ conditioned on

Z; = zis the same as the posterior (x| 2) discussed previously, i.e., 751Y=*(z) < e /@ v (n, z, 2).
Thus we see that the RHK oracle is, from a diffusion perspective, running the time-reversed process.

Implementing Step 1 and Step 2 is non-trivial on Riemannian manifolds. In Section [5|and Appendix[A]
respectively, we discuss two approaches based on heat-kernel truncation and Varadhan’s asymptotics.
Furthermore, geodesic random walk [Mangoubi and Smith, [2018| |Schwarz et al.l|2023] is a popular
approach to simulate Manifold Brownian Increments (see Appendix [B.1]), however to the best of our
knowledge (in various metrics of interest) is known only under strong assumptions [[Cheng et al.,
2022, Mangoubi and Smith} 2018]].

4 High-accuracy convergence rates

In this section, we provide the convergence rates for the Riemannian Proximal Sampler (Algorithm|T)
assuming that the target density satisfies the LSI assumption. Firstly, note that in [Lee et al.,2021]] the
analysis of Euclidean Proximal Sampler is done assuming the potential function is strongly convex.
However, it is known that on a compact manifold, if a function is geodesically convex, then it has to
be a constant. Hence assuming the potential f being geodesically convex is not much meaningful.
Recently, |Cheng et al.| [2022] discussed an analog of log-concave distribution on manifolds. Although
their setting works for compact manifolds, it requires the Riemannian Hessian of the potential f to be
lower bounded by some curvature-related value, which is still restrictive. Hence, we adopt the setting
as in|Chen et al.| [2022]], assuming that the target distribution satisfies the LSIL.

In Section[4.1] we consider the case where both steps of Algorithm|[I]are implemented exactly, and
in Section4.2] we consider the case when MBI and RHK oracles are inexact. Regarding notation,
we let piX (), p (y) denote the law of x and y generated by Algorithmat k-th iteration, assuming
exact MBI and exact RHK oracles. When the oracles are inexact, we let /3? (), ﬁky(y) to denote the
law of z and y generated by Algorithm T]at k-th iteration.

4.1 Rates with exact oracles

Our first result is as follows, with the proof provided in Appendix

Theorem 6. Let M be a Riemannian manifold without boundary, i.e., OM = (. Denote the
distribution for the k-th iteration of Algorithmas Ty ~ pi,( . Let r denote the lower bound of Ricci
curvature. For any initial distribution p§, we have

1. Assume m satisfies o-LSI.

* For non-negative curvature we have Hx (pi) < H.x (p)/(1 + na)?*,¥n >0
* For negative curvature, we have H,x (pi ) < H.x (pg)/(1+1%)?*,V0 < n < 1/|x].

2. Assume T satisfies a-Pl.

* For non-negative curvature we have x2 x (pi) < x%x (pg )/ (1 +na)?*,¥n > 0
* For negative curvature, we have x*x (pi¥) < x*x (p§)/(1 +n%)?*,V0 < n < 1/|x.

Note that the resulting contraction rate depends on the curvature. If the curvature is non-negative, then
we can recover the rate in Euclidean space. But in the case of negative curvature, the rate becomes
more complicated, and in order to get the contraction rate as in Euclidean space, we need the step
size to be bounded above by some curvature-dependent constant.



The above result provides a high-accuracy guarantee for the Riemannian Proximal Sampler in KL-
divergence and 2 divergence. To see that, consider for example the case when the Ricci curvature is
. . . . H &
non-negative. Note that to achieve € accuracy in KL divergence, we need %
log(H  x (g )/¢)
log(1+na)

= ¢. Taking log

on both sides, we get k = O( ). For small step size 7, we have Toa(

1 _ (1
( e = OG)
I?ence k= O(x log H“XT(%)) = O(% log ). As 7 does not depend on ¢, we see that we need
O(log 1) number of iterations.

There are several challenges in obtaining the aforementioned result for the Riemannian Proximal
Sampler. In Euclidean space, when a probability distribution 7% satisfies a-LSl, its propagation
along heat flow 7% * N(0, t1;) satisfies a;-LSI, with oy = Tia7- This fact is very important and
leveraged in|Chen et al.|[2022] for proving their convergence rates. A quantitative generalization
of such a fact for Riemannian manifolds is not immediate and we establish the required results in

Appendix following |Collet and Malrieu|[2008], under the required Ricci curvature assumptions.

4.2 Rates with inexact oracles

Recall that Algorithm [T]is an idealized algorithm, where we assumed the availability of the MBI

and RHK oracles. Note that given z € M, exact MBI oracle generate samples y ~ 773,/ |X(-|:c).
And given y € M, exact RHK generate samples z ~ ﬂ'f ¥ (‘ly). In practice, exactly implementing
these oracles could be computationally expensive or even impossible. For the Euclidean case, we
emphasize that, as the heat kernel has an explicit closed form density (which is the Gaussian), prior
works, for example, |Fan et al.|[2023]], only consider inexact Restricted Gaussian Oracles and control

the propagated error along iterations.

In this section, we derive rates of convergence in the setting where both the MBI and RHK oracles
are implemented inexactly. Specifically, we assume we are able to approximately implement the MBI

~X]Y

oracle by generating y ~ 7%37/ 1X (-|x), and approximately implement the RKH oracle by generating
x~ 7y (|ly), see Assumption|l

below.

Assumption 1. Denote the output of exact RHK oracle as 7r7),( |Y(~|y) and inexact RHK oracle

as frf,(ly(|y) Similarly, denote the output of exact MBI oracle as WZ‘X("SU) and inexact MBI
oracle as 7%37/ ‘X(~\x). Let Cruk and Cup be the desired accuracy. We assume that, for inverse

step size 171 = O(log %), the RHK and MBI oracle implementations can achieve respectively
~X|Y Xy A Y|X Y|X
70 Cly) —mn " Cly)llry < Cruk, Yy, and |7y ™ (x) — 0 7 (|2) 7y < Cuer, Ya. We then

let ¢ := max{(ruk, (MBI}

The need for assuming the step size satisfies n=1 = @(log %) for the approximation quality is as

follows. Recall from the discussion below Theorem [6]that the complexity of Riemannian Proximal
1

Sampler depends on the step size as O(%) Thus if 7 became too small, for example = = O (g),
then the overall complexity would be Poly (%) which is not a high-accuracy guarantee.

We also briefly explain the intuition in assuming total variation distance error bound in oracle quality,
and postpone the detailed discussion to Section[5] To guarantee a high quality oracle, we need a
high quality approximation of heat kernel. As mentioned previously, a popular method is through
truncation of infinite series. Theoretically, the Ly truncation error can be bounded for compact
manifold [Azangulov et al.,|2022]], which says that the difference between the heat kernel and the
approximation of heat kernel are close. This naturally imply an error bound in total variation distance,
which motivates us to consider the propagated error in total variation distance.

We first start with a result quantifying the error propagated along iterations, under the availability of
inexact oracles. The proof of the following result is provided in Appendix [E]

Lemma 7. Let pif denote the law of X through exact oracle implementation of Algorithm and ﬁ?
denote the law of x through inexact oracle implementation of Algorithm[I} Under Assumption|[I] we
have || ppX (x) — i (2)l7v < E(Crrk + Cvir)-

Based on this result, we next obtain the following result analogues to Theorem|[6} the proof is provided
in Appendix



Theorem 8. Similar to Theorem|[6} let M be a Riemannian manifold without boundary. Assume
Assumption |l| holds. For any initial distribution py\, to reach O(g) total variation distance with
oracle accuracy ¢ = (ruk = (MBI = ﬁ and step size % = O(log %) (for negative curvature, we

lo,
),

additionally require n < 1/|x

1. if ¥ satisfies o-LS|, we need k = O(log® %) iterations.
- 2 (X -
2. if X satisfies a-Pl, we need k = O (log % log X’“ngp")> =0 (log2 é) iterations.

Remarks By |[Villani [2008] Thm. 6.15], Wy (i, v) < D|u — v||7v, where D is the manifold’s
diameter. For compact manifolds, when D is constant, our TV bound directly implies a W3 bound.

S Implementation of inexact oracles via heat kernel trucation

Theorem |8 shows that as long we have sufficient accuracy of MBI and RHK oracles satisfying
Assumption [I] we can have a high-accuracy Riemannian sampling algorithm. In this section, we
introduce an approximate implementation, based on heat kernel truncation (as introduced in Section[2)
and rejection sampling. Numerical simulations for this approach are provided in Appendix [B.2]

First note that for rejection sampling method (in general) there are two key ingredients: a proposal
distribution and an acceptance rate. Assume we want to generate samples from p through rejection
sampling. We choose a suitable proposal distribution denoted as (, and a suitable scaling constant K

such that the acceptance rate K Z Eg < 1,Vz. We generate a random proposal « ~ p and u € [0, 1]
being a uniform random number. Then we compute K %, and accept z if u < K Z ((’3

We also introduce the following definition of Riemannian Gaussian distribution, as defined next,

which will be used as the proposal distribution in rejection sampling. A Riemannian Gaussian

_d(z*,2)?
2t

14, denote an unnormalized version of i and d denotes the geodesic distance. We use this as our
proposal distribution to implement rejection sampling, as exact sampling from such a distribution is
well-studied for certain specific manifolds; see, for example, Said et al.|[2017] for symmetric spaces
and [Chakraborty and Vemuri|[2019] for Stiefel manifolds. Furthermore, this notion of a Riemannian
Gaussian distribution is also used in the study of differential privacy on Riemannian manifolds due
to their practical feasibility [Reimherr et al., 2021} Jiang et al.| [2023]]. In section[[.2] we provide an
explicit algorithm for sampling from the Riemannian Gaussian distribution on the sphere via rejection
sampling.

distribution centered at 2* with variable t is p(t, 2*, x) o (¢, 2*, x) := exp ( ), where

5.1 Implementation of RHK

We first recall the rejection sampling implementation of Restricted Gaussian Oracle (RGO) in the
Euclidean setting. Note that, we have log v, (7, =, yx) = f% |z — yx||?, where v, = exp(f% ||z —

yx||?) is an unnormalized heat kernel (or the Gaussian density) in Euclidean space. Then we have
ﬂf‘y(~, Yg) X e~/ @ =7 le=usl®  Then, the RGO is implemented through rejection sampling.
Specifically, we can first find the minimizer z* € argmin, f(z) + ﬁHx — yk||*>. Note that the

minimizer represents the mode of m?( ‘Y(-, yr). We can then sample a Gaussian proposal z, ~
N (z*,t1y) for suitable ¢ centered at the mode z* and perform rejection sampling. For more details,
see, for example, Chewil [2023]].

On a Riemannian manifold with v denoting the heat kernel, to sample from 777)7( ¥ (k)
e~ 7@ y(n, z,y,) through rejection sampling, we need evaluations of f(z) — log v(n, z, yx ). But in
general, we cannot evaluate the heat kernel exactly, hence we seek for certain heat kernel approxima-
tions. Hence, we use the truncated heat kernel v; to replace v, and perform rejection sampling, see
Algorithm 2] In the rejection sampling algorithm, as mentioned previously, we use a Riemannian
Gaussian distribution as the proposal for rejection sampling. When the minimizer of g is available, we
can set x* to be the minimizer; otherwise, we can simply set z* = y;. We choose suitable step size i



Algorithm 2 RHK through rejection sampling

Set 2* =y, and denote g(x) := f(z) — logvi(n, z, yk)-
Set suitable ¢ and constant Cry s.t. Vap () := e"pgﬁfﬁigi ﬁf)gf”” <1LVxeM
2t ?

fori=0,1,2,...do
Generate proposal x ~ u(t, z*,-).
Generate u uniformly on [0, 1].
Return z if u < Virpk ()

end for

Algorithm 3 MBI through rejection sampling
Set suitable ¢ and Ciypg) so that Vg (y) := exp(log vi(n.@,y) —10g vi(n,z,2)+ Cie1) <l,Vye M

exp(—2500%)
fori=0,1,2,...do
Generate proposal y ~ u(t, x, ).
Generate u uniformly on [0, 1].
Return y if u < Vmgi(y)
end for

and ¢ that depends on 7 s.t. g(z) — g(z*) + Cruk > 2;d(x,2*)?. Such an inequality can guarantee
that the acceptance rate (with Riemannian Gaussian distribution p(¢, 2*, ) as proposal) would not
exceed one, i.e., Vruk (z) < 1,Va. Then we see that the output of rejection sampling would follow
fri(‘y(ﬂyk) x exp(f(x) —logv(n, z,y)). Similarly, to implement the MBI oracle, we also use
rejection sampling to get a high-accuracy approximation. Specifically, Algorithm 3] generates inexact

Brownian motion starting from x with time 7).

5.2 Verification of Assumption ]

We now show that Assumption [I]is satisfied for the aforementioned inexact implementation of the
Riemannian Proximal Sampler. To do so, we specifically consider the case when the manifold M is
compact and is a homogeneous space. Recall that v; denote the truncated heat kernel with truncation
level [. Roughly speaking, a homogeneous space is a manifold that has certain symmetry, including
Stiefel manifold, Grassmann manifold, hypersphere, and manifold of positive definite matrices.

Proposition 9. Let M be a compact manifold. Assume further that M is a homogeneous space.
With truncation implementation of inexact oracles, in order for Assumption [I| to be satisfied with
¢= @, we need truncation level | to be of order polylog(1/¢).

Sketch of proof: We briefly mention the idea of proof. |Azangulov et al.| [2022| Proposition 21]
provided an L, bound on the truncation error, and by Jensen’s inequality we get an L; bound
as desired. With truncation level [ to be of order Poly (log 1), we can achieve [, |[v(n,z,y) —

vi(n, z,y)|dVy(z) = O(¢). See Proposition |19|and Proposition for a complete proof.

Remark. Proposition[9]concerns Algorithms[2]and[3] which is one way to implement the RHK and
MBI oracles. Rejection sampling is a part of the implementation in Algorithm [2]and 3| which are
both based on truncated heat kernels. The cost of rejection sampling comes in the number of steps
of the for loop in both the algorithms. Intuitively, one can expect that if we have a highly-accurate
evaluation of the heat kernel, the cost of rejection sampling should be the same as that of rejection
sampling with the exact heat kernel.

Remark. On the Euclidean space, for which the exact heat kernel is known, the cost of rejection
sampling can be proved to be O(1) [Chen et al.[[2022]. Hypothetically, even if we have the exact heat
kernel on a Riemannian manifold, the cost for rejection sampling is actually unknown for general
Riemannian manifolds. For the case of sphere, we provide an end-to-end result (including the cost of
rejection sampling) in Corollary In proving this result, we first showed that when the acceptance
rate V' in rejection sampling would possibly exceed 1 in some unimportant regions, Assumption|I]
still holds, via explicit computations (see Appendix [[.T). Then, we show that the cost of rejection
sampling (even with the inexact heat-kernel based on truncation level as stated in Proposition [9)), is
O(1) similar to the Euclidean case.



When M is not a homogeneous space, to the best of our knowledge, it is unknown how to implement
the truncation method. Exploring this direction to further extend the above result is an interesting
direction for future work.

5.3 A concrete example on hyperspheres

We provide a more specific computational complexity result that consider the dimension dependency
as well as cost for rejection sampling; the proof is provided in Appendix

Corollary 10. Let M = S, and let 7% satisfies a-LS| with the potential function f additionally
being L1—Lipschitz on M. Assume without the loss of generality that L1 > /d. Consider heat

kernel truncation implementation (i.e., Algorithmand E]), without minimization (i.e., start rejection
_ 1

sampling from vy, directly), and with step size n = and truncation level | =
L%dlog

O(d?Poly (log 1)). To get an e-accurate sample in TV distance, the iteration complexity, is k =

L3dlog2 1
£

~ 2 ~
(’)(% log? é) where we use O to keep only the leading factors.

6 Additional results

* In Setion[A] we design another practical implementations of the oracles based on Varadhan’s
asymptotics. While showing that this implementation satisfies Assumption [I] is left as
future work, we show their connection to entropy-regularized proximal point methods on
Wasserstein spaces (see Theorem [T2)).

* We evaluate the empirical performance of both implementations through simulation studies
presented in Appendix

7 Concluding remarks

We introduced the Riemannian Proximal Sampler for sampling from densities on Riemannian
manifolds. By leveraging the Manifold Brownian Increments (MBI) and the Riemannian Heat-kernel
(RHK) oracles, we established high-accuracy sampling guarantees, demonstrating a logarithmic
dependence on the inverse accuracy parameter (i.e., polylog(1/¢)) in the Kullback-Leibler divergence
(for exact oracles) and total variation metric (for inexact oracles). Additionally, we proposed practical
implementations of these oracles using heat-kernel truncation and Varadhan’s asymptotics, providing
a connection between our sampling method and the Riemannian Proximal Point Method.

Future works include: (i) characterizing the precise dependency on other problem parameters apart
from ¢, (ii) improving oracle approximations for enhanced computational efficiency and (iii) extending
these techniques to broader classes of manifolds (and other metric-measure spaces).
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paper’s contributions and scope?
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Justification: Yes, see the end of Section E] for a summary of our main contributions, as well
as references on the theorem number.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
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violations of these assumptions (e.g., independence assumptions, noiseless settings,
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Justification: We did state the assumptions in each theorem, and the proof can be found in
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by formal proofs provided in appendix or supplemental material.
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* The answer NA means that the paper does not include experiments.
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whether the code and data are provided or not.
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For example, if the contribution is a novel architecture, describing the architecture fully
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sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Justification: Codes were provided in supplementary material.
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* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The details that are necessary to understand the results are provided in this
paper.
Guidelines:
* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]

Justification: Our work is theoretical and includes some toy examples. The plots are average
over 1000 number of trails.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The toy examples are run on a personal laptop using Matlab, and only CPU
(AMD Ryzen 7 PRO 5850U).

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The authors have read the NeurIPS Code of Ethics and followed it in the paper.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: Our work is theoretical.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our work is theoretical and poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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15.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our work is theoretical.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: Our work is theoretical and does not involve crowdsourcing nor research with
human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: Our work is theoretical, and does not involve crowdsourcing nor research with
human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Implementation via Varadhan’s asymptotics and connection to
entropy-regularized JKO scheme

In this section, we consider yet another approximation scheme for implementing Algorithm [T}
motivated by its connection with the proximal point method in optimization, where the latter is in
the sense of optimization over Wasserstein spaceﬂ [Jordan et al., |1998, Wibisono), 2018, [Chen et al.|
2022]. Note that the proximal point method is usually called as the JKO scheme after the authors
ofJordan et al.|[1998]].

Specifically, we consider approximating the heat kernel through Varadhan’s asymptotics. Let

v(n,z,y) oy exp(—%) =: Du(7n,x,y) be an inexact evaluation of heat kernel. According

to Varadhan’s asymptotics, lim, o (1, z,y) = v(n,z,y). Hence when 7 is small, © is a good
approximation of the heat kernel. Note that ©(7, x, -) in Varadhan’s asymptotic is exactly the Rieman-

nian Gaussian distribution x(n, z, -). Denote 7(z,y) = exp(—f(x) — d(;i;;)z) With inexact MBI

implemented through Riemannian Gaussian distribution and inexact RHK implemented through rejec-
d(z,y)?

XY (a]y) oc exp(—f(x) — 252)

tion sampling (Algorithm [2)) to generate 7 , we obtain Algorithm

For the case when M = S?, we prove in Appendix that to sample from 7 XY (|y) through rejection
1

sampling, with suitable parameters, the cost is O(1) in both dimension d and step size n. Obtaining
similar results for more general manifolds seems non-trivial. Numerical simulations for this approach
are provided in Appendix [B.3] Verifying Assumption [I|for this implementation is open.

Algorithm 4 Inexact manifold proximal sampler with Varadhan’s asymptotics
for k=0,1,2,...do
From z, sample y;, ~ 71X (-, 1) which is a Riemannian Gaussian distribution.
d(z,y3)

XY yr) o e f@=—= using Algorithm

From yy, sample 41 ~ 7
end for

A.1 RHK as a proximal operator on Wasserstein space

We first show that the inexact RHK output in Algorithm [ can be viewed as a proximal operator
on Wasserstein space, generalizing the Euclidean result in |Chen et al.| [2020]] to the Riemannian
setting. Recall that with a function f and d being a distance function, prox, ;(y) = arg min, f(z) +

%d(m, y)?. The (approximated) joint distribution is 7(z,y) = exp(—f(z) — %) By direct
computation we have the following Lemma (proved in Appendix [G).
Lemma 11. We have that

_ 1
#X=Y — argmin Hzx (p) + 5= W5 (p, 6,) = prox,,;_ (6,),
pEP2(M) 277 "

7H_X|Y:y _

which shows that the ineact RHK implementation is a proximal operator, i.e.,
prox nH_x (§y)

A.2 Connection to entropy-regularized JKO scheme

Observe that in Algorithm 4] the Riemannian Gaussian involves distance square, which naturally
relates to Wasserstein distance. Now, recall that for a function F' in the Wasserstein space, its Wasser-
stein gradient flow can be approximated through the following discrete time JKO scheme [Jordan
et al.,|{1998]:

. 1
pr1 = argmin F(p) + —W3(p, pr.)-
pEP(RY) 2n

'If M is a smooth compact Riemannian manifold then the Wasserstein space Pa (M) is the space of Borel
probability measures on M, equipped with the Wasserstein metric W». We refer the reader to | Villani|[2003] for
background on Wasserstein spaces.
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It was proved that as ) — 0, the discrete time sequence {py } converge to the Wasserstein gradient
flow of F'. Later, Peyré [[2015]] proposed an approximation scheme through entropic smoothing of
Wasserstein distance: )
pri1 = argmin F(p) + W3 _(p, pr),
pEP(RT) n
where W5 . is the entropy-regularized 2-Wasserstein distance defined by (here H is the negative
entropy)

Wi (oo = _inf [ dlagPd (o) +tH).

In Euclidean space, |Chen et al.| [2022] showed that the proximal sampler can be viewed as an entropy-
regularized JKO scheme. We extend such an interpretation to Riemannian manifolds. Specifically,
we show that Algorithm 4 which is an approximation of the exact proximal sampler (Algorithm T,
can be viewed as an entropy-regularized JKO as stated in Theorem[I2](proved in Appendix [G). Note
that on a Riemannian manifold the negative entropy is H () := [, », 7108(7)dVy(z)dVy(y).

Theorem 12. Recall that 7% oc e~ /. Let ., yy., w111 be generated by Algorithm Let piX, py and
ﬁ§+1 be the distribution of xy, Yy, Tr+1, respectively. Then

_ .1 - _ . 1 _
Y = argmin 2Why, (5 ) and i, = angmin [ fax+ oo WE (5] 0.
XEP2(M) 47 XEP2(M) n

B Simulation results

B.1 Brownian motion approximation via geodesic random walk

In our experiments, to compare against the Riemannian Langevin Monte Carlo Algorithm, we used
the geodesic random walk algorithm to simulate the MBI oracle following |(Cheng et al.| [2022]],
De Bortoli et al.|[2022]], Schwarz et al.| [2023]]; see Algorithm@ More efficient implementation is a
topic of great interest in the literature; see, for example, [[Schwarz et al.| 2023|.

Algorithm 5 Approximation of manifold Brownian motion using geodesic random walk
Inputz € M,t > 0.
Sample £ being a Euclidean Brownian increment with time ¢ in the tangent space 7, M.
Output y = exp, (£).

While it is well-known that geodesic random walks converge asymptotically to the Brownian motion
on the manifold, non-asymptotic rates of convergence in various metrics of interest is largely unknown.
A basic non-asymptotic error bound for geodesic random walk is available in Wasserstein distance
(see/Cheng et al.|[2022, Lemma 7]). Mixing time results are provided in Mangoubi and Smith| [2018]].
However, such a result is not immediately applicable to establish high-accuracy guarantees for the
Riemannian proximal sampler, when the MBI oracle is implemented via geodesic random walk.
An important and interesting future work is establishing rates of convergence for geodesic random
walk in various metrics of interest so that those results could be leveraged to obtain high-accuracy
guarantees for the Riemannian proximal sampler.

B.2 Numerical experiments for Algorithms[2)and[3; von Mises-Fisher distribution on
hyperspheres

In this experiment, we test the performance of Algorithms [2]and 3| for sampling from the von Mises-
Fisher distribution on hyperspheres and compare it with the Riemannian LMC method. In this case,
we have f(x) = —xu”z. Note that this f(z) has a unique minimizer on S¢. This implies that
LSI is satisfied, see [Li and Erdogdul 2023 Theorem 3.4]. We demonstrate the performance of our
Algorithm on S? C R? with p = (10,0.1,2)7 and x = 10, and on S° with = (5,0.1,2,1,1,1)7
and x = 10. For the purpose of numerical demonstration, we sample the Riemannian Gaussian
distribution through rejection sampling.
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Figure 1: Frechét variance (i.e., E[d(x, z*)?] versus number of iterations. Left and Middle figure
correspond to the implementation via Algorithm [2]and 3] Right figure corresponds to implementation
via Algorithm

To evaluate the performance, we estimate E[d(z, 2*)?], where x* is the minimizer of f, representing
the mode of the distribution, and plot it as a function of iterations. Note that the quantity E[d(x, 2*)?]
is referred to as Fréchet variance Fréchet|[|[1948]], Dubey and Miiller|[2019]. For this, we generate 1000

samples (by generating samples independently via different runs) and compute Tloo g(io d(z;, z*)2.
We use rejection sampling to generate unbiased samples and get an estimation of the true value. Due
to the biased nature of the Riemannian LMC method, to achieve a high accuracy we need a small step
size. Contrary to the Riemanian LMC method, the proximal sampler is unbiased, and it can achieve
an accuracy while using a large step size and a smaller number of iterations; see Figures[I}(a) and (b).

For both algorithms, we use uniform distribution on the hypersphere as initialization.

B.3 Numerical experiments for Algorithm[4: manifold of positive definite matrices

In this subsection we illustrate the performance of Algorithm [ for sampling on the manifold of
positive definite matrices. Let P,, = {X € GL(m): X7 =X and y? Xy >0,Vy € R™} be
the set of symmetric positive definite matrices. According toBharath et al.|[2023] Section 6.2], we can
choose g(U, V) = tr (X "'UX V) and make (P,,, g) a Riemannian manifold. It is a non-compact
manifold with non-positive sectional curvature, geodesically complete and is a homogeneous space
of general linear group GL(m). Additional details are provided in Appendix

We test the performance of Algorithm[é—q when the potential function f(X) = 53d(X, I;,)*, m =
3,0 = 0.03, following Bharath et al.| [2023]]. Note that f is not gradient Lipschitz. In the Figure[T}c,
we estimate E[d(z, z*)?] and plot it as function of iterations, where 2* = I3 is the minimizer of f,
representing the mode of the distribution. For a baseline comparison, we run Riemannian Langevin
Monte Carlo for 200 iterations with decreasing step size to get a reference value of E[d(z, 2*)?],

which serves as the true E[d(z, z*)?]. Similar to the previous experiment, we generate 1000 samples

from independent run, and compute ﬁ Zgﬂo d(z;,z*)? for each method. For the Riemannian
Langevin Monte Carlo method, we find that if we set step size to 0.001 instead of 0.0001, after a
few iterations the algorithm diverges (potentially due to lack of gradient Lipschitz condition). But
for the proximal sampler (which is an unbiased algorithm), even with a large step size as illustrated
in the plots, the approximation scheme still works well and can achieve a higher accuracy than the
Riemannian LMC algorithm. For both algorithms we initialize the algorithm at Xy = 2/5. Note
that if we use a random initialization, the Riemannian LMC algorithm (prior work) might diverge
(potentially due to lack of gradient Lipschitz condition in our potential).

B.4 Numerical experiments for Algorithm[; cost of rejection sampling for higer dimensional
case

We also demonstrate that the cost for rejection sampling is not exploded by dimension. Following
the same setup as Appendix we consider sampling from a von Mises-Fisher distribution on
S0 with p = (10,0.1,2,1,1,...,1) and x = 10. We test the performance of Algorithmin terms
of rejection sampling cost. We choose 17 = 0.0001, and compute the average number of iterations
executed by rejection sampling. With a total number of rejection sampling oracle being 1 x 106, the
average rejection sampling cost is found to be 2.661.
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C Additional preliminaries

C.1 Divergence

We will briefly discuss divergence for the manifold setting. More details can be found in |Lee|[2018]].
Recall that in Euclidean space, for a vector field F' = (F}, ..., F},) in R™, divergence of F is defined as
V-F=%", gf *. It has a natural generalization to the manifold setting using interior multiplication
and exterior derivative.

The Riemannian divergence is defined as the function such that d(ix (dV;)) = (div X)dV,, where
X is any smooth vector field on M, ¢ denotes interior multiplication and d denotes exterior derivative.
See for example [Lee|[2018, Appendix B] for more details. On a Riemannian manifold, recall the

volumn form is dV,, = \/det(g;;)dz' A ... Ada™. LetY = Y " | Yia%. We can compute the
interior multiplication as

iy (dVy) = y/det(gi;) Y ((=1)'da? (V))da' A ... AddT A . A da”
j=1
= \/det(gi;) Y (=1 T'YP)da' A ... Adi AL A da”,

We can then compute its exterior derivative as

. - 1 0(Y7/det(gi)) | 5 L
_ 1 1 n
d(iy (dV,)) = E (=1)7* o, P2 da? Yt Ao NdET A A d

j=1
_ ! i: (Y7 /det(gy;)) det(gs;)dzt A ... A da™
Vdet(gi;) = Iz;
Ly 907 detlg)
N D B R
Ly a(YW«W).

o \/det(gqyj) J=1 Oz

Hence we get div (Y)
div(Y) =", 22

j:1 ij

In Euclidean space, this reduces to

For u € C*°(M) and X € X(M), the divergence operator satisfies the following product rule
div (uX) = udiv (X) + (grad u, X),.

Furthermore, we have the “integration by parts” formula (with g denote the induced Riemannian
metric on OM)

/(grad u,X>ngg=/ u(X,N}_qug—/ udiv XdVj.
M oM M

When M does not have a boundary, 9M = (). So we have

/M<grad u, X)gdVy = — /M udiv XdVj.

C.2 Normal coordinates

Riemannian normal coordinates. Letx € M. There exist a neighborhood V' of the origin in 7, M
and a neighborhood U of z in M such that the exponential map exp,, : V' — U is a diffeomorphism.
The set U is called a normal neighborhood of z. Given an orthonormal basis (z;) of T,, M, there
is a basis isomorphism from T, M to R?. The exponential map can be combined with the basis
isomorphism to get a smooth coordinate map ¢ : U — R?. Such coordinates are called normal
coordinates at z. Under normal coordinates, the coordinates of  is 0 € R<. For more details see for
example |Lee| [2018] Chapter 5]
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Cut locus and injectivity radius. Consider v € 7T,M and let -, be the maximal

geodesic starting at z with initial velocity v. Denote teu(z,v) = sup{t > 0
the restriction of v, to [0, ¢] is minimizing} The cut point of z along =, is 7y (teus(2,v)) pro-
vided tcut(x,v) < oo0. The cut locus of x is denoted as Cut(z) = {¢ € M

q is the cut point of z along some geodesic.}. The injectivity radius at x is the distance from x
to its cut locus if the cut locus is nonempty, and infinite otherwise [Leel [2018|, Proposition 10.36].
When M is compact, the injectivity radius is positive [Lee,|2018, Lemma 6.16].

Theorem 13. [|Lee, 2018, Theorem 10.34] Let M be a complete, connected Riemannian manifold
and x € M. Then

1. The cut locus of x is a closed subset of M of measure zero.

2. The restriction of exp,, to 1D () is surjective.

(
3. The restriction of exp,, to ID () is a diffeomorphism onto M\ Cut ().
HereID () = {v € T, M : |v| < tewe(z, ﬁ)} is the injectivity domain of .

Then for any p € M, under normal coordinates, for all well-behaved f, we have

[osavy= [ gav,= | Fle )/ det(g)de.
M M\ Cut (p) @(M\ Cut (p))CR4

C.3 Additional details for manifold of positive definite matrices

We briefly mention some properties of P,,. The inverse of the exponential map is globally defined
and the cut locus of every point is empty. For symmetric matrix S € R™*™,

expy (t9) = X2 Exp (tX /25X 1) Xx1/2,
~(t) = Xll/2 Exp (t Log (Xl_1/2X2X1_1/2))X11/2 is a geodesic that connect X7, Xo,

z:(log(r,-))2 with r; being eigenvalues of X * X,
i=1

expy (X2) = 7'(0) = X,/* Log (X; *Xo X, /%) x}/%.

‘We have the following fact.
Lemma 14. Let ¢(x) = d(z,y)? withy € M being fixed. We have grad ¢(x) = —2exp; 1 (y).

D Proof of main Theorems

For a given ¢, define the ¢-divergence to be ®(p) = E[¢(2)]. Define the following dissipation
functional

Di(p) == E, [(grad (¢' o £), grad og 2)]

We can now compute the time derivative of the ¢-divergence along certain flow.

Let 11;X be the law of the continuous-time Langevin diffusion with target distribution 7% oc e~/ (z),
That is, we have the following SDE, dX; = —grad f(X;)dt + /2dB;. Then, y;* satisfies the
following Fokker-Planck equation (see Lemma [25]for a proof).

0 ) ) grad 7%

ek = div (ui grad [(X,) + grad ) = div (grad i — 3 =—<—)

X pi
=di d log —=%).
iv (1" grad log —%)

We now show that D x (1) = —0;®x (u;%).
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Lemma 15. We have that
X

X
Dox (1) = Byx [{grad (¢' o £, grad log )] = —0,@.0x ().
X
Proof. [Proof of Lemrna By using the fact that % pX = div (u;X grad log Z—fx) we have

X
O o (1) = / wX¢<%>dvg<x>

= [ o g v = [ (oE5) (div i gra tog 1) )i o)
:—/ i (grad ¢ o “t MX ,erad log X)d%(x),

where in the last equality we used integration by parts. O

To get more intuition on the notion of ¢-divergence and dissipation functional, consider ¢(x) =
xlog(x). We get KL divergence and fisher information:

@ (p) = Eq [ 1og(£)] = E, [log(£)] = Ha(p),

Dr(p) = Byl(grad (¢ o 7). grad log )] = B[ grad log Z[”] = Ex [ [l grad Z|1”] = Ja(p).

Our proof is now based on generalizing the proof in|Chen et al.|[2022] to the Riemannian setting. In
Section[D.T]we analyze the first step of proximal sampler by viewing it as simultaneous (forward) heat
flow. In Section[D.2] we analyze the second step of proximal sampler by viewing it as simultaneous
backward flow. Combining the two steps together, we prove convergence of proximal sampler under
LSI in Section D3l

D.1 Forward step: simultaneous heat flow

We can first compute the time derivative of the ¢-divergence along simultaneous heat flow.

Lemma 16. Define Q, to describe the forward heat flow. Let pX Q, and m* Q; evolve according to
the simultaneous heat flow, satisfying

1 1

athQt = iA(pXQt) and at’]TXQt = iA(’]TXQt)

Then atéﬂth (pXQt) = _%DTFXQp (pXQt)
Proof. [Proof of Lemmal[l6]] Denote piX := p*XQ; and 7 := 7¥Q;. Then, we have
0 0 piX
2500 () = 255 [ X0 L) (o)
X
L 9 p PO x O x P
=2 [ o) S 4 o) (S — () B i o)

Recall that by construction,

1 1 1
i = 5Ap" = 5 div(grad pi) = 5 div (pi" grad log p;")
and 0,1 = $A7Y = L div (7 grad log 7¥). Hence, we get
9 pi 0 9 x 9 _x\ P
252 (1) =2 | o(C o g +o(Cx >(atpt Cra LA

:/ gb(%)div (7 grad log ;" )
M T
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pi X X X Xy Ph
+ o/ (Z5) (div (5 grad log pi¥) — (div (" grad log m¥)) 2o )V (a)
t t

X
:/ —<grad </>(LX),7T;X grad logﬁix>
M

X

i P opr
<grad ¢ %) pi* grad log pi* > <grad(7¢’(7)) m; grad log m;" >dV( )
t T Uy

Py b'e D'e X
:/ —<grad ¢(LX),7T75 grad log 7; > <grad ¢’ ( ) o grad log p¥ >
M T

pX pX pX pX
+ <¢’(i)grad 2t X grad 10g7T;X> + < L grad ¢’ ( ) m;* grad log 7 >dV (x).
i i

Now, notice that

th X X P{:X th
<gfad (%), grad logm; > = <¢/(7) grad —%
iy U Uy

, X grad log 7rtX>
So we get
b'e

0 Py p
2P x(pX) = 7t 1t
i) = [ (Zamna /(2

t

X
) m¥ grad log ¥ ) — ( grad o (20). o grad log i )V ()
t

X

=—/Mpi<<grad¢>( ) g log U )V (x)

P X
= —Ep§(<grad (¢’ o ) grad log X> = —D.x(p; )

D.2 Backward step: simultaneous backward flow

We leverage the following result.

Theorem 17 (Theorem 3.1 in|De Bortoli et al.| [2022]). For a SDE dX; = b(X;)dt + dBy, let p;
denote the distribution of X;. Denote Yy = Xr_4,t € [0,T] to be the time-reversed diffusion. We
have that dY; = (—b(Y;) + grad log pr—.(Y:))dt + dB;.

Note that the time reversal can be understood as (Y7, Yp) has the same distribution as (Xo, X7).

Recall that v(t, z, y) is the density of manifold Brownian motion starting from z with time ¢ and
evaluated at y, and that 7(z,y) = 7% (2)v(n, z,y). We denote m¥ = 7% @Q,, to be the Y -marginal

of m(x,y). Let m; := mXQ;. Consider the forward process dX; = dB; with X ~ 7%. We know
that the time-reversed process satisfies dY; = grad log m,—¢(Y;)dt + dB;.

Define @); as follows. Given pY¥, set p¥ Q; to be the law at time ¢, of the solution of the time-
reversed SDE (with T = 7). Thus if Yy ~ p¥, we get X7 ~ p¥. By Bayes theorem X, ~
Loy ™Y (z]y)dpY (y), hence Yr ~ [, 7%V (z|y)dp¥ (y). For the channel Q; , we have

1. Qg is the identity channel.

2. Given input p¥’, the output at time 7 is p* Q, (z) = [}, XY (z]y)dpY (y).

3. 77Q; =mXQy-+.

Thus we see that the RHK step of proximal sampler can be viewed as going along the time reversed
process. We now have the following result.

Lemma 18. For the time-reversed process, we have

1 _
_7D7TYQ: (PYQt ).

0P o (P17 Q) = =5
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Proof. [Proof of Lemma Denote 7, = 7Y Q, and p; = p¥ Q, . The Fokker-Planck equation is

Oy = —div (m; grad logm; ) + %Aﬂ[ = —%Aw;,
- N Pt 1, _
Orp; = —div (p; grad logm, ) + iApt = div (p; grad log ——=) — §Apt .
Ty
Hence
pt — PN (O O pp
) = PN (= L2
o) =2 [ o%0) S+ 020 (Gooi (i) 2 )i
—qb(p%)m;
M U
+ /(20 (24iv (o7 grad log 20) — Ap; + P2 Ay ) v (a)
4 T T

— / ¢ (P2) div (pp grad log 22 )av ()
Tt Tt

+ / o) an — o P+ () P A v, (o)

t Ty T

¢ (pt )div (p; grad log —)dV () + D, - (pr)
M T

= _QDW;( t )+D7r;( t ) = _DW;(Pt )7
where we used the same steps as as in the proof Lemma[T6|to obtain
P - Pr. - Pt NPt A _— -
/ —(“2)AT = ¢'(Z5)Apy + & (Z5) = Am dVy(x) = D~ (pr),
M 4 T Ty T ’

and used integration by parts, to obtain

/ @' ( —; div (p; grad log—)dV( )= —2/ (grad (b( ) py grad 10g—>dV( )
T Ty M s T

=—2E,-[(grad ¢' (P), grad log 2] = —2D,-(p; )-

Ty Ty

D.3 Convergence under LSI

Now we prove the main theorem.

Proof. [Proof of Theorem [6]item [I]] We first prove the theorem assuming curvature is non-negative.
For the general case, we only need to replace the LSI constant o, o, .

1. The forward step. We know 7% Q, satisfies LSI with o, := H% Using Lemma we
have ’

1
O Hoxq, (05 Qt) = _§J7rXQt (P Qt) < —aHx, (ph Q1)

This implies H,x g, (pf Qi) < e~ H, x (p{) where, A, = fg asds = log(1 + tar). We
also have e =4t = (1 +ta)~!. As aresult,

Hﬂ'x (pé()

X
Hﬂ'XQn(pO Q’r]) < ].-I—’I]Ck .
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2. The backward step. Using Lemma [I8] we have

- 1 - -
8tHﬂYQ; (P(X)/Qt )= ) ﬂYQ (po 0 Q) < —ay HWYQ; (ngt )

Since 7Y Q; = 7% Q,)—+, we know the LSI constant for 7 Q; is o := ﬁ Same
asinstep 1, we get A, = fon ay dt =log(1 + an). As aresult,
Ho (py)
Hﬂ'yQ (Po Q, ) < T

3. Putting together. We have 7% = 7% Qn, P = Po Q,, Denote p = p} Qn , we get
Hv (py) _ Haxg, (p3 @n) < H.x(py)
(1+ta) (1+ta) — (1+ta)?’

4. Negative curvature. For negative curvature, we use o as in Proposition [31|(the value to be
integrated is W where é := dy). We compute the integral

Hox () = Hov - (pp Q) <

t Kt

/ e )1 Sy = loa(ae™ = 1) +7) ~ log() e AL}
Hence we have H,x (pi\ ) < Hpx (pg)(m)%.
Observe that in general, for € [0, 1] we have that 1 — % > e ®. Thus for n < M s
we have |k|n < 1, hence 1 — L ‘77 > e~ |51, This implies 1 — “ s > 17. On the other
hand, we have 1 — 2 < e~*, which implies * M‘W < 1. So we have &;UJM -
1+al="" = 01+ an).
To summarize, we have that when k < 0,

K 1 1

<
ale" —1) + K 14 al=e et T 143

which implies H,x (pi¥ ) < Hpx (9} )(H_l n)zk

D.4 Convergence under Poincaré inequality

In this subsection, we extend Theorem E] item |1| from LSI to PI, under x? divergence. We follow
exactly the same strategy, but we first discuss how to modify the proof from the LSI setting to PI
setting. Recall that if 7 satisfies Poincaré inequality with parameter o, we have

Vare () < B[] grad |7
Note that x? divergence is a ¢-divergence with ¢(x) = (x — 1)2, which allows us have
Var,r(d“) = Ew[(%)ﬂ - EW[%P = x2(u). Also, recall that we defined in Appendix |§I
the dissipation of ¢-divergence. By definition, the dissipation of x? divergence is D, (1) =
2E,[(grad (£ — 1), grad log £)] = 2E.[| grad %HQ]. Hence we can interpret the Poincaré in-
equality as
X2 < 5-Del)

From this perspective, to follow the proof for LSI setting, we need to know whether the Poincaré
inequality constant is also preserved along heat propagation, in the same way as LSI constant. The
answer is yes, see Appendix Proposition[32]

With this, we can prove Theorem [6]item [| following exactly the same procedure as Theorem []item [T]

Proof. [Proof of Theorem [6] item [2]] We first assume curvature is non-negative, then discuss the
situation that curvature is negative.
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1. The forward step. We know 7X Q, satisfies PI with o := ﬁ Using Lemmaand

Proposition[32] we have
1
OiXaxq, (P Q) = —5Drxq, (P Qi) < —uxx g, (P5 Qu)-
This implies X2x, (05 Q¢) < e~ Hrx (py ) where, A; = [ asds = log(1 + ta). We
also have e=4* = (1 + ta)~'. As aresult,

X?rx (pg()
1+na

2. The backward step. Using Lemma [I8]and Proposition [32] we have
- 1 _ - -
atXerQ; (pOYQt ) = _§D7rYQ; (PE)/Qt ) < —oy XerQ; (pOYQt )

Since 7Y Q; = 7% Q,,—+, we know the LSI constant for 7¥ Q; is a; := W

X727X Qn (pé( Qn) <

. Same

asin step 1, we get A, = Jo o dt =log(1 + an). As aresult,

2 Y
9 Y Xry (pO )

_ Q)< —T—=
X-rrYQ,,, (pO n) = 14+ ta

3. Putting together. We have 7" = 7% Q,, p} = pg’ Q). Denote py* = py Q;; , we get

2 X
- X2y (pY) _ XﬂxQn(Po Qy) - X2x (pi)
~ (1+te) (1+ta) — (1+ta)?’

Xax (P7) = Xav - (00 Qr)

4. Negative curvature. For negative curvature, we use o as in Proposition [3 1| (the value to be
integrated is W where é := dy). We compute the integral

t Kkt
1 ale"t —1)+k
dr = log(a(e™ — 1) + k) — log(k) = log(—————).
A (G =% +%) &
Hence we have H,x (pi¥ ) < Hpx (pg)(m)%
Observe that in general, for # € [0,1] we have that 1 — £ > e~*. Thus for n <

K|’
1—e~IxIn
k]

we have |k|n < 1, hence 1 — |;—‘77 > e~ %", This implies

> 17. On the other

hand, we have 1 — z < e~%, which implies 1‘7;“”‘" < 7. So we have M -
1+ al_e‘;llm = O(1 + an).
To summarize, we have that when k < 0,

K _ 1 < 1

a(e" —1)+K 14 al= "0 7 1+ 97

||

which implies x2« (o) < x2x () (r5)%"

E Proof of Theorem

Recall that pf (x), pz/ (y) denote the distribution generated by Algorithm assuming exact Brownian
motion and exact RHK. This notation is applied for all k. For practical implementation, using
inexact RHK and inexact Brownian motion through all the iterations, we denote the corresponding
distribution by g% (), ¥ (y) respectively.

Note that at iteration k — 1, we are at distribution j;*_, (). Denote p} | (y) to be the distribution
obtained from p;X_, () using exact Brownian motion. (Note that 5} _, (y) denote the distribution
obtained from j;_, () using inexact Brownian motion).
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We now prove Lemmal(7]

Proof. [Proof of Lemma[7]] Using triangle inequality, we have
k = P TV = k-1 = | Pk ()7
i (x) = A7 ()] oA™Y (aly)dy — [ i) (aly)dy||

<[ [ ) 2 el + | [ 2w~ o 0)F Y el

The first part can be bounded by (ruk:

H / Pl () (XY (aly) — ﬁX‘Y@ly))dyHTV = / A1) [ Gely) - ﬁX‘Y(x'y)HTvdy

<(RHK-

For the second part, we have

| [0 = a)a™ Glas|,

:%/‘/(ﬁ{_l(y)_pky_l(y)) Y (@ly) dy‘da:< /’Pk 1 Pky—1(y)‘/ﬁxly(x|y)da:dy

=171 (y) = pi1 W) lrv < A1 (W) = pi—1 W v + 15— (W) — pi—1 (W) v
<Gt + |51 (2) = pi_r (@) |7
Here, the last inequality follows from Lemma [37] Together, we have

o3 () = A (@) ||[7v < Cruak + Cver + [|7a—1 () = pr—y (@) 7w

Iteratively applying this inequality and noting that || 55 () — pgf (z)||7v = 0, we obtain ||pX () —
i (@)|lrv < k(Crak + Cuier)- O

Recall that Pinsker’s inequality states ||z — v||7v < /2 H, (1)

Proof. [Proof of Theorem [§]item [T]]

For simplicity, we assume non-negative curvature. The negative curvature case follows from the same
proof strategy. Using Pinsker’s inequality, we have

1 Hx 5 1
- <1/7H 2
oz =7 [lrv x(p7y) +77a) T o2k = 3¢

H_x (p{) 1

T S 3e2. Hence we need

We want to bound ||pi¥ — 7%|l7v < ie. It suffices to have

H_x (pg )
b'e . log —x= 0 7
log(22=X28)) < 9k log(1 + na), ie. k= O (M)

For small step size ), we have m = O(n%) Hence k = O ( L Jog ﬂ) = @(% log 1).

Recall that by assumption, % = @(log%). We pick ¢ = g2 —5 and consequently =

O(log log” f) = O(log L + 2loglog 1) = O(log 1). It follows that
~ 1 1 ~ 1

k=0(=1 = O(log?
(5,108 2) = Ollog™ 2).

The result then follows from triangle inequality:

- . 1 ~
or =7 XNev < 168 = ok llov + o — 7% [l7v < k(Crrk + Cusr) + 5= O(e)

where k¢ = (9( 21log 1) = O(e).
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O

Proof. [Proof of Theorem [§]item [2]] For simplicity, we assume non-negative curvature. The negative
curvature case follows from the same proof strategy. We know that for two probability measures
7, p we have log(1 + x2(p)) > Hx(p) > 2||m — p||3, where the first inequality is [Nishiyama and
Sasonl 2020, equation 16] and the second inequality is Pinsker’s inequality.

Hence, we have

X _ X 1 X 1 2 (X ! Xzx (P5)
o — 7% [lrv < iHnX(Pk ) < §1Og(1+Xﬂx(Pk )) < 5108; (14‘@)
We want to bound [|pi — 7% |7y < Le. It suffices to have log (1 + (1+n(p§)22 ) < 12, We need
X2x (pi) < (exp(ze®) — 1)(1+n§)*", that s,
o)

Cxlp) 1 X2x (09
Z o 10g 1_9 - O( o 0g 2
2log(1 +n%) (exp(5e?) — 1) log(1+n%) €

)

. X, x (P5)
For small step size 7, we have [ty = O(;;). Hence k = O ( log XO) Recall
that by assumption = @(log %) We pick ¢ = 2 Togr T and consequently @(log log” 7) =
O(log 1 4 2loglog g) O(log 1). It follows that

k:O(lOgX”(QPO)) —0<10g 1Og(2p0)>_
n € €

The result then follows from triangle inequality:

—_

I7e =¥ lev <l = px llzv + loi = 7% Iz < k(Cruk + Cuei) + ¢ = O(e)

O |

where k¢ = O(e).

F Verification of Assumption 1]

In this section, we consider implementing inexact oracles through the truncation method. Recall that
we assume M is a compact manifold, which is a homogeneous space.

We use 71X, #XIY to denote the output of MBI oracle and RHK when rejection sampling is
exact. More precisely, since we use the truncated series to approximate heat kernel, we have
7YX o yy(n, x,y) and #X1Y oc e =7 ®)yy(n, 2, 7). When rejection sampling is not exact, i.e., there
exists z € M s.t. V(z) > 1, we denote the output to be 7 X, 7XY for inexact Brownian motion
and inexact RHK, respectively.

In subsectlon | we prove Proposmon@ ie., |7XY —7XIY||ry = O(¢) and ||7Y1X =YXy, =
O(¢) with ¢ = 2 . Then we know 7Y 1X and #¥1Y satisfy Assumption

In subsection we consider a more general setting, where the acceptance rate is allowed to
exceed 1 at some unimportant region. We show that on S¢, for certain choices of parameters,
[#X1Y — ZXY oy = O(C) and ||#Y1X — 7YXz, = O(C). This means that allowing the
acceptance rate to exceed 1 in unimportant regions would not cause a significant bias for rejection
sampling. It then follows from triangle inequality that 71X and 7X1" satisfy Assumption

F.1 Exact rejection sampling

g

We prove Proposition E}, i.e., verify that Assumption [I|is satisfied with { = Tog? T
Theorem 8] ’

as required in

33



F.1.1 Analysis in total variation distance

The first step is to bound the total variation distance, under the assumption that heat kernel evaluation
is of high accuracy. We consider the following characterization of total variation distance (see Lemma

36):
o= pellrv = 5 [ 101@) = pa(@)lavy ).

Proposition 19. Let M be a compact manifold. Let { be the desired accuracy. Assume for all y € M
we have [, [v(n,z,y) — vi(n, z,y)|dV,(z) = O(¢) and for all = € M we have S |1/ n,2,y) —
vi(n,x,y)|dVy(y) = O(C). Then |#X1 — aXIY|lpy = O(C) and ||#¥1X — 7YX = O(().

Proof. [Proof of Proposition[I9]

Step 1. Note that A; := sup,,, e/, Ay := inf,epr e~/ are positive constants independent
of t. Denote Z1 = [, e I @y (n,z,y)dV,(z) and Z5 = [, e~ '@ v(n, z,y)dV,(z). We know

\Zs— 71 = | / v(n,2,y) — e O, 2, y)dV, ()|

< A ; lw(n,2,y) — vi(n,z,y)|dV,(z) = O(C).

Hence, we have

XYy _ XlY”TV

| /\

e T (n,z,y eI,y
I# N et LD {avy )
T

e 1@y (n,z,9)dVy(x) [y e T @v(n, z,y)dV,(x)
/ | Zae Ty (n,2,y) = Zie” TPu(n, ,y)|
2 Jus ZZ
min{Zy, Zs} - e 7 @u(n,2,y) — e I @v(n,z,y)|
" 27, Zs
+/ Zy — Zy| - max{e Fv(n, 2,y),e TP vi(n, x,y)}
u 27,7y

dVy(z)

dVy(z)

dVy(z)

<O+ (’N)(/M |Zo — Z1| - max{v(n, z,y), vi(n, z,y) }dVy(x)) = O(¢),

where by Lemma we obtain % = (7)(1) and

max{e @ v(n, x,y), e T ®v(n, z, ~
/ { (7] y) k(77 y)}dVg(.ﬁ) — 0(1)
2717

Step 2. Denote Z; = [,, v 77, x,y)dVy(y) to be the normalizaing constant for v;. Since v is the heat
kernel, we simply have [, v(n,z,y)dV,(y) = 1. It holds that

AYIX Vz(n,x Y) 4 vIx
Tz ydvy) T v(n,,y).
Then,
YIX _ YIX <1 / vi(n,z,y) .
" 4 7x7
|7 lrv fM vi(n,z,y dV( ) (n y)l g(y)

< Z / |Vl(777x y) ZZIV(n’x’y”dVg(y)

min{Z;, 1} - [vi(n, z,y) —v(n, z,y)|
</ ! l?Zl dVy(y)

/ |1 — 7| - max{v(n,z,y),vi(n,z,y)}
M 22,

dVy(y)
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= 0(0).
O

Theorem 20 (Theorem 5.3.4 in Hsu|[2002])). Let M be a compact Riemannian manifold. There exist
positive constants Cy, Cy such that for all (t,z,y) € (0,1) x M x M,

Cl 7d(w2,ty)2 < < CQ 7d(12~ty)2
We = V(t,x,y) = We .

Lemma 21. We have 1/ [,, e~ f@v(n, 2, y)dV,(z) = O(1).
Proof. [Proof of Lemma 2] Using lower bound of heat kernel from Theorem 20| we have

/ @ (1,2, y)dV, ()
M

4 d(z,y)? AxCy d(z,y)?
>ty [ e =S5 v, @) = 25 [ e R @)

2n 2n
ACyn?? A0y
= 77d/2 Cy - Cy

Hence

1//Me*f<m>u(n,x,y)dvg<x) =0(1).

F.1.2 Analysis of truncation error

Now we discuss the truncation level needed to guarantee a high accuracy evaluation of heat kernel as

required in Proposition

Proposition 22. Let M be a compact manifold, and assume M is a homogeneous space. With % =
g

(’N)(logé) and ¢ = 5, to reach ||[v(n,z,y) — vi(n, z,y)||2. = O(C) we need | = Poly (log 1).

log? é ’
Consequently, to achieve

/ lv(n,z,y) —vi(n,z,y)|dVy(x) = @(C) and
M

v(n,2,y) = vi(n,z,y)|dVy(y) = O(C),
M
we need | = Poly (log 1).
Proof. [Proof of Proposition 22]] Following [Azangulov et al| [2022] Proof of Proposition 21] we have

n212/d
(o]

1 _
||Z/(T],£C,y) - Vl(nvxvy)H%Z < C,l?e

n212/d

Take % = log % Recall that in Theoremwe require ¢ = @. Requiring C’ ln%e’ o =0(C)
is equivalent to

1 g2/d
Take log on both sides, we get — 25 7! <lo € This further implies
g »weg . =08 Tl I p

2d 5 g __Clog?l = 1 ioelt N Toe? L
> logCll10g4lClog E—(410g10g8+log6+logl+6’ )C'log o

€
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It suffices to take [ = Poly (log ). We verify that | = Poly (log ) can guarantee the bound:

1 n212/d 1 _i 1 ~ -
Clle= e = C'llog? =¢ " T = Poly (log = )e~ ol loe ) — O(IL“) - O(0).
n € I3 og 1

On a homogeneous space, both v and v; are stationary [Azangulov et al.l 2022]. Hence

Jar (2, y) — vi(n, x,y)|dVy(z) does not depend on y, and [, |v(n,z,y) — vi(n, 2,y)|dVy(y)
does not depend on x. Therefore using Jensen’s inequality,

/M w(n, 2, ) — (2 9)ldVy (@) = O(w(m 2, 9) — (2,9 11,)

< @(HV(%%y) - Vl(n7x7y)||L2)'

Note that the same holds for [, [v/(n, z,y) —vi(n, z,y)|dVg(y). Hence we get the desired bound, i.e.,
Jar v, 2,y) = v, 2, 9)|dV(x) = O(C) and [, [v(n, z,y) = vi(n, 2, y)|dVy(y) = O(). O

G Proofs for entropy-regularized JKO scheme

Proof. [Proof of Lemma[TT]] Note that, we have

p(x) p(x)
Hox(p)= [ pletos Z2av,w) = [ ptayton ——— v, ()

= X (0] p(x) O, ; X
-, oo Coxpl () — Az 18 (e V)

= xX) 1o, —p(x) xr) — X i x 2 x
= [ oo GGV @) = [ ple)g-de v

1
— Hyxwa(0)— 3 /M d(z,y)%dp+ C(y),

_ 1
where C' = T e TEav, @)

computation implies

C’(y) and C(y) are some constants that only depends on y. The above

— 1
#XIY=Y — argmin H:xv—, (p) = argmin Hzx (p) + —/ d(z,y)*dp + C(y)
pEP2(M) pEP2 (M) 2n Ju

. 1
= argmin Hzx (p) + ?Wg(p, dy) = prox, g, (0y).
pEP2 (M) n i

Lemma 23. The minimization problem

1
i —d(z,y)*y(z,y)dV, (z)dV,(y) + H(v),
i S V@V + HG)

where the constraint means [, y(z,y)dVy(y) = p* (x), has solution of the form
(w,y) oc p* ()7 (ylo).
Proof. [Proof of Lemma Since [y, v(x,y)dVy(y) = p* (x), we have
| (] 2wnavim) - o @) sw)av,ia) = 0.8

we can construct the following Lagrangian

| @ @i + 1) - [

<M 21 M

(/M v(z,y)dVy(y) — pX(a:)),é’(x)dVg (z).
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Recall that H () = [}, 1, 7108(7)dVy(x)dV,(y). We have,

i HOHt) = H(y) Jarsar (Y F ) log(y + tp) — ylog(v)dVy(x)dVy(y)

t—0 t t—0 t
= lim plog(y + te) + edVy(x)dVy(y)
=0 M

= [ pllog(y) + Davi )iV v).
M x M
For any function f, denote Iy (v) = [y, 2, V(@ y) f(x,y)dV,y(x)dV,(y). We then have

i Lt te) =1L (n) Jarsas (v o) f = v fdVy(z)dVy(y)
im = lim
t—0 t t—0 t

— [ e @)
Mx M

Thus the variation of Lagrangian is given by

1

[ o (g +1osn) + 1= (o)) dVy )V o).
MxM n

We want the above to be zero for all ¢. Thus we need 2—177d(x, y)? + log(y) + 1 — B(x) = 0 which is

equivalent to

y(z,y) = oB(@) =g d(z,y)?—1

This implies ~(z, y) o e’ (2) =57 d(z.9)* Integrating with respect to the y variable, we get

X (@) = / () AV, () = / F@-F U0 14y (1)) o 5@ / e~ =9 4y, ().
M M M

It then follows that

T @) )
T T ylx).
Jar e 21 AV, (y)

V(w,y) oc p* (a =p* ()

Lemma 24. The minimization problem

1
i + —d(z, 9))y(z,y)dV,(x)dV,(y) + H(7),
i (@) + ol P ), @)V ) + 1)

where the constraint means [, ~(x,y)dVy(x) = p* (y), has solution of the form

vz, y) < p¥ () zly).

Proof. [Proof of Lemma [24] The proof follows similarly to that of Lemma Since
S (@, y)dVy(z) = p¥ (y), we have

/M ( /M (@, y)dVy(z) — py(y))ﬁ(y)dVg(y) =0,

We first constructing the following Lagrangian:

/ (F(2) + mda,9))y (., 9)AV, (2)AV, (y) + H(7) — /
M x M

2 [ ([ i) =0 @) swdviw.

Recall that H () = [}, s 7108(7)dVy(x)dV,(y). Then, we have

i HOt) = H(y) Jarens (v +t0) log(y + t) — ylog(v)dVy (x)dVy(y)
t—0 t ) t
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= lim plog(y + tp) + pdVy(z)dVy(y)
=0 v

- / p(l0g(y) + 1)dV(x)dVy(y).
M x M

For any function f, denote I (v foM v(z,y) f(z,y)dVy(x)dVy(y). We have
Lty +te) I (y) o S (Y H o) f =y fdV(@)dVy(y)
lim = lim
t—0 t t—0 t
[ e @)
M x M

Thus the variation of Lagrangian is
1
[ e (£ + grdlan)? +log() + 1 - ) )V @)V o).
MxM n

We want the above to be zero for all . Thus we need f(z) + ﬁd(glc7 y)? +1log(v)+1-B(y) =0
which is equivalent to

y(z,y) = e~ f(@)+B(y)— 5 d(@y)* 1
This implies y(z, y) PW=F(0)=2;9@9)* Hence we can integrate with respect to the x variable

and get
2 () :/ @O~ G gy (o )owmw/ @3 d@? gy ().
M M

Therefore, we obtain

o (@)= 35d(z.y)?

Y _ Y \aX[Y .
V(@ y) o< p” (y) IO E e gy ) pr ()71 (z]y)
O
Proof. [Proof of Theorem [I2]] By definition we have
o Los x
argmin — Wy (P55 X
XG’P2(M) 2,,7 2127]( k )
1
= arg min / —d(v,w)*y(v,w)dV,(v)dV,(w) + H (7).
XEP2(M)ineC(5X ) I Mx M 21
By Lemma[24] we know the solution of
min —d(x z,y)dVy(z)dV, + H
o [ e V@V, ) + 1)
is y(z,y) o pi (z)e” 274*9)° Hence the Y -marginal of inexact proximal sampler satisfies
) = [ @ FE W, @) = [ @R V@) = ),
Similarly,
argmin 5 W3, (7 ) + [ fix
XEP2(M)
= arg min / (f(x)+ d(v, w)?)y(v, w)dV, (v)dV,(w) + H(7),
XEP2(M)eC (5 x) I Mx M 21
and its solution is x(z) = [, p* y)7 XY (z|y)dV,(y) = Py (2). O
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H Auxiliary results

H.1 Diffusion process on manifold

It is well known that the law of the following SDE dX; = —b(X})dt + dB; is related to the Fokker-
Planck equation 0;p; = div (p;b(X;) +  grad p;). Here we provide a proof for completeness.

Lemma 25. Let B; denote Brownian motion on a Riemannian manifold M. For SDE dX; =
—b(Xy)dt + dBy, the corresponding Fokker-Planck equation is

. 1
Orpr = div (psb(X¢) + 3 grad p;).

Proof. The infinitesimal generator of the SDE is Lf = —(grad f,b) + 3 A f|Cheng et al.[[2022]. We
compute the adjoint of L which is defined by | v JLThdVy = / a hLfdVy. By divergence theorem,

we have

1 1 1
— [ div(grad f)hdV, = —f/ (grad h,grad f)dV, = - [ div(grad h)fdV,
2 S 2 2

f/ (grad f, bh)dVg :/ div (bh)deg.

M M

Hence
/ hLfdV, :/ —h(grad f,b) + lhAdeg
M M 2

— [ paivoh) + Lranav, = [ f(div(oh) + - AR)av,.
M 2 M 2

Thus we obtained L*h = div (bh) + %Ah. By Kolmogorov forward equation [Bakry et al., 2014}
Equation 1.5.2], we get

. . 1 , 1
Oipr = L*py = div (b(Xt)pe) + §Apt = div (b(X¢)ps + 3 grad py).
O

We briefly mention some properties of Markov semigroup. The following results are from Bakry et al.
[2014] Section 1.2].

Definition 26. 1. Given a markov process, the assoicated markov semigroup (P;)¢> is defined
as (for suitable f)

Pif(z) = E[f(Xy)| Xo = x],Vt > 0.
2. Let p be the law of Xo, then P/ p is the law of X;. We have

| Rtdo= [ sarep)

3. Markov operators (P;)i>o can be represented by kernels corresponding to the transition
probabilities of the associated Markov process:

Pf(z) = /M F)pe(s ) AV (), ¥t > 0,2 € M.

Thus by definition, we have

ELf(X,)|Xo = 2] = Pof(x) = /Mf@)pt(x,y)dvg(y).
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H.2 Log-Sobolev inequality and heat flow

In the sampling literature, the log-Sobolev inequality is usually written in the following form:
2
f?log f2dv —/ fPdviog [ f2dv < —/ | grad f||*dv,Vf
M M M @ Jm

1
H, < —J,(p),Vp.
(p) < 5-Ju(p),Vp
In the Euclidean setting, we know if 1, uo satisfy oy, ao-LSI respectively, then their convolution
i1 * g satisfies LSI with constant ——, see (Chewil [2023, Proposition 2.3.7]. In particular, if

aq ag
we take one of u to be v(t, z,y) (which is a Gaussian in the Euclidean setting), since the Gaussian
density satisfies LSI, we have the following result.

Fact 27. Consider Euclidean space. Let i be a probability measure that satisfies - LSI Then its
propogation along heat flow, denoted by (1, = | * vy, also satisfies LSI with constant 1

Tt Thia-
Here vy denote the probability measure corresponding to heat flow for time t.
On a Riemannian manifold, the density for Brownian motion satisfies LSI.

Theorem 28. [|Hsu, 1997, Theorem 3.1] Suppose M is a complete, connected manifold with Ric p; >
—c. Here ¢ > 0. Then for any smooth function on M, we have

()

/A o fldv, < L grad 12, + 1£12, . 10g | ..

With k = —c, we know the Brownian motion density for time t satisfies LSI with constant o = 1——.

. . ct
As a special case M = R?, we have ¢ = 0. Hence, the LSI constant became lim,._,( & - L — ¢ That

is, (with v representing the measure for Brownian motion with time ¢) H, (p) < £1,(p), Vp. So the

LSI constant for Brownian motion is o, = %

In the following, we prove that on a Riemannian manifold, such a fact is still true. We follow the idea
by Collet and Malrieu [2008, Theorem 4.1]. For notations, we denote I'(f) = I'(f, f) = || grad f||2.
We also require the following intermediate result.

Lemma 29 (Theorem 5.5.2 in|Bakry et al.| [2014]]). For Markov triple with semigroup (P;)i>o, the
followings are equivalent:

1. JTB.f) < e=B5 P, /T(f).

2. Ps(flog f) — Psflog(Psf) < c(s)Ps (F(f)) where ¢(s) = 1762;;/35

Corollary 30. With P, denote manifold Brownian motion, we have

1. \/T(P.f) < e 2P\ /T(f).

2. P(flogf)— P flog(Pf) < c(t)Pt(%) where c(t) = 1%;“
Proof. [Proof of Corollary For the second item, we can replace f by g2 for some g.

1— —2Bs 2 2 d 2
/ g2 IOgQQdVS _ / deVS log(/ g2dl/s) S € / ( g) || g;a gH dVS
M M M 25 M g

1_
4— € / | grad g||*dv,.

Now we already know the manifold Brownian motion density v; satisfies ﬁ-LSI, ie.,

[ Prog fran - [ Pamiog [ v <2t / | grad £[2dv, V1.
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So we know, with P; representing manifold Brownian motion, P;(flog f) — P;flog(P:f) <
c(t)Pt(%), where
1 — e nt _ 1— 672ﬁ5
K B 28
Hence we know [ can be taken as «, s corresponds to %t. Sowe get \/T(P,f) < e 3'P,/T O

2

Proposition 31. Let M be a Riemannian manifold with Ricci curvature bounded below by k. Let pg
be any initial distribution. Assume pq satisfies LSI with constant %

/ g% log g*dpo —/ g*dpo log/ g*dpo < 2do/ || grad g|*dpo, Vg.
M M M M

Then the propagation of py along heat flow, denoted as py, satisfies LSI with constant

1 K re't

2c(t) +doe="t 1 —e "t + kdge="t  ert — 1+ kdy’

where c(t) = l’ggm. If k> 0, we have c(t) < 3t.
1 1 1
> > .
QC(t) +doe=rt T t+doe "t T t+dy

Proof. [Proof of Proposition Since pg satisfies LSI with constant d—lo, equivalently with f replace
2
g°, we get

d rad f||?
[ riossan— [ sapvios [ gap < 2o [ N VGl = [ 122U,
M M M M 2 M f

For g > 0, using Corollary 30| we know the manifold Brownian motion (here represented by P;)
satisfies

Pi(glog g) — Pyglog(P.g) < C(t)Pt(FE]g))a

l—e—
2K

where ¢(t) = - Using property of markov semigroup, we have

r
/ glog gdp; = / Pi(glog g)dpo < c(t) Pt(@>d00+ / Piglog(P;g)dpo.
M M g M

Hence
/ glog gdp: — / gdpy log / gdpt
M M M

<c(t) / P(F(gg))dpoJr / Pyglog(P,g)dpo — /A ) Pi(g)dpo log /M Pi(g)dpo

r do [ T(P,
/P (gg Ydpo + 2 (tg)dpo

M

2 Ju Pg
2

F d r
/ Pt (g 0+ 706—.4,1‘,/ Pt( (g))dpo
g 2 M g

:(c(t) + %ef”t) /M Pt(F;g))de = (c(t) + %ef’{t) /M F(gg)dpt,

where the third inequality is due to Corollary [30} and in the last inequality we used Cauchy-Schwarz
inequality:

| grad f]|*
f

| grad f|?

* _ E[] grad /||
Fd] = Ellgrad

—2)P.(f) = E| JE[f] > E[
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= (PVI(f ))2
Hence we know p; satisfies LSI with constant
1 K

2c(t) +doe="t 1 —e~rt + kdge—rt’

O

Note that we have lim,_,q 50 L_ This means that, we can recover the result for

1 —
+doe=rt T t+do”
Euclidean space in the limit.

H.3 Extension of Proposition [31]to Phi-Sobolev inequality

In the last subsection, we showed in Proposition@] that on a Riemannian manifold, LSI is preserved
along the propagation of heat flow. In this subsection, we extend the result to the setting of Phi-
Sobolev inequality. We will prove the following proposition. This result will be useful for proving
convergence of the Riemannian proximal sampler under x? divergence and Poincaré inequality
(Theorem [6]item 2] the proof is in Appendix [D.4]).

Proposition 32. Let M be a Riemannian manifold with Ricci curvature bounded below by k. Assume
¢ : I — Ris a C* function and convex, where I is an interval of R. Further assume = is concave

on I. Let py be any initial distribution. Assume pg satisfies ¢-entropy inequality [|Bakry et al.} 2014,
Section 7.6.1] with constant dl—o.'

/ ?(g)dpo — &( / gdpo)S% ¢"(9)T(g)dpo,Vg.
M M M

Then the propagation of po along heat flow, denoted as py, satisfies ¢-entropy inequality with constant

1 K re't

2c(t) +doe="t 1 — e rt + rdgert  ert — 1+ kdy’

where c(t) = “=%—

We first present some useful lemmas.
Lemma 33. Let ¢ be such that ——+— is convex. Then

7@
1
Py(I'(9)¢" > (P(\/T(9)))*
1T9)9°(9) i gy = (R VI(9))
In particular, when ¢(z) = (z—1)2, we know _W’#(x) = —1 is a constant, and therefore P,(I'(g)) >

(P (v/T(9)))*.

. ’ = . . 1 . 1 1
Proof. Using Jensen’s inequality, since 27z 18 concave, we have 7 ERD) > EJ ¢,,(g)].

NS S " 1
zlE[F(g)d’(g)]E[qs,,tg)] > E[VT(9)]* = (P(VT(9)))?
where in the last inequality we used Cauchy-Schwarz. [

Lemma 34. For diffusion Markov triple with semigroup (P,);>0, the followings are equivalent:

1. The curvature dimension CD(3,00) holds for some 3 € R.
2 JT(BT) < e PP /TR
3. Pu(flog f) = Puflog(Pof) < c(s) Po(FF).

4. Pi(f2) = (P(£))? < 2e(s) Po(D(f)).



where c(s) = 1762;32&. Furthermore, the first item implies P;($(g)) — ¢(Prg) < c(t)Pi(¢” ()T (g))

Proof. See Theorem 4.7.2 and Theorem 5.5.2 in [Bakry et al.| [2014]], and Theorem 2.1 in |Chafai
[2004]. O

Corollary 35. With P, denote manifold Brownian motion, we have
1. \/T(P.f) < e 2'P\/T(f).
2. Py(flog f) — Poflog(P.f) < c(t)P.(*)

3. Po(f?) = (Po(f))? < 2e(t) Ps(T ().
4. Pi(o(f)) — o(Pef) < c(t)Pe(¢” (f)T(F))

1—e "?

where c(t) = =

Proof. [Proof of Corollary For the second item, we can replace f by g2 for some g.

1— —20s 2 2 d 2
/ g2 10gg2d7/5 o / g2dl/s log(/ g2d1/s) < e / ( g) || g;a gH dv
M M M 25 M g

1 —e”
=l [ e gl
Now we already know the manifold Brownian motion densny vy satisfies — == -LSl, i.e.,
/ f?log f2dv, — deut log/ fPdv, < gl ™ / | grad f|*dvy, Vf.
M

So we know, with P; representing manifold Brownian motion, P;(flog f) — P;flog(P:.f) <
c(t)Pt(y), where

1— —Kt 1— —2Bs
- ¢ 4T
K 2/
Hence we know S can be taken as , s corresponds to %t. So we get item 1, 3 and 4. O

Now we are ready to prove Proposition [32]
Proof. [Proof of Proposition[32]

For g > 0, using Corollary 35| we know the manifold Brownian motion (here represented by P;)
satisfies

Pi(¢(9)) — d(Prg) < c(t)P(¢” (9)T(9)),

1_2‘?7m . Using property of markov semigroup, we have

where ¢(t) =

/ o(9)dpi = | Pub(g))dpo < c(t) / (6" (9)T(9))dpo + / $(Prg)dpo.
M M M M

/¢(9)dpt—¢(/ gdpt)

<c(t /P " dpo+/ d(Prg dﬂo—¢(/ Pi(g)dpo)
/ Py(¢"( )dpo+*/ ¢"(Pig)T(Pyg)dpo

Hence

<e(t) /N Ith"() (9))dpo + e / &"(Prg)(Piv/T(g))?dpo
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<elt) / P&/ (g)T <>>dpo+d; - /Mpxr(gw"(g))dpo

:( 0 —nt / P // )dpo— (C 0 —;-ct / ¢// dﬂt,

where the third inequality is due to Corollary [30] and in the last inequality we used Lemma [33]
Hence we know p; satisfies ¢-entropy inequality with constant

1 K

2¢(t) + doe="t 1 —e="t 4+ kdge=rt’

O

We remark that the case ¢(x) = (z — 1)? recovers Poincaré inequality, and ¢(x) = x log x recovers
log-Sobolev inequality.

H.4 Total variation distance

Lemma 36. For TV distance, we have

dp™ dp(2)

o= = s 00 =20 = [ G i

and

W —pPpy =5 sup \/fdp(” —/fdp(2

lp 2 .

Proof. [Proof of Lemma Denote the set at which supremum is achieved to be A, = {z €
M : pP)(x) > pM(z)}. Denote p, p(M) to be the measure, or corresponding probability density
function with respect to the Riemannian volumn form, when appropriate.

/ 16?(2) — pM ()|dV, (x /|p(2> p(l)(x)\dVg(w)-f-/Ac 10 (@) = p) (2)]dV, ()
= [ 2@~ V@) + [ 1) - o @)V (o)

A, ¢
= [ @ -V @av@)+ [ V() - o )iy (a)

A, $

=P (A.) = pP(AZ) — pI(AL) 4+ pM(A9) = 202 (AL) — 1= 20D (AL) +1
=2(p' P (A.) = pM (AL)) = 2/1p = W7y

Now we prove the second equation.
[ ran® - / fap| < / [F@) (6P @) — o @)V (@)
M
< sup 7] [ 16%(0) = o @)ldV; (2)
reEM M

B /M 0@ (@) = pV ()] dVy(x) = 2[|p'? — pP 7y

When f =14, — 14,

= 2p(2)(A*) _ 2p(1)(A*) — 2Hp(2) - p(l)”TV-
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Lemma 37. Let p\V, p() be probability measures. Let p(l), p§2) denote propagation of pV), p()

along heat flow on M, with p(() ) = oM, pé ) = p2). We have

1 _

o) = pP v < 6D = pP|7y.

Proof. [Proof of Lemma [37]] By definition we have that for all f,
B (X)X = o] = Pif(@) = [ fu)mi(e. )V, ()
Assuming X ~ p), we get
| t@p@av@) = Brx) = [ Puf@an @)
— [ [ s@m vy @)
MM
— [ s @)av, ).
M
Where we denote [,, f(y)p:(x,y)dV,(y) = g(x). Note that

o) < /M £ e, 9) AV, (y) < / P )dVy(y) =1

Hence
1
I = i llzv = =5 P I/fdpﬁl) —/fdp§2)|

M—[—-1,1

1

- ]t a3 @)ava)
fM—> —1,1]
[ [ 1@, we® @avia)
M

1

=5 sup || gla)p /g p (z)dVy(z)|
FM-11] Jm M

1

<5 s | [ g(a)p( /g )P (2)dVy ()|
gM—[-1,1] JM M

M _ @

=[lp v

I Concrete example: hypersphere

I.1 Truncation method on hypersphere

Let M be a hypersphere. Previously, we discussed some existing results which provided a bound on
the Ly norm of v; — v. For hypersphere, we can derive a bound in L., norm, see subsection|[[.1.2]
We also consider the situation that the acceptance rate in rejection sampling might exceed 1, and
show that for such a situation, rejection sampling can still produce a high-accuracy sample.

Let Vmei(y), Vruk (2) denote the acceptance rate in rejection sampling. Recall that 7 FYIX

vi(n,z,y) and #X1Y o e~ /@y (n,2,9). In the actual rejection sampling implementation, if
for example in Brownian motion implementation, it happens that there exists y € M, s.t. V(y) > 1,
then the output for rejection sampling will not be equal to 7Y%, For such situations, denote
VMBI(y) = min{l, VMBI(y)} and VRHK(l') = min{l, VRHK(IC)}. Note that VMBI(y) and VRHK(I')
are the actual acceptance rate in rejection sampling. we denote the corresponding rejection sampling
output by TYIX XY , respectively.
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Intuitively, the region B, (r) near x carries most of the probability for both Riemannian Gaussian
distribution p(t, x,y) as well as Brownian motion v(¢, x,y), when the variable ¢ is suitably small.
Thus instead of choosing parameter to guarantee Vruk (z), Vmei(y) < 1,Vz,y € M, it suffices to
guarantee Vruk (z) < 1,Vz € By(r) and Vmei(y) < 1,Vy € B,(r) for some .

Let L, be the Lipschitz constant of f. In the rejection sampling algorithm, we will use % = L3dlog %

2 2
(ie.n = T7T) exp(f%) = exp(——2y) ) as proposal Riemannian Gaussian
1408 ¢ 1 (L%(d—2) log £ )
distribution.
Define

exp(logyi(n,z,y) —logvi(n, x,x) + C
Vuei(y) = p(logvi(n, ,y) d(i’yl)gn ) mB1) <1, Yy € B(r),

exp(— 20s1) )
- 1 -1 C
VRHK(x) — eXp( f(l‘) —+ Ogyl(n7x7y) _|1_ f(y) - Ong(vaﬁU) + RHK) < 17 Vo e BU(T)
exp(—5;d(z, y)?)

Lemma 38 (Nowak et al|[2019]], Nowak|[2025]]). Let d denote the dimension, and v denote the heat
kernel (that corresponds to %V(L x,y) = %Au(t, x,y)). For o represent the size of neighborhood,
we have

c(p,d) (_i

1
2D exp( ) < vlt9) < CED expl— La(e. ) vde,y) < o

Fixt = O(%). When ¢ = O(%), it holds that f((f’j)) = O(1). In this case, we denote C = C(p,d)

and ¢ = ¢(p, d).

Proposition 39. Let M = S be a hypersphere. We set % = L3dlog % as the step size of proximal

1
t

rejection sampling, and truncation level | = Poly (d? Poly log %) There exists parameters

sampler, + = L3(d — 2)log % as the parameter for proposal (Riemannian Gaussian) distribution of

d 1 d
Cwmpl = — 7 log(2m) —log(C' +1), Cruk = —=—5 — 7 log(2m) — log(C + 1)
2 2log z 2
s.t. T TYIX satisfy Assumption
Proof. See Proposition d2]and Proposition O

Lemma 40. [Xu| 2019, Equation 17] Let (M, g) be a complete manifold with Ricci curvature being
non-negative. Then we have
1 d 2
_ exp(— (z,y)
(2rt) % 2

) < v(t,x,y)

I.1.1 Proof of Proposition 39|

It’s important to establish the order of a constant in algorithm first.

Lemma 41. There exists some Cygl = — 4 log(27) — log(C + 1) s.t.

d(z,y)?
_logl/l n,z,y +10gyl n,x,r 27+CMB|
(1.0.9) + log (. .0) = 52

42
Consequently, for r = 4/ C—ns, we have

eXp(log Vl(77»$7y) - IOg Vl(77733a55) + CMBl)

d(z,y)?

< 1,Vy € By(r).
exp (=S5 )

Vuei(y) :=

Proof. Recall that we require % = O(log %)

1
Write % =, log% where C,, = L3d. Then we can write e~ 77 = (.
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1. Step 1 Consider neighborhood B, (o) with 73 = C% We have

C d(z,y)? _a1C d(z,y)?
il ,5) < v 2,9) + ¢ < o exp(- DI 4wt = © e HDI (1 45, )
n2 27] 72 27]
__1
with §(x,n) = % For this d, we can see that
gexp(*T)
1 1/ d(z,y)? 1
e "o L - ) 1
5(xaV7) = P = 775 i < S *avy S BZ(TO),
G exp(— 2522 ¢ ¢
'r]2
Hence C(1 + §(z,n)) < C' + 1. which further implies
d d(z,y)?
—logu(n, z,y) = —log C + 7 logn + %ny) —log(1 4 d(z,n))
d(x,y)?

d
> —1 1 — 1
> —log(C + )+2 ogn + 51

Now consider a slightly larger neighborhood where s > 1 will be set later:

1
27<  we have
c,

c, > 2

1~ d(z,y)? <

so that when ( is small, we have

1 1 1
log(1 + 6(x,n)) ~ logd(z,n) < log = + (1- ;)logz

11 1 1-1d(x,y? 1 d(z,y)* _

< log —
G, =80T Ty 2

which further implies

1
ZIOgE—F ,\V/ S

d
—loguy(n,z,y) > —logC' + ~logn +

d(x,y)?
2 2n

d
> -1 —1
2 —logC+ 2 o8+ 2n © C n
d(z,y)*
2(sm)

d
> —log(C+1)+ glogn-&-

d
> 2
-2

logn +
d(z,y)?
2(sn)

Together, we conclude that for all y € B,(r),

d d(z,y)?
1 > 1 1)+ =1 )
ogvi(n,x,y) > —log(C + )+2 0g 1 + 20s)

2. Step 2
1

We have v(n, x,z) > - and consequently
(2mn)2

Vl(’rlwraw) Z W - C ~ (27('77)% :

Thus for all y € B, (r), for some constant C' we have

d(z,y)?
2(sn)

d
~3 log(27) —log(C + 1)

d
—logu(n, ,y) +logn(n, z,2) > —log(C + 1) + 5 logn +

_ d(@,y)?
2(sn)
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2 1—
d@.y)” L 175

G~ 2 TG

—log(1+d(x,n))

L d(z,y)?

2

d d
~3 logn — 3 log(2m)



Therefore there exists some Cyg = —4 log(27) — log(C + 1) s.t.

_ exp(logwi(n, 2,y) —logn(n, x, ) + Cwei)

d(z,y)?
(y))

Vmei(y) :
exp(— )

< 1,Vy € By(r).

O

Proposition 42. Let M be hypersphere S¢ so that the truncation error bound can be proved in L.
Consider Algorithmwith t = ns where s = d;fQ > 1 is a constant that does not depend on 0, ¢. For

small ¢, the error for inexact rejection sampling with vy is of order ¢, i.e., | 7YX =YX 1y, = O(C).
Hence by triangle inequality, |7¥1% — 71X = O(C).

Proof. [Proof of Proposition 42
Now we have for all y € B,(r),

d(z,y)?

—logv(n,z,y) +logv(n,z,x) > + Cwmsi-
(0] )2 "3
This implies,
d(z,y)?
exp(logvi(n, z,y) — logvi(n, z,z) + Cmei) < exp(— ;(Sz)) ).

Hence we have

exp(logvi(n,z,y) —logvi(n,z,x) + C'
Vg (y) = 2008 (0, ,y) — logvi(n, @, 7) + Cr)

z,y)2
exp(— 4r%)

< 1,Vy € By(r).

Recall that i denote the density for Riemannian Gaussian distribution. We compute

Vmei(y) _ Vi (y)
Eu(sn,x,y)VMBl(y) 7]]\/[ VMBl(y),u(snaxvy)dvg(y)
_ Vel (y) (57, 7, y)
fM exp(log vi(n,z,y)—log v (n,z,x)+C7) ,LL(S77, z, y)dVg (y)

d(z,
exp(— 5T

B exp(logv(n, z,y) — logv(n, z,z) + C7)
~ [urexp(logui(n, z,y) —logui(n, x, x) + C7)dVy(y)
_ vi(n, z,y) _. AY|X

Sy iz, y)dVy(y)

Thus the desired rejection sampling output can be written as

Vvl ()
Eyi(sn,z.y) VeI (Y)

p(sn, z,y) p(sn, x,y)

7?('Y|X _

p(sn, z,y)

On the other hand we denote Viyg|(y) = min{1, Viugi(y)}, and the actual rejection sampling output

is ™ = pu(sn, z,y) 5 Vi ()

) Following [Fan et al. [2023| Proof of Theorem 6], we get

Vmei Ve |

CXP(*%)H IE[VvMBI] E[VMBI]
< 2E[|Vmer — Vusil]

[#7X =7 Xy <E

— [EVwell
. . 2E[| Vs — Vivsl |]
We aim to derive an upper bound for Er Note that
- exp(log i (1..9) ~ log(n.2.2) + Ou)) __ OP(—"554")
E[|[Vmail] > A(z.9)? ()2 dVy(y)
Ba(r) eXP(—W) Jarexp(= 2(s1) )dVy(y)
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1
[y exp(— e gy (y )/Bm

2(sn)

exp(logvy(n, x,y) —logv(n, z,x) + Cnmpi)dVy(y).

and similarly

[eXp(log vi(n,z,y) —logv(n, z, z) + Cuei)

d(z,y)?

El1Visss — Vel (o) P55
©2(sm)

]‘VMBI(U)>1]

1

fM eXp( déa(c:;/]) )dV( )/VMsl(y)>1}

Hence we only need to bound

exp(log vy (n, z,y) —logvi(n, x,x) + Cyuei)dVy(y).

2E[|VMB| — VMBI” < I{VMBI (y)>1} exp(log v (n, x,y) — logvi(n, z, ) + CMBl)dVg(y)

‘E[mﬂ N fB eXp log 14} (n,l’ y) log yl('/hx’x) + CMBI)dV (y)
vi(n,z,y)
2f{VMBI (y)>1} VEEZ zz dV( ) f{VMBI U)>1} Vz(77,$ y)dV( )
me(r) WEZii’)dV( ) fB L (n,z,y)dV,4(y)

f{VMBI (y)>1} C + POIY( )eXp( d(:r,y) )dV ( )
Jo. oy i(n, 2, 9)dVy (y )

f{d(m,y)2>5}C+POIY( ) exp(— )dV (y)
% >,

. jémwmwww%@> - 0(()

_1
We used v;(n, z,y) < ¢+ v(n,z,y) In the last equality, note that when 7(1(3:;;)2 > 720 =, it holds that
n

d(z,y)? 2—3
ALYy < ox
) < (22

and then we know (2~ + Poly (;) = O(C) because for small ¢, the term ¢1=% Poly () =0(1).

exp(— (25

We used lower bound [, . v1(1, %, y)dVy (y):

Lo )
[ rmenimz [ - )

and for the choice of r, we know this is lower bounded by a constant.

O

Proposition 43. Let M be hypersphere S®. Consider Algorilhmwith % = L%dlog% and % =

L3(d — 2)log % For small (, the error for inexact rejection sampling with v; is of order (, i.e.,
7% —7X 7y = O(C).

Proof. [Proof of Proposition [43]|

1. Step 1 Set s = 5% in Lemma Let - = Lidlog ¢, C;; = Lid. Note that we have
da

—1
r?/2 = i = {4k and } = L3(d — 2) log L. Note that ¢ = 7451, We know, for all
x € B(y), we have

d(x,y)*
—logwi(n,z,y) +logui(n,y,y) 2 — =+ Cuar-
2(sm)
We want to find Cruk so that the previously defined ¢t = %277 can be the variable

for proposal distribution, i.e., we need f(z) — logvi(n,z,y) — f(y) + loguvi(n,y,y) >
5d(x,y)? + Cruk to hold for all z € B, (y). Hence we require
d(z,y)? d(z,y)?

+ Cme

— | — — Lid(z,y) > Crux
2(5%5m) 2t
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Note that

dlz,y)?>  d(z,y)?
( y) _ ( y) _ le($7y) + CMBI

2(5%n) 2t
:d(xzy) (L3 log 2) Lid(z,y) + Cupi 2 —217 + Cwgl,
where in the last inequality we take d(z,y) = W Also note that when ( is small,
| — ﬁ| is small. We can just take Cruk = 210g L+ + CumpI ~ CwmaI.

Hence there exists constant Cryx = —

@75 log(2m)—log(C'+1) s.t. forallz € By(r),

1
f(x) —=logu(n,z,y) — f(y) +logvi(n,y,y) — Crrk > %d(m,y)Z-

. Step 2

Denote

exp(—f(z) +logui(n,z,y) +f( ) —logvi(n,y,y) + Cruk)
exp(—:d(z,)?)

Vrek () =

and Vrpk (2) = min{1, Vruk (7)}. Recall that the desired rejection sampling output can be

written as 7X1Y = = u(t,z,y) #% On the other hand the actual rejection sampling
is TXIY = _ Vemk(@) :
z;uput isT u(t, z,y) Err o Ve (@) Following [Fan et al.|[2023] Proof of Theorem
, we get
R VRHK VRHK
17X =Xy <E - I

eXP(—%)HE[VRHK] E[Vrhk]

2E[|Vrrk — Vrek|]
B |E[VRuk]|

we only need to bound

28| Verk — Vol _ i1y P (@) + () +log m(n, 2, y) — log1i(n, y,y) + Cre) 4V ()
|E[Vrnk]| T Jpm exp(—f(x) + f(y) +logn(n,x,y) —logvi(n, y,y) + Crik)dVy()
Jiviny>1y P(—f (@) + f(y) + logvi(n, z,y))dVy(x)
S5,y exp(=f(@) + f(y) +logui(n, z,y))dVy()
Sty EXP(Lad(e, ) (v(n, 2. ) + )V, ()
J5.(ry &P(=Lad(z,y))vi(n, z,y)dVy(z)

=2

<2

So it suffices to upper bound
/ exp(Lad(z, ))v(1,,y)dV, (2)
{Vruk (y)>1}

We need a sharper bound for distant points. With % = L3(d—0.5)log % we have

1
= f@)+ f(y) +logv(n,v,y) + grd(w,y)’
1 2 1 1
<Lyd(z,y) +logPoly (2) — XY 4 L 2(r2a—05)108 )
n 2n 2 ¢
1 d(z,y)?1 _, 1
<L locPoly (=) — —222 " T?]og —
<Lyd(z,y) + log 0}’(77) 5 glileg

1 1
Sil + 1OgP01y (7)v
logz n
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where in the last inequality we set d(z,y) = ﬁ
¢

Hence

/ exp(Ld(z, y))v(n, @, y)dV, (z)
{Vruk (y)>1}

1 1 1
< exp(t— +logPoly (=) — =d(,y)*)dV, ()
/{VRHK(?/)>1} log% n 2T !

n 2T

d+1..d—-05 1
T)( d 10%&))

1 1
<Poly () [ exp(— med(z, 9)?)dV, (1)
{Vruk (y)>1}

1
< Poly (=) exp(—(
n
d2+40.5d—0.5

=O(Poly (%)(T) =0(¢)

2
Here we used the fact that +%:54=05 > 1,

O

Proposition 44. Let R = T\{EE' The cost for rejection sampling as in Proposition is O(1) number

of rejections, in ( and dimension.

Proof. [Proof of Proposition 4]
Step 1: We first show that in a local neighborhood we have

d 2
—logv(n,z,y) +loguv(n,z,x) < (3;’ y) + Const
n
We have that
c d(z,y)? _
vi(n, z,y) 2 v(n,z,y) —C = — exp(—%) —e "
nz n
c d(z,y)?
= eXP(—T)(l —d(z,m))
UE n
where C,, = L?d so that % = () log %
We have that for d(z,y)? < &,
n
d(z, 2
e~ gexp(R(IG — L)) 4
5(%,77)2 p d(z,y)? =n? < —.
o exp(— A2 c c

Thus we can assume W.L.O.G. that §(z,n) < Cs < 1 is small enough s.t. log(1 — §(x,n)) is of
constant order, for all d(z, y)2 < cl Then we have

d d(z,y)?
—logu(n, z,y) < —loge + 5 logn + (277‘”) —log(1 — 6(x,7))
d ( ,y)z 5 )
<5l — -1 vd <2
=5 ogn+ 2 ogc, (z,y)? < z
On the other hand, when & = y, we have v/(1), z, ) < 5.
772
C . C
Vl(n)‘rwm)Sj—f—C:T_&_e nCn 7,
n? nz 7?2



1
observing thate” ™ = ( < Cy log ¢ = % Thus we have

d
logvi(n, z,2) < log € — 7 log.
Hence for C, ¢ we have
—logvi(n, z,y) + logvi(n, , x)

d d 2 d
<71g77—|—M log ¢+ log C' — ,10 gn =

d(z,y)*
log —
5 2 + log

2n c’
Step 2: This step is similar to Proposition[d8] With the first step, we see that

d
f(x) - f(y) - 1Ong(77>337y) + IOng(naxyx) - C’RHK < L]_d(.’l?,y) Rl

where Crux = — 4% log(2m) — log(C + 1) — g I and ¢ can be taken as -

(27r) 2
With n =
we get

————and T = viewing left hand side as a quadratic function of d(z, y)

1
del og ¢ L%(dJrl)log%’
dw.y)? _ day)? 1

Lqid(xz,y) +
1d(z,y) 2n 2T _210g%

Thus we have
f(x) = fly) —logui(n,x,y) +logvi(n, z,x) — Cruk

d(z,y)? C 1 d(z,y)?
<L.d ALY 4 og
SLad(z,y) + o = 21ogC T

C
+ log —
c

The neighborhood for which the bound is valid is d(z, y)? < C%, i.c., a ball with radius R = Y2

LVd’
We have that (Sm R)d 1= (’)( ). This allows us to do as exactly in Proposition |49|(with ¢ from

Proposmon 39) to show the rejection sampling procedure finishes with @(1) number of rejections. [

Proof. [Proof of Corollary [T0]] Using Pinsker’s inequality, we have

1 H X p ) 1
— < ,/—H 0o <o
loi =7 v x(pit) 2 (1+ na)2k 2

We want to bound |[p¥ — 7% |7y < Ze. It suffices to have ﬁ%&g‘;,} < 1e2. Hence we need
2H_x ( log —xX (70

log(xipo) S 2k log(l + 770[), i.e., k= O W .

For small step size 7, we have m = O(n%) Hence k = (’)( L ]og M)

@(O%nlog é)

Using Proposition by setting % = L3dlog %, the expected number of rejections in rejection

sampling is O(1). We pick ¢ = 755>+ and consequently 1= [2dlog % = O(L3dlog 1).
It follows that ’
1 1 ~ L3d 1
k=0O(—log-) = O(——log® =)

an "€ a €

The result then follows from triangle inequality:
. _ 1 _
1% =7 lov < 6% = ok v + loi = 7% lov < k(Cruk + Cuei) + 5f = O(e)

where from Proposition 39| we can set the ¢ to be $, so that k¢ = (L 4 (Jog? %)ﬁ) =
O(e). O
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I.1.2 Heat kernel truncation: hypersphere

In this subsection, we show that on hyperspheres S%, the truncation error bound || — vz |0 = O(C)
can be achieved with truncation level L = O(Poly (log 1)). As proved in|Zhao and Song|[2018], the
heat kernel on S? can be written as the following uniformly convergent series (with ¢ := (x, y)ga+1)

oo

k(k+d—1)t 2k+d—lc(d,1)/2(

v(n,z,y) = kzoexp(— 2 )(d —1)Aga

cos()),

where C}* are the Gegenbauer polynomials. Define

G Pi+d—1) T

DTG +1)  [T@-Dr+1) TG+ )|

M, =

Such M; is constructed to be an upper bound for Gegenbauer polynomials; see [Zhao and Song
(2018, Proof of Theorem 1]. The following proposition is directly implied by |Zhao and Song|[2018}
Theorem 1], and we provide a proof for completeness.

Lemma 45. For | = ©(d?), we have
Mg _ (I4d— 1)4-2
M, — (1+41)42

and consequently = L“ = O(1).

Proof. For [ = ©(d?), we have (by definition of M and Gamma function) M; = ((l;_d;)!zl)!! and

I+14d—2)! I+d—2)! 1+1)4-2 I+1+d—2)! I+d—1)4=2
M = ((d—2)!(l+1))!' Hence M; = ((d—2)!l)! 2 ((d—)2)! and My = ((d—2)!(l+1))! <! (d—2))l
Then we have (note that | = O(d?))
My (I+d—1)42 d—2 4. 1.y,
< =(1+-— =01+ = =0(1
M, —  (I+1)d-2 ( +l—|—1) ((+d)) (1)
L]

Proposition 46. Let M = S be a hypersphere. For truncation level L = ©(d? Poly (log 1)), we
can achieve |v(n, z,y) — v (n,2,y)| = O(C),Yz,y € S
Proof. [Proof of Proposmonn Throughout the proof, we denote ¢ = (x, y)ga+1. The parameters

M satisfies \C (z)| < M; according to Zhao and Song| 2018} Proof of Theorem 1]. Hence, we
have

lv (wr y) —vr(n,z,y)|

l+d71 20+d— .
Y e ) i G eosti)
I=L+1 S¢
+d—1) (21 +d — 1) M,
= Z exp(= 5 (d—1)Ags
I=L+1

Observe that for all [ > L + 1, since for large L (that depends on dimension) we have Nfégl =0(1);

see, also, Zhao and Song [2018| Proof of Theorem 1]. Hence,

o exp(— WD o) L g4 DMy 2+ d+1 exp(— (d+ zz)n) M4
b exp(—wx%—kd—l)Ml 204+d—1 2 M,
_ @+ d)n Mg
=0 (exp( 5 g )
2L+24d
—0(exp(-ZEFZEDN)) _ oexp(—La) = 0(0).
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Algorithm 6 Riemannian Gaussian on hypersphere through rejection sampling

Input zz* € S%. Require ¢ <
fori=0,1,2,...do
Generate proposal v o e~ 2 IVII” (in Euclidean space), repeat until ||v|| < 7.
Generate v uniformly on [0, 1].
67%| \2(510 [v] )dfl

6—5\11\2

@

Return v if u <

end for
Generate F to be an orthonormal basis for 7,S%, set v + vo E € T, S%.
Output sample y = exp,.- (v)

For the last line, note that with L = Poly (log %) and n = Clog T We have that Ln = Poly (log C)

C 10
This implies exp(—Ln) = O(exp(log()) = O((). Now we compute the truncation error.

\V(mx y) —vr(n,z,9)|

l—I—d—l) 204+ d — (d—1)/2 cos

f\lzLjH ) 2Ll 2 o)

1 = I(l+d—1)n
Sm lglexp(—f)(% +d—1)M,

1 L+1)(L+1+d-1 L+d-1)42 1
S CERY™ eXp(f( : 2 )n)(2L+d+l)( (d—2)3 1-Q

- _ d—2

:O(exp(—wWLer 1)%)
=O(exp(~L?) Poly (1) = O(exp(~Poly (log 2)) Poly (g 7)) = O(0).

I.2 Sampling from the Riemannian Gaussian distribution on hypersphere
We show that Riemannian Gaussian distribution on hypersphere can be generated efficiently through
rejection sampling (Algorithm [6)).

Note that Algorithm [6]first generate a Euclidean Gaussian v in the tangent space, which is guaranteed
to satisfy ||v|| < . Its density can be computed exactly under the normal coordinates. Then
we perform rejection sampling to get samples v s.t. exp,.(v) follow the Riemannian Gaussian
distribution p(t, z*, -) exactly.

Proposition 47. On hypersphere 8%, when t = O(d%), Algorithm |§] output a sample following
Riemannian Gaussian distribution ju(t,z*,y) o exp(— g d(z*,y)?), with iteration complexity O(1).
Proof. First note that when we generate a tangent space Gaussian restricted to ||z|| < m, under
normal coordinates the corresponding density would be o< e~ zilel? ,x € Bo(m).

Recall that the Riemannian metric g of S? under normal coordinates satisfies v/det g = (Si?T‘lyl)d’l.

For Riemannian Gaussian distribution, we change it from Riemannian volume measure to the measure
in local coordinates, and under the local coordinates, it has density

1
o expl(— o) /et g = expl(— |l
Therefore we can compute the number of expected rejections as

g2
fBg(Tr)e 2l dy

_ 1 sin |z _
fBo(ﬂ')e Qtlw(ﬁ)d Ydx

sin |z|

)d—l

||

||
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Recall that with R =

E_)d=1 — O(1). Then we have

we know (%

6
1+d’

/ e—%|x\2(Sin|x|)d 1d > (blnR)d 1/ e_i‘mlzdx
Bo(r) |z R Bo(R)

Then we get
— 1.2 — L2
o © =l de i ya=1 Sy © sl da
sin | _ — : _ g
fBU(W) e—i\zlz(s‘Tl‘\)d Ldy sin R fBO(R)e 317 g
(2mt)2
:O<2t41_ ) = 0(1)
(2mt)2 (1 — exp(—3(5 —d)))
Aslongas &= —d>1,ie t < (Hd)Q,the last equality holds. O

I.3 Varadhan’s asymptotics

We consider the approximation scheme introduced in Section[A.2]using Varadhan’s asymptotics. Let
o(z) = %d(m, y)?. Intuitively, we want to see how the function ¢ can improve the convexity of

f+e
On a manifold with posmve curvature, we consider the situation that we cannot compute the minimizer
of g(z) = f(z) + (x )2, and instead use y as the approximation of it. Notice that when 71

is small, since f(x ) 1s uniformly bounded, the function g(x) is dominated by - 7 d(, y)?, thus the
minimizer of g will be close to y. Therefore it is reasonable to use y as an approximation of the mode
of e=9(*)_ Then in rejection sampling, we use 1i(t, y, ) as the proposal.

Let L, be the Lipschitz constant of f. In the next proposition, we show that for some constant C,
with certain choices of 7 and ¢, it holds that

&> ey,

SE

%d@c, W) — f(y) +

Consequently, the acceptance rate defined by
exp(—f (@) + f(y) — gyd(z,y)* = F)

Vie) = " ’

is guaranteed to be bounded by 1. Then, in Proposition [49] we show that the expected number of
rejections is O(1) in dimension d and step size 7).

f@) +

>

PrOpOSItlon 48. Let f be L1-Lipschitz and C. be some constant. Take n =
and t = it holds that

L2(d+1)
LZ(d 1)’

1 Ce
— 2 > — 2 _ s =
(e o) + O = [@) + 5od(e) = ) + 5 > gl
Consequently, the acceptance rate is bounded by 1, i.e., V(z) < 1,Vx € M.

Proof. [Proof of Proposition 48] Since f is L;-Lipschitz, we have || grad f(x)|| < Ly. Then we
have Lyd(x,y) = f(x) — f(y) = —Ld(z,y).

1. The lower bound: The goal is to find some ¢ > 0 and constant C' such that
1 1
—d - C>—d Z,
F@) + () = FW) +C 2 gid(a.y)
It suffices to find ¢, C such that

1
- *d(l‘,y)Q - le(x7y) +C >0.

1
7d(.’1:’y)2 2t

2n
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The left hand side can be viewed as a quadratic function of d(x y). When d(z,y) = 21,

nTt

the left hand side is minimized, and the mimimum is —= + C. Hence we can take

2 1
C:é Ceand t = m ThenwehaveC %%L%t:%
2. The upper bound. For an upper bound, we want some I’ < 7 for which we want to show
that
1 C 1 Ce 1
—d 2 — = <Ld —d 2 —<—d 2
Similar as before, it suffices to show
1 1 G
———)d >+ Lid —= <.
The left hand side is maximized at d(z,y) = 2t T, with maximum % 1Lj + — ==. Take
T T n
T= %. We can then verify that
1oC_ 13 G
2 % - % 2 2L2/C. 2 '
3. Combining the two steps: From the above two steps, we get
1 1 C:
—d(z,y)* + C. > —d(z,y)* — Lol 1y
opd(@,y)” +Ce 2 f(z) + o (@.9)” = f(y) + 5 = 5;d@,9)*

O

In the following proposition, we show that on a hypersphere (where the Riemannian metric in normal
coordinates is well studied), the expected number of rejections which equals to

Jur exp(= (2, y)?)dVy ()
f]w eXp(ff(ZL') + f(y) - %d(xa y)2 - %)dvg(x),

which is independent of dimension and accuracy.

Proposition 49. Let M be hypersphere Set C. = é. Assume without loss of generality that
L; > max{l, di\/gl}. Then with n = de

rejections is O(1) in both dimension and e.

andt = %, for small ¢, the expected number of

Proof. LetT = %. We try to bound the expected number of rejections. We compute it as
1
follows:
Sy exp(—g;d(z, y)*)dVy (x) < S exp( —id( y))dVy(z)
Jurexp(=f(@) + f(y) = grd(z,y)? = F)dVy(z) ~ [y exp(—gpd(e,y)? — Co)dVy(x)

Usmg Li and Erdogdu|[2023, Lemma 8.2] and |Li and Erdogdu|[2023, Lemma C.5], when 5 > R2’
using Riemannian normal coordinates we have the following lower bound on the integral:

B B
/M exp(—id(x,yf)dvg(x) > /By(R) exp(—gd(:c,y)2)dvg(x)

sin R 2T 4
)2

> (TEO D~ expl 5 (BR ),

where B, (R) denote the geodesic ball centered at y with radius R.

On the other hand, we have

—z x 2 X ex —E"IJ2 X
] el gd vy < [ expglaltian <

2T 4
2

7
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We next find a suitably small R which only depends on dimension, for which we have SifR <

14 L. Using Taylor series for sin(R), we have > ~ RiR%S - Hence for R? < £, we have
(approximately) 72 < 1+ 4. Consequently we set R = /15, and we know (z52)4"1 = O(1).

Combining the bounds discussed previously, we have

Ju exp(—o;d(z,y)?)dV,(z)
Jor exp(=5pd(z, y)? — Co)dVy(2)

d
<O R i (2mt)>
- i 4 L2(d+1
SILRT (27T (1 — exp(— 4 (MUY R2 — a)))

t.d 1 d+1 4 1
<eCetl (13 = (S0 .

T7 1 — exp(— 3 (B R — ) d=1" 1 exp(— (LG R2 — )
For small ¢, we have C. < 1. Since we assumed L; > 1 and L% > %, we have
1- eXp(—%(Lf(CL;H)RZ —-d) >1- exp(_%((d‘zl)Q% —d)) > 1 —exp(—3). As aresult,
we see that the expect number of rejections is of order O(1):

Jas exp(—ad(z, y)?)dVy(z) - e? d+1)g <20(d+1)%

Jur exp(—%al(x,y)2 —1)dVy(z) ~ 1— exp(—%) d—1" — d—1

Observe that (<£1)% = (1 + ﬁ)(%Jﬁ) =0(1).
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