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Abstract

We introduce the Riemannian Proximal Sampler, a method for sampling from den-
sities defined on Riemannian manifolds. The performance of this sampler critically
depends on two key oracles: the Manifold Brownian Increments (MBI) oracle and
the Riemannian Heat-kernel (RHK) oracle. We establish high-accuracy sampling
guarantees for the Riemannian Proximal Sampler, showing that generating samples
with ε-accuracy requires O(log(1/ε)) iterations in Kullback-Leibler divergence
assuming access to exact oracles and O(log2(1/ε)) iterations in the total variation
metric assuming access to sufficiently accurate inexact oracles. Furthermore, we
present practical implementations of these oracles by leveraging heat-kernel trun-
cation and Varadhan’s asymptotics. In the latter case, we interpret the Riemannian
Proximal Sampler as a discretization of the entropy-regularized Riemannian Proxi-
mal Point Method on the associated Wasserstein space. We provide preliminary
numerical results that illustrate the effectiveness of the proposed methodology.

1 Introduction

We study the problem of sampling from a density πX ∝ e−f on a Riemannian manifold (M, g), where
g is the metric and πX is defined with respect to the volume measure dVg . The normalization constant∫
M

e−f dVg is unknown. Riemannian sampling arises in Bayesian inference (e.g., hierarchical
models and Bayesian deep learning) [Girolami and Calderhead, 2011, Byrne and Girolami, 2013,
Patterson and Teh, 2013, Liu and Zhu, 2018, Arnaudon et al., 2019, Liu et al., 2016, Piggott
and Solo, 2016, Muniz et al., 2022, Lie et al., 2023], statistical physics (e.g., constrained molecular
dynamics) [Leimkuhler and Matthews, 2016], and manifold optimization problems such as eigenvalue
computation, low-rank approximation, and diffusion models [Goyal and Shetty, 2019, Li and Erdogdu,
2023, Yu et al., 2023, Bonet et al., 2023, De Bortoli et al., 2022, Huang et al., 2022].
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Table 1: Comparison of iteration complexity with Li and Erdogdu [2023] and Cheng et al. [2022].
Here, ε is the target accuracy, K2 is the gradient Lipschitz constant, and d is the manifold dimension;
for a product of n spheres of dimension m, d = mn. All works assume a uniform lower bound on
Ricci curvature and include the hypersphere as a common example. Cheng et al. [2022] does not
provide explicit dependence on d or other problem parameters.

Assumptions Source Complexity Metric

LSI, M = Sm × Sm × ...× Sm
f is K2-smooth Li and Erdogdu [2023] O

(
dK2

2

α2ε log
HπX (ρ0)

ε

)
KL

Distant-dissipativity,
f isK2-smooth, M has

bounded sectional curvature
Cheng et al. [2022] O

(
1
ε2 Poly (d,K2)

)
W1

LSI, M = Sd, f is L1-Lipschitz Corollary 10 Õ(L
2
1d
α log2 1

ε ) TV

On a Riemannian manifold, Langevin dynamics takes the form dXt = − grad f(Xt) dt+
√
2 dBt,

where grad is the Riemannian gradient and Bt is Brownian motion on the manifold. This formu-
lation extends Euclidean Langevin dynamics by incorporating geometric information through the
Riemannian metric, but discretizing manifold Brownian motion is generally intractable. Li and
Erdogdu [2023] considered product manifolds Sm × · · · × Sm, showing convergence for a scheme
that discretizes only the drift while assuming exact Brownian motion—feasible on spheres. Gatmiry
and Vempala [2022] extended this to general Hessian manifolds, however, requiring exact Brownian
motion. Both assume a log-Sobolev inequality and achieve poly(1/ε) iteration complexity in KL
divergence, but the need for exact Brownian motion in Gatmiry and Vempala [2022] limits practical
applicability.

Cheng et al. [2022] analyzed a practical discretization of Riemannian Langevin dynamics, where both
drift and noise are discretized. They established Õ(1/ε2) iteration complexity in the 1-Wasserstein
distance under general assumptions, and in the 2-Wasserstein distance under a stronger, log-concavity-
like condition. A key challenge is proving Wasserstein contractivity without convexity (e.g., on
compact manifolds), addressed via a second-order expansion of the Jacobi equation [Cheng et al.,
2022, Lemma 29]. Kong and Tao [2024] proposed a Lie-group MCMC sampler for densities on Lie
groups, achieving polynomial Õ(poly(1/ε)) complexity in 2-Wasserstein distance.

In comparison to the above works for Riemannian sampling, for the Euclidean case, high-accuracy
algorithms, i.e., algorithms with iteration complexity of Õ(polylog(1/ε)) are available under various
assumptions (that are essentially based on (strong) log-concavity or isoperimetry); see for example Lee
et al. [2021], Chen et al. [2022], Fan et al. [2023], He et al. [2024] for such results for the Euclidean
proximal sampler and Dwivedi et al. [2019], Chen et al. [2020], Chewi et al. [2021], Lee et al. [2020],
Wu et al. [2022], Chen and Gatmiry [2023], Andrieu et al. [2024], Altschuler and Chewi [2024] for
various Metropolized algorithms including Metropolis Random Walk (MRW), Metropolis Adjusted
Langevin Algorithm (MALA) and Metropolis Hamiltonian Monte Carlo (MHMC).

High-accuracy samplers for constrained Euclidean sampling—i.e., from densities supported on
convex sets K ⊆ Rd—have been developed using Hit-and-Run and Ball Walk under various con-
ditions [Lovász, 1999, Kannan et al., 2006, 1997]; see Kook and Zhang [2025, Section 1.3] for a
survey. Kook et al. [2022] introduced Constrained Riemannian HMC (CRHMC) with an Implicit
Midpoint integrator and proved high-accuracy guarantees. Noble et al. [2023] proposed Barrier
HMC (BHMC) and its discretizations with asymptotic guarantees. Kook et al. [2024] developed the
"In-and-Out" algorithm for uniform sampling on convex bodies. Kook and Vempala [2024] achieved
state-of-the-art accuracy for log-concave sampling via a proximal method. Srinivasan et al. [2024a,b]
showed that Metropolized Mirror and preconditioned Langevin samplers also achieve high-accuracy
under suitable assumptions.

Given the above, the following natural question arises:

Can one develop high-accuracy algorithms for sampling on Riemannian manifolds?
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To the best of our knowledge, no prior work exists on providing an affirmative answer to this question.
In this work, we develop the Riemannian Proximal Sampler which generalizes the Euclidean Proximal
Sampler from Lee et al. [2021]. In contrast to the Euclidean case, the algorithm is based on the
availability of two oracles: the Manifold Brownian Increment (MBI) oracle and the Riemannian
Heat Kernel (RHK) oracle. We show in Theorem 6 and Theorem 8 that the algorithm achieves
high-accuracy guarantees under functional inequality assumptions when exact oracles are available,
and under Assumption 1 when inexact oracles are available, respectively. We further develop
practical implementations of the aforementioned oracles that satisfy the conditions in Assumption 1
(Section 5), and that are connected to entropy-regularized proximal point method on Wasserstein
spaces (Appendix A). A comparison with the existing results for the case of sampling on spheres is
provided in Table 1. We also demonstrate the numerical performance of the algorithms via simulations
in Appendix B.

2 Preliminaries

Throughout the paper, unless otherwise specified, we use Õ, to suppress dependency on other
parameters except for ε, and only keep leading factor. For example, 1

α log( 1ε )(log log
1
ε ) = Õ(log

1
ε ).

We first recall certain preliminaries on Riemannian manifolds; additional preliminaries are provided
in Appendix C. We refer the readers to Lee [2018] for more details.

Let M be a Riemannian manifold of dimension d equipped with metric g. The manifold M is assumed
to be complete, connected Riemannian manifold without boundary. For a point x ∈M , TxM denotes
the tangent space at x. For any v, w ∈ TxM , we can write the metric as gx(v, w) = ⟨v, w⟩g. For
x ∈M and v ∈ TxM , expx(v) denotes the exponential map. We use grad and dVg to represent the
Riemannian gradient and the Riemannian volume form respectively.

For x ∈M , Cut (x) denotes the cut locus of x. For x, y ∈M , we use d(x, y) to denote the geodesic
distance between x and y. Let div denotes the Riemannian divergence, and Laplace-Beltrami
operator ∆ : C∞(M)→ C∞(M) is defined as the Riemannian divergence of Riemannian gradient:
∆u = div (grad u). We use ν(t, x, y) to denote the density of manifold Brownian motion with time
t, starting at x, evaluated at y.

Let (M,F) be a measurable space. Note that the Riemannian volume form dVg is a measure.
A probability measure ρ and its corresponding probability density function p are related through
dρ = pdVg. Given a measurable set A ∈ F , Pρ(A) denotes the probability assigned to the set A by
ρ. We have Pρ(A) =

∫
A
p(x)dVg(x) =

∫
A
dρ(x).

Definition 1 (TV distance). Let ρ1, ρ2 be probability measures defined on the measurable
space (M,F). The total variation distance between ρ1 and ρ2 is defined as ∥ρ1 − ρ2∥TV :=
supA∈F |ρ1(A)− ρ2(A)|.
Definition 2 (KL divergence and χ2 divergence). Let ρ1, ρ2 be probability measures on the measur-
able space (M,F), with full support. The Kullback-Leibler (KL) divergence and χ2 divergence of ρ1
with respect to ρ2 are defined as (respectively)

Hρ2
(ρ1) :=

∫
M

log
dρ1
dρ2

dρ1, χ2
ρ2
(ρ1) =

∫
M

(
dρ1
dρ2
− 1)2dρ2

where dρ1

dρ2
is the Radon-Nikodym derivative.

It is known that Hρ2(ρ1) ≥ 0 with equality if and only if ρ1 = ρ2. Although the KL divergence is
not symmetric, it serve as a “distance” function between two probability measures. For instance, the
well known Pinsker inequality states that ∥ρ2 − ρ1∥2TV ≤ 1

2Hρ2(ρ1).

Definition 3 (Log-Sobolev Inequality (LSI)). A probability measure ρ2 satisfies Log-Sobolev
Inequality with parameter α > 0 (α-LSI) if Hρ2

(ρ1) ≤ 1
2αJρ2

(ρ1),∀ρ1, where Jρ2
(ρ1) :=∫

M
∥ grad log ρ1

ρ2
∥2dρ1 is the relative Fisher information.

We also recall the definition of Poincaré inequality which is a generalization of LSI.

Definition 4 (Poincaré Inequality (PI)). A probability measure ρ satisfies Poincaré Inequality with
parameter α > 0 (α-PI) if Eρ(g

2)− Eρ[g]
2 ≤ 1

αEρ[∥ grad g∥2],∀g ∈ C∞(M)
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For more technical details on LSI and PI, see Appendix H.2 and H.3. In Euclidean space, conditions
like LSI and PI can be viewed as a relaxation of strong convexity assumption on f , and is used
to establish convergence of sampling algorithms in KL divergence. See, for example, Vempala
and Wibisono [2019] (for the Langevin Monte Carlo Algorithm) and Chen et al. [2022] (for the
Euclidean proximal sampler). For a Riemannian manifold, the Bakry-Émery condition can be used to
establish LSI. Informally speaking, when the potential f satisfies certain convexity, the corresponding
probability measure satisfies LSI. For more details see for example Bakry et al. [2014] and [Li
and Erdogdu, 2023, Appendix B]. When the manifold is compact, it is well known that the only
convex function is the constant function, and therefore the Bakry-Émery condition does not yield
useful information; but for non-compact manifolds, such a condition may serve as a useful tool to
establish LSI. Moreover, recent works translated LSI/PI conditions on π to the Polyak-Lojasiewicz
(PL) condition on f . For example, considering e−f(x)/t in the low-temperature regime, i.e., t→ 0
limit, Chewi and Stromme [2024] related LSI constant and the PL constant. Similarly Gong et al.
[2024] related the PI constant and a local PL constant. Chen and Sridharan [2024] considered an
“optimizability" condition and analyzed LSI/PI constant for (informally) t ≤ O(1/d). It is interesting
future work to establish similar relationships in the manifold setting.

2.1 Curvature

We also need notions of curvature on manifolds to present our main results. Let X(M) denote the
set of all smooth vector fields on M . Define a map called Riemann curvature endomorphism by
R : X(M)×X(M)×X(M)→ X(M) by R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z. While
such definition is very abstract, we provide an intuitive explanation of what curvature is. Intuitively,
on a manifold of positive curvature (say, a 2-dimensional sphere), geodesics tend to “contract". More
precisely, given x, y ∈ M and v ∈ TxM , we can parallel transport v to u = P y

x v ∈ TyM . It is a
well-known result that (ignore higher order terms) d(expx tv, expy tu) ≤ (1− t2

2 K)d(x, y) for some
K (which is actually the sectional curvature). From this, we see that for positive curvature, which
means K > 0, the distance between geodesics would decrease.

Formally, given v, w ∈ TpM being linearly independent, the sectional curvature of the plane spanned
by v and w can be computed through K(v, w) = ⟨R(v,w)w,v⟩

|v|2|w|2−⟨v,w⟩2 ; see Lee [2018, Proposition 8.29].
On the other hand, Ricci curvature can be viewed as the average of sectional curvatures. The Ricci
curvature at x ∈ M along direction v is denoted as Ric x(v), which is equal to the sum of the
sectional curvatures of the 2-planes spanned by (v, bi)

d
i=2 where v, b2, ..., bd is an orthonormal basis

for TxM ; see Lee [2018, Proposition 8.32].

We remark that the Ricci curvature is actually a symmetric 2-tensor field defined as the trace of the
curvature endomorphism on its first and last indices [Lee, 2018], which sometimes is written as
Ric x(u, v) for u, v ∈ TxM . The previous notation is a shorthand of Ric x(v) = Ric x(v, v). When
we say Ricci curvature is lower bounded by κ, we mean Ric (v, v) ≥ κ,∀v ∈ TxM, ∥v∥ = 1. We
end this subsection through some concrete examples.

1. The hypersphere Sd has constant sectional curvature equal to 1, and constant Ricci curvature
Ric = (d− 1)g,∀x ∈M (so that Ric x(v) = d− 1 for all unit tangent vector v ∈ TxM ).

2. For Pm ⊆ Rm×m, the manifold of positive definite matrices (with affine-invariant metric),
its sectional curvatures are in the interval [− 1

2 , 0]; see, for example, Criscitiello and Boumal
[2023]. Hence its Ricci curvature is lower bounded by −m(m+1)−1

4 .

2.2 Brownian motion on manifolds

Now we briefly discuss Brownian motion on a Riemannian manifold. Recall that in Euclidean space,
Brownian motion is described by the Wiener process. Given x ∈ Rd and t > 0, the Brownian motion

starting at x with time t has (a Gaussian) density function ν(t, x, y) = 1
(2πt)d/2

e−
∥x−y∥2

2t . It solves

the heat equation ∂
∂tν(t, x, y) =

1
2∆yν(t, x, y) with initial condition ν(0, x, y) = δx(y).

On a Riemannian manifold, we can describe the density of Brownian motion (heat kernel) through
heat equation. Let Bx,t be a random variable denoting manifold Brownian motion starting at x with
time t and let ν(t, x, y) be the density of Bx,t. The Brownian motion density ν(t, x, y) is then defined
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Algorithm 1 Riemannian proximal sampler
for k = 0, 1, 2, ... do

Step 1 (MBI): From xk, sample yk ∼ π
Y |X
η (·, xk) which is a manifold Brownian increment.

Step 2 (RHK): From yk, sample xk+1 ∼ π
X|Y
η (·, yk) ∝ e−f(x)ν(η, x, yk).

end for

as the minimal solution of the following heat equation:

∂

∂t
ν(t, x, y) =

1

2
∆yν(t, x, y) with ν(0, x, y) = δx(y).

More details can be found in Hsu [2002, Chapter 4]. Unlike the Euclidean case, on Riemannian
manifold, the heat kernel does not have a closed-form solution in general. However, some properties
of the Euclidean heat kernel is preserved on a Riemannian manifold. One such property is the
following: Consider M = Rd we have t log ν(t, x, y) = t log 1

(2πt)d/2
− ∥x−y∥2

2 . As t→ 0, we get

limt→0 t log ν(t, x, y) = −∥x−y∥2

2 . On a Riemannian manifold, we have the following result.
Fact 5 (Varadhan’s asymptotic relation [Hsu, 2002]). For all x, y ∈M with y /∈ Cut (x), we have

lim
t→0

t log ν(t, x, y) = −d(x,y)2

2 and limt→0 t grad y log ν(t, x, y) = exp−1
y (x).

When evaluation of the heat kernel is required for practical applications, the Varadhan asymptotics
aforementioned is used [De Bortoli et al., 2022].

Yet another numerical method for evaluating the heat kernel on manifold is truncation method; see,
for example, Corstanje et al. [2024, Section 5.1] and De Bortoli et al. [2022]. In many cases, the
heat-kernel has an infinite series expansion. For example, a power series expansion of heat kernel
on hypersphere is given in Zhao and Song [2018, Theorem 1], and more examples can be found in
Eltzner et al. [2021, Example 1-5]. Similar results are also available for more general manifolds;
see, for example, Azangulov et al. [2022] for compact Lie groups and their homogeneous space, and
Azangulov et al. [2024] for non-compact symmetric spaces. Hence, a natural approach is to truncate
this infinite series at an appropriate level. For example, on S2 ⊆ R3, the heat kernel and its truncation
up to the l-th term (denoted as νl) can be written respectively as

ν(t, x, y) =

∞∑
i=0

e−
i(i+1)t

2
2i+ 1

4π
P 0
i (⟨x, y⟩R3) and νl(t, x, y) =

l∑
i=0

e−
i(i+1)t

2
2i+ 1

4π
P 0
i (⟨x, y⟩R3),

where P 0
i are Legendre polynomials.

3 The Riemannian proximal sampler

We now describe the Riemannian Proximal Sampler, introduced in Algorithm 1. Similar to the
Euclidean proximal sampler [Lee et al., 2021], the algorithm has two steps. The first step is sampling
from the Manifold Brownian Increment (MBI) oracle. The second step is called the Riemannian Heat-
Kernel (RHK) Oracle. Recall that ν(η, x, y) denotes the density of manifold Brownian motion with
time η. Define a joint distribution πη(x, y) ∝ e−f(x)ν(η, x, y). Then, step 2 consists of sampling
from the aforementioned distribution. When there is no ambiguity, we omit the step size η and simply
write π(x, y) ∝ e−f(x)ν(η, x, y). Algorithm 1 is an idealized algorithm, in the sense that we assume
exact access to MBI and RHK oracles. Following Chen et al. [2022], next we provide an intuitive
explanation for the algorithm from a diffusion process perspective.

Step 1: For fixed x, we see that πY |X
η (·, x) ∝ ν(η, x, ·) which is the density of Brownian motion

starting from x for time η. From this we see that the first step of the algorithm is running forward
manifold heat flow: dZt = dBt.

Step 2: We will illustrate that the second step of the algorithm is running the time-reversed process
of the forward process. Consider a stochastic process Zt : t ≥ 0. When we have observations
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of xη ∼ Zη, we can compute the conditional probability of Z0 conditioned on endpoint Zη. We
denote µ(x0|xη) as the posterior. Bayes Theorem says µ(x0|xη) ∝ µ(x0)L(xη|x0), where µ(x0)
is the prior guess and the likelihood L depends on the model. We consider the following model
(forward heat flow): dZt = dBt with Z0 ∼ πX ∝ e−f(x). Then µ(x0) = πX(x0) and L(xη|x0) =

ν(η, x0, xη). Thus we get µ(x0|xη) ∝ e−f(x0)ν(η, x0, xη), and we observe that µ(x0|xη) is exactly
πX|Y=xη (x0|xη). For the forward heat flow dZt = dBt with initialization Z0 ∼ πX ∝ e−f(x), there

is a well-defined time reversed process Ẑ−
t , which satisfies (Z0, Zη)

d
= (Ẑ−

η , Ẑ−
0 ). See Appendix

D.2 for more details. Based on this, for the time-reversed process Ẑ−
t , the law of Ẑ−

η conditioned on
Ẑ−
0 = z is the same as the posterior µ(x|z) discussed previously, i.e., πX|Y=z(x) ∝ e−f(x)ν(η, x, z).

Thus we see that the RHK oracle is, from a diffusion perspective, running the time-reversed process.

Implementing Step 1 and Step 2 is non-trivial on Riemannian manifolds. In Section 5 and Appendix A
respectively, we discuss two approaches based on heat-kernel truncation and Varadhan’s asymptotics.
Furthermore, geodesic random walk [Mangoubi and Smith, 2018, Schwarz et al., 2023] is a popular
approach to simulate Manifold Brownian Increments (see Appendix B.1), however to the best of our
knowledge (in various metrics of interest) is known only under strong assumptions [Cheng et al.,
2022, Mangoubi and Smith, 2018].

4 High-accuracy convergence rates

In this section, we provide the convergence rates for the Riemannian Proximal Sampler (Algorithm 1)
assuming that the target density satisfies the LSI assumption. Firstly, note that in [Lee et al., 2021] the
analysis of Euclidean Proximal Sampler is done assuming the potential function is strongly convex.
However, it is known that on a compact manifold, if a function is geodesically convex, then it has to
be a constant. Hence assuming the potential f being geodesically convex is not much meaningful.
Recently, Cheng et al. [2022] discussed an analog of log-concave distribution on manifolds. Although
their setting works for compact manifolds, it requires the Riemannian Hessian of the potential f to be
lower bounded by some curvature-related value, which is still restrictive. Hence, we adopt the setting
as in Chen et al. [2022], assuming that the target distribution satisfies the LSI.

In Section 4.1, we consider the case where both steps of Algorithm 1 are implemented exactly, and
in Section 4.2, we consider the case when MBI and RHK oracles are inexact. Regarding notation,
we let ρXk (x), ρYk (y) denote the law of x and y generated by Algorithm 1 at k-th iteration, assuming
exact MBI and exact RHK oracles. When the oracles are inexact, we let ρ̃Xk (x), ρ̃Yk (y) to denote the
law of x and y generated by Algorithm 1 at k-th iteration.

4.1 Rates with exact oracles

Our first result is as follows, with the proof provided in Appendix D.

Theorem 6. Let M be a Riemannian manifold without boundary, i.e., ∂M = ∅. Denote the
distribution for the k-th iteration of Algorithm 1 as xk ∼ ρXk . Let κ denote the lower bound of Ricci
curvature. For any initial distribution ρX0 , we have

1. Assume πX satisfies α-LSI.

• For non-negative curvature we have HπX (ρXk ) ≤ HπX (ρX0 )/(1 + ηα)2k,∀η > 0

• For negative curvature, we have HπX (ρXk ) ≤ HπX (ρX0 )/(1+ ηα
2 )

2k,∀0 < η ≤ 1/|κ|.

2. Assume πX satisfies α-PI.

• For non-negative curvature we have χ2
πX (ρXk ) ≤ χ2

πX (ρX0 )/(1 + ηα)2k,∀η > 0

• For negative curvature, we have χ2
πX (ρXk ) ≤ χ2

πX (ρX0 )/(1 + ηα
2 )

2k,∀0 < η ≤ 1/|κ|.

Note that the resulting contraction rate depends on the curvature. If the curvature is non-negative, then
we can recover the rate in Euclidean space. But in the case of negative curvature, the rate becomes
more complicated, and in order to get the contraction rate as in Euclidean space, we need the step
size to be bounded above by some curvature-dependent constant.
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The above result provides a high-accuracy guarantee for the Riemannian Proximal Sampler in KL-
divergence and χ2 divergence. To see that, consider for example the case when the Ricci curvature is

non-negative. Note that to achieve ε accuracy in KL divergence, we need HπX (ρX
0 )

(1+ηα)2k
= ε. Taking log

on both sides, we get k = O( log(HπX (ρX
0 )/ε)

log(1+ηα) ). For small step size η, we have 1
log(1+ηα) = O( 1

ηα ).

Hence k = O( 1
ηα log

HπX (ρX
0 )

ε ) = Õ( 1η log 1
ε ). As η does not depend on ε, we see that we need

Õ(log 1
ε ) number of iterations.

There are several challenges in obtaining the aforementioned result for the Riemannian Proximal
Sampler. In Euclidean space, when a probability distribution πX satisfies α-LSI, its propagation
along heat flow πX ∗ N (0, tId) satisfies αt-LSI, with αt =

α
1+αt . This fact is very important and

leveraged in Chen et al. [2022] for proving their convergence rates. A quantitative generalization
of such a fact for Riemannian manifolds is not immediate and we establish the required results in
Appendix H.2, following Collet and Malrieu [2008], under the required Ricci curvature assumptions.

4.2 Rates with inexact oracles

Recall that Algorithm 1 is an idealized algorithm, where we assumed the availability of the MBI
and RHK oracles. Note that given x ∈ M , exact MBI oracle generate samples y ∼ π

Y |X
η (·|x).

And given y ∈M , exact RHK generate samples x ∼ π
X|Y
η (·|y). In practice, exactly implementing

these oracles could be computationally expensive or even impossible. For the Euclidean case, we
emphasize that, as the heat kernel has an explicit closed form density (which is the Gaussian), prior
works, for example, Fan et al. [2023], only consider inexact Restricted Gaussian Oracles and control
the propagated error along iterations.

In this section, we derive rates of convergence in the setting where both the MBI and RHK oracles
are implemented inexactly. Specifically, we assume we are able to approximately implement the MBI
oracle by generating y ∼ π̂

Y |X
η (·|x), and approximately implement the RKH oracle by generating

x ∼ π̂
X|Y
η (·|y), see Assumption 1 below.

Assumption 1. Denote the output of exact RHK oracle as π
X|Y
η (·|y) and inexact RHK oracle

as π̂
X|Y
η (·|y). Similarly, denote the output of exact MBI oracle as π

Y |X
η (·|x) and inexact MBI

oracle as π̂
Y |X
η (·|x). Let ζRHK and ζMBI be the desired accuracy. We assume that, for inverse

step size η−1 = Õ(log 1
ζ ), the RHK and MBI oracle implementations can achieve respectively

∥π̂X|Y
η (·|y) − π

X|Y
η (·|y)∥TV ≤ ζRHK,∀y, and ∥π̂Y |X

η (·|x) − π
Y |X
η (·|x)∥TV ≤ ζMBI,∀x. We then

let ζ := max{ζRHK, ζMBI}.

The need for assuming the step size satisfies η−1 = Õ(log 1
ζ ) for the approximation quality is as

follows. Recall from the discussion below Theorem 6 that the complexity of Riemannian Proximal
Sampler depends on the step size as O( 1η ). Thus if η became too small, for example η−1 = O

(
1
ε

)
,

then the overall complexity would be Poly ( 1ε ), which is not a high-accuracy guarantee.

We also briefly explain the intuition in assuming total variation distance error bound in oracle quality,
and postpone the detailed discussion to Section 5. To guarantee a high quality oracle, we need a
high quality approximation of heat kernel. As mentioned previously, a popular method is through
truncation of infinite series. Theoretically, the L2 truncation error can be bounded for compact
manifold [Azangulov et al., 2022], which says that the difference between the heat kernel and the
approximation of heat kernel are close. This naturally imply an error bound in total variation distance,
which motivates us to consider the propagated error in total variation distance.

We first start with a result quantifying the error propagated along iterations, under the availability of
inexact oracles. The proof of the following result is provided in Appendix E.
Lemma 7. Let ρXk denote the law of X through exact oracle implementation of Algorithm 1, and ρ̃Xk
denote the law of x through inexact oracle implementation of Algorithm 1. Under Assumption 1, we
have ∥ρXk (x)− ρ̃Xk (x)∥TV ≤ k(ζRHK + ζMBI).

Based on this result, we next obtain the following result analogues to Theorem 6; the proof is provided
in Appendix E.
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Theorem 8. Similar to Theorem 6, let M be a Riemannian manifold without boundary. Assume
Assumption 1 holds. For any initial distribution ρX0 , to reach Õ(ε) total variation distance with
oracle accuracy ζ = ζRHK = ζMBI =

ε
log2 1

ε

and step size 1
η = Õ(log 1

ε ) (for negative curvature, we
additionally require η ≤ 1/|κ|),

1. if πX satisfies α-LSI, we need k = Õ(log2 1
ε ) iterations.

2. if πX satisfies α-PI, we need k = Õ
(
log 1

ε log
χ2
πX (ρX

0 )

ε2

)
= Õ

(
log2 1

ε

)
iterations.

Remarks By Villani [2008, Thm. 6.15], W1(µ, ν) ≤ D∥µ− ν∥TV , where D is the manifold’s
diameter. For compact manifolds, when D is constant, our TV bound directly implies a W1 bound.

5 Implementation of inexact oracles via heat kernel trucation

Theorem 8 shows that as long we have sufficient accuracy of MBI and RHK oracles satisfying
Assumption 1, we can have a high-accuracy Riemannian sampling algorithm. In this section, we
introduce an approximate implementation, based on heat kernel truncation (as introduced in Section 2)
and rejection sampling. Numerical simulations for this approach are provided in Appendix B.2.

First note that for rejection sampling method (in general) there are two key ingredients: a proposal
distribution and an acceptance rate. Assume we want to generate samples from ρ through rejection
sampling. We choose a suitable proposal distribution denoted as µ, and a suitable scaling constant K
such that the acceptance rate K ρ(x)

µ(x) ≤ 1,∀x. We generate a random proposal x ∼ µ and u ∈ [0, 1]

being a uniform random number. Then we compute K ρ(x)
µ(x) , and accept x if u ≤ K ρ(x)

µ(x) .

We also introduce the following definition of Riemannian Gaussian distribution, as defined next,
which will be used as the proposal distribution in rejection sampling. A Riemannian Gaussian
distribution centered at x∗ with variable t is µ(t, x∗, x) ∝ µu(t, x

∗, x) := exp
(
−d(x∗,x)2

2t

)
, where

µu denote an unnormalized version of µ and d denotes the geodesic distance. We use this as our
proposal distribution to implement rejection sampling, as exact sampling from such a distribution is
well-studied for certain specific manifolds; see, for example, Said et al. [2017] for symmetric spaces
and Chakraborty and Vemuri [2019] for Stiefel manifolds. Furthermore, this notion of a Riemannian
Gaussian distribution is also used in the study of differential privacy on Riemannian manifolds due
to their practical feasibility [Reimherr et al., 2021, Jiang et al., 2023]. In section I.2 we provide an
explicit algorithm for sampling from the Riemannian Gaussian distribution on the sphere via rejection
sampling.

5.1 Implementation of RHK

We first recall the rejection sampling implementation of Restricted Gaussian Oracle (RGO) in the
Euclidean setting. Note that, we have log νu(η, x, yk) = − 1

2η∥x− yk∥2, where νu = exp(− 1
2η∥x−

yk∥2) is an unnormalized heat kernel (or the Gaussian density) in Euclidean space. Then we have
π
X|Y
η (·, yk) ∝ e−f(x)− 1

2η ∥x−yk∥2

. Then, the RGO is implemented through rejection sampling.
Specifically, we can first find the minimizer x∗ ∈ argminx f(x) +

1
2η∥x − yk∥2. Note that the

minimizer represents the mode of πX|Y
η (·, yk). We can then sample a Gaussian proposal xp ∼

N (x∗, tId) for suitable t centered at the mode x∗ and perform rejection sampling. For more details,
see, for example, Chewi [2023].

On a Riemannian manifold with ν denoting the heat kernel, to sample from π
X|Y
η (·, yk) ∝

e−f(x)ν(η, x, yk) through rejection sampling, we need evaluations of f(x)− log ν(η, x, yk). But in
general, we cannot evaluate the heat kernel exactly, hence we seek for certain heat kernel approxima-
tions. Hence, we use the truncated heat kernel νl to replace ν, and perform rejection sampling, see
Algorithm 2. In the rejection sampling algorithm, as mentioned previously, we use a Riemannian
Gaussian distribution as the proposal for rejection sampling. When the minimizer of g is available, we
can set x∗ to be the minimizer; otherwise, we can simply set x∗ = yk. We choose suitable step size η
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Algorithm 2 RHK through rejection sampling
Set x∗ = yk and denote g(x) := f(x)− log νl(η, x, yk).
Set suitable t and constant CRHK s.t. VRHK(x) :=

exp(−g(x)+g(x∗)+CRHK)

exp(− 1
2td(x,x

∗)2)
≤ 1,∀x ∈M

for i = 0, 1, 2, ... do
Generate proposal x ∼ µ(t, x∗, ·).
Generate u uniformly on [0, 1].
Return x if u ≤ VRHK(x)

end for

Algorithm 3 MBI through rejection sampling

Set suitable t and CMBI so that VMBI(y) :=
exp(log νl(η,x,y)−log νl(η,x,x)+CMBI)

exp(− d(x,y)2

2t )
≤ 1,∀y ∈M

for i = 0, 1, 2, ... do
Generate proposal y ∼ µ(t, x, ·).
Generate u uniformly on [0, 1].
Return y if u ≤ VMBI(y)

end for

and t that depends on η s.t. g(x)− g(x∗) + CRHK ≥ 1
2td(x, x

∗)2. Such an inequality can guarantee
that the acceptance rate (with Riemannian Gaussian distribution µ(t, x∗, x) as proposal) would not
exceed one, i.e., VRHK(x) ≤ 1,∀x. Then we see that the output of rejection sampling would follow
π̂
X|Y
η (x|yk) ∝ exp(f(x) − log νl(η, x, yk)). Similarly, to implement the MBI oracle, we also use

rejection sampling to get a high-accuracy approximation. Specifically, Algorithm 3 generates inexact
Brownian motion starting from x with time η.

5.2 Verification of Assumption 1

We now show that Assumption 1 is satisfied for the aforementioned inexact implementation of the
Riemannian Proximal Sampler. To do so, we specifically consider the case when the manifold M is
compact and is a homogeneous space. Recall that νl denote the truncated heat kernel with truncation
level l. Roughly speaking, a homogeneous space is a manifold that has certain symmetry, including
Stiefel manifold, Grassmann manifold, hypersphere, and manifold of positive definite matrices.
Proposition 9. Let M be a compact manifold. Assume further that M is a homogeneous space.
With truncation implementation of inexact oracles, in order for Assumption 1 to be satisfied with
ζ = ε

log2 1
ε

, we need truncation level l to be of order polylog(1/ε).

Sketch of proof: We briefly mention the idea of proof. Azangulov et al. [2022, Proposition 21]
provided an L2 bound on the truncation error, and by Jensen’s inequality we get an L1 bound
as desired. With truncation level l to be of order Poly (log 1

ε ), we can achieve
∫
M
|ν(η, x, y) −

νl(η, x, y)|dVg(x) = Õ(ζ). See Proposition 19 and Proposition 22 for a complete proof.

Remark. Proposition 9 concerns Algorithms 2 and 3, which is one way to implement the RHK and
MBI oracles. Rejection sampling is a part of the implementation in Algorithm 2 and 3, which are
both based on truncated heat kernels. The cost of rejection sampling comes in the number of steps
of the for loop in both the algorithms. Intuitively, one can expect that if we have a highly-accurate
evaluation of the heat kernel, the cost of rejection sampling should be the same as that of rejection
sampling with the exact heat kernel.

Remark. On the Euclidean space, for which the exact heat kernel is known, the cost of rejection
sampling can be proved to be O(1) Chen et al. [2022]. Hypothetically, even if we have the exact heat
kernel on a Riemannian manifold, the cost for rejection sampling is actually unknown for general
Riemannian manifolds. For the case of sphere, we provide an end-to-end result (including the cost of
rejection sampling) in Corollary 10. In proving this result, we first showed that when the acceptance
rate V in rejection sampling would possibly exceed 1 in some unimportant regions, Assumption 1
still holds, via explicit computations (see Appendix I.1). Then, we show that the cost of rejection
sampling (even with the inexact heat-kernel based on truncation level as stated in Proposition 9), is
O(1) similar to the Euclidean case.
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When M is not a homogeneous space, to the best of our knowledge, it is unknown how to implement
the truncation method. Exploring this direction to further extend the above result is an interesting
direction for future work.

5.3 A concrete example on hyperspheres

We provide a more specific computational complexity result that consider the dimension dependency
as well as cost for rejection sampling; the proof is provided in Appendix I.1.
Corollary 10. Let M = Sd, and let πX satisfies α-LSI with the potential function f additionally
being L1−Lipschitz on M . Assume without the loss of generality that L1 ≥

√
d. Consider heat

kernel truncation implementation (i.e., Algorithm 2 and 3), without minimization (i.e., start rejection
sampling from yk directly), and with step size η = 1

L2
1d log

L2
1d log2 1

ε
ε

and truncation level l =

O(d2 Poly (log 1
ε )). To get an ϵ-accurate sample in TV distance, the iteration complexity, is k =

Õ(L
2
1d
α log2 1

ε ), where we use Õ to keep only the leading factors.

6 Additional results

• In Setion A, we design another practical implementations of the oracles based on Varadhan’s
asymptotics. While showing that this implementation satisfies Assumption 1 is left as
future work, we show their connection to entropy-regularized proximal point methods on
Wasserstein spaces (see Theorem 12).

• We evaluate the empirical performance of both implementations through simulation studies
presented in Appendix B.

7 Concluding remarks

We introduced the Riemannian Proximal Sampler for sampling from densities on Riemannian
manifolds. By leveraging the Manifold Brownian Increments (MBI) and the Riemannian Heat-kernel
(RHK) oracles, we established high-accuracy sampling guarantees, demonstrating a logarithmic
dependence on the inverse accuracy parameter (i.e., polylog(1/ε)) in the Kullback-Leibler divergence
(for exact oracles) and total variation metric (for inexact oracles). Additionally, we proposed practical
implementations of these oracles using heat-kernel truncation and Varadhan’s asymptotics, providing
a connection between our sampling method and the Riemannian Proximal Point Method.

Future works include: (i) characterizing the precise dependency on other problem parameters apart
from ε, (ii) improving oracle approximations for enhanced computational efficiency and (iii) extending
these techniques to broader classes of manifolds (and other metric-measure spaces).
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to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: Codes were provided in supplementary material.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: The details that are necessary to understand the results are provided in this
paper.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [NA]
Justification: Our work is theoretical and includes some toy examples. The plots are average
over 1000 number of trails.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
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• It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

• It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The toy examples are run on a personal laptop using Matlab, and only CPU
(AMD Ryzen 7 PRO 5850U).

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The authors have read the NeurIPS Code of Ethics and followed it in the paper.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our work is theoretical.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our work is theoretical and poses no such risks.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: The paper does not use existing assets.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [NA]
Justification: Our work is theoretical.
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: Our work is theoretical and does not involve crowdsourcing nor research with
human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification: Our work is theoretical, and does not involve crowdsourcing nor research with
human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

20



16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Implementation via Varadhan’s asymptotics and connection to
entropy-regularized JKO scheme

In this section, we consider yet another approximation scheme for implementing Algorithm 1,
motivated by its connection with the proximal point method in optimization, where the latter is in
the sense of optimization over Wasserstein space1 [Jordan et al., 1998, Wibisono, 2018, Chen et al.,
2022]. Note that the proximal point method is usually called as the JKO scheme after the authors
of Jordan et al. [1998].

Specifically, we consider approximating the heat kernel through Varadhan’s asymptotics. Let
ν̂(η, x, y) ∝y exp(−d(x,y)2

2η ) =: ν̂u(η, x, y) be an inexact evaluation of heat kernel. According
to Varadhan’s asymptotics, limη→0 ν̂(η, x, y) = ν(η, x, y). Hence when η is small, ν̂ is a good
approximation of the heat kernel. Note that ν̂(η, x, ·) in Varadhan’s asymptotic is exactly the Rieman-
nian Gaussian distribution µ(η, x, ·). Denote π̃(x, y) = exp(−f(x)− d(x,y)2

2η ). With inexact MBI
implemented through Riemannian Gaussian distribution and inexact RHK implemented through rejec-
tion sampling (Algorithm 2) to generate π̃X|Y (x|y) ∝ exp(−f(x)− d(x,y)2

2η ), we obtain Algorithm
4.

For the case when M = Sd, we prove in Appendix I that to sample from π̃X|Y (x|y) through rejection
sampling, with suitable parameters, the cost is O(1) in both dimension d and step size η. Obtaining
similar results for more general manifolds seems non-trivial. Numerical simulations for this approach
are provided in Appendix B.3. Verifying Assumption 1 for this implementation is open.

Algorithm 4 Inexact manifold proximal sampler with Varadhan’s asymptotics
for k = 0, 1, 2, ... do

From xk, sample yk ∼ π̃Y |X(·, xk) which is a Riemannian Gaussian distribution.

From yk, sample xk+1 ∼ π̃X|Y (·, yk) ∝ e−f(x)− d(x,y2
k)

2η using Algorithm 2.
end for

A.1 RHK as a proximal operator on Wasserstein space

We first show that the inexact RHK output in Algorithm 4 can be viewed as a proximal operator
on Wasserstein space, generalizing the Euclidean result in Chen et al. [2020] to the Riemannian
setting. Recall that with a function f and d being a distance function, prox ηf (y) = argminx f(x) +
1
2ηd(x, y)

2. The (approximated) joint distribution is π̃(x, y) = exp(−f(x) − d(x,y)2

2η ). By direct
computation we have the following Lemma (proved in Appendix G).
Lemma 11. We have that

π̃X|Y=y = argmin
ρ∈P2(M)

Hπ̃X (ρ) +
1

2η
W 2

2 (ρ, δy) = prox ηHπ̃X
(δy),

which shows that the ineact RHK implementation is a proximal operator, i.e., π̃X|Y=y =
prox ηHπ̃X

(δy).

A.2 Connection to entropy-regularized JKO scheme

Observe that in Algorithm 4, the Riemannian Gaussian involves distance square, which naturally
relates to Wasserstein distance. Now, recall that for a function F in the Wasserstein space, its Wasser-
stein gradient flow can be approximated through the following discrete time JKO scheme [Jordan
et al., 1998]:

ρk+1 = argmin
ρ∈P(Rd)

F (ρ) +
1

2η
W 2

2 (ρ, ρk).

1If M is a smooth compact Riemannian manifold then the Wasserstein space P2(M) is the space of Borel
probability measures on M , equipped with the Wasserstein metric W2. We refer the reader to Villani [2003] for
background on Wasserstein spaces.
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It was proved that as η → 0, the discrete time sequence {ρk} converge to the Wasserstein gradient
flow of F . Later, Peyré [2015] proposed an approximation scheme through entropic smoothing of
Wasserstein distance:

ρk+1 = argmin
ρ∈P(Rd)

F (ρ) +
1

2η
W 2

2,ε(ρ, ρk),

where W2,ε is the entropy-regularized 2-Wasserstein distance defined by (here H is the negative
entropy)

W 2
2,t(ρ1, ρ2) = inf

γ∈C(ρ1,ρ2)

∫
d(x, y)2dγ(x, y) + tH(γ).

In Euclidean space, Chen et al. [2022] showed that the proximal sampler can be viewed as an entropy-
regularized JKO scheme. We extend such an interpretation to Riemannian manifolds. Specifically,
we show that Algorithm 4 which is an approximation of the exact proximal sampler (Algorithm 1),
can be viewed as an entropy-regularized JKO as stated in Theorem 12 (proved in Appendix G). Note
that on a Riemannian manifold the negative entropy is H(γ) :=

∫
M×M

γ log(γ)dVg(x)dVg(y).

Theorem 12. Recall that πX ∝ e−f . Let xk, yk, xk+1 be generated by Algorithm 4. Let ρ̃Xk , ρ̃Yk and
ρ̃Xk+1 be the distribution of xk, yk, xk+1, respectively. Then

ρ̃Yk = argmin
χ∈P2(M)

1

2η
W 2

2,2η(ρ̃
X
k , χ) and ρ̃Xk+1 = argmin

χ∈P2(M)

∫
fdχ+

1

2η
W 2

2,2η(ρ̃
Y
k , χ).

B Simulation results

B.1 Brownian motion approximation via geodesic random walk

In our experiments, to compare against the Riemannian Langevin Monte Carlo Algorithm, we used
the geodesic random walk algorithm to simulate the MBI oracle following Cheng et al. [2022],
De Bortoli et al. [2022], Schwarz et al. [2023]; see Algorithm 5. More efficient implementation is a
topic of great interest in the literature; see, for example, [Schwarz et al., 2023].

Algorithm 5 Approximation of manifold Brownian motion using geodesic random walk
Input x ∈M, t > 0.
Sample ξ being a Euclidean Brownian increment with time t in the tangent space TxM .
Output y = expx(ξ).

While it is well-known that geodesic random walks converge asymptotically to the Brownian motion
on the manifold, non-asymptotic rates of convergence in various metrics of interest is largely unknown.
A basic non-asymptotic error bound for geodesic random walk is available in Wasserstein distance
(see Cheng et al. [2022, Lemma 7]). Mixing time results are provided in Mangoubi and Smith [2018].
However, such a result is not immediately applicable to establish high-accuracy guarantees for the
Riemannian proximal sampler, when the MBI oracle is implemented via geodesic random walk.
An important and interesting future work is establishing rates of convergence for geodesic random
walk in various metrics of interest so that those results could be leveraged to obtain high-accuracy
guarantees for the Riemannian proximal sampler.

B.2 Numerical experiments for Algorithms 2 and 3: von Mises-Fisher distribution on
hyperspheres

In this experiment, we test the performance of Algorithms 2 and 3 for sampling from the von Mises-
Fisher distribution on hyperspheres and compare it with the Riemannian LMC method. In this case,
we have f(x) = −κµTx. Note that this f(x) has a unique minimizer on Sd. This implies that
LSI is satisfied, see [Li and Erdogdu, 2023, Theorem 3.4]. We demonstrate the performance of our
Algorithm on S2 ⊆ R3 with µ = (10, 0.1, 2)T and κ = 10, and on S5 with µ = (5, 0.1, 2, 1, 1, 1)T

and κ = 10. For the purpose of numerical demonstration, we sample the Riemannian Gaussian
distribution through rejection sampling.
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(a) S2, f(x) = exp(κµTx) (b) S5, f(x) = exp(κµTx) (c) P3, f(X) = exp(−d(X,I)4

2σ2 ),

Figure 1: Frechét variance (i.e., E[d(x, x∗)2] versus number of iterations. Left and Middle figure
correspond to the implementation via Algorithm 2 and 3. Right figure corresponds to implementation
via Algorithm 4.

To evaluate the performance, we estimate E[d(x, x∗)2], where x∗ is the minimizer of f , representing
the mode of the distribution, and plot it as a function of iterations. Note that the quantity E[d(x, x∗)2]
is referred to as Fréchet variance Fréchet [1948], Dubey and Müller [2019]. For this, we generate 1000
samples (by generating samples independently via different runs) and compute 1

1000

∑1000
i=1 d(xi, x

∗)2.
We use rejection sampling to generate unbiased samples and get an estimation of the true value. Due
to the biased nature of the Riemannian LMC method, to achieve a high accuracy we need a small step
size. Contrary to the Riemanian LMC method, the proximal sampler is unbiased, and it can achieve
an accuracy while using a large step size and a smaller number of iterations; see Figures 1-(a) and (b).
For both algorithms, we use uniform distribution on the hypersphere as initialization.

B.3 Numerical experiments for Algorithm 4: manifold of positive definite matrices

In this subsection we illustrate the performance of Algorithm 4 for sampling on the manifold of
positive definite matrices. Let Pm = {X ∈ GL(m) : XT = X and yTXy > 0,∀y ∈ Rm} be
the set of symmetric positive definite matrices. According to Bharath et al. [2023, Section 6.2], we can
choose g(U, V ) = tr (X−1UX−1V ) and make (Pm, g) a Riemannian manifold. It is a non-compact
manifold with non-positive sectional curvature, geodesically complete and is a homogeneous space
of general linear group GL(m). Additional details are provided in Appendix C.3.

We test the performance of Algorithm 4 when the potential function f(X) = 1
2σ2 d(X, Im)4, m =

3, σ = 0.03, following Bharath et al. [2023]. Note that f is not gradient Lipschitz. In the Figure 1-c,
we estimate E[d(x, x∗)2] and plot it as function of iterations, where x∗ = I3 is the minimizer of f ,
representing the mode of the distribution. For a baseline comparison, we run Riemannian Langevin
Monte Carlo for 200 iterations with decreasing step size to get a reference value of E[d(x, x∗)2],
which serves as the true E[d(x, x∗)2]. Similar to the previous experiment, we generate 1000 samples
from independent run, and compute 1

1000

∑1000
i=1 d(xi, x

∗)2 for each method. For the Riemannian
Langevin Monte Carlo method, we find that if we set step size to 0.001 instead of 0.0001, after a
few iterations the algorithm diverges (potentially due to lack of gradient Lipschitz condition). But
for the proximal sampler (which is an unbiased algorithm), even with a large step size as illustrated
in the plots, the approximation scheme still works well and can achieve a higher accuracy than the
Riemannian LMC algorithm. For both algorithms we initialize the algorithm at X0 = 2I3. Note
that if we use a random initialization, the Riemannian LMC algorithm (prior work) might diverge
(potentially due to lack of gradient Lipschitz condition in our potential).

B.4 Numerical experiments for Algorithm 4: cost of rejection sampling for higer dimensional
case

We also demonstrate that the cost for rejection sampling is not exploded by dimension. Following
the same setup as Appendix B.2, we consider sampling from a von Mises-Fisher distribution on
S100 with µ = (10, 0.1, 2, 1, 1, ..., 1) and κ = 10. We test the performance of Algorithm 4 in terms
of rejection sampling cost. We choose η = 0.0001, and compute the average number of iterations
executed by rejection sampling. With a total number of rejection sampling oracle being 1× 106, the
average rejection sampling cost is found to be 2.661.
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C Additional preliminaries

C.1 Divergence

We will briefly discuss divergence for the manifold setting. More details can be found in Lee [2018].
Recall that in Euclidean space, for a vector field F = (F1, ..., Fn) in Rn, divergence of F is defined as
∇·F =

∑n
i=1

∂Fi

∂xi
. It has a natural generalization to the manifold setting using interior multiplication

and exterior derivative.

The Riemannian divergence is defined as the function such that d(iX(dVg)) = (div X)dVg, where
X is any smooth vector field on M , i denotes interior multiplication and d denotes exterior derivative.
See for example Lee [2018, Appendix B] for more details. On a Riemannian manifold, recall the
volumn form is dVg =

√
det(gij)dx

1 ∧ ... ∧ dxn. Let Y =
∑n

i=1 Y
i ∂
∂xi

. We can compute the
interior multiplication as

iY (dVg) =
√
det(gij)

n∑
j=1

((−1)j+1dxj(Y ))dx1 ∧ ... ∧ dx̂j ∧ ... ∧ dxn

=
√

det(gij)

n∑
j=1

((−1)j+1Y j)dx1 ∧ ... ∧ dx̂j ∧ ... ∧ dxn.

We can then compute its exterior derivative as

d(iY (dVg)) =

n∑
j=1

((−1)j+1 ∂(Y
j
√
det(gij))

∂xj
dxj)dx1 ∧ ... ∧ dx̂j ∧ ... ∧ dxn

=
1√

det(gij)

n∑
j=1

∂(Y j
√
det(gij))

∂xj

√
det(gij)dx

1 ∧ ... ∧ dxn

=
1√

det(gij)

n∑
j=1

∂(Y j
√
det(gij))

∂xj
dVg.

Hence we get div (Y ) = 1√
det(gij)

∑n
j=1

∂(Y j
√

det(gij))

∂xj
. In Euclidean space, this reduces to

div (Y ) =
∑n

j=1
∂Y j

∂xj
.

For u ∈ C∞(M) and X ∈ X(M), the divergence operator satisfies the following product rule

div (uX) = udiv (X) + ⟨grad u,X⟩g.

Furthermore, we have the “integration by parts” formula (with g̃ denote the induced Riemannian
metric on ∂M ) ∫

M

⟨grad u,X⟩gdVg =

∫
∂M

u⟨X,N⟩gdVg̃ −
∫
M

udiv XdVg.

When M does not have a boundary, ∂M = ∅. So we have∫
M

⟨grad u,X⟩gdVg = −
∫
M

udiv XdVg.

C.2 Normal coordinates

Riemannian normal coordinates. Let x ∈M . There exist a neighborhood V of the origin in TxM
and a neighborhood U of x in M such that the exponential map expx : V → U is a diffeomorphism.
The set U is called a normal neighborhood of x. Given an orthonormal basis (zi) of TxM , there
is a basis isomorphism from TxM to Rd. The exponential map can be combined with the basis
isomorphism to get a smooth coordinate map φ : U → Rd. Such coordinates are called normal
coordinates at x. Under normal coordinates, the coordinates of x is 0 ∈ Rd. For more details see for
example Lee [2018, Chapter 5]
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Cut locus and injectivity radius. Consider v ∈ TxM and let γv be the maximal
geodesic starting at x with initial velocity v. Denote tcut(x, v) = sup{t > 0 :
the restriction of γv to [0, t] is minimizing} The cut point of x along γv is γv(tcut(x, v)) pro-

vided tcut(x, v) < ∞. The cut locus of x is denoted as Cut (x) = {q ∈ M :
q is the cut point of x along some geodesic.}. The injectivity radius at x is the distance from x
to its cut locus if the cut locus is nonempty, and infinite otherwise [Lee, 2018, Proposition 10.36].
When M is compact, the injectivity radius is positive [Lee, 2018, Lemma 6.16].

Theorem 13. [Lee, 2018, Theorem 10.34] Let M be a complete, connected Riemannian manifold
and x ∈M . Then

1. The cut locus of x is a closed subset of M of measure zero.

2. The restriction of expx to ID (x) is surjective.

3. The restriction of expx to ID (x) is a diffeomorphism onto M\Cut (x).

Here ID (x) = {v ∈ TxM : |v| < tcut(x,
v
|v| )} is the injectivity domain of x.

Then for any p ∈M , under normal coordinates, for all well-behaved f , we have∫
M

fdVg =

∫
M\Cut (p)

fdVg =

∫
φ(M\Cut (p))⊆Rd

f(φ−1(x))
√

det(g)dx.

C.3 Additional details for manifold of positive definite matrices

We briefly mention some properties of Pm. The inverse of the exponential map is globally defined
and the cut locus of every point is empty. For symmetric matrix S ∈ Rm×m,

expX(tS) = X1/2 Exp (tX−1/2SX−1/2)X1/2,

γ(t) = X
1/2
1 Exp (tLog (X

−1/2
1 X2X

−1/2
1 ))X

1/2
1 is a geodesic that connect X1, X2,

d(X1, X2) =

√√√√ m∑
i=1

(log(ri))2 with ri being eigenvalues of X−1
1 X2,

exp−1
X1

(X2) = γ′(0) = X
1/2
1 Log (X

−1/2
1 X2X

−1/2
1 )X

1/2
1 .

We have the following fact.

Lemma 14. Let ϕ(x) = d(x, y)2 with y ∈M being fixed. We have grad ϕ(x) = −2 exp−1
x (y).

D Proof of main Theorems

For a given ϕ, define the ϕ-divergence to be Φπ(ρ) = Eπ[ϕ(
ρ
π )]. Define the following dissipation

functional

Dπ(ρ) := Eρ

[
⟨grad (ϕ′ ◦ ρ

π
), grad log

ρ

π
⟩
]
.

We can now compute the time derivative of the ϕ-divergence along certain flow.

Let µX
t be the law of the continuous-time Langevin diffusion with target distribution πX ∝ e−f(x).

That is, we have the following SDE, dXt = − grad f(Xt)dt +
√
2dBt. Then, µX

t satisfies the
following Fokker-Planck equation (see Lemma 25 for a proof).

∂

∂t
µX
t = div (µX

t grad f(Xt) + grad µX
t ) = div (grad µX

t − µX
t

grad πX

πX
)

= div (µX
t grad log

µX
t

πX
).

We now show that DπX (µX
t ) = −∂tΦπX (µX

t ).
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Lemma 15. We have that

DπX (µX
t ) := EµX

t
[⟨grad (ϕ′ ◦ µ

X
t

πX
), grad log

µX
t

πX
⟩] = −∂tΦπX (µX

t ).

Proof. [Proof of Lemma 15] By using the fact that ∂
∂tµ

X
t = div (µX

t grad log
µX
t

πX ), we have

∂

∂t
ΦπX (µX

t ) =
∂

∂t

∫
M

πXϕ(
µX
t

πX
)dVg(x)

=

∫
M

ϕ′(
µX
t

πX
)
∂

∂t
µX
t dVg(x) =

∫
M

(
ϕ′(

µX
t

πX
)
)(

div (µX
t grad log

µX
t

πX
)
)
dVg(x)

=−
∫
M

µX
t ⟨grad ϕ′ ◦ µ

X
t

πX
, grad log

µX
t

πX
⟩dVg(x),

where in the last equality we used integration by parts.

To get more intuition on the notion of ϕ-divergence and dissipation functional, consider ϕ(x) =
x log(x). We get KL divergence and fisher information:

Φπ(ρ) = Eπ[
ρ

π
log(

ρ

π
)] = Eρ[log(

ρ

π
)] = Hπ(ρ),

Dπ(ρ) = Eρ[⟨grad (ϕ′ ◦ ρ

π
), grad log

ρ

π
⟩] = Eρ[∥ grad log

ρ

π
∥2] = Eπ[

π

ρ
∥ grad ρ

π
∥2] = Jπ(ρ).

Our proof is now based on generalizing the proof in Chen et al. [2022] to the Riemannian setting. In
Section D.1 we analyze the first step of proximal sampler by viewing it as simultaneous (forward) heat
flow. In Section D.2 we analyze the second step of proximal sampler by viewing it as simultaneous
backward flow. Combining the two steps together, we prove convergence of proximal sampler under
LSI in Section D.3.

D.1 Forward step: simultaneous heat flow

We can first compute the time derivative of the ϕ-divergence along simultaneous heat flow.
Lemma 16. Define Qt to describe the forward heat flow. Let ρXQt and πXQt evolve according to
the simultaneous heat flow, satisfying

∂tρ
XQt =

1

2
∆(ρXQt) and ∂tπ

XQt =
1

2
∆(πXQt).

Then ∂tΦπXQt
(ρXQt) = − 1

2DπXQt
(ρXQt).

Proof. [Proof of Lemma 16] Denote ρXt := ρXQt and πX
t := πXQt. Then, we have

2
∂

∂t
ΦπX

t
(ρXt ) = 2

∂

∂t

∫
M

πX
t ϕ(

ρXt
πX
t

)dVg(x)

= 2

∫
M

ϕ(
ρXt
πX
t

)
∂

∂t
πX
t + ϕ′(

ρXt
πX
t

)
( ∂

∂t
ρXt − (

∂

∂t
πX
t )

ρXt
πX
t

)
dVg(x).

Recall that by construction,

∂tρ
X
t =

1

2
∆ρXt =

1

2
div (grad ρXt ) =

1

2
div (ρXt grad log ρXt )

and ∂tπ
X
t = 1

2∆πX
t = 1

2 div (π
X
t grad log πX

t ). Hence, we get

2
∂

∂t
ΦπX

t
(ρXt ) =2

∫
M

ϕ(
ρXt
πX
t

)
∂

∂t
πX
t + ϕ′(

ρXt
πX
t

)
( ∂

∂t
ρXt − (

∂

∂t
πX
t )

ρXt
πX
t

)
dVg(x)

=

∫
M

ϕ(
ρXt
πX
t

) div (πX
t grad log πX

t )
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+ ϕ′(
ρXt
πX
t

)
(
div (ρXt grad log ρXt )− (div (πX

t grad log πX
t ))

ρXt
πX
t

)
dVg(x)

=

∫
M

−
〈
grad ϕ(

ρXt
πX
t

), πX
t grad log πX

t

〉
−
〈
grad ϕ′(

ρXt
πX
t

), ρXt grad log ρXt

〉
+
〈
grad (

ρXt
πX
t

ϕ′(
ρXt
πX
t

)), πX
t grad log πX

t

〉
dVg(x)

=

∫
M

−
〈
grad ϕ(

ρXt
πX
t

), πX
t grad log πX

t

〉
−
〈
grad ϕ′(

ρXt
πX
t

), ρXt grad log ρXt

〉
+
〈
ϕ′(

ρXt
πX
t

) grad
ρXt
πX
t

, πX
t grad log πX

t

〉
+
〈 ρXt
πX
t

grad ϕ′(
ρXt
πX
t

), πX
t grad log πX

t

〉
dVg(x).

Now, notice that〈
grad ϕ(

ρXt
πX
t

), πX
t grad log πX

t

〉
=
〈
ϕ′(

ρXt
πX
t

) grad
ρXt
πX
t

, πX
t grad log πX

t

〉
.

So we get

2
∂

∂t
ΦπX

t
(ρXt ) =

∫
M

〈 ρXt
πX
t

grad ϕ′(
ρXt
πX
t

), πX
t grad log πX

t

〉
−
〈
grad ϕ′(

ρXt
πX
t

), ρXt grad log ρXt

〉
dVg(x)

= −
∫
M

ρXt

〈
grad ϕ′(

ρXt
πX
t

), grad log
ρXt
πX
t

〉
dVg(x)

= −EρX
t

〈
grad (ϕ′ ◦ ρXt

πX
t

), grad log
ρXt
πX
t

〉
= −DπX

t
(ρXt ).

D.2 Backward step: simultaneous backward flow

We leverage the following result.

Theorem 17 (Theorem 3.1 in De Bortoli et al. [2022]). For a SDE dXt = b(Xt)dt + dBt, let pt
denote the distribution of Xt. Denote Yt = XT−t, t ∈ [0, T ] to be the time-reversed diffusion. We
have that dYt = (−b(Yt) + grad log pT−t(Yt))dt+ dBt.

Note that the time reversal can be understood as (YT , Y0) has the same distribution as (X0, XT ).

Recall that ν(t, x, y) is the density of manifold Brownian motion starting from x with time t and
evaluated at y, and that π(x, y) = πX(x)ν(η, x, y). We denote πY = πXQη to be the Y -marginal
of π(x, y). Let πt := πXQt. Consider the forward process dXt = dBt with X0 ∼ πX . We know
that the time-reversed process satisfies dYt = grad log πη−t(Yt)dt+ dBt.

Define Q−
t as follows. Given ρY , set ρY Q−

t to be the law at time t, of the solution of the time-
reversed SDE (with T = η). Thus if Y0 ∼ ρY , we get XT ∼ ρY . By Bayes theorem X0 ∼∫
M

πX|Y (x|y)dρY (y), hence YT ∼
∫
M

πX|Y (x|y)dρY (y). For the channel Q−
t , we have

1. Q−
0 is the identity channel.

2. Given input ρY , the output at time η is ρY Q−
η (x) =

∫
M

πX|Y (x|y)dρY (y).

3. πY Q−
t = πXQη−t.

Thus we see that the RHK step of proximal sampler can be viewed as going along the time reversed
process. We now have the following result.

Lemma 18. For the time-reversed process, we have

∂tΦπY Q−
t
(ρY Q−

t ) = −
1

2
DπY Q−

t
(ρY Q−

t ).
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Proof. [Proof of Lemma 18] Denote π−
t = πY Q−

t and ρ−t = ρY Q−
t . The Fokker-Planck equation is

∂tπ
−
t = − div (π−

t grad log π−
t ) +

1

2
∆π−

t = −1

2
∆π−

t ,

∂tρ
−
t = −div (ρ−t grad log π−

t ) +
1

2
∆ρ−t = div (ρ−t grad log

ρ−t
π−
t

)− 1

2
∆ρ−t .

Hence

2∂tΦπ−
t
(ρ−t ) =2

∫
M

ϕ(
ρ−t
π−
t

)
∂

∂t
π−
t + ϕ′(

ρ−t
π−
t

)
( ∂

∂t
ρ−t − (

∂

∂t
π−
t )

ρ−t
π−
t

)
dVg(x)

=

∫
M

−ϕ( ρ
−
t

π−
t

)∆π−
t

+ ϕ′(
ρ−t
π−
t

)
(
2 div (ρ−t grad log

ρ−t
π−
t

)−∆ρ−t +
ρ−t
π−
t

∆π−
t

)
dVg(x)

=2

∫
M

ϕ′(
ρ−t
π−
t

) div (ρ−t grad log
ρ−t
π−
t

)dVg(x)

+

∫
M

−ϕ( ρ
−
t

π−
t

)∆π−
t − ϕ′(

ρ−t
π−
t

)∆ρ−t + ϕ′(
ρ−t
π−
t

)
ρ−t
π−
t

∆π−
t dVg(x)

=2

∫
M

ϕ′(
ρ−t
π−
t

) div (ρ−t grad log
ρ−t
π−
t

)dVg(x) +Dπ−
t
(ρ−t )

=− 2Dπ−
t
(ρ−t ) +Dπ−

t
(ρ−t ) = −Dπ−

t
(ρ−t ),

where we used the same steps as as in the proof Lemma 16 to obtain∫
M

−ϕ( ρ
−
t

π−
t

)∆π−
t − ϕ′(

ρ−t
π−
t

)∆ρ−t + ϕ′(
ρ−t
π−
t

)
ρ−t
π−
t

∆π−
t dVg(x) = Dπ−

t
(ρ−t ),

and used integration by parts, to obtain

2

∫
M

ϕ′(
ρ−t
π−
t

) div (ρ−t grad log
ρ−t
π−
t

)dVg(x) = −2
∫
M

⟨grad ϕ′(
ρ−t
π−
t

), ρ−t grad log
ρ−t
π−
t

⟩dVg(x)

=− 2Eρ−
t
[⟨grad ϕ′(

ρ−t
π−
t

), grad log
ρ−t
π−
t

⟩] = −2Dπ−
t
(ρ−t ).

D.3 Convergence under LSI

Now we prove the main theorem.

Proof. [Proof of Theorem 6 item 1] We first prove the theorem assuming curvature is non-negative.
For the general case, we only need to replace the LSI constant αt, α

−
t .

1. The forward step. We know πXQt satisfies LSI with αt :=
1

t+ 1
α

. Using Lemma 16, we
have

∂tHπXQt
(ρX0 Qt) = −

1

2
JπXQt

(ρX0 Qt) ≤ −αtHπXQt
(ρX0 Qt).

This implies HπXQt
(ρX0 Qt) ≤ e−AtHπX (ρX0 ) where, At =

∫ t

0
αsds = log(1 + tα). We

also have e−At = (1 + tα)−1. As a result,

HπXQη
(ρX0 Qη) ≤

HπX (ρX0 )

1 + ηα
.
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2. The backward step. Using Lemma 18, we have

∂tHπY Q−
t
(ρY0 Q

−
t ) = −

1

2
JπY Q−

t
(ρY0 Q

−
t ) ≤ −α−

t HπY Q−
t
(ρY0 Q

−
t ).

Since πY Q−
t = πXQη−t, we know the LSI constant for πY Q−

t is α−
t := 1

(η−t)+ 1
α

. Same

as in step 1, we get A−
η =

∫ η

0
α−
t dt = log(1 + αη). As a result,

HπY Q−
η
(ρY0 Q

−
η ) ≤

HπY (ρY0 )

1 + tα
.

3. Putting together. We have πY = πXQη , ρY0 = ρX0 Qη . Denote ρX1 = ρY0 Q
−
η , we get

HπX (ρX1 ) = HπY Q−
η
(ρY0 Q

−
η ) ≤

HπY (ρY0 )

(1 + tα)
=

HπXQη
(ρX0 Qη)

(1 + tα)
≤ HπX (ρX0 )

(1 + tα)2
.

4. Negative curvature. For negative curvature, we use αt as in Proposition 31 (the value to be
integrated is κ

1−e−κt+κd0e−κt where 1
α := d0). We compute the integral∫ t

0

1

(( 1
α −

1
κ )e

−x + 1
κ )

dx = log(α(eκt − 1) + κ)− log(κ) = log(
α(eκt − 1) + κ

κ
).

Hence we have HπX (ρXk ) ≤ HπX (ρX0 )( κ
α(eκη−1)+κ )

2k.

Observe that in general, for x ∈ [0, 1] we have that 1 − x
2 ≥ e−x. Thus for η < 1

|κ| ,

we have |κ|η < 1, hence 1 − |κ|
2 η ≥ e−|κ|η. This implies 1−e−|κ|η

|κ| ≥ 1
2η. On the other

hand, we have 1 − x ≤ e−x, which implies 1−e−|κ|η

|κ| ≤ η. So we have α(eκη−1)+κ
κ =

1 + α 1−e−|κ|η

|κ| = Θ(1 + αη).
To summarize, we have that when κ < 0,

κ

α(eκη − 1) + κ
=

1

1 + α 1−e−|κ|η

|κ|

≤ 1

1 + α
2 η

which implies HπX (ρXk ) ≤ HπX (ρX0 )( 1
1+α

2 η )
2k

D.4 Convergence under Poincaré inequality

In this subsection, we extend Theorem 6 item 1 from LSI to PI, under χ2 divergence. We follow
exactly the same strategy, but we first discuss how to modify the proof from the LSI setting to PI
setting. Recall that if π satisfies Poincaré inequality with parameter α, we have

Varπ(
dµ

dπ
) ≤ 1

α
E[∥ grad dµ

dπ
∥2]

Note that χ2 divergence is a ϕ-divergence with ϕ(x) = (x − 1)2, which allows us have
Varπ(dµdπ ) = Eπ[(

dµ
dπ )

2] − Eπ[
dµ
dπ ]

2 = χ2
π(µ). Also, recall that we defined in Appendix D

the dissipation of ϕ-divergence. By definition, the dissipation of χ2 divergence is Dπ(µ) =

2Eρ[⟨grad (µπ − 1), grad log µ
π ⟩] = 2Eπ[∥ grad dµ

dπ∥
2]. Hence we can interpret the Poincaré in-

equality as

χ2
π(µ) ≤

1

2α
Dπ(µ)

From this perspective, to follow the proof for LSI setting, we need to know whether the Poincaré
inequality constant is also preserved along heat propagation, in the same way as LSI constant. The
answer is yes, see Appendix H.3 Proposition 32.

With this, we can prove Theorem 6 item 2 following exactly the same procedure as Theorem 6 item 1.

Proof. [Proof of Theorem 6 item 2] We first assume curvature is non-negative, then discuss the
situation that curvature is negative.
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1. The forward step. We know πXQt satisfies PI with αt :=
1

t+ 1
α

. Using Lemma 16 and
Proposition 32, we have

∂tχ
2
πXQt

(ρX0 Qt) = −
1

2
DπXQt

(ρX0 Qt) ≤ −αtχ
2
πXQt

(ρX0 Qt).

This implies χ2
πXQt

(ρX0 Qt) ≤ e−AtHπX (ρX0 ) where, At =
∫ t

0
αsds = log(1 + tα). We

also have e−At = (1 + tα)−1. As a result,

χ2
πXQη

(ρX0 Qη) ≤
χ2
πX (ρX0 )

1 + ηα
.

2. The backward step. Using Lemma 18 and Proposition 32, we have

∂tχ
2
πY Q−

t
(ρY0 Q

−
t ) = −

1

2
DπY Q−

t
(ρY0 Q

−
t ) ≤ −α−

t χ
2
πY Q−

t
(ρY0 Q

−
t ).

Since πY Q−
t = πXQη−t, we know the LSI constant for πY Q−

t is α−
t := 1

(η−t)+ 1
α

. Same

as in step 1, we get A−
η =

∫ η

0
α−
t dt = log(1 + αη). As a result,

χ2
πY Q−

η
(ρY0 Q

−
η ) ≤

χ2
πY (ρ

Y
0 )

1 + tα
.

3. Putting together. We have πY = πXQη , ρY0 = ρX0 Qη . Denote ρX1 = ρY0 Q
−
η , we get

χ2
πX (ρX1 ) = χ2

πY Q−
η
(ρY0 Q

−
η ) ≤

χ2
πY (ρ

Y
0 )

(1 + tα)
=

χ2
πXQη

(ρX0 Qη)

(1 + tα)
≤

χ2
πX (ρX0 )

(1 + tα)2
.

4. Negative curvature. For negative curvature, we use αt as in Proposition 31 (the value to be
integrated is κ

1−e−κt+κd0e−κt where 1
α := d0). We compute the integral∫ t

0

1

(( 1
α −

1
κ )e

−x + 1
κ )

dx = log(α(eκt − 1) + κ)− log(κ) = log(
α(eκt − 1) + κ

κ
).

Hence we have HπX (ρXk ) ≤ HπX (ρX0 )( κ
α(eκη−1)+κ )

2k.

Observe that in general, for x ∈ [0, 1] we have that 1 − x
2 ≥ e−x. Thus for η < 1

|κ| ,

we have |κ|η < 1, hence 1 − |κ|
2 η ≥ e−|κ|η. This implies 1−e−|κ|η

|κ| ≥ 1
2η. On the other

hand, we have 1 − x ≤ e−x, which implies 1−e−|κ|η

|κ| ≤ η. So we have α(eκη−1)+κ
κ =

1 + α 1−e−|κ|η

|κ| = Θ(1 + αη).
To summarize, we have that when κ < 0,

κ

α(eκη − 1) + κ
=

1

1 + α 1−e−|κ|η

|κ|

≤ 1

1 + α
2 η

which implies χ2
πX (ρXk ) ≤ χ2

πX (ρX0 )( 1
1+α

2 η )
2k

E Proof of Theorem 8

Recall that ρXk (x), ρYk (y) denote the distribution generated by Algorithm 1, assuming exact Brownian
motion and exact RHK. This notation is applied for all k. For practical implementation, using
inexact RHK and inexact Brownian motion through all the iterations, we denote the corresponding
distribution by ρ̃Xk (x), ρ̃Yk (y) respectively.

Note that at iteration k − 1, we are at distribution ρ̃Xk−1(x). Denote ρ̂Yk−1(y) to be the distribution
obtained from ρ̃Xk−1(x) using exact Brownian motion. (Note that ρ̃Yk−1(y) denote the distribution
obtained from ρ̃Xk−1(x) using inexact Brownian motion).
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We now prove Lemma 7.

Proof. [Proof of Lemma 7] Using triangle inequality, we have

∥ρXk (x)− ρ̃Xk (x)∥TV =
∥∥∥ ∫ ρYk−1(y)π

X|Y (x|y)dy −
∫

ρ̃Yk−1(y)π̂
X|Y (x|y)dy

∥∥∥
TV

≤
∥∥∥∫ ρYk−1(y)(π

X|Y (x|y)− π̂X|Y (x|y))dy
∥∥∥
TV

+
∥∥∥∫ (ρ̃Yk−1(y)− ρYk−1(y))π̂

X|Y (x|y)dy
∥∥∥
TV

.

The first part can be bounded by ζRHK:∥∥∥∫ ρYk−1(y)(π
X|Y (x|y)− π̂X|Y (x|y))dy

∥∥∥
TV
≤
∫

ρYk−1(y)
∥∥∥πX|Y (x|y)− π̂X|Y (x|y)

∥∥∥
TV

dy

≤ζRHK.

For the second part, we have∥∥∥∫ (ρ̃Yk−1(y)− ρYk−1(y))π̂
X|Y (x|y)dy

∥∥∥
TV

=
1

2

∫ ∣∣∣ ∫ (ρ̃Yk−1(y)− ρYk−1(y))π̂
X|Y (x|y)dy

∣∣∣dx ≤ 1

2

∫ ∣∣∣ρ̃Yk−1(y)− ρYk−1(y)
∣∣∣ ∫ π̂X|Y (x|y)dxdy

=∥ρ̃Yk−1(y)− ρYk−1(y)∥TV ≤ ∥ρ̃Yk−1(y)− ρ̂Yk−1(y)∥TV + ∥ρ̂Yk−1(y)− ρYk−1(y)∥TV

≤ζMBI + ∥ρ̃Xk−1(x)− ρXk−1(x)∥TV .

Here, the last inequality follows from Lemma 37. Together, we have

∥ρXk (x)− ρ̃Xk (x)∥TV ≤ ζRHK + ζMBI + ∥ρ̃Xk−1(x)− ρXk−1(x)∥TV .

Iteratively applying this inequality and noting that ∥ρ̃X0 (x)− ρX0 (x)∥TV = 0, we obtain ∥ρXk (x)−
ρ̃Xk (x)∥TV ≤ k(ζRHK + ζMBI).

Recall that Pinsker’s inequality states ∥µ− ν∥TV ≤
√

1
2Hν(µ).

Proof. [Proof of Theorem 8 item 1]

For simplicity, we assume non-negative curvature. The negative curvature case follows from the same
proof strategy. Using Pinsker’s inequality, we have

∥ρXk − πX∥TV ≤
√

1

2
HπX (ρXk ) ≤

√
1

2

HπX (ρX0 )

(1 + ηα)2k
≤ 1

2
ε.

We want to bound ∥ρXk − πX∥TV ≤ 1
2ε. It suffices to have HπX (ρX

0 )

(1+ηα)2k
≤ 1

2ε
2. Hence we need

log(
2HπX (ρX

0 )

ε2 ) ≤ 2k log(1 + ηα), i.e., k = O

(
log

H
πX (ρX0 )

ε2

log(1+ηα)

)
.

For small step size η, we have 1
log(1+ηα) = O(

1
ηα ). Hence k = O

(
1
ηα log

HπX (ρX
0 )

ε2

)
= Õ( 1η log 1

ε ).

Recall that by assumption, 1
η = Õ(log 1

ζ ). We pick ζ = ε
log2 1

ε

and consequently 1
η =

Õ(log log2 1
ε

ε ) = Õ(log 1
ε + 2 log log 1

ε ) = Õ(log
1
ε ). It follows that

k = Õ( 1
η
log

1

ε
) = Õ(log2 1

ε
).

The result then follows from triangle inequality:

∥ρ̃Xk − πX∥TV ≤ ∥ρ̃Xk − ρXk ∥TV + ∥ρXk − πX∥TV ≤ k(ζRHK + ζMBI) +
1

2
ε = Õ(ε)

where kζ = Õ( ε
log2 1

ε

log2 1
ε ) = Õ(ε).
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Proof. [Proof of Theorem 8 item 2] For simplicity, we assume non-negative curvature. The negative
curvature case follows from the same proof strategy. We know that for two probability measures
π, ρ we have log(1 + χ2

π(ρ)) ≥ Hπ(ρ) ≥ 2∥π − ρ∥2TV where the first inequality is [Nishiyama and
Sason, 2020, equation 16] and the second inequality is Pinsker’s inequality.

Hence, we have

∥ρXk − πX∥TV ≤
√

1

2
HπX (ρXk ) ≤

√
1

2
log(1 + χ2

πX (ρXk )) ≤

√
1

2
log
(
1 +

χ2
πX (ρX0 )

(1 + ηα
2 )

2k

)
.

We want to bound ∥ρXk − πX∥TV ≤ 1
2ε. It suffices to have log

(
1 +

χ2
πX (ρX

0 )

(1+η α
2 )2k

)
≤ 1

2ε
2. We need

χ2
πX (ρX0 ) ≤ (exp( 12ε

2)− 1)(1 + ηα
2 )

2k, that is,

k ≥ 1

2 log(1 + ηα
2 )

log
χ2
πX (ρX0 )

(exp( 12ε
2)− 1)

= O( 1

log(1 + ηα
2 )

log
χ2
πX (ρX0 )

ε2
)

For small step size η, we have 1
log(1+ηα/2) = O( 1

ηα ). Hence k = O
(

1
ηα log

χ2
πX (ρX

0 )

ε2

)
. Recall

that by assumption, 1
η = Õ(log 1

ζ ). We pick ζ = ε
log2 1

ε

and consequently 1
η = Õ(log log2 1

ε

ε ) =

Õ(log 1
ε + 2 log log 1

ε ) = Õ(log
1
ε ). It follows that

k = Õ
(
1

η
log

χ2
πX (ρX0 )

ε2

)
= Õ

(
log

1

ε
log

χ2
πX (ρX0 )

ε2

)
.

The result then follows from triangle inequality:

∥ρ̃Xk − πX∥TV ≤ ∥ρ̃Xk − ρXk ∥TV + ∥ρXk − πX∥TV ≤ k(ζRHK + ζMBI) +
1

2
ε = Õ(ε)

where kζ = Õ(ε).

F Verification of Assumption 1

In this section, we consider implementing inexact oracles through the truncation method. Recall that
we assume M is a compact manifold, which is a homogeneous space.

We use π̂Y |X , π̂X|Y to denote the output of MBI oracle and RHK when rejection sampling is
exact. More precisely, since we use the truncated series to approximate heat kernel, we have
π̂Y |X ∝ νl(η, x, y) and π̂X|Y ∝ e−f(x)νl(η, x, y). When rejection sampling is not exact, i.e., there
exists z ∈ M s.t. V (z) > 1, we denote the output to be πY |X , πX|Y for inexact Brownian motion
and inexact RHK, respectively.

In subsection F.1, we prove Proposition 9, i.e., ∥π̂X|Y −πX|Y ∥TV = Õ(ζ) and ∥π̂Y |X−πY |X∥TV =

Õ(ζ) with ζ = ε
log2 1

ε

. Then we know π̂Y |X and π̂X|Y satisfy Assumption 1.

In subsection I.1, we consider a more general setting, where the acceptance rate is allowed to
exceed 1 at some unimportant region. We show that on Sd, for certain choices of parameters,
∥π̂X|Y − πX|Y ∥TV = Õ(ζ) and ∥π̂Y |X − πY |X∥TV = Õ(ζ). This means that allowing the
acceptance rate to exceed 1 in unimportant regions would not cause a significant bias for rejection
sampling. It then follows from triangle inequality that πY |X and πX|Y satisfy Assumption 1.

F.1 Exact rejection sampling

We prove Proposition 9, i.e., verify that Assumption 1 is satisfied with ζ = ε
log2 1

ε

as required in
Theorem 8.
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F.1.1 Analysis in total variation distance

The first step is to bound the total variation distance, under the assumption that heat kernel evaluation
is of high accuracy. We consider the following characterization of total variation distance (see Lemma
36):

∥ρ1 − ρ2∥TV =
1

2

∫
M

|ρ1(x)− ρ2(x)|dVg(x).

Proposition 19. Let M be a compact manifold. Let ζ be the desired accuracy. Assume for all y ∈M
we have

∫
M
|ν(η, x, y) − νl(η, x, y)|dVg(x) = Õ(ζ) and for all x ∈ M we have

∫
M
|ν(η, x, y) −

νl(η, x, y)|dVg(y) = Õ(ζ). Then ∥π̂X|Y − πX|Y ∥TV = Õ(ζ) and ∥π̂Y |X − πY |X∥ = Õ(ζ).

Proof. [Proof of Proposition 19]

Step 1. Note that A1 := supx∈M e−f(x), A2 := infx∈M e−f(x) are positive constants independent
of t. Denote Z1 =

∫
M

e−f(x)νl(η, x, y)dVg(x) and Z2 =
∫
M

e−f(x)ν(η, x, y)dVg(x). We know

|Z2 − Z1| = |
∫
M

e−f(x)ν(η, x, y)− e−f(x)νl(η, x, y)dVg(x)|

≤ A1

∫
M

|ν(η, x, y)− νl(η, x, y)|dVg(x) = Õ(ζ).

Hence, we have

∥π̂X|Y − πX|Y ∥TV ≤
1

2

∫
M

| e−f(x)νl(η, x, y)∫
M

e−f(x)νl(η, x, y)dVg(x)
− e−f(x)ν(η, x, y)∫

M
e−f(x)ν(η, x, y)dVg(x)

|dVg(x)

≤ 1

2

∫
M

|Z2e
−f(x)νl(η, x, y)− Z1e

−f(x)ν(η, x, y)|
Z1Z2

dVg(x)

≤
∫
M

min{Z1, Z2} · |e−f(x)νl(η, x, y)− e−f(x)ν(η, x, y)|
2Z1Z2

dVg(x)

+

∫
M

|Z2 − Z1| ·max{e−f(x)ν(η, x, y), e−f(x)νl(η, x, y)}
2Z1Z2

dVg(x)

≤ Õ(ζ) + Õ(
∫
M

|Z2 − Z1| ·max{ν(η, x, y), νl(η, x, y)}dVg(x)) = Õ(ζ),

where by Lemma 21, we obtain min{Z1,Z2}
2Z1Z2

= Õ(1) and∫
M

max{e−f(x)ν(η, x, y), e−f(x)νk(η, x, y)}
2Z1Z2

dVg(x) = Õ(1).

Step 2. Denote Zl =
∫
M

νl(η, x, y)dVg(y) to be the normalizaing constant for νl. Since ν is the heat
kernel, we simply have

∫
M

ν(η, x, y)dVg(y) = 1. It holds that

π̂Y |X =
νl(η, x, y)∫

M
νl(η, x, y)dVg(y)

and πY |X = ν(η, x, y).

Then,

∥π̂Y |X − πY |X∥TV ≤
1

2

∫
M

| νl(η, x, y)∫
M

νl(η, x, y)dVg(y)
− ν(η, x, y)|dVg(y)

≤ 1

2

∫
M

|νl(η, x, y)− Zlν(η, x, y)|
Zl

dVg(y)

≤
∫
M

min{Zl, 1} · |νl(η, x, y)− ν(η, x, y)|
2Zl

dVg(y)

+

∫
M

|1− Zl| ·max{ν(η, x, y), νl(η, x, y)}
2Zl

dVg(y)
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= Õ(ζ).

Theorem 20 (Theorem 5.3.4 in Hsu [2002]). Let M be a compact Riemannian manifold. There exist
positive constants C1, C2 such that for all (t, x, y) ∈ (0, 1)×M ×M ,

C1

td/2
e−

d(x,y)2

2t ≤ ν(t, x, y) ≤ C2

t(2d−1)/2
e−

d(x,y)2

2t .

Lemma 21. We have 1/
∫
M

e−f(x)ν(η, x, y)dVg(x) = Õ(1).

Proof. [Proof of Lemma 21] Using lower bound of heat kernel from Theorem 20, we have∫
M

e−f(x)ν(η, x, y)dVg(x)

≥A2

∫
M

C1

ηd/2
exp(−d(x, y)2

2η
)dVg(x) =

A2C1

ηd/2

∫
M

exp(−d(x, y)2

2η
)dVg(x)

≥A2C1

ηd/2
ηd/2

C4
=

A2C1

C4
.

Hence

1/

∫
M

e−f(x)ν(η, x, y)dVg(x) = Õ(1).

F.1.2 Analysis of truncation error

Now we discuss the truncation level needed to guarantee a high accuracy evaluation of heat kernel as
required in Proposition 19.
Proposition 22. Let M be a compact manifold, and assume M is a homogeneous space. With 1

η =

Õ(log 1
ε ) and ζ = ε

log2 1
ε

, to reach ∥ν(η, x, y) − νl(η, x, y)∥2L2 = Õ(ζ) we need l = Poly (log 1
ε ).

Consequently, to achieve∫
M

|ν(η, x, y)− νl(η, x, y)|dVg(x) = Õ(ζ) and∫
M

|ν(η, x, y)− νl(η, x, y)|dVg(y) = Õ(ζ),

we need l = Poly (log 1
ε ).

Proof. [Proof of Proposition 22] Following Azangulov et al. [2022, Proof of Proposition 21] we have

∥ν(η, x, y)− νl(η, x, y)∥2L2 ≤ C ′l
1

η2
e−

η2l2/d

C .

Take 1
η = log 1

ε . Recall that in Theorem 8 we require ζ = ε
log2 1

ε

. Requiring C ′l 1
η2 e

− η2l2/d

C = Õ(ζ)
is equivalent to

C ′l log2
1

ε
e−

1
log2 1

ε

l2/d

C ≤ ζ =
ε

log2 1
ε

.

Take log on both sides, we get −
1

log2 1
ε

l2/d

C ≤ log ε
C′l log4 1

ε

. This further implies

l2/d ≥ − log
ε

C ′l log4 1
ε

C log2
1

ε
= (4 log log

1

ε
+ log

1

ε
+ log l + C ′′)C log2

1

ε
.
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It suffices to take l = Poly (log 1
ε ). We verify that l = Poly (log 1

ε ) can guarantee the bound:

C ′l
1

η2
e−

η2l2/d

C = C ′l log2
1

ε
e
− l2/d

C log2 1
ε = Poly (log

1

ε
)e−Poly (log 1

ε ) = Õ( ε

log2 1
ε

) = Õ(ζ).

On a homogeneous space, both ν and νl are stationary [Azangulov et al., 2022]. Hence∫
M
|ν(η, x, y) − νl(η, x, y)|dVg(x) does not depend on y, and

∫
M
|ν(η, x, y) − νl(η, x, y)|dVg(y)

does not depend on x. Therefore using Jensen’s inequality,∫
M

|ν(η, x, y)− νl(η, x, y)|dVg(x) = Õ(∥ν(η, x, y)− νl(η, x, y)∥L1
)

≤ Õ(∥ν(η, x, y)− νl(η, x, y)∥L2
).

Note that the same holds for
∫
M
|ν(η, x, y)−νl(η, x, y)|dVg(y). Hence we get the desired bound, i.e.,∫

M
|ν(η, x, y)− νl(η, x, y)|dVg(x) = Õ(ζ) and

∫
M
|ν(η, x, y)− νl(η, x, y)|dVg(y) = Õ(ζ).

G Proofs for entropy-regularized JKO scheme

Proof. [Proof of Lemma 11] Note that, we have

HπX (ρ) =

∫
M

ρ(x) log
ρ(x)

πX
dVg(x) =

∫
M

ρ(x) log
ρ(x)

exp(−f(x)− d(x,y)2

2η ) exp(d(x,y)
2

2η )C
dVg(x)

=

∫
M

ρ(x)(log
ρ(x)

C exp(−f(x)− d(x,y)2

2η )
+ log

1

exp(d(x,y)
2

2η )
)dVg(x)

=

∫
M

ρ(x) log
ρ(x)

C ′(y)π̃X|Y (x|y)
dVg(x)−

∫
M

ρ(x)
1

2η
d(x, y)2dVg(x)

= Hπ̃X|Y =y (ρ)−
1

2η

∫
M

d(x, y)2dρ+ C(y),

where C = 1∫
M

e−f(x)dVg(x)
, C ′(y) and C(y) are some constants that only depends on y. The above

computation implies

π̃X|Y=y = argmin
ρ∈P2(M)

Hπ̃X|Y =y (ρ) = argmin
ρ∈P2(M)

Hπ̃X (ρ) +
1

2η

∫
M

d(x, y)2dρ+ C(y)

= argmin
ρ∈P2(M)

Hπ̃X (ρ) +
1

2η
W 2

2 (ρ, δy) = prox ηHπ̃X
(δy).

Lemma 23. The minimization problem

min
γ∈P2(M×M),γX=ρX

∫
M×M

1

2η
d(x, y)2γ(x, y)dVg(x)dVg(y) +H(γ),

where the constraint means
∫
M

γ(x, y)dVg(y) = ρX(x), has solution of the form

γ(x, y) ∝ ρX(x)π̃Y |X(y|x).

Proof. [Proof of Lemma 23] Since
∫
M

γ(x, y)dVg(y) = ρX(x), we have∫
M

(∫
M

γ(x, y)dVg(y)− ρX(x)
)
β(x)dVg(x) = 0,∀β,

we can construct the following Lagrangian∫
M×M

1

2η
d(x, y)2γ(x, y)dVg(x)dVg(y) +H(γ)−

∫
M

(∫
M

γ(x, y)dVg(y)− ρX(x)
)
β(x)dVg(x).
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Recall that H(γ) =
∫
M×M

γ log(γ)dVg(x)dVg(y). We have,

lim
t→0

H(γ + tφ)−H(γ)

t
= lim

t→0

∫
M×M

(γ + tφ) log(γ + tφ)− γ log(γ)dVg(x)dVg(y)

t

= lim
t→0

∫
M×M

φ log(γ + tφ) + φdVg(x)dVg(y)

=

∫
M×M

φ(log(γ) + 1)dVg(x)dVg(y).

For any function f , denote If (γ) =
∫
M×M

γ(x, y)f(x, y)dVg(x)dVg(y). We then have

lim
t→0

If (γ + tφ)− If (γ)

t
= lim

t→0

∫
M×M

(γ + φt)f − γfdVg(x)dVg(y)

t

=

∫
M×M

φfdVg(x)dVg(y).

Thus the variation of Lagrangian is given by∫
M×M

φ ·
( 1

2η
d(x, y)2 + log(γ) + 1− β(x)

)
dVg(x)dVg(y).

We want the above to be zero for all φ. Thus we need 1
2ηd(x, y)

2 + log(γ) + 1− β(x) = 0 which is
equivalent to

γ(x, y) = eβ(x)−
1
2η d(x,y)2−1.

This implies γ(x, y) ∝ eβ(x)−
1
2η d(x,y)2 Integrating with respect to the y variable, we get

ρX(x) =

∫
M

γ(x, y)dVg(y) =

∫
M

eβ(x)−
1
2η d(x,y)2−1dVg(y) ∝ eβ(x)

∫
M

e−
1
2η d(x,y)2dVg(y).

It then follows that

γ(x, y) ∝ ρX(x)
e−

1
2η d(x,y)2∫

M
e−

1
2η d(x,y)2dVg(y)

= ρX(x)π̃Y |X(y|x).

Lemma 24. The minimization problem

min
γ∈P2(M×M),γY =ρY

∫
M×M

(f(x) +
1

2η
d(x, y)2)γ(x, y)dVg(x)dVg(y) +H(γ),

where the constraint means
∫
M

γ(x, y)dVg(x) = ρY (y), has solution of the form

γ(x, y) ∝ ρY (y)π̃X|Y (x|y).

Proof. [Proof of Lemma 24] The proof follows similarly to that of Lemma 23. Since∫
M

γ(x, y)dVg(x) = ρY (y), we have∫
M

(∫
M

γ(x, y)dVg(x)− ρY (y)
)
β(y)dVg(y) = 0,∀β.

We first constructing the following Lagrangian:∫
M×M

(f(x) +
1

2η
d(x, y)2)γ(x, y)dVg(x)dVg(y) +H(γ)−

∫
M

(∫
M

γ(x, y)dVg(x)− ρY (y)
)
β(y)dVg(y).

Recall that H(γ) =
∫
M×M

γ log(γ)dVg(x)dVg(y). Then, we have

lim
t→0

H(γ + tφ)−H(γ)

t
= lim

t→0

∫
M×M

(γ + tφ) log(γ + tφ)− γ log(γ)dVg(x)dVg(y)

t
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= lim
t→0

∫
M×M

φ log(γ + tφ) + φdVg(x)dVg(y)

=

∫
M×M

φ(log(γ) + 1)dVg(x)dVg(y).

For any function f , denote If (γ) =
∫
M×M

γ(x, y)f(x, y)dVg(x)dVg(y). We have

lim
t→0

If (γ + tφ)− If (γ)

t
= lim

t→0

∫
M×M

(γ + φt)f − γfdVg(x)dVg(y)

t

=

∫
M×M

φfdVg(x)dVg(y).

Thus the variation of Lagrangian is∫
M×M

φ ·
(
f(x) +

1

2η
d(x, y)2 + log(γ) + 1− β(y)

)
dVg(x)dVg(y).

We want the above to be zero for all φ. Thus we need f(x) + 1
2ηd(x, y)

2 + log(γ) + 1− β(y) = 0

which is equivalent to

γ(x, y) = e−f(x)+β(y)− 1
2η d(x,y)2−1.

This implies γ(x, y) ∝ eβ(y)−f(x)− 1
2η d(x,y)2 . Hence we can integrate with respect to the x variable

and get

ρY (y) =

∫
M

e−f(x)+β(y)− 1
2η d(x,y)2−1dVg(x) ∝ eβ(y)

∫
M

e−f(x)− 1
2η d(x,y)2dVg(x).

Therefore, we obtain

γ(x, y) ∝ ρY (y)
e−f(x)− 1

2η d(x,y)2∫
M

e−f(x)− 1
2η d(x,y)2dVg(x)

= ρY (y)π̃X|Y (x|y).

Proof. [Proof of Theorem 12] By definition we have

argmin
χ∈P2(M)

1

2η
W 2

2,2η(ρ̃
X
k , χ)

= argmin
χ∈P2(M):γ∈C(ρ̃X

k ,χ)

∫
M×M

1

2η
d(v, w)2γ(v, w)dVg(v)dVg(w) +H(γ).

By Lemma 24, we know the solution of

min
γ∈P2(M×M),γX=ρ̃X

k

∫
M×M

1

2η
d(x, y)2γ(x, y)dVg(x)dVg(y) +H(γ)

is γ(x, y) ∝ ρ̃Xk (x)e−
1
2η d(x,y)2 . Hence the Y -marginal of inexact proximal sampler satisfies

χ(y) =

∫
M

ρ̃Xk (x)e−
1
2η d(x,y)2dVg(x) =

∫
M

ρ̃Xk (x)π̃Y |X(y|x)dVg(x) = ρ̃k(y).

Similarly,

argmin
χ∈P2(M)

1

2η
W 2

2,2η(ρ̃
Y
k , χ) +

∫
fdχ

= argmin
χ∈P2(M):γ∈C(ρ̃X

k ,χ)

∫
M×M

(f(x) +
1

2η
d(v, w)2)γ(v, w)dVg(v)dVg(w) +H(γ),

and its solution is χ(x) =
∫
M

ρ̃Y (y)π̃X|Y (x|y)dVg(y) = ρ̃Xk+1(x).
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H Auxiliary results

H.1 Diffusion process on manifold

It is well known that the law of the following SDE dXt = −b(Xt)dt+ dBt is related to the Fokker-
Planck equation ∂tρt = div (ρtb(Xt) +

1
2 grad ρt). Here we provide a proof for completeness.

Lemma 25. Let Bt denote Brownian motion on a Riemannian manifold M . For SDE dXt =
−b(Xt)dt+ dBt, the corresponding Fokker-Planck equation is

∂tρt = div (ρtb(Xt) +
1

2
grad ρt).

Proof. The infinitesimal generator of the SDE is Lf = −⟨grad f, b⟩+ 1
2∆f Cheng et al. [2022]. We

compute the adjoint of L which is defined by
∫
M

fL∗hdVg =
∫
M

hLfdVg . By divergence theorem,
we have

1

2

∫
M

div (grad f)hdVg = −1

2

∫
M

⟨grad h, grad f⟩dVg =
1

2

∫
M

div (grad h)fdVg

−
∫
M

⟨grad f, bh⟩dVg =

∫
M

div (bh)fdVg.

Hence ∫
M

hLfdVg =

∫
M

−h⟨grad f, b⟩+ 1

2
h∆fdVg

=

∫
M

f div (bh) +
1

2
f∆hdVg =

∫
M

f(div (bh) +
1

2
∆h)dVg.

Thus we obtained L∗h = div (bh) + 1
2∆h. By Kolmogorov forward equation [Bakry et al., 2014,

Equation 1.5.2], we get

∂tρt = L∗ρt = div (b(Xt)ρt) +
1

2
∆ρt = div (b(Xt)ρt +

1

2
grad ρt).

We briefly mention some properties of Markov semigroup. The following results are from Bakry et al.
[2014, Section 1.2].

Definition 26. 1. Given a markov process, the assoicated markov semigroup (Pt)t≥0 is defined
as (for suitable f )

Ptf(x) = E[f(Xt)|X0 = x],∀t ≥ 0.

2. Let ρ be the law of X0, then P ∗
t ρ is the law of Xt. We have∫

M

Ptfdρ =

∫
M

fd(P ∗
t ρ).

3. Markov operators (Pt)t≥0 can be represented by kernels corresponding to the transition
probabilities of the associated Markov process:

Ptf(x) =

∫
M

f(y)pt(x, y)dVg(y),∀t ≥ 0, x ∈M.

Thus by definition, we have

E[f(Xt)|X0 = x] = Ptf(x) =

∫
M

f(y)pt(x, y)dVg(y).

39



H.2 Log-Sobolev inequality and heat flow

In the sampling literature, the log-Sobolev inequality is usually written in the following form:∫
M

f2 log f2dν −
∫
M

f2dν log

∫
M

f2dν ≤ 2

α

∫
M

∥ grad f∥2dν, ∀f

Hν(ρ) ≤
1

2α
Jν(ρ),∀ρ.

In the Euclidean setting, we know if µ1, µ2 satisfy α1, α2-LSI respectively, then their convolution
µ1 ∗ µ2 satisfies LSI with constant 1

1
α1

+ 1
α2

, see Chewi [2023, Proposition 2.3.7]. In particular, if

we take one of µ to be ν(t, x, y) (which is a Gaussian in the Euclidean setting), since the Gaussian
density satisfies LSI, we have the following result.

Fact 27. Consider Euclidean space. Let µ be a probability measure that satisfies α-LSI. Then its
propogation along heat flow, denoted by µt = µ ∗ νt, also satisfies LSI with constant 1

1
α+t

= α
1+tα .

Here νt denote the probability measure corresponding to heat flow for time t.

On a Riemannian manifold, the density for Brownian motion satisfies LSI.

Theorem 28. [Hsu, 1997, Theorem 3.1] Suppose M is a complete, connected manifold with RicM ≥
−c. Here c ≥ 0. Then for any smooth function on M , we have∫

M

f2 log |f |dνo,s ≤
ecs − 1

c
∥ grad f∥2νo,s

+ ∥f∥2νo,s
log ∥f∥νo,s

.

With κ = −c, we know the Brownian motion density for time t satisfies LSI with constant α = κ
1−e−κt .

As a special case M = Rd, we have c = 0. Hence, the LSI constant became limc→0
ect−1

c = t. That
is, (with ν representing the measure for Brownian motion with time t) Hν(ρ) ≤ t

2Iν(ρ),∀ρ. So the
LSI constant for Brownian motion is αν = 1

t .

In the following, we prove that on a Riemannian manifold, such a fact is still true. We follow the idea
by Collet and Malrieu [2008, Theorem 4.1]. For notations, we denote Γ(f) = Γ(f, f) = ∥ grad f∥2g .
We also require the following intermediate result.

Lemma 29 (Theorem 5.5.2 in Bakry et al. [2014]). For Markov triple with semigroup (Pt)t≥0, the
followings are equivalent:

1.
√
Γ(Psf) ≤ e−βsPs

√
Γ(f).

2. Ps(f log f)− Psf log(Psf) ≤ c(s)Ps(
Γ(f)
f ) where c(s) = 1−e−2βs

2β .

Corollary 30. With Pt denote manifold Brownian motion, we have

1.
√

Γ(Ptf) ≤ e−
κ
2 tPt

√
Γ(f).

2. Pt(f log f)− Ptf log(Ptf) ≤ c(t)Pt(
Γ(f)
f ) where c(t) = 1−e−κt

2κ .

Proof. [Proof of Corollary 30] For the second item, we can replace f by g2 for some g.∫
M

g2 log g2dνs −
∫
M

g2dνs log(

∫
M

g2dνs) ≤
1− e−2βs

2β

∫
M

(2g)2∥ grad g∥2

g2
dνs

= 4
1− e−2βs

2β

∫
M

∥ grad g∥2dνs.

Now we already know the manifold Brownian motion density νt satisfies κ
1−e−κt -LSI, i.e.,∫

M

f2 log f2dνt −
∫
M

f2dνt log

∫
M

f2dνt ≤ 2
1− e−κt

κ

∫
M

∥ grad f∥2dνt,∀f.
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So we know, with Pt representing manifold Brownian motion, Pt(f log f) − Ptf log(Ptf) ≤
c(t)Pt(

Γ(f)
f ), where

2
1− e−κt

κ
= 4

1− e−2βs

2β
.

Hence we know β can be taken as κ, s corresponds to 1
2 t. So we get

√
Γ(Ptf) ≤ e−

κ
2 tPt

√
Γ(f).

Proposition 31. Let M be a Riemannian manifold with Ricci curvature bounded below by κ. Let ρ0
be any initial distribution. Assume ρ0 satisfies LSI with constant 1

d0
:∫

M

g2 log g2dρ0 −
∫
M

g2dρ0 log

∫
M

g2dρ0 ≤ 2d0

∫
M

∥ grad g∥2dρ0,∀g.

Then the propagation of ρ0 along heat flow, denoted as ρt, satisfies LSI with constant

1

2c(t) + d0e−κt
=

κ

1− e−κt + κd0e−κt
=

κeκt

eκt − 1 + κd0
,

where c(t) = 1−e−κt

2κ . If κ ≥ 0, we have c(t) ≤ 1
2 t.

1

2c(t) + d0e−κt
≥ 1

t+ d0e−κt
≥ 1

t+ d0
.

Proof. [Proof of Proposition 31] Since ρ0 satisfies LSI with constant 1
d0

, equivalently with f replace
g2, we get∫

M

f log fdρ0 −
∫
M

fdρ0 log

∫
M

fdρ0 ≤ 2d0

∫
M

∥ grad
√
f∥2dρ0 =

d0
2

∫
M

∥ grad f∥2

f
dρ0.

For g > 0, using Corollary 30, we know the manifold Brownian motion (here represented by Pt)
satisfies

Pt(g log g)− Ptg log(Ptg) ≤ c(t)Pt(
Γ(g)

g
),

where c(t) = 1−e−κt

2κ . Using property of markov semigroup, we have∫
M

g log gdρt =

∫
M

Pt(g log g)dρ0 ≤ c(t)

∫
M

Pt(
Γ(g)

g
)dρ0 +

∫
M

Ptg log(Ptg)dρ0.

Hence ∫
M

g log gdρt −
∫
M

gdρt log

∫
M

gdρt

≤c(t)
∫
M

Pt(
Γ(g)

g
)dρ0 +

∫
M

Ptg log(Ptg)dρ0 −
∫
M

Pt(g)dρ0 log

∫
M

Pt(g)dρ0

≤c(t)
∫
M

Pt(
Γ(g)

g
)dρ0 +

d0
2

∫
M

Γ(Ptg)

Ptg
dρ0

≤c(t)
∫
M

Pt(
Γ(g)

g
)dρ0 +

d0
2
e−κt

∫
M

(Pt

√
Γ(g))2

Ptg
dρ0

≤c(t)
∫
M

Pt(
Γ(g)

g
)dρ0 +

d0
2
e−κt

∫
M

Pt(
Γ(g)

g
)dρ0

=
(
c(t) +

d0
2
e−κt

)∫
M

Pt(
Γ(g)

g
)dρ0 =

(
c(t) +

d0
2
e−κt

)∫
M

Γ(g)

g
dρt,

where the third inequality is due to Corollary 30, and in the last inequality we used Cauchy-Schwarz
inequality:

Pt(
Γ(f)

f
)Pt(f) = E[

∥ grad f∥2

f
]E[f ] ≥ E

[√∥ grad f∥2
f

f
]2

= E[∥ grad f∥]2
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= (Pt

√
Γ(f))2.

Hence we know ρt satisfies LSI with constant

1

2c(t) + d0e−κt
=

κ

1− e−κt + κd0e−κt
.

Note that we have limκ→0
1

2c(t)+d0e−κt = 1
t+d0

. This means that, we can recover the result for
Euclidean space in the limit.

H.3 Extension of Proposition 31 to Phi-Sobolev inequality

In the last subsection, we showed in Proposition 31 that on a Riemannian manifold, LSI is preserved
along the propagation of heat flow. In this subsection, we extend the result to the setting of Phi-
Sobolev inequality. We will prove the following proposition. This result will be useful for proving
convergence of the Riemannian proximal sampler under χ2 divergence and Poincaré inequality
(Theorem 6 item 2, the proof is in Appendix D.4 ).
Proposition 32. Let M be a Riemannian manifold with Ricci curvature bounded below by κ. Assume
ϕ : I → R is a C4 function and convex, where I is an interval of R. Further assume 1

ϕ′′ is concave
on I . Let ρ0 be any initial distribution. Assume ρ0 satisfies ϕ-entropy inequality [Bakry et al., 2014,
Section 7.6.1] with constant 1

d0
:∫

M

ϕ(g)dρ0 − ϕ(

∫
M

gdρ0) ≤
d0
2

∫
M

ϕ′′(g)Γ(g)dρ0,∀g.

Then the propagation of ρ0 along heat flow, denoted as ρt, satisfies ϕ-entropy inequality with constant

1

2c(t) + d0e−κt
=

κ

1− e−κt + κd0e−κt
=

κeκt

eκt − 1 + κd0
,

where c(t) = 1−e−κt

2κ .

We first present some useful lemmas.
Lemma 33. Let ϕ be such that − 1

ϕ′′(x) is convex. Then

Pt(Γ(g)ϕ
′′(g))

1

ϕ′′(Ptg)
≥ (Pt(

√
Γ(g)))2

In particular, when ϕ(x) = (x−1)2, we know− 1
ϕ′′(x) = −

1
2 is a constant, and therefore Pt(Γ(g)) ≥

(Pt(
√
Γ(g)))2.

Proof. Using Jensen’s inequality, since 1
ϕ′′(x) is concave, we have 1

ϕ′′(E[g]) ≥ E[ 1
ϕ′′(g) ].

Pt(Γ(g)ϕ
′′(g))

1

ϕ′′(g)
= E[Γ(g)ϕ′′(g)]

1

ϕ′′(E[g])

≥E[Γ(g)ϕ′′(g)]E[
1

ϕ′′(g)
] ≥ E[

√
Γ(g)]2 = (Pt(

√
Γ(g)))2

where in the last inequality we used Cauchy-Schwarz.

Lemma 34. For diffusion Markov triple with semigroup (Pt)t≥0, the followings are equivalent:

1. The curvature dimension CD(β,∞) holds for some β ∈ R.

2.
√

Γ(Psf) ≤ e−βsPs

√
Γ(f).

3. Ps(f log f)− Psf log(Psf) ≤ c(s)Ps(
Γ(f)
f ).

4. Ps(f
2)− (Ps(f))

2 ≤ 2c(s)Ps(Γ(f)).
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where c(s) = 1−e−2βs

2β . Furthermore, the first item implies Pt(ϕ(g))− ϕ(Ptg) ≤ c(t)Pt(ϕ
′′(g)Γ(g))

Proof. See Theorem 4.7.2 and Theorem 5.5.2 in Bakry et al. [2014], and Theorem 2.1 in Chafaï
[2004].

Corollary 35. With Pt denote manifold Brownian motion, we have

1.
√

Γ(Ptf) ≤ e−
κ
2 tPt

√
Γ(f).

2. Pt(f log f)− Ptf log(Ptf) ≤ c(t)Pt(
Γ(f)
f )

3. Ps(f
2)− (Ps(f))

2 ≤ 2c(t)Ps(Γ(f)).

4. Pt(ϕ(f))− ϕ(Ptf) ≤ c(t)Pt(ϕ
′′(f)Γ(f))

where c(t) = 1−e−κt

2κ .

Proof. [Proof of Corollary 35] For the second item, we can replace f by g2 for some g.∫
M

g2 log g2dνs −
∫
M

g2dνs log(

∫
M

g2dνs) ≤
1− e−2βs

2β

∫
M

(2g)2∥ grad g∥2

g2
dνs

= 4
1− e−2βs

2β

∫
M

∥ grad g∥2dνs.

Now we already know the manifold Brownian motion density νt satisfies κ
1−e−κt -LSI, i.e.,∫

M

f2 log f2dνt −
∫
M

f2dνt log

∫
M

f2dνt ≤ 2
1− e−κt

κ

∫
M

∥ grad f∥2dνt,∀f.

So we know, with Pt representing manifold Brownian motion, Pt(f log f) − Ptf log(Ptf) ≤
c(t)Pt(

Γ(f)
f ), where

2
1− e−κt

κ
= 4

1− e−2βs

2β
.

Hence we know β can be taken as κ, s corresponds to 1
2 t. So we get item 1, 3 and 4.

Now we are ready to prove Proposition 32

Proof. [Proof of Proposition 32]

For g > 0, using Corollary 35, we know the manifold Brownian motion (here represented by Pt)
satisfies

Pt(ϕ(g))− ϕ(Ptg) ≤ c(t)Pt(ϕ
′′(g)Γ(g)),

where c(t) = 1−e−κt

2κ . Using property of markov semigroup, we have∫
M

ϕ(g)dρt =

∫
M

Pt(ϕ(g))dρ0 ≤ c(t)

∫
M

Pt(ϕ
′′(g)Γ(g))dρ0 +

∫
M

ϕ(Ptg)dρ0.

Hence ∫
M

ϕ(g)dρt − ϕ(

∫
M

gdρt)

≤c(t)
∫
M

Pt(ϕ
′′(g)Γ(g))dρ0 +

∫
M

ϕ(Ptg)dρ0 − ϕ(

∫
M

Pt(g)dρ0)

≤c(t)
∫
M

Pt(ϕ
′′(g)Γ(g))dρ0 +

d0
2

∫
M

ϕ′′(Ptg)Γ(Ptg)dρ0

≤c(t)
∫
M

Pt(ϕ
′′(g)Γ(g))dρ0 +

d0
2
e−κt

∫
M

ϕ′′(Ptg)(Pt

√
Γ(g))2dρ0
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≤c(t)
∫
M

Pt(ϕ
′′(g)Γ(g))dρ0 +

d0
2
e−κt

∫
M

Pt(Γ(g)ϕ
′′(g))dρ0

=
(
c(t) +

d0
2
e−κt

)∫
M

Pt(ϕ
′′(g)Γ(g))dρ0 =

(
c(t) +

d0
2
e−κt

)∫
M

ϕ′′(g)Γ(g)dρt,

where the third inequality is due to Corollary 30, and in the last inequality we used Lemma 33.

Hence we know ρt satisfies ϕ-entropy inequality with constant

1

2c(t) + d0e−κt
=

κ

1− e−κt + κd0e−κt
.

We remark that the case ϕ(x) = (x− 1)2 recovers Poincaré inequality, and ϕ(x) = x log x recovers
log-Sobolev inequality.

H.4 Total variation distance

Lemma 36. For TV distance, we have

∥ρ(1) − ρ(2)∥TV := sup
A⊆M

|ρ(1)(A)− ρ(2)(A)| = 1

2

∫
M

|dρ
(1)

dVg
− dρ(2)

dVg
|dVg,

and

∥ρ(1) − ρ(2)∥TV =
1

2
sup

f :M→[−1,1]

|
∫

fdρ(1) −
∫

fdρ(2)|.

Proof. [Proof of Lemma 36] Denote the set at which supremum is achieved to be A∗ = {x ∈
M : ρ(2)(x) ≥ ρ(1)(x)}. Denote ρ(2), ρ(1) to be the measure, or corresponding probability density
function with respect to the Riemannian volumn form, when appropriate.∫

M

|ρ(2)(x)− ρ(1)(x)|dVg(x) =

∫
A

|ρ(2)(x)− ρ(1)(x)|dVg(x) +

∫
Ac

|ρ(2)(x)− ρ(1)(x)|dVg(x)

=

∫
A∗

|ρ(2)(x)− ρ(1)(x)|dVg(x) +

∫
Ac

∗

|ρ(2)(x)− ρ(1)(x)|dVg(x)

=

∫
A∗

ρ(2)(x)− ρ(1)(x)dVg(x) +

∫
Ac

∗

ρ(1)(x)− ρ(2)(x)dVg(x)

=ρ(2)(A∗)− ρ(2)(Ac
∗)− ρ(1)(A∗) + ρ(1)(Ac

∗) = 2ρ(2)(A∗)− 1− 2ρ(1)(A∗) + 1

=2(ρ(2)(A∗)− ρ(1)(A∗)) = 2∥ρ(2) − ρ(1)∥TV .

Now we prove the second equation.∣∣∣ ∫
M

fdρ(2) −
∫
M

fdρ(1)
∣∣∣ ≤ ∫

M

∣∣∣f(x)(ρ(2)(x)− ρ(1)(x))
∣∣∣dVg(x)

≤ sup
x∈M
|f(x)|

∫
M

|ρ(2)(x)− ρ(1)(x)|dVg(x)

=

∫
M

|ρ(2)(x)− ρ(1)(x)|dVg(x) = 2∥ρ(2) − ρ(1)∥TV .

When f = 1A∗ − 1Ac
∗
,∣∣∣ ∫

M

fdρ(2) −
∫
M

fdρ(1)
∣∣∣ = ∣∣∣ρ(2)(A∗)− ρ(2)(Ac

∗)− ρ(1)(A∗) + ρ(1)(Ac
∗)
∣∣∣

= 2ρ(2)(A∗)− 2ρ(1)(A∗) = 2∥ρ(2) − ρ(1)∥TV .
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Lemma 37. Let ρ(1), ρ(2) be probability measures. Let ρ(1)t , ρ
(2)
t denote propagation of ρ(1), ρ(2)

along heat flow on M , with ρ
(1)
0 = ρ(1), ρ(2)0 = ρ(2). We have

∥ρ(1)t − ρ
(2)
t ∥TV ≤ ∥ρ(1) − ρ(2)∥TV .

Proof. [Proof of Lemma 37] By definition we have that for all f ,

E[f(Xt)|X0 = x] = Ptf(x) =

∫
M

f(y)pt(x, y)dVg(y).

Assuming X0 ∼ ρ(1), we get∫
M

f(x)ρ
(1)
t (x)dVg(x) = E[f(Xt)] =

∫
Ptf(x)dρ

(1)(x)

=

∫
M

∫
M

f(y)pt(x, y)dVg(y)ρ
(1)(x)dVg(x)

=

∫
M

g(x)ρ(1)(x)dVg(x).

Where we denote
∫
M

f(y)pt(x, y)dVg(y) = g(x). Note that

|g(x)| ≤
∫
M

|f(y)|pt(x, y)dVg(y) ≤
∫
M

pt(x, y)dVg(y) = 1.

Hence

∥ρ(1)t − ρ
(2)
t ∥TV =

1

2
sup

f :M→[−1,1]

|
∫

fdρ
(1)
t −

∫
fdρ

(2)
t |

=
1

2
sup

f :M→[−1,1]

|
∫
M

∫
M

f(y)pt(x, y)dVg(y)ρ
(1)(x)dVg(x)

−
∫
M

∫
M

f(y)pt(x, y)dVg(y)ρ
(2)(x)dVg(x)|

=
1

2
sup

f :M→[−1,1]

|
∫
M

g(x)ρ(1)(x)dVg(x)−
∫
M

g(x)ρ(2)(x)dVg(x)|

≤1

2
sup

g:M→[−1,1]

|
∫
M

g(x)ρ(1)(x)dVg(x)−
∫
M

g(x)ρ(2)(x)dVg(x)|

=∥ρ(1) − ρ(2)∥TV .

I Concrete example: hypersphere

I.1 Truncation method on hypersphere

Let M be a hypersphere. Previously, we discussed some existing results which provided a bound on
the L2 norm of νl − ν. For hypersphere, we can derive a bound in L∞ norm, see subsection I.1.2.
We also consider the situation that the acceptance rate in rejection sampling might exceed 1, and
show that for such a situation, rejection sampling can still produce a high-accuracy sample.

Let VMBI(y), VRHK(x) denote the acceptance rate in rejection sampling. Recall that π̂Y |X ∝
νl(η, x, y) and π̂X|Y ∝ e−f(x)νl(η, x, y). In the actual rejection sampling implementation, if
for example in Brownian motion implementation, it happens that there exists y ∈M , s.t. V (y) > 1,
then the output for rejection sampling will not be equal to π̂Y |X . For such situations, denote
V MBI(y) = min{1, VMBI(y)} and V RHK(x) = min{1, VRHK(x)}. Note that V MBI(y) and V RHK(x)
are the actual acceptance rate in rejection sampling. we denote the corresponding rejection sampling
output by πY |X , πX|Y , respectively.
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Intuitively, the region Bx(r) near x carries most of the probability for both Riemannian Gaussian
distribution µ(t, x, y) as well as Brownian motion ν(t, x, y), when the variable t is suitably small.
Thus instead of choosing parameter to guarantee VRHK(x), VMBI(y) ≤ 1,∀x, y ∈ M , it suffices to
guarantee VRHK(x) ≤ 1,∀x ∈ By(r) and VMBI(y) ≤ 1,∀y ∈ Bx(r) for some r.

Let L1 be the Lipschitz constant of f . In the rejection sampling algorithm, we will use 1
η = L2

1d log
1
ζ

(i.e., η = 1
L2

1d log 1
ζ

), exp(−d(x,y)2

2(sη) ) = exp(− d(x,y)2

2( 1

L2
1(d−2) log 1

ζ

)
) as proposal Riemannian Gaussian

distribution.

Define

VMBI(y) :=
exp(log νl(η, x, y)− log νl(η, x, x) + CMBI)

exp(−d(x,y)2

2(sη) )
≤ 1, ∀y ∈ Bx(r),

VRHK(x) :=
exp(−f(x) + log νl(η, x, y) + f(y)− log νl(η, y, y) + CRHK)

exp(− 1
2td(x, y)

2)
≤ 1, ∀x ∈ By(r).

Lemma 38 (Nowak et al. [2019], Nowak [2025]). Let d denote the dimension, and ν denote the heat
kernel (that corresponds to ∂

∂tν(t, x, y) =
1
2∆ν(t, x, y)). For φ represent the size of neighborhood,

we have
c(φ, d)

t
d
2

exp(− 1

2t
d(x, y)2) ≤ ν(t, x, y) ≤ C(φ, d)

t
d
2

exp(− 1

2t
d(x, y)2),∀d(x, y) ≤ φ

Fix t = O( 1d ). When φ = O( 1d ), it holds that C(φ,d)
c(φ,d) = O(1). In this case, we denote C = C(φ, d)

and c = c(φ, d).

Proposition 39. Let M = Sd be a hypersphere. We set 1
η = L2

1d log
1
ζ as the step size of proximal

sampler, 1
t = L2

1(d− 2) log 1
ζ as the parameter for proposal (Riemannian Gaussian) distribution of

rejection sampling, and truncation level l = Poly (d2 Poly log 1
ζ ). There exists parameters

CMBI = −
d

2
log(2π)− log(C + 1), CRHK = − 1

2 log 1
ζ

− d

2
log(2π)− log(C + 1)

s.t. πX|Y , πY |X satisfy Assumption 1.

Proof. See Proposition 42 and Proposition 43.

Lemma 40. [Xu, 2019, Equation 17] Let (Md, g) be a complete manifold with Ricci curvature being
non-negative. Then we have

1

(2πt)
d
2

exp(−d(x, y)2

2t
) ≤ ν(t, x, y)

I.1.1 Proof of Proposition 39

It’s important to establish the order of a constant in algorithm first.

Lemma 41. There exists some CMBI = −d
2 log(2π)− log(C + 1) s.t.

− log νl(η, x, y) + log νl(η, x, x) ≥
d(x, y)2

2(sη)
+ CMBI

Consequently, for r =
√

4− 2
s

Cη
, we have

VMBI(y) :=
exp(log νl(η, x, y)− log νl(η, x, x) + CMBI)

exp(−d(x,y)2

2(sη) )
≤ 1,∀y ∈ Bx(r).

Proof. Recall that we require 1
η = Õ(log 1

ζ ).

Write 1
η = Cη log

1
ζ where Cη = L2

1d. Then we can write e
− 1

ηCη = ζ.
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1. Step 1 Consider neighborhood Bx(r0) with r20 = 2
Cη

. We have

νl(η, x, y) ≤ ν(η, x, y) + ζ ≤ C

η
d
2

exp(−d(x, y)2

2η
) + e

− 1
ηCη =

C

η
d
2

exp(−d(x, y)2

2η
)(1 + δ(x, η))

with δ(x, η) := e
− 1

ηCη

C

η
d
2

exp(− d(x,y)2

2η )
. For this δ, we can see that

δ(x, η) =
e
− 1

ηCη

C

η
d
2
exp(−d(x,y)2

2η )
= η

d
2

exp( 1η (
d(x,y)2

2 − 1
Cη

))

C
≤ 1

C
,∀y ∈ Bx(r0),

Hence C(1 + δ(x, η)) ≤ C + 1. which further implies

− log νl(η, x, y) ≥ − logC +
d

2
log η +

d(x, y)2

2η
− log(1 + δ(x, η))

≥ − log(C + 1) +
d

2
log η +

d(x, y)2

2sη
.

Now consider a slightly larger neighborhood where s > 1 will be set later: 1
Cη
≤ d(x,y)2

2 ≤
2− 1

s

Cη
, we have

δ(x, η) =
e
− 1

ηCη

C

η
d
2
exp(−d(x,y)2

2η )
≤ η

d
2

exp(
1− 1

s

ηCη
)

C
≤ 1

Cζ1−
1
s

,

so that when ζ is small, we have

log(1 + δ(x, η)) ≈ log δ(x, η) ≤ log
1

C
+ (1− 1

s
) log

1

ζ

= log
1

C
+

1− 1
s

ηCη
≤ log

1

C
+

1− 1
s

η

d(x, y)2

2
,∀ 1

Cη
≤ d(x, y)2

2
≤

2− 1
s

Cη
,

which further implies

− log νl(η, x, y) ≥ − logC +
d

2
log η +

d(x, y)2

2η
− log(1 + δ(x, η))

≥ − logC +
d

2
log η +

d(x, y)2

2η
− log

1

C
−

1− 1
s

η

d(x, y)2

2

≥ d

2
log η +

d(x, y)2

2(sη)

≥ − log(C + 1) +
d

2
log η +

d(x, y)2

2(sη)
.

Together, we conclude that for all y ∈ Bx(r),

− log νl(η, x, y) ≥ − log(C + 1) +
d

2
log η +

d(x, y)2

2(sη)
.

2. Step 2
We have ν(η, x, x) ≥ 1

(2πη)
d
2

and consequently

νl(η, x, x) ≥
1

(2πη)
d
2

− ζ ≈ 1

(2πη)
d
2

.

Thus for all y ∈ Bx(r), for some constant C we have

− log νl(η, x, y) + log νl(η, x, x) ≥ − log(C + 1) +
d

2
log η +

d(x, y)2

2(sη)
− d

2
log η − d

2
log(2π)

=
d(x, y)2

2(sη)
− d

2
log(2π)− log(C + 1)
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Therefore there exists some CMBI = −d
2 log(2π)− log(C + 1) s.t.

VMBI(y) :=
exp(log νl(η, x, y)− log νl(η, x, x) + CMBI)

exp(−d(x,y)2

2(sη) )
≤ 1,∀y ∈ Bx(r).

Proposition 42. Let M be hypersphere Sd so that the truncation error bound can be proved in L∞.
Consider Algorithm 3 with t = ηs where s = d

d−2 > 1 is a constant that does not depend on η, ζ. For
small ζ , the error for inexact rejection sampling with νl is of order ζ , i.e., ∥π̂Y |X−πY |X∥TV = Õ(ζ).
Hence by triangle inequality, ∥πY |X − πY |X∥TV = Õ(ζ).

Proof. [Proof of Proposition 42]

Now we have for all y ∈ Bx(r),

− log νl(η, x, y) + log νl(η, x, x) ≥
d(x, y)2

2(sη)
+ CMBI.

This implies,

exp(log νl(η, x, y)− log νl(η, x, x) + CMBI) ≤ exp(−d(x, y)2

2(sη)
).

Hence we have

VMBI(y) :=
exp(log νl(η, x, y)− log νl(η, x, x) + C7)

exp(−d(x,y)2

2(sη) )
≤ 1,∀y ∈ Bx(r).

Recall that µ denote the density for Riemannian Gaussian distribution. We compute

µ(sη, x, y)
VMBI(y)

Eµ(sη,x,y)VMBI(y)
=

VMBI(y)∫
M

VMBI(y)µ(sη, x, y)dVg(y)
µ(sη, x, y)

=
VMBI(y)µ(sη, x, y)∫

M
exp(log νl(η,x,y)−log νl(η,x,x)+C7)

exp(− d(x,y)2

2(sη)
)

µ(sη, x, y)dVg(y)

=
exp(log νl(η, x, y)− log νl(η, x, x) + C7)∫

M
exp(log νl(η, x, y)− log νl(η, x, x) + C7)dVg(y)

=
νl(η, x, y)∫

M
νl(η, x, y)dVg(y)

=: π̂Y |X .

Thus the desired rejection sampling output can be written as

π̂Y |X = µ(sη, x, y)
VMBI(y)

Eµ(sη,x,y)VMBI(y)
.

On the other hand we denote VMBI(y) = min{1, VMBI(y)}, and the actual rejection sampling output
is πY |X = µ(sη, x, y) VMBI(y)

Eµ(sη,x,y)VMBI(y)
. Following Fan et al. [2023, Proof of Theorem 6], we get

∥π̂Y |X − πY |X∥TV ≤ E
exp(− d(x,y)2

2(sη)
)
[| VMBI

E[VMBI]
− VMBI

E[VMBI]
|]

≤ 2E[|VMBI − VMBI|]
|E[VMBI]|

.

We aim to derive an upper bound for 2E[|VMBI−VMBI|]
|E[VMBI]|

. Note that

E[|VMBI|] ≥
∫
Bx(r)

exp(log νl(η, x, y)− log νl(η, x, x) + CMBI)

exp(−d(x,y)2

2(sη) )

exp(−d(x,y)2

2(sη) )∫
M

exp(−d(x,y)2

2(sη) )dVg(y)
dVg(y)
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=
1∫

M
exp(−d(x,y)2

2(sη) )dVg(y)

∫
Bx(r)

exp(log νl(η, x, y)− log νl(η, x, x) + CMBI)dVg(y).

and similarly

E[|VMBI − VMBI|] =Eµ(sη,x,y)[
exp(log νl(η, x, y)− log νl(η, x, x) + CMBI)

exp(−d(x,y)2

2(sη) )
1VMBI(y)>1]

=
1∫

M
exp(−d(x,y)2

2(sη) )dVg(y)

∫
{VMBI(y)>1}

exp(log νl(η, x, y)− log νl(η, x, x) + CMBI)dVg(y).

Hence we only need to bound

2E[|VMBI − VMBI|]
|E[VMBI]|

≤ 2

∫
{VMBI(y)>1} exp(log νl(η, x, y)− log νl(η, x, x) + CMBI)dVg(y)∫

Bx(r)
exp(log νl(η, x, y)− log νl(η, x, x) + CMBI)dVg(y)

= 2

∫
{VMBI(y)>1}

νl(η,x,y)
νl(η,x,x)

dVg(y)∫
Bx(r)

νl(η,x,y)
νl(η,x,x)

dVg(y)
= 2

∫
{VMBI(y)>1} νl(η, x, y)dVg(y)∫

Bx(r)
νl(η, x, y)dVg(y)

≤ 2

∫
{VMBI(y)>1} ζ + Poly ( 1η ) exp(−

d(x,y)2

2η )dVg(y)∫
Bx(r)

νl(η, x, y)dVg(y)

≤ 2

∫
{ d(x,y)2

2 >
2− 1

s
Cη

}
ζ + Poly ( 1η ) exp(−

d(x,y)2

2η )dVg(y)∫
Bx(r)

νl(η, x, y)dVg(y)
= O(ζ)

We used νl(η, x, y) ≤ ζ + ν(η, x, y) In the last equality, note that when d(x,y)2

2 >
2− 1

s

Cη
, it holds that

exp(−d(x, y)2

2η
) ≤ exp(−

2− 1
s

ηCη
) = ζ2−

1
s

and then we know ζ2−
1
s Poly ( 1η ) = O(ζ) because for small ζ, the term ζ1−

1
s Poly ( 1η ) = O(1).

We used lower bound
∫
Bx(r)

νl(η, x, y)dVg(y):∫
Bx(r)

ν(η, x, y)dVg(y) ≥
∫
Bx(r)

1

(2πη)
d
2

exp(−d(x, y)2

2η
)dVg(y)

and for the choice of r, we know this is lower bounded by a constant.

Proposition 43. Let M be hypersphere Sd. Consider Algorithm 2 with 1
η = L2

1d log
1
ζ and 1

t =

L2
1(d − 2) log 1

ζ . For small ζ, the error for inexact rejection sampling with νl is of order ζ, i.e.,

∥π̂X|Y − πX|Y ∥TV = Õ(ζ).

Proof. [Proof of Proposition 43]

1. Step 1 Set s = d
d−1 in Lemma 41. Let 1

η = L2
1d log

1
ζ , Cη = L2

1d. Note that we have

r2/2 =
2− d−1

d

L2
1d

= d+1
L2

1d
2 and 1

t = L2
1(d − 2) log 1

ζ . Note that t = d
d−2η. We know, for all

x ∈ Br(y), we have

− log νl(η, x, y) + log νl(η, y, y) ≥
d(x, y)2

2(sη)
+ CMBI.

We want to find CRHK so that the previously defined t = d
d−2η can be the variable

for proposal distribution, i.e., we need f(x) − log νl(η, x, y) − f(y) + log νl(η, y, y) ≥
1
2td(x, y)

2 + CRHK to hold for all x ∈ Br(y). Hence we require

d(x, y)2

2( d
d−1η)

+ CMBI −
d(x, y)2

2t
− L1d(x, y) ≥ CRHK
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Note that

d(x, y)2

2( d
d−1η)

− d(x, y)2

2t
− L1d(x, y) + CMBI

=
d(x, y)2

2
(L2

1 log
1

ζ
)− L1d(x, y) + CMBI ≥ −

1

2 log 1
ζ

+ CMBI,

where in the last inequality we take d(x, y) = 1
L1 log 1

ζ

. Also note that when ζ is small,

| − 1
2 log 1

ζ

| is small. We can just take CRHK = − 1
2 log 1

ζ

+ CMBI ≈ CMBI.

Hence there exists constant CRHK = − 1
2 log 1

ζ

− d
2 log(2π)−log(C+1) s.t. for all x ∈ By(r),

f(x)− log νl(η, x, y)− f(y) + log νl(η, y, y)− CRHK ≥
1

2t
d(x, y)2.

2. Step 2
Denote

VRHK(x) =
exp(−f(x) + log νl(η, x, y) + f(y)− log νl(η, y, y) + CRHK)

exp(− 1
2td(x, y)

2)

and V RHK(x) = min{1, VRHK(x)}. Recall that the desired rejection sampling output can be
written as π̂X|Y = µ(t, x, y) VRHK(x)

Eµ(t,x,y)VRHK(x)
. On the other hand the actual rejection sampling

output is πX|Y = µ(t, x, y) VRHK(x)

Eµ(t,x,y)VRHK(x)
. Following Fan et al. [2023, Proof of Theorem

6], we get

∥π̂X|Y − πX|Y ∥TV ≤ E
exp(− d(x,y)2

2t )
[| VRHK

E[VRHK]
− VRHK

E[VRHK]
|]

≤ 2E[|VRHK − VRHK|]
|E[VRHK]|

.

we only need to bound

2E[|VRHK − VRHK|]
|E[VRHK]|

≤ 2

∫
{VRHK(y)>1} exp(−f(x) + f(y) + log νl(η, x, y)− log νl(η, y, y) + CRHK)dVg(x)∫

Bx(r)
exp(−f(x) + f(y) + log νl(η, x, y)− log νl(η, y, y) + CRHK)dVg(x)

= 2

∫
{VRHK(y)>1} exp(−f(x) + f(y) + log νl(η, x, y))dVg(x)∫

Bx(r)
exp(−f(x) + f(y) + log νl(η, x, y))dVg(x)

≤ 2

∫
{VRHK(y)>1} exp(L1d(x, y))

(
ν(η, x, y) + ζ

)
dVg(x)∫

Bx(r)
exp(−L1d(x, y))νl(η, x, y)dVg(x)

So it suffices to upper bound∫
{VRHK(y)>1}

exp(L1d(x, y))ν(η, x, y)dVg(x)

We need a sharper bound for distant points. With 1
T = L2

1(d− 0.5) log 1
ζ , we have

− f(x) + f(y) + log ν(η, x, y) +
1

2T
d(x, y)2

≤L1d(x, y) + log Poly (
1

η
)− d(x, y)2

2η
+

1

2
d(x, y)2(L2

1(d− 0.5) log
1

ζ
)

≤L1d(x, y) + log Poly (
1

η
)− d(x, y)2

2

1

2
L2
1 log

1

ζ

≤ 1

log 1
ζ

+ log Poly (
1

η
),
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where in the last inequality we set d(x, y) = 2
L1 log 1

ζ

Hence ∫
{VRHK(y)>1}

exp(Ld(x, y))ν(η, x, y)dVg(x)

≤
∫
{VRHK(y)>1}

exp(
1

log 1
ζ

+ log Poly (
1

η
)− 1

2T
d(x, y)2)dVg(x)

≤Poly (
1

η
)

∫
{VRHK(y)>1}

exp(− 1

2T
d(x, y)2)dVg(x)

≤Poly (
1

η
) exp(−(d+ 1

d
)(
d− 0.5

d
log

1

ζ
))

=O(Poly (1
η
)ζ

d2+0.5d−0.5

d2 ) = O(ζ)

Here we used the fact that d2+0.5d−0.5
d2 > 1.

Proposition 44. Let R =
√
2

L
√
d

. The cost for rejection sampling as in Proposition 39 is O(1) number
of rejections, in ζ and dimension.

Proof. [Proof of Proposition 44]

Step 1: We first show that in a local neighborhood we have

− log νl(η, x, y) + log νl(η, x, x) ≤
d(x, y)2

2η
+ Const

We have that

νl(η, x, y) ≥ ν(η, x, y)− ζ ≥ c

η
d
2

exp(−d(x, y)2

2η
)− e

− 1
ηCη

=
c

η
d
2

exp(−d(x, y)2

2η
)(1− δ(x, η))

where Cη = L2
1d so that 1

η = Cη log
1
ζ .

We have that for d(x, y)2 ≤ 2
Cη

,

δ(x, η) =
e
− 1

ηCη

c

η
d
2
exp(−d(x,y)2

2η )
= η

d
2

exp( 1η (
d(x,y)2

2 − 1
Cη

))

c
≤ η

d
2

c
.

Thus we can assume W.L.O.G. that δ(x, η) < Cδ < 1 is small enough s.t. log(1 − δ(x, η)) is of
constant order, for all d(x, y)2 ≤ 2

Cη
. Then we have

− log νl(η, x, y) ≤ − log c+
d

2
log η +

d(x, y)2

2η
− log(1− δ(x, η))

≤ d

2
log η +

d(x, y)2

2η
− log c, ∀d(x, y)2 ≤ 2

Cη

On the other hand, when x = y, we have ν(η, x, x) ≤ C

η
d
2

.

νl(η, x, x) ≤
C

η
d
2

+ ζ =
C

η
d
2

+ e
− 1

ηCη ≲
C

η
d
2

,
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observing that e−
1

ηCη = ζ ≤ Cη log
1
ζ = 1

η . Thus we have

log νl(η, x, x) ≤ logC − d

2
log η.

Hence for C, c we have
− log νl(η, x, y) + log νl(η, x, x)

≤d

2
log η +

d(x, y)2

2η
− log c+ logC − d

2
log η =

d(x, y)2

2η
+ log

C

c
, ∀d(x, y)2 ≤ 2

Cη
.

Step 2: This step is similar to Proposition 48. With the first step, we see that

f(x)− f(y)− log νl(η, x, y) + log νl(η, x, x)− CRHK ≤ L1d(x, y) +
d(x, y)2

2η
+ log

C

c

where CRHK = −d
2 log(2π)− log(C + 1)− 1

2 log 1
ζ

, and c can be taken as 1

(2π)
d
2

.

With η = 1
L2

1d log 1
ζ

and T = 1
L2

1(d+1) log 1
ζ

, viewing left hand side as a quadratic function of d(x, y)
we get

L1d(x, y) +
d(x, y)2

2η
− d(x, y)2

2T
≤ 1

2 log 1
ζ

Thus we have
f(x)− f(y)− log νl(η, x, y) + log νl(η, x, x)− CRHK

≤L1d(x, y) +
d(x, y)2

2η
+ log

C

c
≤ 1

2 log 1
ζ

+
d(x, y)2

2T
+ log

C

c

The neighborhood for which the bound is valid is d(x, y)2 ≤ 2
Cη

, i.e., a ball with radius R =
√
2

L
√
d

.

We have that ( R
sinR )d−1 = O(1). This allows us to do as exactly in Proposition 49 (with t from

Proposition 39) to show the rejection sampling procedure finishes withO(1) number of rejections.

Proof. [Proof of Corollary 10] Using Pinsker’s inequality, we have

∥ρXk − πX∥TV ≤
√

1

2
HπX (ρXk ) ≤

√
1

2

HπX (ρX0 )

(1 + ηα)2k
≤ 1

2
ε.

We want to bound ∥ρXk − πX∥TV ≤ 1
2ε. It suffices to have HπX (ρX

0 )

(1+ηα)2k
≤ 1

2ε
2. Hence we need

log(
2HπX (ρX

0 )

ε2 ) ≤ 2k log(1 + ηα), i.e., k = O

(
log

H
πX (ρX0 )

ε2

log(1+ηα)

)
.

For small step size η, we have 1
log(1+ηα) = O( 1

ηα ). Hence k = O
(

1
ηα log

HπX (ρX
0 )

ε2

)
=

Õ( 1
αη log 1

ε ).

Using Proposition 44, by setting 1
η = L2

1d log
1
ζ , the expected number of rejections in rejection

sampling isO(1). We pick ζ = αε
L2

1d log2 1
ε

and consequently 1
η = L2

1d log
L2

1d log2 1
ε

αε = Õ(L2
1d log

1
ε ).

It follows that

k = O( 1

αη
log

1

ε
) = Õ(L

2
1d

α
log2

1

ε
).

The result then follows from triangle inequality:

∥ρ̃Xk − πX∥TV ≤ ∥ρ̃Xk − ρXk ∥TV + ∥ρXk − πX∥TV ≤ k(ζRHK + ζMBI) +
1

2
ε = Õ(ε)

where from Proposition 39, we can set the ε to be ζ
k , so that kζ = Õ

(
L2d
α (log2 1

ε )
αε

L2d log2 1
ε

)
=

Õ(ε).
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I.1.2 Heat kernel truncation: hypersphere

In this subsection, we show that on hyperspheres Sd, the truncation error bound ∥ν − νL∥∞ = Õ(ζ)
can be achieved with truncation level L = Õ(Poly (log 1

ε )). As proved in Zhao and Song [2018], the
heat kernel on Sd can be written as the following uniformly convergent series (with φ := ⟨x, y⟩Rd+1 )

ν(η, x, y) =

∞∑
k=0

exp(−k(k + d− 1)t

2
)
2k + d− 1

(d− 1)ASd

C
(d−1)/2
k (cos(φ)),

where Cα
l are the Gegenbauer polynomials. Define

Ml =
Γ( l+d−1

2 )

Γ(d−1
2 )Γ( l

2 + 1)
+

∣∣∣∣∣ Γ(l + d− 1)

Γ(d− 1)Γ(l + 1)
−

Γ( l+d−1
2 )

Γ(d−1
2 )Γ( l

2 + 1)

∣∣∣∣∣ .
Such Ml is constructed to be an upper bound for Gegenbauer polynomials; see Zhao and Song
[2018, Proof of Theorem 1]. The following proposition is directly implied by Zhao and Song [2018,
Theorem 1], and we provide a proof for completeness.
Lemma 45. For l = Θ(d2), we have

Ml+1

Ml
≤ (l + d− 1)d−2

(l + 1)d−2

and consequently Ml+1

Ml
= O(1).

Proof. For l = Θ(d2), we have (by definition of M and Gamma function) Ml = (l+d−2)!
(d−2)!l! and

Ml+1 = (l+1+d−2)!
(d−2)!(l+1)! . Hence Ml =

(l+d−2)!
(d−2)!l! ≥

(l+1)d−2

(d−2)! and Ml+1 = (l+1+d−2)!
(d−2)!(l+1)! ≤

(l+d−1)d−2

(d−2)!

Then we have (note that l = Θ(d2))

Ml+1

Ml
≤ (l + d− 1)d−2

(l + 1)d−2
= (1 +

d− 2

l + 1
)d−2 = O((1 + 1

d
)d) = O(1)

Proposition 46. Let M = Sd be a hypersphere. For truncation level L = Θ(d2 Poly (log 1
ε )), we

can achieve |ν(η, x, y)− νL(η, x, y)| = Õ(ζ),∀x, y ∈ Sd.

Proof. [Proof of Proposition 46] Throughout the proof, we denote φ = ⟨x, y⟩Rd+1 . The parameters

Ml satisfies |C
d−2
2

l (x)| ≤Ml according to Zhao and Song [2018, Proof of Theorem 1]. Hence, we
have

|ν(η, x, y)− νL(η, x, y)|

=|
∞∑

l=L+1

exp(− l(l + d− 1)η

2
)
2l + d− 1

(d− 1)ASd

C
(d−1)/2
l (cos(φ))|

≤
∞∑

l=L+1

exp(− l(l + d− 1)η

2
)
(2l + d− 1)Ml

(d− 1)ASd

.

Observe that for all l ≥ L+ 1, since for large L (that depends on dimension) we have Ml+1

Ml
= O(1);

see, also, Zhao and Song [2018, Proof of Theorem 1]. Hence,

Ql :=
exp(− (l+1)(l+1+d−1)η

2 )(2l + d+ 1)Ml+1

exp(− l(l+d−1)η
2 )(2l + d− 1)Ml

=
2l + d+ 1

2l + d− 1
exp(− (d+ 2l)η

2
)
Ml+1

Ml

=O(exp(− (2l + d)η

2
)
Ml+1

Ml
)

=O(exp(− (2L+ 2 + d)η

2
)) = O(exp(−Lη)) = O(ζ).
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Algorithm 6 Riemannian Gaussian on hypersphere through rejection sampling
Input xx∗ ∈ Sd. Require t ≤ 6

(d+1)2 .
for i = 0, 1, 2, ... do

Generate proposal v ∝ e−
1
2t∥v∥

2

(in Euclidean space), repeat until ∥v∥ ≤ π.
Generate u uniformly on [0, 1].

Return v if u ≤
e−

1
2t

|v|2 (
sin |v|
|v| )d−1

e−
1
2t

|v|2

end for
Generate E to be an orthonormal basis for TxSd, set v ← v ◦ E ∈ TxSd.
Output sample y = expx∗(v)

For the last line, note that with L = Poly (log 1
ζ ) and η = 1

C log 1
ε

, we have that Lη = Poly (log 1
ζ ).

This implies exp(−Lη) = O(exp(log ζ)) = O(ζ). Now we compute the truncation error.

|ν(η, x, y)− νL(η, x, y)|

=|
∞∑

l=L+1

exp(− l(l + d− 1)η

2
)
2l + d− 1

(d− 1)ASd

C
(d−1)/2
l (cos(φ))|

≤ 1

(d− 1)ASd

∞∑
l=L+1

exp(− l(l + d− 1)η

2
)(2l + d− 1)Ml

≤ 1

(d− 1)ASd

exp(− (L+ 1)(L+ 1 + d− 1)η

2
)(2L+ d+ 1)

(L+ d− 1)d−2

(d− 2)!

1

1−Q

=Õ(exp(− (L+ 1)(L+ d)η

2
)(2L+ d+ 1)

(L+ d− 1)d−2

(d− 2)!
)

=Õ(exp(−L2η) Poly (L)) = Õ(exp(−Poly (log
1

ζ
)) Poly (log

1

ζ
)) = Õ(ζ).

I.2 Sampling from the Riemannian Gaussian distribution on hypersphere

We show that Riemannian Gaussian distribution on hypersphere can be generated efficiently through
rejection sampling (Algorithm 6).

Note that Algorithm 6 first generate a Euclidean Gaussian v in the tangent space, which is guaranteed
to satisfy ∥v∥ ≤ π. Its density can be computed exactly under the normal coordinates. Then
we perform rejection sampling to get samples v s.t. expx∗(v) follow the Riemannian Gaussian
distribution µ(t, x∗, ·) exactly.
Proposition 47. On hypersphere Sd, when t = O( 1

d2 ), Algorithm 6 output a sample following
Riemannian Gaussian distribution µ(t, x∗, y) ∝ exp(− 1

2td(x
∗, y)2), with iteration complexity O(1).

Proof. First note that when we generate a tangent space Gaussian restricted to ∥x∥ ≤ π, under
normal coordinates the corresponding density would be ∝ e−

1
2t |x|

2

, x ∈ B0(π).

Recall that the Riemannian metric g of Sd under normal coordinates satisfies
√
det g = ( sin |y|

|y| )d−1.
For Riemannian Gaussian distribution, we change it from Riemannian volume measure to the measure
in local coordinates, and under the local coordinates, it has density

∝ exp(− 1

2t
|x|2)

√
det g = exp(− 1

2t
|x|2)( sin |x|

|x|
)d−1

Therefore we can compute the number of expected rejections as∫
B0(π)

e−
1
2t |x|

2

dx∫
B0(π)

e−
1
2t |x|2( sin |x|

|x| )d−1dx
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Recall that with R =
√

6
1+d , we know ( R

sinR )d−1 = O(1). Then we have∫
B0(π)

e−
1
2t |x|

2

(
sin |x|
|x|

)d−1dx ≥ (
sinR

R
)d−1

∫
B0(R)

e−
1
2t |x|

2

dx

Then we get ∫
B0(π)

e−
1
2t |x|

2

dx∫
B0(π)

e−
1
2t |x|2( sin |x|

|x| )d−1dx
≤ (

R

sinR
)d−1

∫
B0(π)

e−
1
2t |x|

2

dx∫
B0(R)

e−
1
2t |x|2dx

=O( (2πt)
d
2

(2πt)
d
2 (1− exp(− 1

2 (
R2

t − d)))
) = O(1)

As long as R2

t − d ≥ 1, i.e, t ≤ 6
(1+d)2 , the last equality holds.

I.3 Varadhan’s asymptotics

We consider the approximation scheme introduced in Section A.2 using Varadhan’s asymptotics. Let
φ(x) = 1

2ηd(x, y)
2. Intuitively, we want to see how the function φ can improve the convexity of

f + φ.

On a manifold with positive curvature, we consider the situation that we cannot compute the minimizer
of g(x) = f(x) + 1

2ηd(x, y)
2, and instead use y as the approximation of it. Notice that when η

is small, since f(x) is uniformly bounded, the function g(x) is dominated by 1
2ηd(x, y)

2, thus the
minimizer of g will be close to y. Therefore it is reasonable to use y as an approximation of the mode
of e−g(x). Then in rejection sampling, we use µ(t, y, x) as the proposal.

Let L1 be the Lipschitz constant of f . In the next proposition, we show that for some constant Cε,
with certain choices of η and t, it holds that

f(x) +
1

2η
d(x, y)2 − f(y) +

Cε

2
≥ 1

2t
d(x, y)2.

Consequently, the acceptance rate defined by

V (x) :=
exp(−f(x) + f(y)− 1

2ηd(x, y)
2 − Cε

2 )

exp(− 1
2td(x, y)

2)
,

is guaranteed to be bounded by 1. Then, in Proposition 49 we show that the expected number of
rejections is O(1) in dimension d and step size η.

Proposition 48. Let f be L1-Lipschitz and Cε be some constant. Take η = Cε

L2
1d

. With T = Cε

L2
1(d+1)

and t = Cε

L2
1(d−1)

, it holds that

1

2T
d(x, y)2 + Cε ≥ f(x) +

1

2η
d(x, y)2 − f(y) +

Cε

2
≥ 1

2t
d(x, y)2.

Consequently, the acceptance rate is bounded by 1, i.e., V (x) ≤ 1,∀x ∈M .

Proof. [Proof of Proposition 48] Since f is L1-Lipschitz, we have ∥ grad f(x)∥ ≤ L1. Then we
have L1d(x, y) ≥ f(x)− f(y) ≥ −L1d(x, y).

1. The lower bound: The goal is to find some t > 0 and constant C such that

f(x) +
1

2η
d(x, y)2 − f(y) + C ≥ 1

2t
d(x, y)2.

It suffices to find t, C such that

1

2η
d(x, y)2 − 1

2t
d(x, y)2 − L1d(x, y) + C ≥ 0.
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The left hand side can be viewed as a quadratic function of d(x, y). When d(x, y) = L1
1
η− 1

t

,

the left hand side is minimized, and the mimimum is − 1
2

L2
1

1
η− 1

t

+ C. Hence we can take

C = 1
2

L2
1

1
η− 1

t

. Take η = Cε

L2
1d

and t = Cε

L2
1(d−1)

. Then we have C = 1
2

L2
1

1
η− 1

t

= Cε

2 .

2. The upper bound: For an upper bound, we want some T ≤ η for which we want to show
that

f(x) +
1

2η
d(x, y)2 − f(y)− Cε

2
≤ L1d(x, y) +

1

2η
d(x, y)2 − Cε

2
≤ 1

2T
d(x, y)2.

Similar as before, it suffices to show

(
1

2η
− 1

2T
)d(x, y)2 + L1d(x, y)−

Cε

2
≤ 0.

The left hand side is maximized at d(x, y) = L1
1
T − 1

η

, with maximum 1
2

L2
1

1
T − 1

η

− Cε

2 . Take

T = Cε

L2
1(d+1)

. We can then verify that

1

2

L2
1

1
T −

1
η

− Cε

2
=

1

2

L2
1

L2
1/Cε

− Cε

2
= 0.

3. Combining the two steps: From the above two steps, we get

1

2T
d(x, y)2 + Cε ≥ f(x) +

1

2η
d(x, y)2 − f(y) +

Cε

2
≥ 1

2t
d(x, y)2.

In the following proposition, we show that on a hypersphere (where the Riemannian metric in normal
coordinates is well studied), the expected number of rejections which equals to∫

M
exp(− 1

2td(x, y)
2)dVg(x)∫

M
exp(−f(x) + f(y)− 1

2ηd(x, y)
2 − Cε

2 )dVg(x)
,

which is independent of dimension and accuracy.
Proposition 49. Let M be hypersphere. Set Cε = 1

log 1
ε

. Assume without loss of generality that

L1 ≥ max{1, d+1√
6
}. Then with η = Cε

L2
1d

and t = Cε

L2
1(d−1)

, for small ε, the expected number of
rejections is O(1) in both dimension and ε.

Proof. Let T = Cε

L2
1(d+1)

. We try to bound the expected number of rejections. We compute it as
follows: ∫

M
exp(− 1

2td(x, y)
2)dVg(x)∫

M
exp(−f(x) + f(y)− 1

2ηd(x, y)
2 − Cε

2 )dVg(x)
≤

∫
M

exp(− 1
2td(x, y)

2)dVg(x)∫
M

exp(− 1
2T d(x, y)

2 − Cε)dVg(x)
.

Using Li and Erdogdu [2023, Lemma 8.2] and Li and Erdogdu [2023, Lemma C.5], when β ≥ d
R2 ,

using Riemannian normal coordinates we have the following lower bound on the integral:∫
M

exp(−β

2
d(x, y)2)dVg(x) ≥

∫
By(R)

exp(−β

2
d(x, y)2)dVg(x)

≥ (
sinR

R
)d−1(

2π

β
)

d
2 (1− exp(−1

2
(βR2 − d))),

where By(R) denote the geodesic ball centered at y with radius R.

On the other hand, we have∫
M

exp(− t

2
d(x, y)2)dVg(x) ≤

∫
Bπ(0)

exp(− t

2
|x|2)dx ≤ (

2π

t
)

d
2 .
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We next find a suitably small R which only depends on dimension, for which we have R
sinR ≤

1 + 1
d . Using Taylor series for sin(R), we have R

sinR ≈
R

R−R3

6

. Hence for R2 ≤ 6
1+d , we have

(approximately) R
sinR ≤ 1 + 1

d . Consequently we set R =
√

6
1+d , and we know ( R

sinR )d−1 = O(1).

Combining the bounds discussed previously, we have∫
M

exp(− 1
2td(x, y)

2)dVg(x)∫
M

exp(− 1
2T d(x, y)

2 − Cε)dVg(x)

≤eCε(
R

sinR
)d−1 (2πt)

d
2

(2πT )
d
2 (1− exp(− 1

2 (
L2

1(d+1)
Cε

R2 − d)))

≤eCε+1(
t

T
)

d
2

1

1− exp(− 1
2 (

L2
1(d+1)
Cε

R2 − d))
= eCε+1(

d+ 1

d− 1
)

d
2

1

1− exp(− 1
2 (

L2
1(d+1)
Cε

R2 − d))
.

For small ε, we have Cε ≤ 1. Since we assumed L1 ≥ 1 and L2
1 ≥ d+1

6 , we have

1 − exp(− 1
2 (

L2
1(d+1)
Cε

R2 − d)) ≥ 1 − exp(− 1
2 (

(d+1)2

6
6

d+1 − d)) ≥ 1 − exp(− 1
2 ). As a result,

we see that the expect number of rejections is of order O(1):∫
M

exp(− 1
2td(x, y)

2)dVg(x)∫
M

exp(− 1
2T d(x, y)

2 − 1)dVg(x)
≤ e2

1− exp(− 1
2 )

(
d+ 1

d− 1
)

d
2 ≤ 20(

d+ 1

d− 1
)

d
2 .

Observe that ( d+1
d−1 )

d
2 = (1 + 1

(d−1)/2 )
( d−1

2 + 1
2 ) = O(1).
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