Understanding Incremental Learning of Gradient Descent:
A Fine-grained Analysis of Matrix Sensing

Jikai Jin! Zhiyuan Li> Kaifeng Lyu® Simon S.Du* Jason D. Lee>

Abstract

It is believed that Gradient Descent (GD) induces
an implicit bias towards good generalization in
training machine learning models. This paper pro-
vides a fine-grained analysis of the dynamics of
GD for the matrix sensing problem, whose goal
is to recover a low-rank ground-truth matrix from
near-isotropic linear measurements. It is shown
that GD with small initialization behaves simi-
larly to the greedy low-rank learning heuristics (Li
et al., 2020) and follows an incremental learning
procedure (Gissin et al., 2019): GD sequentially
learns solutions with increasing ranks until it re-
covers the ground truth matrix. Compared to ex-
isting works which only analyze the first learning
phase for rank-1 solutions, our result provides
characterizations for the whole learning process.
Moreover, besides the over-parameterized regime
that many prior works focused on, our analysis of
the incremental learning procedure also applies
to the under-parameterized regime. Finally, we
conduct numerical experiments to confirm our
theoretical findings.

1. Introduction

Understanding the optimization and generalization proper-
ties of optimization algorithms is one of the central topics
in deep learning theory (Zhang et al., 2017; Sun, 2019). It
has long been a mystery why simple algorithms such as Gra-
dient Descent (GD) or Stochastic Gradient Descent (SGD)
can find global minima even for highly non-convex func-
tions (Du et al., 2019), and why the global minima being
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found can generalize well (Hardt et al., 2016).

One influential line of works provides theoretical analysis
of the implicit bias of GD/SGD. These results typically
exhibit theoretical settings where the low-loss solutions
found by GD/SGD attain certain optimality conditions of a
particular generalization metric, e.g., the parameter norm (or
the classifier margin) (Soudry et al., 2018; Gunasekar et al.,
2018; Nacson et al., 2019; Lyu & Li, 2020; Ji & Telgarsky,
2020), the sharpness of local loss landscape (Blanc et al.,
2020; Damian et al., 2021; Li et al., 2022a; Lyu et al., 2022).

Among these works, a line of works seek to characterize
the implicit bias even when the training is away from con-
vergence. Kalimeris et al. (2019) empirically observed that
SGD learns model from simple ones, such as linear clas-
sifiers, to more complex ones. As a result, SGD always
tries to fit the training data with minimal model complexity.
This behavior, usually referred to as the simplicity bias or
the incremental learning behavior of GD/SGD, can be a
hidden mechanism of deep learning that prevents highly
over-parameterized models from overfitting. In theory, Hu
et al. (2020); Lyu et al. (2021); Frei et al. (2021) established
that GD on two-layer nets learns linear classifiers first.

The goal of this paper is to demonstrate this simplicity
bias/incremental learning in the matrix sensing problem,
a non-convex optimization problem that arises in a wide
range of real-world applications, e.g., image reconstruction
(Zhao et al., 2010; Peng et al., 2014), object detection (Shen
& Wu, 2012; Zou et al., 2013) and array processing systems
(Kalogerias & Petropulu, 2013). Moreover, this problem can
serve as a standard test-bed of the implicit bias of GD/SGD
in deep learning theory, since it retains many of the key
phenomena in deep learning while being simpler to analyze.

Formally, the matrix sensing problem asks for recovering
a ground-truth matrix Z* € R?*4 given m observations
Y1,--.,Ym. Each observation y; here is resulted from a
linear measurement y; = (A;, Z*), where {A;}1<i<m is
a collection of symmetric measurement matrices. In this
paper, we focus on the case where Z* is symmetric, pos-
itive semi-definite (PSD) and low-rank, i.e., Z* > 0 and
rank(Z*) = r, < d.

An intriguing approach to solve this problem is to use the
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Burer-Monteiro type decomposition Z* = UU " with U €
R*7 and minimize the squared loss with GD:

- LN (A, TUTY?
i fO) =) (- (AU )T ()

=1

In the ideal case, the number of columns of U, denoted as 7
above, should be set to .. However, r,. may not be known
in advance. This leads to two training regimes that are more
likely to happen: the under-parameterized regime where
7 < r,, and the over-parameterized regime where 7 > ..

The over-parameterized regime may lead to overfitting at
first glance, but surprisingly, with small initialization, GD
induces a good implicit bias towards solutions with the exact
or approximate recovery of the ground truth. It was first
conjectured in Gunasekar et al. (2017) that GD with small
initialization finds the matrix with the minimum nuclear
norm. Gunasekar et al. (2017) also proved this conjec-
ture for a special case where all measurements are com-
mutable. However, a series of works point out that this
nuclear norm minimization view cannot capture the incre-
mental learning behavior of GD, which, in the context of
matrix sensing, refers to the phenomenon that GD tends to
learn solutions with rank gradually increasing with train-
ing steps. Arora et al. (2019) exhibited this phenomenon
when there is only one observation (m = 1). Gissin et al.
(2019); Jiang et al. (2022) studied the full-observation case,
where every entry of the ground truth is measured inde-
pendently f(U) = 15[|Z* — UU " ||%, and GD is shown
to sequentially recover singular components of the ground
truth from the largest singular value to the smallest one. Li
et al. (2020) provided theoretical evidence that the incremen-
tal learning behavior generally occurs for matrix sensing.
They specifically provided a counterexample for Gunasekar
et al. (2017)’s conjecture, where GD converges to a rank-1
solution with a very large nuclear norm. Razin & Cohen
(2020) also pointed out a case where GD drives the norm to
infinity while keeping the rank to be approximately 1.

Despite these progresses, theoretical understanding of the
simplicity bias of GD remains limited. In fact, a vast major-
ity of existing analyses can only show that GD is initially
biased towards a rank-1 solution and cannot be generalized
to higher ranks, unless additional assumptions on GD dy-
namics are made (Li et al., 2020, Appendix H), (Belabbas,
2020; Jacot et al., 2021; Razin et al., 2021; 2022). Recently
Li et al. (2022b) shows that the implicit bias of Gunasekar
et al. (2017) essentially relies on rewriting gradient flow in
the space of U as continuous mitror descent in the space of
UU", which only works a special type of reparametrized
model, named “commuting parametrization”. However, Li
et al. (2022b) also shows that matrix sensing with general
(non-commutable) measurements does not fall into this type.

1.1. Our Contributions

In this paper, we take a step towards understanding the gen-
eralization of GD with small initialization by firmly demon-
strating the simplicity bias/incremental learning behavior in
the matrix sensing setting, assuming the Restricted [sometry
Property (RIP). Our main result is informally stated below.
See Theorem 4.1 for the formal version.

Definition 1.1 (Best Rank-s Solution). We define the best
rank-s solution as the unique global minimizer Z of the
following constrained optimization problem:

1 — 5
i — i — (A Z
pun s> i (A Z) @
=1
st. Z =0, rank(Z) <s.

Theorem 1.2 (Informal version of Theorem 4.1). Consider
the matrix sensing problem (1) with rank-r, ground-truth
matrix Z* and measurements {A;}7" . Assume that the
measurements satisfy the RIP condition (Definition 3.2).
With small learning rate ;v > 0 and small initialization
Uyo = aU ¢ RI*7 " the trajectory of Ua,tUo—;t during
GD training enters an o(1)-neighborhood of each of the
best rank-s solutions in the order of s = 1,2,... .7 ATy
when o« — 0. Moreover, when 7 < 7r* we have
limtﬁoo Ua,tU(;r,t = Z,?

It is shown in Li et al. (2018); Stoger & Soltanolkotabi
(2021) that GD exactly recovers the ground truth under
the RIP condition, but our theorem goes beyond them in a
number of ways. First, in the over-parameterized regime
(i.e., ¥ > r,), it implies that GD performs incremental
learning: learning solutions with increasing ranks until it
finds the ground truth. Second, this result also shows that in
the under-parameterized regime (i.e., # < r,), GD exhibits
the same implicit bias, but finally it converges to the best
low-rank solution of the matrix sensing loss. By contrast,
to the best of our knowledge, only the over-parameterized
setting is analyzed in existing literature.

Theorem 1.2 can also be considered as a generalization of
previous results in Gissin et al. (2019); Jiang et al. (2022

which show that U, ; U;: + passes by the best low-rank so-
Iutions one by one in the full observation case of matrix
sensing f(U) = 1z ||Z* — UU " ||3. However, our setting
has two major challenges which significantly complicate
our analysis. First, since our setting only gives partial mea-
surements, the decomposition of signal and error terms in
Gissin et al. (2019); Jiang et al. (2022) cannot be applied.
Instead, we adopt a different approach which is motivated by
Stoger & Soltanolkotabi (2021). Second, it is well-known
that the optimal rank-s solution of matrix factorization is
X (defined in Section 3), but little is known for Z*. In
Section 4.1 we analyze the landscape of (2), establishing the
uniqueness of Z7 and local landscape properties under the
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RIP condition. We find that when U, , U(I .~ Z7%, GD fol-
lows an approximate low-rank trajectory, so that it behaves
similarly to GD in the under-parameterized regime. Using
our landscape results, we can finally prove Theorem 1.2.

Organization. We review additional related works in Sec-
tion 2. In Section 3, we provide an overview of necessary
background and notations. We then present our main results
in Section 4 with proof sketch where we also state some key
lemmas that are used in the proof, including Lemma 4.3 and
some landscape results. In Section 5 we present a trajec-
tory analysis of GD and prove Lemma 4.3. Experimental
results are presented in Section 6 which verify our theoreti-
cal findings. Finally, in Section 7, we summarize our main
contributions and discuss some promising future directions.
Complete proofs of all results are given in the Appendix.

2. Related work

Low-rank matrix recovery. The goal of low-rank matrix
recovery is to recover an unknown low-rank matrix from
a number of (possibly noisy) measurements. Examples in-
clude matrix sensing (Recht et al., 2010), matrix completion
(Candes & Recht, 2009; Candes & Plan, 2010) and robust
PCA (Xu et al., 2010; Candes et al., 2011). Fornasier et al.
(2011); Ngo & Saad (2012); Wei et al. (2016); Tong et al.
(2021) study efficient optimization algorithms with conver-
gence guarantees. Interested readers can refer to Davenport
& Romberg (2016) for an overview of this topic.

Simplicity bias/incremental learning of GD. Besides the
works mentioned in the introduction, there are many other
works studying the simplicity bias/incremental learning of
GD on tensor factorization (Razin et al., 2021; 2022), deep
linear networks (Gidel et al., 2019), two-layer nets with
orthogonal inputs (Boursier et al., 2022).

Landscape analysis of non-convex low-rank problems.
The strict saddle property (Ge et al., 2016; 2015; Lee et al.,
2016) was established for non-convex low-rank problems
in a unified framework by Ge et al. (2017). Tu et al. (2016)
proved a local PL property for matrix sensing with exact pa-
rameterization (i.e. the rank of parameterization and ground-
truth matrix are the same). The optimization geometry of
general objective function with Burer-Monteiro type factor-
ization is studied in Zhu et al. (2018); Li et al. (2019); Zhu
etal. (2021). We provide a comprehensive analysis in this
regime for matrix factorization as well as matrix sensing
that improves over their results.

3. Preliminaries

In this section, we first list the notations used in this pa-
per, and then provide details of our theoretical setup and
necessary preliminary results.

3.1. Notations

We write min{a, b} as a A b for short. For any matrix A, we
use || A/ to denote the Frobenius norm of A, use || A|| to
denote the spectral norm || A||2, and use opin(A) to denote
the smallest singular value of A. We use the following
notation for Singular Value Decomposition (SVD):

Definition 3.1 (Singular Value Decomposition). For any
matrix A € R4 %92 of rank 7, we use A = VaXa W,
to denote a Singular Value Decomposition (SVD) of A,
where V4 € RUX" W, € R®X" satisfy V] Va =
I, WZWA =1I,and ¥ 4 € R™™" is diagonal.

For the matrix sensing problem (1), we write the
ground-truth matrix as Z* = XX for some X =
[v1,v2, - ,v,,] € R¥" with orthogonal columns from
an orthogonal basis {v; : i € [d]} of R%. We denote the sin-
gular values of X as 01, 09, ..., 0, , then the singular val-
ues of Z* are 07,03,...,02 . Weseto,, 41 := 0 for conve-
nience. For simplicity, we only consider the case where Z*
has distinct singular values, i.e., 0f > 03 > --- > 02 > 0.
2
minlgsgj{log—agﬂ} to quantify the degener-
acy of the singular values of Z*. We also use the notation
X = [v1,v9, -, v for the matrix consisting of the first

s columns of X and X3 = [vgy1, - ,v4). Following
Definition 3.1, we let Vx.1 = H:’)ﬁ, e ﬁ] Note

that the best rank-s solution Z; (Definition 1.1) does not
equal X, X in general.

We use K, 1=

We write the results of the measurements {A4;}"; as a
linear mapping A : R4 + R™, where [A(Z)]; =
ﬁ(Ai,Z) for all 1 < ¢ < m. We use A*

R™ — R4 A*(w) = \/%2211 w; A; to denote the
adjoint operator of 4. Our loss function (1) can then

be written as f(U) = 1 ||4(Z* - UUT)H; The gra-
dient is given by Vf(U) = A* (y— AUU"))U =

AA(XXT-UU)U.

In this paper, we consider GD with learning rate ¢ > 0
starting from Ujy. The update rule is

U1 =U, — pV f (Uy) = (I + pMy)Us, 3)

where M; := A*A(XXT - UU!). We specifically
focus on GD with small initialization: letting Uy = aU for
some matrix U € R?*" with ||U|| = 1, we are interested in
the trajectory of GD when av — 0. Sometimes we write U,
as U, to highlight the dependence of the trajectory on a.

3.2. Assumptions

For our theoretical analysis of the matrix sensing problem,
we make the following standard assumption in the matrix
sensing literature:
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Definition 3.2 (Restricted Isometry Property). We say that a
measurement operator A satisfies the (9, r)-RIP condition if
(1=08)1Z||3 < IA(2)]13 < (14 6)||Z||3 for all matrices
Z € R4 with rank(Z) < r.

Assumption 3.3. The measurement operator 4 satisfies
the (2r. + 1, 6)-RIP property, where r, = rank(Z*) and
§ < 107126 45r 7L

The RIP condition is the key to ensure the ground truth
to be recoverable with partial observations. An impor-
tant consequence of RIP is that it guarantees A*A(Z) =
L5 (Ai,Z) A; = Z when Z is low-rank. This is
made rigorous in the following proposition.

Proposition 3.4. (Stoger & Soltanolkotabi, 2021, Lemma
7.3) Suppose that A satisfies (r,8)-RIP with r > 2, then
for all symmetric Z, we have ||(A*A — I)Z||, < 0||Z]
where || - ||« is the nuclear norm. Moreover, if rank(Z) <
r—1, then ||[(A*A—1)Z|, < /|| Z|.

We need the following regularity condition on initialization.

Assumption 3.5, Forall 1 < s <7 A7y, omin (Vx U) >
p for some constant p > 0, where Vx_ is defined as Defini-
tion 3.1.

The following proposition implies that Assumption 3.5 is
satisfied with high probability with a Gaussian initialization.

Proposition 3.6. Suppose that all entries of U €
RI*" are independently drawn from N (07 %) and p =
¢ Yi=/PAr. =1 V\%\H > ﬁ then omin (V;sf]) > p holds for all
1 < s < 7 A1y with probability at least 1 — 7 (Ce + e*‘:’:),
where ¢, C' > 0 are universal constants.

Lastly, we make the following assumption on the step size.

Assumption 3.7. The step size u < 10746 X || 2.

3.3. Procrustes Distance

Our analysis uses the notion of Procrustes distance defined
as in Goodall (1991); Tu et al. (2016).

Definition 3.8 (Procrustes Distance). The Procrustes dis-
tance between two matrices Uy, Us € Rdxs (d,s > 0)
is defined as the optimal value of the classic orthogonal
Procrustes problem:

diSt(Ul,UQ) = min
RcRsXs:RT R=1

U = UR| . (4
We note that the Procrustes distance is well-defined because
the set of s X s orthogonal matrices is compact and thus
the continuous function ||U; — Uz R|| - in R can attain its
minimum. The Procrustes distance is a pseudometric, i.e., it
is symmetric and satisfies the triangle inequality.

The following lemma is borrowed from Tu et al. (2016),
which connects the Procrustes distance between U; and Uy
with the distance between U, U, and U,U.,' .

Lemma 3.9 (Tu et al. 2016, Lemma 5.4). For any two
matrices Uy, Uy € R¥", we have ||U1U1T — UQUJHF >
(2v2 = 2)Y/2 . . (Uy) - dist(Uy, Uy).

4. Main results

In this section, we present our main theorems and their proof
sketches, following the theoretical setup in Section 3. Full
proofs can be found in Appendices C to F.

Theorem 4.1. Under Assumptions 3.3, 3.5 and 3.7, consider
GD (3) with initialization U, o = aU for solving the matrix
sensing problem (1). There exist universal constants c, M,
constant C = C(X,U) and a sequence of time points
T < T2 <. <TIN suchthat forall 1 < s < 7 A1y,
the following holds when « is sufficiently small:

T *
HU%TéUa,TaS - Zs

1
< Caet, (%)
F

where we recall that Z; is the best rank-s solution defined in
Definition 1.1. Moreover, GD follows an incremental learn-
ing procedure: we have lim,,_,o maxi<i<1s 0s41(Uq,t) =
0forall1 < s < i Ar,, where 0,(A) denotes the i-th
largest singular value of a matrix A.

It is guaranteed that Z is unique forall 1 < s <7 A r,
under our assumptions (see Lemma 4.4). In short, Theo-
rem 4.1 states that GD with small initialization discovers the
best rank-s solution (s = 1,2, --- ,# A r,) sequentially. In
particular, when s = r,, the best rank-s solution is exactly
the ground truth X X . Hence with over-parameterization
(7 > r4), GD can discover the ground truth.

At a high level, our result characterizes the complete learn-
ing dynamics of GD and reveals an incremental learning
mechanism, i.e., GD starts from learning simple solutions
and then gradually increases the complexity of search space
until it finds the ground truth.

In the under-parameterized setting, we can further establish
the following convergence result:

Theorem 4.2 (Convergence in the under-parameterized
regime). Suppose that v < 1%, then there exists a
constant & > 0 such that when o« < @, we have
limy 4 oo Ua iU, , = Z2.

4.1. Key lemmas

In this section, we present some key lemmas for proving our
main results. First, we can show that with small initializa-
tion, GD can get into a small neighborhood of Z.

Lemrpa 4.3. Under Assumptions 3.3 and 3.5, there ex-
ists T; > O foralla > 0and 1 < s < 7 A, such



Understanding Incremental Learning of Gradient Descent: A Fine-grained Analysis of Matrix Sensing

that lim,,_,¢ Max, ¢, s 0s4+1(Uqt) = 0. Furthermore, it

holds that HUT Uj. - Z:| =0 (xir.slX2).

The full proof can be found in Appendix C. Motivated by
Stoger & Soltanolkotabi (2021), we consider the following
decomposition of Uy:

U =UWW, +UW, W, , (6)

where W, = WV; u, € R7*5 is the matrix consist-

ing of the right singular vectors of V;S U, (Definition 3.1)
and W, | ¢ R7*("=5) is any orthogonal complement of
Wy, ie., W; WtT + Wi W,L_ = I. The dependence of
Wi, W, | on s is omitted but will be clear from the context.

We will refer to the term U; W, W, as the parallel compo-
nent and U W LW L as the orthogonal component. The
idea is to show that the parallel component grows quickly
until it gets close to the best rank-s solution at some time ng
(namely U,W, W, U," ~ Z* whent = Tj). Meanwhile,
the orthogonal term grows exponentially slower and stays
o(1) before T%. See Section 5 for a detailed proof sketch.

Lemma 4.3 shows that U;U," would enter a neighborhood
of Z* with constant radius. However, there is still a gap
between Lemma 4.3 and Theorem 4.1, since the latter states
that U,U,” would actually get o(1)-close to Z.

To proceed, we define the under-parameterized matrix sens-

ing loss fs forevery 1 < s < r,:

UUT)y ., UeR™. (1)

f(U) = § Az

While the function we are minimizing is f (defined in (1))
rather than f,, Lemma 4.3 suggests that for t < Tj U,
is always approximately rank-s, so that we use a low-rank
approximation for UT and associate the dynamics locally
with the GD dynamlcs of fs. We will elaborate on how this
is done in Section 4.2.

When dist(U1,Usz) = 0, it can be easily shown that
fs(Uy) = fs(Us) since f; is invariant to orthogonal trans-
formations. Moreover, we note that the global minimizer of
fs s unique up to orthogonal transformations.

Lemma 4.4. Under Assumption 3.3, if U¥ € RS is a
global minimizer of fs, then the set of global minimizers
arg min f; is equal to {US*R "RER** R"R = I}.

Around the global minimizers, we show that f, satisfies
the Restricted Secant Inequality (RSI) which is useful for
optimization analysis.

Definition 4.5. For any U € R%*¢, we use I1,(U) to de-
note the set of closest global minimizers of f, to U, namely
II,(U) = argmin{||U — U}||p : U € argmin f}.

Lemma 4.6 (Restricted Secant Inequality). Under Assump-
tion 3.3, if a matrix U € R satisfies |U — UZ|| <
1072k Y| X || for some Uz € 4(U), then we have

(Vf(U),U-U?) > 016 XU - U7 (8)

Remark 4.7. In general, a function g : R™ — R satisfies
the RSI condition if for some p > 0, (Vg(z),x — m(x)) >
||z — 7(x)||? holds for all =z, where 7(x) is a projection
of x onto arg min g. This condition can be used to prove
linear convergence of GD (Zhang & Yin, 2013), but it is
weaker than strong convexity and stronger than Polyak-
Lojasiewicz(PL) condition (Karimi et al., 2016).

We end this subsection with the following lemma which
says that all global minimizers of the f; must be close to
X s under the procrustes distance, which is used in the proof
sketch of Theorem 4.1 in Section 4.

Lemma 4.8. Under Assumption 3.3, we have
dist(UZ, Xs) < 400k || X || ¢ for any global minimizer U
of fs. Moreover, — XSXJHF < 1600k /|| X |2

Corollary 4.9. Under Assumption 33 we have

Umin(U:) > %Umin(Xs) = %Us > 2“{* : ||X||

The full proofs for Lemmas 4.6 and 4.8 and Corollary 4.9
can be found in Appendix E.

4.2. Proof outline

Based on the key lemmas, here we provide the outlines
of the proofs for our main theorems and defer the details
to Appendix F. We first prove Theorem 4.2 which can be
directly derived by combining the lemmas in Section 4.1.

Proof Sketch of Theorem 4.2. For any global minimizer U}
of (1), we have

dist(UF, U, 1)

< (V2= 2)7 o (UN) Uy 22U, 4 — 27
Ok |X[|71) - O(kir.6] X ||?)

= O(r2°r.0]1 X)),

where the first inequality is due to Lemma 3.9 and the second
one is due to Corollary 4.9 and Lemma 4.3.

Assumption 3.3 and Lemma 4.6 then imply that U_ ;. lies
in the small neighborhood of the set of global minimizers
of f = fr, in which the RSI holds. Following a standard
non-convex optimization analysis (Karimi et al., 2016), we
can show that GD converges linearly to arg min f; (in the
Procrustes distance), which yields the conclusion. O

Now we turn to prove Theorem 4.1. While f is not neces-
sarily local RSI, we use a low-rank approximation for U}
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and associate the dynamics in this neighborhood with the
GD dynamics of f;.

Proof sketch of Theorem 4.1. Recall that by Lemma 4.3,
U is approximately rank-s. So there must exist a matrix

o, TS
U, o € R™*" with rank(U 0) < s such that

UaoUgy o= Uar:Uy e =0(1) asa—0. (9
Indeed, we can let U, ot be the parallel component of Uy, 7=
because the orthogonal component stays o(1) (see the dis-

cussions following (6) and Corollary 5.5 for details).

Let {Uq,} 1> be the trajectory of GD with step size 4,

initialized at U, o. Since the gradient of the objective func-
tion f is locally Lipschitz, the solution obtained by the two
GD trajectories {U,; }+>0 and {Ua,Tg+t}t20 will remain
o(1)-close for at least constantly many steps. Indeed we
can show that they will keep o(1) close for some #,, = w(1)
steps, i.e., forall t € [0, ,],

U'.. . =ol). (10)

7 T
UatUay — U, a T+t

a, s+t
From (3) it is evident that GD initialized at U%O actually
lives in the space of matrices with rank < s. Indeed we
can identify its dynamics with another GD on f; (defined
in (7)) Concretely, let U 0 € R?*5 be a matrix so that
Ua OU 0= =U, OUTO, and let {Ua ¢ }+>0 be the trajectory
of GD that optlmlzes fs with step size p starting from U, 0-
Then we have Ua tU += Ua tU t forall ¢ > 0.

We can now apply our landscape results for f to analyze
the GD trajectory {Ua’t}tzg. By (9) and Lemma 4.3, we
have HIA]OC,OIJ'J,O — Z;‘) = O(k3r.5|| X||?), so using a
similar argument as in t}fle proof sketch of Theorem 4.2,
Corollary 4.9 and Lemma 3.9 imply that the initialization
U, is within an O (k357,.5] X ||?) neighborhood of the
set of global minimizers of fs(U). From Assumption 3.3
and Lemma 4.6 we know that that f(U) satisfies a local
RSI condition in this neighborhood, so following standard
non-convex optimization analysis (Karimi et al., 2016), we
can show that {Ua,t}tzo converges linearly to its set of
global minimizers in the Procrustes distance. We need to
choose a time ¢ such that (10) remains true while this lin-
ear convergence process takes place for sufficiently many
steps. This is possible since ,, = w(1); indeed we can show
that there always exists some ¢ = 2, < t,, such that both
HUa,tﬁ;t — Ua,T;HUJTbH and Hﬁa,t _
1
bounded by O(a™%). Hence ||Us U, —Z

O e Ywhent =T :=T5 + 5.

are
Se

e =

Forl < s < 7#Aryandt <t

a’

rank(Uq,¢) < s, we have maxi<i<7s 0541 (Uaye

since (10) holds and
)= 0as

o — 0. Finally, by Lemma 4.8 and Assumption 3.3 we have
125, - X1 X1 || = OGk.y7) = OV X2).
s0 0511(Z%,,) 2 02, Therefore, U, U, , cannot be
close to Z7,, when ¢t < T3, so we must have 75T > T7%.
This completes the proof of Theorem 4.1. O

5. Proof sketch of Lemma 4.3

In this section, we outline the proof sketch of Lemma 4.3.
We divide the GD dynamics intro three phases and charac-
terize the dynamics separately. Proof details for these three
phases can be found in Appendices C.1, C.2 and C.4.

5.1. The spectral phase

Starting from a small initialization, GD initially behaves
similarly to power iteration since U411 = (I + uM,;)U; ~
(I + uM)U;, where M := A*A(X X ") is a symmetric
matrix. Let M = 22:1 6290, be the eigendecompo-
sition of M, where 61 > 69 > --- > 64 > 0. Using
our assumption on § (Assumption 3.3), we can show that
lo; — 64|, 1 < i < s are sufficiently small so that &;’s are
positive and well-separated. Then we have

d
=> 1+ pue}) 00, Uy
”jl (1)

~ Y (14 p6?)" o
=1

Ur ~ (I+pM)TU,
viﬁ;rU(),

where the last step holds because (1 + pds)T > (1 +
u6s41)T. In other words, we can expect that there is an
exponential separation between the parallel and orthogonal
component of Ur. Formally, we can prove the following
property at the end of the spectral phase:

Lemma 5.1 (Lemma C.4, simplified version). Suppose that
Assumptions 3.3, 3.5 and 3.7 hold. Then there exist posi-
tive constants C; = C;(X,U),v; = v(X,U),i = 2,3
independent of o such that v, < <3 and the following in-
equalities hold for t = T5® = O (%) when «
is sufficiently small:

U < [1X1],
|UW; || < Cs-a,and

Omin (UtWh) > Cy - a2,
[V, L Vow, || < 2006.

5.2. The parallel improvement phase

For small a, we have opin (UW:) > |[UW, ||
by the end of the spectral phase. ~ When (11) no
longer holds, we enter a new phase which we call
the parallel improvement phase. In this phase, the ra-

W grows exponentially in ¢, until the for-

mer reaches a constant scale.

tio

Formally, let TR, =
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Figure 1. The evolution of relative error against the best solution of different ranks over time.

min {t > 0: 02, (V¥ Uass1) > 036, X[}, then
we can prove the following lemma via induction.

Lemma 5.2. Suppose that Assumptions 3.3, 3.5 and 3.7

1
hold and let c3 = 10*k.72 8. Then for sufficiently small c,
the following inequalities hold when T <t < T% s:

Tmin (VX,Ut+1) 2 Omin (VX Urs1 Wi)
> (1+ 050 (024 02,1)) omin (VX,U), (132)

[Uts1 Wesr, ||

< (14 p (0402 +0.602,,)) |[UW,, 1|, (13b)
||V)—(:<,LVUt+1Wt+1 || < c3 (13¢)
rank(Vy Uyy1) = rank(Vy U1 Wy) = 5. (13d)

We can immediately deduce from Lemmas 5.1 and 5.2 that
the orthogonal term ||[U; W, | || remains o(1) by the end of
the parallel improvement phase:

Corollary 5.3 (Lemma C.11, simplified version). Under
the conditions of Lemma 5.2, when « is sufficiently small

1
we have ||Up» W | || < Cs - a™ for some constant
To,s  Ta,s,

Cs = C5(X,0).

5.3. The refinement phase

After opin (UW;) grows to constant scale, we en-
ter the refinement phase for which we show that
|X.X] —UU,||, keeps decreasing until it is
O (0k3r,|| X||?). Formally, let 7 k7Y X% and

: log 1072\|X\|’2n:1c71
T(it,s = Torc),ls B ( log(l—%u‘r) :
defined in Lemma 5.2, then the following lemma holds.

) pi -
> TV, where c3 is

Lemma 5.4. Suppose that T&is <t< chf,s and all the

conditions in Lemma 5.2 hold, then we have

HV; (XXT - Ut+1UtT+1)HF

1
<(1-g0r) Ivi, (xx7 —00)]

+ 20| X ||* (8 + 5es) + 200012/ | X ||°.
Moreover, we have Uy 1 Wigr 1 || < (14 02)|UWy, L ||
and HVXSLVUthH < C3.

Using Lemma 5.4, we arrive at the following result:
Corollary 5.5. For sufficiently small o, at t = Téﬁs we

have ||Vx (XXT -UU,")| . < 806x3r.||X|* and
||UtWt,J_|| = 0(1) (O[ — 0)

I

Concluding the proof of Lemma 4.3. Att = Toff’s, we have
|x. X -UU/ |,
< ||(x.XT - UU]) Vi Vi | (142)
+ HUtUtTVX;V;s* .
< (XX -UU) Vx, Vx| (14b)

+ HV;SLUtUJVXSL i
< |vx, (XX, -UU,")
2

T V;;UtWtH +\/&HV;SLUtWt7l’
< ||V, (X.X] -UU/)|

OV X2 || Vs Vow ||+ VA UW, L1 (14d)
= O (0r2r | X |12 + (| X3 /rs) + o(1) (14e)
= O (6r3r. ]I X[17) (14f)

where (14c) uses ||A||lr < (/rank(A)||A|, (14d) uses
U] < 3||X||, (14e) follows from Lemma 5.4 and Corol-

lary 5.5 and the last step follows from c3 = 104k, NG 6 and
Assumption 3.3.

|
2
‘ (14¢)
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Figure 2. The evolution of the loss and relative error against best solution of different ranks in the exact-parameterized case # = r, = 5.

By Lemma 4.8, the best rank-s solution is
close to the matrix factorization minimizer ie.
|Z: - XSXSTHF = O (0r«y/r||X|?). We thus
obtain that || Z; — UtUtTHF = O (6k3r,|| X||?). Finally,
since rank(U;W,) < s (recall the decomposition (6)), we
have 0,41 (U;) < ||UW, 1|| = o(1). The conclusion
follows.

6. Experiments

In this section, we perform numerical experiments to empir-
ically verify our theoretical findings.

Experimental setup. We consider the matrix sensing prob-
lem (1) with d = 50, r. = 5, « € {1,0.1,0.01,0.001},
m € {1000, 2000,5000}. We will consider different
choices for 7 in the experiments. The ground truth Z* =
X X T is generated such that the entries of X are i.i.d. stan-
dard Gaussian variables. We use the same ground truth
throughout our experiments.

Fori = 1,2,--- ,m, all entries of the measurement A; €
R?¥*4 are chosen i.i.d. from the standard Gaussian A(0, 1).
When m 2> dr.0~2, this set of measurements satisfies the
RIP with high probability (Recht et al., 2010, Theorem 4.2).

We solve the problem (1) via running GD for T' = 10 itera-
tions starting with small initialization with scale a. Specifi-
cally, we choose Uy = alU where the entries of U € R?*"
are drawn i.i.d. from A (0,1). We consider both the over-
parameterized and the exact/under-parameterized regime.
The learning rate of GD is set to be . = 0.005.

6.1. Implicit low-rank bias

In this subsection, we consider the over-parameterized set-
ting with » = 50. For each iteration ¢ € [T] and rank s €

oo -x.x] 2

74|, we define the relative error £,(t) = —E
[r] 5(t) X XTII7

to measure the proximity of the GD iterates to X . We plot
the relative error in Figure 1 for different choices of o and
m (which affects the measurement error 9).

Small initialization. The implicit low-rank bias of GD is
evident when the initialization scale « is small. Indeed, one
can observe that GD first visits a small neighborhood of X,
spends a long period of time near it, and then moves towards

Xo. It then proceeds to learn X3, X4, - - - in a similar way,
until it finally fits the ground truth. This is in align with
Theorem 4.1. By contrast, for large initialization we do not
have this implicit bias.

The effect of measurement error. For fixed o, one can
observe the relative error becomes smaller when the number
of measurements increases. This is in align with Lemma 4.3
in which the bound depends on §. In particular, for the case
s = r, in the end the distance to the set of global minima
goes to zero as a — 0.

6.2. Matrix sensing with exact parameterization

Now we study the behavior of GD in the exact parameteri-
zation regime (r = r,). We fix m = 1000, r = r, = 5 and
run GD for 7' = 500 iterations. We plot the relative error
in Figure 2. As predicted by Theorem 4.1, we can observe
that when « is small, GD exhibits an implicit low-rank bias
and takes a longer time to converge. The latter is because
GD would get into a poly(a)-small neighborhood of the
saddle point Z, and take a long time to escape the saddle.
As guaranteed by Theorem 4.2, we also observe the final
convergence to global minimizers for sufficiently small a.

7. Conclusion

In this paper, we study the matrix sensing problem with RIP
measurements and show that GD with small initialization
follows an incremental learning procedure, where GD finds
near-optimal solutions with increasing ranks until it finds
the ground-truth. We take a step towards understanding the
optimization and generalization aspects of simple optimiza-
tion methods, thereby providing insights into their success
in modern applications such as deep learning (Goodfellow
et al., 2016). Also, we provide a detailed landscape analysis
in the under-parameterized regime, which to the best of our
knowledge is the first analysis of this kind.

Although we focus on matrix sensing in this paper, it has
been revealed in a line of works that the implicit regu-
larization effect may vary for different models, including
deep matrix factorization (Arora et al., 2019) and nonlinear
ReLU/LeakyReLU networks (Lyu et al., 2021; Timor et al.,
2022). Also, it is shown in Woodworth et al. (2020) that
different initialization scales can lead to distinct inductive
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bias and affect the generalization and optimization behav-
iors. All these results indicate that we need further studies
to comprehensively understand gradient-based optimization
methods from the generalization aspect.
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The appendix is organized as follows: in Appendix A we present a number of results that will be used for later proof.
Appendix B sketches the main idea for proving our main results. Appendix C is devoted to a rigorous proof of Lemma 4.3
,with some auxiliary lemmas proved in Appendix D. In Appendix E we analyze the landscape of low-rank matrix sensing and
prove our landscape results in Section 4.1. These results are then used in Appendix F to prove Theorems 4.1 and 4.2. Finally,
Appendix G studies the landscape of rank-1 matrix sensing, which enjoys a strongly convex property, as we mentioned in
Section 4.1 without proof.

A. Preliminaries

In this section, we present some useful results that is needed in subsequent analysis.

A.1. The RIP condition and its properties

In this subsection, we collect a few useful properties of the RIP condition, which we recall below:

Definition A.1. We say that the measurement A satisfies the (J,7)-RIP condition if for all matrices Z € R4*? with
rank(Z) < r, we have

(L=0)lZl% < [A2)Il5 < (1 = 0|1 2]

The key intuition behind RIP is that A* A ~ I, where A* : v — \/% >t viA; is the adjoint of A. This intuition is made
rigorous by the following proposition:

Proposition A.2. (Sioger & Soltanolkotabi, 2021, Lemma 7.3) Suppose that A satisfies (r,)-RIP with r > 2, then for all
symmetric Z,

(1). ifrank(Z) < r — 1, we have ||(A*A - I)Z||, < /10| Z]|.
2. (A A-TD)Z|, < 5|2

« where || - ||« is the nuclear norm.

A.2. Matrix analysis

The following lemma is a direct corollary of Proposition A.2 and will be frequently used in our proof.

Lemma A.3. Suppose that the measurement A satisfies (8, 2r. + 1)-RIP condition, then for all matrices U € R*" such
that rank(U) < r,, we have

(A A= D) (XXT —UUT)|| <oy (IX]* +U]7) .-

In our proof we will frequently make use of the Weyl’s inequality for singular values:
Lemma A.4 (Weyl’s inequality). Let A, A € R4 e two matrices, then forall1 < k < d, we have

|ok(A) —or(A+A)| < [A]].

We will also need the Wedin’s sin theorem for singular value decomposition:
Lemma A.5. (Wedin, 1972, Section 3) Define R(-) to be the column space of a matrix. Suppose that matrices B = A + T,
Ay, By are the top-s components in the SVD of A and B respectively, and Ay = A — A;,By = B — B;. If
8 = Omin(B1) — Omax(Ag) > 0, then we have

1Tl

Isin © (R(A1), R(B1))|| < =~

where O(-, -) denotes the angle between two subspaces.

Equipped with Lemma A.3, we can have the following characterization of the eigenvalues of M (recall that M =
A*AXXT)):

Lemma A.6. Let M := A*A(XX")and M = ZZ:l 63010, be the eigen-decomposition of M. For1 <i < d we
have

<o)X

2 ~2

12
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Proof. By Weyl’s inequality we have
o7 —67| < ||M - XXT|| <X
as desired. O

A.3. Optimization

Lemma A.7. Suppose that a smooth function f € R™ +— R with minimum value f* > —oo satisfies the following
conditions with some € > 0:

(1). hm\lml\—H-oo f(x) = +o0.

(2). There exists an open subset S C R™ such that the set S* of global minima of f is contained in S, and for all stationary
points x of f in R™ — S, we have f(x) — f* > 2e. Moreover, we also have f(x) — f* > 2¢e on 0S.

Then we have
{x eR™: f(z)— f"<e}CS.

Proof. Let * be the minimizer of f on R™ — S. By condition (1) we can deduce that =* always exists. Moreover, since any
local minimizer of a function defined on a compact set must either be a stationary point or lie on the boundary of its domain,
we can see that either z* € 95 or V f(*) = 0 holds. By condition (2), either cases would imply that f(z*) — f* > 2¢, as
desired. O

Lemma A.8. Ler {x)}, {yr} C R™ be two sequences generated by xy11 = xy, — uV f(x) and yr11 = yr — pV f(yr).
Suppose that ||z || < B and ||yk|| < B for all k and f is L-smooth in {x € R" : ||x|| < B}, then we have

lze — yiell < (1+ puL)* [lzo — yol -
Proof. The update rule implies that

ki1 — Yrprll = |z — yr — uV f(xr) + 1V f(yr)l
< lex — yell + 1|V f(xr) — f(ye)ll
< (L4 pL)||zr — yel|

which yields the desired inequality. O
A.4. Proof for Proposition 3.6

ﬁ, then omin (V)}:U) > p holds for all 1 < s < 7 A r, with probability at least 1 — 7 (C’e + e’”:), where ¢, C' > 0 are
universal constants.

Proposition 3.6. Suppose that all entries of U € R4*" are independently drawn from N (07 1) and p = ¢ YEV/iAr.—1 V\%\’H >

Proposition 3.6 immediately follows from the following result:

Proposition A.9. (Restatement of Rudelson & Vershynin, 2009, Theorem 1.1) Let A be an N x n random matrix, N > n,
whose elements are independent copies of a mean zero sub-gaussian random variable with unit variance. Then, for every
e > 0, we have P (sn(A) <e(VN — \/ﬁ)) < (Ce)N=ntt 4 e=<N where C, ¢ > 0 depend (polynomially) only on
the sub-Gaussian moment.

Now we can complete the proof of Proposition 3.6. Note that the entries of U € R?*" are independently drawn from
N(0, %) and Vx, € R?** is an orthonormal matrix. We write Vif € R%**" as a block diagonal matrix with # copies
of Vx, on the diagonal, and vec(U) € R%" be a vector formed by the concatenation of the columns of U. Then V;S
is still orthonormal, and vec(U) ~ N(0, +I). Since multivariate Gaussian distributions are invariant under orthonormal
transformations, we deduce that (Vi ) Tvec(U) ~ N(0, £I). Equivalently, the entries of Vi U are i.i.d. N'(0, %).

13
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The matrix \/;V;S U satisfies all the conditions in Proposition A.9. Thus, with probability at least 1 — (Ce)"~5+! — e=¢"

we have oin (VAVy U) > e(vVF — /s — 1), or equivalently oin(Vy U) > e\ﬁ% L>—L. Finally, the conclusion follows
from a union bound:

P[31<s <7 AT St 0w (VA,U) < o

|_|

TAT = /7 TAT (]5)
< Z P |f7min (V;SU) <e€ - W 11 Z —er + (Ce) - é'H) <r (e_CTA' + Ce) .
s=1 s=1

A.5. Procrustes Distance

Procrustes distance is introduced in Section 3.3. The following characterization of the optimal R in Definition 3.8 is known
in the literature (see e.g. Tu et al., 2016, Section 5.2.1) but we provide a proof for completeness.

Lemma A.10. Let Uy, Uy € R¥" where r < d. Then for any orthogonal matrix R € R™" that minimizes U, — UsR||
(i.e., any orthogonal R s.t. Uy — UsR|| . = dist(Uy, Uz)), U, Us R is a symmetric positive semi-definite matrix.

Proof. We only need to consider the case when U, U; # 0. Observe that

Uy - 2RI} = [T |1} + |U2R|[7 — 2tr (RTU, U)
= |U1||F + [|U2|% — 2t (RTU, Uy) .

Let AXB" be the SVD of U, Uy, where ATA =1, BT B =1 and = 0. Then
tr (RTU, U)) =tr (B'TRTAX) < |[BTR" A tr (Z) = tr (%),

where the final step is due to orthogonality of BT RT A € R***, and equality holds if and only if BT RT A = I. Let
C = R"A. Letb;,c; € R be the i-th column of B and C respectively, then BT C = I implies that b, ¢; = 1. Note that
|bill2 = ||e;|l2 = 1, so we must have b; = c; foralli,i.e., B=C = R" A. Therefore, U UyR = BXATR = BXB',
which implies that U;' U R is symmetric and positive semi-definite. O

B. Main idea for the proof of Theorem 4.1

In this section, we briefly introduce our main ideas for proving Theorem 4.1. Motivated by Stoger & Soltanolkotabi (2021),
we decompose the matrix Uy into a parallel component and an orthogonal component. Specifically, we write
U = UWW, + UW, W, , (16)
——

parallel component  orthogonal component

where W, := WV; U, € R7*5 is the matrix consisting of the right singular vectors of V;S U, (Definition 3.1) and W; | €

R™("=3) is an orthogonal complement of W;. Our goal is to prove that at some time ¢, we have Vy{ (UU," — X, X)) ~
0 and [|[U;W;, L || ~ 0. As we will see later, these imply that | U;U,” — X, X" || ~ 0. In the remaining part of this section
we give a heuristic explanation for considering (16).

Additional Notations. Let Vx| € R¥*(4=) be an orthogonal complement of Vx, € R?**, Let B, = diag(o1,...,05)
and ¥, | = diag(osy1,...,0.,0,---,0) € RE=x@=3) We use A; := (A*A - I)(XX " — UU,") to denote the
vector consisting of measurement errors for X X ' — U,U,'.

B.1. Heuristic explanations of the decomposition

A simple and intuitive approach for showing the implicit low rank bias is to directly analyze the growth of V;S U, versus

V; | Uy. Ideally, the former grows faster than the latter, so that GD only learns the components in X.

14
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By the update rule of GD (3),

Ve, U1 =Vx | [T+ pAAXXT -UU| U,
=Vy  [T+pXXT —pUU," | U+ Vy, | AU,
=:Gy,1 =:Gy¢,2
= Gt71 + ,uGt,g.

For the first term G ;, we have
Gy = (I +u3} )Vx, U —uVx, (UU U,
= (I +p%2 )V, U - pUU,") + O (1),

where the last term O(u?) is negligible when 4 is sufficiently small. Since || X | || = 0541, the spectral norm of Gy 1 can
be bounded by

IGeall <M+ p22 |- 1Vx, Ul - (I = pUU, || + O(1?)
< (14 pod )IVE, Ul +Ou?).
However, the main difference with the full-observation case (Jiang et al., 2022) is the second term G 2 := V;ﬁ L AU,

Since the measurement errors A; are small but arbitrary, it is hard to compare this term with V;S L Uiy1. As aresult, we
cannot directly bound the growth of ||V} Uy

However, the aforementioned problem disappears if we turn to bound the growth of || V;s LU Wi o |I- To see this, first
we deduce the following by repeatedly using V;S U, W, | = 0due to the definition of W, | .

G W, =Vx | [IT+pXX" —pUU," | UW, 1
=Vx, \(I+pXX"HUW, . — nVyx UU UW, |
= (I +pX} | )Vx, \UW, 1 —pVx U (WW, + W, W, U UW, |
= (I +p32 )Vx, JUW, (I -pW, U UW, )
— uVx, JUWW, U UW, | +O0(1?),

Gi oW, =Vx [ AUW, | =Vg  AVx, ([ Vx  UW, .,
So we have the following recursion:

Vi, UpiW, o = (T+pX2? | +pVyx,  AVx, )Vx JUW, (I - W, U UW, )
— uVx, [UWW, U UW, | +O(?),

We further note that
T _vT T T T
Vx 1 UsiWi 1 = Vx Ut WW, Wiy | + Ve (Upi W AW, Wi 1, a7

which establishes the relationship between V;ﬁ , L U1 W, | and V;S } L U1 Wi, 1. To complete the proof we need to
prove the following:

* The minimal eigenvalue of the parallel component U;W; W, grows at a linear rate with speed strictly faster than
Os41-

< 1, which implies that the first term in (17) is negligible.

¢ The term HV)—(Z Vu,w,

15
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C. Proof of Lemma 4.3

In this section, we give the full proof of Lemma 4.3, with some additional technical lemmas left to Appendix D.
Lemma 4.3. Under Assumptions 3.3 and 3.5, there exists Tj > 0foralla > 0and 1 < s < 7 A ry such that

limg 50 max; <, < 0s+1(Ua,t) = 0. Furthermore, it holds that HUTS UTTS - Z: o O (Kk2r.6]|X?).

Appendices C.1 and C.2 are devoted to analyzing the spectral phase and parallel improvement phase, respectively. Ap-
pendix C.3 uses induction to characterize the low-rank GD trajectory in the parallel improvement phase. In Appendix C.4
we study the refinement phase, which allows us to derive Lemma 4.3.

C.1. The spectral phase

Starting from a small initialization Uy = oU, o« < 1, we first enter the spectral phase where GD behaves similar to power
iteration. As in Stoger & Soltanolkotabi (2021), we refer to this phase as the spectral phase. Specifically, we have in the
spectral phase that

Upp1 = (T +p(AA) (XX -UU, ) ) Uy~ (I +p(AA)(XXT))U,.

The approximation holds with high accuracy as long as ||U|| < 1. Moreover we have M := (A*A) (XX ")~ XX T
by the RIP condition; when ¢ is sufficiently small, we can still ensure a positive eigen-gap of M. As a result, with small
initialization Uy would become approximately aligned with the top eigenvector u; of M. Since |[M — X X T|| = O(8,/r%)
by Proposition A.2, we have ||u; — v1|| = O(d,/7%) so that ||V)}'—S Vu,w, || = O(d/r«). This proves the base case for the
induction.

Formally, we define M = A*A(XX "), K, = (I + pM)! and U? = K,U. Suppose that M = > "KM 524, ﬁT
is the spectral decomposition of M where {6;};>1 is sorted in non-increasing order. We additionally define M
Somintsrank(M)} 525 57 By Lemma A.6 and 8,/ < 1073k, by Assumption 3.3, we have 62 > o2 — 0.017 and

62, <02, ,+0.017, where we recall that 7 = mingep,) (62 — 02,;) > 0. Additionally, let L, be the span of the top-s
left singular vectors of U,. Recall that Assumption 3.5 is made on the initialization. Let

t*:=min{i e N: ||UF, - U_1| > |U*,]}.
the following lemma bounds the error of approximating U, via U;?

Lemma C.1. (Stoger & Soltanolkotabi, 2021, Lemma 8.1) Suppose that A satisfies the rank-1 RIP with constant 61. For all
integers t such that 1 < t < t* it holds that

|E|| = |Us — U < 46720, (1+61) (14 n63)™" . (18)

We can derive the following lower bound on ¢* from Lemma C.1.

Corollary C.2. We have

1 Pgl

log I(1+o1)7s
log (1 + pué7)

log v

Proof. By Lemma C.1 we have
||| < 4672%ar (1+61) (1+ u&%)gt .
for all ¢ < t*. On the other hand, we have
[U] = |1 + ub)T |
> a(l + pé?) ||'U11}1 Ul
> (1 + ;wl) ap.

Thus, it follows from || E;- that

> |UF

5 —1 4 lipg  POT__
(14 pus?)" > PO s loga™ + 3108 g5
Vo= a1+ o)), - log (1 + p6?)

as desired. O
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Note that a trivial bound for the rank-1 RIP constant is §; < J. We can now show that for small ¢, GD can be viewed as
approximate power iteration.

Lemma C.3. There exists a time

~2
2loga~! +log %

t=T:P = ~ < t*
3log(1 + pof) —log(l + pé2, )
such that
HUt =Y a(l+p6}) o8] U| < Cy - o
i=1
~2 _ _
where v =1 — 2log(1 40, 1) and C1 = C1(X,U) is a constant that only depends on X and U.

3log(1+ué7)—log(1+ud7, )

Proof. 1t’s easy to check that T," < t* by applying Corollary C.2.

We consider the following decomposition:

HUt - Za(l + M&f)tﬁi'{’;l_] < ||Ut - UtspH +

i=1

UP - a(l+ u&f)%mﬂ?” :

i=1

When t < t*, the first term can be bounded as
1B, | < 467%0%r (1+6) (1+ po?)™ .

For the second term we have

T
> a(l+p6}) o8] U
1=s+1

S
HUEP—Za(HM&E)%mZU < <a(l+p62,)" .

=1

In particular, the definition of T, implies that
U S all 4 ue?) o7 U <2 (L0 s
e =D o(l+ued) 4id U < (4(1+5)> a

=1
~2
Py
<2 1, —— v
= max{ ’4r*(1+5)}°‘
2

as desired. O

We conclude this section with the following lemma, which states that initially the parallel component U; W; would grow
much faster than the noise term, and would become well-aligned with X .

Lemma C.4 (Lemma 5.1, formal version). There exists positive constants Cy = Co(X,U) and C5 = C3(X,U) such that
10K 4
the following inequalities hold for t = Ta® when o € (0, (m) >

10 < 1 Xl (19a)
1— 2log(1+us2)
Omin (UW;) > Cy - 3log(1+ps7) —log(1+pé2, ) (19b)
1 2log(1+462, )
|[UW; || <Cs-a 3log(1+p6])—log(1+p62, ) (19¢)
VX, Vow. | < 2006 (19d)
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Proof. We prove this lemma by applying Corollary D.3 to ¢t = T5¢ defined in the previous lemma.
The inequality (19a) can be directly verified by using Lemma C.3:

N . ~
HUtHga(l—&—u&%)t—i—oﬂg <1+( 1) )-a7/3§CI(X,U)-a7/3||X||.

_ 1
where C’l(X JU) =1+ (%M) ’ (the constant C'; is defined in the previous lemma). The last inequality holds
when « is sufficiently small. For the remaining inequalities, we first verify that the assumption in Corollary D.3:

OéO's(Kt) > 10 (C)é0'3+1(Kt) + HEtH) . (20)

10k
By definition of K, we can see that for o < (710%1 ) ,

. t . .2\ 3t
aoer1(Kp) + | Bl < o (14 p6341) +467 %0 (14 6) (1 + po?)
2log(1+p52)

<o (X U) o < 0.1pa1_310g(1+u6%)710g(1+u&§+1)
< 0.laos(K;)

where || Ep=|| is bounded in the previous lemma. Hence (20) holds. Let L be the span of top-s eigenvectors of M, then by
Corollary D.3, at t = T5" we have

o5 (UW,) > 0.4aos (K;) omin (V U)
> 0.1ap (1 + u&f)t

10g(1+,u,6§) 2 loa(14u6?)
/\2 N N og ‘U'GS
—0.1p ( PIy slog(1+uof) —tos (14003, ) al_3log(1+u&1>flog(1+u6§+1)
' 4r, (1+9)
1 -2
2 Orn _ 2log(1+ué%)
>0.1p (I;Ul) 1 al 3log(1+uf91)—log<1s+uﬁf+1)
Tx
::Cz(X,U)
2
[U:Wi, 1|l < 2005, (K) + [ Bl 2D

2log(14p52, )

_ 1— — ~
< QCl(X,U)Oé 3log(1+u67) —log(1+ué2, )
—_——
::C3(X,U)

. aoey (Ky) + || Ey|
HVXS7J_VUtWt H < 100 (6 + apos (Ky)

2log(1+ps2)—2log(14+u62, 1)
<100 | s 3log(1+p67) —log(1+ué7, )

The conclusion follows. O

C.2. The parallel improvement phase

This subsection is devoted to proving Lemma 5.2 which we recall below.

Lemma 5.2. Suppose that Assumptions 3.3, 3.5 and 3.7 hold and let c3 = 10%k,72 8. Then for sufficiently small o, the
following inequalities hold when To¥ <t < T% :

18
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Omin (‘/}—(rS Ut+1) 2 Omin (V)—(rs Ut+1Wt)

> (1+0.5u (02 4+ 0241)) omin (Vx,Ut) (13a)
U1 Wi, 1 ||

< (1+p (0402 +0.602,,)) |[UW, 1|, (13b)
!’V;s,J_VUt+1Wt+1H < ¢s, (13¢)
rank(Vy Uyy1) = rank(Vy Uy Wy) = s. (13d)

C.2.1. THE PARALLEL COMPONENT

In the following we bound o ,in (V;ﬂ Uit Wt). We state our main result of this section in the lemma below.
|VXSL Vu,w, I < e < 10725~ and A, =

Lemma C.5. Suppose that Assumptions 3.3, 3.5 and 3.7 holds,

(A*A-TI) (XX T —UU,") satisfies | A¢|| < 0.2/1_17“*_% | X ||2, then we have

Umin(V)—{: Ut+1) 2 O—min(V)}—S Ut+1Wt)
> (Ut (02 = eal XIP — 20 Ad]) — 202 X ') (1~ 1020 (Vi UL)) 0rin (VR U3).

Proof. The update rule of GD implies that

Vx U1 W,
=Vx (I+puX.X] -UU )+ pA,) UW, (22a)
= (I + uS2)Vy UW, — uVy UU, U W, + yVy A UW, (22b)
= I+ p=HVx U W, — uVx UU, Vx V¥ UW, — nVy UU Vx,  Vx  UW,

+ MV;S AUW,
= (I +puS2)Vy UW, (I — uW, U, Vx Vx UW,) + uVy AU W,

—uVx, UU Vx, 1 Vx,  UW, + @ S3Vy UW, W, U/ Vx Vx UW, (22¢)

where (22a) follows from V;SXX—r = V)—('—SXSXST + V;SXS’J_X;—L and V}ISXS’J_ = 0; (22b) follows from
V)}—SXSX;r = V;S VXSESV;S = ZSV;S, and (22c¢) follows from V;SUt = V;sUtWtWtT + V)—(rsUtWt’J_WtTL =
Vx UW, W, by definition of W and W | .

We now relate the last three terms in (22¢) to V;S U;W,. Since V;('—S U,W, is invertible by Assumption 3.5,
V;S Vu,w,, 2u,w, and Wy, w, are also of full rank, thus we have

U W, = UW,(Vx UW,) 'Vx UW,
—1
=UW; (Vx.Vuo,w,Suv,wWi.w,) Vx.UW, (23)
—1
=Vuw, (Vx.Vuw,) Vx UW,.

Plugging (23) into the second and third terms of (22) and re-arranging, we deduce that

Vx U1 W,
= (I+ w22+ P + P)) Vx UW,(I — uW, U, Vx V¥ UW;)
+ 1% (22 + P+ P,) Vx UW,W, U, Vx Vx UW, (24)

= [T+ 1 (B2 4 Pt Po) + 4 (524 P+ P) VR UWW, U Vi, (I pV UWW,U V) |-
Vx UW, (I — uW,' U,/ Vx V¥ U;W,)
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where we use the equation A = (I — pAAT) P A(I — pAT A) with A = Vg U;W, (when p1 < 9\|X”z I —pAAT s
invertible by Lemma D.4), and
-1
Pl = V;SUtUtTVXS,LV}IS7LVUtWt (V)—(rs VUtWt) (25)
-1
P, =Vy AVu,w, (VX Vuw,)
By assumption we have
2 1
Omin (V_)—(I—SVUtWt) 2 \/1 - HV}}—S,LVUtWt 2 5,
so that .
1P < [V O Vi, | VA Vo ||| (VR Voows) ™| < Besli X7 < 01 )2 (26)
and by our assumption we have
—1 _ _1
122l < [ (VAL Vo) |- Al < 2A ) < 026717 X2 @
Moreover, note that ||X.]|? = o2 = [ X|? and since p < 107%||X||=2 by Assumption 3.7, we have

H(I - MV,ISUtWtWtTUJVXS)’lH < 1.1. Thus
H (B2+ P+ P) Vx UW WU, Vx, (I - uV;}ZUtWtWtTUtTVXS)_lu <20 X"

The equation (25) implies that
Omin(Vyx, U1 W3)
> Oymin (I + 1 (22 + P+ P) + (22 + P+ P) Vx UW,W, U, Vx_ (I — iV, UtWtWJUJVXS)’l) :
Tmin (VR,UW(I — uW, U, Vx, V{ U;W,))
> (14 p0in(Bs) = pll Prll = | Pol = 200 | X||*) 0min (Vi Us) (1 = poin (Ve Ut))
= (14 po? — | Bil| = | Po]| = 202 | X |1) 0min (VAL T2) (1 = o2 (VI U)
Recall that P; and P, are bounded in (26) and (27) respectively, so we have that
Omin(Vx, Ury1)
> Omin(Vx, U1 We)
> [1+ (02 — 5esl| XIP — 21 A1) — 2002 X|1'] (1~ o2 (VL UD)) 0rmin( VA U).

The conclusion follows. O

The corollaries below immediately follow from Lemma C.5.

Vx Uy) < 0.3k 2, then we have

Corollary C.6. Under the conditions in Lemma C.5, if o

min (

Umm(VX Uit1) > (1 +0.5u(0% + Us+1)) Umin<V)—(rSUt)-

Proof. By Lemma C.5 it remains to check that
14 (02 = 5esl X2 = 21 A2) — 202X (1 - 0.3 | XI2) > 14 050002 + 02,.).
Indeed, recall from the conditions of Lemma C.5 that 5¢3]| X ||* < 0.01x71||X||? < 0.01(¢2 — 02,,) and similarly
[A¢]] <0.005(c2 — 02, ) and p?|| X [|* < 10~*x " u]| X[|2 < 107*(02 — 02, ,), so that
140 (07— 5esl X2 — 21 A7) — 2002 X4 (1 — 035~ | X )

> (14 p(0.907 +0.10214)) (1= 0.3u(0f — 02,1))

1 (0602 + 0.40%,,) — WX P02 - 02,)

> 14 0.5u(02 + 02, ;)
as desired. O
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Corollary C.7. Under the conditions in Lemma C.5, if
0hin(Vx,Up) < 02 — pot — 5es| X |* — 2] A )* — 204° X ||, (28)

then we have that Umin(V)}'—s Uit1) > Jmin(V)}'—s U,).

Proof. A sufficient condition for Umin(V;S Uit1) > Jmin(V)}rs Uy;) to hold is that

(14 p (02 = 5e3|| X|1° = 2| Ad?) = 206 | X[|*] (1 = potin (Vi Ub))
< 02 = 5eal| X2 = 2 Al* = 201 X |* = omin (Vi Ut) — po3omin(Vx, Us) > 0.
When (28) holds, we have
a3 = 5esl| X = 20 A¢]|* — 2041 X[* = owmin(Vx, Ur)
> poy 2 10 iomin(Vx, Ut)

as desired. O

C.2.2. THE ORTHOGONAL COMPONENT

In this section we turn to analyze the noise term.The main result of this section is presented in the following:

Lemma C.8. Suppose that Assumptions 3.3, 3.5 and 3.7 hold, V;S U1 W, € R¥*7 is of full rank, ||Vx, 1 Vu,w,| <
c3 < 1072k~ Y and | A|| < c3]| X||?, then we have

U1 Wega o[l < (1 + poZiy +30u] X |Pes + 0142 | X||*) [UWe L]

Proof. By the definition of W, |, we have Vi U;W, | = 0, thus |[UW, || = HV;s,LUtthlH' The latter can be
decomposed as follows:

Ve, \UiiWe 1 = Vx U WiW, Wi 1+ Vy, U W AW, Wi
=(a) =(b)

In the following, we are going to show that the term (a) is bounded by c - ;+ where c is a small constant, while (b) grows
linearly with a slow speed.

Bounding summand (a). Since
0=Vx UWi11 =V U WW, W11 +Vx U W W, Wi
by definition, we have
-1
W, Wi =—(Vx UuW,) VX U W, (W, Wi . (29)
Thus the summand (a) can be rewritten as follows:

T T
Vx, 1 Uit i WeW, Wiy |

— VR U W, (VR Ui W) VUi W W, Wiy (30a)
=V UaW, (VE Vo w v wiWoaw,) | VEUAW, W, Wi

= Vi Vow (VEVow) VAU Wi W, Wi (30b)
= —Vr Vu.w (Ve Vu,ow) Ve (I+pA"A(XXT —UU)) UW,  W,| Wiy,

— Ve Vuw, (Ve Viaw,) Vi [(XXT —UU) + A UW, W, Wi 1 (30c)

—1

= IUV)—(FS,J_VUwert (V;s VUt+1Wt) V);s [UtUtT - At] UtWt,LWt,TJ_Wt—H,L
-1

=uVx.  Vuaw, (VX Vuw,) MVx, [UW, W, W1 1,
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where M = V;s [UtUtT Vx, 1 — Ay VXs,i]- In (30), (30a) follows from (29), (30b) holds since Xy, , , w, WJt+1Wt S
R**# is invertible, and in (30c) we use Vy U;W; 1 = 0. It follows that

l@) < 1| VR, Vo |- || (VA Vo) || 1M |[VE, L O |- (1)

By Lemma D.5 we have HV;S,LVUt+1Wt

< 0.01, which implies that

1
2

H (V;SVUtJert)_lH = O-r;iln (V)—Cr& VUt+1Wt) = (1 - HV;S,J_VUwert HQ)i <1L (32)
Lastly, we bound M as follows:

M| < |Vx, UU Vx, || +][(AA-T) (XX —UU, )|
<||Vx.UW| - |VX, LUW;|| + 103k es]| X |2 (33)
< 10)X%¢s.

where the second inequality follows from our assumption on ||(A*A — I) (XX T — UU,")||. Combining (31), (32) and
(33) yields
(@)l < 20u]| X ||Pes]| U W, L.

Bounding summand (b). This is the main component in the error term. We’ll see that although this term can grow
exponentially fast, the growth speed is slower than the minimal eigenvalue of the parallel component.

‘We have

T
VXS,J_ Ut+1 Wt’J_

=Vx, [T+ pXXT-UU )+ pAA-1) (XX -UU,) | UW, . (34a)
= [I+p32, —uVy UU Vx, 1 +uVx  AVx, | | V¥  UW, | (34b)
N—————
=:M>
= (I +p32, —pVy JUWW, U/ Vx, | +pM) Vx [ UW, | (I— W, U UW, ) (34c)
+1° (22, - Vx,  UWW, U Vx, 1 + M) Vx  UW, W, U UW, (34d)
where we recall that 2 | = diag(02,,,---,02,0,---,0) € R(#=)*(d=%) n (34), (34a) follows from the update rule

of GD, (34b) is obtained from V;S,LXXT = Ei,LV)—(Z,L and UW, | = Vx Vx UW, | +Vx, | Vy UW, | =
Vx. 1 Vx.  UW, 1, and lastly in (34d) we use

Vx, UU Vx, 1 Vx UW, |
_ T TrrT T T T T T
= VXS,LUtWtWt U, VXalVXS,LUtWtL + VXS,LUtthWt,LUt VXS,LVXS,LUtWt,L
=Vx, JUWW, U Vx Vx [ UW, 1 +Vx  UW, W U UW,,.

It follows that
VX, UaW, |
< (I = pVx, \UWW, U Vx, 1|+ pllSs L ® + pl| Ma]l) [|Vx, \UW, || (T = pl|Vx, \ UW; L |)?)
+ 12 |UW P (020 + U2 + 10735 Tes]| X|1?)
< (V4 podiy + pllA) 1UW, 1| (1= pllUW L)) + 01067 | X|1* |U:W ||
<NUW, LI (1 + poZy + pes]| X|? + 0147 X|*)
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To summarize, we have
U1 Wi, || < (14 poiyy +30p] X |Pes + 0167 X[|*) [U:W;, L |

as desired. O

To bound the growth speed of the orthogonal component, we need to show that the quantity HV; | Vu,w, || remains small.

The following lemma serves to complete an induction step from ¢ to ¢ + 1:

Lemma C.9. Suppose V;ﬁ U, is of full rank, |Vx, 1 Vu,w,|| < c3 and ||UW, ||| < min{omin(UW,),ca}t with
max {cz, c4|| X |71} < 107267, and Ay = (A*A - I)(XX T — UU,") satisfies |A¢| < 107357 e3]| X || and
p <1074k X || "2 cs, then we have ||V, Vi, wi,, || < cs.

Proof. Let My = A*A(XX T — U,U,"), so the update rule of GD implies that

Uiy iWipr = (I + pM)U Wiy

= (I + pb) (UW W, Wy + UW, . W,| W, 1)

= (I + pMy) (Vu,w, Vo,w U W W, Wy + UW, \W,| W, 1)
= (I +uMy)(I + P)Vu,w, Vo, w, UW,W," Wi,

=H

where
—1
P=UW, W, Wi (Vgw,UWW, W) Viw,
and Vi . Uy W, W," W, is invertible since ViJ. . U W, is invertible by our assumption that Vi U, is of full rank and
rank(U;W;) > rank(Vy U;W;) = rank(Vy U;) = s, and W,' Wy 1 is invertible by Lemma D.7. Indeed, Lemma D.7
implies that o, (W, Wy11) > 1 by our condition on .
The key observation here is that because the (square) matrix VUTt w, UW,; WtT W, 41 is invertible, so that the column space

of U1 Wi is the same as that of H. Following the line of proof of Stoger & Soltanolkotabi, 2021, Lemma 9.3 (for
completeness, we provide details in Lemma D.8), we deduce that

||V;5,LVUt+1Wt+1 H = ||V;5LVHWIIIH

1

1
<[[vis (14 B~ Vo Vaw, (B4 B7)) Vo + 21812+ 1)

where B = (I + uM,)(I + P) — I and || D|| < 100||B||?. By assumption we have
[UWe, || |We L Wi |

Umin(UtWt)Omin(WtTWt+1)

<2[We i Wil

1P| <

so that
|B-wXXT -UU)|

<p|M; — (XX T —UU, )|+ |P|| + ul M| P
S pl|A 4 2[[We s Wi || + 4p| X1 Wi L Wi ||
< p Al + 6 [We u Wi ||

< 18u (10| X |2 + ca) es|| X || + T [ A

< 181 (L0p]| X [P + ea) e[| X || + 0.01 s Fes | X ||

(36)

where we use Lemma D.7 to bound HWt’TJ‘WtHH' Let By = uXX'" - UU,) and Ry =
V);—Z’L (I + B — VUtWtVl};WtB1> VUth then we have
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R =Vx (I+p(I-VowVyw,) (XXT-UU,)) Vuw,
= (T +p22 ) Vx,  Vow, (I - iVyw, XX Vy,w,)
—uVx, | (I-Vow, Vyw,) UW, W, U Vx_1Vx,  Vuw,
+ 1”22 Vy  Vo,w, Vo,w, XX Vu,w,.
By Weyl’s inequality (cf. Lemma A.4) and our assumption on cs,

(37

min (Vew, XX Vow,) > omin (Viow, Xs X Vow,) = |[Vow, Xt X Voo ||
> omin (Vo w, Xs X, Vu,w,) — 024, ||V;S,¢VUtWt||2

2 T 2 2 2
> Os ||VU1,WZ VXs — 0541€C3

1
= 02— (0 o) E > 5 (02 o).
So we have ’

IRy < (1= 5002 = 020 [IVA, 2 Virws || + mesch + ]I X1

It thus follows from (35) that

HV}—(FQL VUt+1Wf,+1
< |Ra| +2|B - Bi|| + 102 B
< (1= 5002 = 02)) | VA, L Voows | + 40pcsca | X || + 0024k e X2 + 10% | X |

Since HV; L Vu,w,|| < ca, it follows from our assumption on c3, ¢4 and p that HV; n VU, Wiy || < cs as well, which

concludes the proof. O

C.3. Induction

Let
TP, =min {t > 0: 02, (Vx Uaus1) > 0371 X2}

where pi stands for the parallel improvement phase. In this section, we show that when T5F < t < Tg?s, the parallel
component grows exponentially faster than the orthogonal component. We prove this via induction and the base case is
already shown in Lemma C.4.

Lemma C.10 (Lemma 5.2, detailed version). Suppose that Assumptions 3.3, 3.5 and 3.7 hold and let c3 = 104/@\/ﬁ5, cq <

. _ — —2K
1073,k71|| X||. Then the following holds for all To* < t < Ta.s as long as a < Cy(X,U) = (m%) is

sufficiently small:

Omin (VR Ui+1) > 0min (Vx U1 Wi) > (14 0.50 (02 + 02,1)) 0min (Vx, Uart) (38a)
U1 Wigr, 1 || < min{ (1 + g (0.40% 4+ 0.602,,)) |[UW; 1 ||, ca} (38b)
VX, Vuwis || < cs. (38¢)
rank(Vy Uyy1) = rank(Vy U W) = s. (38d)

Proof. The base case t = Tg,is is already proved in (19). Now suppose that the lemma holds for ¢, we now show that it holds
for ¢t + 1 as well.

To begin with, we bound the term ||A;|| as follows:
A =[[(AA - D)(XXT - U,
<||AA-D(XXT -UWW, U +|[(AA-TUW, W, U/
< 100v/r | X |2 + 6 [UW, W, U/ ||,
<106/ | X |2 + 6d |U,W, L ||?

(39)
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where in the second inequality we use Proposition A.2 and Lemma A.3 and in the third inequality we use ||A[. <
Vd||Al|,YA € R* and the induction hypotheses.

By induction hypothesis, there exists a constant 6'4(X JU) = gzggg (see Lemma C.4) such that
Omin VT U, Omin VT Urs A
( X t) > ( X Tap) >0y a0 (40)
[U:We, || |UrsWrs | ||

where

~2) _ 22
., = 2Uog (14 po7) —log (1+p0311))

3log (1 + p63) —log (1 + pé2,,)
Since we must have 02, (Vi U;) < 0.3571[| X2 by definition of T, it follows that |UW, || < 10x|| X ||2C2azx,

1
4k’
so for v < (C2k) 2%, ||A|| < 118,/ X ||? holds.

The above inequality combined with our assumption on ¢ implies that the conditions on || A;|| in Lemmas C.5, C.8 and C.9
hold. We now show that (38a) to (38d) hold for ¢ 4 1, which completes the induction step.

First, since t < TE%, we have oy (Vx.Uis1) < &Y X|[>. Moreover, the induction hypothesis implies that

VA, Vo awia | < s and that VI Ua is of full rank. Thus the conditions of Corollary C.6 are all satisfied,
and we deduce that (38a) holds.

Second, the assumptions on c3, ¢4 and §, combined with Lemma C.8, immediately implies
U1 Wiga, 1|l < (1+ 1 (0407 +0.602,,)) |[UW, L ||
As a result, similar to (40) we observe that

i (Vi Ur1) _ ain (VAL Us)

>y ie,
Ui Wi, || — HUTZPWTZ",LH -

Since omin (Vyx, Uss1) < || X

, when « is sufficiently small we must have that ||U;1 Wiy 1 || < cqu.

Finally, Lemma C.9 implies that (38c¢) is true, and (38d) follows from our application of Lemma C.5. This concludes the
proof. O

C4. The refinement phase and concluding the proof of Lemma 4.3

We have shown that the parallel component iy (V;S Ut+1) grows exponentially faster than the orthogonal component

|[U; W1 ||. In this section, we characterize the GD dynamics after T5's. We begin with the following lemma, which is
straightforward from the proof of Lemma C.10.

Lemma C.11 (Corollary 5.3, formal version). Under the conditions of Lemma 5.2, the following inequality holds when
a< C4(X, U)

|Ug Wis || < C5(x,0) -0

where Cs = v/ 10k|| X || gii%

The following lemma states that in a certain time period after T(E’fs, the parallel and orthogonal components still behave
similarly to the second (parallel improvement) phase.

Lemma C.12. Under the conditions in Lemma C.10, there exists EM > log(l-ls-;wg) log (107§ng|‘2 a—ﬁ) -0 (bga‘l)

when o — 0 such that when 0 < t — Tg’is < t~a75, we have

Omin (VX Ut) > Omin (U:W;) > 03671 X |2, (41a)
IUW| < (1+ (0402 +0.60%,1)) " | Upgs Wiy |, (41b)
1Vx, 1 Vuw,| < es. (41c)
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Proof. We choose
tos =min{t > 0: U1 Wip1, 1 ||? < e5} (42)

where
s =104 7K ey | X2 (43)

We prove (41) by induction. The proof follows the idea of Lemma C.10, except that we need to bound ||A,|| in each
induction step. Concretely, suppose that (41) holds at time ¢, then

A = (A A-D(XXT -UU,)|
<||AA-D(XXT -UWW, U+ |[(AA-TUW, W, U/
< 106/ || X | + 6 [|[UW, . W, U ||,
<106/ || X ||? + desVd < 0.026es || X

(44)

where we used the definition of ¢5 in the last step. As a result, we can apply the conclusion of Lemmas C.5, C.8 and C.9
which implies that (41) holds for ¢ 4 1. Finally, combining Lemma C.11 and (41b) yields ¢, s = © (log i) O

We now present the main result of this section:

Lemma C.13. Suppose that 0 < t — T(Qs < Ey,s;
have

V;s’ L Vu,w, || < c3 and the conditions in Lemma C.10 hold, then we

IV (XX = Ua U

(| o + 20| X[|* (6 + 5es) + 20004 /r. | X ||,

< (1 - ;W) [Vx, (XXT -0, U))

where we recall that T = minj<s<par, (03 - U.§+1) > 0.

Proof. Recall that M; = A*A (XX T — U,U,"). The update of GD implies that

XX -U1UL,
= XX - (I+pM)UU, (I + pM,)
= I -pUU") (XX -U0U]) (I -pUU)") +pAUUS
N—_——
=(4) =(it)
+ NUtUtTAt +M2 (&1 +E2),
N——

=(iii)

where &1 = —~UU, (XX - UU,")UU," and & » = —M,U,U," M,. Since |U;|| < 3| X || by Lemma D.4, and
M, — (XX T —UU,)| = ||A]| < || X||* which is shown in (44), we have

IVx,eallp = [Vx. UL (XXT - UUT) UU ||,
<V VRO (XXT U Uy |,
< 10% /| X0
and
[V € = [V, [(A"A) (XX~ 00))] 0] [(4°A) (XXT 007,
< V[ ) (XX - 00| U] (44 (XX -00])]|
< 10° /7 | X
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Note that we would like to bound || V;S (X X7 — U1 U;rl)
first term, we have

|Vx, (I -pUU,") (XXT -UU) (I - pU0y) ||,
=|Vx, I - pUU,") Vx, Vx (XXT -UU,") (I - pUU)|
+||Vx, I —pUU ) Vx, 1 Vx| (XXT -UU,) (I -pUU,")

H 7 We deal with the above three terms separately. For the

I

< —pVx UU Vx || ||V, (XX T —UU) || +p||Vx,UU Vx, \Vx | (XX -UU)|, @5
< (1= polin U W)k, (Vx Vow,)) [V, (XXT = UU)| . + 100u)| X || s (45b)
1
< (1 - Qur) |Vx, (XXT —UU, )|, +100p] X ||*cs, (45¢)
where in (45a) we use HI - uUtUtT H < 1, (45b) follows from
min (VA UU V) = 0min (VR UWW, U Vx,) 2 0 (V4. UW;)
> 012rlin(Ut Wt)UIerin (V)—(rs VUt Wt)
and
[V, UiU; Vx, 1| = [V, UWW, UV, 1| < U2 [[VR, LUW| < e U,
and lastly (45c) is obtained from
O—rznin (V)—KI—SVUtWt) > 1- ||V)Ig,LVUtWt||2 Z 1- Cg.
For the second and the third terms, we have
AU +UU," A < 0.1kes) X ||* (46)
where we use the estimate in (44). Combining (45) and (46) yields
[Vx, (XX = UpnU/) ||
< <1 - ;m> |Vx, (XXT —UU)|, +200p) X ||*cs + 110p% /]| X ||°.
O

To apply the result of Lemma 5.4, we need to verify that ||Vx, | Vi, w, || < c3 still holds when ¢ > TE%. In fact, this is
true as long as t — Th,s < O (log 2).
Lemma C.14. Under the conditions in Lemma C.10, if

3 1
rslogaxoy loga L

TR <t < TP, =1
a,s — Y = Ta,s + log (1+MJ§) «,s

then U1 Wesr ]| < (1+ po?) [UW;, 1| and ||V Vo,
(1+ po?)=T8:C5(X,U) - < ey

< c3. As a consequence, we have ||[UW, ||| <

Proof. The proof is basically the same as that of Lemma C.10 and we only provide a sketch here.

We induct on ¢. The base case t = Tg,is is already proved in Lemma C.10. Suppose that the lemma holds for t — 1 with
t < Tre,, then the choice of T);°, combined with Lemma C.8 imply that

a,s? ,S

[UW, L] < (1+ po?) [0 Wi, 1] < (1 +Wf)t7T‘§i’S

UT&iSWTSTS,LH :

yS

Since we have HUTZ?SWTC’;?S LH < C5(X,U) - a” by Lemma C.11, the choice of T, implies that [|[U,W; | || < c4. The

bound H V; L Vu,w, || < cs then follows from Lemma C.9. O]
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We will only use a weaker version of this lemma, namely that the bounds holds for all Tg?s <t < Téfs. When « is

sufficiently small, this can be directly derived from Lemmas C.13 and C.14 since o5, T5, — T, =© (log 1). Specifically,
we have proven Lemma 5.4 in the main text:

Lemma 5.4. Suppose that Th's <t < T, (ff s and all the conditions in Lemma 5.2 hold, then we have
V(XX 0T

< (1 gor) VR, (XX~ w0,

+ 20| X ||* (8 + 5es) + 200017 /7] X || ©.

Moreover, we have Uyt 1Wipy 1 || < (14 02)|U;Wy, 1 || and HVXSLVUtW‘H < cs.

We are now ready to present our first main result, which states that with small initialization, GD would visit the O(¢)-
neighborhood of the rank-s minimizer of the full observation loss i.e. XX, .

Theorem C.15 (Restatement of Lemma 4.3). Under Assumptions 3.3, 3.5 and 3.7, if the initialization scale « is sufficiently
small, then for all 1 < s < 7 A r, there exists a time Téfs € Z (where £t stands for fitting the ground-truth) such that

T T
HXS X, ~Ugg, UT&fS

< 10713, X ||26.
F
Proof. First, observe that for all ¢ > 0,

1X.XT - 00T, < |(X.XT U7 Vi Vi + [T viea Vit |,

I

(47)
2 2
< |[VA, (X XT = 00|, + v [V oW+ va v uw |
< Vx, (XX = UUT) [ + 9Vl X P Vi, 1 Vo | + Va[UW, L.
where the last step uses Lemma D.4 to bound | Uy||. We set c3 = 103£./7,.0 and
-2 —2_ —1
Ti:cs _ Tgfs B log (10 | X ||~ *7cs )7 48)

log (1 — %/J,T)

where we recall that 7 = x| X |2, then for small & we have T%, < TR + o, (defined in Lemma C.12). Hence

for Tap?s <t< Té'fs we always have [|[Vx, | Vu,w,| < c¢3. By Lemma C.13 and the choice of ¢3 and d, we have for

T8, <t < TZ that
1
V¥, (XXT - U1 U, < (1 — 2u7> |Vx, (XXT —UU, )| + 30u] X ||*v/rcs

which implies that for ¢ = TZ*

«,s?

IVx, (XXT -UrU7)

fF < 80k X ||*/recs.

Meanwhile, by Lemma C.12 we have |[U;W; ||| < c¢s (c5 is defined in (43)) and HV;‘S,LVUtWt
Plugging into (47) yields

< czatt = T,

|x.x] - U U,

| < 80X |2y + 9] X |2 v + 2V

By definition of ¢3 and ¢5 we deduce that HX‘;XQT — Urs: Ujs, ‘ < 1037 72|| X |0 /rees < 10°k3r, || X |25, as
o,s as ||

desired. O
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Corollary C.16. There exists a constant
Co(X,U) = C5(X,U) - (1 + po?)Tae—Tos (49)
such that

max ||UW, || <C;- Qi
0<t<TEr,

Proof. The case of t < T, g,is directly follows from Lemma C.11. For ¢ > Tg?s, we know from Lemma C.12 that

pi

Tft'_TOL s
||UtWt,L” < HUT&WT&,LH . (1 —|—,ua§) a,s -

By (48), the second term is a constant independent of «, so the conclusion follows. O

D. Auxiliary results for proving Lemma 4.3

This section contains a collection of auxiliary results that are used in the previous section.

D.1. The spectral phase
In the section, we provide auxiliary results for the analysis in the spectral phase.
Recall that K; = (I + uM)* and U; = U;* + E; = KUy + E; and Uy = oU with ||U|| = 1. Also recall that

M = Z;i“lk(M) \it;0; ; we additionally define M, = Z;n:irll{s’rank(M)} X\it;0; . Similarly, let L, be the span of the

top-s left singular vectors of U;. The following lemma shows that power iteration would result in large eigengap of U;.

Lemma D.1. Let p = opmin (VI\TI U) > 0, then the following three inequalities hold, given that the denominator of the
third is positive.

os(Uy) > a (ﬁas (zt) Oyt (zt)) AN (502)
0o1(U0) < aoyi1 (Z0) + Bl (50b)
a0 g1 (Zt) + || Bl

apo. (2:) =2 (a0ur (2:) + 11 E)

§
|Var: v,

< (50¢)

Proof. By Weyl’s inequality we have
os+1(Up) = 041 (14 pM) ' Up) + || E¢||
= aogp1 (1+pM)'U) + | B
< aoe1 (L+pM)'O) + a||[(1+ pM)" — (14 pM)' | U|| + | By
< a(l+ phar)’ + || B
Thus (50b) holds. Similarly,

0s(U1) > aos (N Var, Var, U) — a(1 + pheia)' — || B
> aos (N¢V,) Omin (VI\TISU) —a(l+ U;\s+1)t — |||l
> ap(l+phs)' — a(l + phor)' — || Bl

Finally, note that we can write - B
a(l+puM,)'U = Vg, (14 pEm,) Vi U,

invertible

so that the subspace spanned by the left singular vectors of a (1 + M,)*U coincides with the column span of Vj;_. Since
L, is the span of top-s left singular vectors of Uy, we apply Wedin’s sin theorem (Wedin, 1972) and deduce (50c). O
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The next lemma relates the quantities studied in Lemma D.1 with those that are needed in the induction. The proof is the
same as Stoger & Soltanolkotabi, 2021, Lemma 8.4, so we omit it here.

Lemma D.2. Suppose that ‘ V)—(Z, 1 Vi, || £0.1for somet > 1. Then it holds that
1
os (UWy) > 505 (Uy), (51a)
VX, Vuw,| <10(|Vx, Vi, |, (51b)
||UtWt’J_|| S 2US+1 (Ut) . (51C)

Combining the above two lemmas, we directly obtain the following corollary:

Corollary D.3. Suppose that aos(K;) > 10 (aosy1(Ky) + || By

), then we have that

o5 (UWy) > 0.4a0,, (Ki) omin (VL U)
UW; 1| <2(aos1 (Kt) + || Et])

aosy (Ky) + ||Et||)
04/30'8 (Kt)

(52)

||V;s.¢VU,,Wf,|| <100 <5 +

D.2. The parallel improvement phase

In the section, we provide auxiliary results for the analysis in the parallel improvement phase.

Lemma D.4. (Stoger & Soltanolkotabi, 2021, Lemma 9.4) For sufficiently small 1 and 6, suppose that ||[Uy|| < 3|| X ||, then
we also have ||U,41| < 3| X].

Lemma D.S. Under the assumptions in Lemma C.8, we have

Vx. . Vo, ow.| <2 (cs+10u]X|?) < 0.01.

Proof. The proof of this lemma is essentially the same as Stoger & Soltanolkotabi, 2021, Lemma B.1, and we omit it
here. O

Lemma D.6. Under the assumptions in Lemma C.9, we have
T 1
Omin (ng Ut+1) Z §O—min (Ut Wt ) .

Proof. We have
Omin (Vx,Uis1) = omin (Vx, U1 W2)

= omin (Vx, (I + pM;) UW,)
> Omin (Vx, I+ pMy) Vu,w,) - 0min (Vo w, U: W)
> [omin (Vx. Vu,w,) — bl M| - 0min (U W)

/ 1
2 < 1-—- C% - ]-0/~L||X2) Umin(UtWt) 2 §Jmin(UtWt)
where the last step follows from
2 2
omin (Vx. Vow,) 21— ||[Vx.  Vuw,| >1-¢.
The conclusion follows. O

Lemma D.7. Under the assumptions in Lemma C.9, we have
W, Wi || < 3 (10| X |12 + ca) es|| X || + p (AA - DX X T - UU -
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Proof. The proof roughly follows [Stoger & Soltanolkotabi, 2021, Lemma B.3], but we include it here for completeness.

Since V;S U1 = Vi1 X011 Wiy and Vi 131 € R%%¢ is invertible, we have

1
2

Wyl Wi || = HWt,TLU;qVXS (Vx, Ui U/, Vx,)

Since
Vx U aWy 1
=Vx. I +pAAXXT -UU,)) UW, |
=Vx, [+uXXT -UU,))UW, | +uVx AUW, |

= —uVx U U UW, | +pVx AUW, | (53a)

= —uVx U W, W, U UW, | +uVy AUW; | (53b)

= —pVx UWW, U,/ Vx, VX  UW, | +pVx AUW, | (53¢)
:ZKl :=K2

where (53a) follows from Vy XX "U;W; | = 2, V4 U;W, | =0, and in (53b) and (53¢) we use Vy U;W; | = 0.
For K, note that

_ 1
H(V;SUMUJHVXS) > V;sUtH

< | VL Ut Vi) B VE O 4| (VE OnU V) T VE AT - oo o
<1 10X P, (VAU
so that )
| (VR U v) 72 K| < 1+ 100 X o, (VE.O)] | VA, SO [0,
Plugging into (53), we deduce that
W, W
< 30 (14 100X Pyl (VR Ui)) [V Vi | 1 [TWi L |
+ 10t (VX Ueit) [UW | [|(AA = DX XT - U0 ||
<3 (|UW 1|+ 10p] X[P) ||V, Vow, || 1 X]]
+ 10, (Vi Upd) [UW, | (AA - D(XX T - UU, ||
< 3 (10p)| X|* + ) es| X [| + p [[(ATA - (XX T —UU] -
where in the last step we use Lemma D.6 and the induction hypothesis which implies that oy, (U;Wy) > ||[UW, 1 ||. O

Lemma D.8. The matrix H defined in the proof of Lemma C.9 satisfies the following:
H(H"H)™* = Vy,w, + BVu,w, — %(I + B)Vu,w,Vu,w, (B+B") Vu,w, — D,
where | D|| < 30| B>,
Proof. By definition of H we have
H(H H) :
= I+ nM)I + P)Viw, (Vdw, (I+PT) (I + pM)*(I + P)Vo,w,)
={I+B)Vy,w, [Vuw, I+B"+B+B'B)Vy,w,|

(NI

1
={I+B)Vy,w, |I+Vy,w, (B" +B+B'B)Vy,w,

=:0
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It follows from (36) and our assumptions on cs and c4 that
IB| < u||XXT = UU || + 61 (csea] X[ + 50] X |26)
< 104X ||* + 6pes (ca + 1) | X || < 0.1

(note that this step is independent and does not rely on earlier derivations in the proof of Lemma C.9), so by Taylor’s formula,
we have

. 1
H(I +0©)7: T+ 2@H < 3/e|*

Hence,
HH(HTH)% - (VUtWt +BVy,w, — %(I +B)Vu,w,Vy,w, (B+BT) VUtWt> H
- H(I + B)Vu,w, ((I +©) 7 I+ %@ - ;VUTtWtBTBVUtWt) H
< Bl (3117 + 1) < 30l B
as desired. O

E. Proofs for the Landscape Results in Section 4.1

In this section, we study the landscape of under-parameterized matrix sensing problem

2 d
5, UeR™®

fs(U) = % AUUT —XXT)|

Our key result in this section is Lemma 4.6, which states a local RSI condition for the matrix sensing loss. Most existing
results only study the landscape of (1) in the exact- and over-parameterized case. Zhu et al. (2021) have studied the landscape
of under-parameterized matrix factorization problem, but their main focus is the strict-saddle property of the loss.

E.1. Analysis of the matrix factorization loss

When the measurement satisfies the RIP condition, we can expect that the landscape of f, looks similar to that of the
(under-parameterized) matrix factorization loss:

F,(U) = % UUT - XX7|, UeRr™*

for some s < 7.For this reason, we first look into the landscape of Fs before analyzing fs.

Recall that X X T = Sty o2v;v; . The critical points of F(U) is characterized by the following lemma:

Lemma E.1. U € R¥*¢ js a critical point of F,(U) if and only if there exists an orthogonal matrix R € R***, such that
all columns of UR are in {o;v; : 1 <i <r,}.

Proof. Assume WLOG that X X T = diag(c?,02,--- ,02,0,---,0) =: X. Let U be a critical point of Fj, then we have
that (UUT — XX T)U = 0. Let W = UU |, then (£ — W)W = 0.

Since W is symmetric, so is W2, and we obtain that W is also symmetric. It is then easy to see that that if
Y = diag(M Ly, s Adpy,) with A; > Ao > -+ > X\ > 0, then W is also in block-diagonal form: W =
diag (W1, Wy, - -, W) where W; € R™i*™i_For each 1 < i < ¢, we then have the equation (\;I,,,, — W;) W, = 0.
Hence, there exists an orthogonal matrix R; such that RiT W, R; is a diagonal matrix where the diagonal entries are either O
or vA; = 0;. Let R = diag (Ry, Ry, - - - , R;), then RT W R is diagonal and its nonzero diagonal entries form an s-subset
of the multi-set {o; : 1 < i < r,}. The conclusion follows. O

In the case of s = 1, the global minimizers of Fs are £01v1, and we can show that F is locally strongly convex around
these minimizers. Therefore, we can deduce that f is locally strongly-convex as well. Since our main focus is on s > 1, we
put these details in Appendix G. When s > 1, F(U) is not locally strongly-convex due to rotational invariance: if U is a
global minimizer, then so is U R for any orthogonal matrix R € R**?. Instead, we establish a Restricted Secant Inequality
for Fi, as shown below.
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Lemma E.2. For U € R%*$, let R be an orthogonal matrix that minimizes |U — X R)|| .. Suppose that dist(U, X ) <

0.1|| X || =17 (where we recall that T = mine|,..| (02 — 02,,) is the eigengap of X X ), then we have

(VF,(U),U — X,R) > 0.17 - dist*(U, X,).

Proof. Assume WLOG that R = I. Then by Lemma A.10, U X, is symmetric and positive semi-definite. Let
H=U — X, then
VF,(U)=UU" - XX")U

= [(H+X,)H+X,)" -XX"](H+X,).

So we have
(VF.(U),U :<[H+X (H+X,)' - XX")](H+X,),H)
=tr(H' [(H+X,)(H+X,)' -XX"|H+H' (HH' + HX + X,H") X,)
> —tr (H' X, X H)-3|X|||H|[} + tr (H HX] X,) (54a)
> (02 = o) | H[% = 31X (| [ (54b)
> 0.17]| H ||

where in (54a) we use tr ((H " X,)?) > 0 (since H " X, is symmetric as noticed in the beginning of the proof), and (54b)
is because of
tr (HTHX[] X,) > omin (X, X,) - tr (H H) = 02| H||3

and
tr(H' X, X, H)=tr (H Vx, 13, Vy  H)

< Bl [|H Vi, L[5 < 0% | H 3

Corollary E.3. Under the conditions of Lemma E.2, we have |VFs(U)| > 0.17dist(U, X).

E.2. Analysis of the matrix sensing loss

The following lemma states that the minimizer of matrix sensing loss is also near-optimal for the matrix factorization loss.

Lemma EA4. Let Z? be a best rank-s solution as defined in Definition 1.1, then we have
|2: - XX < | XX - X X[+ 105 [ XX
Proof. By the RIP property Definition 3.2 we have

|Xx7 -z <a- 5>’1 lA(XXT - z)];

<=7 A(xxT - x.X])|;
< 0 xxT - x x|}
< HXXT ~ XX |5+ 1051 X XT3,
where the second inequality holds due to Definition 1.1. O

‘We now recall Lemma 4.8.

Lemma 4.8. Under Assumption 3.3, we have dist(U;, X ) < 400k.|| X || for any global minimizer U of fs. Moreover,
1Z: — X X[ ||, < 1600k, /r]| X 2.

We prove the statements in this lemma separately in Lemma E.5 and Corollary E.6 below.
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Lemma E.5. Suppose that Assumption 3.3 holds. Let U} be a global minimizer of f, then we have
dist(U}, Xs) < 400k|| X || .

Proof. Define
S ={U e R¥* : dist(U, X,) < 0.1~ || X ||} .

First we can show that U € S. The main idea is to apply Lemma A.7. Indeed, it is easy to see that

lim  F,(U) = 400,
Ul p—+o0

so the condition (/) in Lemma A.7 holds. To check condition (2), we separately analyze the two cases U € 9S and U ¢ S.

Firstly, let U € 98, i.e., dist*(U, X,) = 0.1 X|~r. Assume WLOG that dist(U, X;) = |[U — X,||», then by
Lemma E.2 we have

1
FAU) - F(X0) = [ (VEGU + (1= 0X0).0 - X.)de
0
1
2/ 0172 |U — X, % dt
0
> 1073 X || 727% = 107363 X%

Secondly, let U ¢ S be a stationary point of f,. Recall that all the stationary points of F are characterized in Lemma E. 1,
so that forall U ¢ S with VF,(U) = 0, we have

F,(U)—-F;>05(0s —04yq) > 0572
On the other hand, we know from Lemma E.4 that
F(UY) — F7 < 56r. | X||*. (55)
By Assumption 3.3, we have 507, || X ||* < 1073 73|| X||? < 0.572, so Lemma A.7 implies that U} € S.

Since V£, (U?) = 0, we have A* A (XXT —uUr (U;)T) U = 0, so that

IVE@)I, = | (xxT-vz@wn") vz

—|a-n(xx7-v: ") Uz

F
<s|xxT-urwnH"| Uz
S S F S

<48)X| | XX T,
From U; € S and Corollary E.3 we can deduce that
dist(U7, X,) < 4067 1| X |2]| X || = 406%] X | .
O

Corollary E.6. Suppose that Assumption 3.3 holds, then we have ||Z} —XSXJHF < 800k\/T+||X||? and
owin ((UF) UZ) > 02 — 806m/7 | X |

Proof. We assume WLOG that ||U;} — X = dist(U}, X,) i.e. R = I in Definition 3.8. By Lemma 4.8, we have that

oz - x.xT

o < 2max {UL 1 X IU7 - Xl p
< 1600k ]| X (|| X || p < 16085 /r || X |12,
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which proves the first inequality. Similarly, we have

|wnTu: - x]x,

< 1606k /]| X .

Hence o2 — oymin ((Ug)T U;) < H(US*)T Ur — XT X, | < 1606k X |2, as desired. O

=

Corollary 4.9. Under Assumption 3.3, we have omin(U}) > tomin(Xs) = 305 > 2k, 2 (| X||.

Proof. Assumption 3.3 implies that 160x/ || X ||> < 0.1 || X ||? < 0.102, so that the conclusion immediately follows
from Corollary E.6. O

Lemma E.7. Under Assumption 3.3, suppose that U, U} € R*** such that U} is a global minimizer of fs and |[U —
Ul ||lr = dist(U,U?) < 10727 1|| X || (recall that dist is defined in Definition 3.8), then we have

(Vf£(U),U-U;) > 017X |?|U - U3
Proof. By Lemma A.10, U T U is symmetric and positive semi-definite. Let H = U — U, then

Vis(U) = (A A UUT - XX U
= (A A) [(H+UHNH+U)" - XX (H+U)
= [n (HEET + U H + H@) )| (H+UD -4 A (XX U ) ) H
where we use the first-order optimality condition
A A (XXT —U: (U;‘)T) Ur =0.
Since ||UJ|| < 2||X || by Lemma 4.8, we may thus deduce that
Vi) - [(BET +UiET B UDT) (H U - (XXT vz 0" ) H||
<||wa-n (HH +UIET + H@)T) (H+ )
< 500(| X |I*| H||

ot H(A*A -0 (xxT-ur ") HH

Hence
(Vfs(U),U -U;)
T ey T T * T 7T 2 2
> <(HH +UH' + H(U?) ) (H+U?) - (XX — U (UY) )H,H> — 5001 X ||2|| H ||~
2
> tr <H(H +UN' (H+U)H'+H'U:H H + ((U;)T H)
~HT (XX U (U)") H) - 500 X || HI:
> [own ()T 02) = || XXT — Uz @) - 5081 X2 - 3IUZ I HI| - |1 HI2] 13
By Corollary E.6 we have oy ((U2)T U ) 2 o2 = 808k X || X |- and HXXT —uUr (U;)TH < o2, | +800k] X 2.
so that
(VI(U), U =U;) > (07 = 03y — 1600w X ||| X || » — 508]| X ||* = 3| U || HI| - | H|]?) | HII3-

When Assumption 3.3 on § is satisfied and |H| < 10727|| X ||}, the above implies that (Vf(U),U —U?) >
0.57 || H||%, as desired. O

We now prove Lemmas 4.4 and 4.6 to conclude this section. Both results follow immediately from Lemma E.7.
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Lemma 4.4. Under Assumption 3.3, if U} € R**® is a global minimizer of f, then the set of global minimizers arg min f
is equal to {U:R "ReER** RTR= I}.

Proof. By Lemma E.5 we have that dist(U}, X¥) < 400«| X ||r holds for any U} € argmin f;. Suppose now
that U, U € argmin f, such that dist(US,U}) > 0. Then we also have that dist(U},U}) < dist(U}, X;) +
dist(X,, UY) < 806k|| X|| 7 < 10~

generality, we can assume that [|U* — UZ||p = dist(U*, U?), so that we can apply Lemma E.7 to obtain

, where the last inequality follows from Assumption 3.3. Without loss of

(V102,07 - U2) = 0167 | X207 - U2

However, since U* is a global minimizer of f,, we have V fé( ) which is a contradiction. Thus the global minimizer
must be unique under the procrustes distance. O

We recall Definition 4.5 which is now guaranteed to be well-defined by Lemma 4.4.

Definition 4.5. For any U € R?**, we use II,(U) to denote the set of closest global minimizers of f, to U, namely
II,(U) = argmin{||U — U}||p : U} € argmin fs}.

Equipped with this definition, Lemma E.7 directly translates into Lemma 4.6:

Lemma 4.6 (Restricted Secant Inequality). Under Assumption 3.3, if a matrix U € R satisfies |U — U || <
1072k Y| X || for some Uz € 4 (U), then we have

(VI(U),U-U7) 2 0161 X|P|U - UL 7 ®)

F. Proofs for Theorems 4.1 and 4.2

In this section, we prove the main theorems based on our key lemmas introduced in Section 4.1.

Based on Lemma 4.6, we first prove the following lemma, which shows that GD initialized near global minimizers converges
linearly.

Lemma F.1. Suppose that Assumptions 3.3 and 3.7 hold. Let {Ut}t>0 be a trajectory of GD that optimizes fs with step
size i, starting with Uo Also let U} be a global minimizer of fs. Ifdlst(Uo, Ur) <107k

dist?(Uy, U?) < (1 — 0.057)" dist?(Ug.0, UZ). (56)

Proof. We prove (56) by induction. It is easy to check that (56) holds for ¢ = 0. Now we show that (56) holds for ¢ + 1
assuming it holds for ¢.

Since dist(Uy, U*) < , we have

|G| < 1wz + 102X < 21X (57

Let R be the orthogonal matrix such that U R € II(U,), then |[U — U R||p = dist(U;, U7). We first bound the gradient
Vf(ﬁmt) as follows:
.

Jons-o:

fesl, = o (ex” 0

< HA*A (XXT U,.U] t)

(Ol — o oz

(58)

< 201X |Oa ~ U2 |
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where we use (57) and the RIP property (Assumption 3.3). It follows that
dist?(Uysr, U HUt+1 U RH (592)
= 0. - wvs @) - UzE|
e - UZR[— u (V100 0~ UIR) 1 2|V
< (1 — 017 + 400]| X || *1:2) HUa,t —US*RHi (59b)

where (59a) follows from the definition of dist, and (59b) is due to Lemma 4.6 and (58). Finally, (56) follows from
Assumption 3.7. O

We then note the following proposition, which is straightforward from Lemma C.12 and Theorem C.15. In the following we
use U, ; to denote the t-th iteration of GD when initialized at Uy = aU.

Proposition F.2. Suppose that Asmmptions 3.3, 3.5 and 3.7 hold and « is sufficiently small. Then there exist matrices U, ix,

fort=—TZ, —T= +1,--- 0 with rank < s (where 1x stands for low rank) and a constant Cs = Cs(X,U) (deﬁned in
(49)) such that

max HUirt — Uy e 44]| =
Tt <t<0 ' =lE

where TZF, is defined in Theorem C.15 and moreover

|z, (i) -z

S

<2 x 10°+3| X ||?r,6.

where Z7 =U; (US*)T is the best rank-s solution as defined in Definition 1.1.

Proof. 1t follows from Corollary C.16 that maxi<¢<re |[UW; 1| < Cs(X,U) - s (recall that C5 is defined in
Lemma C.11 and 7%, is defined in (48)). We choose UY, = Ups: 1 Wre W, _,, then rank(U,) < s and moreover

by Theorem C.15 we have HX X Uy, (U )T‘ < 105%3|| X ||?r.d. On the other hand, by Lemma 4.8 we have
F
Ui (Uk) -z

that || Z; — X, X ||, < 806k/7| X||*. Thus

< 2 x 10°63|| X ||*r.6 as desired. O
F

LetU, = = Urse Wree | € R, then it satisfies UaoUJ, = U, (Uéro) . The following corollary shows that U, ¢ is
close to U} in terms of the procrustes distance.

Corollary E.3. We have dist(U, o, U¥) < 3 x 10%k%7,]| X ||6.

Proof. We know from Lemma 4.8 that dist(UZ, X ) < 400k X ||, so it remains to bound dist(U,.¢, X).

The proof idea is the same as that of Lemma 4.8, so we only provide a proof sketch here. It has been shown in the proof of
Proposition F.2 that

~ N 2 2
Fy(U.y) : HXSXST - Ua,OUJOH <r ‘ < 4 x 1019:572| X || 462 < 0.572.
iy

XX - U.,oUJ,

Note that F is the matrix factorization loss with X ;X ;r beingAthe ground-truth, so the local R§I condition (Lemma E.2)
still holds. By the same reason as (55), we deduce that dist(U,,.0, Xs) < 0.1/ X || 717, i.e., Uqao is in the local region
around X in which the RSI condition holds. Finally, it follows from the local RSI condition that
dist (U 0, X,) < 10771 HVFS(UQ,O)H <107 | U o Hxsxj - UQ,OUJOH <3 x 10947, || X 9.
F Pl

The conclusion follows. O
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We are now ready to complete the proof of Theorems 4.1 and 4.2.

Theorem 4.2 (Convergence in the under-parameterized regime). Suppose that + < r*, then there exists a constant & > 0
such that when o < @, we have lim;_, y o Ua)tU(It =Z:.

Proof. When 7 < r,, the parameterization itself ensures that U, ; is low-rank, so that we can choose Ugft =U, rs 4, and

lAfmo = U, = _in Proposition F.2 and Corollary F.3 (for s = 7). The proof that these choices satisfy all required conditions
are identical to our proofs for these two lemmas in the general setting, and we omit them here.

Applying Lemma F.1, we can thus deduce that lim;_, y o, dist(Ua,t, U;) = 0. This means that lim_, | o dist(U, ., U}) =
0. Recall that Z = U;U; ", so the conclusion immediately follows. O

Theorem 4.1. Under Assumptions 3.3, 3.5 and 3.7, consider GD (3) with initializatipn Unso = aU for solving the
matrix sensing problem (1). There exist universal constants ¢, M, constant C = C(X,U) and a sequence of time points
T <T? < - <TI™ such that for all 1 < s < # A1, the following holds when « is sufficiently small:

T *
HUOQT;UQ,T; - Zs

1
i Carz, )

where we recall that Z? is the best rank-s solution defined in Definition 1.1. Moreover, GD follows an incremental learning
procedure: we have lim, o maxi<i<7s 0s41(Ua) = 0 forall 1 < s < 7 A vy, where 0;(A) denotes the i-th largest
singular value of a matrix A.

S

Proof. Recall that HUTEJ,S - I_JOHF = o(1) (v — 0) where T.¥, is defined in Proposition F.2; we omit the dependence on «

to simplify notations. We also note that by the update of GD, we have U,U," = U, U, forall t > 0.

By Lemma F.1, we have that dist?(U,_;, U) < (1 — 0.057)" dist?(U,,0, UZ) and, in particular, |U, .|| < 2|| X for

all . Thus || Uy || < 2||X || as well. Moreover, recall that || Uy|| < 3||X|| for all . It’s easy to see that that the matrix sensing
loss f is L-smooth in {U € R¥" : ||U|| < 3||X||} for some constant L = O(|| X [|?), so it follows from Lemma A.8 that

[—

< vy [Urg, ]
p < (4 pL) [Urg, = Uo||
On the other hand, since dist?(U,.;, U*) < (1 — 0.057)" dist?(U,.0, U*), we can deduce that

|Ure U - 2,

< ore Uk 0T |+ [OOT vz @)

_ T Ty
= “UTét,s+tUT<§t,,g+t - UtUt

|+ oatr, — o)
F ’ F

< 31| (|Ure 4 - O

L+ dist(Ua,,UD)

< 311X (1 + L)’

UTS;,S - UOHF + (1 - 0.057'/,6)% diStz(ﬁmo, U;))

Since when o« — 0,

)UT& — UOH = O(aﬁ), it’s easy to see that there exists a time ¢ = t5, so that we have
& F

Urs 4+ — Ut

MaX—_Tg: <t<ty,

1
1 T
=0 (OzMuc ) and HUTCfxtvSthUch;,s""t - ZS

1
=0 (a My 52) as well, where ¢; is

a universal constant. Let 75 = TZ* + ¢, then HUTs U/ — ZSH = o(1) holds. Recall that rank(U;) < s, so that
25 @ a F

maxo<t<7s Os+1 (Up) = o(1). Finally, for all 0 < s < 7 A 7, we need to show that T}, < T:5+L, Indeed, by Corollary E.6
and the Assumption 3.3 we have 02, | (Ur:) > 0541 (Zs41) —0(1) > 0.502,,, so that T3+ > T7%, as desired. O

G. The landscape of matrix sensing with rank-1 parameterization

In this section, we establish a local strong-convexity result Lemma G.2 for rank-1 parameterized matrix sensing. This result
is stronger than the RSI condition we established for general ranks, though the latter is sufficient for our analysis.
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Lemma G.1. Define the full-observation loss with rank-1 parameterization

1
91(u) = 7 [[uu” - X X7},

Then the global minima of g1 are u* = o1v; and —u*. Moreover, suppose that g(u) — g(u*) < 0.571 where 1, = 02 — 03

is the eigengap, then we must have
* (12 — *
le = w*[” < 207" (g1(w) — g2(u)).

Proof. We can assume WLOG that X X7 = diag (O’%, 02,0, ,0). Then

T

1
g1(u) = <||u||2 - 2;o2u2 + ||XTX||F> (60a)

1
> 7 (lullz = 207 fu]3 + | X7 X7 (60b)

1
> 7 (IX"XIE = o1) (60c)
where equality holds if and only if up = --- = u4 = 0 and ||u||2 = o} i.e. u = +o1e;. Moreover, suppose that
g1(u) — g1(u*) < 0.57, it follows from (60b) that 7 3%, u? < 2(91( ) — g1(u*)) which implies that 2% , u? <
27'1_1 (g1(uw) — g1(u*)). Also (60c) yields }||u||2 — 01| < 4+/g1(u) — g1 (u*). Assume WLOG that u; > 0, then we have

d
||U_Ulel||2§al 1_01 +Zu
i=

<2077 (g1(u) — 91(u*))

Lemma G.2. Let

filu) = i H.A (u'u,T — XXT)‘ ;, u € RY.

Suppose that 6 < 1073|| X || =27, then there exists constants ay and 1, such that fy is locally -strongly convex in
By = B(o1v1,a1) C R Furthermore, there is a unique global minima of fi inside .

Proof. Recall that we defined the full observation loss g1 (u) = % HuuT - XX T||§7 Let hy = f1 — g1, then

|72 (w)]| = % (A A~ I) (wu” — XXT) 4 2(A"A - T) un? ||
<6 (2l + 1X1%) -

When ||u — o101 ||* < 0.1min {07, 71} (recall 71 = 07 — 03),

Omin (V2gl(u)) = %amin (Hu|\2l + 2uu’ — XXT) > 0.47.

Hence we have
Omin (V2f1(0)) > (V2q1(u)) — V2R (w)]| > 0.4m — 4] X[]?6 > 0.27,

i.e. strong-convexity holds for af = 0.1 min {c?, 7 } and . = 0.27;.
Let u* be a global minima of fi, then we must have ||u*|| < 2|/ X (otherwise fi(u) > f1(0)). We can thus deduce that
* * 1 *
gr1(u*) < fi(u*) + 1 [(uu” — XXT (A A= I)(uu” — XXT))|
< fi(w) + 100 X|* < g1 (w) + 200]| X%,

It follows from Lemma G.1 and our assumption on § that min { |u* — oyvy||?, [|[u* + o101 ||2} < 1a?. Moreover, by

strong convexity, there exists only one global minima in 531, which concludes the proof. O
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