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ABSTRACT

Specifying reward functions for complex tasks like object manipulation or driving
is challenging to do by hand. Reward learning seeks to address this by learning
a reward model using human feedback on selected query policies. This shifts the
burden of reward specification to the optimal design of the queries. We propose
a theoretical framework for studying reward learning and the associated optimal
experiment design problem. Our framework models rewards and policies as non-
parametric functions belonging to subsets of Reproducing Kernel Hilbert Spaces
(RKHSs). The learner receives (noisy) oracle access to a true reward and must
output a policy that performs well under the true reward. For this setting, we first
derive non-asymptotic excess risk bounds for a simple plug-in estimator based on
ridge regression. We then solve the query design problem by optimizing these risk
bounds with respect to the choice of query set and obtain a finite sample statistical
rate, which depends primarily on the eigenvalue spectrum of a certain linear oper-
ator on the RKHSs. Despite the generality of these results, our bounds are stronger
than previous bounds developed for more specialized problems. We specifically
show that the well-studied problem of Gaussian process (GP) bandit optimization
is a special case of our framework, and that our bounds either improve or are
competitive with known regret guarantees for the Matérn kernel.

1 INTRODUCTION

Specifying the reward function accurately for a desired objective, or reward engineering, is challeng-
ing to perform by hand, as the consequences of even small errors can be drastic (Hadfield-Menell
et al., 2017). To address this, reward learning seeks to learn a predictive model of the reward func-
tion from data, which is obtained from carefully selected queries to human annotators. The learned
reward model is then used as the optimization objective for policy learning. Reward learning has
achieved significant empirical success in domains such as text summarization (Stiennon et al.,|2020;
Bohm et al., [2019)), robot locomotion (Daniel et al.,|2014), predicting driving styles (Kuderer et al.
2015)), and Atari game playing (Christiano et al.,[2017).

Despite their success, reward learning methods still lack theoretical grounding. Moreover, their
behavior can be brittle even on simple tasks, due to the difficulty of choosing appropriate queries
and due to feedback loops from adaptive querying (Freire et al., 2020). Indeed, an ablation study
in|Christiano et al.| (2017) suggests that random queries can outperform or be competitive with adap-
tive query procedures. To address these issues, we provide a theoretical framework for analyzing
reward learning, framing it as a doubly nonparametric experimental design problem. This frame-
work helps elucidate the role of query selection (Chaloner & Verdinelli,|1995) and also enables us to
derive scaling laws—how the sizes of the policy and reward models affect the query complexity—for
reward learning (Kaplan et al., 2020).

Proposed framework. In our framework, we suppose we are given a reward class C). and policy
class Cz. Our goal is to find a policy © € Cj that performs well according to an unknown true
reward r* € C,. To do this, we query policies 7 € Cj, observing noisy estimates of their true
reward, and use this information to choose the eventual policy 7.

To be compatible with modern nonparametric learning methods (i.e. neural nets), we view C,. and
C: as subsets of Reproducing Kernel Hilbert Spaces (RKHS). The learner therefore optimizes a non-
parametric reward function over a nonparametric space of policies, making the task “doubly” non-
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parametric. In contrast, previous work considers a nonparametric function class or reward class, but
typically not both. For instance, nonparametric zeroth order or bandit optimization (Srinivas et al.,
2010; [Mockus| 2012 Wang et al., 2018]) considers a nonparametric function on a finite-dimensional
input space. Conversely, nonparametric supervised learning (Wahbal, |1990; [Hofmann et al.| [2008)
minimizes a known loss function over a nonparametric input space.

The doubly nonparametric nature of our task poses new challenges. The (possibly) infinite-
dimensional RKHS requires the learner to select which subspace to explore given a finite number
of queries. Furthermore, the unknown reward function makes it challenging for the learner to rea-
son about the information gained from the selected query policies. We address these challenges by
deriving a risk upper bound for a family of plug-in estimators based on ridge regression, and then
optimizing this bound to solve the optimal design task.

In addition to the optimal design problem, our framework allows us to study scaling laws with
respect to the reward (or policy) class by varying the rate of decay of their corresponding eigen-
spectrum. This decay rate determines the effective dimensionality of a RKHS (Zhang| |2002), and
provides a natural proxy for varying the the size of the reward or policy class. Qualitatively, our
main results show that the excess risk asymptotically vanishes as long as the policy class grows at a
slower rate relative to the reward class.

Sharpness of analysis. Our risk bounds apply to reward and policy classes of arbitrary or even infi-
nite dimensionality. Despite this generality, we show they provide stronger guarantees than previous
known bounds for the specialized settings of compact policy sets and kernel multi-armed bandits.

In Section .3 we look at a special case of our problem when the policy set C is a compact
subspace and thus has finite rank. For these instances, we show that our learning algorithm obtains

/ __B-1 . .
a better excess risk O(nfﬁ) versus a rate of O(n 2<ﬁ+11)) obtained by the adaptive GP-UCB
algorithm (Srinivas et al.,|2010), where 5 > 0 is a power law decay rate.

In Section[5] we specialize our general results to the well-studied problem of Gaussian process bandit
optimization (Williams & Rasmussen, [2006), also known as kernel multi-armed bandit (MAB).

Specifically, for the class of Matérn kernels with parameter v in d dimensions, we show that our
- 4v4d(4d+6) . . . .
algorithm achieves a regret bound of O(7'+d(1d+7) ) which is strictly better than those achieved by

the GP-UCB and GP-Thompson Sampling (GP-TS) (Chowdhury & Gopalan, 2017) algorithms and
comparable with 7-GP UCB (Janz et al., [2020)) and supKernelUCB (Valko et al., 2013 [Vakili et al.
2021)); see Table 1| for details. GP-UCB and GP-TS are only yield sub-linear regret bounds when
the smoothness of the kernel v > d?>—thus in high dimensions, these bounds essentially become
vacuous. The 7-GP UCB algorithm was designed specifically to overcome this issue. Our proposed
algorithm achieves sublinear regret for all v > 3/2.

Our Contributions. We propose doubly-nonparametric bandits as a framework for theoretically
studying the reward learning problem. Within this framework, we obtain finite sample risk bounds
for a ridge regression based plug-in estimator and derive scaling laws for reward learning. From a
technical standpoint, we study the optimal design problem for our estimator to select informative
query points by showing that the excess risk depends only on the spectral properties of a certain
operator of the two RKHSs and the empirical covariance matrix. As a corollary of our risk bounds,
we provide sharper regret bounds for a class of kernel MAB problems compared to several exist-
ing algorithms, showing that the doubly-nonparametric lens of reward learning is fruitful even for
“singly-nonparametric” tasks. To obtain these bounds, our reduction carefully constructs two differ-
ent RKHSs to embed the input space and reward function into a policy and reward class.

2 FRAMEWORK: DOUBLY NONPARAMETRIC BANDITS

Our framework considers non-parametric policy learning with non-parametric reward models. We
let m € H, denote an arbitrary policy and r € H, denote an arbitrary reward function, where H
and H,. are Reproducing Kernel Hilbert Spaces. For technical reasons, we assume the corresponding
kernel functions K and K, both satisfy the Hilbert-Schmidt condition (see Appendix[A]for details).

We let F(m,r) € R denote the reward obtained by selecting policy 7 under reward function r
and consider the case where the evaluation functional F' is linear in both 7 and r. In other words,
F(m,r) = (r, Mm)y, where M : H, — H, is a known linear mapping from the policy space to the
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Algorithm ‘ Regret R ‘ Non-vacuous regime
~ 2v4d(3d+3)
GP-UCB (Srinivas et al.,[2010) O(TTv+acd+2)) v > Lid
| - p 20Fd(3d+3)
GP-TS (Chowdhury & Gopalan, 2017) | O(T #+azdar2)) v > %
= ZvFd(4d16)
Our work O(TovFaEa+n ) v>3
7 o 20+ d(2d+3)
7-GP-UCB (Janz et al.| 2020) O(T Tv+dea+d)) v>1
SupKernelUCB (Vakili et al., [2021) O(TW) v>1

Table 1. Our algorithm specializes to the case of kernel multi-armed bandits and yields strong bounds
(see eq. (9) for precise definition of regret). For a d-dimensional Matérn kernel with smoothness v,
we outperform both GP-UCB and GP-TS unless v > d?. The only works to achieve better bounds
for small v are m-GP UCB, which was designed specifically for the Matérn kernel and a very recent
analysis of the SupKernelUCB which achieves near minimax rates.

reward space. Since H, and H, may be infinite-dimensional, linearity is only a weak restriction—
e.g. themap f — f(z) is linear in f for any RKHS.

To incorporate problem structure, we let r* denote the true reward function and assume that r* € C|.
for some known set C,. C H,. such that ||7*||g, = 1. We further assume that policies 7 are restricted
to lie in some C; which is a subset of the unit ball in H, (for instance, C; might incorporate
physical constraints on implementable policies). Thus, given the true reward r*, the optimal policy
(for a compact C) is 7* € argmax,.o_F(m,r*). This proposed framework, which allows for
infinite-dimensional policy as well as reward classes, allows us to study how both the policy and
reward space affect the difficulty of learning.

Query access to reward r*. The true reward function r* is unknown to the learner but is acces-
sible via queries to an oracle (e.g. a human expert), which provide noisy zeroth-order (or bandit)
evaluations of the reward r*. When queried with a policy 7 € C;, the oracle provides a response

Oracle O, : 7w + F(m,7*) +¢ where ¢~ N(0,7%), )

with 72 denoting the variance of the response. There are two possible query models: passive
queries (Atkinson, 1996;|Sebastiani & Wynn,2000), where the learner selects all queries at the same
time, and active queries (Bubeck et al., [2011}; [Lattimore & Szepesvari, 2020), where the learner is
allowed to select queries sequentially. Our focus in this work will be on the passive query model,
but in many cases we will outperform existing active query algorithms.

Problem statement. Given passive access to the oracle O,-, the objective of the learner is to output
apolicy © € C that has small excess risk A, defined as

A(f;r*) = F(x*,r*) — F(7,r") . (2)
We think of queries to the oracle as expensive, and are interested in achieving low excess risk with

as few queries as possible. This notion of excess risk is also studied by the term simple regret in
pure exploration bandit problems (Lattimore & Szepesvari, 2020).

Representations in /5 (N). By Mercer’s theorem, we can represent any RKHS as a subset of /5(N).
Formally, the policy and the reward spaces are isomorphic to the ellipsoids

H, := {mejqﬁm? (Krj)521 € £2(N) with Z r. <oo} nd
Jj=1

H, := {Zm,jqbr,j (krj)521 € £2(N) with Z s < oo} ,
j=1

for appropriately chosen eigenfunctions ¢ ; and ¢, ;, and correspondlng eigenvalues fi. ; and
tr,; (Wainwright, |2019). These are defined with respect to a base measure P over the input domain;
see Appendix [A]for details. With a slight abuse of notation, going forward, we will use 7 and
to denote the corresponding coefficients (k. ;) and (k. ;) in the expansion above. E] With this, the

"While the eigenfunctions ¢ and ¢, can be different, this representation can still be used by modifying the
map M appropriately. This is detailed in Appendix@
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Algorithm 1: Policy Learning via Reward Learning

Input: Number of queries n, policy set C'y, oracle O«

Select n policies Q = {1, ..., 7, } and receive noisy reward evaluations y; = O« (7;).
Estimate # using observed responses {(m1,¥1), ..., (Tn, Yn )} using ridge regression ().
Obtain plug-in policy 7pig € argmax, .o F(m,7).

Output: Policy g

inner products associated with H . and H,. simplify

[ee] oo
Ty T2 T1,472,5
(1, mo)m, 1= Z M and  (rq,ro)m, 1= 1]721 . 3)
=1 Mo g =1 Hr,j
Also let S, := diag(p,. Jl) and S, := diag(u;é) be diagonal matrices comprising the inverse of

the eigenvalues of Hl,. and H.. With this notation, if we view the map M as a (infinite-dimensional)
matrix, its Hermitian adjoin isequalto M* = S-1MTS,.

In order for the evaluation functional F'(m,r*) to be finite for all 7 € H, the operator norm

1 1
|S7 M Sx 2 ||op must be bounded (see Appendix . We will see later that the decay of this op-
erator’s singular values is closely related to the difficulty of learning in our setting.

3 ALGORITHM: POLICY LEARNING VIA REWARD LEARNING

Given the setup above, we now describe a meta-algorithm, policy learning via reward learning (Al-
gorithm [I), for the non-parametric policy learning problem. The algorithm is a three-stage proce-
dure: it (i) selects a subset of policies Q to query for reward feedback, (ii) uses the responses to
learn a reward estimate 7, and (iii) optimizes this learnt estimate to output the policy @pg, that is,
Tplug € argmin, - (7, Mm)p, . Such general plug-in procedure have been studied in the statis-
tics (Van der Vaart, 2000) and the machine learning (Devroye et al.||2013) literature. We analyze the
excess risk of this estimator for our doubly-nonparametric setup and use this risk bound to select our
query set Q. We now discuss the two key design choices in our algorithm: the choice of the reward
estimation procedure as well as the choice of query set Q.

Reward learning via ridge regression. We estimate the reward 7 via ridge regression in the
RKHS H, (Friedman et all |2001; Shawe-Taylor et al., 2004). Suppose that in the first step of
the algorithm, we have already queried the oracle on n policies and let {(m;, y;)}?_ represent the
query-response pairs. For a regularization parameter ).z > 0, the ridge regression estimate of the

reward function is
n

R 1
7 € argmin — Z(yl — (r, M7, )+ )‘Feg”r”]?ﬂr . 4
rel, i
The parameter Aoz, Which is usually set as a function of n, controls the bias-variance trade-off in
estimating r*—smaller values of Az reduce bias while larger values help reduce variance.

Excess risk bound for fixed query set. Observe that the plug-in estimator 7pg(Q) is implicitly
a function of the query set Q. Ideally, we want to choose the set Q which minimizes the expected
risk of the plugin estimator. This requires us to solve the optimization problem

Q = argmin E[A(7pug (S); )] . 5)

S:|S|<n

However, solving the above precisely requires knowledge about the underlying reward function r*,
and the combinatorial nature of the optimization problem makes it hard to find an exact solution. To
address this, we first upper bound the excess risk of the plug-in policy 7. in terms of the query set
Q = {m1,...,7}. The following theore bounds the excess risk in terms of the spectrum of the
spaces H, and H, as well as the covariance matrix of the queried policies ¥g : = % >or co ol

?Recall the Hermitian adjoint of M satisfies (r, M7)u, = (M*r, 7)u,
3Throughout the paper, for clarity purposes, we denote by ¢ a universal constant whose value changes across
lines. All our proofs in the appendices explicitly track this constant.
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Theorem 1 (Excess risk of plug-in). For any query set Q consisting of n policies and regularization
parameter Aeg > 0, the excess risk of the plug-in estimator wyg is upper bounded as

E[A(7piug; 77)] < 2E[[|M*(r* — 7)|m,] - (6)
In addition, letting A = MY oM TS, + Aregl, the expected squared distance is equal to

2
E[|M*(r* — 73] = Ao - [ M*A™ |2 + % tr [sﬁ(M*A*IM)zQ(M*A*M)T] NC)

The proof follows a standard analysis of ridge regression and is deferred to Appendix [B] Observe
that in the above theorem, the query set 7 € Q participates in the excess risk only via the covariance
Yo. The risk bound is the sum of two term: the first corresponding to the bias and the second
corresponding to the variance. In both these terms, ¥o appears as part of A~!—thus query sets Q
which induce a larger correlation with the map M will generally have lower excess risk. Choices
of queries which are orthogonal to the right singular vectors of M will have a constant excess risk,
since for those directions the matrix A ~ Areg1.

As shown later in the appendix, in the special case when the policy set consists of the entire unit
ball C; = {m € H; |||w|m, < 1}, the excess risk bound can be improved by a quadratic factor:
E[A(fpug; 7)) < O (|M*(r* —#)||%_). Such a phenomenon was first observed in the finite-
dimensional setup by Rusmevichientong & Tsitsiklis| (2010).

4 QUERY SELECTION AND STATISTICAL GUARANTEES

We now show how to select the query set Q effectively and study the excess risk of the corresponding
plug-in estimator 7. We will start with the special case where the policy set C' is the unit ball in
H,. and the map M is diagonal, and then generalize to arbitrary policy sets. In both cases, low excess
risk can be achieved by repeatedly querying (approximations of) the projections of top eigenvectors
of M*M onto the H, space. For the special case when the map M is diagonal, this is reduces to
querying the top eigenvectors of H.

1 1

The excess risk will ultimately depend on the the eigenspectrum of the operator S; > M 'S, M S, 2,
which is similar to the operator M*M. Additionally, to interpret our results, we instantiate them
1 1
for a power law spectrum with exponent 5 > 0, that is, Jj(S;EMTSTMsgi) = j’ﬁ. where o
corresponds to the ;" singular value of the corresponding operator. Such power law spectra have
been observed in a variety of practical settings, for instance, in the Hessian of trained deep neural
networks (Ghorbani et al., [2019).

4.1 WARM-UP: C; = UNIT BALL, M = DIAGONAL

In order to get some intuition, we study the special case where the policy set C; consists of the entire
unit ball in the space H . and the map M is diagonal with M = diag(v;). Further, let us denote the

operator M = S

For this special case, our sampling algorithm (Algorithm [2) simply selects the top J eigenvectors
of the space H: to query, for some value J which depends on the decay exponent 8. To see why,
observe that for a diagonal map M, the right singular vectors of the operator M are the same as the
eigenvectors of the policy space H. Therefore, the choice of policy 7; in our algorithm is simply
the scaled eigenfunction /fir ; - ¢r ;. Having selected these J queries, the algorithm queries each
one of the ; times and uses this as query set Q.

The intuition for this choice of query set Q is that since we are in the passive setup with no knowl-
edge of r*, any policy m € C can be an optimal policy. By querying the top J ones out of these,
we can obtain a good enough approximation to the performance of any policy in the unit ball. The
particular choice of the parameter J depends on the number of queries n available. Since the or-
acle responses are noisy, to reduce variance in the responses along those directions, our algorithm
performs multiple queries along the same direction.

If we further consider the special case when the policies and rewards correspond to the unit balls in
the finite dimensional spaces R% and R?" respectively, our choice of query set queries the directions



Under review as a conference paper at ICLR 2022

{e;}9=,, each for J = 7 number of times. Intuitively, this strategy works well because without any
prior over the unknown reward function, the optimal strategy in the passive setup is to explore all
directions equally and this is precisely our set of chosen queries. This simple query strategy enjoys
the following excess risk bound.

Proposition 1 (Risk bound for C; = unit ball.). For any J < n and regularization parameter

Areg > 0, consider the plug-in estimator obtained via the passive sampling algorithm which explores
the first J eigenfunctions of H.. The excess risk satisfies

2 2 72,
Bl i1 )] < e (14 ) max foup 5L sup ®

2 2 2 !
n)\reg j<J Cj + Arng2 i>J

2
where the quantity (; = V;f:i:] and c > 0 is some universal constant.
We defer the proof of the above proposition to Appendix[B] The choice of the exploration parameter
J allows us to trade-off between the two terms inside the maximum. Typically, the second term will
be maximized at j = J + 1. For the first term, the supremum depends on the choice of \reg — for
small values of \reg, the sup is achieved at j = 1 while for larger values, it is achieved at 7 = J. In
order to gain more intuition about this bound, we instantiate this for the power law decay.

Corollary 1 (Risk bound for power-law decay). Suppose that eigenvalues of the police space H
decay as j=P~, reward space H, as j~Pr and the singular values of map M as j~°M. This satisfies
the power law assumption with exponent 8 = B+ Bnr — Br. The plug-in estimator with exploration

1 o 2SS . _B
parameter J = nF+2 and regularization \eg = 1~ 5+2 satisfies E[A(fpiug; )] < cn™ 572,

The above bound shows that our algorithm can learn in the framework as long as 5 > 0 or equiva-
lently B + B > ., with better rates for larger values of 5. Thus, for a fixed size of reward class
B, the learning rate improves as the policy class grows smaller (3, increases) — this is intuitive since
we are required to search over a smaller policy space. On the other hand, for a fixed policy class 3,
our excess risk rate gets better as the reward class grows in size (3, increases) — this is because a
larger set of reward functions have similar optimal policies and hence learning gets easier.

4.2 GENERAL POLICY SETS

We now describe our choice of query sets Q for general policy sets C.. Our strategy, described in
Algorithm 2] differs from the above special case in that we need to take into account the interaction
of the policy space H with the map M. Specifically, we show in Appendix [B|that the upper bound
in Theorem I]can be diagonalized for this general case via a transformation.

Let us denote the operator M= Si/ *MSy "2 Our transformation reveals that the relevant directions
to query for this general case corresponds to the columns of @S Y *® V), where , then V), are

the eigenvectors of the self-adjoint operator MTM - and it is precisely a subset of these directions
that our algorithm queries.

In order to be able to query these policies, we require the set C; to contain some policies which
align well with them. We formally state this regularity assumption below.

Assumption 1 (Regularity assumption on Cr). For any eigenfunction ¢ ;; ; of the operator MTM,
consider the policy m; = ®,5 1/2¢I¢M7j. There exists a policy ; in policy set Cr. such that for
some constant c; > 0, we have ﬁjﬁ; >~ cwij;r.

The above assumption requires that for every choice of the policy 7; in Algorithm [2} the set C;
has the another policy 7; which is collinear with it. This assumption can be relaxed in various
ways (for instance via convexification) but we omit this as it is not needed for our results. Given
this assumption, the following theorem, a generalization of Proposition [T} provides a bound on the
excess risk for the plug-in estimate for general policy sets C'.

Theorem 2 (Risk bound for general policy sets C.). For any J < n, regularization parameter
Areg > 0 and set C satisfying Assumption|l| let Tyg be the estimator output by Algorithm|l| The
squared excess risk satisfies

2 2.
(E[A (g 7)) < c- (1 ; —) -max{supM supcj} ,

2 2 2 )
n)\reg i<J Cj + )\rng2 i>J
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Algorithm 2: Passive querying strategy

Input: Number of queries n, map M policy set C';, exploration parameter .J

Construct linear map M Sy : MSy 5 and compute eigenvectors {¢ I, -}, of operator MTM
Set policy 7m; = @, S 2 CI)I(bM,j forall j < .J

Obtain policy 7; € C such that 7~rj7~ro - c,,7rj7ro

Form query set Q = {ﬁi"/J), e ,fr,(;rf/‘])} where a(®) = {a,...,a}} repeated b times
Output: Query set Q

- - 1 1
where the values (; correspond to the jth eigen values of the operator M* M with M = SZ MS?.

We defer the proof of this theorem to Appendix [B} The proof of this theorem goes via a transfor-
mation which diagonalizes the excess risk bound and reduces the problem to a similar setup as that
of Proposition[I} Additionally, Assumption [T]allows us to generalize the results to arbitrary policy
sets Cr. Note that the above upper bounds the square of the excess risk. As discussed in Section 3]
one can obtain a quadratic improvement in this rate if the set C'; is the entire unit ball in H,. We
specialize the above bound for the power law decay assumption in the following corollary.

Corollary 2 (Risk bound for power-law decay). Suppose that eigenspectrum of the opera-
_1 _1
tor Sy 2MTS,MS;? satisfy the power law assumption with exponent > 0, that is,

_1 -1 1
0j(Sx*M"S,MS, E) 7B, The plug-in estimator ﬁp'“g with parameter J = n?+2 and reg-
+1 . _
ularization Aeg = " 742 satisfies E[A(frpiug; 7*)] < cn™ 2679,

The above bound indicates that for the general case, learning is possible if the spectrum decay has
parameter 3 > 0. To get such a spectrum decay with the operator defined in the above corollary,
one sufficient condition is that the map M does not flip the larger eigenvectors of H, towards
the smaller eigenvectors of H.,., that is, the map M preserves the ordering of the eigenvectors of
H, when transformed to the space H,. Such a misaligned scenario would require learning a very
accurate representation of the reward to learn a good policy and will make learning harder.

4.3 COMPARISON WITH UCB-STYLE ADAPTIVE ALGORITHMS

We next turn to evaluating the sharpness of Theorem 2] Existing frameworks for studying “singly”-
nonparametric setups require the input domain to be compact. In our doubly-nonparametric setup,
the input space is the policy set C; which is often non-compact (i.e. the unit ball is not compact
in infinite dimensions). We address this for singly-nonparametrics algorithm by taking a finite-
dimensional approximation.

Even though our proposed method is passive, it achieves better rates than well-known adaptive
sampling algorithms. Specifically, in the power law setting of Section [4.1] the analysis of GP-

UCB algorithm (Srinivas et al., 2010) provides a rate of O(n~ 2&111)' ), which is strictly worse than

the O(nfﬂ%l) obtained by our analysis in Corollary [I| We refer the reader to Proposition [2| in
Appendix [D] for an exact statement. The proof adapts the analysis from [Srinivas et al]| (2010),
which hinges on a quantity called the information gain, which we bound for our setup. While we
are comparing upper bounds for the two algorithms, we believe that our improved bound is due
to a better algorithm and not an analysis gap. While we expect adaptive algorithms to perform
better than passive ones in general (Lattimore & Hao, 2021), UCB style algorithms require the
construction of confidence intervals around input points, which crucially dictate the regret bounds of
such algorithms. In the frequentist setup, the best known such bounds (Vakili et al.,2021) are known
to yield suboptimal regret rates and it is an open question as to whether these can be improved.

5 NEW BOUNDS FOR KERNEL MULTI-ARMED BANDITS

In the previous subsection, we saw that our passive sampling algorithm actually outperforms exist-
ing adaptive sampling algorithms for the reward learning task we care about. Here we take this a step
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further—we specialize our algorithm to the case of kernel MABs, and show that it outperforms stan-
dard algorithms for that setting and is competitive with a specialized algorithm for Matérn kernels.

We consider the task of maximizing an unknown function f* : X + R over its domain X C R
In the kernel multi-armed bandit (MAB) setup, this unknown function f belongs to an RKHS Hi,
equipped with a positive-definite kerneﬂ K, such that || f*||g = 1. Let us further restrict our attention
to the space of input points X = {z € R? | ||z||2 < 1}. The learner is allowed to access this function
via a noisy zeroth-order oracle O~ : x + f*(x) + nwhere  ~ N (0,7%). Going forward we will
assume that 7 = 1. The above oracle is similar to the reward oracle O,.-, except that the query points
2 belong to a finite dimensional space and f* is a non-linear function of the query point z. The goal
in MAB is to minimize the T-step regret

T
Rr := max f*(z) — ;f (1) ©
where x; is the datapoint queried in the ¢!” round. There have been several algorithms proposed
to solve this problem including general purpose UCB algorithms (Srinivas et al., [2010; |(Chowdhury
& Gopalan, 2017), Thompson sampling approaches (Chowdhury & Gopalan, 2017), and special-
purpose algorithms for specific kernels (Janz et al.| [2020).

We next show that kernel MAB can be cast as a special case of our non-parametric policy learning
framework. The resulting regret bounds, derived from an application of Theorem [3] are better than
several general purpose algorithms (GP-UCB, IGP-UCB, GP-TS) and comparable to those special-
ized for the Matérn kernel (7-GP-UCB).

In order to reduce kernel MAB to our framework, we need to introduce three elements — the policy
space Hl., the reward space H, and the map M. We would like spaces H, and H, such that (1)
the resulting objective F'(r,7) is linear in this space, (2) the resulting rewards and policies have
unit norm in their respective space, and (3) we have a good understanding of the eigenvalues of the
resulting operator. This last point ensures that we can employ our upper bounds from Section

Before we define these, we let C. denote an e-net of the input space X under the /5 norm and denote
its size by Neoy(€). We define the kernel matrix K € RNeovwxNeow on points selected in the cover as
K(i,j) = K(x;, x;) for all (x;,z;) € Cc X Ce.

Reward space H.,.. Given the RKHS H as well as the elements of the cover C., we view the reward
function as a map from C. to R, or equivalently as a vector in RNe(€) . More precisely, letting

f=1f(z1),..., f(zn,,)] denote the vector of evaluations of a function f, we define
H,:=span{f | f € H} with (fi, fo)u, := [TK '], (10)
With this notation, we define the true reward 7* : = f* = [f*(z1), ..., f*(zn.)].
Policy Space H... Similarly to rewards, we will embed policies in R™e. For any point z € C,, let
k. = [K(x,21),...,K(z,xx,,)] denote the corresponding vector in R obtained by evaluating
the kernel /C over the cover. Then, the space
H, :=span{k, | z € C.} with (ki ko), := (k1, K 2ky) . (a1

The choice of the above norm ensures that (k;, kj)m, = (K~ 'k;, K~'k;) = §; j forall (z;,z;) €
Cc % C. . Thus in particular, H contains an orthonormal embedding of the set of vectors {k, }»ec. .

Map M. Both the reward space H,. and policy space H, can be associated with R™e. Under this
transformation, the evaluation f*(z) for any x € C, corresponds to the standard inner product with
F(r*,my) = f*(x) = (f*)T K 'k, = (r*, ky)g,. This indicates that we should take the map M
to be the identity. Furthermore, as a simple application of Mercer’s theorem it follows that this map
M is a bounded linear operator.

We make an additional assumption on the kernel function /C, requiring it to be Lipschitz in its input
arguments. This assumption is often satisfied, in particular for the Matérn kernel when v > 3/2.

Assumption 2 (Lipschitz Kernel ). The Kernel KC associated with the Hilbert space H is Lyc-
Lipschitz with respect to the ly-norm for some L > 0: |K(z,y) — K(z,z)| < Lg|z —
ylla forallx € X,y € X. Furthermore, the kernel satisfies K(x,x) = 1 for all points © € X.

*We require that the kernel K be a Mercer’s kernel satisfying K(x, z) = cforall z € X.
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Figure 1. (a) Corroborating upper bound from Corollary Our theoretical bounds predict a rate
of n %27 and the experiment shows an almost matching rate of n=%2%. (b) As the dimension d is
increased, the excess risk curves asymptote at different levels for different n. This shows that our
algorithm achieves non-vacuous error for the doubly-nonparametric set in the regime d — oo.

Applying Theorem 2 under the above assumption, we obtain the following excess risk bound for the
plug-in estimator evaluated on the unknown function f*.

Theorem 3 (Excess risk for Kernel MAB). Suppose that the eigenvalues of a L -Lipschitz kernel

IC satisfy the power-law decay p; < j7P. Let Zplug be the output of Algorithm|l|using n queries to

the oracle Oy~. Then, for any value of B > 1 + % +log(3) and € € (0,1), the excess risk satisfies
1-8

_1 -8 1-8
max  f*(z) — [*(Zpug) S Neov- (€) - nZF+D + Neot (€) +

LICG )
z:||z]]2<1

with probability at least 1 — §.

For Matérn kernels, it is known that the eigenvalues decay with parameter 5 = 1 + %" (Janz et al.,
2020). Using this, we can obtain the following corollary.

Corollary 3 (Regret bound for Matérn Kernel). Consider the family of Matérn kernels with pa-
rameter v > % defined with the Euclidean norm over R%. The T-step regret of our algorithm is

~ 4v+d(6+4d)
%mat T = 0] ( 6v+d(7+4d) )

The above bound is for regret, which is an online notion, while our previous results are offline
notions. We get from one to the other using a standard batch-to-online conversion bound based on
an explore-then-commit strategy. Table [I| compares the above bound to the existing bounds in the
literature. While the bounds for GP-UCB and GP-TS become vacuous for v < d?, our bound from
Corollary [3is always sublinear in 7.

6 EXPERIMENTAL EVALUATION

We experimentally evaluate our algorithm via a simulation study. We use these experiments to
establish the dimension free nature of our results as well as to conjecture optimality of our bounds.

Setup. In the simulation study, we work with d dimensional RKHSs H.,. and H ;. In order to simulate
the nonparmeteric regime, we typically use value of n which are less or at most a constant times the
dimension d. We set the matrices S, = diag(j~>"), S, = diag(j~!) and the map M = I. With
this, the effective decay parameter 8 = 3, — 5, = 0.75. We further sampled the oracle noise
e ~ N(0,0.01). All plots were averaged over 10 runs.

Observations. Figure[I[a) shows the variation of excess risk as the number of queries n are varied
from 256 to 4096 on a log-log plot. Our bounds in Corollary [I] for this setup predict that the excess
risk should decay at arate O(n~%27). By fitting a linear line through the plot, we found that observed
risk to vary as O(n~9-28). This plot is suggestive of the fact that our theoretical upper bounds might
be tight in a minimax way over choices of decay parameter (3. In Figure [I{b), we plot the excess
risk as we vary the dimension d from 32 to 8192 for four different choices of sample size, again,
on a log-log scale. Increasing the number of queries decreases the excess risk for all dimensions
consistently. The risk curves tend to asymptote at different error levels for different values of n. This
corroborates our theoretical findings that our proposed algorithm provides non-vacuous bounds for
the doubly-nonparametric setup in the regime d — oco.
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REPRODUCIBILITY STATEMENT

On the theoretical side, we provide detailed proofs for all our results in the appendix and appro-
priately reference the intermediate results we might have used in the proofs. For the experimental
aspect, we have attached our matlab code as a supplementary file and have provided all necessary
hyper parameters details required to reproduce the experiments.
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A TECHNICAL DETAILS FOR PROPOSED FRAMEWORK

A.1 RKHS ASSUMPTION

The Hilbert spaces H and H, are Reproducing Kernel Hilbert Spaces defined by kernel functions
Ky Kyt X X X — [0, 1] respectively defined over a compact instance space X'. Further, the kernels
K and I, satisfy the Hilbert-Schmidt condition

/ Ki(z, 2)2dP(z)dP(2) < 00 fori = {m, 7}, (12)
XXX

for some distribution P over space X. Mercer’s theorem (Mercer, |1909) implies that such kernel
functions have an associated set of eigenfunctions (with corresponding eigenvalues) that form an
orthonormal basis for L2 (X, P). We restate a version of this theorem below (Wainwright, [2019).

Theorem 4 (Mercer’s theorem). Suppose that the space X is compact and the positive semi-definite
kernel K satisfies the Hilbert-Schmidt condition (12)). Then there exists a sequence of eigenfunctions
(¢)32, that form an orthonormal basis of L*(X,P) and non-negative eigenvalues (115)52, such
that’

/XIC(x,z)¢j(z)dP(z) = pid;(x) forallj=1,2,.... (13)

Furthermore, the kernel function has the expansion
K(z,z) = Zuj(bj(x)(bj(z) ) (14)
j=1

where the convergence of the sequence holds absolutely and uniformly.

A.2 CONDITIONS FOR REWARD BOUNDEDNESS

For learning to be feasible in the proposed framework, we would require that the evaluation func-
tional F'(7, r*) is bounded for any policy = € H,.. Using the fact that ||r*||g, < 1 and ||7||m, <1,
we have

1 _1
F(m,r*) = (r*, Mm)g, = () TS, Mn < ||SFMSx *|lop - (15)
Thus one sufficient condition for the reward functional to be bounded is to ensure that the operator

norm ||S? M Sy 2 ||op is finite. In the special case when the map is diagonal with M = diag(v;), the
above condition simplifies to

1

Vill? .
F(m,r*) <sup | 25T | (16)
e

A.3 REGULARITY ASSUMPTIONS ON MAP M

We assume that the map M is a compact bounded operator from the policy space Hl; to the reward
space H,.. By Schauder’s theorem, the adjoint M * is also a compact operator. Thus, the map
M*M : H, — H, is a compact self-adjoint operator. This allows us to use the spectral theorem
for compact self-adjoint operators which guarantees the existence of eignevalues and eignefunctions
for the operator M * M and a corresponding singular value decomposition for the map M (Kreyszig,
1978).

A.4 NON-ALIGNED RKHSS

As mentioned in the Section [2} if the eigenvectors of the spaces H, and H. are not aligned, one
can consider the following simple transformation which resolves this. Let ¢, and ®, represent the
eigenvectors.

F=®r, 7=0In, and M= Mo, . (17)

The above transformation implies that ||7||g, < 1 and ||7||m, < 1.
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B PROOF OF MAIN RESULTS

In this section we provide the proofs for the main results of this work. Appendix [D]to follow contains
the proofs for the other results.

B.1 PROOF OF THEOREM[I]

We begin by proving the result for the special case when the policy set C; consists of the entire unit
ball and then generalize the analysis to arbitrary policy sets.

Case 1: C is unit ball in H,. For this special case, observe that the the optimal policy 7* and
the plug-in policy 7pug for any reward estimate 7 can be written as

M*r* M*¢

f=———— and Tpug=
17 e M e,

™

(18)
where the operator M* is the adjoint of of the map M. To prove a bound on the excess risk using

the plug-in estimate, we use the following lemma which bounds this error in terms a deviation of the
estimated and true rewards.

Lemma 1. Consider any vectors x and y with finite non-zero norm under some inner product (-, -).
Then, we have

z oy, _lle—yl?

(@ — ) S T (19)
ezl llyll 2|yl

The proof of the above lemma is presented in Section [B.I.1] Taking the above as given, we can

upper bound the excess risk

M*r* Mr*¢
AA. * — M** _
)= T T, T,
M* ,,,*_72 2
_ e =Rl o0
2N,

Case 2: Arbitrary set ;. For this case, consider the excess risk of plug-in estimator 7pj,g Ob-
tained by maximizing reward estimate 7

AT 7r™) = (M r*, 7" — Tplug)H,
= (M*(r* = 7), 7" ), + (M*F, 7" — 7ATp|Ug>IHI7r + (M* (7 — 7“*)77A";>|Ug>1ﬁl7r

0
< 2[M7(r" =)l 21

¥
where the final inequality follows from the fact that 7, maximizes F'(; #) over the set Cs.

Thus, we see that for both the cases above, we can upper bound the excess risk of the plug-in
estimator in terms of the norm ||M™*(r* — #)||m,. Next, we evaluate this for the ridge regression
based reward estimator for any set of n queries @ = {my,...,m,} with covariance matrix ¥ =
% > 7;m; . For any regularization parameter Areg > 0, we have,

n

1

7 = arg fg]}_ﬂr} n Z;(yz - (r, MWZ’)HT)Z + )‘regHTH%ﬂ,,,
1=

IR IR
= (MEM TS, 4 AegD) 7! - - Z:l yi Mm;

—
=

M n
=7~ Neg(MEM TS, + Neg D) 7™ + (MEM TS, + Mg I)™* < e,;m) . (22)

n “
=1

14
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where and equality (i $ ) follows by substituting the value of y; = F'(m;,r*) + ¢;. Let us denote by
matrix A = MYXM 'S, + Aregl. Therefore, the error in reward estimation

- 1 (M
P = Aeg A" 4+ AT (nZeim)

=1

2
~N (AregA‘lr*, TA—lMZMTA—T) , (23)
n

where the final distribution follows from our assumption on the noise variables ¢; ~ A (0, 72).
Using this above distributional form, we have
2

E[|M*(r* = #)|3.] = A%g - (M*A™ " M* A %)y + % ctr [SpMFATIME, MT AT (M

2

reg

= Nog - tr [(P)TATT (M) TS, MAAT] 4 Tt [S, M7 AT MEMT A

(24)

The final bound for the general policy set C; follows from using the above bound with a an ap-
plication of Jensen’s inequality. In order to convert the above bound to a high probability bound,
we require an infinite dimensional analog of the Hanson-Wright concentration inequality. Using
Theorem 2.6 from|Chen & Yang|(2021) along with equation (23]), we obtain

t2 t
Pr(A(7;r*) > E[A(7; 7)) + 1) < 2exp <C min ( 5 >)
Il ™ Tllop
where the covariance matrix I' = Sé M*A " 'MYXMTA-T (M*)TST%. O

B.1.1 PROOF OF LEMMAII
Let the vector y = x + §,, for some difference vector §,. Using this, we have

T Y )= T x4+ 0y >

(o, o = L) = (o
-yl [zl e+ 6|
] ( (z,0z)
= Uz 48l =l -
[z + 0z | [l
© =l ( @, 8z) 6zl (, >)
= o+ 6. lell " 2fal ]
oz
=2 25
3+ 5] =
where (i) follows from using the inequality v/a? + 2z < a + o. This establishes the result. O

B.2 PROOF OF PROPOSITION[I]

Let us denote the the map M = diag(v;) and the covariance matrix > = diag(c;). From the upper
bound obtained in Theorem |1} we have,

2 n
* (% ~ * A—1,.% T * A—
E[|M*(r* = 7)) = Neg - [IM*A7'r ||%,+ﬁ'§ 1M AT Moy,

reg
i=1

@) 1 _1 2
A2 ISEMFATIS I+ Tt [S M AT MEM T AT (M)
n

reg

(i) V3 iy j i j 72 Vi
<y |t Ty | o
j>1 Vj0j+ regur,] n j>1 + reg:u‘7_]

where inequality (i) follows from using the fact that ||7*||z, < 1 and inequality (ii) uses the diagonal
structure of the map M as well as the fact that each policy 7; € Q has unit H,-norm.
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Recall that the choice of querying strategy queries each scaled eigenfunction , /fir ;¢ ; of the policy
space n' ~® times. Therefore the j*" entry of the covariance matrix X is given by

M, f ;< me
o = { n® o =nt 27)

0 otherwise

Plugging the above value of o; into equation (26)), we obtain

2
reg “ CJ

E[|M*(r* — #)||%_ ] < max{ sup ———=—2— su
(a7 ( N, ] < {jgfa RS T gcj}
7_2 nQDt 2 <2
4+ — -max { sup 7, sup —2- (28)
n j<ne Cz + /\geg 27 jone )‘reg
This concludes the proof of the proposition. O

B.3 PROOF OF COROLLARYT]

We now derive explicit finial sample rates for the case when the spectrum of the map M " S, M S!
satisfies a power law decay for some parameter 5 > 0. In the notation used in Proposition |1} we
have the quantity

G =i’ (29)
Our proof strategy will be to instantiate the bias and variance terms for this setting of ¢; and finally
select a setting for the exploration parameter o and regularization parameter Ayeg.

Bounding Bias. The bias term in the proposition is a max over two terms

) )‘Qg 2a<~j
Bias® = max<{ sup ——e—2 . sup ¢ (30)
j<n® <2 + )‘?eg n2e j>no /

We consider the two terms in the analysis here separately. For the first term,

/\2 2acj
reg 2 «
S5 = Areg SUP || < A, (31)
J<n"‘ C + /\?egnQQ e j<n® + Aregj -
where the final inequality follows from using a? + b2 > Qab For the second term, we have
sup (; = sup j B =nof, (32)
j>ne j>ne

Bounding Variance. Recall that the variance term (assuming 7 = 1) is given by

1 2aC2 CJQ
Variance = — - max<{ sup —s—————5—, SuUp —— , . (33)
n Jj<n® C + >‘reg J>n“ )‘rzeg

We again consider both terms of the maximum separately. For the first term,

1 2a <2
—SUp 55 o < n2e~1 34)
n j<n~ C + >\reg
where the inequality follows from ignoring the term )\reg “ in the denominator. For the second
variance term,

Cj2 —QQB
sup = . 35)
j>ne n>‘reg /\?eg

Setting regularization parameter. By setting \,e; > 1~ “?~%, we can have that the bias term is
dominated by Aregn®. Similarly, the above setting also implies that the variance term is dominated
by n22~!. Combing these observations, we have that the expected error is upper bounded by

A(Trplug; ™) < Aregn® + n?*~!  where Areg > n-B—e, (36)

Setting A\reg = n~*(#+1) and then o = ﬁ we get that
A(frptug; ™) < nTFF (37)
This completes the proof of the corollary. [
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B.4 PROOF OF THEOREM[Z]

In order to prove the general theorem, we exhibit a transformation which allows us to reduce the
problem to that with the diagonal structure described in Proposition I}

We will consider orthogonally diagonalizable matrices .S, and .S, which represent the eigenvectors
and eigenvalues of the Hilbert spaces H,. and Hl.. Consider the following set of transformations for
any reward r € C,. and policy 7 € C.

1 1 ~ 1 _1
F=8fr, w=S8Zw, M =S7MS;?>. (38)
With this transformation, we can rewrite the objective function above
max (7, M7) st (7,%) =1land (7F,7) =1,
™

where the inner product (-, -) denotes the standard ¢ inner product. Observe that we have overloaded
notation to denote by 7* = 7. Further, using these above transformations, we can rewrite the adjoint
operator

M*=SIMTS, = Sy ¢ (SEMS; ) TSE = Sy i1 S . (39)
Recall from Theorem (I} the matrix

A=MEMTS, + Aegl = 5,2 {MEMT + )\regl} 52 (40)

where the covariance matrix ¥ = % >, 77 . We have used the fact here that the matrices S, and
S, are orthogonally diagonalizable and hence symmetric. Finally, we will denote the singular value
decomposition of the compact map M in the matrix form as

M =UyzAg V., .

The existence of such a decomposition is guaranteed by the regularity assumptions we consider on
the map M in Appendlx @ We will now analyze the bias and the variance terms from the upper
bound on E[||M*(r* — #[[f_] from Theoreml|]] l

Bound on bias. The squared bias term is given by
)\,eg Bias> =7 A~ T (M) S, M*A~!
i _ 1 i -~ ~ ~ _1 i~ 1
=1 S2S % S (MENMT + \egl) 'S 2 - SZMS;? - Sy - M*A™!
~ ~ ~ ~ i 1 - 1 J 1
=7 (MEM" 4+ Negl) "M - SZSz > M7 S? - S, > (MEM" 4 NegI) 72 S7 7
=7 (MEMT 4+ NegD) "M - MT(MEMT + N\egI) 717
=7 Uy (A Vg SV Ay + MegD) AL (A VSV A gy + Aegl) T U LT, (41)
where we have used the SVD decomposition for the matrix M in the last step.

Bound on variance. The variance term is given by

Var = tr [SeM*AT' MY, MTA™T(M*)"]

tr [NIT(NIENET + Mg D)™ NMIENIT(VISHET + Areg )~ N

s|Ls| L)

tr [AM(AMV&EVM‘AM + AregI)ilAMVA;[iVN[AN[(AMV]%SV]\Z[A]Q[ + )\regl)ilA]q} .
42)

Finally, by making a substitution for reward 7 = U Tr and policy 7 = V]VTIfr in equations
and [@2), we recover back the bias variance expressmns used in the analysis for Proposition[I] What
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remains to be shown is that our particular choice of query policies correspond to basis vectors in this
transformed space. For this, observe that the sampling policies

T =Y i (Gyp s Gri)bri forj <n®,

i=1
is such that the transformed policies

_1
2

7=V Sin; =V, S2 -S> Vye=¢e;, (43)

indeed correspond to the basis vector. This finishes the proof of the desired claim. O

B.5 PROOF OF COROLLARY 2|

The proof of this corollary follows similar to that of Corollary [T]in terms of bounding the bias and
the variance. The final rate follows by an application of Jensen’s inequality to conclude

E[||M*(r* — #)|lu,] < B[ M*(* — )3 ])* . (44)

The final rate that we get in this case is thus upper bounded by the square root of the rate observed
in Corollary T} This concludes the proof. O

C GAUSSIAN PROCESS BANDIT OPTIMIZATION

In this section, we discuss in detail the application of our framework to the problem of frequen-
tist Gaussian process bandit optimization, also known as Kernelized multi-armed bandits (MAB)
problem. Recall the reduction of the Kernel MAB problem to our setup required us to define three
elements.

Reward space H,.. Given the RKHS H as well as the elements of the cover C., we view the
reward function as a map from C, to R, or equivalently as a vector in R™v(<), More precisely,

letting f = [f(21),..., f(zn.,)] denote the vector of evaluations of a function f, we define
H, : = span{f | f € H}
with (f1, fou, := [T K" fo

where (-, -) represents the standard ¢ inner product. With this notation, let us define the true reward

r* = f~* = [f*(zl)ﬂ"'?f*(chov)]'

(45)

Policy Space H.. For the policy space H; in our setup, we let

H, := Span{kx = [K(xa zl); sy K(xva )] € RNeo

cov

with <I€1, k2>]}]17r = <k1, K72k2> .

xz €C.} 46)

The choice of the above norm ensures that
<I€i7 kj>H,r = <K_1k7;, K_lkj> = <€7;, 6]‘> = 57l,j for all (SL’i7£L’j) S CE X Ce .

For the policy space H;, we have created an orthonormal embedding of the set of vectors {k, }.cc-
Observe that this policy set that we construct satisfies the regularity Assumption [I] because each
vector k is an eigenvector of the space H.

Map M. By our assumption that the kernel /C is a Mercer’s kernel, we have that H, C H,., that
is, for all x € C, the vector k, € H,.. Furthermore, both H,. and H; are sub-spaces of RNeov and we
can take the map M = Iy

cov *

With these definitions, we now explicitly establish a correspondence between our doubly nonparam-
eteric bandit problem and the Kernel MAB problem.
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C.1 CONNECTING THE PROBLEMS

Given an RKHS H with an associated Mercer’s kernel /C, the objective of the zeroth-order bandit
optimization problem is

max f*(z) suchthat |[f*|lm<1, (P1)
T

with access to oracle
Op« tx > f*(x) +n wheren ~ N(0,7°) .
Equivalently, the objective in our reward learning framework is

m%IX<T‘*77T>HT such that ||7*||m, < land ||7|m, <1, (P2)

wellr

with the corresponding spaces and inner products are defined in the previous section. The oracle
required in our setup responds with

Op i (r*, M), +n  where n ~ N(0,7%),

for any policy m € Hj such that |||jg, < 1. Our first lemma below states that obtaining such a n
oracle is indeed feasible if we are able to restrict our queries 7 to include only points %, for which
the vector k, € C..

Lemma 2. Given access to oracle Oy« for a function f*, the corresponding oracle O, can be
implemented when the query set consists of {kz }zecc. -

Proof. For any query point k, the oracle O,.- needs to compute the value (r*, k), = f*(x). Thus,
these two oracles on the provided query set are exactly identical. O

Lemma 3. For any f* € H satisfying || f*|lm < 1, we have that ||r*||g, < 1.

Proof. Observe that an alternate way to define the RKHS norm is given by

Iflle = sup  flsKg'fls -
SCx;|S|<o0
The fact that ||7*||g,. is computed on C. C X establishes the desired claim. O

Finally, we turn to establishing a relation between the solutions obtained from solving the relaxed
problem (P2)) as compared to solving the original problem (PI)). We denote the corresponding max-
imizers for both problems

¥ € arg max f*(xz) and z} € argmax(r*, ky)m 47)

z€ z€Cc

r 9

The following lemma now relates both these maximizers together.

Lemma 4. For an RKHS H with kernel IC satisfying Assumption [2|with constant L > 0 and any
function f* € H, let x* € X and x € C, be the maximizers as defined in equation (1), we have

(@) > f*(x*) — /2cLke . (48)

Proof. Denote by Il¢_(z*) : = argmingec,
C.. Then, we have

fr@@®) = [ (xz)

x* — x||2 the projection of the point 2* onto the set

(@) = (e, (27)) + [ (e (27)) — f*(27)
< \/2cLge .

This completes the proof of the lemma. O

The above lemma shows that solving Problem [P2] is equivalent to solving Problem [PT] up to an
additive factor of v/2cLxe when we are working with an e-cover over the domain space.
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C.2 ANALYSIS FOR BANDIT OPTIMIZATION

Recall from the previous section that the quantity which determines the rate of decay is the ratio of
eigenvalues

fing _ P

T, T, ~
(=== =y,

Hrj  Hrg
where fi, ; is the jt" eigenvalue of the kernel matrix K. Let us denote by P denote the uniform
distribution over the input space X and let us suppose that the cover N, is formed using random
samples from this distribution. Let us denote by {s;} the eigenvalues and by ¢; the corresponding
eigen vectors of the Mercer kernel K. For every point x € X, let us denote by

®(x) = (VE6i(2) 1,
the corresponding featurization of the point 2. Then, for S : = E,p[®(2)®(x) '], we have

[Sjk = [Eanp[®(@)®(2) ]k = Eonr[ViyvVEed; (2)0n(2)] = 116,k - (49)

Observe that the kernel matrix K and the (scaled) sample covariance matrix Ngo, - S =

> wec @(x)®(2) T are similar matrices and thus have the same eigenvalues. The following lemma,

adapted from [Koltchinskii & Lounicil (2017, Theorem 9) relates the eigenvalues of the sample co-

variance matrix S to those of the underlying kernel /C.

Lemma 5. Forany As > 0 and size of the cover satisfying Neoy(€) > ¢ M—F}Q log (5).
S

€s
we have,

fij < (1+es)p; + Ases forall j, (50)
with probability at least 1 — 0.

The following corollary of Lemma [5 provides us with a way to control the deviation of the eigen-
values fi; from the corresponding /4 in a multiplicative manner.

Corollary 4. For any value of decay parameter B > 1 and v < [3, we have, for all j, the eigenvalues

o3 N
iy < Guj+ =5 5

with high probability.

Proof. Let us understand the condition Neo,(€) > (S

-1
St+1)) and see what restrictions it puts
S

on the value of the covering number. Lets suppose that the true eigen values p1; < 5P and we set

the value of A\g =< N.7. Therefore, the sum

j _
Y —— < N&+ > i
X Y NGY !

~

3>Neb,

3 | NG
< Néow + :
~ cov 6 1
Thus, if we set eg = %, then for any § > 1 and 7 < f, the above condition on the covering
number will be satisfied and we get desired bound on the deviation of the empirical eigenvalues
from population eigenvalues. O

The above corollary is essential to our argument because often times we have a good understanding
of the decay of the eigenvalues of the kernel /C associated with the RKHS and this allows us to relate
the set of empirical eigenvalues to these.

We now present a proof of Theorem [3] restated below, which upper bounds the excess risk for this
setup. We will then use a batch to online conversion bound to convert this to a regret bound and
specialize to the Matérn kernel later.
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Theorem 5 (Restated Theorem [3). Suppose that the eigenvalues of a L;c -Lipschitz kernel KC with
respect to a distribution P over X satisfy the power-law decay 1; < j~ B Let & xp|ug be the output of

Algorithmusing n queries to the oracle Oy-. Then, for any value of v € (14 %, B) and
€ (0, 1), the excess risk

- - 1~
max f*(2) = f* (Fpg) S NE () -7 + Neah (€) + v/Iice ,
with high probability.

Proof. Our strategy, as before, will be to explore n® directions and assume 72 = 1. Recall, that for
symmetric matrices, Theorem [2| the excess error of the plug-in estimator can be upper bounded as

1 1 V4 112
E[A(Tpiuge; < A2 su + —su S L. —
[ ( plog: )] 8 J>€) 7%2032 7)\reg“7 J n jzlﬁ [V U + )\reg:u‘7 \J
Mo, Hr,j Hr,j J
Bounding Bias. We will split the analysis into two cases.
Case 1: j > n®. For this case, we have that o; = 0 and therefore
)‘rzeg sup éuﬂlj = sup Neovflj < sup NccV(NJ + Neow) < Newn ™ o 4 Nclov’y ) (52)

j>ne )\reg:u’mj Jj>n j>n
with the above holding with high probability from an application of Corollary ] for any 1 < < f3.

Case 2: j < n®. For this case, we have o; = “7 -1 The bias can then be upper bounded as

2
Afeg SUP
j<ne

< /\regna , (53)

2 2 .
ViHm,j Arghr,j

. 2
n2% g g U3

where the final inequality follows from using a? + b% > 2ab.

Bounding variance. As we did in the section above, let us split the analysis into two cases.

Case 1: 7 > n®. For this case, the variance term simplifies to

1 Hrs 1 N& 1 o N&n =20 + NG ™)
— sup - sup [N2 2] < sup |5 S .
N j>ne lAregH37g >‘r2eg Jj>n® [ o j] >‘r2egn j>n® [ ]] /\geg
(54)
Case 2: 7 < n™. For the second case, we can upper bound the variance term
1 1/4 2 . n20¢
= sup # < - (55)
n jgna J 7r = + >‘reg:u’r,j "
where the last inequality follows from ignoring the second term in the denominator.
Setting regularization parameter. From the analysis in the above paragraphs, we have
Bias® < max{Neoyn *® 4+ N7, Negn®} < max{Neoyn % \egn®} + N5, 7, (56)
N2 p—2a8 | N 2(1-7) n2o N2 =208 2 N2(1*7)
Variance < max{ —<*'" 5 + Neov ,—1} < rnaux{c""277 —r = D
)‘reg n /\feg n )‘reg

For regularization parameter \reg > Nco\,n*aﬂ ““and vy > logailjv, we have

Bias® < \egn® + N&,7
2

. n
Variance < — .
n
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) . . 1+log,, Neow
Excess risk bound. To obtain the final excess risk bound, we set o = 1+log,, Neov

B+2
) 9 n2a 1
E[A(Tplug; 7)) < Aregn™ + o + Neoy”
< Neoyn ™% + 0271+ N7
0 2 5 1
< New’n?#2 + N7 (58)

where inequality (i) follows from our particular choice of «. Combining the above bound with
Lemma ] completes the proof. O

The following corollary instantiates the above theorem for the case when the input space is the unit
ball, that is, X = B,4(1).

Corollary 5. Let the input space X = B,(1) and the kernel K satisfy Assumption|2| Then, for any
8> 1+%, we have

d —
max f*(2) — Epnipg /" (z) S LEP P nawtes (59)

Proof. From the bound in Theorem 3] we have,

1 -8 1—
max f*(x) — Bgmiy, /¥ (2) S N&* (€) 0779 + Neoy (€) + /Lice
x

(%I)Nﬁ%(g) 2(Ef2)+N17T’Y(E2)+

> IVcov LIC n cov LK: €

i) 1 24 I a(1—7)

< L? B ~n2‘<5751’> + =K +€

- € €2

Giy a4 /1\Fis s

< L7 () - nIEED 4 2 (60)
€

where inequality (i) follows from substituting ¢ — €2/Lx, (ii) follows from the fact that

Neov(€) < (%)d, and (iii) follows from using the assumption that 3 > v > 1 + %%.

Finally, setting € < L,W nWﬁrm, we get
M *(2) = By, (@) $ LEH ™ natn
This establishes the desired claim. O
C.3 REGRET BOUND FOR MATERN KERNEL
In this section, we specialize the bound from Theorem [3] for the special class of Matérn kernels.

Recall that the Matern kernel is a distanced based kernel with K(x,y) = f(||x — y||). Denote by
r = || — y||, the exact form for the kernel is given by

2= (aur\® 2
K:Matern,u(r> = F(l/) ( lyr> K, ( ZVT> 5 (61)

with parameters v and [ and where K, is the modified Bessel function of the second kind. Going
forward, lets fix the scale parameter [ = 1 without loss of generality.

The following lemma then bounds the Lipschitz constant for this class of kernels when the distance
function is the /5 norm.

Lemma 6 (Lipschitz Matérn Kernel). Consider the Matérn kernel with parameter v > % The
Lipschitz constant of this kernel is bounded by
e227"vK, (1)

Li < sup [———————"2 . pe= V2], (62)
re(O,l)[ I'(v) ]
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Proof. The approach will be to show that the kernel function Kpmatern,, is a Lipschitz function of the
distance r and then cover the /5 ball in the d dimensional space appropriately. We now look at the
derivative of the function Cmater,,, () With respect to 7.

8K"Matern,u(r) - W (l/ruilKV(\/%Ta’/‘ + ’I"VaK,,(\/Z’/‘)
Q 21—V(\/5)V v—1 v V\/5
= ) (zxr K,(V2vur)—r (\/@K,,q( 2ur) + N K, ( 2ur)>> or
Y (L
=TT (r VWK, _( 2Vr)) or (63)

where (i) follows from the identity 0K, (2) = (=K, _1(z) — 2K, (2))0z.

For any v > %, we have the inequality

K, (z) vz (YN
z(J f . 64
Koy) < exp (:r) or0<z <y (64)

Instantiating the above with y = 1 and v > 2, we have

1—v v —\2vr
Oataren s ()] < 2 V2)" (m@ e

T(v) (v2vr)v-1
22K, 1 (1) _ s
< = vl vr
< ) re (65)
The Lipschitz constant for this case can now be obtained by taking a sup over r € (0, 1). O

While our upper bound was in terms of sample complexity, in order to compete with the cumulative
regret formulation, we adapt an explore-then-commit strategy. The following lemma relates the
sample complexity bound to a cumulative regret bound.

Lemma 7 (Batch to online conversion). Suppose an algorithm has sample complexity O(n_a) ) in

the passive learning setup, the explore then commit strategy based on this learning algorithm would
1

have regret O(T T+e ).

Proof. For some parameter v > 0, let the explore then commit algorithm explore for 7 steps and
the commit to the strategy obtained post this exploration for the remaining 7" — 7" time steps. The
cumulative regret for such an algorithm is

R =T +T T -T") <T"+ T, (66)

1

Setting v = 175

finishes the proof. O

We now proceed to prove Corollary 3] which instantiates the bound in Theorem [3] for the class of
Matérn kernels.

Corollary 6 (Restated Corollary . Consider the family of Matérn kernels with parameter v > %
defined with the euclidean norm over R%. The T-step regret of the explore-then-commit algorithm is

_a? v
Sz O (LT T )
with high probability.

Proof. First, observe that excess risk bound in Corollary [5] can be converted to a corresponding
T-step regret bound by an application of Lemma [7]such that

Rr <O (L’/é+’j+2d .ngiﬂig) . (67)
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For the class of Matérn kernels, the decay parameter g = 1 + %” (Janz et al., 2020, Theorem 9).
Using this wit the above regret bound, we get,

STy Avkd(erad)
mMat T S [0) LIC . Tev+a(7+ad) .
This completes the proof. O

D ADAPTIVE SAMPLING VIA GP-UCB

In this section, we prove an upper bound on the expected risk of the Gaussian process upper con-
fidence bound algorithm (GP-UCB) algorithm of [Srinivas et al.| (2010). In order to adapt their
algorithm for our setup, consider the function

fr(x) := (r, Mz)y, suchthatD = {x| |z|m, <1}. (68)

We have used x to denote policies in this setup to be consistent with the notation in |Srinivas et al.
(2010). Observe that the domain defined above is not compact — a necessary condition for the algo-
rithm to work. One work around this is to truncate the unit ball after a finite number of dimensions
and bound this truncation error. The excess risk incurred by this truncation can be made arbitrary
small. Going forward, we ignore this truncation. The regret for the UCB algorithm is shown to be

upper bounded by O(vy7+/T) where ~7 is the information gain with
1
yri= max _—logdet(I + [K(zs,2;)]7 1) , (69)
T1,..., x7 €D 2 ’

where we have assumed without loss of generality that the noise variance 7 = 1. For our setup,
the kernel function K(z;, z;) = (Mz;, Mx;)u,. We additionally require that the reward function

7 belongs to the RKHS spanned by the set {Mx | x € D}. Denote by S = SZM TS, 152 and
suppose that its eigenvalues satisfy a power law decay with 0;(S) = (; = j —B. The following
lemma upper bounds the information gain for this setup in terms of the power law parameter 8 > 0.

Lemma 8 (Information Gain.). The information gain ~r for the above setup is bounded as

71 = O(log(T) - T77) . 70

Proof. The quantity of interest here is the information gain

1
yr 1= max 51ogdet(1+XSXT) such that Vj ||lz;lla < 1, (71)
L1ye-eH xT
where the matrix X = [z{;...;2,] and we have assumed that the noise variance is 1. From the

setup described above, we have that the eigen values of S decay as A\; < P It is easy to see that
1
Feg({ze}) : = 5 o8 det(I + XSXT) (72)

is a monotonic sub-modular function. Thus, the value of vz can be upper bounded by (1 — 1/e)~!
times the value of the greedy maximization algorithm. The greedy maximization algorithm is equiv-
alent to picking

x; = argmax Fig (X, U {z}) .
xr
It is easy to see that at each time ¢, the unit vector x; will be an eigen vector of the matrix S. Given

this observation, we can finally upper bound the value of the info gain

T
yr <c- max Zlog(l +m;A;) suchthat m; > 0 and ij =T.
Jj=1 j

mi,....mr <
J

Solving the above optimization problem, the optimal choice of the variables

1 1
mj:max{A—)\j,O} and zj:mj:T. (73)
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. _ B8 B o
Setting A = T~ 5+T ensures that there are 7'5+1 active directions. Substituting the above values of
m,; in the expression for yr, we get

Aj
yr<c- ;:1 log(1 + max( T 1,0))
<colog (N SOH[A->A}
Selog| > 1

=

2 O(10g(1) - )
where (i) follows from setting A = T~ 771 . This establishes the required claim. O

We are now ready to state this our sample complexity bound for GP-UCB for this subclass of prob-
lems.

Proposition 2 (Sample complexity for GP-UCB). Suppose that the police space H, reward space
H,. and the map M satisfy the power law decay assumption with exponent B > 0. The estimator
Tuch output by the GP-UCB algorithm satisfies

E[A(fuep; )] < O(n 2750 . (74)

The proof of the sample complexity bound in Proposition 2] now follows the regret bound of
O(~yrV/T) along with using the upper bound on the information gain from Lemma

E[A(foug; )] = O(nFH—3) = O(n~ 7570 | (75)

More recently, (Cai & Scarlett| (2021)) extended the analysis of |Valko et al.| (2013) to show that the

SupKernelUCB algorithm achieves a regret bound O(\/ ~7T). Using this modified bound, one can
improve the above analysis to obtain excess risk

E[A(fpug; )] = O(n=F 7~ 3) = O(n~ 1) | (76)

which is still worse than those obtained by the bounds by our proposed ridge regression estimator.

E FURTHER DETAILS ON EXPERIMENTAL EVALUATION

In the simulation study, we work with d dimensional RKHSs H,. and H;. In order to simulate the
nonparmeteric regime, we typically use value of n which are less or at most a constant times the
dimension d. We set the matrices S, = diag(j~*"), S, = diag(j~!) and the map M = I. This
is allowed since the policy space is smaller than the reward space. With this, the effective decay
parameter 5 = B, — 5, = 0.75. We sampled the true reward r* uniformly at random from the unit
ball in H,.. We further sampled the oracle noise ¢ ~ A(0,0.01). All plots were averaged over 10
runs.
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