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Abstract

Stochastic gradient methods are among the most important algorithms in training machine
learning problems. While classical assumptions such as strong convexity allow a simple
analysis they are rarely satisfied in applications. In recent years, global and local gradient
domination properties have shown to be a more realistic replacement of strong convexity.
They were proved to hold in diverse settings such as (simple) policy gradient methods
in reinforcement learning and training of deep neural networks with analytic activation
functions. We prove almost sure convergence rates f(X,) — f* € o(n_ﬁ“) of the last
iterate for stochastic gradient descent (with and without momentum) under global and local
[B-gradient domination assumptions. The almost sure rates get arbitrarily close to recent
rates in expectation. Finally, we demonstrate how to apply our results to the training task
in both supervised and reinforcement learning.

1 Introduction

First-order methods to minimize an objective function f have played a central role in the success of machine
learning. This is accompanied by a growing interest in convergence statements particularly for stochastic
gradient methods in different settings. To ensure convergence to the global optimum some kind of convexity
assumption on the objective function is required. Especially in machine learning problems the standard
(strong) convexity assumption is nearly never fulfilled. However, it is well known that achieving convergence
towards global optima is still possible under a weaker assumption, namely under the gradient domination
property, often referred to as Polyak-Lojasiewicz (PL)-inequality (Polyakl [1963). Also in reinforcement
learning, multiple results have shown that the objective function for policy gradient methods, under specific
parametrizations, fulfills a weak type of gradient domination and therefore provably achieve convergence
towards the global optimum (Mei et al., 2020; [2021} [Fatkhullin et al., 2023} |[Klein et al.,|2024)). Improving the
understanding of rates and optimal step size choices for stochastic first order methods is of significant interest
for the machine learning and reinforcement learning community. Many classical results identify convergence
rates for the expected error E[f(X,,) — f*]. In the present article, we focus on almost sure convergence rates
for the error f(X,)— f* in stochastic gradient schemes under weak gradient domination. The contribution of
this work is as follows:

(i) Under global gradient domination with parameter S (on the entire function domain), we prove that
the last iterate of stochastic gradient descent (SGD) and stochastic heavy ball (SHB) converge almost
surely and in expectation towards the global optimum with rate arbitrarily close to 0(n74ﬁ17*1). The
almost sure and expectation rates of convergence that we obtain depend on the gradient domination
parameter § and are the same for both algorithms and convergence types. For SGD this rate is
arbitrarily close to the tight upper bound known in expectation (Fatkhullin et all [2022), while the
almost sure convergence rate is new for the (weak) gradient domination assumption (see Theorem
and discussion afterwards). To the best of our knowledge for SHB this is the first convergence result
towards global optima under (weak) gradient domination, for both almost sure convergence and
convergence in expectation (see Theorem [4.2)).
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(i)

(iii)

(iv)

We consider the case where the gradient domination property holds only locally, either around
stationary points or around global minima. We provide the first local convergence rates under
these settings: we prove that SGD remains within the good local region with high probability and,
conditioned on this event, we obtain converges rates almost surely and in expectation (see Theorem [5.1
and Theorem [5.2)).

Our local setting covers generic classes of functions. In particular, we demonstrate that it encompasses
the training task of deep neural networks with analytic activation functions in supervised learning.
Our result illustrates that the iterates of SGD are likely to become trapped in areas of local minima
when the step size is is small. We verify under mild conditions, that SGD converges to local minima
with given convergence speed (see Corollary .

Finally, we derive novel convergence results for policy gradient methods in reinforcement learning. We
show that local gradient domination holds around the global optimum for the softmax parametrization
resulting in the first local convergence rate for stochastic policy gradient with arbitrary batch-size

(see Corollary [7.3).

We summarize the contributions of this paper in Table[I}] These findings are also illustrated in a numerical
toy experiment in Appendix [B] where we have implemented SGD and SHB for monomials with increasing

degree.

Table 1: Summary of known and new results. Table presents convergence rates for tuned step size (e > 0
arbitrarily small). Dom.: gradient domination holds locally or globally; local*: additional assumption on 4
required and results holds only locally. a.s.: almost surely; E: in expectation. Ref.: for some cited results
minor adjustments are necessary.

B Step size Rate Dom. Algo. Conv. Ref.

Theorem lﬂ' (i);

saD ** [Liu and Yuan| (2022, Thm. 1)
g Theorem [4.1] (ii);
lobal Khaled and Richtérik (2023, Thm. 3)
& s Theorem [4.2] (i);
_ _ ™ |Liu and Yuan| (2022, Thm. 2)
1 1+e€ 1+4€ b
5 © (n ) 0 (n ) SHB B Theorem ’4_g| (ii);
Liang et al] (2023, Thm. 4.3)
Theorem [5.1] (ii);
&5 Theorem 5.2 (ii)
« .
local®  SGD g Theorem [5.1] (iii); Theorem [5.2] (iii);
Mertikopoulos et al.| (2020, Thm. 4)
a.s. Theorem (i)
lobal SGD B Theorem [4.1] (ii);
globa Fatkhullin et al.| (2022, Cor. 1)
u ) a.s. Theorem |4.2| (i)
(3,110 (nfm)o(nfm“) SHB
E  Theorem (ii)
s Theorem [5.1] (ii);
" Theorem [5.2| (ii)
*
local™ SGD E Theorem [5.1] (iii);
Theorem [5.2| (iii)
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1.1 Literature Review and Classification of our Contribution

The roots of stochastic gradient methods trace back to Robbins and Monro| (1951). Since then, various
variants of SGD have been established as fundamental algorithms for optimizing complex models in the realm
of machine learning. We refer to [Bottou et al| (2018)) and |Garrigos and Gower] (2024)) for a detailed overview.

We start the review with the literature deriving convergence rates in expectation for SGD. Under the
assumptions of smoothness and (strong) convexity Polyak| (1987)); [Moulines and Bach| (2011); Nguyen et al.|
(2018); Wang et al| (2021); [Liu et al. (2023) studied convergence rates towards global optima. Moreover,
many articles additionally analyze the non-convex case and prove convergence rates for the gradient norm
towards zero (Ghadimi and Lanl [2013} [Li et al., 2023} [Liu et al., [2023; Nguyen et al. |2023]).

Notably, several other results regarding convergence of SGD towards global optima have been established
under the gradient domination setting (Karimi et al., [2016). Bassily et al.| (2018) demonstrate exponential
convergence rates in expectation in the overparameterized setting under strong gradient domination. See
also |Madden et al.| (]2021[) and |Liu et a1.| (]2022[), where convergence rates of order O(%) are shown for neural
networks using the (strong) gradient domination property. High-probability bounds on the approximation
error are provided in [Scaman et al.| (2022)) under a generalized gradient domination property, the so-called
Separable-f.ojasiewicz assumption, fulfilled by smooth neural networks. In also strong
gradient domination is assumed, where the smoothness assumption is weakened through a-Hélder continuity,
achieving a rate of O(-L.) in expectation. The equation condition is introduced in |Khaled and Richtarik
(]m and where O() convergence is shown under strong gradient domination. Furthermore, [Fatkhullin
let al. (2022)) and [Fontaine et al| (2021)) consider generalizations of gradient domination that include our
definition as a special case. They derive convergence rates in expectation which we encompass with our result
and extend to almost sure convergence (see also the discussion behind Theorem [4.1).

All the results mentioned so far consider convergence in expectation or high-probability bounds, although
originally, motivated by Robbins and Siegmund| (1971)), research commenced with the quest for almost sure
convergence rates for gradient methods. In recent years, [Sebbouh et al. (2021) and, building upon it, [Liu and
'Yuan, (2022)) derive almost sure convergence rates towards global optima under strong convexity. In [Sebbouh
et al.[(2021) almost sure convergence rates for SHB are also analysed but under the assumption of convexity
and in |Liu and Yuan| (2022) SHB is studied under (strong) convexity and in a non-convex setting. Returning
the attention back to SGD with respect to gradient domination also some almost sure convergence results
have been established. As an extension to the PL-type gradient domination, in |Chouzenoux et al. (2023))
the so-called KL property is assumed, which contains gradient domination as a special case. The authors
demonstrate almost sure convergence to a critical point, though without a rate. To conclude, to the best of
our knowledge the derived almost sure convergence rate under gradient domination in Theorem is novel.

Next, we want to provide further insights to the literature regarding SHB. In the realm of momentum
methods, Polyak’s Heavy-Ball Method (HBM) and Nesterov’s accelerated gradient method
stand out as a foundational contribution. The authors of |Gadat et al. (2018)) provide a
detailed description of the stochastic formulation of HBM and establish almost sure convergence but without
giving a rate. In|Yang et al.|(2016); |Orvieto et al.| (2020); |Yan et al.| (2018); [Mai and Johansson| (2020); |Zhou|
convergence rates in expectation are shown in (strongly) convex and non-convex settings, where
the non-convex analysis covers convergence of the norm of the gradient. Convergence of momentum methods
under the strong gradient domination property and linear convergence due to an overparametrized machine
learning setting is shown in |Gess and Kassing| q2023D. |Liang et a1.| 2023) determine O(%) convergence rate
for SHB under strong gradient domination. Our main result for SHB presented in Theorem [£.2] describes
almost sure convergence and convergence in expectation under global gradient domination. Both result are
quantified with a given rate of convergence.

In the following, we aim to differentiate our local convergence analysis from existing results in the literature.
There has been a lot of effort to derive local convergence guarantees for stochastic first order methods. In
[Dereich and Kassing| (2024) almost sure convergence of SGD to a stationary point under the local gradient
domination (for 2*) is demonstrated, provided that the process (X,,) remains local, albeit without a rate. A
local analysis of SGD towards minima without any gradient domination assumption is presented in
(2020). Instead, a rank assumption is imposed on the Hessian, and mini-batches, along with resampling,
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are leveraged to ensure convergence to the global optimum with high probability. The resulting rate does not
converge to zero and requires an increasing batch size. Finally, under the global Lipschitz assumption on
the objective, it can be verified that SGD almost surely converges to a stationary point as demonstrated
by [Mertikopoulos et al.| (2020). In the same work the authors derive a local convergence analysis under
local strong convexity. Our analysis in Section 5| builds upon Mertikopoulos et al.| (2020) and generalizes
their results to the local gradient domination property. In our analysis we distinguish the cases where the
local gradient domination property holds in a neighbourhood of a local minimum or in the neighbourhood
of the global optimum respectively. Finally, we would like to acknowledge that related results have been
independently obtained in the recent preprint Qiu et al.| (2024)).

For the application in the training of DNNs, it is worth noting that local convergence of SGD has been
analyzed under stronger variants of gradient domination by [Wojtowytsch! (2023); [An and Lu| (2024). Due
to the stronger form of gradient domination, specific sub-classes of DNNs need to be considered to verify
these assumptions whereas our result is only constrained to analytic activation functions. Under the machine
learning noise conditions in [Wojtowytschl (2023), convergence toward zero loss with high probability is shown,
provided that the initial loss is sufficiently small. In contrast, |An and Lu| (2024)) demonstrate convergence
towards zero loss under initialization in a local (strong) Lojasiewicz region. Indeed, one can construct DNNs
satisfying the latter condition (Chatterjee, |2022).

For the application in reinforcement learning, recent results showed that choosing the tabular softmax
parametrization in policy gradient (PG) algorithms results in objective functions which fulfill a non-uniform
gradient domination property (Mei et al., 2020; [Yuan et all [2022; Klein et al., 2024]). While convergence of
PG for exact gradients is well understood, convergence rates for stochastic PG are rare and mostly require
very large batch sizes (Ding et al., 2022} [Klein et al., 2024} Ding et al.l [2023). It is noteworthy that a similar
local analysis for stochastic policy gradient under entropy regularization is presented in [Ding et al.| (2023)).
Their local result is also based on Mertikopoulos et al. (2020)), but requires an increasing batch size sequence
to obtain O(%)—convergence towards the regularized optimum with high probability. In contrast, we consider
both the unregularized and entropy regularized setting and observe that one can also achieve convergence
arbitrarily close to o(%) without the need for an increasing batch size. Moreover, the local convergence occurs

almost surely on an event with high probability.

2 Mathematical Background - Optimization under Gradient Domination

We consider the problem of solving the minimization problem of the form

min f(z), (1)

zERY

where f : R — R denotes the objective function of interest. Throughout this paper we assume that the
objective function is bounded from below by f* = inf,cra f(x) > —o0 and satisfies the classical L-smoothness
assumption (either locally or globally):

Assumption 2.1. The objective function f : R* — R is differentiable and the gradient V£ is

(i) globally L-Lipschitz continuous, i.e. there exists L > 0 such that |V f(z) — Vf(y)|| < L||x — y|| for
all z,y € R%.

(ii) locally L-Lipschitz continuous, i.e. for all R > 0 there exists L(R) > 0 such that ||V f(z) — Vf(y)]] <
L(R)||z — y|| for all z,y € R? with |z],|y| < R.

Using (global) L-smoothness, the descent lemma provides the inequality

fy) Sf(i?)+<Vf(l’)7y*f17>+§lly*f6||2 (2)

which is a fundamental instrument to analyze first order optimization methods. As a motivation recall the
iterative update generated by gradient descent with constant step size v < %, ie.

Tpn41 = Tn — ”}/vf(l’n), xr1 € R?.
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Applying equation [2] and the iteration scheme yields the iterative descent property
* * fy
[f@nia) = < ) = 7] = 51V F @)l

Under further strong convexity assumption it is classical to show that the gradient descent algorithm converges
to a global minimum at a linear rate. In order to derive a convergence rate without assuming convexity of f
one can use dominating relations of the gradient V f(x) with respect to the optimality gap f(z) — f*. In
particular, as demonstrated in [Karimi et al.| (2016) it is nowadays well-known that gradient descent converges
linearly under the PL-condition which assumes that there exists ¢ > 0 such that for all € R? there holds

IVf (@)l = e(f(x) = f)° (3)

with exponent 8 = 1/2 (Polyakl [1963). It is worthwhile to emphasize that equation [3|is weaker than strong
convexity, the classical textbook assumption that fails for many applications. Under the PL-condition the
iterative descent property can be written as a recursion:

Fanin) = 1< (1= 2) [flwa) = £

In fact, there are many works analyzing (stochastic) first order methods under the weaker Lojasiewicz
condition formulated in (local) areas around stationary points * and exponents 5 € [1/2,1] Lee et al|(2016);
Fatkhullin et al.| (2022)); |Scaman et al.| (2022)); Wilson et al.| (2019)). For general 8 € [1/2,1] the recursive
descent property reads as

Fnin) = 1< faen) = 171 = 5 1f@a) = £17

leading to sub-linear convergence for § > 1/2.

For the purpose of our analysis of stochastic gradient methods, we collect the following types of global and
local gradient domination properties.

Definition 2.2. Let f : R? — R be continuously differentiable with f* = inf,cpa f(2) > —00.

1. We say that f satisfies the global gradient domination property with parameter 5 € [%, 1] if there
exists ¢ > 0 such that for all z € R? it holds true that

V@)l = e(f(x) = f)°.

2. Let x* € R? be a stationary point, i.e. Vf(z*) = 0. We say that f satisfies a local gradient domination
property in x* with parameter [5,« € [%, 1] if there exist a radius 7, > 0 and a constant c¢;« > 0 such
that

IV f @)l = o |f(2) = fa*)]P

for all z € B, (z*) = {y € R : ||a* — y|| < ry-}. We say that f satisfies a local gradient domination
property in f* with parameter 8 € [%, 1] if there exist a radius r > 0 and a constant ¢ > 0 such that

IVf @)l = e(f(z) = f*)°
forallz € Bf = {y e R%: f(y) — f* <r}.

Remark 2.3. If 5 = %, we will call the gradient domination strong since it is implied by strong convexity.
In contrast, we call the gradient domination weak for g € (%, 1]. Moreover, note that for the local gradient
domination property in z* the parameters r and ¢ may depend on z*. Furthermore, we emphasize that for
the definition of the local gradient domination in f* we do not require the existence of z* € arg min cgas f(x).

The PL-condition mentioned above is a special case of the general global gradient domination property for
8= % In Lojasiewicz (1965) it has been demonstrated that all analytic functions satisfy the local gradient
domination property, emphasizing the particular significance of the local case. Further, it has been proved



Under review as submission to TMLR

that all overparametrized neural networks fulfill the local gradient domination property (Liu et al., [2022).
See also Madden et al.| (2021)); |Dereich and Kassing| (2024); Frei and Gu| (2021) and references therein for the
application of (strong) gradient domination to (deep) neural networks. In [Fatkhullin et al.| (2022)); |Attouch
et al.| (2010)); Bolte et al.| (2014])); [Zhou et al.| (2018)) examples of functions are discussed that fulfill the (weak)
gradient domination property. For instance, one-dimensional monomials f(z) = |z|P, p > 2, satisfy the weak
global gradient domination property with 5 = pp%l. We refer to [Fatkhullin et al.| (2022, Appendix A) for a
longer list of globally gradient dominated functions including convex and non-convex functions. Notably, in
reinforcement learning it is known that the tabular softmax parametrization leads to a parametrized value
function that satisfies the so-called "non-uniform" PL-inequality (Mei et al. 2020; |2021; Klein et al.l [2024).
In Section [7] we will show how this non-uniform gradient domination implies local gradient domination for f*.
This renders our local analysis of stochastic gradient methods specifically applicable in RL. As mentioned
earlier, since every analytic function already satisfies local gradient domination, we expect that the local
analysis can encompass further parametrizations, such as neural networks.

2.1 Assumptions on the Stochastic First Order Oracle

Let (Q, F,P) be an underlying probability space. In general, we assume that we can access the exact gradient
V f(z) through a stochastic first order oracle V : RY x M — R? defined by

V(z,m)=Vf(zx)+ Z(x,m), 2R meM, (4)

where (M, M) is a measurable space, Z : R? x M — R? is a state dependent B(R?) @ M /B(R%)-measurable
mapping describing the error to the exact gradient V f. The stochastic gradient evaluation is then modelled
through V(z,¢), where the random variable ¢ : Q — M is independent of the state x € R?. We make the
following unbiasedness and second moment assumption:

Assumption 2.4. We assume that for each 2 € R? it holds that
BlZ(e.0) = | Z(,0(w))dP@) =0

and there exist non-negative constants A, B and C such that for all 2 € R? it holds that
E[|V(z,Q)I*] < A(f(z) = f*) + BIVf ()| + C. (ABC)

It is worth noting that the equation [ABC| assumption is a generalization of the bounded variance assumption
that appears for A = B = 0. It was introduced by [Khaled and Richtérik| (2023)) as expected smoothness
condition and shown to be the weakest assumption among many others.

2.2 Stochastic Gradient Methods

The following two classical optimization algorithms will be analyzed in this article. Both algorithms are
described as discrete time stochastic process (X, )nen driven by noisy gradient evaluations in equation [4} In
each iteration, we assume that the stochastic first order oracle is accessed through the evaluation of (41
which is a copy of ¢ independent from the current state X,,.

The stochastic gradient descent (SGD) scheme is given by the stochastic update
XnJrl = Xn — Tn V(Xn; CnJrl) 5

where X is a R%valued random vector which denotes the initial state. To keep the notation simple, we
will introduce Vj,41(X,) := V(X,, (ut1) suppressing the explicit noise representation through (¢, )nen in the
following. The iterative update formula then reads as

Xn-‘rl - Xn — Tn Vn+1(X7z)~ (SGD)

The iterative scheme of stochastic heavy ball (SHB) is defined by
Xnp1=Xp — 77LVrL+1(X7L) + V(Xn - Xn—l) , (SHB)



Under review as submission to TMLR

with initial R%-valued random vector X;. The additional summand is called the momentum term with
momentum parameter v € [0,1). In both cases, (7, )nen denotes a sequence of positive step sizes and we
denote by (Fy)nen the natural filtration induced by the process (X, )nen. Note that we adopt the convention
where the set of natural numbers N refers to the positive integers excluding zero. When necessary, we
explicitly define N := N U {0}.

Ezample 2.5 (Expected risk minimization). In order to give more insights into the considered setting of our
stochastic first order oracle we formulate a specific one based on expected risk minimization. In expected risk
minimization we are interested in minimizing an objective function of the form

f(z) = E[F(z,0)] = / Fr, () dP(w)

Q

where F': R x M — R is B(R?) ® M/B(R)-measurable. In our notation the stochastic first order oracle
then takes the form

V(z,() = V(@) + (VaF(2,¢) = Vf(2)) = V. F(z,()
and the iterative update of SGD reads as
Xn+1 = Xn - ’anwF(Xn; Cn—i—l)
with a sequence of independent and identically distributed (¢, ). The iterative scheme of SHB can be written

in similar way. Note that this scenario also includes empirical risk minimization where the objective function
takes a finite sum form, with ¢ ~U({1,...,N}),

1 N
f@) = D Fli) = E[F(z,0)].

Exemplifying the SGD method, we now illustrate the typical steps of the convergence analysis for first-order
optimization methods. First, the smoothness of the function f is exploited by applying the descent inequality
equation [2| to the iteration scheme and then applying conditional expectations,

2
E[f(Xnt1) | Fal < F(Xn) = 1l VF(X0)I* + %E[”VnnLl(Xn)”Q | Ful.

Next, f* is subtracted on both sides and the variance term of the stochastic gradient is controlled through
the equation [ABC] condition:

LA,
2

BLy,
2

LC’yfl

. %)

B[/ (Xnr1) = f* | Fal € (14 252 (F(Xa) = ) = (30 = =522 ) IV AP +

Without further assumptions this inequality can now be used to show that the gradient V f(X,,) converges
almost surely to zero. In order to obtain convergence towards a global optimum additional assumptions
are needed. For instance, it is sufficient to incorporate the global gradient domination property defined in
Definition which yields an iterative inequality of the form

B L'y?l

LC%ZL
5 .

B Cnsa) = 17 7l = (1 51060 = 1) = (30 = 2572 ) 27000 = 197+ 55 9

Typically, the expectation is taken on both sides of the inequality to derive a convergence rate in expectation
by working with recursive inequalities. In this article we push the argument further. We combine smoothness
and gradient domination with a variant of the Robbins-Siegmund Theorem (see Lemma to derive almost
sure convergence rates.
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3 Preliminary Discussion on Super-Martingale Convergence Rates

In the previous section, we have sketched how to combine the global gradient domination property with
smoothness to derive a recursive inequality of the form

ElYni1 | Ful < (14 c1mm)Yn — 270 Y22 + 372,

where Y, := f(X,,) — f*. For analysing these inequalities, we must deal separately with the strong gradient
domination case (3 = %) and the weak gradient domination case (8 > 1) to avoid divisions by zero. For
the former case the recursive inequality simplifies, whereas a more complex analysis is required for the
latter. To establish almost sure convergence rates we employ convergence lemmas for super-martingales based
on the Robbins-Sigmund Theorem. This methodology has been introduced in [Sebbouh et al.| (2021) and
further utilized in |Liu and Yuan| (2022) to analyze SGD and SHB under (strong) convexity. In the following,
we illustrate how to extend the arguments to convergence under the global gradient domination property.
Here is our super-martingale result that also encompasses |Liu and Yuan| (2022, Lemma 1) when § = % for
completeness:

Lemma 3.1. Let (Y,)nen be a sequence of non-negative random variables on an underlying probability space
(Q, F,P) with natural filtration (Fp)nen and suppose there exists 5 € [%, 1], e1,¢3 > 0 and ca > 0 such that

E[Yai1 | Ful < (L4 a192)Yn — 270 Y,2? + 372,

for alln > 1, where v, = ©(-5) for some fized 0 € (%,1). Then, for any

)

. (max{2 26, 0422y 1) B e (3,1]
(2—26,1) 8=

1
2

(Y)nen vanishes almost surely with Y, € o (nl%n)

The proof of this lemma is based on the well-known Robbins-Siegmund theorem (Robbins and Siegmund,
1971, Theorem 1) and is provided in full detail in Appendix

4 Convergence for Global Gradient Domination Property

In this part of the paper, we provide our global convergence result in a non-convex and globally smooth
setting. Combining the recursive inequality equation [f] with the super-martingale convergence result from
Lemma [3.1] leads to the following theorem. The detailed proof is given in Appendix

Theorem 4.1. Suppose Assumption (1) and Assumption are fulfilled and let [ satisfy the global
gradient domination property from Definition with B € [%, 1]. Denote by (X, )nen the sequence generated

by equatz’on using a step size v, = () with 6 € (%, 1). For any

. (max{2 — 26, 92572, 1) Be(3:1]
(2-20,1) B=3

it holds that

() 506 = 1 o ) ase and (i) BN - Fleo ().

To the best of our knowledge our theorem presents the first convergence rate for SGD under weak gradient
domination with respect to almost sure convergence.

It is natural to ask which 0 leads to the best convergence rate. Optimising for 7 yields an optimal choice

0= % to achieve the best possible rate of convergence. This specific choice yields a lower bound of the
interval given by 2 — 260 = 9;;@ 2 =1- 75— and therefore an almost sure convergence of the form o( ;)
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where p is arbitrarily close to ; 5171 (see also Table |T|) We emphasize that the rate we obtain is arbitrarily close

to the one obtained in |Fontaine et al.| (2021); Fatkhullin et al.| (2022) in expectation and is tight according to
Fatkhullin et al.| (2022, Prop. 2).

Roughly speaking, our result guarantees a faster convergence rate for "stronger" gradient domination properties
(i.e. for smaller ). Indeed, as 2 — 20 > 9%512 for 3 sufficiently close to 3 our result is consistent to the one
presented in [Liu and Yuan| (2022, Thm. 1) by replacing the p-strongly convex assumption with the strong

gradient domination property with 8 = 3

Similar arguments can be used to derive almost sure convergence rates for SHB under global gradient
domination:

Theorem 4.2. Suppose Assumption (2. ] E (i) and Assumptzon are fulfilled and let f satisfy the global
gradient dommatzon property from Deﬁmtwn 2 with ﬂ 6 ,1]. Denote by (X, )nen the sequence generated

by equation Bl using a step size v, = O(-5) for 6 € ( ) For any

) (max{2 — 26, 9‘52@;2}, 1) Be(31]
(2 —20,1) 8=

N[

it holds that

() F(Xa)— " €o (nf"), a5, and (ii) E[f(X.)— f*]€o (nfn).

We again provide the full proof in Appendix To the best of our knowledge, our result gives the first
convergence proof of SHB to global optima under weak gradient domination, with rates for almost sure
convergence and convergence of expectations. The resulting convergence rate using the optimized step size
are summarized in Table [I} In the strong gradient domination setting our rate in expectation gets arbitrarily
close to the O(L) convergence obtained in [Liang et al|(2023). It is noteworthy that the utilization of SHB
in our analysis does not yield a superior convergence rate compared to SGD. This arises from the proof
technique and aligns with the findings in [Liu and Yuan| (2022); |Sebbouh et al.| (2021 where the authors
similarly achieve no acceleration. In general, for deterministic settings acceleration of gradient methods can
achieve improvements of convergence rates (Wilson et al. [2019)). Though in the special case of gradient
domination with § = %, HB as well as Nesterov cannot accelerate in the deterministic setting as shown in
Yue et al.| (2023).

5 Convergence for Local Gradient Domination Property

In this section, we want to generalize the analysis in [Mertikopoulos et al.| (2020) under local strong convexity
to the weaker local gradient domination property for different cases of 5. We consider the two cases of
local gradient domination separately. The contributions and differences of our results under less restricted
assumptions are the following:

First, we show in both cases that SGD remains in the gradient dominated region with high probability
by only assuming local gradient domination instead of local strong convexity. Especially in the case of a
local minimum z* this is a challenging task, as we have to ensure that the SGD scheme (X,,)nen remains
close to x* without exploiting convexity. We can guarantee this whenever z* is in an isolated connected
compact set of local minima X*. We prove convergence towards the level set of X* and obtain Theorem [5.1]
Second, additionally to convergence in expectation we prove almost sure convergence conditioned on the
"good event". Third, due to the weaker gradient domination assumption and no convexity, one cannot expect
the convergence of X, to (local or global) minimum z*, instead we focus on convergence of f(X,,) to f(z*).
In Liu and Zhou (2023) they delve into the rationale behind considering this as a more robust metric.

The main result under local gradient domination in a local minimum z* is as follows:

Theorem 5.1. Fiz some tolerance level § > 0 and let X* C R? be an isolated compact connected set of
local minima with level | = f(x*) for all x* € X*. Suppose that f satisfy the local gradient domination
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property in each x* € X*, f is locally G-Lipschitz continuous and satisfies Assumption (i1), Moreover,
suppose Assumptz'on hold true. Denote by (X, )nen the sequence generated by equation|SGD| using a step
size v, = O(J5) for 6 € (3,1) and suppose that v, < v1 for v1 small enough (dependent on &). Then, the

following holds:

(i) There exist subsets U and Uy of RY such that, if X1 € U the event Qy = {X,, €U for alln =1,2,...}
has probability at least 1 —§.

Moreover, there exists 3 € [3,1] such that for any

. (max{2 20, 0202y 1)
(2—26,1)

€ (3,1]

N[ =

it holds that

(i) |f(X,) — 1, € o <nll—,> a.s., and (iii) E[f(X,)—Ila,] €0 (nf_n).

The main result concerning local gradient domination in f* is presented below and does not necessitate the
existence of a local minimum or any stationary point. It is worth noting that the definition of local gradient
domination in f* guarantees the gradient domination property for any = with f(x) close to f*. Consequently,
this definition ensures that functions satisfying this property cannot possess local minima or saddle points
within this region.

Theorem 5.2. Fix some tolerance level § > 0. Suppose f satisfies the local gradient domination property
in f* from Definition with B € [%,1] and B C R, Moreover, suppose within B} f is G-Lipschitz
continuous, Assumption and Assumption hold true. Denote by (X,)nen the sequence generated
by equation m using a step size vy, = @(”%) for 0 e (%7 1) and suppose that v, < v1 for y1 small enough
(dependent on ). Then, the following holds:

(i) There exist subsetsU and Uy of R such that, if X1 € Uy the event Oy = {X,, €U for alln =1,2,...}
has probability at least 1 — 9.

Moreover, for any

) (maxf2 - 20, %2232}1,1) 28
(2—20,1) B=1
it holds that

(”) (f(Xn) - f*)]-Qu €o (nll

), a.s., and (i) E[(f(Xn)—f*)lgu]Eo<n11n>.

n

We provide the full proofs of both results and more details on the sets ¢ and U; as well as on 3 in Appendix[E]

6 Application in the training of neural networks

In supervised learning one aims to approximate an unknown model ¢ : R% — R% by a parametrized function
Ju : R%= — R% with parameter w € R% . Given a family of training data ((Z™),Y (™)), cy generated as
i.i.d. samples from an unknown distribution pz yy one usually chooses the parameter w € R by solving

B By [B(0u(2). 7).

where ® : R% x R% — R, is a user specific data discrepancy. One popular choice of parametrizations are
DNNs. We define a neural network of depth L € N by the recursion

20 =2, 2 =0%%(Agzg_1+by), £=1,...,L—1, gu(2):=Arzr_1+bg.

10
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The weights ((Ag, b))k, of the DNN are collected in w € W = xlI_ (Rdexde-1 x Rd) ~ Rew and
o®d: R? — R describes the component-wise application of the activation function o : R — R.

Provided that ¢ and ® are analytic, and (Z,Y) are compactly supported R% x R%-valued random variables,
then fPNN . Rdw — R, defined by w Euz vy [®(9w(Z),Y)] is analytic (Dereich and Kassing, 2024}
Thm. 5.2) and therefore satisfies local gradient domination in any stationary point w, (see Definition
Lojasiewicz| (1965)). The local smoothness is inherently guaranteed by the fact that the loss function is
analytic. To elaborate, every analytic function is infinitely differentiable, such that all derivatives remain
locally bounded. Concerning Assumption we assume that the underlying data in the supervised learning
problem is compactly supported, ensuring that Assumption 2.4 is always satisfied locally.

In our notation, the stochastic first order oracle takes the form
V(w,(Z,Y)) = VPN (W) + (Vo @(9u(2),Y) = Vu PN (),
where we denote ( = (Z,Y) and the iterative SGD then reads as

Wit1 =Wy = %V ®(gw, (Zns1), Yns1)

with ¢, = (Z,,Y,) independent and identical distributed. The iterative scheme of SHB can be written
similarly. Note that this scenario also includes the empirical risk minimization of 57 Z%zl (g (2™, y(m)
when ( = (Z,Y) ~ ﬁ En]\f{:l 6(Z<m>,y<m)), see Example for more details. In this case, Assumption is
satisfied even with A = B = 0. Thus, the following local convergence is a direct consequence of Theorem

Corollary 6.1. Let § > 0. Denote by (W,,)nen the sequence generated by SGD with w +— V., fPNN(w) as
objective function, step size v, € O(n~%) for 6 € (%, 1), and assume that fPNN is analytic. Let W* be an
isolated compact set of local minima with level | = fPNN(w*) for all w* € W* and suppose Assumption 18
satisfied within W*. Suppose that v, < 1 for sufficiently small v1 (depending on 0), then there exist two
subsets U,Uy of R such that W1 € Uy implies that the event Qyy = {W, €U, for alln > 1} has probability
at least 1 — 5. Moreover, there exists 8 € [%, 1] such that for any

. (max{2—20, 9'5;?;2},1) B € (3,1]
(2-20,1) =3

it holds that | fPNN(W,,) — |1 € o(n"™!) almost surely and in expectation.

In words: If the iterates of SGD reach a certain area around a local minimum, they are likely to become
trapped in that region with high probability, provided that the step size is sufficiently small. This results
shows that, under very general conditions, SGD converges to local minima and furthermore quantifies the
convergence speed.

Remark 6.2. One may similarly apply Theorem [5.2] in the training of DNNs to derive convergence towards a
global minimum with high probability provided that the initial loss fPNN(X) and initial step size y; are
sufficiently small.

7 Application in Reinforcement Learning

Recent results showed that choosing the tabular softmax parametrization in policy gradient (PG) algorithms
results in objective functions which fulfill a non-uniform gradient domination property (Mei et al.| [2020; [Yuan
et al. 2022} Klein et al., 2024). While convergence of PG for exact gradients is well understood, convergence
rates for stochastic PG are rare and mostly require very large batch sizes (Ding et al., 2022} Klein et al.|
2024; Ding et al., [2023]).

Let (S, A, p,r,p) be a discounted MDP with finite state space S, finite action space A and discount factor

p €10,1). Further, r : S x A — R, is the positive expected reward function and p(s’|s,a) describes the
transition probability from state s to s’ under action a. As in Mei et al|(2020) we assume that the rewards

11
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are bounded in [0, 1]. Consider the stationary tabular softmax policy for parameter w € RISIAL e,
exp(u(s, )

WEA, exp(w(s, a’))

In the following we consider entropy regularized PG jointly with vanilla PG by setting A = 0 when no

regularisation is considered. Then, for an initial state distribution u, the value function under the softmax
parametrization is given by

, Vse8§, ae A

mw(als) = 5

Ve () = B | D7 'r(St, An)| = NE | 3 o log(mu(4dlS1)

t=0 t=0

and denote by V(p) the global optimum and by 7* the optimal policy. If A > 0 there exists a continuum of
optimal parameters w*, such that V™" (u) = V¥ (u). If A = 0 no such parameters exists.

In order to maximize the objective we use stochastic gradient ascent. For A = 0 this is called stochastic
policy gradient method or REINFORCE. Note that e.g.,|Zhang et al.| (2020) provide a stochastic first order
oracle which meets the conditions required in Assumption 2.4l For A > 0, a stochastic gradient estimator
that satisfies Assumption with A = B = 0 is presented in [Ding et al.| (2023, Eq. (4)). In both cases a
non-uniform PL-inequality holds (Mei et al., 2020, Lem. 8, Lem. 15): For every w € RISI*IAl it holds that

[V Vi ()l > ex(w)® [Vy (i) = Vi (w)]*
With:czlif)\:()andx:%if)\>0and

minges T (a’ (s)]s) ﬁ‘*l, A0,
ex(w) = VI81(1=p) #olloo P )
gy min, pu(s) ming o o (als)? | || L A > 0.

Here a*(s) denotes the best possible action in state s. W.l.o.g. we assume that a*(s) is unique, otherwise
one can simply consider the maximum over all possible best actions, i.e. replace minges m,(a*(s)|s) with
MiNges MiNg is optimal action in s Tw(a|s). We prove that this implies a local gradient domination property with
B =1 (weak PL) for A =0 and 8 = % (strong PL) for A > 0.

Proposition 7.1. There exists r,c > 0 such that for all w € By \ = {w: V(u) — V™ (n) <1} it holds that
ex(w) > e

The proof of this proposition is given in ?7.
Remark 7.2. Tt is noteworthy, that we have multiple choices of r and ¢ depending on « € (0, 1).

As the objective function w +— V™ () is smooth and Lipschitz on RISIMI (see [Yuan et al.| (2022, Lem. E.1)
for A =0 and Ding et al.| (2023) for A > 0), all assumptions in Theorem are satisfied and we obtain the
following result.

Corollary 7.3. Let 6 > 0. Denote by (Wy)nen the sequence generated by SGD with w — =V (u) as
objective function, step size v, € ©(n™?) for 6 € (3,1) and suppose v, < v1 for sufficiently small v
(depending on §). Then, there exist two subsets U, Uy of RISIAL such that W1 € U, implies that the event
Oy = {W,, €U, for alln > 1} has probability at least 1 — §. Moreover, for any

c (max{2 —20,0},1), if A=0,
T= @ - 20,1), ifA>0

it holds that (Vi () — Vi """ (1))1q € o(n"™') almost surely and in expectation.

In words: If the (regularized) stochastic policy gradient algorithm is started close enough to the optimum
a nearly o(n_%) (o(n~1) respectively) almost sure rate of convergence can be obtained by choosing 0 = %
(6 close to 1 respectively) This is in contrast to o(n~!) (linear convergence) known in (regularized) policy
gradient with access to exact gradients.

Remark 7.4. Note that r and ¢ in Lemma can be explicitly chosen (see Remark . Hence, one can
choose the neighbourhoods ¢ and U; w.r.t. r as in equation [40] and Lemma in Appendix [E] to find an

explicit neighbourhood U; as condition for initialization.

12
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A Auxiliary Convergence Theorems

In the following section, we provide two specific convergence theorems used to prove almost sure convergence
(Lemma [A.2]) as well as convergence in expectation (Lemma |A.3]). The former one is a direct consequence of
the well-known Robbins-Siegmund theorem, provided here for completeness.

Theorem A.1 (Theorem 1 in Robbins and Siegmund| (1971)). Let (2, F, (Fn)nen, P) be a filtered probability
space, (Zn)nen, (An)nen, (Bn)nen and (Cp)nen be non-negative and adapted stochastic processes with

iAn<oo and i3n<oo
n=1 n=1

almost surely. Suppose that for each n € N the recursion
EZp+1 | Fol < 14+ An)Z, + B, — Cy,

is satisfied, then (i) there exists an almost surely finite random variable Zo, such that Z,, — Z~, almost surely
asn — oo and (i) Y .- Cp, < 0o almost surely.

Lemma A.2. Let (Q,F, (Fpn)nen, P) be a filtered probability space, (Yn)nen, (@n)nen; (bn)nen and (ry)nen
be non-negative and adapted stochastic processes with

oo oo
Zan:oo, an<oo and 1y, >0
n=1

n=1
almost surely. Suppose that for each n € N the recursion
E[Tn+1}/n+1 | ]:n] < (1 - an)rnyn + by,

is satisfied, then we have r,Y, — 0 almost surely as n — co.
Proof. We define Z,, :=r,Y,, B, := b, and C,, := a,7,Y, such that
E[Zn+1 | ‘Fn] < Zn - On +Bn

for n € N. Using Lemma [A7T] we observe that there exists Zo, almost surely finite such that Z, = r,Y,, = Z
almost surely as n — oo. Moreover, we obtain that

oo oo
ZC" = ZanrnYn < 00
n=1 n=1

almost surely, which yields that

liminfr,Y, =0

n—oo
almost surely, since Y ., a, = oo almost surely. Since limit inferior and limit coincide for converging
sequences, the assertion follows:

Zoo = lim 7,Y, =liminfr,Y, =0
n—oo n—oo

almost surely. O

The following Lemma will be applied to prove convergence in expectation.

Lemma A.3. Let (wy)nen be a non-negative sequence, such that wpi1 < (1 — ap)wy, + by, where (an)nen
and (by)nen are non-negative sequences satisfying

oo oo
Zan:oo and an<oo.
n=1 n=1

Then, lim,, o, w, = 0.

17



Under review as submission to TMLR

Proof. W.l.o.g we assume that wy,+1 = (1 — a,)w,, + by, otherwise we could just increase a,, or decrease b,
which would have no effect on the summation tests. We obtain

n—1 n—1 n—1
—wy <wp, —wy = E (W1 —wg) = E by, — E WEak.
k=1 k=1 k=1

Since w,, — w; is bounded below and > ;~, by < oo, we deduce that Y ,_, wgas is bounded. Since all

summands are positive, the infinite sum converges. Thus, as a difference of two converging series also (wp, )nen
. oo . . . . .

converges. Finally, the convergence of )~ | wyay implies lim inf,,_, w, = 0 which, by the convergence of

(wp)nen, implies lim,, w,, = liminf,, w, = 0. O

B Numerical experiment - Toy example

In the following numerical experiment, we aim to verify our theoretical finding. We have implemented the
same toy example similar to [Fatkhullin et al.| (2022)) to test our theoretical findings. In our implementation,
we consider both SGD and SHB applied to the objective function f,(z) = |z|?, where z € R, for various
choices of p > 2. It is straightforward to verify that f, satisfies the global gradient domination with parameter
B(p) = pp%l. It is noteworthy that for p = 2, the f, obviously satisfies the PL condition with 8 = %, whereas

__28(p)
for increasing p — 0o, we move towards 3(p) — 1. We have used the step size schedule ©(n~ 7 <P>p—1) discussed

in Table [1] and observed the almost sure convergence rates n T as suggested by Theorem and
Theorem [1.2] Note that our derived rates are arbitrarily close to the sharp upper bound known in expectation
[Fatkhullin et al.| (2022).

error
error

1010

10% 10° 10* 10

102 10° 10

error
error

10710 1010

= SGD, 3 = 0.83 = SGD, 3 = 0.92
—==SHB, § = 0.83 —==SHB, § = 0.92
o8 | [=== theoretical RN theoretical
10° 10’ 102 10° 10* 10° 10° 10 10% 10° 10* 10°
iteration n iteration n

Figure 1: Pathwise error (f,(X,))n=1,.. .~ of SGD and SHB for various choices of 5 € {0.5,0.67,0.83,0.92}.
For each setting we have simulated 100 runs of length , N = 10°. The black dash-dotted line corresponds to

the theoretical rate n_4/3171 .

Details of the implementation: Both algorithms have been implemented by hand using MATLAB. We
have initialized both SGD and SHB with the initial state X; ~ 2U([1.5,2.5]) + 3U([—2.5, 1.5]) to force initials
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which are not close to the actual minimum z* = 0. The initial step sizes v1(8) for both algorithms are chosen
as
71(0.5) = 0.2, 71(0.67) = 0.13, 7,(0.83) = 0.004, 7,(0.92) = 10~°

through which we counteract the decreasing smoothness for 8 — 1. The momentum parameter for SHB is
fixed for all B as v = 0.5. The exact gradients V f,, are perturbed by independent additive noise following a
standard normal distribution A/(0,1).

C Proof of Lemma 3.1

In the following section, we present the proof of our super-martingale result.

Proof of Lemma[3.d. In the following, we treat both cases 8 = 3 and RS (% 1] separately.
8= %: In this case, the inequality reduces to

E[Vni1 | Fu) < (14172 — cavn) Yo + ca72.

By the choice of 7, there exists some N > 0 and ¢; > 0 such that ¢y, — clfy,% > €1y, for all n > N. Hence,
foralln > N

E[Yn-‘rl | fn] < (1 - 61771)Yn + 037721
such that the claim follows by [Liu and Yuan| (2022, Lem. 1).

B e (% 1]: The proof uses the elementary inequality

(n+ 17" <n! 7+ (1 —pn77, (8)

which was also applied and proved in Liu and Yuan| (2022, Lem. 1). The aim is to apply the Robbins-Siegmund
implication, Lemma in order to derive the almost sure convergence rate. Let 1 < g < 2 be arbitrary for
now. The key step of the proof is the following computation
E[Yoi1 | Ful < (1+a172)Yn — 7Yy’ + ca7,
= (14 c172)Yn — 278V + 2780 — a7V, + 377, (9)
=1+ — )Y + covn (’yq ly, — Yw) + e3v2.

Similar to the case § = % there exists some N > 0 and ¢; > 0 such that coyl — clﬂyi > ¢1yd for all n > N.
Hence, for all n > N we obtain the iterative inequality of the form

E[Yni1 | Fol < (1= E78)Y0 + coavn (VY0 = Y,27) + c57in. (10)
5T
The function z — ax — bx2? takes it maximum at & = (Qgﬁ) "~ such that
q+35—1 23 1 1+ (QQEljfﬂ
Tn ( . 1Y Yzﬂ) Tn - Tn 23
(Qﬁ) 2/3 T (25) 2/3/—1
= — 1 ,722(153:11 - 1 722(1‘;’8:11 (11)
(26)7 (26)7
(26) Z[i 1( o i) :2(1;:11
283

holds almost surely. We define é; = 02(2ﬂ)_2‘ﬁ%1(1 - %) € (0,00) for B € (3,1) and proceed with

2Bq—1

ElYni1 | Ful £ (1—ani)Yo + &y’ ' +cavi. (12)
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Next, we apply the elementary inequality equation |8 and choose q such that 1 < # < 1< 1. Moreover by the
choice of v, there exists some ¢4 > 0 such that ¢y > tqe for alln > N. It follows that foralln > N

E[(n 4+ )Y, | Fo
28q—1
<+ D)1 = Ey)Y, + (n+ 1D 67,7 4 (n 1) gy

c 28q—1
<14 (L= (1 = )Y (1 1) e (0 1) e

28g—1

l-n e ca(l-n nl- 1- 261 1- 2
:<1+n_nq9_n‘1‘9+1 "Yn 4+ (n4+1) "y, +(n+1) ez

We set é3 = max{¢éz, c3} such that for allm > N

E[(n 4+ )Y, 11 | Fo

L—n e ca(l—1) ¥t
: <1+n_9_nq9+1 WY, 4 Ga(n+ 1)1 +42),
Observe that ¢ < 1 by condition 6 <
such that for all n > N we have

%. Hence, there exists ¢4 > 0 and N > Nfor sufficiently large N > N

28q—1

1
B[+ 1! Woia | Fal < (1= Gamgg)n'™ Vot es(n+ 1) +97) (13)

In order to apply Robbins-Siegmund, more precisely Lemma we are going to verify the following three
sufficient conditions:

oo

> = (14)

n=N

Z nt=17% < oo, (15)
Z n N < 00. (16)
n=N

Then, Y,, € o ( n) almost surely.

The first condition equation is obviously satisfied, since we assume 6 < 1. For the second condition

equation [15| we may choose 6 > 1 — 7 such that 1 —n — 20 < —1. The third condition equation |16 gives
1—n-— 0(32‘:1) —1 which leads to the condition § > G=mE8=1 Hence, all together we obtain the

2Bq—1
sufficient condition ) ) ) .
0 € | max —( —n)(25 - ),1fﬂ , = -
28q —1 2 q

In the following, we consider the two cases separately that correspond to the maximum being either 1 — 7 or

%{ﬁfl). The ﬁrst case occurs precisely for % < 4ﬂ 7, the latter one for L > 28

q — 4p-1
Firstly, let % < 4/3 . In this situation the sufficient condition on 6 simplifies to

n 1
1—2 =1,
06( Q’q]

The interval is non—empty for l > H , which requires n € (jg f, 1).

1 B . In thls 51tuat10n the sufficient condition on # simplifies to

ae(m—m@ﬁ—n 17

Secondly, let é >

268¢—1 'q
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the interval is non-empty for + ;s < 28n — 25+ 2 —n. Hence, = E (2

condition 7 € (ig 21).

45 752081 — 28 + 2 — 1) which requires the

Either case yields sufficient conditions on 6§ and n (depending on the auxiliary variable ¢) under which
Y, €0 (nl—l,n) holds almost surely. We will now utilize the free variable ¢ to prove the claim.

o Let 0 € (%, :22): We set ¢ = 2221 and use the first case. The assumption n > 2 — 20 =

27 48—1 28
max{2 — 26, 28221 implies 0 € — 211 (Note that n > 462 g automatically fulfilled by
26—1 274 -1

2—20 > jg:? for this choice of 6.)

o Let 0 € [45%1, 1): By assumption we have n > 0‘5;‘312 = max{2 — 20, 9;;5};2}. We choose some
€ (0,28n—28+2—mn) and use the second case. (Note that n > igj again is automatically

fulﬁlled by 932512 > jg 2 for this choice of 6.)

All in all we have proved that 6 € (3,2) implies Y, € o () almost surely for all n € (max{2 —
26, %2021 1). O

D Proofs of Section [

In the following section, we present the proofs of Section [4]
Proof of Theorem[].1} Recall, in Section [2] we derived Equation equation [G]

E[f(Xn-l-l) - f* | }—‘nl

< (14229 ) - 1) - (-

2 2
BU0) e (p(ay - gy + 20,

which will be the basis of the proof of Theorem

We treat again both cases for 3 = % and 3 € (3, 1] separately:

b= %: In this case, Equation equation |§| results in the super-martingale inequality

2

LA BLA? LC2
E[Yy1 | Fu] < (1 + % — e+ = 7”)Yn n 27”,

2
with Y,, = f(X,) — f*. By the choice of 7, there exists N > 0 and a constant & > 0 such that ~y,c® — # —

% > &y, for all n > N. Thus,
N LCY;
EfYos1 | Fal < (1= 90 ) Yo + =512,
for all n > N. Then, claim (i) follows by applying Lemma with ¢y = 0,¢0 = ¢,¢c3 = % and 8 = =

To prove claim (ii) we multiply (n + 1)1=" on both sides and take the expectation. It follows that
(1-n) . - Lo
E[(n+ D)0 Yo] < (1 - &) (n+ 1) EY] + 5 (n+

< (1 - E'Vn)(nl_n + (1 - n)n_")ElYnl +

'
LC
7(” + 1)

- c(1— n — L _
= (1 SN ek k)i )nl TE[Y,] + 7C(n+ 1)1-1y2.
n n

21



Under review as submission to TMLR

As 0, € @(n—lg) we obtain that ¢v,, is the dominating term. Hence, there exists a constant ¢; > 0 and N>N
such that ¢vy,, — 177” + W > &7y, for all n > N. Thus, for all n > N

E[(n+ )" MY, 1] < (1= é17a) n' TE[Y,] +

LC
7(" + 1) 7

We apply Lemmawith wy, = n'7"E[Y,], an = &1y, and b, = (n+1)1 772 and obtain that n! ~"E[Y,,] — 0
for n — oo which yields claim (ii). Note that ) b, <ooas1—n<20—1forne (2—-20,1).
b€ ( 1]: In this case, Equation equation |§| results in the super-martingale inequality

LA~? BLy? LCA?
]E[Yn-‘rl | ]:n] < (1 + 2’}/ )Yn - ('Yn - T%)C2Yn2ﬂ + 727 s

B

2_2
with Y, = f(X,,) — f*. By the choice of +, there exists co > 0 and N; > 0 such that c?v, — % > CoVn

for all n > Ny,
LC~2

n

2

LA~?
EfYner | Fal < (14 252 ) Vo — c0mn ¥ +
We deduce claim (i) from Lemmawith c = %, Cy = Ca,C3 = % and 8 € (%, 1].

For claim (i) we ﬁrstly proceed as in the proof of Lemma Therefore, one can choose the auxiliary
parameter 1 < ¢ < + 7 and find constants cy, c3, N; > 0 such that for all n > N; by Equationequation E

have )

1 2B4q
Bl(n+ 1) [ Fa] <077 —camggn’ ™Yo A ealn + 1) 07 ).

Next, we take the expectation to obtain
1 28g—1
El(n+ 1) "Yoa] < (1 = ca—) B0 %]+ caln + 10 +92)
for all n > Ny, implying that w, = E[n'="Y,] — 0 as n — oo by Lemma Note that we have chosen 6,7

28q—1
and ¢ as in Lemma , such that ) =00, Y, (n+ 1)1, <oo,and Y, (n+ 1)1 77192 < 0o (see
equation [14] equation 15| and equation . Therefore, the assumptions of Lemma are met.

O

For the proof of Theorem recall the definition of the iteration scheme equation [SHB] Using the following
definitions

Zp=Xp + T VVn7 W, =X, — X1, (17)

one can derive the iterative evolution
Wit = vW, — .V (X,) (18)
%H:%—ﬁ?w&y (19)

We will utilize these auxiliary variables in the proof.

Proof of Theorem[{.4 The proof begins as in the proof of Theorem 2 in |Liu and Yuan| (2022)). Using only
L-smoothness and assumption equation they show that for any c3 € (0, 1= V) A € (v,1) there exist

constants ci, co, ¢4 > 0 such that choosing the step size v, ~ for some 0 € ( , 1) results in |Liu and Yuan
(2022, Equation (21))

nea

Elf (Znt1) — f* + [Waga | | Fal

20
< (L + ) (f(Za) = £7) + A+ ) IWall? = es7al VF(Za) I + canyy 20
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for all n > N and some N > 0 sufficiently large. Next, we apply the global gradient domination property for
any 8 € [1,1] to derive

Elf (Zns1) = f*+ [[Waga | | Fal

21
< (L4 eym)(f(Zn) = £1) = cesm(F(Zn) = F*)%7 + (A + c2rm) [Wall? + i 2y

For the remaining proof, we denote Q,, := f(Z,) — f*. Similar as before, we treat both cases for § = % and
B € (3., 1] separately:

B = 3: Instead of p-strong convexity we use the gradient domination inequality ||V f(z)[|* > c(f* — f(x)), as

the same inequality is implied by strong convexity using ¢ = p. Then, Claim (i) follows using the same proof
as [Liu and Yuan| (2022, Thm. 2b)). Note that the inequality

]' *
S IVF@)I* < f(2) = £, (22)

used in the last step only requires the L-smoothness assumption (Nesterov) 2004, Sec. 1.2.3).

For Claim (ii) we consider Equation equation [21] which simplifies for 3 = 1 to

E[Qn+1 + [[Waaa|* | Fu] < (14 c1v; = cesmm)Qn + (A + o) [Wal® + -

By the choice of «,, there exists N > 0 and ¢, ¢ > 0, such that cczy, — 017,% > Gy and A + cQ’y,Ql < éYn
for all n > N. Hence, for n > N

E[Qni1 + [Wasal? | Ful < (1= &) Qn + (1 — E7) IWa|l* + cari,
<(1- min{él, 62}) (Qn + HWn”2) + 0472'

Let c5 = min{é, &}, multiply by (n + 1)1=7 on both sides and use Equation equation [§] to obtain for n > N

El(n+ 1" (Qni1 + [[Was1l?) | Fol
(n+ 1)1 = csym) (Qn + [Wall?) + cavi(n+1)"7
(' (L =n)n) (1 = ¢5) (Qn + [Wall?) + cavi(n+1)' "

1-— cs(1 — n _ -
(1 e+ 5 = SO Y 010 (@ W) + e+ 1

<
<

Taking expectation and using that there exists & > 0 and N > N such that ¢5y, — 1_7" + %

we have for all n > N

Z 55777.,

B[+ 1) (Qurt + [Wasa|2)] < (1= E7) E [0 (Qu + [Wall?)] + ex?(n + 1)1,
Note that Y, 72(n+ 1)'7" < co because n € (2 — 26, 1) implies 1 — n < 26 — 1. We can apply Lemma
which yields that E [n'~" (Q, + [|[W,[|?)] = 0. Hence, E[(Qn + [Wal?)] € o(:)-

To finish the proof, one can derive

v? + Lv?

mHWnH2 (23)

P~ 7 < Qut LIV +

see |[Liu and Yuan| (2022, Equation (19)) for more details. Using inequality equation [22] we get almost surely

1 " v? + Lv?
(1-15) s - 1 <+ B (21)
implying that E[(f(X,) — f*)] € o(s1=) which proves Claim (ii).
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3 € (%, 1]: For Claim (i), note that in Equation equation [21| A < 1, such that

E[Qn-H + ||Wn+1H2 | ]:n]
< (14 av2)Qn + (1 + 272 [[Wall? + cc37 Q2 + a7
< (14 max{er, e2392) (Qu + Wall?) + cesra(Qu + [Wall ) + exr?.

By Lemma we obtain that Q, + |[W,|> = f(Zn) — f* + [Wal> € o(:) for all n €
(max{Q — 20, Q;EBIQ} 1). We apply the inequality in equatlonto conclude that also f(X,)—f* € o (nll ,,)

for all n € (max{2 — 20, 9+2B12} 1) This proves Claim (i).

For Claim (ii), we again use the g-trick from Lemma in Equation equation For1<g< % < 2 we have
that

E[QnJrl + HWn+1||2 | ]:n]
< (14 vy — ces¥)Qn + cestn (V' Qn — Q2F) + (A + c2v2) [Waall® + carvi.

Now with equation [I1] in Lemma [3.1] there exists ¢; > 0 such that

2Bg—1

E[Qn+1 + [[Wastl* | Ful < (141 — 1) @n + 8 1 + (A + c27) [Wall* + cany.

By the choice of v, there exists & > 0 and N > 0 such that ¢;72 — ce3yd > &4 and A + coy2 < &2 for all
n > N. Thus, for all n > N,

B —
E[Qn+1 + [[Wasa|* | Fu] < (1= E90)(Qn + [Wal|?) + max{s, ca} ( S +%> :

For max{é3,cs} =: &, we multiply on both sides with (n + 1)!=7 and take the expectation to obtain for
n>N

E[(n+1)""" (Qns1 + [Wata?)]

< (n+ 1)1 = ayDE[@Qn + [Wall*)] + e2(n+ 1)1 ( 7T Wn)

< (01 4 (1= ) (L = EADE[(Qn + [Wal2)] + o + 1)1 (’y n 73)

ci(1—n)d

n

_ (1 et ) E[n = (Qn + [Wal2)]

28q—1
+@m+n“”(2ﬁl+%)-
Next, there exists N > N and ¢5 > 0 such that for all n > N
E[(n 4+ 1) (Qni1 + [[Waia[?)]

2Bg—1
< (1= 3572 B[ =(@Qn + [[Wall?)] + E2(n + 1) (v = vn) .

28g—1
From the proof of Lemmaa we choose the auxiliary parameter ¢ such that ., (n+1)*~" (”y o+ 7,21) < o0

(see equation [15|and equation [16]). By applying again Lemma [A.3[ we obtain E[n'="(Q,, + [|[W,||?)] — 0, i.e.
E[Qn + [Wal?] € o(:1=). Flnally, Claim (ii) follows again by Equatlon equation O

E Proofs of Section

In the following section, we present the proofs of Section
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E.1 Proof of Theorem 5.1

Suppose that the assumptions of Theorem hold throughout this section. In contrast to the global gradient
domination analysis we may assume w.l.o.g. the uniform second moment bounds, i.e. A = B =0, instead of
the more general equation [ABC| condition. Choosing A, B > 0 would imply the bounded variance assumption
of the gradient estimator. Note therefore, that the first term A(f(z)— f(x*)) and the second term B||V f(x)|?
are both locally bounded by the local Lipschitz assumptions on f and V f.

Note that every isolated local minimum {z*} is a special case of an isolated compact connected set of local
minima. In this case it holds that 8 = B;«. If X* contains more then one point, we can unify the gradient
domination property in a neighbourhood of X* due to compactness. The set X* has to be connected to
assure that all local minima are on the same level .

Recall, the outline of the proof is structured as follows:

o First, we unify the gradient domination property around the set of local minima X* and obtain a
radius r such that the unified gradient domination property is fulfilled in all open balls with radius r
around z* € X* (Lemma [E.1)).

o Based on this we construct sets U, U; C R? and the events Q,, € (see equation equation
and equation , such that Q = [, @, occurs with high probability. To be precise, U; and U
are neighborhoods of X* constructed such that the gradient domination property holds within this
region, and when starting in U/, the gradient trajectory does remain in I/ for all gradient steps with
high probability. Then, 2, describes the event that X, € U for all k < n.

o All following Lemmata before the proof of Theorem are devoted to show that P(€2,) > 1 — ¢ for
all n € N. This then proves Claim (i) of the Theorem. Claim (ii) and (iii) will be shown directly in
the proof of Theorem [5.1] at the end of this subsection.

o In order to show P(€2,) > 1 — d we construct set C,, and E,, defined in equation [28 and equation
such that E, N C,, C 2,41 (Lemma [E.6) while Lemma is used to prove this claim.

o The sets E,, are such that f(X,) remains close to f*. We exploit the unified gradient domination
property to construct the sets E,, (Lemma [E.4)) and derive a recursive inequality in Lemma c) to
prove that this event occurs with high probability (Lemma [E.7)).

e The sets (), are such that X,,;; remains close to X,, and we exploit the finite variance assumption
to show that these events occur with high probability (Lemma [E.8).
We denote by }
Bi(z)={y e R : ||z —yl| <7}
the open ball with radius 7 > 0 around z € R? and by
Br(z) ={y e R’ : |z —yl[ <7}
the closed ball with radius r > 0 around = € R,
In the following Lemma we unify the gradient domination property around the set of local minima X* C R,
Lemma E.1. . There exists 1 >0, 8 € [3,1] and ¢ > 0, such that for all x € J,. c - B,.(z*) it holds that
fx)>1 for ¢ X* and ||Vf(x)]|>ec(f(z)-1)P".

Proof. By the local gradient domination property, for every z* € X* there exist ry« > 0, B« € [%, 1] and
¢+ > 0 such that

IVf@)l| 2 cor|f(2) = U=, Va € B, (a*).

Moreover, w.l.o.g we can assume that f(z) > [ for all z € B, , (z*) \ X*, as X* is an isolated compact
connected set of local minima (otherwise choose r,« small enough).
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By the compactness of X* we can find a finite subset Y* C X*, such that

U= U B,«y* (y*) D X~
yrey*

Then, we define § = maxy«cy~ By« and ¢ = miny«cy- cy~. For any = € U there exits y* € Y* such that

IVf(@)l| 2 ey (f(2) = D) = e(f(2) = D7

Thus, there exists an open neighbourhood Uof X*and B € [%, 1], ¢ > 0, such that for all = € U it holds that
flx)>lforx ¢ X* and ||Vf(z)|| > c(f(z) —1)~.
As U is open by definition and X* C U, we can find a radius r > 0, such that |J B,.(z*) C U. This

zreX* ~T
proves the claim. O

Remark E.2. Tt is noteworthy that the unified gradient domination property obtained in the previous Lemma
does not require an absolute value, as f(x) > [ for all x € | .- Br(2*). This is crucial to obtain the
recursive inequalities in Lemma [E-4] and we will exploit this also in the proof of Theorem [5.1] to obtain the

convergence rates.

In the following let r > 0, ¢ > 0 and 8 € [%, 1] chosen as in the previous Lemma, such that the unified

gradient domination property holds for all € (J,.¢ y~ By (z*). Further define
sinf{f(:r)l:xE U Bax (z%) \ U B;(x*)}
TrEX™ TrEX

Lemma E.3. It holds that s > 0.

Proof. If s = 0, then there exists a sequence (zn) € U« e« Bar (%) \ U= 5’5 (z*) with f(z,) — [ for
n — 0o. By definition of the set and compactness (boundedness) of X*, the sequence x,, is bounded:

3r
leall < 5+ sup_ ]| < co.
T*EX*

Hence, there is a convergent sub-sequence (z, ) with x,, — « for k — oo and by continuity of f it holds that
f(x) = [. Further, it holds for all z* € X* that ||z, —2*|[ > § for all n € N such that inf,«cx- ||z —2*[| > 3.

On the otNher hand, by construction we have that z € {J,. ¢« Bax (%) \ U, - ¢ 2+ BE(2*) C Uy e Bax (z*) C

Uzsea Be(z™). And as f(y) > 1 for all y € Be(z*) \ X* we deduce from f(z) =1 that = € X*. This is a
contradiction to inf e x- ||z —2*[| > . 0

We choose € > 0, such that 2e + /e < s. We define the sets

U ={zeR': inf x—x*||<g,f(x)—l§g} (25)
r
U={xecR?: xlgfv x—x*||<§} (26)
which are subsets of R and the decreasing sequence of events
Q, ={X, €U for all k <n} (27)
Cr = {I1Xs1 = Xl < T for all k <}, (28)

and Cy = ), which are measurable sets in (Q, F,P).
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In order to prove Theorem [5.1] we will show that €,, has probability at least 1 — ¢ for all n € N. To do this,
we construct another sequence of events (E ) with E, C Q, which occurs with probability at least 1 — d for
any n € N.

Therefore, we fix the notation D,, := f(X,) — [ and D, = Dnlgn and prove the following (recursive)
inequalities.

Lemma E.4. If§ = %, then it holds that

2
Dn+1 S (1 - WnCQ)Dn + 'Yngnlﬂn ;n n+1(Xn)H2a (29)
<Dy [T —e?) + Z%Eklm +5 Z%||Vk+1(Xk)|| Lo, (30)
k=1 k=1 -
If B € (3,1], for any 1 < q < 2, it holds that
- . g L2 B 173 2
Bors £ Q=B+ @0 a4t + e (31)
~ n n 28g—1 I n
<D L0 ) o3 T S e, + 3 RV (X0l (32)
k=1 k=1 k=1 k=1
for &= (28)" 71 (1 L)e?
Proof. From L-smoothness we can deduce that
Ly, 2
D1 < Dy = (V[ (Xn), Va1 (Xn)) + == [V (Xn) |

2 Ly; 2

= D = [ VA = 1V F(Xn), Z(X, ) + =5 [Varea (X
L 2

— 3l VDI + Yt + S [V ()

for Z(X,,Cnt1) from Assumption 2.4 and &, 11 = —(Vf(Xy), Z(Xn, Crt1))-
We separate the two cases of 3:

8= %: Iterating this inequality and using 1o, , < 1q, it follows that

n+1

Dn+1 S Dn+1152n
2

L
=" 1o, Vi (X)IP

L 2
< Dplg, — Vncz(f(Xn) - l)lﬂn +mla,&ni1 + ;n 1Qn||Vn+1(Xn)||2

1Qn ”Vn-‘rl(Xn) ||2a

Ly2

= (1 - 77LC2)Dn + Ynént1la, +

<Dy [J(1=we?) +Z%§k+11m +5 Z'Yk”VkJrl(Xk)” 1oy,
k=1 =1 -

where we used that the unified gradient domination property holds for all X, k¥ < n on the event §2,,.

11 4 denoted the indicator function for a measurable set A in (2, F,P), i.e. 14(w) =1ifw € Aand 14(w) =0if w ¢ A.
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B e (%, 1]: Similarly, the unified gradient domination property yields the claimed inequality for any 1 < ¢ < 2:

Dn+1 S Dn-l-llﬂn

Ly2
2

Lo, Vi (Xa)|?

Ly2
2

< Dnlﬂn —Yla, ||Vf(Xn)||2 + 7n19n5n+1 +

< Dnlﬂn - ’Vnc2(f(Xn) - l)2ﬁlﬂn + 'Ynlﬂngnwﬂ + 1Qn||vn+1(Xn)||2

Ly?

= -Dn - ’VnCQBi'B + Mmén+1la, + 1QnHVn+1(Xn)||2v

(34)
- - _ L~?
=(1- ’YZCQ)DTL + VnCQ(%lz_an - D?zﬂ) + Ynént1la, + ;n HVn+1(Xn)||2lﬂn

28q—1

~ 1 1 = L2
< (=98 + (20)7 7T (1= )+ mbnsala, + =5 [V (X)L,

_oon N oapga n L&
<D H(l - 7}362) + EZ’YICQLFI + Z’Y’ffkﬁ-llﬂk + E Z'Y}%”Vk—i-l(Xk)‘Plev
k=1 k=1 k=1 k=1

for ¢ = (28)~ 71 (1- %)02 from the function trick equationﬂ which we applied in the forth inequality. We
also used that the unified gradient domination property holds for all X, k < n on the event (2, . O

For g € (%, 1] we know from the proof of Lemma that we can choose the auxiliary parameter ¢ from
TBq—1
1

is convergent for all n € (max{2 — 26, 9';;‘3;2}, 1)
28q—1

(Condition (iii) to apply Lemma . As n < 1, it follows that Y 7 ;" = < oo holds true for all these
choices of q. Now define

the previous lemma in such a way, that > oo n!=7,"~

n n
L
M, = ;”ykfkﬂlﬂk and S, = b) ;yiHVkH(Xk)HZle.

Then, (M,) is a (F,—1)-martingale with zero mean and (S,,) is a (F,_1)-sub-martingale by Assumption
Note that by the choice of 7,, we have that Y. 2 < oo and hence E[S,] < co for all n € N.

Next, define R,, = M2 + S, for every n € N. Moreover, let
E, ={Ry <eforall k <n}. (35)
which is an JF,-measurable event on (2, F,P). We define Ry = 0 such that Fy = .

A~

Now let E, = E,NC,, thgn we will first show, that En fulfills the property E,, C 2,41 for all n € N in
Lemma and then that E, occurs with probability at least 1 — § in Lemma

To prove that E’n C Qy41 we need one more auxiliary result.

Lemma E.5. Suppose xz,y € R? such that

1. mfx* cX*

.I—IZ?*H<%,
2. f(y)—l<8,
3. |lz —yll < 1.

Then it holds that inf ~cx- [ly — 2*|| < 3.

Proof. By triangle inequality we have that inf ¢y« ||[y—2*|| < %, i.e there exists * € X* such that ||y—z*|| <

y —a|| = 3, this means that y € U,. ¢y« Bar (#%) \ U, e~ Bz (27). By

sinf{f(z)l:zE U Bax (z%) \ U Bg(x*)}

TrEeX* TrEX*

%. Suppose now, that inf, ¢y«
the definition of
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this contradicts the second assumption f(y) — 1 < s. O

We deduce the following relations on the constructed sets:
—1

28g-1
Lemma E.6. For 8 € (3,1] let v, < v be sufficiently small such that > oo | y® '+ < 52, and for f = 1 let
v1 > 0 be arbitrary. Furthermore assume that the initial X1 € Uy almost surely. Then,

a) En+1 C E,, En+1 c E, and Qi1 CQp
b) En - Qn+1

¢) Define the events E, = E,_, \ E, = E,_1U{R,, > €}. Then, for R, = R,1g,_,, there exists a
C > 0 such that 3 } 3
E[R,] < E[R,_1] +2[G*C* + G* + O] — eP(E,,_1).

Proof. a) Follows by definition of the events.
b) Note that Ey = Q = Q) because

r € r
= : 1 — * - — < — N i — * — =
X1 eth ={z m*lgggﬂx x \|<2,f(x) liQ}C{m x12£|\x x ||<2} O

almost surely. We prove the assertion by induction. Let w € En Since En C En_l C €, by induction
assumption, we have w € Q, and thus w € Qj for all £ < n. We will apply Lemma with z = X, (w)
and y = X,41(w). By definition it holds that w € E, implies condition 3. and w € €Q,, implies condition
1. of Lemma It remains to show condition 2., then it follows that inf,«cx« |[Xni1(w) — 2| < 3,
Xn+1(w) €U and by w € Q,, we deduce w € Q1.

To Prove condition 2. we separate both cases for (:

8= %: The inequality equation [29| and the induction hypothesis yield
Dpi1(w) = Dpga(w)le, (w)
n L n
< Di(w H (1= ye) + Z'kak+1 w)lo, (W) + 5 D Vi1 (Xe(@))PLo, (w)
k=1 k=1

k=1
< 5 + VB (w) + Rp(w)
<2+ e < s.

B e (%, 1]: Similarly, we obtain from equation
Dypi1(w) = Dyy1(w)la, (w
- N L L — 2
< Dy (w)1g, (w H A=Ale)+Ed v + Z%&Hl +3 D AilVie (X (@)l

k=1 k=1 k=1
§§+§+\/Rnw +Rnw

< 26+ e < s.

\/

We used in both cases that that [],_, (1 — vl(cq)c) <1 and the choice of € such that 2¢ + /e < s. This proves
that condition 2. in Lemma [E.5is also satisfied which concludes the induction.

¢) By definition it holds that E,, = E,_1 \ (En—1 \ En) = En_1 \ E,. Then we have
R,=R,1g, ,
=Rn11g, , +(Ry— Rn-1)1g,_,
=R, 11, , — Ry lp  + (R, — Ry1)lg,_,
=Ry1—Rnoilp 4 (Ry—Ru1)lg,_,

n—1
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and for the last term
R,— Ry 1=M2—M2? ,+S,— S, 1
L
=ynbiiila, + 2nénala, M| + %21§||Vn+1(Xn)H219n~

We treat each of the summands on the RHS seperately. It follows from the G-Lipschitz continuity and
bounded variance assumption in Theorem [5.1] that

E[(VF(Xn), Vas1(Xn) = VF(Xn))*10,]
< E[IVA D) P(Vasr (Xa)|? +1)1g,] < GH(C? +1),
Elént1M;_11q,] = E[E[n+1]Fa] M _110,] = 0,
E[|Vas1(Xn)[*1q,] < C. (36)

E[fr%ﬂlﬁn]

For the term R,,_1 1En_1 we have
E[Rn_11p, 1> eP(E,_1).

Putting all together we obtain the claim
E[R,] < E[R,_1] +72[G*C? + G* + C] — €P(E,_1).
O

Lemma E.7. Let § > 0 be a tolerance level and v, < v be sufficiently small such that Y >, o<

m and the condition in Lemma is fulfilled. Then, we have
0
P(E,) >1- 3

Proof. The proof is along the lines of the proof of Proposition D2 in Mertikopoulos et al. (2020). For
completeness we repeat the arguments. First, observe that

- R,. E[R,
P(Ea-1) = P(Fa1\ En) = P(Ba-1 0 {Rn 2 €}) = Ells, ,1r, ) <E[l, ,~"] = [6 I
On the other hand it follows from Lemma that
eP(E,) < E[R,] < E[R] + [G?C? + G? + (] Z - GZP Er_1) (37)
k=1
Rearranging everything yields
i P(E G2C2 +G*+Cr
k=0 €

[G2C?+G2+CIT

- < % and moreover since the events F,,

with T =37 | 72. By the assumption on the step size
are disjoint we obtain

n B n _ 5
P £r) =D P(Ex) < 5 (38)
k=0 k=0
implying that
P(E,) =P(()E) >1— 0 (39)
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Lemma E.8. Let § > 0 be a tolerance level and v, < 1 be sufficiently small such that the condition in
Lemma and Lemma are fulfilled. Moreover, we suppose v1 small enough such that % >orey 72 < %.
Then, we have

P(E,)>1- 6.

Proof. By Lemma we have P(E,) > 1 — g. Moreover, by the additional step size assumption and
Markov’s inequality we deduce that

r
P(C,) =P(Vk <n : || X1 — Xil| < 5)

n
r
> 1= 3PN — Xl > )
k=1
i r
=1- P(||Vi+1(Xe)|| > =—
> RIVen (X0l > 7

n

Rl
> 1= E[||[Via (X5)]| Iz

k=1
4C N
zl-" Z’Yk
k=1
>1-2.
- 2
Together we obtain that P(E,) =1 —P(ES) > 1 — (P(ES) +P(C¢)) > 1 — 4. O

Finally, we are ready to prove the main result in the local setting for the set of local minima X*.

Proof of Theorem[5.1] (i): Recall the definitions of ¢4; and ¢ above. Then it holds that

o0
Q=] .
n=1
Hence, using Lemma we obtain

P(Qy) = inf P(Q,) > inf P(E,) > 1 — 6.

(ii): We prove that D, = D, 1q, € o(1/n'~"), then the claim follows since 1q,, < 1g, almost surely.
From the proof of Lemma we have

~ ™ N206 L’Y’I’QL 2
Dn+1 <D, — ’YnCDn +7n€n19n + T”VWH 1Qn'

Hence, taking the conditional expectation gives

2

- . _ L
E[Dn+1|~/rn] S Dn - P)/nCDELﬁ + ’YnE[gnJrlLFn]]-Qn + ;nE[||Vn+1(Xn)H2|fn]lﬂn

S Dn - fYnchzﬁ + LO’Y?})

where we have used that D,, and 1q, are JF,-measurable and E[||V,11(X,,)||?|F.] < C from equation
with A = B = 0. By our step size choice we can apply Lemma to obtain Claim (ii).

(iii): In the following, we again separate between the two cases of 3.
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8= %: We have from Lemma Equation that

N - L~2
Dt < (1=7¢) D + bl + 52 Vasa (X,

Taking expectations and multiplying by (n + 1)1 leads to

E[Dp1(n+ 1)1

~ 2
< (4 1)1 = 5 c®)ED,] + (n+ 1)1fnL02%
~ 2
< (014 (L= ") (1 = 3DED,] + (n+ 1172
= (W (=) = 0 = (L= k) BID] 4 (04 1)

1— 7],)/2 LC

1 — )ync? i
(l—i-TL??—'yan—(W) n*"E[D,] + (n +1) ny

n

where we used equation [30] in the first inequality. By our choice of v, there exists ¢ > 0 and N > 0 such that
2
Ync? — —1;” + % > &y, for all n > N. Thus, for alln > N

LC
W1 < (1= &yp)wy + (n41)17192 =2 5

where w, = E[n'="D,]. Define a, = &y, and b, = (n + 1)17"2LC Since v, = ©(7), we have
Yopan=2¢Cy Yo =00 and

LC
an = 7 (n—|— 1)1777’)/,3 < 00,

n

by equation [T5]in Lemma [3.T Hence, we apply Lemma to prove that lim,_,.c w, = 0. By the definition
of wy, we have verified that E[(f(X,) — )1q,] < E[D,] € o(:1=)

B € (%.1]: From LemmaEquation we have

N 28g—1

L 2
Dot € (1=94e*)Dn+ 807 +abala, + 23" [Visa (Xa)[2,

for ¢ = (26)" 7T (1 - &

2ﬂ)c2. Next we multiply with (n + 1)1=7 and use equation [8| to obtain

E[Dps1(n+ 1) "]

< (4 1)171(1 = A2R)E[Dy] + (n+ 1695 4 (n+ Vo
< (177 4 (1= ") (1= A8V ED,] + er(n+ D)3 +92)
- (nk77 +(1=nn" fchznl T—(1- )ygc Tf") ]E[Dn]

2B8g—1

+ea(n+ 1) 4 )

- 1— q.2 28g—1
— E[Dnn'~ ](1+77 N2 — (W)+c(n+1)1 My 4 A2),

n

for some ¢; > 0. By our choice of 7, and as ¢ > 1, there exists a ¢; > 0 and N > 0 such that vic? — =1 +
2
% > coyd for all n > N. Thus, for n > N

- - 289—
ElDp1(n + 1)) < E[Dun ] (1 - e298) + 1+ 1)1 +92).
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- 2Bg—1
Define w,, = E[D,n'~"], a, = covd and b, = c1(n + 1)1 7"(7,7° " ++2). We will again apply Lemma
By the step size choice v, = O(-5) we have >, an, = c2 >, 71 = 00, because ¢ < 3. Further,

28g—1

D=y (n+ DT ) < oo

because we choose the auxiliary parameter ¢ as in the proof of Lemma [3.1] where we showed in equation
and equation [I6] that

> > 0(284—1)

— — -_— -_— a—
E n'=172% « o and E plTT T < o
n=N n=N

All together we deduce that w,, vanishes at infinity. Again, by the definition of w,, we have that E[(f(X,) —

Dla,] <E[Dy] € o(3) H

ni-n
E.2 Proof of Theorem

Suppose throughout this section that the assumptions in Theorem are satisfied.

The proof will be similar to the previous section. Instead of assuring that (X, ) remains close to the set
where we could guarantee the unified gradient domination property, it is now sufficient that f(X,,) remains
close to f* by the different definition of gradient domination definition in f*. This will simplify the proof.
Moreover, we may again assume w.l.0.g. the uniform second moment bounds, i.e. A = B = 0, instead of the
more general equation [ABC| condition by the same argument as above but on the level sets.

Recall the notation
B —{weR: f(z)— f* <r}.
and let » > 0 be the radius of the gradient domination property in f*, then there exists € > 0, such that
2e+e<r, ie
U := B;6+\/ECB:. (40)

Moreover, we define the set
and the measurable subsets

O, ={X, €U, forall k <n}
in (Q,F,P).

The proof of Theorem [5.2]is again based on a series of auxiliary lemmas. The goal of these is to prove that
with high probability we do not leave the gradient dominated region, i.e. Claim (i) in Theorem

In the following, we fix the notation D,, := f(X,) — f* and D,, := D, 1q, and obtain the parallel result to
Lemma [E4
Lemma E.9. If 5 = %, it holds that

- - LA~2?
Dur < (1= %) D+ 3ubala, + 5o, [ Vier (X)IP, (42)
- n n L n
< DL -3+ 3 bilo, + = D0 R Vier (X)L, (43)
k=1 k=1 k=1
Ifg e (%, 1], for any 1 < g < 2, it holds that
D < (1 q.2\7 o i 2 22%17:11 L%ZL 2
nt1 < (1 =4e”) D + (28) 7277 (1 — 25)0 Tn +ménla, + 9 [ Vi1 (X0l (44)
~ n ) n %f?ff n I n
<D [ =) +Ed> 7" + D méla, +EZ%3||V;€+1(X1€)H2, (45)
k=1 k=1 k=1 k=1
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Proof. The proof follows line for line as in Lemma [E-4 by replacing [ with f* and taking the different definition
of D,, and ©,, into account. O]

We continue as in the previous section:
For 8 > % we know from the proof of Lemma that we can choose the auxiliary parameter g from the

28g—1
previous lemma in such a way, that > - n'~"v,”~" is convergent for all n € (max{2 — 26, 9;5612}, 1)

2B8q—1
ondition (iii) to apply Lemma s n < 1, it follows that n < 0o holds true for all these
(Condi (iii) ly L An 1, it foll hznl’yw1 hold f 11 th
choices of q. Now define

n L n
M, = Z’)’kfk+11£zk and S, = 3 Z’Y}%\|Vk+1(Xk)||219k~
=1 =1

Then, (M, )nen is a (Fn—1)-martingale with zero mean and (Sn)nen is a (F,—1)-sub-martingale by Assump-
tion [2.4] E Note that by the choice of 7, we have that Y., 2 < co and hence E[S,,] < oo for all n € N. Next,
define R,, = M2 + S,, for every n € N. Moreover, let

E, ={Ry < e forall k <n}.
which is an JF,-measurable event on (2, F,P). We define Ry = 0 such that Fy = .

With these definitions we can directly prove a parallel result to Lemma [E.6] without the auxiliary result in
Lemma

2B8q—1
Lemma E.10. For 8 € (3,1] let v, < 71 be sufficiently small such that Y oo v" ' < 5, and for B =
let 1 > 0 be arbitrary. Furthermore assume that the initial X1 € Uy = {z : ( ) — f(z*) <
Then,

1
2
} almost surely.

ol !

a) Env1 C Ey and Qpy1 CQp
b) E, C Qpi1

¢) Define the events E, = En_1 \ E, = E,_1U{R,, > €}. Then, for R, = R,1g
C > 0 such that

there exists a

E[R,] < E[R,_1] + V2[G*C?* + G? + C] — eP(E,_1).

Proof. a) Follows by definition.

b) Note that Ey = Q = Q; because X7 € U; = 1 almost surely. We prove the assertion by induction. Let
w € E,. Since E,, C E,,_1 C Q, by induction assumption, we have w € €, and thus w € Q for all k < n. It
remains to show that X,,11(w) € U to prove that w € ,,.1. We separate both cases for g:

8= %: The inequality equation 42| and the induction hypothesis yield

Dpt1(w) < Dy(w) H(l — ) + Z’Yk&cﬂ (W)l (w Z%”VkH(Xk( NII?
k=1 k=1 2
< g + /R (w) + Ry (w)
< 2+ e

Hence, X,,11(w) € U by definition of U.
B e ( 1]: Similarly, we obtain from equation

n

o agg—1 n I n
Dns1(w) < Diw) [T =fe) +23 0™ + D mérer@)lo @)+ 5 Y9kl Vier (X))

k=1 k=1 k=1 k=0
€ €
S 5 + 5 + vV Rn(w) + Rn(w)
S 2¢ + \/Ev
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where we used that []_, (1 —~vf¢*) < 1. Hence, it holds again that X, ;1(w) € U.
This prove that w € £,41 and closes the induction.

¢) Follows line by line as in Lemma part c). [

Lemma E.11. Let § > 0 be a tolerance level and v, < v1 be sufficiently small such that >, 2 <
m and the condition in Lemma is fulfilled. Then, we have

P(E,)>1— .

Proof. Line by line as in Lemma [E.7] O
Finally, we are ready to prove the main result in the local setting for f*.

Proof of Theorem[5.3 (i): Recall the definition of U; and U above. Then it holds that

Hence, using Lemma we obtain

P(Qy) = inf P(Qy,) > inf P(E,) > 1 — 4.

The proof of Claim (ii) and (iii) follows line by line as in the proof of Theorem by replacing [ with f* and
taking the different definitions of D,,, D,, and £2,, into account.

O

F Proofs of Section [7]

In the following section, we provide the proof of 77.

Proof of Proposition[7.1 We consider the cases A = 0 and A > 0 separately.
Case A = 0: Define the optimal reward gap in every state s € S by

A*(s) = Q"(s.0"(s)) = max Q"(s.) >0,

where a*(s) denotes the best possible action in state s and @* : S x A — R denotes the optimal Q-function
defined by Q*(s,a) = IEZI oo p tr(Se, Ay)|Ag = a]. W.Lo.g. we assume that a*(s) is unique. Similarly let
Q™ (s,a) = Efv 3220 p~'7(St, Ar)|Ao = a] be the Q-function for policy my,.

For any 0 < a < 1 choose r = minges p1(s) minges A*(s)(1—a) and assume that w € B, ie. V*(u)—=V™ (u) <
r. Then, we have for every s € § that

T
V* 59 - Vﬂ-w 63 S T EEEE——
(0:) = VT (00) < ot s
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It follows for every s € S that

r

—— > V*(0s) — V™ (s
minocs 11(5) (95) (95)

=Q"(s,a"(s)) — Z Tw(al$)Q™ (s, a)

acAs
> Y mulals)(@Q(s,a%(s)) — Q*(s,a))
a€As
= Y mulals)(@ (s.0"(9) - Q' (s,0))
a#a*(s)

> (1 —my(a*(s)|s) min A*(s).

S

Rearranging results in
Tw(a*(s))s) > 1 — ! —a
b N minges p(s) minges A*(s)

Hence, for all w € B} we can bound c(w) by

dr -1
c(w) > $‘ £ ‘ > 0.
NEIEDLAS
g
Thus, setting ¢ = $‘ L roves the claim.
&7 Usla—a |l PFY
2
Case \ > 0: For any a € (0,1) choose r = a2 exp ((1 ;))\> )‘m;lln;

et al.| (2023, Lem. 12) we have

|mw(als) — 7" (als) <\/ (VX (e V;w( ))In2

- )\ ming p

2rIn2
)\mlnsu
= aexp ()\
< amin7"(als).

57

where the last inequality is due to |Nachum et al.| (2017, Thm. 1). It follows directly that

mlnﬂ'w(s a) > (1 — a)min7*(s,a) > 0.

Hence, we can bound c(w) uniformly for all w € B | by

2) dy; -1
C(w) Z m rnslnu(s)(l — a)2 I‘Isl’lanﬂ'*(a|5)2H%HOO
o =1
Thus, setting ¢ = % ming p(s)(1 — @) ming 4 7r*(a\5)2’ % proves the claim.

36

and assume that w € B \. By |Ding
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