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Abstract

Graph clustering is a fundamental problem in ma-
chine learning. Deep learning methods achieve
the state-of-the-art results in recent years, but they
still cannot work without predefined cluster num-
bers. Such limitation motivates us to pose a more
challenging problem of graph clustering with un-
known cluster number. We propose to address
this problem from a fresh perspective of graph
information theory (i.e., structural information).
In the literature, structural information has not yet
been introduced to deep clustering, and its classic
definition falls short of discrete formulation and
modeling node features. In this work, we first
formulate a differentiable structural information
(DS]) in the continuous realm, accompanied by
several theoretical results. By minimizing DSI,
we construct the optimal partitioning tree where
densely connected nodes in the graph tend to have
the same assignment, revealing the cluster struc-
ture. DSI is also theoretically presented as a new
graph clustering objective, not requiring the pre-
defined cluster number. Furthermore, we design
aneural LSEnet in the Lorentz model of hyper-
bolic space, where we integrate node features to
structural information via manifold-valued graph
convolution. Extensive empirical results on real
graphs show the superiority of our approach.

1. Introduction

Graph clustering aims to group the nodes into several clus-
ters, and routinely finds itself in applications ranging from
biochemical analysis to community detection (Jia et al.,
2019; Liu et al., 2023c). With the advance of graph neural
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Figure 1. Overview. In hyperbolic space, the proposed LSEnet
learns a partitioning tree for node clustering without predefined K.

networks (Kipf & Welling, 2017; Velickovic et al., 2018),
deep graph clustering (Devvrit et al., 2022; Wang et al.,
2023) achieves remarkable success in recent years.

So far, deep graph clustering still cannot work without a pre-
defined cluster number K, and thus one needs to correctly
predict the cluster number before clustering, which is often
impractical in real cases. Also, estimating cluster numbers
is nontrivial. Empirical methods such as Elbow or Bayesian
information criterion need to train the deep model repeat-
edly (Schubert, 2023), and computation cost is much too
expensive. For the clustering without graph structures, pos-
sible solutions free of K include Bayesian non-parametric
methods (Gershman & Blei, 2011), density-based models,
e.g., DBSCAN (Ester et al., 1996), and hierarchical clus-
tering (Cohen-addad et al., 2019). However, they cannot
be directly applied to graphs owing to the inter-correlation
among the nodes. That is, the problem of graph clustering
with unknown cluster number largely remains open.

In this work, we present a fresh perspective of information
theory. Stemming from Shannon entropy, structural infor-
mation (Li & Pan, 2016) is formulated to measure the un-
certainty on graphs. Minimizing the structural information,
an optimal partitioning tree is constructed to describe the
graph’s self-organization without the knowledge of cluster
number. It sheds light on the targeted problem but presents
several significant gaps to deep clustering in the meantime.
First and foremost, the clustering ability of structural en-
tropy is still unclear. In the literature, structural information
has not yet been introduced to deep clustering, though it has
been receiving research attention recently (Liu et al., 2019;
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Wau et al., 2023; Zou et al., 2023). Second, the discrete
formulation prevents the gradient backpropagation, posing
a fundamental challenge to train a deep model. Third, the
classic definition neglects the node features, which are often
equally important to graph clustering.

In light of the aforementioned issues, we present a novel
differentiable structural information (DS]) in the continu-
ous realm. DSI is formulated with level-wise assignment
matrices and is equivalent to the classic formulation under
binary assignment. In fact, the conductance for graph clus-
tering is inherently related to DSI. The intuition is that in the
partitioning tree 7 of DSI minimization, the densely con-
nected nodes in the graph tend to be assigned to the same
parent node, minimizing the conductance and presenting
the cluster structure. Thus DSI emerges as a new graph
clustering objective, not requiring the predefined cluster
number. Next, we consider a partitioning tree 7. learned
by a neural network, given that our objective supports gra-
dient backpropagation for the network. We show that the
structural entropy of the optimal 7;,.; well approximates that
of Li & Pan (2016) under slight constraint. Furthermore, we
design a Lorentz Structural Entropy neural net (LSEnet)
to learn Tyt (as shown in Figure 1) in the Lorentz model of
hyperbolic space, where we further integrate node features
to structural information via graph convolution net. Specifi-
cally, we first embed the leaf nodes of the partitioning tree,
and then recursively learn the parent nodes from bottom
to top (root node), where the level-wise parent assignment
is attentively determined by the proposed Lorentz assigner.
Consequently, LSEnet combines the advantages of both
structural entropy and hyperbolic space for graph clustering.
The main contributions are listed as follows.

e We study a challenging yet practical problem of graph
clustering with unknown cluster number and, to our
best knowledge, make the first attempt to bridge deep
graph clustering and structural information.

e We present the differentiable structural information
(DSI), generalizing the classic theory to the continu-
ous realm. DSI emerges as a new graph clustering
objective, not requiring the cluster number.

e We design a novel hyperbolic LSEnet with graph
neural network, further integrating the structural infor-
mation and node features. Extensive empirical results
show the superiority of LSEnet for graph clustering.

2. Related Work

Deep Graph Clustering. Deep models have achieved state-
of-the-art results in node clustering. Classic methods lever-
age a reconstructive loss to learn node representations, while
identifying node clusters with distance-based or model-
based algorithms (e.g., k-means, Gaussian mixture model)
(Xie et al., 2016; Almabhairi et al., 2016; Yang et al., 2017).

Other methods learn cluster assignment with generative ad-
versarial nets (Yang et al., 2020; Jia et al., 2019). Contrastive
clustering explores the similarity on the graph itself, pulling
positive samples together and pushing negative ones apart
(Devvritet al., 2022; Pan & Kang, 2021; Li et al., 2022). Sun
et al. (2023b) consider contrastive graph clustering in the
product manifold with a loss of Ricci curvature. Normaliz-
ing flows have recently been introduced to graph clustering
(Wang et al., 2023). Few deep model is built without the
predefined cluster number, to the best of our knowledge.
Very recently, Liu et al. (2023a) focus on automatically esti-
mating the number of clusters via reinforcement learning,
which is orthogonal to our study.

Structural Entropy. Information entropy is a key nota-
tion of information theory (Shannon, 1948), measuring the
amount of information for unstructured data, and it fails
to study the information on graphs. On information mea-
sure for graphs, early practices, e.g., Von Neumann en-
tropy (Braunstein et al., 2006) and Gibbs entropy (Bianconi,
2009), are still defined by unstructured probability distri-
butions, and the graph structure is degenerated. Recently,
structural entropy is proposed in account of the natural self-
organizing in the graphs (Li & Pan, 2016), and has been
successfully applied to graph pooling (Wu et al., 2022), ad-
versarial attack (Liu et al., 2019), contrastive learning (Wu
et al., 2023), dimension estimation (Yang et al., 2023b) and
graph structural learning (Zou et al., 2023). However, struc-
tural entropy has not yet been introduced to deep clustering,
and the gap roots in the discrete formulation of Li & Pan
(2016). Besides, it falls short of considering node features
that are important to graph clustering as well.

Riemannian Graph Learning. Euclidean space has been
the workhorse of graph learning for decades (Perozzi et al.,
2014; Kipf & Welling, 2017; Velickovic et al., 2018; Ye
et al., 2024). In recent years, Riemannian manifolds have
emerged as an exciting alternative. Hyperbolic models
(Nickel & Kiela, 2017; Chami et al., 2019; Sun et al., 2021;
2022a; 2023c; Zhang et al., 2021; Yang et al., 2023a; Fu
et al., 2023) achieve remarkable success on the graphs dom-
inated by tree-like structures (Krioukov et al., 2010). In fact,
an arbitrary tree can be embedded in hyperbolic space with
bounded distortion (Sarkar, 2011). Fu et al. (2021) study
the optimal curvature of hyperbolic space for graph em-
bedding. Beyond hyperbolic space, the product manifolds
(Sun et al., 2022b; 2024c) show its superiority on generic
graph structures. Recently, Ricci curvature of Riemannian
geometry is given a differentiable surrogate for graph struc-
tural learning (Sun et al., 2023a). Manifold vector fields
(ordinary differential equations) (Sun et al., 2024b) are in-
troduced to study information diffusion on the graphs (Sun
et al., 2024a). Note that, the inherent connection between
the tree and hyperbolic space supports the construction of
our model, LSEnet.
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3. Preliminaries and Notations

Herein, different from the typical setting of existing works,
we are interested in a more challenging problem of graph
clustering with unknown cluster number. Some preliminary
concepts and notations are introduced here.

Graph and Graph Clustering. A weighted graph G is
represented as G = (V, £, X). V is the set of N nodes, and
the degree of node v; is denoted as d;. £ C V x V is the
edge set with a weight function w, and the edge weights
are collected in the adjacency matrix A € RV*V_ X is
the matrix of node features. For a node subset &/ C V), its
volume Vol({/) is defined as the sum of degrees of the nodes
in U. Graph clustering aims to group nodes into several
clusters. In the literature, deep clustering methods typically
rely on the predefined cluster number K to build the deep
model. In this paper, we consider a more challenging case
that the number of clusters K is unavailable.

Hyperbolic Space. In Riemannian geometry, unlike the
“flat” Euclidean space, hyperbolic space is a curved space
with negative curvatures. The notion of curvature x mea-
sures the extent of how the manifold deviates from be-
ing flat. We utilize the Lorentz model of hyperbolic
space. Concretely, a d—dimensional Lorentz model L%
with curvature  is defined on the manifold of {x €
R (@, x), = 1}, where the Minkowski inner product
(x,y), = xRy is defined with the matrix of Rieman-
nian metric R = diag(—1,1,1,---,1) € RE+TDx(d+1)
Va,y in the Lorentz, the distance is given as dy,(x,y) =
arccosh({x,y)1). Lorentz norm is defined as |lu| =
v/ (u,u)L,, where w is a vector in the tangent space. Please
refer to Appendix B for further facts.

Throughout this paper, the lowercase boldfaced & and upper-
case X denote vector and matrix, respectively. The notation
table is given in Appendix C.1.

4. Differentiable Structural Information

In this section, we first establish a new formulation of struc-
tural information (Li & Pan, 2016), and then give a contin-
uous relaxation to the differentiable realm, yielding a new
objective and an optimization approach for graph clustering
without the predefined cluster number. We start with the
classic formulation as follows.

Definition 4.1 (H-dimensional Structural Entropy (Li &
Pan, 2016)). Given a weighted graph G = (V, &) with
weight function w and a partitioning tree 7 of G with height
H, the structural information of G with respect to each non-
root node « of 7 is defined as

Va

HT (G a) = — & 82y (L

Vol(G) ©

In the partitioning tree T with root node A, each tree node
« is associated with a subset of V), denoted as module T,
and the immediate predecessor of it is written as o~ . The
module of the leaf node is a singleton of the graph node. The
scalar g,, is the total weights of graph edges with exactly one
endpoint in module 77,. Then, the H-dimensional structural
information of G by 7 is given as,

HT(G) = Zaem# HT(G;0). 2)

Traversing all possible partitioning trees of G with height
H, H-dimensional structural entropy of G is defined as

HA(G) = min HT(GQ), T*=argrminH(G), (3)
where 7 is the optimal tree of G which encodes the self-
organization and minimizes the uncertainty of the graph.

The structural information in Eq. (2) is formulated node-
wisely, and cannot be optimized via gradient-based methods.

4.1. A New Formulation

To bridge this gap, we present a new formulation of struc-
tural information with the level-wise assignment, which is
shown to be equivalent to the classic formulation in Eq. (2).

Definition 4.2 (Level-wise Assignment). For a partitioning
tree 7 with height H, assuming that the number of tree
nodes at the h-th level is Ny, we define a level-wise parent
assignment matrix Ch € {0, 1}Nn*No—1 from h-th to (h —
1)-th level, where C?j = 1 means the i-th node of T at h-th
level is the parent node of j-th node at (h — 1)-th level.

Definition 4.3 (H-dimensional Structural Information). For
a graph G and its partitioning tree 7 in Definition 4.2, we
rewrite the formula of H -dimensional structural information
of G with respect to 7 at height h as

1 N},, Vh

HT(G; h) = v Z(th— Z S;%ng‘bkwij) log, th—l
k=1 (i,5)€€ k=

4)

where V' = Vol(G) is the volume of G. For the k-th node
in height h, th and thfl are the volume of graph node
sets Ty, and T},—, respectively. Thus we have

h+1

ho_ k H+1 _
S* = Hk:H-H ct C =1y, 5)
N Np_—1
h h h—1 h yrh—1
V= Zi:l Shd;, V''= § :kle Clo Vit (6)

Then, the H-dimensional structural information of G is
HT(G) =7, HT(G;h).

Theorem 4.4 (Equivalence). The formula H” (G) in Defi-
nition 4.3 is equivalent to Eq. (2) given in Definition 4.1.

Proof. Please refer to Appendix A.1. O
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4.2. Properties

This part shows some general properties of the new formula-
tion and theoretically demonstrates the inherent connection
between structural entropy and graph clustering. We first
give an arithmetic property regarding Definition 4.3 to sup-
port the following claim on graph clustering. The proofs of
the lemma/theorems are detailed in Appendix A.

Lemma 4.5 (Additivity-Appendix A.3). The 1-dimensional
structural entropy of G can be decomposed as follows

h—1 V} —1 C]iljvk
Vh_l lk=1,..5,), (D
h=1 j=1 J

. Pn) = — Y_iq pilogy p; is the entropy.
Theorem 4.6 (Connection to Graph Clustering-Appendix
A4). Given a graph G = (V, &) with w, the normalized
H-structural entropy of graph G is defined as 7(G; H) =
H(G)/HY(G), and ®(G) is the graph conductance. With
the additivity (Lemma 4.5), the following inequality holds,

where E(p1, ...

(G H) = 0(G). ®)

Proof. We show the key equations here, and further details
are given in Appendix A.4. Without loss of generality, we
assume min{V;*, V — V}*} = V}*. From Definition 4.3,

H Ny

Z Z On, ka 10g2

hlkl
H Ny

——ZZVk 1og2 hl’ 9)

h=1k=1

HT(G)

Y

Let the k-th tree node in height h denoted as o, then ¢y, 1, is
the conductance of graph node subset T, and is defined as
mli':vilT((}ST\?of()i)} . where T, is the complement set of T},.
Thus, graph conductance is given as ®(G) = miny, ,{¢n i }-

Next, we utilize Eq. (6) to obtain the following inequality

\%4
h=1k=1 j=1
Ny —
__%(G) EH: S lvh LA O o, C,ijkh
J h—1 h—1
4 h=1 j=1 k=1 VJ VJ
H h—1 h—1 h h
1% v
= (I)(G) Z ]V E([ V—ibil ]k—l -,N}L)
h=1 j=1 J
= d(GYHY(G). (10)

Since 7(G; T) = 2 ((G)) > ®(G) holds for every H-height

partitioning tree T of G, 7(G) > ®(G) holds. O

The conductance is a well-defined objective for graph clus-
tering (Yin et al., 2017). VG, the one-dimensional structural
entropy H'(G) = ~ e SN | dilog, #(G) is yielded
as a constant. Minimizing Eq. (4) is thus equivalent to mini-
mizing conductance, grouping nodes into clusters. Also, Eq.
(4) needs no knowledge of cluster number in the graph G. In
short, our formulation is capable of serving as an objective

of graph clustering without predefined cluster numbers.

4.3. Differentiablity & Deep Graph Clustering

Here, we elaborate on how to use a deep model to conduct
graph clustering with our new objective. Recall Eq. (4),
our objective is differentiable over the parent assignment.
If the assignment is relaxed to be the likelihood given by a
neural net, our formulation supports gradient backpropaga-
tion to learn the deep model. For a graph G, we denote the
partitioning tree as 7,.¢ where the mapping from learnable
embeddings Z to the assignment is done via a neural net.
The differentiable structural information (DSI) is given as
HTvet (G Z; ©). Tt takes the same form of Eq. (4) where
the assignment is derived by a neural net with parameters
©. Given GG, we consider DSI minimization as follows,

7Z",0" = argz g min H (G Z; ©). (11)

We learn node embeddings Z* and parameter ®* to derive
the level-wise parent assignment for G. Then, the optimal
partitioning tree 7%, of G is constructed by the assignment,
so that densely connected nodes have a higher probability to
be assigned to the same parent in T ., minimizing the con-
ductance and presenting the cluster structure. Meanwhile,
node embeddings jointly learned in the optimization provide
geometric notions to refine clusters in representation space.

Next, we introduce the theoretical guarantees of 7. We
first define the notion of equivalence relationship in parti-
tioning tree 7 with height H. If nodes ¢ and j are in the
same module at the level h of 7 forh = 1,--- | H, they are

said to be in equivalence relationship, denoted as 7 ~ j.

Theorem 4.7 (Bound-Appendix A.2). For any graph G,
'T* is the optimal partitioning tree of Li & Pan (2016), and

et With height H is the partitioning tree given by Eq. (11).
For any pair of leaf embeddings z; and z; of T, there
exists bounded real functions {f,} and constant ¢, such

that for any 0 < ¢ < 1, 7 < O(1/In[(1 — €)/¢€]) and

... h .
1 — e satisfying © ~ j, we have

1
1+exp{—(fn(zi,zj)—c)/T} =

[T (G) = HT=(G)] < O(). (12)
That is, the structural entropy calculated by our 7%, is well
approximated to that of Li & Pan (2016), and the difference
is bounded under slight constraints. Thus, 7%, serves as an
alternative to the optimal 7* for graph clustering.
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Figure 2. The overall architecture of LSEnet. We encode G into Lorentz model "7 via a Lorentz convolution layer, and recursively
utilize Lorentz assignor and geometric centroid to construct a tree from down to up. Optimizing DSI, we learn the optimal 7, in

hyperbolic space, and obtain clustering results correspondingly.

Theorem 4.8 (Flexiblity-Appendix A.6). VG, given a par-
titioning tree T and adding a node (3 to get a relaxed T,
the structural information remains unchanged, H” (G) =
HT'(@), if one of the following conditions holds:

1. B as a leaf node, and its module Ty is an empty set.

2. B is inserted between node o and its children nodes so
that the modules T and T,, are equal.

The theorem above will guide the architecture design of the

*
neural net for 7.7, .

5. LSEnet

We propose a novel Lorentz Structural Entropy neural Net
(LSEnet), which aims to learn the optimal partitioning tree
Toet in the Lorentz model of hyperbolic space, where we
further incorporate node features with structural information
by graph convolution net. First, we show the reason we opt
for hyperbolic space, rather than Euclidean space.

Theorem 5.1 (Tree 7 and Hyperbolic Space (Sarkar, 2011)).
YT, scaling all edges by a constant so that the edge length
is bounded below 1/“5'6, there exists an embedding in hy-
perbolic space that the distortion' overall node pairs are

bounded by 1 + €. (v is a constant detailed in Appendix B.)

Hyperbolic space is well suited to embed the partitioning
tree, and Theorem 5.1 does not hold for Euclidean space.

'The distortion is defined as O 2 % — 1, where
each node v; € V is embedded as x; in representation space. dg
and d denote the distance in the graph and the space, respectively.

Overall architecture of LSEnet is sketched in Figure 2.
In hyperbolic space, LSEnet first embeds leaf nodes of
the tree, and then recursively learns parent nodes, self-
supervised by our new clustering objective Eq. (4).

5.1. Embedding Leaf Nodes

We design a Lorentz convolution layer to learn leaf embed-
dings in hyperbolic space, LConv : x; — 2 Vv;, where
x; € L™ and 21 € L7 are the node feature and leaf
embedding, respectively. In the partitioning tree of height
H, the level of nodes is denoted by superscript of & and
we have h = H,--- , 1,0 from leaf nodes (bottom) to root
(top), correspondingly.

We adopt attentional aggregation in LConv and specify the
operations as follows. First, dimension transform is done
via a Lorentz linear operator (Chen et al., 2022). For node
x; € "% the linear operator is given as

LLinear(x) = l\/”h(Wm, v)|I> - %
h(Wzx,v)

e L®97. (13)

where h is a neural network, and W and v are parameters.
Second, we derive attentional weights from the self-attention
mechanism. Concretely, the attentional weight w;; between
nodes ¢ and j is calculated as

exp(~ ko (a:. k)

YLy exp(——=d? (g;, ki)
(14)

Wi = LAtt(Q,K) =

where g and k are the query and key vector collected in
row vector of Q and K, respectively. The queries and keys
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are derived from node feature x via LLinear with different
parameters. Third, weighted aggregation is considered as
the arithmetic mean among manifold-valued vectors. Given
a set of points {x; };—1.... x in the Lorentz model %47,

LAgg(w,X) (15)

v i=1 |||ZJ 1°~’ij||lL|

where w is the weight vector, and « are summarized in X.

The augmented form is that for © = w1, -+ ,wn]|T, we

have LAgg (2, X) = [py, -+, puy] ", where the weighted

mean is pu; = LAgg(w,;, X). Overall, the Lorentz convolu-

tion layer is formulated as,

LConv(X|A) = LAgg(LAtt(Q, K) ® A, LLinear(X)),
(16)

where © is the Hadamard product, masking the attentional
weight if the corresponding edge does not exist in the graph.

5.2. Learning Parent Nodes

A primary challenge is that, in the partitioning tree, the node
number at each internal level is unknown. To address this
issue, we introduce a simple yet effective method, setting a
large enough node number IV}, at the h-th level. A large Nj
may introduce redundant nodes and result in a relaxed parti-
tioning tree. According to Theorem 4.8 established in Sec.
4.3, redundant nodes in the partitioning tree do not affect
the value of structural entropy, and finally present as empty
leaf nodes by optimizing our objective. Theoretically, if an
internal level has insufficient nodes, the self-organization
of the graph can still be described by multiple levels in the
partitioning tree.

Without loss of generality, we consider the assignment be-
tween h-th and (h — 1)-th levels given node embeddings
z" € "7 at h-th level. Recalling Definition 4.2, the i-th
row of assignment C" € RN»*Nn-1 describes the belong-
ing of i-th node at h-th to the parent nodes at (h — 1)-th.
We design a Lorentz assigner following the intuition that
neighborhood nodes in the graph tend to have similar assign-
ments. Concretely, we leverage Multilayer Perceptron MLP
to learn the assignment from embeddings, and meanwhile
the similarity is parameterized by LAtt defined in Eq. 14.
Thus, the Lorentz assigner is formulated as

C" = o ((LAtt(Q,K) ® A") MLP(Z")), (17

where A" is the graph structure at h-th level of the tree. o
denotes the row normalization via So ftmax function.

The remaining task is to infer the node embeddings z"~! €

IL%47 at (h—1)-th level. As reported in Chami et al. (2020),
a parent node locates at the point that has the shortest path
to all the child nodes at h-th level and, correspondingly,

Algorithm 1 Training LSEnet

Input: A weighted graph G = (V, £, X)), Height of parti-
tioning tree H, Training iterations L

Output: The partitioning tree 7; Tree nodes embeddings

{Z"}},—1 ... g atall the levels;
1: for epoch = 1to L do
2:  Obtain leaf node embeddings Z = LConv(X, A).
3 forh=H —1to1ldo
4 Compute Zh, A", Ch with Egs. 17, 19 and 21.
5: Compute S" forh = 1,--- , H in Eq. 5.
6: end for
7 Compute the objective of DSI in Eq. 4.
8 Optimize parameters via Riemannian Adam.
9: end for

10: Create a root node A and a queue Q.

11: while Q is not empty do

12:  Get firstitem « in Q.

13:  Leth = a.h + 1 and search subsets P from S”.
14:  Create nodes from P and put into the queue Q.
15:  Add theses nodes into «’s children list.

16: end while

17: Return the partitioning tree 7 := A.

the parent node is the Fréchet mean of child nodes in the
manifold. The challenge here is that Fréchet mean regard-
ing the canonical distance exists no closed-form solution
(Lou et al., 2020). Alternatively, we consider the geometric
centroid with respect to the squared Lorentz distance, where
the weights are given by the soft assignment C",

Z;-L = arg, h 1 min E

Solving the optimization constrained in the manifold L"-47,
we derive the closed-form solution of parent node embed-
dings as follows,

c”d]L 1,z?). (18)

Zh=' = LAgg(Ch,z") e L™, (19)

which is the augmented form of Eq. (15).

Theorem 5.2 (Geometric Centroid-Appendix B.4). In
Lorentz model L"%T of hyperbolic space, for any set of
points {21}, the arithmetic mean is

z? e Ledr

: , (20)
VA z; |||Zl ! Cﬂzl il

and is the closed-form solution of the geometric centroid
defined in the minimization of Eq. 18.

Remark. Infact, the geometric centroid in Theorem 5.2 is
also equivalent to the gyro-midpoint in Poincaré ball model
of hyperbolic space, detailed in Appendix B.4
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Table 1. Clustering results on Cora, Citerseer, AMAP, and Computer datasets in terms of NMI and ARI (%). OOM denotes Out-of-Memory
on our hardware. The best results are highlighted in boldface, and runner-ups are underlined.

Cora Citeseer AMAP Computer

NMI ARI NMI ARI NMI ARI NMI ARI
K-Means 14.98+0.82 8.60+040 | 16.94+024 13.43+057 | 19.31+375 12.61+354 | 16.64+0.75 2.7140.82
VGAE (Kipf & Welling, 2016) 43.40+162 37.50+2.13 | 32.70+030 33.10+055 | 66.01+084 56.24+022 | 37.62+024 22.16+0.16
ARGA (Pan et al., 2018) 48.10+045 44.10+028 | 35.10+058 34.60+048 | 58.36+1.02 44.18+085 | 37.21+058 26.28+1.38
MVGRL (Hassani & Ahmadi, 2020) | 62.91+042 56.96+074 | 46.96+025 44.97+057 | 36.89+131 18.77+154 | 10.12+221 5.53+1.78
Sublime (Liu et al., 2022b) 54.20+028 50.32+032 | 44.10+027 43.914035 6.3740.54 5.364024 | 39.16+182 24.15+063
ProGCL (Xia et al., 2022) 41.02+164  30.71+138 | 39.59+158 36.16+221 | 39.564+025 34.18+0.58 | 35.50+206 26.08+1.91
GRACE (Yang et al., 2017) 57.30+086 52.70+120 | 39.90+226 37.70+135 | 53.46+132 42.74+157 | 47.90+165 36.40+1.56
DEC (Xie et al., 2016) 23.54+1.13  15.13+072 | 28.34+042 28.12+024 | 37.35+084 18.29+0.64 | 38.56+024 34.76+035
MCGC (Pan & Kang, 2021) 44904156 37.80+1.24 | 40.14+1.44 38.00+085 | 61.544029 52.10+027 | 53.17+129 39.02+053

DCRN (Liu et al., 2022a) 48.86+085 43.79+048 | 45.86+035 47.644030 | 73.70+124 63.69+0.84 OOM OOM
FT-VGAE (Mrabah et al., 2022) 61.03+052 58.22+127 | 44.50+013 46.71+075 | 69.76+1.06 59.30+081 | 51.36+092 40.07+2.13
gCooL (Li et al., 2022) 58.33+024  56.87+1.03 | 47.29+0.10 46.78+151 | 63.21x009 52.40+0.11 | 47.42+176  27.71+2.28
S3GC (Devvrit et al., 2022) 58.90+181 54.40+252 | 44.12+090 44.80+065 | 59.78+045 56.13+058 | 54.80+122 29.93+0.22
Congregate (Sun et al., 2023b) 63.16+071  59.27+123 | 50.92+158 47.59+1.60 | 70.99+067 60.55+136 | 46.03+047 38.57+1.05
DinkNet (Liu et al., 2023b) 62.28+024 61.61+090 | 45.87+024 46.96+030 | 74.36+124 68.40+137 | 39.54+152 33.87+0.12
GC-Flow (Wang et al., 2023) 62.15+135  63.14+080 | 40.50+132 42.62+144 | 36.45+121 37.24+126 | 41.10+1.06  35.60+1.82
RGC (Liu et al., 2023a) 57.60+136 50.46+1.72 | 45.70+029 45.47+043 | 47.654+091 42.65+1.53 | 46.24+105 36.12+030
LSEnet (Ours) 63.97+067 63.35+056 | 52.26+1.09 48.01+125 | 71.72+130 65.08+0.73 | 55.03+0.79 42.15+1.02

According to Eq. (17), it requires the graph structure A"~1
among the parent nodes at (h — 1)-th level to derive the
assignment. We give the adjacency matrix of the (h — 1)-th
level graph as follows,

Ah,—l _ (Ch)TAhCh. (21)

We recursively utilize Egs. (17), (19) and (21) to build the
partitioning tree from bottom to top in hyperbolic space.

Complexity Analysis First, DSI loss is computed level-
wisely, and for each level h it has the time complexity of
O(Np|E]). Second, the complexity of constructing the par-
titioning tree is O(H N) with the breadth-first search in
hyperbolic space. Thus, the overall complexity is yielded as
O(|V||€|) with a small constant H, and N, < |V| in inter-
mediate layers. Though the predefined K is not required, it
still presents similar complexity to most clustering models,
i.e., O(K|V|?), given real graphs are typically sparse.

5.3. Hyperbolic Partitioning Tree

In the principle of structural information minimization, the
optimal partitioning tree is constructed to describe the self-
organization of the graph (Li & Pan, 2016; Wu et al., 2023).
In the continuous realm, LSEnet learns the optimal parti-
tioning tree in hyperbolic space by minimizing the objective
in Eq. (4). DSI is applied on all the level-wise assignment
C’s, which are parameterized by neural networks in Sec.
5.1 and 5.2. We suggest to place the tree root at the origin
of "7 so that the learnt tree enjoys the symmetry of
Lorentz model. Consequently, the hyperbolic partitioning
tree describes the graph’s self-organization and clustering
structure in light of Theorem 4.6.

The overall procedure of training LSEnet is summarized in
Algorithm 1. Specifically, in Lines 1-9, we learn level-wise
assignments and node embeddings in a bottom-up manner.
In Lines 10-17, the optimal partitioning tree is given via a
top-down process in which we avoid empty leaf nodes and
fix single chains in the relaxed tree (case one and case two
in Theorem 4.8). Further details of the procedure are shown
in Algorithm 2 given in Appendix C.2.

In brief, LSEnet combines the advantages of both struc-
tural entropy and hyperbolic space, and uncovers the clus-
tering structures without predefined cluster number K.

6. Experiments

We conduct extensive experiments on benchmark datasets
to evaluate the effectiveness of the proposed LSEnet.? Fur-
thermore, we compare with the classic formulation, evaluate
the parameter sensitivity, and visualize the hyperbolic por-
tioning tree. Additional results are shown in Appendix D.

6.1. Graph Clustering

Datasets & Baselines. The evaluations are conducted on
4 datasets, including Cora, Citeseer, and Amazon Photo
(AMAP) (Liu et al., 2023b), and a larger Computer dataset
(Li et al., 2022). We focus on deep graph clustering in this
paper, and thus we primarily compare with the deep models,
including 11 graph clustering methods, i.e., GRACE, DEC,
MCGC, DCRN , FT-VGAE, gCooL, S?GC, Congregate,
RGC, DinkNet, and GC-Flow, and 5 self-supervised GNNgs,

*Datasets and codes of LSEnet are available at the link of
https://github.com/ZhenhHuang/LSEnet
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Table 2. Comparison between LSEnet and CSE on Cora, Citerseer, Football and Karate datasets in terms of NMI and ARI (%).

Cora Citeseer Football Karate
NMI ARI NMI ARI NMI ARI NMI ARI
CSE 60.82+030 59.36+0.17 | 47.12+1.01  45.67+067 | 79.23+0.12  54.06+0.05 | 81.924+029 69.77+0.02
LSEnet 62.57+059 61.80+067 | 49.35+020 46.91+1.12 | 80.37+1.02 54.72+205 | 82.1943.16 70.31+0.80
Performance Gain 1.75 2.44 2.23 1.24 1.14 0.66 0.27 0.54
80 - 80 - 5 005{  Method 0.049
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7(1:1;111 52 693 ES sos o0 T OSE 0043
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Figure 3. Parameter sensitivity on dimension of structural entropy.

i.e., VGAE, ARGA, Sublime, ProGCL and MVGRL. Addi-
tionally, we provide the results of /-Means as a reference.
Datasets and baselines are detailed in Appendix C.3.

Metric & Configuration. Both Normalized Mutual Infor-
mation (NMI) and Adjusted Rand Index (ARI) (Hassani &
Ahmadi, 2020; Li et al., 2022) are employed as the evalua-
tion metric for the clustering results. In LSEnet, we work
in the Lorentz model with standard curvature x = —1, given
that Lorentz models of different curvatures are mathemati-
cally equivalent in essence. The MLP of Lorentz assigner
has 3 layers. The dimension of structural entropy is a hyper-
parameter. The parameters are optimized by Riemannian
Adam (Bécigneul & Ganea, 2019) with a 0.003 learning
rate. As for the baselines, the hyperparameter setting is the
same as the original papers. The cluster number K is set
as the number of ground-truth classes, and we report the
mean value with standard deviations of 10 independent runs.
Further details are in Appendix C.4.

Comparison with State-of-the-art. Clustering results on
Cora, Citeseer, AMAP and Computer datasets are collected
in Table 1. Concretely, self-supervised GNNs do not gen-
erate node clusters themselves, and we apply K -means to
obtain the results. In LSEnet, node features are projected
to Lorentz model via the exponential map (Eq. 60) with
respect to the origin point. LSEnet learns the hyperbolic
partitioning tree, and node clusters are given in a divisive
manner with hyperbolic distance, detailed as Algorithm 3
in Appendix C.2. As shown in Table 1, even though all
the baselines except RGC have the cluster number K as
input parameter, the proposed LSEnet achieves the best
performance except on AMAP dataset and has more con-

Figure 4. Running time to obtain partitioning tree

sistent performance, e.g., DinkNet does well on AMAP but
worse on Computer and Citeseer. Without K, RGC auto-
matically seeks K via reinforcement learning, while we
present another idea of learning a partitioning tree and have
better results, e.g., over 20% NMI gain on AMAP dataset.
LSEnet takes advantage of structural entropy, encoding
the self-organization of graphs, and hyperbolic geometry
further benefits graph clustering, as shown in the next Sec.

6.2. Discussion on Structural Entropy

Parameter Sensitivity We examine the parameter sensi-
tivity on the dimension of structural entropy in LSEnet,
i.e., the height of the partitioning tree H. The clustering
results in Table 1 is given by H = 3. Here, we vary the
height H in {2, 3,4, 5}, and report the results on Cora, Cite-
seer, AMAP and Computer datasets in Fig. 3. It shows that
LSEnet generally receives performance gain when increas-
ing the height. Also, LSEnet is able to obtain satisfactory
results with small heights.

Comparison with Classic Structural Entropy First, the
time complexity of LSEnet is O(|V||€]) regardless of the
dimension of structural information, while the classic struc-
tural entropy (Li & Pan, 2016), termed as CSE, scales expo-
nentially with respect to its dimension (i.e., tree height). For
example, it is O(|V|? log?|V|) for the 3-dimensional case,
which is unacceptable for large graphs. Second, on running
time, Fig. 4 shows the running time to obtain the partitioning
tree of different heights. CSE has a competitive time cost
to LSEnet on the small dataset (Football), but does badly
on larger datasets, e.g., at least 7x time cost to LSEnet
on Cora. Third, we examine the effectiveness of clustering.
CSE itself is unaware of node features, and cannot perform
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Table 3. Embedding expressiveness regarding link prediction on
Cora, Citeseer, AMAP and Computer datasets. The best results
are highlighted in boldface, and runner-ups are underlined.

Cora Citeseer AMAP Computer

GCN 91.19+051  90.16+049 90.12+072  93.86+0.36
SAGE 86.02+055 88.18+022 98.02+032  92.82+0.20
GAT 92.55+049 89.32+036 98.67+008  95.93+0.19
HGCN 93.60+037 94.39+042 98.06+029 96.88+0.53
LGCN 92.69+026 93.49+1.11  97.08+008  96.37+0.70
QGCN | 95.22+029 94.31+073 95.17+045 95.10+0.03
LSEnet | 95.51+t060 94.32+151 98.75+067 97.06+1.02

clustering. Instead, we consider the 2-dimensional case and
treat the edges between leaves (graph nodes) and layer-one
nodes (regarded as clusters) as clustering results. For a fair
comparison, same as CSE, we set H as 2 in LSEnet and
consider the assignment as the result. We report the results
on Cora, Citeseer, Football and Karate in Table 2. LSEnet
achieves better results than CSE. It suggests that hyperbolic
space of LSEnet benefits node-cluster assignment.

Embedding Expressiveness. In addition to the cluster as-
signment, LSEnet learns node embeddings in the Lorentz
model of hyperbolic space. We evaluate the embedding
expressiveness regarding link prediction. We compare with
the popular GCN (Kipf & Welling, 2017), SAGE (Hamilton
et al., 2017) and GAT (Velickovic et al., 2018) in Euclidean
space, hyperbolic models including HGCN (Chami et al.,
2019) and LGCN (Zhang et al., 2021), and a recent QGCN
in ultra hyperbolic space (Xiong et al., 2022). Results in
terms of AUC are provided in Table 3, where we set H as
3 for LSEnet. In general, hyperbolic embedding achieves
superior results to the Euclidean counterpart. Also, it shows
that LSEnet even outperforms the recent QGCN. That
is, hyperbolic embeddings of LSEnet encode the fruitful
structural information for link prediction.

Case Study & Visualization Here, we visualize hyper-
bolic partitioning trees of LSEnet, and discuss graph clus-
tering on two toy examples of Football and Karate datasets.
In LSEnet, the partitioning tree lives in the 2-dimensional
Lorentz model, which is represented in the 3-dimensional
Euclidean space and hard to visualize. To bridge this gap,
we conduct stereographic projection ¥ (Bachmann et al.,
2020) on the Lorentz model and obtain the corresponding
Poincaré disc B2, which is 2-dimensional open disc and
is more preferable to visualization. Specifically, with the
standard curvature x = —1, for any ¢ = [z =] € L2,
we have U(z) = *; € B2. We plot the learned clus-
ters in Fig. 5 (a) and (b), while ground-truth classes are in
Fig. 5 (c) and (d), where the clusters are denoted by differ-
ent colors. As shown in the figures, the learnt clusters are
well separated, and are aligned with the real clusters. The
visualization of Cora is in Appendix D.

% &

(a) Karate: Results (b) Football: Results

% &

(c) Karate: Groundtruth (d) Football: Groundtruth

Figure 5. Visualization of hyperbolic partitioning trees.

7. Conclusion

In this paper, we study graph clustering without predefined
cluster number from a new perspective of structural entropy.
We formulate a new graph clustering objective (DSI) not
requiring the cluster number, so that the clusters are revealed
in the optimal partitioning tree given by DSI minimization.
Furthermore, we present a neural LSEnet to learn the op-
timal tree in hyperbolic space, where we integrate node
features to structural information with Lorentz graph convo-
lution net. Extensive empirical results show the superiority
of our approach on real graphs.
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Appendix

The appendix is structured in four sections. A. Proofs on differential structural information, B. Hyperbolic Space, including
important notions and facts in hyperbolic geometry, C. Technical Details on algorithms, datasets, baselines, etc., and D.

Additional Results on real datasets.

A. Proofs

Here, we detail lemmas and theorems on the proposed Differential Structural Information. In particular, we prove the

equivalence, additivity, flexibility, bound and the connection to graph clustering, and show the supporting lemmas.

A.1. Proof of Theorem 4.4

Theorem 4.4 (Equivalence) The formula 1 in Definition 4.3 is equivalent to the Eq. (2) given in Definition 4.1.

Proof. From Eq. (1), we can rewrite structural information of G w.r.t all nodes of 7 at height h as follows:

T 1 %h: h Vi
H'(Gih)=—= ) grlogy —
4 k=1 Vk—

Np

Np,
1
— D _gilog Vi — ng logy V).
k=1

Then, the H-dimensional structural information of GG can be written as

H N;L H Nh

1
HT(G) == D2 gklog Vi = > gilog, V]

h=1k=1 h=1k=1

Since at height h,

gZ:Vk Z Z ZETh ]ETaﬁ)wij

i= 1J€N()

Z > ShShawi,

=1 jeN (i)

where we use S’ to represent I(i € Ta;: ), and Ta;: is the subset of V corresponds the k-th node in height A.

N N
Vi =Y 1€ T)di =Y Siid
i=1 =1

We then have the following equation:

H Ny H N H Np
YIRS 3 BTNV 3) S ERL) D LN
h=1k=1 h=1k=1 h=1k=1 i=1 jeN (i)

Similarly,

H N;L H Nh

H Ny
Z Z gilog, VI =D Wil log, VT =S “(log, V) Z > ShShaw;.
h=1 k=1

h=1k=1 h=1k=1 1= 1]6,/\/(1

To find the ancestor of node k in height h — 1, we utilize the assignment matrix C" as follows:

Np—

h—1 __ h—1
Vo= chkk,vk, .
k=1

13
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“4)

&)
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We can easily verify that

Np-1  Npia
Sho=TGeTy) =Y ..y I{i}c Ty )U(Tp-s C Tyire2 ) X(Tynes C Tn)

h—1 h+1
k X

Ng_-1  Npgr

H-1 h+1
Z Z CUH 1C]H 1JH-2 "th+1k' ®)

JH-1 Jh+1

H+1 _ h h+1
Since C = Iy, wehave 8" = [[; 15, C

Utilizing the equations above, we have completed the proof. O

A.2. Proof of Theorem 4.7

Theorem 4.7 (Bound) For any graph G, T is the optimal partitioning tree given by Li & Pan (2016), and T, with height
H is the partitioning tree given from Eq. (11). For any pair of leaf embeddings z; and z; of T, there exists bounded real

Sfunctions { fr,} and constant c, such that forany 0 < e < 1, 7 < O(1/In[(1 — €)/¢]) and jEwy e (fh(lz,,zj) a7 21—

satisfying i L 7, we have
17 (G) = 1o (G)] < O(e). ©)

We first prove the existence of { fj, } by giving a construction process. Fix 0 < € < 1, we have

1
ol = >1—c¢ 10
9 T o=z ) — O/}~ 1o
:>fh(zi,zj)20+71n1_6§1+c, (11

since 7 < O(1/1In[(1 — €)/¢]). Similarly, when i 2 j falls we have ol < € = fu(zi,2;) <c—Tlni=f > c— 1

Without loss of generality, we let ¢ = 0 and find that if ¢ 9 7 holds, fr > 1, otherwise, f, < —1. If we rewrite f as a
compose of scalar function f, = f(gn(2i,2;)) + u(gn(2i, 2;)) : R = R, where gy, is a scalar function and v is a step

. 1 >0 . . .
function as u(z) = 1 N ; 0 If f has a discontinuity at O then the construction is easy. At level h, we find a node
-1 =z
h

embedding a* that is closest to the root z, and denote the lowest common ancestor of z; and z j in alevel less than h as a; e
Then set gy (2, z;) = d(2o,al;) — du(z,,a"). Clearly gp,(z;, z;) > 0 if i b j holds. Then we set f(-) = sinh(-), i.e.
fn(zi, z5) = sinh(gn(zi, 2;)) + ulgn(zi, z5)).

If 7 9 j holds, clearly f; > 1, otherwise, f;, < —1. Since the distance between all pairs of nodes is bounded, gy, is also
bounded. All the properties are verified, so such { fj, } exist.

Then we have the following lemma.

Lemma A.1. For a weighted Graph G = (V, E) with a weight function w, and a partitioning tree T of G with height H,
we can rewrite the formula of H-dimensional structural information of G w.r.t T as follows:

1 & N16 2 1d
WG == 233 (= 3 164 ) logy( =L =D (12)
h=11i=1 FEN(4) Zz I(i ~ Dd,

where 1(-) is the indicator function.
Proof. We leave the proof of Lemma A.1 in Appendix A.S5. O

Now we start our proof of Theorem 4.7.

14



Lorentz Structural Entropy Net

Proof. We then focus on the absolute difference between H” (G and H Tvet (G

HT(G) — H et (Q)| < |[HT(G) — HTet (G5 2% 0%)| + |1 (G Z*; 0%) — Hnet (G)|
< 2sup|H” (G) — H ™ (G; Z; ©)), (13)

s

where 7 = decode(Z). Recall the Eq. (12), we can divide them into four corresponding parts, denoted as A, B, C, and D
respectively. Then, we have

1
Vol(G)

1
< —
- Vol(G)

HT(G) — HT(G; Z;0)| = — [A+ B+ C+ D]

A+ B[+ |C] + | DI]- (14)

For part A, give fixed 7 and k, we assume ¢ 9 [ holds for some I3, ..., [y,

|A| = |ZZd 10g, Z (i 2 0)d)) — ZZd log, Zalldl

h=1 1 h=1 1
H N m
Demy di.
< d;1
_|h§12 ST (A o), + 20 edi |

N

S d
; 10g2 (11—e)d |
N
2D d

IN

i1
08y 7—— 1_

I
S HME HME

15)

1
ol(G) log, .

— €

For part B, we still follow the assumption above and assume ¢ L 7 holds for some j, ..., J, in the neighborhood of s.

|B| —|—ZZlog2 ZI i )dy) - Z I( er] W] +ZZlog2 Zozldl Z a”w”

h=1 1 FEN(3) h=1 1 JEN(3)
N

ZlogQ(i di,) wa — log, Z (1—e€)d, + Zedl Z (1 —e)wgj, + ZEUJU’;“
c=1 e=1 _

i

M= -

<

>
Il
—

m; n; m; n;

N
Zlogz > du) Zwijc - 10g2(Z(1 —e)di) - Y (1 - eJwi,|
N

Fﬁ::

>
I
—

c=1 = = e=1

H n; -
=D D wae llog, Zdz — (1= ) logy(1 — ) — (1 — ) logy(3 .|
- 4 c=1
hHllzf -
:|ZZ ’wm [elog, Zdl — (1 —€)logy(1 —e)]|
h=1 1 aon
<(l-¢ log2 ZZZU}UG
h 1 i e=1
< (1—€)logy 7— ZZd
h 1 4
= (1 —¢)HV log, i 16)

15
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Similarly, we can get the same results for parts C' and D as A and B respectively. Then,
1
|HT (G) — 1Tt (G; Z;0)| < 2H (2 — €) log, T

Substituting into Equation.13, we obtain

« 1
M (G) — HT(G)] < AH(2 — €)logy T—.

Since the limitation is a constant number,

(2 —¢)log, T

lim =2,
e—0 €
we have |H” (G) — H"wt(G)| < O(e), which completes the proof. O

A.3. Proof of Lemma 4.5

Lemma 4.5 (Additive) The one-dimensional structural entropy of G can be decomposed as follows

H Np_1 h 1 h 1/h
kj'k

h—1
Vj

Jk=1,...N)s
h=1 j=1

where E(p1,...,pn) = — 211:1 p; logy, p; is the entropy.

Proof. To verify the equivalence to the one-dimensional structural entropy, we expand the above formula.

H Nh-1 ys/h—1 N, h h 1/h
V h C Cr.V,
_ Jjk
H(G) = *hzl . V Z V.h_l 10g2 V—h_l
=1 j=1 k=1 J J
H Np Nn-1 h 1/h
1 Cei Vi
== Cr Vil logy —3—
4 h=1k=1 j=1 V;
H N h
1 V,
=315 Z kal 10g2 hk,1
4 h=1k=1 Vk*

a7

(18)

19)

(20)

2y

(22)

(23)

We omit some j that make C,’;j = 0 so that the term th*l only exists in the terms where C,';j = 1, meaning that thfl

exists if and only if th_l = th__l since we summing over all k. Continue the process that

H N;L H Nh
H(G) = Z Vi log2 7 + = v Z Z Vi 1og2 (24)
h 1k=1 h=1k=1
N H-1 Ny, H Ny h—1
1 d 1 174 Vet
i=1 h=1 k=1 h=1k=1
X 4 | H=1 N H N,
i=1 h=1 k=1 h 2k=1
From the first line to the second line, we separate from the term when h = H. For the third line, we eliminate the summation
0
term in A = 1, since when i = 1, in the last term, log, VV =log, ¥ v =0.
h
Then let us respectively denote — Zg’ll Vi log,, <& - " and s heo ZNh Vilog, k as A and B, using the trick

16
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about C’,i}j like above, we have

H Ny, Vh_l Np_1 V'hfl
A+B=>"[)_Vl'og, k?) (> V) log, JV )] 27)
h=2 k=1 j=1
H Np Vhfl Np-1 Np Vh—l
h U
=313 Wiog, kv > Crvitlog, —-— T )] (28)
h=2 k=1 j=1 k=1
H Np h—1 Np, h—1
Ve v
= Z[ Vi log, #— = "V} log, ] (29)
V |4
h=2 k=1 k=1
=0.
Thus
1 d;
HG) =4 ; dilogs 17, (30)
which is exactly the one-dimensional structural entropy H*(G) of G. The proof is completed. O

A.4. Proof of Theorem 4.6

Theorem 4.6 (Connection to Graph Clustering) Given a graph G = (V, £) with w, the normalized H -structural entropy of
graph G is defined as T(G; H) = HP (G)/H (G), and ®(G) is the graph conductance. With the additivity of DSE (Lemma
4.5), the following inequality holds,

(G H) = 0(G). (1)

Proof. Recall the formula of H-dimensional structural information of G for a partitioning tree 7 in Definition 4.3. For the
conductance ¢y, ;; of k-th node in 7 as height h, following the definition of graph conductance, we have

.. h _ h .h .
DicTpieTur Wi Vi = Digee SikSikWii

Pk = min{V}",V -V} vh

(32)

Without loss of generality, we assume that V}* < %V such that min{V;", V — V}*} = V}*. From Definition 4.3, we have

H Ny h

v
ZZ¢thk logQ Vh 1 (33)
h=1k=1 fiel
H Ny
Vi
Z Z - 10g2 Vh 1 (34)
h=1k=1
H Mo S~Nnox ohoyh vh
=20 Y. > T s i (35)
h=1k=1 4 V.-
H Np Nn-a V-h 1 Ch yh vh
=-®(G)> Y J KK 1oy Tk 6
h=1k=1 j=1 4 Vi V.-
H Nph-11,h—1 N, h trh
V; i C V Vh
— J kivk k
= _‘I)(G) hz: z; 1% kz V,hil 1Og2 ZNh,ll C]}CL h—1 (37)
=1 j= =1 J m= mvYm
H Nn_1 h—1 N, h h h h
V_ h C V O V
= _®(G J AL i Vi @
| )hzzzl i ; v B2 cr. SN-von yhe (38)
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H h—1 N h h 17k
V hoChoyh crV,
R O Dk i LW =y (39)
h=1 j=1 4 k=1 VJ CIQJZ ! Ch V!
H Np-1y,h—1 Nn ~h 1/h h 1/h
=-®(G)> > T logy —i— (40)
h=1 j=1 4 k=1 VJ VJ
H Np-1 y/h—1 h 1/h
V: cr.Vy
=®(Q) Z ]V Ent([ V.']L_l le=1...N%) 41
h=1 j=1 J
—o(Q)H(G). (42)

To get the final results, we use the inverse trick about C' ,}gj mentioned in Appendix A.3. So the normalized H-dimensional
structural information of G w.r.t. 7 satisfies

HT(G)
G;T) = > o(G). 4
Since this inequality holds for every H-height partitioning tree 7 of G, 7(G; H) > ®(G) holds. O

A.5. Proof of Lemma A.1

Lemma A.1 For a weighted Graph G = (V, E) with a weight function w, and a partitioning tree T of G with height H, we
can rewrite the formula of H-dimensional structural information of G w.r.t T as follows:

HT(G.H):_gii(d_ S 1624 ) - log (LG 0d )
’ Voo Z JEN() ! ’ S A "y 7

where I(-) is the indicator function.

Proof. From Equation.1, we can rewrite structural information of G w.r.t all nodes of 7™ at height & as follows:

Nh

T ! h Vi
H' (G; h) = _Vzgk log, W
k=1 -
1.
*V[; gi logy VI — ng log, V). (45)

Then the H-dimensional structural information of G can be written as

H N;L H Nh
== Z Z gl log, VI — Z Z gl log, th__l}. (46)
h 1k=1 h=1k=1
Since
gZ = Vk Z Z Z S T h j S Taﬁ;)wij’ 47
i=1 jEN(3)
N
Vil =Y 1 € T,p)di, (48)
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we have the following equation with the help of the equivalence relationship ¢ 9 7

H Nh H N}L H Nh N
22 stlom Vil = 0 ) Vilom Vi = ) ) (loms Vi) ) 3 1wy “9)
h=1k=1 h=1k=1 h=1k=1 =1 j5eN(i

Then we focus on the above equation term by term. If we fix the height of & and the node ¢ of G, then the node « to which ¢
belongs and its ancestors ™ in 7 are also fixed. Let’s denote V" as V,, where h(a) = h.

Z Z Va log, a_z > ZIZET dlogz(ZI(leTa)dl)

h=1h(a)=h h=1h(a)=h i=1

N
=" dilog, (3G A b)dy), (50)

H N H N N
D0 > (omVa) 3o D0 M A jjwy =303 flogy(3 TG~ Dd)] - D7 T~ jywy. (51)

h=1 h(a)=h i=1 jeN (i) h=1i=1 =1 JEN ()
Similarly,
H N N
> 9o 1085 Vi = Z > Valogy V- Z D (logy Vo) Y Y I(i ~ jluwy, (52)
h=1h(a)=h h=1h(a)=h h=1h(a)=h i JEN(3)
H H N N
S ValoggVa=> 1(i € To)d; logy (D 1(1 € T,-)di)
h=1h(a)=h h=1h(a)=h i=1 =1
H N N
= d; log, ZI "<t Ddy), (53)
h=11i=1 =1

H N H N N
> (logy Vo) Y 1 2wy =YY og, Y16 "= D)) - YD 16 A jw. (54)

h=1h(a)=h i=1 jeN () h=1i=1 1=1 FEN (i)

Utilizing the equations above, we have completed the proof. O

A.6. Proof of Theorem 4.8

Theorem 4.8 (Flexible) VG, given a partitioning tree T and adding a node (3 to get a relaxed partitioning tree T’ , the
structural information remains unchanged, H' (G) = H” (QG), if one of the following conditions holds:

1. B as a leaf node, and the corresponding node subset Tg is an empty set.

2. Bis inserted between node o and its children nodes so that the corresponding node subsets Tg = T,.

Proof. For the first case, since [ is a leaf node corresponds an empty subset of V, 9p = 0, then the structural information of
Bis H7 (G; B) = 0. For the second case, we notice the term log, %~ - the

one of T}, the term vanishes to 0. O
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B. Hyperbolic Space
B.1. Riemannian Manifold

Riemannian manifold is a real and smooth manifold M equipped with Riemannian metric tensor g, on the tangent space
T=M at point . A Riemannian metric assigns to each @ € M a positive-definite inner product g, : T,M x T,M — R,
which induces a norm defined as || : v € TpzM — /gz(v,v) € R.

An exponential map at point € M is denoted as Exp,, () : u € TzM — Exp,,(u) € M. It takes a tangent vector w in the
tangent space at « and transforms x along the geodesic starting at « in the direction of u.

A logarithmic map at point x is the inverse of the exponential map at point &, which maps the point y € M to a vector v in
the tangent space at .
B.2. Models of Hyperbolic Space

Poincaré ball model The d-dimensional Poincaré ball model with constant negative curvature , is defined within a
d-dimensional hypersphere, formally denoted as B¢ = {& € R%|||z|> = —1}. The Riemannian metric tensor at @ is
g = (\E)2gp = W gg, where gg = I is the Euclidean metric. The distance function is given by

2
df(@,y) = = tanh " ([[(~=) &x y])). (55)

where @,, is the Mobius addition

(1 2k "y — slly|*)z + (1 + #]z]*)y

DY = 56
v =2z y + 2] e
The exponential and logarithmic maps of Pincaré ball model are defined as
1 Aivll, v
Exps (v) = o &y ( tanh(v/—rk—2—)—) (57)
V=K 2 Tl
2 _ (—.’B) @.‘Q y
logz (y) = tanh ™! (V=k|[ (=) B yl) 5 (58)
* —RAG (=) ®r |

Lorentz model The d-dimensional Lorentz model equipped with constant curvature £ < 0 and Riemannian metric
tensor R = Diag(-1,1,...,1), is defined in (d + 1)-dimensional Minkowski space whose origin is (1/—1/k,0, ..., 0),
ie,Le = {x € R*|(x,z)L = ~}, where the inner product is (z, y)L = —zoyo + %, zy; = T Ry. The distance
between two points is given by

di.(z,y) = cosh™' (—(x, y)L). (59)
The tangent space at x € LY is the set of y € L such that orthogonal to = w.r.t. Lorentzian inner product, denotes as
T.Le = {y € R¥™1|(y, x);, = 0}. The exponential and logarithmic maps at = are defined as
u

Expp(u) = cosh(v—k||u|L)z + sinh(ﬂHuH@m (60)
coshfl(KJ(w,yh‘)

logz(y) = CCXBES (y — vz, y)L2). (61)

B.3. Tree and Hyperbolic Space
We denote the embedding of node 7 of graph G in H is ¢;. The following definitions and theorem are from (Sarkar, 2011).

Definition B.1 (Delaunay Graph). Given a set of vertices in H their Delaunay graph is one where a pair of vertices are
neighbors if their Voronoi cells intersect.

Definition B.2 (Delaunay Embedding of Graphs). Given a graph G, its Delaunay embedding in H is an embedding of the
vertices such that their Delaunay graph is G.
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— —
Definition B.3 (3 separated cones). Suppose cones C(¢;¢;, &) and C(¢;¢,,v) are adjacent with the same root ;. Then
—
the cones are § separated if the two cones are an angle 23 apart. That is, for arbitrary points p € C(¢;¢;, @) and
—
q € C(¢jpz,7), the angle Zpg,q > 2.
— — — —
Lemma B.4. If cones C(¢;¢;, ) and C(¢;¢4,7y) are § separated and ¢, € C(¢p;0;, ) and ¢p5 € C(¢p;¢z,y) then there
is a constant v depending only on (3 such that |, ¢;|u + |0s@jlm > |Ordslu > |Ordjlm + |sjlm — v.

Theorem B.5 ((Sarkar, 2011)). If all edges of T are scaled by a constant factor T > nNyax such that each edge is longer

than v~— (H_‘) and the Delaunay embedding of T is B separated, then the distortion over all vertex pairs is bounded by 1 + €.

Following the above Theorem, we know that a tree can be embedded into hyperbolic space with an arbitrarily low distortion.

B.4. Midpoint in the Manifold

Let (M, g) be a Riemannian manifold, and 1, 2, ..., ,, are points on the manifold. The Fréchet variance at point o € M
of these points are given by

= @ (p, @), (62)

If there is a point p locally minimizes the variance, it is called Fréchet mean. Generally, if we assign each x; a weight w;,
the Fréchet mean can be formulated as

= arg min Z w;d u, x;). (63)
peM -

Note that, d is the canonical distance in the manifold.

Theorem 5.2 (Arithmetic Mean as Geometric Centroid) In hyperbolic space "7 | for any set of {z?}, the arithmetic mean

h=1 _ I B— a7 ] -for j Tl
of z] \/Tn ZZ 1TSS, e =TT ‘ ' is the manifold z e , and is the close-form solution of the geometric

centroid specified in the minimization of Eq. (18).

Proof. Since d? (2]}, 207") = ||z — 2l 71|12 = ||zh||ﬂ% + 222 - <zf,z? Yo =2/k —2(z}, 2!"")L, minimizing
Eq. (18) is equivalent to maximizing 3", c;; (2, 2 J Ny =3, izl ] Y. To maximize the Lorentz inner product,
z? ~1 must be n > Cij 2" for some positive constant 7. Then the inner product will be
_ _ 1
(z? l,z? by = 772<Z cijz?,chjz?)L = (64)
i i

. 1 .
So n will be W SRFAE the proof is completed. O

Remark. In fact, the geometric centroid in Theorem 5.2 is also equivalent to the gyro-midpoint in Poincaré ball model of
hyperbolic space.

Proof. Let 2zl = [th, (s?)T]T, substitute into Theorem 5.2, we have

Zj \/:‘f Z |HZ[ 1clle ||1L| )
_ 1 s el Xcssi]t 66)
VIR (S eith? — IS, st
Recall the stereographic projection S : L7 — Brd7 .
h
S([t (1)) = T— G

14 /=rtl’
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Then we apply S to both sides of Eq. (66) to obtain

bh71 _ 1 Zl CZ']'S? (68)
J N —K h\2 h||2 h
VR (S eth)? = 15, ciyst I3 + 5, et
1 >, cissy
Z. Cijth
= S (69)
\ —I€1+ 1— ”Z’LC'LJS;:'L%
(22; cigty)
zh
b
= —, (70)
1+14/14k|b7]3
— . S}_L
where b~ = S(z"7"), and o' = \/1_7% Let b = S(z!), then
bl h
2 G TR 2 CigAgnbi
b =2 1*'~”~Hb;-‘||§ - >ocii (AR = 1)’ D
Zi Cijm ¥ b:”
which is the gyro-midpoint in Poincaré ball model. The proof is completed. O

C. Technical Details
C.1. Notations

The mathematical notations are described in Table 4.

C.2. Algorithm

The Algorithm 2 is the decoding algorithm to recover a partitioning tree from hyperbolic embeddings and level-wise
assignment matrices. we perform this process in a Breadth First Search manner. As we create a tree node object, we put it
into a simple queue. Then we search the next level of the tree nodes and create children nodes according to the level-wise
assignment matrices and hyperbolic embeddings. Finally, we add these children nodes to the first item in the queue and put
them into the queue. For convenience, we can add some attributes into the tree node objects, such as node height, node
number, and so on.

In Algorithm 3, we give the approach to obtain node clusters of a predefined cluster number from a partitioning tree 7. The
key idea of this algorithm is that we first search the first level of the tree if the number of nodes is more than the predefined
numbers, we merge the nodes that are farthest away from the root node, and if the number of nodes is less than the predefined
numbers, we search the next level of the tree, split the nodes that closest to the root. As we perform this iteratively, we will
finally get the ideal clustering results. The way we merge or split node sets is that: the node far away from the root tends to
contain fewer points, and vice versa.

C.3. Datasets & Baselines

We evaluate our model on a variety of datasets, i.e., KarateClub, FootBall, Cora, Citeseer, Amazon-Photo (AMAP), and a
larger Computer. All of them are publicly available. We give the statistics of the datasets in Table 1 as follows.

In this paper, we compare with deep graph clustering methods and self-supervised GNNs introduced as follows,

e RGC (Liu et al., 2023a) enables the deep graph clustering algorithms to work without the guidance of the predefined
cluster number.

e DinkNet (Liu et al., 2023b) optimizes the clustering distribution via the designed dilation and shrink loss functions in
an adversarial manner.

e Congregate (Sun et al., 2023b) approaches geometric graph clustering with the re-weighting contrastive loss in the
proposed heterogeneous curvature space.

22



Lorentz Structural Entropy Net

Algorithm 2 Decoding a partitioning tree from hyperbolic embeddings in BFS manner.

Input: Hyperbolic embeddings Z" = {z!, 2z}, ..., z’](,} for h = 1,..., H; The height of tree H; The matrix S" computed
in Equation 5; List of node attributions node_attr, including node_set, children, height, coordinates; Abstract

class Node;
1 Function ConstructTree (Z, H, node_atitr) :
2 h =0;
3 # First create a root node.
4 root = Node(node_attr[h]);
5 # Create a simple queue.
6 que = Queue();
7 que. put(root);
8 while que is not empty do
9 node = que. get();
10 node_set = node.node_set
11 k = node.height + 1;
12 # If in the last level of the tree
13 if » == H then
14 for i in node_set do
15 child = Node(node_attr[h][i])
16 child.coordinates = Z"
17 node.children. append(child)
18 end
19 else
20 for k =1 to Ny, do
21 L _child = [i in where Sﬁc ==1]
2 if len(L_child) > 0 then
23 child = Node(node_attr[h][L_child])
24 child.coordinates = ZFL,child]
25 node.children. append(child)
26 que. put(child)
27 end
28 end
29 end
30 end
31 return root;

Qutput: ConstructTree (Z, H, node_attr)

o GC-Flow (Wang et al., 2023) models the representation space by using Gaussian mixture, leading to an anticipated
high quality of node clustering.

e S3GC (Devvrit et al., 2022) introduces a salable contrastive loss in which the nodes are clustered by the idea of
walktrap, i.e., random walk trends to trap in a cluster.

e MCGC (Pan & Kang, 2021) learns a new consensus graph by exploring the holistic information among attributes and
graphs rather than the initial graph.

e DCRN (Liu et al., 2022a) designs the dual correlation reduction strategy to alleviate the representation collapse
problem.

e Sublime (Liu et al., 2022b) guides structure optimization by maximizing the agreement between the learned structure
and a self-enhanced learning target with contrastive learning.

e gCooL (Li et al., 2022) clusters nodes with a refined modularity and jointly train the cluster centroids with a bi-level
contrastive loss.
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e FT-VGAE (Mrabah et al., 2022) makes effort to eliminate the feature twist issue in the autoencoder clustering
architecture by a solid three-step method.

e ProGCL (Xia et al., 2022) devises two schemes (ProGCL-weight and ProGCLmix) for further improvement of
negatives-based GCL methods.

e MVGRL (Hassani & Ahmadi, 2020) contrasts across the multiple views, augmented from the original graph to learn
discriminative encodings.

o ARGA (Pan et al., 2018) regulates the graph autoencoder with a novel adversarial mechanism to learn informative
node embeddings.

e GRACE (Yang et al., 2017) has multiples nonlinear layers of deep denoise autoencoder with an embedding loss, and is
devised to learn the intrinsic distributed representation of sparse noisy contents.

e DEC (Xie et al., 2016) uses stochastic gradient descent (SGD) via backpropagation on a clustering objective to learn
the mapping.

e VGAE (Kipf & Welling, 2016) makess use of latent variables and is capable of learning interpretable latent representa-
tions for undirected graphs.

C.4. Implementation Notes

LSEnet is implemented upon PyTorch 2.0 3, Geoopt #, PyG 3 and NetworkX . The dimension of structural information
is a hyperparameter, which is equal to the height of partitioning tree. The hyperbolic partitioning tree is learned in a
2—dimensional hyperbolic space of Lorentz model by default. For the training phase, we use Riemannian Adam (Becigneul
& Ganea, 2018) and set the learning rate to 0.003.

The loss function of LSEnet is the differentiable structural information (DSI) formulated in Sec. 4.2 of our paper. We
suggest to pretrain LConv of our model with an auxiliary link prediction loss, given as follows,

> LG, j) € Ellog Pr((i,j) € €) + (1~ L[, j) € €]) log[L — Pr((i, j) € €)] (72)
)

ﬁlink =

#(1, 7)

1
Lexp (— L))

where #(i, 7) is the number of the sampling nodes pairs. The probability is defined as Pr((i,j) € £) =

and z; and z; are the leaf node embedding of the hyperbolic partitioning tree.

D. Additional Results

The hyperbolic partitioning trees of Cora is visualized in Fig. 6, where different clusters are distinguished by colors.

3https://pytorch.org/
*https://geoopt.readthedocs.io/en/latest/index.html
>https://pytorch-geometric.readthedocs.io/en/latest/
Shttps://networkx.org/
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Notation Description
G Graph
1% Graph nodes set
& Graph edges set
X Node attributes matrix
A Graph adjacency matrix
N Graph node number
w Edge weight function
V; A graph node
d; The degree of graph node v;
Vol(+) The volume of graph or subset of graph
U A subset of V
K Number of clusters
L4 d-dimensional Lorentz model with curvature x
(-, L Lorentz inner product
R Riemannian metric tensor
T Vector or point on manifold
dp (-, ) Lorentz distance
Il Lorentz norm
II]] Euclidean norm
H Dimension of structural information
T A partitioning tree
@ A Non-root node of T
a” The immediate predecessor of «
A Root node of 7
T, The module of «, a subset of V' associated with «
Ja The total weights of graph edges with exactly one endpoint in module 75,
HT(G) Structural information of G w.r.t. T
HT(G; ) Structural information of tree node o
HE(G H-dimensional structural entropy of G
HT(G;h) Structural information of all tree node at level h
ch The level-wise assignment matrix between h and h — 1 level
Ny, The maximal node numbers in h-level of T
th The volume of graph node sets T},
E(p1,-.,Pn) Entropy function w.r.t. distribution (p1, ..., p)
?(G) Graph conductance
Z Tree node embeddings matrix
()] Learnable parameters of LSEnet
HTnet (G Z; ©) The differentiable structural information (DSI)
Taet The partitioning tree decode from LSEnet
o) Equivalent infinitesimal
O(") The time complexity

Table 4. The notation descriptions.

Datasets # Nodes | # Features | # Edges | # Classes
KarateClub 34 34 156 4
FootBall 115 115 1226 12
Cora 2708 1433 5278 7
Citeseer 3327 3703 4552 6
AMAP 7650 745 119081 8
AMAC 13752 767 245861 10

Table 5. The statistics of the datasets.
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Algorithm 3 Obtaining objective cluster numbers from a partitioning tree.

Input: A partitioning tree 7 ; Tree node embeddings Z in hyperbolic space; Objective cluster numbers K.

1:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

Let A be the root of the tree.

for v in T.nodes / \ do
Compute distance to \, i.e., di, (2, zy)-

end for

Sorted non-root tree nodes by distance to A in ascending order, output a sorted list L.

Let h = 1 and count the number M of nodes at height h.

while M > K do
Merge two nodes w and v that are farthest away from root .
Compute midpoint p of  and v, and compute dr, (2, zp).
Add p into L and sort the list again in ascending order.
M=M-1.

end while

while M < K do

for v in L do
Leth =h+ 1.
Search children nodes of v in h-level as sub-level list .S and count the number of them as m.
M=M+m-—1.
if M > K then
Perform merge operation to S the same as it to L.
Delete v from L, and add S to L.
Break the for-loop.
else if M/ = K then
Delete v from L, and add S to L.
Break the for-loop.
else
Delete v from L, and add S to L.
end if
end for
end while
Result set R = {}
fori=0to K —1do
Get graph node subset @ from L[i].
Assign each element of @ a clustering category i.
Add results into R.
end for
Output: R
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