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Abstract

Self-supervised learning (SSL) allows training
data representations without a supervised signal
and has become an important paradigm in ma-
chine learning. Most SSL methods employ the
cosine similarity between embedding vectors and
hence effectively embed data on a hypersphere.
While this seemingly implies that embedding
norms cannot play any role in SSL, a few recent
works have suggested that embedding norms have
properties related to network convergence and
confidence. In this paper, we resolve this apparent
contradiction and systematically establish the em-
bedding norm’s role in SSL training. Using theo-
retical analysis, simulations, and experiments, we
show that embedding norms (i) govern SSL con-
vergence rates and (ii) encode network confidence,
with smaller norms corresponding to unexpected
samples. Additionally, we show that manipulat-
ing embedding norms can have large effects on
convergence speed. Our findings demonstrate that
SSL embedding norms are integral to understand-
ing and optimizing network behavior.

1. Introduction

Self-supervised learning (SSL) has emerged as a powerful
tool for learning representations from unlabeled data. This
is because, when trained on large unlabeled datasets with
contrastive objectives, SSL. models often achieve perfor-
mance levels comparable to those of supervised methods
and can even induce emergent properties (Chen et al., 2020a;
Caron et al., 2021). SSL has also substantially advanced
multi-modal learning, particularly in vision-language mod-
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els (Girdhar et al., 2023; Bommasani et al., 2021). Indeed,
prominent methods such as CLIP (Radford et al., 2021),
ALIGN (Jia et al., 2021) and Florence (Yuan et al., 2021)
all rely on standard SSL objectives discussed in this paper.

These algorithms work by representing similar inputs near
each other and dissimilar inputs far apart in an embedding
space normalized to a hypersphere. This is done by optimiz-
ing objective functions based on the cosine similarity be-
tween embeddings: popular SSL frameworks like SimCLR
(Chen et al., 2020a) and MoCo (He et al., 2020) optimize the
InfoNCE objective, while SimSiam (Chen & He, 2021) and
BYOL (Grill et al., 2020) optimize the cosine similarity di-
rectly. Thus, theoretical studies of SSL representations only
consider the distribution of points on this latent hypersphere
(Wang & Isola, 2020; Zimmermann et al., 2021).

At the same time, there has been some empirical evidence
that the embedding norms prior to normalization contain
meaningful information. For example, Kirchhof et al. (2022)
noted that embedding norms are related to network confi-
dence. No theoretical explanation of this phenomenon was
given. Separately, Zhang et al. (2020) and Wang et al. (2017)
showed that training based on the cosine similarity loss af-
fects the embedding norms and that the embedding norms
affect the gradient magnitudes. However, the implications
of this for SSL methods have not been fully explored. This
implies a clear gap in the literature: several works suggest
interactions between SSL models and the embedding norms
but the extent of this relationship is unknown. Our work
provides the first thorough analysis showing how the em-
bedding norms interact with SSL training dynamics.

First, we prove theoretical bounds showing that the em-
bedding norms impose a quadratic slowdown on SSL con-
vergence and verify that this occurs in simulation and in
practice. At the same time, we show that optimizing the
cosine similarity grows these embedding norms across SSL
methods. This leads to a catch-22: small embedding norms
are required to train SSL models but these norms grow dur-
ing training. Put simply, effectively training SSL models
requires managing the embedding norms. We offer and
evaluate several mechanisms for doing this.

Second, we argue that, because the embeddings grow with
each gradient update, their norms naturally correspond to
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Figure 1. Left: Network outputs (blue) lie in ambient R, but only their projections (white) onto the hypersphere S¢~! enter the loss.
However, the embedding norms (shades of blue) influence the norms of the SSL loss gradient. Middle: Gradient field of the cosine
similarity with respect to the orange direction. Highlighted gradients (black) illustrate the inverse relationship between the gradient and
embedding norm (Proposition 3.1). The blue points trace an embedding’s trajectory using gradient descent. Right: Because gradient
updates are orthogonal to an embedding point, they must increase the point’s norm (Corollary 3.3).

the frequency of observed latent features. Since models
are more certain in frequently observed data (Zhong et al.,
2021), we contend that SSL embedding norms encode a
model’s confidence. We show that it consistently holds
across SSL methods.

Moreover, these two phenomena interact during SSL train-
ing. For instance, since norms both encode uncertainty and
scale gradients, SSL models implicitly learn unevenly over
the samples — an effect we show must be mitigated when
training on imbalanced datasets. Throughout our paper, we
draw attention to similar interactions between embedding
norms and SSL dynamics by raising several open questions
as directions for future work.

This paper supersedes our earlier workshop paper (Draganov
et al., 2024). Our code is available at https://github.
com/Andrew-Draganov/SSLEmbeddingNorms.

2. Preliminaries and Related Work

Although this paper concerns general SSL techniques, we
will use the familiar language of image representation learn-
ing. The typical SSL pipeline consists of obtaining two
augmented variants x; and x; from an input image x and
ensuring that the corresponding embeddings z; and z; have
high cosine similarity. We refer to (z;, ;) (resp. (2;,z;)) as
‘positive’ pairs of points (resp. embeddings). Since attract-
ing all the points together will collapse the representation,
each SSL method has an additional mechanism to prevent
this. The most common approach enforces low similarity be-
tween embeddings of dissimilar inputs: for unrelated inputs
z; and x, the embeddings z; and z; should be far apart.

2.1. Preliminaries & SSL methods

Perhaps the prototypical method in this family is Sim-
CLR (Chen et al., 2020a), which appears among a broader
line of contrastive methods for self-supervised learning on
images. These all utilize repulsions from dissimilar (nega-
tive) samples to prevent representation collapse (Oord et al.,
2018; Henaff, 2020; He et al., 2020; Chen et al., 2020b;
Misra & Maaten, 2020). In practice, this is performed by
optimizing the InfoNCE loss, which we write with respect
to embedding z; as

ExpSim(z;, 2;)
> ki EXpSIm(2;, 2 )
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—_—  N——
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where 2 = z/||z|| is the unit vector of z, ExpSim(a, b) =
exp (&TB / 7') is the exponent of the temperature-scaled co-
sine similarity, and S; = 3, , ExpSim(z;, 2 ) represents
the sum over all k£ # 4 in the batch. For ease of interpre-
tation, we split the loss term into attractive and repulsive
components, resp. Lg‘}(Z) and LT(Z). Note that ,Cg;‘-(Z) is
simply the negative cosine similarity between positive pair
z; and z; scaled by 7. We assume 7 = 1 for simplicity; in
SimCLR, 7 = 0.5.

Another common contrastive objective function is the triplet
loss, wherein one normalizes the embeddings to the hy-
persphere and minimizes the mean squared error between
positive samples while maximizing the mean squared error
between negative ones (Schroff et al., 2015). Due to the
normalization, this implicitly optimizes the cosine similarity
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between embeddings (Grill et al., 2020).

Curiously, methods like BYOL (Grill et al., 2020) and Sim-
Siam (Chen & He, 2021) showed that one can simply opti-
mize E;‘J‘-, and avoid collapse by applying only the gradients
to embedding z; (rather than to both z; and z;). We refer to
these as non-contrastive methods. Throughout this paper,
we will use SimCLR with the InfoNCE loss to represent
a prototypical contrastive SSL model and SimSiam with
the negative cosine similarity to represent a prototypical
non-contrastive SSL. model. As is standard (Oquab et al.,
2023), we use the NN classifier accuracy on the embedding
space to evaluate the quality of a learned representation. We
provide linear probe results in Table S3 in the Appendix to
show the generality of our results.

2.2. Related Work

Analysis of SSL Embeddings Due to its reliance on the
cosine similarity, the seminal work of Wang & Isola (2020)
showed that contrastive learning must satisfy two require-
ments: all positive pairs must be near one another (align-
ment) and all negative samples must spread evenly over
the hypersphere (uniformity). Expanding on this blueprint,
subsequent works have sought to formalize the learning
capacity of contrastive methods (Saunshi et al., 2019; Zim-
mermann et al., 2021; HaoChen et al., 2021; Saunshi et al.,
2022) while much of the research into non-contrastive meth-
ods has focused on how their architectures help to prevent
collapse (Jing et al., 2021; Tian et al., 2021a; Zhang et al.,
2022; Richemond et al., 2023).

SSL on Imbalanced Data It is an active area of research
to understand how contrastive learning performs over vari-
ous data distributions (Zimmermann et al., 2021). Although
Liu et al. (2022) showed that SSL training is relatively ro-
bust to imbalanced classes, there are mechanisms which
can improve its performance (Tian et al., 2021b; Van As-
sel & Balestriero, 2024). Nonetheless, foundation models
which use contrastive learning require balancing the data
distribution before training (Xu et al., 2023).

Relationship of Embedding Norms and SSL.  While SSL
representation learning has largely focused on hyperspheri-
cal embedding distributions, some work has examined the
embedding norm’s role. Wang et al. (2017); Zhang et al.
(2018; 2020) all noted that embedding norms inversely
scale gradients under the cosine similarity loss and sug-
gested that the embeddings must grow. However, each
paper largely brushed this interaction away: Wang et al.
(2017) suggested that ¢5-normalization suffices to handle
the embedding norms, Zhang et al. (2018) states that at-
tempts to resolve this interaction were unsuccessful and
Zhang et al. (2020) provides a regularization term which
shrinks the variance of the embedding norms but leaves

their average magnitude unmanaged. Our paper therefore
differs from the prior literature by (i) extending these results
to the InfoNCE loss, (ii) evaluating the full extent to which
large embedding norms affect real-world training, and (iii)
providing principled mechanisms for addressing this effect.

Similarly, it has been suggested (Scott et al., 2021; Kirchhof
et al., 2022; 2023b) that an SSL embedding’s magnitude
could serve as a measure for the model’s certainty. This was
evidenced in two ways: first, by qualitatively showing that
samples with high-embedding norm are good representa-
tives of the classes (see Figure S6) and, second, by finding
that the embedding norm is smaller for out-of-distribution
(OOD) samples. Importantly, these references only show the
existence of this relationship but, to our knowledge, there
has not been an explanation provided for why this occurs
nor a systematic evaluation of the settings in which norms
encode model certainty. Thus, our work expands the litera-
ture by establishing how and why embedding norms encode
SSL model confidence and providing a thorough empirical
analysis for the phenomenon.

3. The Properties of SSL Gradients

We begin by studying the gradients of the cosine similarity
with respect to an arbitrary point z;. Throughout this section,
we assume 7 = 1 and refer to Z as any set of points in
R, with no other assumptions over the distribution. The
gradient acting on one of these points has the following
structure:

Proposition 3.1. [Prop. 3 in Zhang et al. (2020);" proof in
A.1] Let Z be a set of points in R and let z; and z; be a
positive pair in Z. Let ¢;; be the angle between z; and z;.
Then the gradient of E;‘}-(Z) with respect to z; is

1 ziz Zi 2;
o=t - ) = ()
’ (Al Izl Nzl lzill / ..,

where a1y, is the component of a orthogonal to b. This has

magnitude ||V7|| = Sirﬁ(jﬁj).

zizT

This has an easy interpretation: I; — W projects the unit
vector Z; onto the subspace orthogonal to z;. This projected
vector is then inversely scaled by ||z;||. We visualize this in
Figure 1. A similar result holds for the InfoNCE loss:

Proposition 3.2. [Proof in A.2] Let Z be a set of points
in R, z; and z; be a positive pair in Z, and VZA be as in
Prop. 3.1. Then the gradient of L;;(Z) with respect to z; is

1 ExpSi iy
Vq;:VflJr Z<2kxplm(zzk)) . )
||ZZ|| k#i Si 1z

!Zhang et al. (2020) also showed corresponding results under
SGD with momentum and Adam optimization (Kingma, 2014).
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Let z;, | # i, be a sample in the denominator of EZ?(Z),
then the gradient of L;;(Z) with respect to z; is

1 ExpSim(z;, z;)
(A1 S

VI = (éi)Lzl- (3)

In essence, because the InfoNCE loss is a function of the
cosine similarity, the chain rule implies that its gradients
behave similarly to the cosine similarity’s. Specifically, just
like those of E;;‘, the gradients of 25 have the properties
that (1) they are inversely scaled by ||z;|| and (2) they exist
in z;’s tangent space. Since the InfoNCE loss is the sum
of E;‘J‘» and LZ? these properties all extend to the InfoNCE
loss as well. Going forward, we refer to any loss function
or SSL model as cosine-similarity-based (cos.sim.-based) if
it exhibits these two properties. This orthogonality has also
been noted in Wang et al. (2017) and Zhang et al. (2018).

As a direct consequence of this projection onto the tangent
plane, applying the cosine similarity or InfoNCE gradients
to a point must grow its magnitude (visualized in Figure 1,
middle and right):

Corollary 3.3 (First identified in Wang et al. (2017); Proof
in A.3). Let z € R? and let ' be the result of applying a
step of gradient descent with respect to the cosine similarity
(Prop. 3.1) or InfoNCE (Prop. 3.2) to z. Then ||2'|| > |z||-

The results in Propositions 3.1, 3.2 and Corollary 3.3 reveal
an inevitable catch-22 for self-supervised learning: we re-
quire small embeddings to avoid vanishing gradients but
optimizing SSL loss functions grows the embeddings. We
refer to this as the embedding-norm effect. This effect also
holds for the mean squared error between normalized em-
beddings and, by extension, the triplet loss.

Furthermore, Proposition 3.1 has direct implications for
convergence rates under the cosine similarity. The gradient’s
magnitude directly scales the learning rate, since 2z} = z; +
YV = z + (v-||Vi|) Vi. Thus, Proposition 3.1 can be
interpreted as saying that the embedding norm and the sine
of the angle parameterize the model’s learning rate. Indeed,
both quadratically slow down convergence:

Theorem 3.4 (Proof in A.4). Let z; and z; be embed-
dings with equal norm, ie. ||z = |z = p. Let
zl =z + %(zj)ui and 2 = zj + %(zi)uj be the em-
beddings after maximizing the cosine similarity via a step
of gradient descent with learning rate . Then the change
in cosine similarity is bounded from above by:

2+ sin? Gij

> )

Put simply, the change in the cosine similarity via a step of
gradient descent scales quadratically with the embedding’s
norm and the sine of the angle to its positive counterpart.

4. Simulations

We now present a suite of simulations which allow us to
characterize how the parameters in Section 3 influence SSL
training under idealized conditions. Full implementation
and experiment details can be found in Appendix B.

4.1. Effect of the Embedding Norms on SSL Training

We start by evaluating to what extent the embedding norms
and angles between positive samples slow down conver-
gence. Specifically, we sampled 500 pairs of points directly
on S?°, We produce many such sets of samples while vary-
ing their mean embedding norms and ¢;; values. We then
evaluate Theorem 3.4 by applying the cosine similarity gra-
dients to all positive pairs of embeddings until convergence.

Figure 2a plots the number of steps until convergence and
shows that, although the convergence rate depends on both
parameters, having large embedding norms is significantly
worse for optimization than having large angles between
positive pairs. In essence, the embedding norm’s unbounded
nature allows it to induce arbitrarily large slowdowns. Mean-
while, the angle between positive samples only has a non-
negligible impact as the angle approaches its upper limit 7.
Because it is exponentially unlikely for the angle of every
positive pair to be close to 7, we ignore the angular com-
ponent of Theorem 3.4 for the remainder of this paper and
relegate its further discussion to Appendix C.2.

To further investigate the interaction between weight de-
cay and the embedding-norm effect described in Theorem
3.4, we extend this simulation by augmenting the objective
with a regularization term on the embedding norm. That
is, we now optimize £;; = —(2) " 27 + 7 - ||2;||, where
~ represents the weight decay strength. We initialize em-
bedding pairs with different initial norms (1, 4, and 7) to
systematically test the quadratic dependence predicted by
our theory. The results, shown in Table 1, demonstrate that
while weight decay can indeed accelerate convergence by
controlling embedding growth, the fundamental quadratic
dependence on initial embedding norm persists across all
tested regularization strengths. For moderate weight decay
values (0.5 <~ < 1), we observe faster convergence com-
pared to the unregularized case, with higher regularization
providing greater speedup. However, when weight decay
becomes too aggressive (7 = 10), the representation col-
lapses entirely, presumably because the embedding is more
incentivized to shrink to the origin than to maximize the
cosine similarity. These findings align with our practical
experiments in Section 6, where excessive weight decay led
to representation collapse.
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Figure 2. Simulations studying the relationship between SSL training and embedding norms. Left: Applying cosine similarity gradients to
pairs of points converges slower as a function of the points’ norm and the sin of their angle. Middle: Training via InfoNCE to reconstruct
latent classes induces higher norms in dense output regions. Right: Training via InfoNCE leads to larger norm for high-frequency classes.

Table 1. Steps to convergence for different initial embedding norms
under varying weight decay strengths. The objective is modified

to Lij = —(2°) T 27 + 7 - ||2:]|* to simulate weight decay effects.
Initial
Embedding vy=05 =10 =100
Norm (Steps)  (Steps) (Steps)
1 64 49 divergence
4 526 318 divergence
7 1080 610 divergence

4.2. Effect of SSL Training on the Embedding Norms

We now consider how SSL training affects the embedding
norms via a simplified training setting where the data is gen-
erated from latent classes. Inspired by Zimmermann et al.
(2021) and Kirchhof et al. (2023a), consider an SSL dataset
as a set of latent class distributions {Z1, ..., 2}, where
each Z; is a probability distribution on the d-dimensional
hypersphere S?. Let the observations z € X C RP be
obtained via a generating process g : S* — R”. That is,
our dataset is obtained by randomly choosing a distribution
Z;, drawing a sample Z from it, and applying g to zZ. We
are training a neural network f : X — S¢ via contrastive
learning to produce a learned latent embedding f(X).

We analyze the relationship of parameterized SSL train-
ing to the embedding norms by simulating the above sce-
nario. Specifically, we choose centers for 4 latent classes
uniformly at random from S'°. We then sample 4K points
around these centers and normalize them to the hypersphere.
From this, we produce the dataset via generating process
g : S c R — R%, where g is given by multiplication
by a random matrix. We finally train a 2-layer feedforward

network with the supervised InfoNCE loss function (which
explicitly samples positive pairs belonging to the same class)
on this dataset.

Figure 2b plots each embedding’s magnitude in the learned
space as a function of (inverse) density in embedding space.
We use the distance to an embedding’s 10™ nearest neighbor
under the cosine similarity metric as a proxy for inverse
density. We see that embeddings in dense regions of the
embedding space tend to have higher norm. This follows
from Corollary 3.3: dense regions of the embedding space
receive the most gradient updates and, consequently, those
embeddings will grow the most. We also modify the simula-
tion for Figure 2c by providing a class imbalance parameter
to the class distribution. Namely, class 1 now has sample
probability ~1/2, class 2 has sample probability ~1/4, and
so on. We then see that over the course of training, the mean
embedding norms for frequent classes grow to higher values
than those for sparse classes.

Takeaway Across these experiments, samples which are
seen more often have higher embedding norm under the
InfoNCE loss. This can occur either due to the network
considering these samples to be prototypical (and therefore
embedding them in dense regions of the learned space) or
being otherwise over-represented in the dataset. We point
out that these are precisely the settings in which we expect
a network to be confident in the embedding. We leave a
formal quantitative analysis as an open question:

Open Question 4.1. What theoretical bounds can be made
regarding a sample’s embedding norm and (a) the accuracy
with which it is classified or (b) the corresponding input’s
dissimilarity from the training data?
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the corresponding metric. We represent the number of embeddings per bucket using the marker size in the left-hand plot.

5. Embedding Norm as Network Confidence

Given the simulations in Section 4.2, we expect that train-
ing cos.sim.-based SSL models should result in common
input samples receiving higher norm. We therefore use
this section to show the various ways in which embedding
norms encode a network’s confidence in practice. All model
implementation details can be found in Appendix C.1.

Embedding Norms Encode Novelty Figure 3 demon-
strates how embedding norms characterize a sample’s “out-
of-distributionness”. On the left side of the figure, we
trained SIMCLR and SimSiam models on the Cifar-10
train set for 512 epochs and then compared the embedding
norms across different data splits, normalizing all embed-
ding norms by the Cifar-10 train set mean. The results reveal
a clear pattern: embedding norms decrease progressively
with increasing distributional distance from the training data.
For example, the Cifar-10 test set contains novel but dis-
tributionally similar samples and therefore results in only
slightly reduced norms. In contrast, the Cifar-100 data splits

exhibit substantially smaller norms due to their greater distri-
butional shift. This relationship holds symmetrically when
training on Cifar-100 and evaluating on Cifar-10, as seen on
the right side of Figure 3.

Embedding Norms Encode Classification Accuracy An-
other measure of a network’s confidence in an embedding
is the accuracy with which that sample is classified. To
this end, we use the same experimental setup as above and
train SIMCLR and SimSiam on the Cifar-10, Cifar-100, and
ImageNet100 datasets.” We then normalize the embedding
magnitudes by the maximum across the dataset and bucket
the embeddings into ranges of 0.05, giving us 20 embed-
ding buckets over the dataset. Figure 4 (left) then shows
the per-bucket accuracy of a kNN classifier which was fit
on all the embeddings with respect to the cosine similarity
metric. Indeed, we see that the kNN classifier’s accuracy

shows a clear monotonic trend with the embedding norms

*We default to the ImageNet-100 split (Wang & TIsola, 2020) at
huggingface.co/datasets/clane9/imagenet-100.
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across datasets and SSL models.

Embedding Norms Encode Human Confidence Interest-
ingly, not only does the embedding norm provide a measure
for the sample’s novelty and its classification accuracy, but
it also provides a signal for human labelers’ confidence and
their agreement among one another. Using the Cifar-10-N
and Cifar-100-N labels from Wei et al. (2021), where each
training sample is labeled by the consensus label over mul-
tiple human annotators, Figure 4 (middle) shows higher
embedding norms correspond to more accurate consensus
labels. Similarly, the Cifar-10-H dataset from Peterson et al.
(2019) provides ~50 human predictions for each image
from the Cifar-10 test set, allowing us to evaluate the en-
tropy of the label distribution. Figure 4 (right) shows that,
as the embedding norms grow, the human labels have less
entropy (i.e., they are more likely to agree with one another).

Takeaways Under the common assumption that an SSL
embedding’s direction represents its information, these ex-
periments show that the embedding’s norm represents how
confident the network was in this information. Further-
more, this measure of network confidence is inherent to all
cos.sim.-based loss functions and emerges naturally dur-
ing training. Thus, an SSL latent space looks less like a
smooth sphere and more like a spiky ball, with the spikes
corresponding to regions of known data samples. This ob-
servation has implications for few-shot learning settings, in
which one has pre-trained on a large dataset and then wishes
to adjust the model to a second, smaller dataset:

Open Question 5.1. By using the embedding norm as a
measure for a sample’s novelty, can one more precisely
guide the training process on unseen inputs?

6. The Embedding-Norm Effect in Practice

To understand how the embedding-norm effect influences
cosine-similarity-based SSL training, we investigate three
distinct interventions which should mitigate it. These inter-
ventions provide controlled settings to analyze the empirical
relationship between embedding norms and SSL training.
Our experiments are on the Cifar-10, Cifar-100, Imagenet-
100 and Tiny-Imagenet (Le & Yang, 2015) datasets.

Weight Decay Our first intervention mechanism — weight
decay —is already present in essentially all SSL models.
The idea here is that adding a penalty on the weights implic-
itly regularizes the embedding norms (Wang et al., 2017).
Figure 5 demonstrates this effect in SimCLR and SimSiam
training: without weight decay (v = 0), embeddings grow
unconstrained, while excessive weight decay (y = 5 - 1072)
causes collapse. With appropriate values (y = 107> for
SimCLR,v =5 - 10~ for SimSiam), norms decrease grad-
ually, leading to improved KNN accuracy. Interestingly, the

SimCLR SimSiam
= 401 E
g
Z
2
;_8 20‘ A
k=]
[
e}
g
Q0 4
5 801 .
<
5
9
gﬁ’ 60 B
Z
~ 40 1
2 8 32 128 2 8 32 128
Train Epoch Train Epoch

No weight decay =~ = Standard weight decay — wmmmmmHigh weight decay
Figure 5. Effect of the weight decay on the embedding norms in
SimCLR and SimSiam. Epochs are log-scale and go from 1 to 256.

Corresponding kNN accuracies are plotted in the bottom row.

@torch.no_grad()
def cut_init (model, c):
for param in model.parameters() :
param.data = param.data / ¢

Listing 1. PyTorch code for our cut-initialization layer.

embedding norm’s impact on the kNN accuracy is much
more pronounced in the attraction-only setting. We also see
that, even without weight decay, the embeddings can shrink
(as occurs for SimSiam). We attribute this to the embeddings
being produced by shared weights: although the gradients
require all embeddings to grow, a shared weights matrix may
not be able to independently update every point’s position.

Cut-Initialization As shown in Figure 5, weight decay
gradually reduces embedding norms over time, but doesn’t
control them at the start of training. To address this, we
propose cut-initialization — dividing all network weights
by a constant c at initialization. This ensures small embed-
ding norms at initialization which are then kept small via
weight decay. We implement this uniformly across all lay-
ers for simplicity (Listing 1). Interestingly, a variant of this
can be found in HuggingFace’s default image transformer
code (PyTorch Foundation, 2025) and we know at least one
cos.sim.-based SSL model which uses it (Peng et al., 2022).

We study the interplay between cut-initialization and weight
decay values on SimCLR and SimSiam in Table 2. Specifi-
cally, we report the kNN classification accuracy after 100
epochs on the Cifar-100 and ImageNet-100 datasets and see
that, in both the contrastive and non-contrastive settings,
pairing cut-initialization with weight decay accelerates the
training process. As was the case for the weight decay, the
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Table 2. kNN accuracy at epoch 100 for various values of cut-
constant ¢ and weight decay A, color-coded by value. Left: Sim-
CLR on Cifar-100. Right: SimSiam on ImageNet-100. Default
weight-decay is underlined.

SimCLR SimSiam
Weight Decay A Weight Decay A
le-8 le-6 Se-6 le-5 5e-5 le-4 Se-4 le-3
c=1 40.8 405 409 415 36.7 385 40.5 447
g c¢=2 427 428 429 422 41.1 440 488 42.1
O =4 423 414 420 41.1 402 412 498 49.1
c=8 37.1 368 379 373 444 464 502 532

difference is stronger in the non-contrastive setting. ¢ = 2
and ¢ = 4 performed best for SImCLR, providing an addi-
tional 1-2% in accuracy at the default weight decay, while
¢ = 8 led to about a 10% increase for SimSiam. Extrapolat-
ing from the trends in Table 2, we use ¢ = 3 for SimCLR
and ¢ = 9 for SimSiam going forward. These are futher ana-
lyzed in Figure S4, which also includes BYOL experiments.
We show the kNN classifier accuracies at 500 epochs with
and without cut-initialization in Table 4. Here we see that
pairing SSL models with cut-initialization often helps the
model reach higher final accuracies.

We also evaluate cut-initialization in imbalanced data
settings. For Cifar-10, we use the exponential split
from Van Assel & Balestriero (2024), where class ¢ has
n; = 5000 - 1.57% samples. Similarly for Cifar-100, the
i-th class receives n; = 500 - 1.034~% samples. This way,
all classes are represented and both imbalanced datasets
contain roughly 15K samples. We also use Flowers102’s
naturally long-tailed test set for training (Nilsback & Zisser-
man, 2008), evaluating on its validation set. Table 5 then
shows that, in class-imbalanced settings, pairing SSL train-
ing with interventions on the embedding-norm effect can
provide double-digit accuracy improvements.

Lastly, Table 3 shows that cut-initialization also provides the
expected boost in performance for MoCov2 and MoCov3
(Chen et al., 2020b; Fan et al., 2021), which are cos.sim.-
based but use a transformer backbone (Dosovitskiy et al.,
2020). We point out that Dino’s objective function does not
use the cosine similarity (Caron et al., 2021). Consequently,
it does not benefit from cut-initialization.

GradScale Layer Perhaps the cleanest way to overcome
the embedding-norm effect is to simply rescale the gradient
directly. We achieve this by introducing a custom PyTorch
autograd.Function which we refer to as GradScale
(for a full implementation, see Listing 2 in the Appendix).
This layer accepts a power parameter p and is simply the
identity function in the forward pass. However, the back-
wards pass multiplies each sample z;’s contribution to the
gradient by ||z;||P. Thus, choosing power p = 0 gives the
default setting while choosing p = 1 will cancel the gradi-

Table 3. Imagenet-100 NN accuracy (epoch 100) for MoCo/Dino.

Top-1 Top-5

MoCo c¢=1 387 69.7
V2 c=3 438 718
MoCo c¢=1 5438 82.7
V3 c=3 588 86.0
Dino €= 1 437  76.6
c=3 290 556

Table 4. kNN accuracies at epoch 1000 for Cifar-10/100 and at
epoch 500 for ImageNet/Tinylmagenet for default, cut-initialized
and GradScale training on standard image datasets.

Cifar Cifar Imagenet Tiny

10 100 100 Imagenet
Default 87.7  56.6 59.4 36.0
SimCLR Cut(c=3) 882 60.1 60.9 37.7
GradScale 882 58.2 01.0 38.1
SimSiam Default 88.1 61.8 62.0 41.4
Cut(c=9) 884 62.6 67.2 41.7

ents’ dependence on the embedding norm. We visualize the
resulting gradient fields with powers p =0 and p = 1 for a
2D embedding space in Figure 6. We refer to training with
GradScale power p = 1 simply as GradScale. This can also
be interpreted as a per-point adaptive learning rate that is
scaled by each point’s embedding norm.

Under GradScale, the gradient norms differ from those dur-
ing default training, necessitating a new learning rate sched-
ule. Traditionally, SSL models are trained with 10 epochs
of linear warmup followed by a cosine-annealing schedule
(Chen et al., 2020a). However, the schedule has an implicit
division by the embedding norms over the course of train-
ing. We therefore simulate this effective learning rate for
the GradScale setting. Namely, we choose base learning
rate 7' = /6 with 100 linear warmup epochs followed by
cosine annealing, where -y is the default learning rate. This
was the first relatively stable schedule which we found for
the p = 1 setting and we performed no additional tuning.

Table 4 demonstrates that, when training remains sta-
ble, SImCLR’s kNN accuracy benefits from GradScale’s
embedding norm cancellation. Consistent with our cut-
initialization experiments, this improvement becomes par-
ticularly pronounced on the class-imbalanced datasets in Ta-
ble 5: GradScale provides a roughly 5% accuracy increase
across the imbalanced datasets. While these results are
promising, we observed that GradScale with p = 1 failed to
converge on Imagenet-100 and for non-contrastive models.
This limitation aligns with these models’ known sensitivity
issues (Zhang et al., 2022; Richemond et al., 2023).
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Figure 6. Left: the default gradient field of the cosine similarity
with respect to the north-pointing line (orange). Right: the gradient
field using the GradScale layer with p = 1.

Table 5. kNN accuracies at epoch 500 for default, cut-initialized
and GradScale training on class-imbalanced image datasets.

Cifar-10  Cifar-100  Flowers

Unb. Unb. Unb.

Default 56.5 24.3 42.6

SimCLR  Cut (¢ = 3) 61.1 26.3 61.6
GradScale 61.3 29.1 472

SimSiam Default 47.0 21.6 22.5
Cut (¢ =9) 61.7 31.5 39.9

Embedding-norm Effect Under Adaptive Optimizers
A potential concern is that our theoretical analysis, which
focuses on standard gradient descent, may not extend to
adaptive optimizers. To address this, we evaluate our embed-
ding norm mitigation strategies using the Adam optimizer
(Kingma, 2014). As shown in Table 6, the embedding-
norm effect persists under Adam optimization: both cut-
initialization and GradScale continue to provide consis-
tent improvements across SimCLR and SimSiam on both
Cifar-10 and Cifar-100. Table S4 reveals that our mitigation
strategies have the expected effects on embedding magni-
tudes even under adaptive optimization: cut-initialization
ensures small norms (||z]| = 2.1) while GradScale allows
them to grow (||z|| = 175) without affecting convergence.

Takeaways These results make it clear that the embed-
ding norm effect impacts SSL training — particularly in
non-contrastive models — and can be mitigated using our
proposed strategies. The effect appears most detrimental in
class-imbalanced settings, aligning with our results on SSL
confidence: imbalanced data creates variance in embedding
norms, destabilizing training. Nonetheless, there remain
questions which are beyond the scope of this work:

Open Question 6.1. Why are non-contrastive architectures
more sensitive to the embedding-norm effect?

Table 6. kNN accuracies at epoch 100 using the Adam optimizer
for SimCLR and SimSiam under embedding norm interventions.

Cifar-10  Cifar-100

Default 79.6 443

SimCLR Cut 79.9 453
GradScale 80.5 46.6

SimSi Default 73.7 36.4
mstam Cut 79.8 44.9

In addition to seeing that the embedding-norm effect is more
pronounced in attraction-only settings, we have found that
the embeddings can shrink even in the absence of weight
decay. We attribute the latter phenomenon to the network’s
shared weights: while our theory predicts uniform embed-
ding growth, producing these embeddings via a single set
of weights creates competition between different regions of
the latent space.

Finally, we have been careful to not describe the embedding-
norm effect as a strictly negative phenomenon. Consider
the common transfer-learning setting in which prototypical
class examples should anchor the learned representation
(Pan et al., 2019; Lee et al., 2022). Our findings suggest
the embedding-norm effect may naturally support this goal:
prototypical examples get large embedding norms and con-
sequently receive smaller gradients.

Open Question 6.2. Are there SSL training schemes in
which the embedding-norm effect is beneficial?

7. Discussion

In this work, we investigated a fundamental aspect of co-
sine similarity-based self-supervised learning: embedding
norms serve a dual role, both inversely scaling gradients and
encoding model certainty. These characteristics are intrinsic
to standard SSL models and our analysis showed how they
alter the expected training dynamics in both standard and
class-imbalanced settings.

Given that these properties are natively present in widely-
used SSL approaches, they suggest several research direc-
tions beyond those already stated in the paper. First, em-
bedding norms could serve as simple yet effective reliability
metrics during inference. Second, the embedding norms
provide a new lens for studying the modality gap in multi-
modal representation learning (Liang et al., 2022). Lastly,
the interplay between the embedding norm’s roles — as both
a confidence metric and gradient scalar — suggests training
pipelines that explicitly leverage both mechanisms.
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A. Proofs
A.1. Proof of Proposition 3.1

Proposition 3.1. [Prop. 3 in Zhang et al. (2020);> proof in A.1] Let Z be a set of points in R® and let z; and zj be a
positive pair in Z. Let ¢;; be the angle between z; and z;. Then the gradient of L’;‘]‘-(Z) with respect to z; is

1 2z 2 Z;
VA= (Id_w>az_<J)
‘ (EAl 2l /) Nzl lzill /..,

sin(d)ij) .

where a1} is the component of a orthogonal to b. This has magnitude || V|| = ol

Proof. We are taking the gradient of Eg“ as a function of z;. The principal idea is that the gradient has a term with direction
Z; and a term with direction —Z2;. We then disassemble the vector with direction Z; into its component parallel to z; and its
component orthogonal to z;. In doing so, we find that the two terms with direction z; cancel, leaving only the one with
direction orthogonal to z;.

Writing it out fully, we have £ = —z 2;/(||i]| - ||z;]). Taking the gradient amounts to using the quotient rule, with
f=—zzandg= |z |zl = V2 2y /z;—zj. Taking the derivative of each, we have

['=—z,
=

Zq Z;
g = e a—

Zi||l——— = ||%j
fa—gf  —@ilal- ez + (Nl -2 )
7 EIEREE
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where we use boldface z to emphasize which direction each term acts along. We now substitute cos(¢;;) = ;' 2, /(|2 -
|lz;]]) in the second term to get

f'g—4d'f _TE % cos(¢)
g* [EA (Bl

&)

It remains to separate the first term into its sine and cosine components and perform the resulting cancellations. To do this,
we take the projection of 2; = z;/||z;|| onto z; and onto the plane orthogonal to z;. The projection of Z; onto z; is given by

Z;
COS By ——
Yl
while the projection of z;/||z;|| onto the plane orthogonal to z; is
<I _ziz ) z;
1zill2 /) [l

T .
It is easy to assert that these components sum to z;/||z;|| by replacing the cos ¢;; by W
i 3

3Zhang et al. (2020) also showed corresponding results under SGD with momentum and Adam optimization (Kingma, 2014).
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Figure S1. Cosine similarity with respect to the direction indicated by the blue line. Three circles of radii 0.5, 1, and 2 are superimposed
to show that, for higher norms, the cosine similarity is less steep. Left: 3D Surface plot, right: 2D topview plot.

We plug these into Eq. 5 and cancel the first and third term to arrive at the desired value:

!y Ao .
fg2gf:_ cos -2
9 lzall = =l
1 (I zzz;r) zZ;
I3l (A Al
4 z; cos(¢)
212

_ -1 (1_ ﬂ) 7
B EIRVAE

We visualize the loss landscape of the cosine similarity function in Figure S1.

A.2. InfoNCE Gradients

Proposition 3.2. [Proofin A.2] Let Z be a set of points in R?, z; and z;j be a positive pair in Z, and V;“ be as in Prop. 3.1.
Then the gradient of L;;(Z) with respect to z; is

V= VAL I Z 5 ExpSim(z;, 1) ' )
Izl = Si 1z
k#i Zi

Let z, | # 1, be a sample in the denominator of EE(Z), then the gradient of L;;(Z) with respect to z; is

1 ExpSim(z;, 2)
[zl Si

V= (2i)1z- 3
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Proof. We are interested in the gradient of L& with respect to z;. By the chain rule, we get

sz

k
AEBIEA
0z,

Zk#z ExpSim(z;, zx)

VR =
¢ > ki EXpSIm(2;, z)
.
d 21 z
Zk;éz ExpSim(z;, z¢) i ||2ku
= S,
It remains to substitute the result of Prop. 3.1 for 0 ——— i /0z;.

Hz || HZH

We sum this with the gradients of the attractive term to obtain the full InfoNCE gradient for a positive sample.

Similarly, for z; we obtain

- PRI
Vi VR ExpSim(z;, ;) Tecll Tl _ ExpSlm(z“zl)( )L ©)
> ki EXpSIm(24, 21) Oz Sillzl] v
where the last equality follows again from Prop. 3.1. O

We note that the gradients of the InfoNCE loss on positive and negative samples are always tangent to the respective points.

A.3. Proof of Corollary 3.3

Proof. First, consider that we applied the cosine similarity’s gradients from Proposition 3.1. Since z; and (z;), ., are

orthogonal, ||2/||3 = ||z]|* + ﬁ”(»’lg)u 2. The second term is positive if sin ¢;; > 0, which is the case save for

identical or antipodal points, because then, we have ¢;; € (0, 7).

The same exact argument holds for the InfoNCE gradients. The gradient is orthogonal to the embedding, so a step of
gradient descent can only increase the embedding’s magnitude. [
A 4. Proof of Theorem 3.4

We first restate the theorem:

Let 2; and z; be positive embeddings with equal norm, i.e. ||2;|| = [|2;|| = p. Let 2] and z} be the embeddings after 1 step
of gradient descent with learning rate . Then the change in cosine similarity is bounded from above by:

.9
T o) AT s ysin® ¢y ~y Cos ¢
i 2i — 2 25 < = {2 — e .

We now proceed to the proof:

Proof. Let z; and z; be two embeddings with equal norm*, i.e. ||z;|| = ||z;|| = p. We then perform a step of gradient descent

to maximize 2;' Z;. That is, using the gradients in 3.1 and learning rate -, we obtain new embeddings z, = z; + ﬁ(éj) 1z

and z’. =z +H27-H(’§i)“j' Going forward, we write 0;; = (2;) 1., and 0j; = (£;) 12,50 2; = zi—l—%éij and z; =z;+ %6ji.
2

Notice that since 2; and d;; are orthogonal, by the Pythagorean theorem we have ||2{[|* = ||z;||> + L [|d;;[|* > [|2]|*. Lastly,

we define p/ = [|2/]| = [|24]].

*We assume the Euclidean distance for all calculations.
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We are interested in analyzing 2/ " 2 — 2] 2;. To this end, we begin by re-framing 2" Z:
5.\ 15
T [ FiT 0% Zj + 50
Fi %= o o
Ts: Ts.: 5T6..
o T Z; 5]1 Zj Oij 9 ViV
? Zi Zj+'}/ Zpl +'—Y p/ +')/ p/2 ]

We now consider that, since d;; is the projection of Z; onto the subspace orthogonal to z;, we have that the angle between z;
and ¢;; is m/2 — ¢;;. Plugging this in and simplifying, we obtain
T
2 0ji = [lzill - 10;4ll cos(m/2 — ¢45)
= [lzill - [10;4]| sin ¢s;

= psin® Gij-
By symmetry, the same must hold for ZJT ;.

Similarly, we notice that the angle v;; between J;; and 6;; is v;; = m™ — ¢;;. The reason for this is that we must

have a quadrilateral whose four internal angles must sum to 27, i.e. ¥;; + ¢;; + 25 = 2. Thus, we obtain (5;6]-1- =
;2

6i51] - [|05:]| cos(1) = — sin® s cos @ij.

We plug these back into our equation for 2/ T 2; and simplify:

1] 2T5. 210 516
Tt — — Z-T,z-—i—y’ Jl_'_,yj ]+'y2 ij %
LT e _ i J P P P2
= 1 2Tat ’ypsinQ Gij n 7,OSin2 bij .2 sin? ¢i; cos ¢ij:|
p/2 i ) p2
i . sin? ¢, cos ¢
= 2 2] 2 + 2ysin® ¢y — 72W] )

We now consider the original term in question:

1 inZ b - - T,
2Ts -5l 8 = [zj 2+ 2ysin? gy — 7220 013 €08 (b”] - a0
P P P
1| + . 9 , sin’ ®ij COS Py A
< = |7 2z +2vsin® ¢;; — 7y - =
2 [ i J i 2 2
1 . sin? ¢;; cos ¢
=— [27 sin? Pij — 72#
P P
_ 7 sin” ¢ [2 _ 7cos ¢w}
p? p?
o s’y
p
This concludes the proof. O

B. Simulations
B.1. Nonparametric Simulations

For the simulations in Section 4.1, we produced two datasets, X; and X5, independently by randomly sampling points
in R2Y from a standard normal distribution and normalizing them to the hypersphere. The i-th point in dataset X is the
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(a) (b)
Figure S2. Left: A depiction of 8 latent classes in 3D obtained via the description in Section B.2. Dashed lines represent vectors from the

origin to the mean of the distribution. Right: A depiction of the learned latent space (unnormalized) using the supervised InfoNCE loss
after 50 epochs of training.

positive counterpart for the ¢-th point in dataset X5. The first dataset is then set to be static while the second is modified in
order to control for the embedding norms and angles between positive pairs.

We optimize the cosine similarity by performing standard gradient descent on the embeddings themselves with learning rate
10. We consider a dataset “converged” when the average cosine similarity between positive pairs exceeds 0.999.

Controlling for angles. In order to control for the angle between positive pairs, we use an interpolation value @ € [—1, 1].

Let 1 be a static embedding in X; and x» be the embedding in X5 whose angle we wish to control. In expectation,
@(x1,x2) will be /2. We therefore define the embedding x5 whose angle has been controlled as

xh=x-(1—la|)+z1 -

Specifically, the mean angle among positive pairs is controlled using the « parameter. In essence, when a = 0, ©5 = .
However, when o = 1 (resp. a = —1), 2, = x1 (resp. x5 = —x1).

Controlling for embedding norms. This setting is simpler than the angles between positive pairs. We simply scale X5 by
the desired value.

B.2. Parametric Simulations

We restate the entire implementation for the simulations in Section 4.2 for completeness. We choose centers for 4
latent classes {c1, c2, c3, ¢4} uniformly at random from S'° by randomly sampling vectors from a standard multivariate
normal distribution and normalizing them to the hypersphere. We then obtain the latent samples Z around center c; via
z ~ N(c;,0.1 - T) and re-normalizing to the hypersphere. For each center, we produce 1000latent samples; these constitute

our latent classes. We depict an example of 8 such latent classes (in 3 dimensions) in Figure S2a. We finally obtain the
dataset by generating a random matrix in R'1*54 and applying it to the latent samples.

We train the InfoNCE loss via a 2-layer feedforward neural network with the ReLU activation function in the hidden layer.
The network’s output dimensionality is R 5o that, after normalization, it can reconstruct the original latent classes. We

train the network using the supervised InfoNCE loss with a batch size of 128. Each data point’s positive pair is simply
another data point from the same latent class.

We visualize the learned (unnormalized) embedding space in Figure S2b.
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C. Further Discussion and Experiments
C.1. Experimental Setup

Unless otherwise stated, we use a ResNet-50 backbone (He et al., 2016) and the default settings outlined in the SimCLR
(Chen et al., 2020a) and SimSiam (Chen & He, 2021) papers. We use le-6 as the default SImCLR weight decay and 5e-4
as the default SimSiam one. When running on Cifar-10 and Cifar-100, we amend the backbone network’s first layer as
detailed in Chen et al. (2020a). We use embedding dimensionality 256 in SimCLR and 2048 in SimSiam. When reporting
embedding norms, we use the projector’s output in SimCLR and the predictor’s output in SimSiam: these are the spaces
where the loss function is applied and therefore where our theory holds.

Due to computational constraints, we run with batch-size 256 in SimCLR. Although each batch is still 256 samples in
SimSiam, we simulate larger batch sizes using gradient accumulation. Thus, our default batch-size for SimSiam is 1024.
Our base learning rate is set to 0.18 - BatchSize /256 for SImCLR and 0.12 - BatchSize/256 for SimSiam. We employ a
10-epoch linear warmup followed by cosine scaling. For all cases, we use k = 200 for the £-NN classifier and apply it on
the normalized embeddings.

C.2. Opposite-Halves Effects

We devote this section of the Appendix to studying the role of the angle between positive samples on the cosine similarity’s
convergence under gradient descent. Referring back to Figure 2a, we see that the effect is most impactful when the angle
between positive embeddings is close to 7, i.e. ¢;; > m — € for € — 0. The following result shows that this is exceedingly
unlikely for a single pair of embeddings in high-dimensional space:

Proposition C.1. Let z;, x; ~ N(0,1) be d-dimensional, i.i.d. random variables and let 0 < ¢ < 1. Then

Pl&/d; >1—¢] < !

= 2d(1—e)? ™

Proof. By Smith et al. (2023), the cosine similarity between two i.i.d. random variables drawn from N (0, I) has expected
value ;1 = 0 and variance 02 = 1/d, where d is the dimensionality of the space. We therefore plug these into Chebyshev’s

inequality:
Pr {

—Pr {

T,
x; T

1
sl - [l

kQ

u’ Zka] <

.
x; Tj k

1
) s 2 <
sl -l 11— \/E} TR

We now choose k = v/d(1 — ¢), giving us

P [
It remains to remove the absolute values around the cosine similarity. Since the cosine similarity is symmetric around 0, the
likelihood that its absolute value exceeds 1 — ¢ is twice the likelihood that its value exceeds 1 — €, concluding the proof.

|y } <1
I >]—g| < — .
[Jawall - [l d(1—e)?

We note that this is actually an extremely optimistic bound since we have not taken into account the fact that the maximum
of the cosine similarity is 1. O

The above proposition represents the likelihood that one pair of embeddings has large angle between them. It is therefore
exponentially unlikely for every pair of embeddings in a dataset to have angle close to 7, as we would require Proposition C.1
to hold across every pair of embeddings. Thus, the opposite-halves effect is exceedingly unlikely to occur.

In accordance with this, Table S1 shows that, after one epoch of training, positive pairs of embeddings have angle greater
than /2 at a rate of around 5% and 25% for SimCLR and SimSiam/BYOL, respectively. So even if the ‘strongest’ variant
of the opposite-halves effect is not occurring, a weaker one may still be. However, very early into training (epoch 16),
every method has a rate of effectively O for the opposite-halves effect. Furthermore, the rates in Table S1 measure how
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Table S1. The rate at which embeddings are on opposite sides

of the latent space (angle between a positive pair is greater than Table S2. kNN accuracies for SimSiam trained with
m/2) for various datasets and SSL models. various batch sizes. We performed training for both
Effect Rate  Effect Rat the default and cut-initialized variants and reported
Model Dataset cct Rate cet Rate kNN accuracies at 100 and 500 epochs.
Epoch 1 Epoch 16 -
Epoch Batch Size
SimCLR Imagenet-100 2% 0% P 256 512 1024
Cifar-100 11% 1%
100 Default 46.1 412 326
SimSiam magenet-10026% 1% Cut(c=9) 431 465 443
Cifar-100 21% 0%
500 Default 59.1 604 613
pyoL  [magenet-100 28% 1% Cut(c=9) 594 589 615
Cifar-100 20% 0%

Table S4. Final embedding norms at
epoch 100 for SimCLR trained with
Adam optimizer on Cifar-10, demon-

Table S3. Linear probe accuracies at epoch 500 for default, cut-
initialized and GradScale training on a subset of our image datasets.

Cifar-100  Tiny Imagenet strating the effect of different mitigation
Default 508 41.9 strategies on embedding magnitude.
SimCLR  Cut (¢ = 3) 63.2 42.8 Method  Embedding Norm
GradScale 62.2 432
Default 81.0
- Default 63.7 - Cut 2.1
SimSiam :
Cut (¢ =9) 64.2 - GradScale 174.8

often ¢;; > 7. This is the absolute weakest version of the opposite-halves effect. Thus, while some weak variant of the
opposite-halves effect may occur at the beginning of training, it does not have a strong impact on the convergence dynamics
and, in either case, disappears quite quickly.

C.3. Weight Decay

We evaluate the effect of weight decay in the imbalanced setting in Figure S3, which is an analog of Figure 5 for the
imbalanced Cifar-10 dataset detailed in Section 6. We again see that using weight decay controls for the embedding norms
and improves the convergence of both models. In correspondence with the other results on imbalanced training, we find that
stronger control over the embedding norms leads to improved convergence: the high weight decay value does not perform as
poorly on SimCLR as in Figure 5 and, on SimSiam, outperforms the other weight decay options.

C.4. Cut-Initialization

We plot the effect of the cut constant on the embedding norms and accuracies over training in Figure S4. To make the effect
more apparent, we use weight-decay A = 5e — 4 in all models. We see that dividing the network’s weights by ¢ > 1 leads to
immediate convergence improvements in all models. Furthermore, this effect degrades gracefully: as ¢ > 1 becomes ¢ < 1,
the embeddings stay large for longer and, as a result, the convergence is slower. We also see that cut-initialization has a
more pronounced effect in attraction-only models — a trend that remains consistent throughout the experiments.

We also show the relationship between cut-initialization and the network’s batch size on SimSiam in Table S2. Consistent
with the literature, we see that training with large batches provides improvements to training accuracy. However, we note
that larger batch sizes also significantly slow down convergence. However, cut-initialization seems to counteract this and
accelerate convergence accordingly. Thus, training with cut-initialization and large batches seems to be the most effective
method for SSL training (at least in the non-contrastive setting).
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Figure S3. An analog to Figure 5 performed on the exponentially imbalanced Cifar-10 dataset. Weight decays are [0, le-5, 5e-2] for
SimCLR and [0, 5e-4, 5e-2] for SimSiam. We plot the effective learning rate in the bottom row. This is calculated by scaling the learning
rate by the inverse of the mean embedding norm.
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Figure S4. The effect of cut-initialization on Cifar-10 SSL representations. x-axis and embedding norm’s y-axis are log-scale. A = be—4

in all experiments.

D. More details on gradient scaling layer

An implementation of our GradScale layer can be found in Listing 2 and pseudocode in Algorithm 1. We note that this layer

is purely a PyTorch optimization trick and does not amount to implicitly choosing a different loss function:

Proposition D.1. Lett € R"™ be a unit vector, p : R"\{0} — [—1,1], z + t ' 2/||2|| the cosine similarity with respect to t,

a€R ando : R" — R, z — ||z||%. Then the vector field oNp has a potential q, i.e., Vq = oVp, only for « = 0.

Proof. Suppose oVp has potential. Consider two paths with segments s;,s2 and s3,s4 going ¢ — 2t — —2t¢ and
t — —t — —2t, where the segments s, s4 scaling +¢ — £2¢ are straight lines and the other segments sz, s3 follow great
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Listing 2. PyTorch code for gradient scaling layer
class scale_grad_by_norm(torch.autograd.Function) :
@staticmethod
def forward(ctx, z, power=0):
ctx.save_for_backward(z)
ctx.power = power
return z
@staticmethod
def backward(ctx, grad_output) :
z = ctx.saved_tensors([0]
power = ctx.power
norm = torch.linalg.vector_norm(z, dim=-1, keepdim=True)
return grad_output * normx*power, None

Algorithm 1 Pytorch-like pseudo-code using the gradient scaling layer

Input: Encoder network model, gradient scaling power p
z = model(batch)

z = grad_scaling layer.apply(z, p)

sim = (H'z—H)T ﬁ
loss = InfoNCE(sim)

loss.backward)()

circles on S™1. By Proposition 3.1, we know that Vp(z) = 0 for z € Rz - t. So oVp is zero on 51 and s4. Moreover, we
have

/ oVpdz = / |z[|“Vpdz = / 2°Vpdz = 20‘/ Vpdz = 2% (p(2t) — p(—2t)) = 2*! (8)
So S2 S2 S2
and similarly

/ oVpdz =14-2=2. )

53

Since we assume the existence of a potential, we can use path independence to conclude

2o+l — / oVpdz = / oVpdz = / oVpdz = / oVpdz = 2. (10)
So 81,82 83,84 83
Thus, oo = 0 and o does not perform any scaling. O
E. Additional figures

We provide a bar plot analogous to Figure 3 in Figure S5.

We also show each Cifar-10 class’s 10 highest and 10 lowest embedding-norm samples in Figure S6. These are obtained
after training default SimCLR on Cifar-10 for 512 epochs. We see that the high-norm class representatives are prototypical
examples of the class while the low-norm representatives are obscure and qualitatively difficult to identify. This property
was originally shown by Kirchhof et al. (2022).
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Trained on Cifar-10 Trained on Cifar-100

Figure S5. Bar plot which is analogous to Figure 3 showing embedding magnitudes on each dataset split as a function of which dataset the
model was trained on. All values are normalized by training set’s mean embedding magnitude. Normalized means are represented by
black bars. We use the same data augmentations for the train and test sets for consistency.

High Norm Exemplars Low Norm Exemplars

X XK
ReEARTE .

Figure S6. Left: Highest-norm representatives (top 10) per class. Right: Lowest-norm representatives (bottom 10) per class. All from
default SimCLR trained on Cifar-10.
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