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Abstract

We formulate a point-source localization prob-
lem in d dimensions, where a source inside the
ball of radius R emits a signal that is picked up
by various sensors located at the surface of the
ball. For d = 3, this can model problems in neu-
ral sensing, where a net of electroencephalogra-
phy (EEG) or magnetoencephalography (MEG)
sensors try to locate the source of a distinct neu-
ral event such as a seizure. For a power law de-
cay model with exponent o > 0 for the sensors,
we obtain a lower bound on the minimax risk
for localizing the source that is asymptotically
d20_2 R2cx+2
ey sy under mean-squared error loss, where
o2 is the noise variance, P is the signal power,
K is the number of sensors, and n is the num-
ber of independent measurements. In the case
d < 2(« + 1) with uniformly distributed sensor
locations, we then give a matching upper bound,
including getting the exact constant correct, for
the asymptotic minimax rate in a neighborhood
of the origin. We show that there is a phase tran-
sition at d = 2(« + 2), above which a certain
Fisher information quantity is minimized at the
boundary of the ball, and below which it is min-
imized at the origin. At the critical dimension
d = 2(a + 2), the Fisher information is constant
throughout the entire parameter space. For the
special case d = 3, we supplement and com-
pare this information-theoretic analysis with a
simulated forward EEG model that uses a realis-
tic head model derived from population-averaged
magnetic resonance imaging data.
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1 INTRODUCTION

A ubiquitous problem in neural sensing, as well as other
remote sensing applications such as global positioning, is
to localize the source of an event from electromagnetic or
other signals picked up by various sensors. In this paper,
we formalize the problem of localizing a point-source event
as a parametric statistical problem. We focus mainly on a
scenario where the sensors are distributed across the sur-
face of a d-dimensional ball, with d = 3 being the obvi-
ous motivating example. In the case of neural sensing, this
scenario models a net of electroencephalography (EEG) or
magnetoencephalography (MEG) sensors on the surface of
the head, and a distinct neural event happening somewhere
inside the brain. Accurately estimating the location of an
event such as a neural response or a seizure onset is of great
interest in both neuroscience and clinical contexts, with
several techniques proposed that utilize optimization and
machine-learning approaches (Hdmiéldinen and Ilmoniemi,
1994, Jatoi et al., 2014; Lee and Choi, 2009; Michel and
He, 2019; Sun et al., 2022).

Obtaining fundamental limits to understand what localiza-
tion error is possible at a given signal-to-noise ratio has
received less attention, which has limited our understand-
ing of topics such as optimal sensor placement. In a few
past works, information-theoretic tools have been used to
analyze the fundamental limits of similar point-source lo-
calization problems. In particular, Venkatesh and Grover
(2017) focus on the EEG problem and use Fano’s method
for a statistical lower-bound, but limit their explicit analy-
sis to the d = 1 case. They are able to get interesting lower
bounds without making explicit assumptions on the shape
of the “sensor model” other than some Lipschitz continuity
assumptions. Their lower bounds show how the localiza-
tion error decays as the number of sensors and independent
measurements increase, but is only tight for these quantities
up to arbitrary scaling factors. The same authors have also
explored how spherical harmonics and the spatial Nyquist
rate can inform an information-theoretic view of the EEG
sensing problem (Grover and Venkatesh, 2017).

By contrast, in this paper we explicitly handle the general
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d case, and in particular focus on d = 3. We bring physics
into the setup, by modeling how measurement strength de-
cays as a function of source distance to each sensor. These
changes lead to a much more realistic model of the EEG
problem, and allow us to characterize how the localization
difficulty varies as a function of source depth from the sur-
face of the sphere.

We take a Fisher information approach, which enables us to
fully characterize the (asymptotic) minimax risk for the lo-
calization problem, including getting the correct constant.
Fisher information is a powerful tool for parametric statis-
tical lower bounds. It can be used for both unbiased estima-
tors via the usual Cramér-Rao bound (Cramér, 1946; Rad-
hakrishna Rao, 1945), as well as biased estimators using a
Bayesian bound (Gill and Levit, 1995). It is also the cor-
rect measure for asymptotic complexity, giving both upper
and lower bounds in the local asymptotic minimax theory
(Hajek, 1972; LeCam, 1970; Van der Vaart, 2000). While
the usual bounds focus on mean-squared error, Fisher infor-
mation can be used to give lower bounds for any L” loss as
described by Chen and Ozgiir (2024). Other recent works
that have used Fisher information to get lower bounds on
nontrivial estimation problems include (Barnes and Ozgiir,
2021), that shows how the Fisher information can be related
to other information-theoretic measures such as mutual in-
formation; and (Lee et al., 2021), that deals with estimation
over an analog communication channel which is conceptu-
ally similar to neural sensing.

1.1 Relation to Prior Work

Previous work by Mosher et al. (1993) also looked at the
Fisher information quantity in neural sensing to use with
the Cramér-Rao lower bound. They do not analytically
characterize the error rate, and instead rely only on sim-
ulation. Their simulations are based on a four-sphere head
model, with four concentric spheres each modeling dif-
ferent conductivities for the different layers (brain, cere-
brospinal fluid, skull, and scalp). In Section 5, we build on
the Fisher information framework developed in the present
paper, as well as that of Mosher et al., by showing that
the Fisher information quantity can be computed (or ap-
proximated) in a more realistic model of a human brain
built with anatomical magnetic resonance imaging (MRI)
data. These simulations provide a proof of concept that the
Fisher information quantities can be computed to guide real
localization problems.

By handling the general d case instead of just the simplified
d = 1 case, and by getting a matching (asymptotic) achiev-
ability result, we fundamentally advance the current state
of understanding for information-theoretic limits in local-
ization from (Grover and Venkatesh, 2017; Venkatesh and
Grover, 2017; Xu and Coleman, 2020). The power-law de-
cay model we define shortly does not previously appear in

this literature, and so the analysis of its Fisher information
is also new. However, our analysis does build on past work
that considers how Fisher information can inform the lo-
calization problem such as (Mosher et al., 1993) (which fo-
cuses on simulation), and (Xu and Coleman, 2020) (which
only considers d=1). By providing the first tight bounds
that work in d = 3, we open up the possibility of analyzing
the gap from optimality in localization algorithms used for
technologies like EEG, and can help inform the design of
these critical technologies. Furthermore, our analysis of the
Fisher information for the power law model reveals a new
and unexpected result — that the Fisher information can be
minimized at the center of the ball or the outer boundary,
depending on the dimension d.

In practice, localization is done via a linear forward model
(such as the one described here in Section 5), which is used
to solve the associated ill-posed inverse problem through
regularization to obtain an estimate of the neural activity
at each of the discretized locations (i.e. voxels) of the
brain. The estimate of neural activity can then be used
to estimate the location of a distinct event or cluster of
activity. Multiple algorithms have been proposed to im-
prove the accuracy of source localization, including classi-
cal optimization-based methods such as MNE (Hadméldinen
and Ilmoniemi, 1994) and LORETA/sLORETA (Pascual-
Marqui et al., 2002, 1994), to more recent deep learning-
based approaches (Sun et al., 2022). The localization error
reflects a combination of inverse-algorithm-related factors
(e.g. optimization techniques, regularization) and sensing
modality constraints (e.g. electrode placement, SNR, depth
of the region of interests). These two factors cannot be
disentangled in evaluation, making it difficult to interpret
if the localization error is due to the limitation of the in-
verse algorithm or fundamentally due to the physical con-
straints/limitations of the sensing modality. Our work is
aimed at addressing this issue by establishing the funda-
mental limits of estimating the location parameter theta (i.e.
of the sensing modality itself), which are universal and hold
regardless of the choice of inverse algorithm. Because our
bounds are the first asymptotically tight bounds for the lo-
calization problem, they help understand whether poor lo-
calization is due to unavoidable physical constraints, or if
there is still room for improvement with a better inverse al-
gorithm (especially at high electrode densities, which is a
problem of increasing interest). This further opens up the
possibility of assessing how far from optimality any local-
ization algorithm is, regardless of whether it uses the linear
inverse or a maximum-likelihood type approach. In subse-
quent work, we intend to utilize these fundamental limits
with matching upper bounds to determine optimal sensor
placements in complex geometries, such as those obtained
when sources in the region of interest lie in a sulcus. Practi-
cally, these placements and optimized algorithms can help
improve clinical inferences for epileptic source localiza-
tion, which is a problem of immense clinical importance
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(Michel and He, 2019).

1.2 Paper Outline

The paper proceeds as follows. In Section 2, we mathemat-
ically formulate the source localization problem and intro-
duce the necessary Fisher information quantities. In Sec-
tion 3, we use these quantities to obtain fundamental limits
(lower bounds) on the minimax risk for the localization er-
ror. In Section 4, we analyze the Fisher information matrix
to obtain achievable error rates (upper bounds), attained by
the maximum likelihood estimator. In Section 5, we com-
pute the Fisher information matrix on a realistic forward
model of EEG, and qualitatively compare it with the an-
alytical theory. In Section 6, we conclude by mentioning
several future directions.

2 TECHNICAL PRELIMINARIES

Suppose there are K sensors that each measure Y; for i =
1,..., K, and their goal is to localize (i.e., estimate) an
event @ = (01,...,04) that lies in some open set © C R%.
We assume

Y =2z(0) + Z, (1)

where z(0) is a known deterministic function of 6 that de-
scribes the sensor model, and Z ~ N(0, 021 ) is additive
white Gaussian noise. The Fisher information matrix for
estimating 6 from Y is

Iy (0) = Eyyo [(Vologp(y|0)) (Vo logp(yl0))"] ()

82
= —Eyq [(Mbg?(ym)j’k] . 3)

where p(y|0) is the density (with respect to the Lebesgue
measure) of the random variable Y for a particular param-
eter value 0. The alternative form (3) holds provided that
sufficient regularity conditions hold (Kay, 1993), and this
will be the case throughout the paper. We will sometimes
refer to the trace of the matrix (3) as the Fisher informa-
tion. We use (-, -) to denote the standard inner product and
|l - || to denote the Euclidean norm.

Proposition 1. For the measurement model in (1), the en-
tries of the Fisher information matrix can be written as

1/ 0 0
(0, ) @

Proof. The density p(y|0) is

[y (0)]jr =

_ lz(0) —yl?
P = e ()
so that
9 10 ,
%bgpww) = —ﬁaf‘,jllw(@ —yll (6)

7= 8793
and
2 1 &9 0
90.90 1ng(y|9) _ggafosz(e)aiekxz(e) (8)

Taking the expected value, the second term becomes zero,
and we get (4) as desired.

O

We emphasize that because of the potentially nonlinear
function x(0), the Fisher information matrix (which is d
by d), is different from the inverse noise correlation matrix
(which is K by K). It is instead related to the derivatives
(or the Jacobian matrix) of x(#), as seen in Proposition 1.

2.1 Sensor Models

Suppose that our K different sensors are at positions
s1,...,SK where each s; € R%, and we constrain the sen-
sors to be on the sphere of radius R. Let the set of possible
parameters O that we are interested in be the open ball of
radius R contained in this sphere, i.e.,

O={0cR?: |0 <R}. (10)

(i) We first consider a power law decay model, as would
be the case with a point-charge (« = 1) or dipole’
(o = 2) (Buzsdki et al., 2012). In this model

VP

=) = 5 =g

QY

for some o > 0 and some nominal power P > 0.

Proposition 2. Under the power law decay model in
(11), the Fisher information is given by

a?p K 1
Tr(Iy(9)) = o2 Z [s; — 0]|2o+2 : (12)
i=1 17"

Proof. In this case,

2

1 d
Tr(Iy(0) = — > (13)
j=1

0
87@-:6(0)

"We call the o = 2 case the “dipole” case because it decays
radially at the same rate as a dipole’s potential field. A true dipole
also has an orientation, as well as near and far field effects, which
are not accounted for in this model. A more realistic dipole model
could be worked out separately from the general o framework we
work with in this paper.
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1 K
=52 IV (0 (14)
=1
o?P K 1
p— . 15
7 e g (09
O

Note that if 6 is the origin and since ||s;|| = R,

o?’PK

Tr(ly (0)) = —5psarz - (16)

(ii) Under other general conditions, such as uniformly
bounded gradient magnitudes

IVozi(0)|” < G, 17
(14) gives
G
Tr(Iy(0)) < o (18)

If the parameter space O is reparameterized by a linear map
6 = An, then the Fisher information matrix is transformed
by

Iy(n) = ATIy (0 = An)A . (19)

In particular, if A is a rotation matrix (i.e. AAT =), then
both Tr(Iy(n)) = Tr(Iy (6 = An)) and TI’(Iy<’I7)_1) =
Tr(Iy (6 = An)~1).

3 MINIMAX LOWER BOUNDS

In this section we consider lower bounds on the minimax
squared-error risk in estimating 6, i.e.,

igfsupIEyn|9||§—9H2 , (20)
6 0cO

where 6 is an estimate of 6 from the measured data. We
assume that we observe n independent measurements of Y’
for the same 6, and 6 is a function of those n measurements.

In a Bayesian setting, if the parameter 6 is taken from a
prior distribution ; on ©, then the Van Trees inequality
(Gill and Levit, 1995) gives

2
Egyn |0 — 0|7 > nEop,[Tr(Iy (0))] + J (1) @D
where
[Vor(0)]?
— [ WVOHVN 40 22
J(n) /@ 1(0) ¢

is the Fisher information from the prior.

In order to optimize the lower bound given by (21), it would
be advantageous to find the prior ;¢ on © that minimizes

(22). For the parameter space O’ = (—B, B), such a y is
known (see Tsybakov (2009); Uhrmann-Klingen (1995)),
and results in

d 2
() = B - (23)

One can show that the order 1/B? is tight for the smallest
ball containing ©’ by using Stam’s ineguality (Stam, 1959)
J(W)N(p) > d, where N(p) = 5-ea™X) is the entropy
power. This yields

min J(p) > d
supp(u)CBa(VdB) N maXsupp(u)gBd(\/aB) N(/.L)
(24)
Cyq
- 25)

where Cy = 2eI'(d/2 + 1)%/? = Q(d) with the standard
gamma function I'. Line (25) follows from uniform distri-
butions maximizing entropy over compact supports (Cover
and Thomas, 2006).

Equations (24) and (25) show that for the natural parameter
space in this problem (the d dimensional ball of radius R),
there are bounds on how small the Fisher information from
the prior can be. This bound is roughly the same as that for
the d dimensional box that is contained in the ball, so we
do not lose much in our lower bound by using either the
box or the ball. Either one could be used in the proof of
Theorem 1 below.

There is a close connection between minimax estimation
and Bayesian estimation. Bayes risk always lower bounds
minimax risk, and if a Bayes estimator for a given prior has
the same Bayesian risk as worst-case risk, then it must also
be a minimax estimator (and the prior must be the worst-
case) (Lehmann and Casella, 1998). Fisher information is a
tool of interest to understand both of these quantities, and in
that sense our contributions can also potentially help with
the Bayesian case. While we do not explicitly focus on
analyzing the Bayesian risk of this estimation problem for
various priors, such as the ones discussed above, we note
that the inequalities in Gill and Levit (1995) that we use
here would be a useful starting point.

Theorem 1. Under the power law decay model in (11),
let © be the ball of radius R. Then, for any measurable
estimator 0,

d20.2R2a+2

PR (1 —onk(1)). (26)

sup Ey [0 — 6] >
0co

If instead we have bounded gradients as in (17), then

d?o?
nGK

sup Eyn 9]0 — 6] > (1—onk(1)) . @7
0cO

Remark 1. The little-o terms above approach zero as the
product nK goes to infinity, even if n = 1. The R?**2
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term is interesting in that it becomes very disadvantageous
to have sensors further from the source.

Proof. We begin with the proof of (26). Let B = ﬁ

2(n 3
and note that © = (—B, B)Y C ©. When nK is large
and B is smagll, the Fisher information (15) can be bounded
above by —$25 (14 0,k (1)) uniformly over ©’. This is
because for 6 € ©’,

si — 0| > [|R— (28)
oot
so that each term in (12)
1 1
[s; — O][2+2 = 2a+2 - 29
(2 (-5r))
(nK)3
Furthermore, if
d 2
nTr(Iy (6)) > 2 (30)

B2

then the Fisher information from Y dominates the Fisher
information from the prior in (21), and this will be the case
uniformly in § € ©’ when the product nK is large.

We have

SupEyn‘g”é\—eHQ > sup Eyn|g||é\—9||2 31
0€0 9co’
> Eyn goull6 — 0] (32)
d2
> (33)
nEo,.[Tr(Iy (0))] + J (1)
d2
T B (14 0,k (1) + 22
(34
d202R2o¢+2

1—onk(1)) .

na?PK (1= 0nx (1)) - 33)
The proof of (27) is similar, except that in step (34) we
instead directly use (18). ]

Remark 2. It will become clear in Section 4 that for d <
2(a + 2), focusing on the subset of the parameter space
near the origin gives best possible lower bound from (21) —
this is where the Fisher information is minimized.

4 ACHIEVABLE MINIMAX RATES

In order to get a matching asymptotic upper bound, we
need to consider how our sensors are positioned, i.e., the
values of s = (s1,...,5K). For example, if all of the
sensors are positioned on one side of the ball, then the
worst case 6 that maximizes the expected error would intu-
itively be on the other side of the ball. To simplify this

problem, we will assume that the sensors are uniformly
placed around the surface of the sphere. This may be a
reasonable assumption in the EEG example, where a net
of sensors (with as high density as possible) is placed with
roughly uniform placement about the scalp. This assump-
tion can break down as the source approaches the boundary
of the ball, where it becomes important whether the source
is close to the exact location of a sensor or not — since signal
strength can get arbitrarily large close to a sensor. However,
this is not a concern with noninvasive sensing such as EEG.

Formally, the uniform sensor assumption is realized by
choosing the sensor locations to be independent and iden-
tically drawn random variables S; taken from the uniform
distribution (i.e., the Haar measure) on the sphere. We still
assume that the locations are known, so really we consider
the Fisher information from the parametric model

p(s,yl0) = p(s)p(yl0,s) - (36)

This does not change the score vector in that
Vg logp(y, s0) = Vg logp(y|f, s) . 37
Note, however, that the Fisher information entries

[Iy (0)];, are now averaged over the uniformly distributed
locations S;. This along with (19) also means that
Tr(Iy(0)) and Tr(Iy (6)~!) are invariant to rotations, i.e,
they are spherically symmetric.

The Fisher information matrix characterizes the complexity
of the parameter estimation problem asymptotically as the
number of independent samples n goes to infinity, and lo-
cally around the particular 6 used to evaluate Iy (6). More
concretely, we consider the maximum likelihood estimator

~

On(y,s) =arg§na><p<y = (' ....y"),

s=(s',...,s") 9) (38)
=arg max lo i ste 39
g1 ; gp(y’, 5'|6) (39)

:argeminz lz(0,s") —y'||*.  (40)

i=1

If the statistical model p(y, s|0) satisfies a technical condi-
tion known as differentiability in quadratic mean, then this
estimator is known to be asymptotically normal in the sense
that \/n(6,, — ) converges to N(0, Iy (6) ') in distribu-
tion (see Van der Vaart (2000) Thm 5.39). In our case, with
additive Gaussian noise, the required technical conditions
do hold provided that z(6) is a smooth function. In gen-
eral, this convergence in distribution does not also imply
convergence in moments, however, in our scenario, we find
that \/n(8,, — ) does have a convergent L2 norm and

nEyn gnigllfn — 0> = Tr(Iy (0)~Y) . (@1)
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See the appendix for details on the convergence of the
mean-squared error.

In light of (41), we would like to understand Tr (I v (6) ’1),
and we have the following characterizations of the Fisher
information matrix.

Proposition 3. With uniformly random sensor locations
and the point-source model in (11), the Fisher information
matrix Iy (0y) is diagonal at the point 0y = (c, 0, ...,0).

Proof. For j # Kk, consider an off-diagonal entry
Ly (60)],k-
_ Sij — 00] 51k_90k)
Ly (60)]j.% = /Z T5: — Go[2oF ds
(42)
_ 2PK/ 51— 00,5)(s1,k — Qo,k)ds
[[s1 = Bol[?>*4 '
(43)
_QPPK [ [{Rptids,  jork =1
o [ s gk A1
(44)
=0. (45)

Here we use ds to denote the product integral [ [, ds; where
each ds; denotes integration with respect to the Haar mea-
sure. Equation (42) follows from Proposition 1 and (11).
The final step follows from the oddness of the function with
respect to sp 5 along with the symmetry of the Haar mea-
sure. The symmetry we use is the fact that the Haar mea-
sure is invariant to the change of variables sq 5 — —s1
(i.e., the reflection of s; across axis k). So we can break
the integral into the space with positive sy j, values and the
space with negative s j, values, and the two terms cancel.

We do not need to deal with entry [Iy(6p)]1,1, since we
are only trying to show the matrix is diagonal, i.e., the off-
diagonal entries are zero. O

The next lemma shows that Tr(/y (6)) exhibits striking be-
havior as the dimension d changes. For d < 2(a + 2), the
trace of the Fisher information is minimized at the origin,
suggesting that it is the most difficult part of the parameter
space to localize. At what we term the critical dimension,
d = 2(a+ 2), the trace of the Fisher information is exactly
constant throughout the ball. For d > 2(« + 2), the trace
of the Fisher information is minimized at the boundary of
the ball. Note that in the practically relevant d = 3 case, d
is smaller than the critical dimension for all « > 0. So for
our main application (and, indeed, most applications) the
Fisher information at the center of the ball is key to char-
acterizing the minimax rate. However, in high dimensions
we have the counterintuitive result that this is no longer the
case. While it is more difficult to work with Tr(Iy-(9)~1)

instead of Tr(Iy (6)), we are nonetheless able to show that
for d < 2(a + 1) the quantity Tr(y (0)~!) is maximized
at the origin over a neighborhood of the origin, and that for
d > 2(« + 2), it is not maximized at the origin.

Lemma 1. The sum of the diagonal entries of the form
(42),

2PK
Tr(Iy (0)) = Z/ H:i 9||2a+4d51 (46)

o?PK
- d 47
L /||sl—9|\2a+2 s, (4D

has the following properties.

(i) If d < 2(cv + 2), then Tr(Iy(0)) achieves its unique
global minimum at 0 = 0.

(ii) If d = 2(« + 2), then Tr(Iy(0)) is constant over all
feco.

(iii) If d > 2(« + 2), then Tr(Iy (0)) approaches its mini-
mum only at the boundary, i.e., as ||0]] — R.

Proof. The function in (47) is a superposition of shifted
copies of the map 6 — W. The trace of the Hessian
(i.e., the Laplacian) of this map is

9 —2(a+1)(d - 2(a+ 2))
v ((0% +

1
Ct 9§)a+1> (4 02t
(48)
which is positive, zero, or negative everywhere it is defined
(everywhere but at the origin) depending on whether we
are in case (i), (ii), or (iii), respectively. Using dominated
convergence to interchange limiting operations, the trace of
the Hessian of (47) must also be positive, zero, or negative,
respectively, for all ||0]] < R. Since (47) is the convolu-
tion of a spherically symmetric function with a spherically
symmetric measure, it is also spherically symmetric. We
can therefore parametrize (47) by a function g(r = ||0|]).
Again using dominated convergence, we have that g is in-
finitely differentiable for » < R. For spherical symmetric
functions, note (Taylor, 2020)

Tr(Hessian, (r = 6]) = ¢"() + —1g/(r) . 49)
(Case (i)): By symmetry g’(0) = 0 and therefore (49) im-
plies ¢”’(0) > 0 and 0 is a local minimum. Supposing,
for contradiction, that g is not strictly increasing in r, then
there must exist an 0 < 79 < R with ¢’(r¢) = 0 and
9" (ro) < 0. At ro, (49) must be less than or equal to zero.
But this contradicts the trace of the Hessian being positive
for ||0]| < R, and therefore g must be increasing in r.

(Case (ii)): When the Laplacian is zero, g(r) must satisfy
the differential equation

g'(r)=0 (50)
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with initial conditions ¢’(0) = 0 and ¢g(0) = go. The
unique solution is the constant function g(r) = go.

(Case (iii): By the argument in Case (i), except negating the
quantities in question, we see that g must be decreasing in
r. Note also that (47) is bounded below by zero, so we can
extend g by continuity to the closure [0, R], and its value
on the boundary g(R) will be its minimum. O

One way of thinking about Lemma 1 is that the trace of the
Fisher information is either subharmonic, harmonic, or su-
perharmonic, along with being spherically symmetric, de-
pending on which of the three cases is true.

We now turn to analyzing Tr(ly (6)~1), which does not
uniformly satisfy the same (sub)harmonicity properties as
in Lemma 1. However, we can still build on the techniques
from Lemma 1 to show the following properties. In Lemma
2 below, it is more challenging to show optimality of the
origin than in Lemma 1, and we only show it for a slightly
smaller subset of d values (for a fixed «).

Lemma 2. Ifd < 2(a + 1), then Tr(Iy(0)~') is maxi-
mized at 0 = 0 over a neighborhood U C © containing the
origin.

Proof. We consider only a single term of the summation in

(46),
2PK
/ ” (515 =03)° 4 (s

Iy (0)].5 5] — 9||2a+4

92
which is a superposition of shifted copies of 6 — ToEeT-

The trace of the Hessian of this map is

VQ 0]2 _ 2
(07 + ...+ 02242 | (62 ... +02)+2
(a+2)(10+2(d—1) —4(a +3))

(07 +...+06%)+3

(52)

which is strictly positive if d < 2(a+ 1). Using dominated
convergence, the trace of the Hessian of (51) is also strictly
positive for ||0] < R.

Note that
(f( )) jif ( W(f) %(9)) (53)
:féy(m?$92_va0é®
Setting f(8) = [Iy(8)];,; we have V f(0) = 0 by symme-

try, so that \V& (%) < 0. Therefore, the summation

d

1
=2 0T, ©3)

J=1

also has V2¢(0) < 0, and by the symmetry with respect
8; (0) < 0.
This means ¢ has a local maximum along the line 0o =
(¢,0,...,0) at the origin. By Proposition 3, ¢(6y) matches
Tr(Iy (0o)~1) along this line. By the rotational symmetry
of Tr(Iy (6)~1), this establishes # = 0 as its local maxi-
mum. O

to different coordinates ¢ = 1, ..., d we have

Lemma 3. Ifd > 2(a+2), then Tr(Iy (6)~
at the origin over all 6 € ©.

1Y is minimized

Proof. By Jensen’s inequality and a singular value decom-
position,
d2
Tr(Iy(0))
with equality at @ = 0. In the case d > 2(a + 2), the proof
of Lemma 1 shows that

d? d?
< )
Tr(Iy(0)) = Tr(Iyv(6))
with equality only at # = 0. Putting (56) and (57) together

Tr(Iy (9)~') is lower bounded by the constant
and there is equality only at § = 0.

< Tr(Iy(0)71), (56)

(57)

TV(I (0))
0

Finally, using these observations about the Fisher informa-
tion, we can write down an upper bound on the minimax
rate that matches the lower bound from Theorem 1.

Theorem 2. For the power law decay model in (11) with
uniformly distributed sensor locations, if d < 2(a + 1),
then
d20'2 R2a+2
o?PK
(58)

n-of <

inf sup lim nEyn Sn‘g‘
{6,} 6cU P00

where the outer infimum is over all sequences of measur-
able estimators {0,,}, and the supremum is over all § € U
as defined in Lemma 2.

Proof. The result follows immediately from (41) along
with Lemma 2. O
L. d2o2 R2o+2 . «
The minimax rate 25— suggests the following “rule
of thumb” for the point-source localization problem: if sen-
sors are twice as far away from a dipole that you are trying
localize, you can expect the worst case mean-squared lo-
calization error to increase by a factor of 22012 = 26, and
this corresponds to a factor of v/26 = 8 in the Euclidean
distance localization error.

While we only formally establish the origin as the worst
case locally, we can numerically verify how the Fisher in-
formation behaves as we move radially from the surface
of the sphere for any individual choice of d, . In Figure
1, we numerically compute the curve of how Tr(Iy (6)~1)
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varies across depth for the point-charge (o = 1) and dipole
(a = 2) cases across different numbers of dimensions d.
The trace of the inverse matrix behaves similarly to the
trace of the original matrix as described in Lemma 1, in
that there is a change in behavior exactly at the critical
d=2(a+2).

point-charge
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Figure 1: The trace of the inverse Fisher information
matrix as a function of source distance from center in

a =1 (top) and o« = 2 (middle) cases for various
dimensions. Weusen =1, K = 71, R = .08m, and U—PZ
set so that signal power to noise variance is 0.1 at § = 0.
The bottom plot compares this same quantity for o« = 1,2
in the case d = 3.

S SIMULATIONS

To investigate how the Fisher information varies with
source depth in EEG, we utilize the high-resolution New
York head model from Huang et al. (2016). This standard-
ized finite-element head model is based on the averaged

anatomy of 152 MRI scans, with the goal of making its ge-
ometry and tissue segmentation representative of the gen-
eral population. In our analysis, this head model provides
the biophysical basis for EEG forward modeling, which
links source activities inside the brain to scalp potentials
recorded by EEG sensors. The resulting model is linear
and is represented by a matrix multiplication

Y = Lsy+ Z. (59)

The vector sy € RM encodes the single-timepoint activi-
ties in a discretized volume of M brain sources, with sg ;
specifying the dipole strength at position 6;. The forward
matrix L € RE*M maps source space to sensor space,
where each column characterizes the scalp potential vector
resulting from a unit activation at the corresponding source
location. Y € R thus denotes the vector of EEG mea-
surements at a single time point across K scalp sensors,
and Z € R¥ models additive Gaussian noise. This formu-
lation can be easily extended to model time series data.

The forward matrix L encodes the geometric and conduc-
tivity properties of the head. In this work, we use the New
York head model segmented into six tissue types, each with
isotropic conductivity (indicated in brackets): white matter
(0.126 S/m), gray matter (0.276 S/m), cerebrospinal fluid
(1.65 S/m), skull (0.01 S/m), scalp ( 0.465 S/m), and air
(2.5e-14 S/m)—with a spatial resolution of 0.5mm. The
computation of L is performed using the FieldTrip tool-
box (Oostenveld et al., 2011), which discretizes the head
volume into meshes using the finite element method and
solves the quasi-static Poisson equation to determine the
potential at the scalp sensors. We use K = 71 sensing
channels on the scalp (Fig. 2). A total of M = 13,318
sources are defined within the brain. Computations were
run on a 64-core CPU (AMD Ryzen Threadripper Pro
3995WX) with 512 GB of RAM. Construction of L took
three days to run, which dominated the rest of the compute
time needed.

To investigate how the Fisher information quantity varies
with source depth, we construct source arrays originating
from the cortical surface and extending toward the brain
center. For each array, sources are sampled at 1 cm in-
tervals, starting from a cortical surface source inward to
the brain center, up to a depth of 6 cm, corresponding to
the minimum distance from any surface point to the brain
center. Cortical surface points are sampled to provide ap-
proximately even coverage of array orientations across the
head. For simplicity, all source dipoles are assumed to have
aradial orientation, directed outward from the brain center.

We calculate the Fisher information quantity according
to (4). Spatial derivatives are approximated using finite dif-
ferences with neighboring sources along the RAS anatom-
ical coordinate system (R: right, A: anterior, S: superior,
see Figure 2), up to 1.5 cm away. The noise variance o2
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Figure 2: Scalp sensor positions (blue) and brain sources
(gray) in the RAS coordinate system, with axes R (right),
A (anterior), and S (superior). The head schematic
(courtesy of Complete Anatomy software) illustrates the
orientation of these axes relative to the brain.
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Figure 3: Trace of the inverse Fisher information matrix as
a function of approximate source distance to the scalp
surface. Sources at each depth are spaced by
approximately 1 cm, and the x-axis does not start at 0 due
to skull thickness separating brain tissue from the scalp.

is chosen such that resulting average signal-to-noise ratio
is 0.1 when the brain-center source is activated with unit
strength. Figure 3 shows the trace of the inverse Fisher in-
formation matrix, with the median and interquartile range
across 2,649 sampled sources at six depth levels. It also
shows the theoretical curve Tr(Iy (6)~1), like from Fig-
ure 1, that fits the median best (least squares) with d = 3,
which is at « = 1.75. Figure 4 shows the locations of the
sampled sources colored by the trace of inverse Fisher in-
formation matrix. Sources located near the cortical surface
generally have smaller values. In contrast, sources closer to
the brain center and those near the bottom of the brain ex-
hibit much larger values. This is because medial sources
are far from all sensors and therefore difficult to record
from, while ventral sources are especially hard to detect
since there are no sensors placed below the skull base.

The trace of the inverse Fisher information matrix in Fig-
ure 3 exhibits a qualitatively similar trend to those of Fig-

Trace of Inverse Fisher Information Matrix (m?2)
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Figure 4: Trace of the inverse Fisher information matrix
across sampled brain sources. The color scale is truncated
at the 99th percentile due to outliers.

ure 1 (ford = 3 and 1 < a < 2), and the magnitudes of
the quantities are comparable. We would not necessarily
expect perfect correspondence — the non-uniform nature of
the realistic head model should account for local variations
in geometry and conductances throughout the brain. This
also manifests as the considerable variability of the quanti-
ties in Figure 3 at each given depth.

6 CONCLUSIONS

In this paper, we framed the point-source localization prob-
lem as a parametric statistical problem, and derived the
minimax rates using Fisher information. We then com-
puted similar Fisher information quantities in a realistic
head model for EEG to build understanding of the funda-
mental limits for real neural sensing problems. There are
several ways to extend our results in future research, e.g.:
(1) Incorporating spatial correlation models of noise based
on realistic models/data (see “brain noise” in Grover and
Venkatesh (2017)). The idea would be to add noise at each
sensor with correlation that depends on how close the sen-
sors are to each other. This would be particularly relevant in
the high- K regime to understand the limits there; (ii) Uti-
lizing these bounds to optimize sensor placement, and get-
ting as close as possible to the fundamental limits with few
sensors; (iii) Examining which of the existing EEG/MEG
source-localization algorithms, if any, approach fundamen-
tal limits in the limit of high sensor density.
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Checklist

1. For all models and algorithms presented, check if you

include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes/No/Not Applicable] Yes. In Section 2 we
describe the mathematical setting for our point
source localization problem.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes/No/Not Applicable] Yes. Sections 3 and 4
are devoted to analyzing the sample complexity
of the estimation/localization problem.

(c) (Optional) Anonymized source code, with spec-
ification of all dependencies, including external
libraries. [Yes/No/Not Applicable] Yes. The
code for our plots and simulations is provided
with the supplementary material.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of all
theoretical results. [ Yes/No/Not Applicable] Yes.

(b) Complete proofs of all theoretical results.
[Yes/No/Not Applicable] Yes. All proofs are pro-
vided in the main text, except for a detail regard-
ing the convergence of the mean-squared error
for the maximum likelihood estimator, which is
provided in the appendix.

(c) Clear explanations of any assumptions.
[Yes/No/Not Applicable] Yes.

3. For all figures and tables that present empirical results,

check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Yes/No/Not Applicable] Yes. The code and in-
structions needed for our plots and simulations is
provided with the supplementary material.

(b) All the training details (e.g., data splits, hyperpa-
rameters, how they were chosen). [Yes/No/Not
Applicable] Not Applicable

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to the
random seed after running experiments multiple
times). [Yes/No/Not Applicable] Yes.

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes/No/Not Applicable] Yes.
We describe the compute used for the simluations
in Section 5.

4. If you are using existing assets (e.g., code, data, mod-

els) or curating/releasing new assets, check if you in-
clude:

(a) Citations of the creator If your work uses existing
assets. [Yes/No/Not Applicable] Yes. We use a
realistic head model by Huang et al. (2016) as
well as the FieldTrip toolbox (Oostenveld et al.,
2011) and cite both of them in the text.

(b) The license information of the assets, if applica-
ble. [Yes/No/Not Applicable] Not Applicable

(c) New assets either in the supplemental material or
as a URL, if applicable. [Yes/No/Not Applica-
ble] Not Applicable

(d) Information about consent from data
providers/curators.  [Yes/No/Not Applicable]
Not Applicable

(e) Discussion of sensible content if applicable, e.g.,
personally identifiable information or offensive
content. [Yes/No/Not Applicable] Not Applica-
ble

5. If you used crowdsourcing or conducted research with

human subjects, check if you include:

(a) The full text of instructions given to participants
and screenshots. [Yes/No/Not Applicable] Not
Applicable

(b) Descriptions of potential participant risks, with
links to Institutional Review Board (IRB) ap-
provals if applicable. [Yes/No/Not Applicable]
Not Applicable

(c) The estimated hourly wage paid to participants
and the total amount spent on participant com-
pensation. [Yes/No/Not Applicable] Not Appli-
cable



Appendix

A  LIMITING MEAN-SQUARED ERROR RATE OF THE MLE

Recall that we have the maximum likelihood estimator

é\n € argmax p(y, s|d) . (60)
0eU

By U we mean the closure of U, and by continuity the likelihood will achieve its maximum on the compact set U.

First note that the model p(y, s|0) is identifiable in the sense that p(y, s|@) is not identical to p(y, s|6*) for any 6 # 6*. This
can be seen by fixing a collection of s values and considering the conditional distributions p(y|6, s) which are Gaussian with
a particular mean. Each sensor position s; considered specifies a distance ||s; — || via the mean z;(¢). Once sufficiently
many sensor positions have been considered, 6 is fully specified (i.e., its position is “triangulated”). The identifiability
property means that §n is a consistent estimator of 0 (see Lemma 5.35 and Theorem 5.14 in Van der Vaart (2000)).

Consider a first order Taylor expansion of

lys(0n) = Vologp(y,s|0)],_5. ©1)
at the true 0,
Uy (8) + Hessy(10g p(y. 510)) (O — 0) + R = Ly 5(6) (62)
where each component of the remainder vector 12 can be written as
1

R, = —(gn — Q)THQSSQ ( g

0=0~

log p(y, SIG))

and 0™ is a point on the line between 6 and é\n (with possibly a different 6* for each component ¢, j, k). Multiplying (62)
by 1/n,

1 1 ~ 1 1 ~
Eﬂy,s(é‘) + EHeSSQ(logp(y7 s]0))(0, — 0) + ER = Efy,s(ﬁn) ) (64)

Taking the third partial derivatives of log p(y, s|6), we get

1 93 1o .
S | 9 < l i 65
1 90,00, 90; ogp(y,s|d) S Co +Cln ; lly* {1 (65)

where the constants Co, C; depend on the maximum possible magnitude of some derivatives of z;(0) over all § € U.
The random vectors Y are sub-Gaussian under the true probability distribution p(y, s|6) = p(y|s, 0)p(s) since p(y|s, 0) is
Gaussian with means and variances bounded across all s values. Therefore, each entry of %Hesse (% log p(y, s|¢9))

6=0~
has a sub-Gaussian tail bound with

1
Prg (

n 060,00;00y,

3

log p(y,s|6) > Ch + t) <ectn (66)

=0~

The above holds no matter what §* is (provided it is in U/), and the probability is over the distribution with respect to the
true parameter 6.

Note the following additional continuity and concentration conditions, which all hold for our statistical model p(y, s|6):
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i. each entry of ﬁéyﬁs(é‘) = ﬁ St Valogp(y', s'|6) is sub-Gaussian with variance O(1)

ii. each entry of LHessy(logp(y,s|f)) = L 31" | Hessg(log p(y?, s°|6)) is sub-Gaussian with variance O(1/n)
iii. Ey, gj9[Hessg(logp(Y,S[0))] = —Iy (0) is continuous in &

The first two properties follow from the first two derivatives (with respect to ) of the function log p(y, s|6) being sub-
Gaussian. This is because they are Gaussian under the law of y conditioned on s, and are therefore a mixture of Gaussians
(with bounded means and variances). The last property follows by our equivalent form for Iy (#) and using dominated
convergence to take limits inside the integral with respect to ds.

We write
%R = M(b, —0) (67)
and formally manipulate (64) to get
VB, — ) = (1 Hessg (log p(y. s|6)) + M) s (ty.60n) = £y,5(0)) - (68)
n vn
We are going to break the probability space into three disjoint events, the first of which is
E, = {y, s : Jan entry of %Hesse(log p(y,s|f)) that varies by more than #from its mean or (69)

1 1
3 an entry of —Hessy 9 logp(y,s|0) with magnitude greater than Cj) + ——~ 5 . (70)
n 00, nl/3

6=0*
The key properties of event F; are that it has exponentially decreasing probability and that for sufficiently large n, outside
of /1 the matrix

(;HeSSQ(logp(y,sW)) +M) (71)

has a minimum singular value oy > 0. For the minimum singular value property, consider the following. Iy (0) is invertible
with some nonzero minimal singular value and Iy-(6) is continuous. Shrinking U if necessary, Iy (#) has a nonzero minimal
singular value across all § € U, and then for sufficiently large n we have +Hessy(log p(y, s|f)) has a nonzero minimal
singular value outside of F/;. Furthermore, the entries of M are bounded outside of £y and can be made small enough by
shrinking U.

Because the maximum likelihood estimator is consistent, Pr(||§n — 0] > ep) < &, for some &, — 0. We define

Ey=ESN{y,s: |6, — 0| >en}, (72)
and
Es = ECNES. (73)
We have
nEyn_gnio]|0n — 0| :/ 1|6y, — 8]?dPyn snjg (74)
E,
+/ 118, — 0124 Py g0 (75)
E,
+/ )6, — 0]2dPyn g - (76)
E3

1
Using property (ii) and (66), and a union bound over entries, the probability of E is less than 2(d? + d®)e=“"® for some
c > 0 related to the sub-Gaussian constants. Therefore (74) can be bounded by

/ 1|0, — 0]|?dPyn gnjg < 8R*n(d? + d®)e™"" = 0. (77)
E;
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By Cauchy-Schwarz, consistency, and (68), we can bound (75) by,

4

-~ gn
/1E2 -n[|0, — 0]*dPyn gnjp < ng Eyn g0 -0, (78)
0

w CROVEYO)

where the convergence to zero is due to property (i) bounding the fourth moment term by a constant. Finally we are left
with the “nice” set E3. In this set, for sufficiently large n, we have that 6,, is in the interior of U and therefore must satisfy

-~

Ly s(0,) = 0. We also have

(iHesse(logp(y,SW)) + M) LIy (0) . (79)
Therefore
~ 1 2
/Egn||9n — 0)[*dPyn gm0 —>/ Iy(e)—lﬁey,s(e) dPyn g (80)
= / Tr (Iyw)‘liéy,s(e)éy,sw)%(@)*) dPyn gnj (81)
=Tr (Iy(@)_l / %éy’s(e)fy,s(e)TdPYn,Sn‘9 Iy(e)—T) (82)
=Tr(Iy(0)™") . (83)

We can justify the interchange of limits to get (80) by using the minimum singular value o outside of £ and property (i).



