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Abstract

We address the problem of quantum reinforce-
ment learning (QRL) under model-free settings
with quantum oracle access to the Markov De-
cision Process (MDP). This paper introduces a
Quantum Natural Policy Gradient (QNPG) algo-
rithm, which replaces the random sampling used
in classical Natural Policy Gradient (NPG) esti-
mators with a deterministic gradient estimation
approach, enabling seamless integration into quan-
tum systems. While this modification introduces a
bounded bias in the estimator, the bias decays ex-
ponentially with increasing truncation levels. This
paper demonstrates that the proposed QNPG algo-
rithm achieves a sample complexity of O(¢~1-5)
for queries to the quantum oracle, significantly
improving the classical lower bound of O(e~2)
for queries to the MDP.

1. Introduction

Reinforcement Learning (RL) is a foundational framework
for sequential decision-making, with applications spanning
robotics, finance, transportation, and healthcare (Al-Abbasi
et al., 2019; Gonzalez et al., 2023; Tamboli et al., 2024,
Wang et al., 2023). The goal of an RL agent is to derive a
policy that maximizes the discounted sum of expected re-
wards through interactions with the environment. A promi-
nent approach to solving this problem is the policy gradi-
ent (PG) method, which optimizes directly in the policy
space. In classical RL, the optimal sample complexity of
this approach has been established as O(¢~2) (Mondal &
Aggarwal, 2024a). Quantum computing has shown potential
for speedups in areas such as mean estimation (Hamoudi,
2021), multi-armed bandits (Wan et al., 2023; Wu et al.,
2023), and tabular reinforcement learning (Ganguly et al.,
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2025; Zhong et al., 2024). This work aims to explore po-
tential quantum speedups for reinforcement learning with
general parameterized policies.

A key enabler of quantum speedups is the quantum evalua-
tion oracle, which leverages quantum parallelism, amplitude
amplification, and entanglement. This powerful concept has
been utilized in foundational algorithms such as Grover’s
search (Grover, 1996). In this work, we assume access to a
quantum transition oracle and a quantum initial state oracle,
which serve as quantum analogs for sampling from the clas-
sical environment and the initial state distribution, respec-
tively. Using these quantum oracles, we aim to demonstrate
the speedups that quantum computing can provide in the
context of reinforcement learning.

Quantum computing principles have shown significant im-
provements in areas such as quantum mean estimation
(Hamoudi, 2021) and quantum stochastic convex optimiza-
tion (Sidford & Zhang, 2024). However, quantum reinforce-
ment learning (RL) presents unique challenges. Unlike clas-
sical algorithms, quantum methods rely on deterministic op-
erations, complicating the design of unbiased estimators for
policy gradients. This paper addresses the trade-off between
bias and unbiased estimation by introducing a novel deter-
ministic algorithm that facilitates quantum-compatible gra-
dient estimation. While this approach introduces a bounded
bias, it achieves orders reduction in sample complexity com-
pared to its classical counterparts.

1.1. Challenges and Contributions

In this work, we introduce the first quantum model-free re-
inforcement learning (RL) algorithm with theoretical guar-
antees, addressing the challenges posed by large state and
action spaces. To our knowledge, this is the first work to
coherently embed the entire Natural Policy Gradient (NPG)
into a quantum state by leveraging only the standard envi-
ronment oracles from reinforcement learning. This novel
construction allows subsequent quantum subroutines to uti-
lize these NPG gradients directly in superposition, enabling
potential accelerations in policy optimization. Extending
classical model-free RL algorithms to the quantum domain
is nontrivial. Specifically, classical model-free algorithms
(Mondal & Aggarwal, 2024a; Liu et al., 2020; Agarwal
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et al., 2021) typically rely on sampling trajectories of ran-
dom lengths following a geometric distribution for policy
gradient estimation. However, encoding such trajectories
with random lengths into quantum systems is challenging.
To address this, we propose a novel deterministic sampling
algorithm that uses truncation to estimate both the Fisher
matrix and the policy gradient. We further develop a mini-
batch strategy to incorporate quantum variance reduction
into the Natural Policy Gradient (NPG) update. By carefully
analyzing the bias introduced by the truncation, we show
that our approach achieves a sample complexity of @( e 19,
surpassing the classical lower bound of @(672). To the best
of our knowledge, this is the first work to demonstrate quan-
tum speedups for parameterized model-free infinite-horizon
Markov Decision Processes (MDPs).

It should be noted that SGD-based approaches have been
shown to achieve a sample complexity of @(6*1‘5) for
stochastic convex optimization (Sidford & Zhang, 2024).
However, reinforcement learning (RL) presents a fundamen-
tally different set of challenges compared to stochastic con-
vex optimization. While insights from the literature suggest
that O(e~'%) is likely the best achievable sample complex-
ity for SGD-based approaches, this limitation arises because
quantum computing can accelerate the inner loop but not
the outer loop of such algorithms. To achieve better sample
complexity guarantees, stochastic cutting-plane methods
have been proposed in (Sidford & Zhang, 2024). Extending
these methods to RL, however, would require an entirely
new algorithmic framework. This is due to the non-convex
nature of RL with general parameterization, which makes
direct adaptation infeasible. Moreover, the techniques used
in (Agarwal et al., 2021) to transition from local to global
convergence are not applicable in this context, preventing
similar guarantees for such methods in RL.

1.2. Contributions

The main contributions of this paper are summarized as
follows:

* We construct a quantum oracle for NPG gradient estima-
tion by leveraging fundamental oracles from the Markov
Decision Process (MDP), ensuring efficient computation
in quantum environments.

* We modify the classical Natural Policy Gradient (NPG)
algorithm into a deterministic setting, enabling seam-
less integration into quantum systems while maintaining
bounded gradient estimation bias.

* Our proposed approach achieves a sample complexity
of O(e~1), which surpasses the classical lower bound
of O(e~2), demonstrating a significant improvement in
efficiency.

1.3. Related Work and Preliminaries

Quantum Mean Estimation: Mean estimation focuses on
determining the average value of samples drawn from an
unknown probability distribution. Notably, quantum mean
estimation provides a quadratic improvement over classical
methods (Montanaro, 2015; Hamoudi, 2021). This enhance-
ment arises from the utilization of quantum amplitude am-
plification, which facilitates the suppression of undesired
quantum states relative to the target states to be extracted
(Brassard et al., 2002).

In what follows, we define the key concepts and results
related to quantum mean estimation that are central to our
analysis. Specifically, we introduce the definition of a classi-
cal random variable alongside the quantum sampling oracle,
which is used to perform quantum experiments.

Definition 1 (Random Variable, Definition 2.2 of (Cornelis-
sen et al., 2022)). A finite random variable can be repre-
sented as X : 2 — F for some probability space (92, P),
where ( is a finite sample set, P : Q — [0, 1] is a probability
mass function and E C R is the support of X. (2, P) is
frequently omitted when referring to the random variable
X.

To perform quantum mean estimation, we provide the defi-
nition of quantum experiment. This is analogous to classical
random experiments.

Definition 2 (Quantum Experiment). Consider a random
variable X on a probability space (2,2, P). Let Hq, be a
Hilbert space with basis states {|w) },cq and fix a unitary
Up acting on Hg such that

Up : |0) — Z VP (w)|w)

weN

assuming 0 € 2. We define a quantum experiment as the
process of applying the unitary Up or its inverse Uy, ! on any
state in Hg,.

The unitary operator Up enables the query of samples of
the random variable in superposition, forming the basis for
the speed-ups achieved in quantum algorithms. To perform
quantum mean estimation for random variable values (Cor-
nelissen et al., 2022; Hamoudi, 2021; Montanaro, 2015), the
implementation of an additional quantum evaluation oracle
is required.

Definition 3 (Quantum Evaluation Oracle). Consider a fi-
nite random variable X : 2 — FE on a probability space
(92,22, P). Let Hq, and H g be two Hilbert spaces with ba-
sis states {|w) }weo and {|z) }zc g respectively. We say that
a unitary Ux acting on Ho ® H g is a quantum evaluation
oracle for X if

Ux : |w)]0) = [w) [ X (w))

for all w € (2, assuming 0 € F.
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Next, we present a key quantum mean estimation result that
will be carefully employed in our algorithmic framework
to utilize the quantum superpositioned states collected by
the RL agent. One of the crucial aspects of Lemma 1 is
that quantum mean estimation converges at the rate (’)(%)
as opposed to classical benchmark convergence rate O(ﬁ)
for n» number of samples, therefore estimation efficiency

increases quadratically.

Lemma 1 (Quantum multivariate bounded estimator,
Theorem 3.5 of (Cornelissen et al., 2022)). Given ac-
cess to the quantum sampling oracle Ux and let d
be the dimension of X, for any 6,6 > 0 there
is a procedure QuantumMeanEstimation (X,4,0) that
uses O(L/dlog(1/6)/6) queries and outputs an esti-
mate [i of the expectation p of any d-dimensional ran-
dom variable X satisfying Var[X] < L? with er-
ror | — p|l < & < L and success probabil-
ity 1 — 6. Furthermore, if d < L+/dlog(1/6)/s,
QuantumMeanEstimation (X, d,0) can be implemented
using Algorithm 2 in (Cornelissen et al., 2022).

Quantum Reinforcement Learning: In recent years, Quan-
tum Reinforcement Learning (QRL) has garnered substan-
tial interest from the research community (Dong et al., 2008;
Paparo et al., 2014; Dunjko et al., 2017; Jerbi et al., 2021).
Within this field, studies on the Quantum Multi-Armed Ban-
dits (Q-MAB) problem have demonstrated exponential re-
ductions in regret by leveraging amplitude amplification
techniques (Wang et al., 2021b; Casalé et al., 2020). How-
ever, the theoretical foundations of Q-MAB approaches are
not directly applicable to QRL, primarily due to the lack of
state transitions in bandit problems.

Although interest in QRL has been growing, most existing
works are still limited to the tabular setup. For instance,
(Zhong et al., 2024; Ganguly et al., 2025) showed that log-
arithmic regret is achievable in episodic/average reward
Markov Decision Processes (MDPs) using model-based ap-
proaches, while (Wang et al., 2021a) investigated the infinite
horizon discounted MDP framework with tabular model-
free setups. However, the results don’t directly extend to
large state spaces, where a parameterized policy is used.
Further, the problem becomes non-convex due to the use
of general parameterization. To the best of our knowledge,
ours is the first work to address infinite horizon MDPs with
general parameterized policies.

2. Formulation
2.1. Quantum Computing Basics:

In this section, we provide a concise overview of the key
concepts relevant to our work, drawing from (Nielsen &
Chuang, 2010) and (Wu et al., 2023). Let C™ denote
an m-dimensional Hilbert space. A quantum state |z) =

(x1,...,2,)T can be represented as a vector within this
space, satisfying the normalization condition ), |z;|? = 1.
Fora finite set{ = {&1,...,&n } of melements, each &; € ¢
can be mapped to an element of an orthonormal basis in C™
as follows:

& = &) = e, (nH

where e; represents the ¢th unit vector in C™. Utilizing this

notation, any arbitrary quantum state |z) = (21, ..., Zm)7
can be expressed in terms of the elements of ¢ as:
m
|JT> = an‘gn>7 2)
n=1

where |x) is a quantum superposition of the basis states
|€1), - -, |&m), and 2, denotes the amplitude corresponding

to |€,). To extract classical information from the quantum
state, a measurement is performed, causing the state to col-
lapse to one of the basis states |;) with probability |;|2.
In quantum computing, quantum states are typically repre-
sented using input or output registers composed of qubits,
which may exist in superposition.

2.2. MDP Formulation

We analyze a Markov Decision Process (MDP) represented
by the tuple M = (S, A, r, P,~, p), where S and A denote
the state space and action space, respectively. The reward
function r : § x A — [0, 1] assigns a reward to each state-
action pair, and the state transition kernel P : S x A — AlSI
defines the probabilities of transitioning between states (with
AlS! denoting the probability simplex over |S| states). The
discount factor v € (0,1) determines the importance of
future rewards, while p € AlS! specifies the initial state dis-
tribution. A policy 7 : S — A4l provides the probability
distribution over actions for a given state. The ()-function
for a policy 7, corresponding to a state-action pair (s, a), is
defined as follows:

Q™ (s,a) =2 E Z’ytr(st, a)

t=0

SOZS,GOZG]

Here, the expectation is taken over all trajectories
{(s¢, ar) }$2 induced by 7, where s; ~ P(s;_1,a;—1) and
a; ~ 7(s;) forall t > 1. Similarly, the V -function associ-
ated with the policy 7 is defined as:

Z v'r(se, ar)
t=0

The advantage function is then given by:
A™(s,a) £ Q" (s,a) — V7 (s), V(s,a) €S x A

The primary objective is to maximize the following function
over all possible policies:

JT AR, [V(s) = ﬁ Z dy(s,a)m(als)r(s,a)

VT(s) 2 E

S0 = s] = Z (als)Q™ (s, a)

acA
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Here, the state occupancy dj; € AlSlis defined as:

=) ZVtPT(St =slso ~p, ), Vs €S

t=0

dy(s) = (1

The state-action occupancy v € AlS*Al i similarly de-
fined as 7 (s, a) £ d7(s)7(als) forall (s,a) € S x A. In
practical applications, the size of the state space often neces-
sitates parameterizing policies using deep neural networks
with d-dimensional parameters. Let 7y represent a policy
parameterized by § € R9. Under this parameterization, the
optimization problem can be reformulated as:

s @

For simplicity, we denote J* as J,(0) throughout the re-
mainder of this paper.

2.3. Quantum access to an MDP

We adopt the framework and notations of quantum com-
puting from (Zhong et al., 2024; Wiedemann et al., 2022;
Ganguly et al., 2025; Jerbi et al., 2023) to design the quan-
tum sampling oracle for reinforcement learning (RL) envi-
ronments, enabling the modeling of an agent’s interactions
with an unknown MDP environment. We proceed to define
quantum-accessible RL environments corresponding to the
classical MDP M. For an agent at step ¢ in state s; and per-
forming action a;, we construct quantum sampling oracles
for the transition probabilities of the next state, P(-|s¢, at).
To this end, let two Hilbert spaces, S = CISl and A = CIAI,
represent the superpositions of classical states and actions,
respectively. The computational bases for these Hilbert
spaces are denoted as {|s)}scs and {]a) }oc4. We assume
the ability to implement the following quantum sampling
oracles:

* Quantum transition oracle Up : The quantum evaluation
oracle for the transition probability (quantum transition
oracle) Up which at step ¢, returns the superposition over
s’ € S according to P(s’|s¢, at), the probability distribu-
tion of the next state given the current state |s;) and action
|a:) is defined as:

Up = |s¢)|ar)|0) = [se)]ar) Z VP (s |st,a1)ls") (4)

s'eS

* Quantum initial state oracle U, : The quantum sampling
of the initial state distribution (quantum initial state oracle)
U, which when queried, returns a superposition over s €
S according to p is defined as:

0) = > Vn(s)ls) ©)

seS

We also assume the ability to construct a unitary 1I that
coherently implements a policy 7y:

* Letmg : Sx.A — [0, 1] be a reinforcement learning policy
acting in a state-action space S X A and parametrized by
a vector § € R? (that can be encoded with finite precision
as |#)). We say that the policy is quantum-evaluatable if
we can construct a unitary satisfying:

)Y Vmlals)a).  (6)

acA

IT: |0)]5)|0) — [0)]s

This construction is particularly intuitive for certain quan-
tum policies, such as RAW-PQC which is introduced in
(Jerbi et al., 2023). However, any policy that can be clas-
sically computed can also be converted into such a unitary
operation through quantum simulation of the classical com-
putation of (m(als) : a € A) and leveraging established
methods to encode this probability vector into the ampli-
tudes of a quantum state (Grover & Rudolph, 2002). With
access to quantum oracles for both the environment and
the policy in (4)-(6), it becomes possible to design subrou-
tines capable of generating superpositions of trajectories
with fixed length within the environment and calculating the
returns associated with these trajectories. We can further
utilize Up, U, and II defined above to construct a unitary
Up(ry) as follows: Let M be a quantum-accessible MDP
with oracles Up,U, as above, and let mg be a quantum-
evaluatable policy with its unitary implementation II as
defined above. Given a fixed number N, the unitary Up ()
that prepares a coherent superposition of all trajectories
7~ = (S0, a0,--.,8N—1,an—1) of length N (without their
rewards) is defined as ,

p(ry) © 10)]0)2N = 16) Z\/Pe (rn)lv) (D)

for Py(tn) = p(s0) [Ty mo(as|se)P(se41]5¢, ar). The
details of constructing Up ) using Up, U, and II are char-
acterized in Appendix A.

3. Proposed Algorithm

A common way to solve the maximization (3) in clas-
sical methods is via updating the policy parameters by
applying the gradient ascent: 65411 = 0y + nVoJ,(0k),
k € {0,1,-- -} starting with an initial parameter, 6,. Here,
1 > 0 denotes the learning rate, and the policy gradients

(PG) are given as follows (Sutton et al., 1999).
1 s
Vo, (0) = T E (s ,a)~vro [A™ (s,a)Vglogme(als)]

®)

This paper uses the natural policy gradient (NPG) to update
the policy parameters. In particular, Vk € {1,2,---}, we
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Algorithm 1 Quantum Natural Policy Gradient

1: Input: Policy Parameter 6, State distribution p, Run-
time Parameters K, H, N, 64, 6, Learning Parameters
(n, &), NPG initialization wg

2: for k < {0, K —1}do
3 X, Vo < 0
4. forhe{0,---,H—1}do
5: {Mini-Batch Quantum SGD}
6 gn + QVarianceReduce(j,(7n|0x),57) Ob-
tain gradient estimator K
7: F, <« QvarianceReduce(F,(rn|0k),6%)
Obtain Fisher estimator
8: va(w, TN> — Frw — g ~
9: NPG update: wy, 41 = wp, — aV, L(w, TN)|w=w}
10:  end for L
11: W = WH
12:  Policy Parameter Update:
Or+1 < O + nw an
13: end for
14: Output: {0;}1—'
have,
Or1 = Ok +1F,(05) Vo, (01) 9

where T is the Moore-Penrose pseudoinverse operator, and
F), is called the Fisher information matrix which is defined
as follows V0 € R4,

F,(0) =

=E(a)wre [Vglog mg(als) ® Vglogmg(als)]

(10)

where ® denotes the outer product. In particular, for any

aceRI a®ga=aal.

Letw; = F,(0)VgJ,(6). Notice that we have removed
the dependence of w; on p for notational convenience. In-
voking (8), the term wj can be written as a solution of a
quadratic optimization (Peters & Schaal, 2008). Specifically,
wy = argmin,, L, = (w, 0) where L, =0 (w, 0) is the compat-
ible function approximation error and it is mathematically
defined as,

1 1
Ly (w,0) = §]E(s,a)~up [1 — A™(s,q)
9 (12)
—wTVylog m(as)}

Using the above notations, NPG updates can be written
as Opy1 = O +nwi, k € {1,2,---} where w; = wy, .
However, in most practical scenarios, the learner does not

have knowledge of the state transition probabilities, making
it difficult to directly calculate wj,. In the following, we
clarify how one can get its sample-based estimates. Note
that the gradient of L = (-,6) can be obtained as shown
below for any arbitrary b,

vaVge (w,H) :FP(Q)L«J*VQJP(G) (13)
We now present an estimation procedure for obtaining quan-
tum estimators for V,, L o (w, ) based on the provided
oracles in Section 2.3. Different from the commonly used
unbiased estimators in (Agarwal et al., 2021; Mondal & Ag-
garwal, 2024a) which requires sampling from geometric dis-
tribution with mean 17—, We construct a deterministic algo-
rithm which can be implemented using the quantum oracles
in Section 2.3. For a fixed N, let 7y = (8¢, ag,---, SN, aN)
be a trajectory with length N generated by taking policy 7y
with sg sampled from p, we construct the policy gradient
estimator §,(7x|6) and Fisher information matrix estimator

F,(1n|0) as follows:

N-1 n
Gp(TN10) = Z (Z Vglogm(at|st)> (Y"1 (sn,an)),

n=0 \t=0

(14)
N-—-1

Ey(rn10) = (1=7) D 7" (Vo log mo(anlsn)
n=0 (15)

RV 1og7r9(an\sn)),

Note that §,(7n|6) and F,(7x|60) are truncated estimators
deterministically obtained from 7. Our goal then is to
obtain the above estimators in quantum superpositioned
forms from the quantum trajectories in (7). Assume that a

quantum state [Wg) = [0) > \/Pa(7n)|7) represents a
superposition of all possible values of 7y generated from the

MDP under the parameterized policy my. We can construct
quantum operators Ur and U, such that

\w%>
—10) Z VP(rn)lrn) ®

Ur (|Te) ®10)) =

Fy(7n10)).,
(16)

Uy (1W0) ®10)) = [v5)
=10) Y /Po(rn)|mn) @ |9 (7 10)), (17)

where |0) is an auxiliary state, ’FP(TN|9)> and |§,(7n|6))
represent the quantum states encoding the function value
F,(7n]0) and §,(7x|0) for each basis state in the superpo-
sition |7n). The detailed construction for oracles U and
U, are described in Appendix A.

Our quantum NPG algorithm is described in Algorithm 1,
which can be segregated into a classical outer loop and
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a novel quantum inner loop. In its outer loop, the pol-
icy parameters are updated K number of times following
(11), where {wy}1—;' denote the estimates of {w} }1 .
For the inner loop, the estimates {wj,} 1 are calculated
by iterating the quantum SGD algorithm H number of
times. Each quantum SGD iteration consists of a quan-
tum mini-batch approach, where the stochastic gradients
are obtained via quantum mean estimation using quantum
samples. We utilize QVarianceReduce in (Sidford &
Zhang, 2024) that leverages QuantumMeanEstimation in
Lemma 1 as a subroutine. For each 6, and each h, to per-
form QVarianceReduce, multiple quantum samples for
| Wy, ) are drawn to obtain variance-reduced estimators F,
and gp,.

Jgn = QVarianceReduce(gp(TN|9),63) (18)

F, = QVarianceReduce(ﬁp(TN|9),&%) (19)

Note that 6% and &3 are the pre-defined target
variances, which are specified later in Theorem 3.
QvarianceReduce offers a quadratic speedup in terms
of sample complexity compared with classical mean esti-
mation methods, and the details are specified in Appendix
B. Note that in this paper, for random variable X with di-
mension d, we denote the variance of X as the trace of
its covariance matrix. With the above quantum variance-
reduced estimators, the NPG gradient foor a given policy
parameter 6 is calculated and updated as follows:

VoL(w,75) = Fpw — gn (20)

Whi1 = wh — aV,L(w, TN)’ 21

W=WHh

4. Global Convergence Analysis

In this section, we discuss the convergence properties of
Algorithm 1. We first present the standard analysis proce-
dures of the classical outer loop, and then delve into the
results of the quantum inner loop, which contributes to the
polynomial speedup in the final result.

4.1. Outer Loop Analysis

We start with the assumptions commonly used in classical
parameterized RL.

Assumption 1. The score function is G-Lipschitz and
B-smooth. Mathematically, the following relations hold
V0,01,02 S Rd,V(S,a) S x A.

(a) [[Vologmg(als)|| < G

(0) [V logmg, (als) — Vg logmg, (als)|| < Bl|61 — 62|
(22)
where B and G are some positive reals.

The Lipschitz continuity and smoothness of the score func-
tion are widely assumed in the literature (Liu et al., 2020;
Agarwal et al., 2020), and can be validated for basic param-
eterized policies, such as Gaussian policies. Under Assump-
tion 1, the following lemma holds.

Lemma 2. If Assumption 1 holds, then J,(-) defined in (3)
satisfies the following properties ¥ € R9.

_G
(1—7)?

(b) J,(:) is L — smooth, L £

(a) [[VoJp(0)]| <
B N 2G?
(1-7)?2 (1T-9)?

Proof. Statement (@) can be proven by combining Assump-
tion 1(a) with (8) whereas statement (b) follows directly
from Proposition 4.2 of (Xu et al., 2019). O

Lemma 2 implies the Lipschitz continuity and smoothness
for function J,(-), which are critical properties for the fur-
ther analysis. The following Assumption 2 states that the
class of parameterized policies is sufficiently expressive
such that, for any policy parameter 6, the error in the trans-
ferred compatible function approximation, represented by
the left-hand side of equation (23), is bounded by a positive
constant, €pjas.

Assumption 2. The compatible function approximation
error defined in (12) satisfies the following V@ € R,

Ly;’* (wzv 0) S €bias (23)

where 7* is the optimal policy i.e., 7" = arg max, J; and
wy is defined as follows.

wp £ arg max,cga Lz (w,0) (24)

It has been shown that for softmax parameterization, €pqas 1S
equal to zero (Agarwal et al., 2021). Moreover, in the case
of expressive neural network-based parameterization, €p;,s
is observed to be relatively small (Wang et al., 2019).

Assumption 3. There exists a constant ;. > 0 such that
F,,(Q) — prly is positive semidefinite where I3 denotes an
identity matrix of dimension d and F,(¢) is defined in (10).
Equivalently, F},(0) = pplq.

Assumption 3 asserts that the Fisher information function
should not be too small, a condition commonly adopted
in classical policy gradient literature (Liu et al., 2020; Bai
et al., 2023; Zhang et al., 2020). This assumption holds for
Gaussian policies with linearly parameterized means. The
set of policies that satisfy Assumption 3 is referred to as the
Fisher Non-degeneracy (FND) set. It is important to note
that F,(0) = V2L o (w, ). Therefore, Assumption 3 es-
sentially implies that the function Ly;fe (+, 0) exhibits strong
convexity with parameter p . With the above assumption,
the following lemma holds:

o
Vp
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Lemma 3 (Corollary 1 of (Mondal & Aggarwal, 2024a)).
Let, the parameters {Hk}fz})l be updated via (11), 7 be the
optimal policy and J; be the optimal value of the function
Jo(+). If assumptions 1-3 hold, then the following inequality

2
is satisfied for n = 4g§L.

1 K-—1
J, e E[J,(0k)]
k=0
G K—
6bla ? P wk|9k _wk)H

B 9 K—1 )

L(QT )( lww—wwﬁ
k=0

G

2(+u&wwmx<ﬂmwm0
(25)

where K L(-||-) is the Kullback-Leibler divergence.

Lemma 3 decomposes the optimality gap in a way that
achieves the order-optimal sample complexity of O(e~2)
in the classical setting. Notice that both the first-order ap-
proximation error, E ||(E[w|6] —wj;)|| and the second-order
error, E |lwy, — wj||? are both dependent on H, the number
of iterations in the inner loop.

4.2. Inner Loop Analysis

The sample complexity of the quantum inner loop is char-
acterized by the total quantum state-action pairs needed
in the algorithm, which is equivalent to the total queries
of Up and II. Recall that each iteration in the inner loop
consists of one operation of (18) and (19), which performs
quantum mean estimations of quantum samples |1/J?;> and
|1/JZ> queried from U and U,. The complexities of these
quantum samples are as follows:

Lemma 4. One call of Ur and Uy, each requires one call of
U, and O(N) calls to Up and I1.

The proof of Lemma 4 is in Appendix A. Lemma 4 states
that obtaining a single sample of |%.) in (16) and |1/)Z> in
(17) requires a sample complexity of O(N) with respect to
the quantum state-action pairs. We next provide the biases
and variances for g,(7n|0) and FP(TN|(9), which are the
random variables for the quantum samples [¢/%.) and |¢g>.

Theorem 1. Under assumption 1, for a fixed 0, we have the
following results on F,(tn|0) and §,(7n16).

I E[go(rv16)] — Vo, (0)]] < 5, 26)

N dG A
E |3, (r16) — Vo, (0)]] < (1\{77)2+5g @7)
|| ELFy(rv10)] — Fo(0)]] < b7 28)

E||F,(mx10) —

dG?
(1—=)*
Where §, = G’(NJrl + i 7)2 N and bp =

F,(0)|| < VdG® + 6F (29)

Var(j,(mn]0)) < and Var(F,(tx]0)) < dG* (30)

Gz’)/N

While classical algorithms produce unbiased estimators of
VgJ,(0) and F,(6) via sampling from geometric distribu-
tions, our deterministic approach in (14) and (15) utilizes
truncation to allow integration into quantum systems. The
proof of Theorem 1 (in Appendix C) analyzes the truncation-
based estimators by comparing them to their following
infinite-horizon counterpart as an intermediate step:

g(7|0) = Z (ZV@ logmg(atst)> (Y"1 (8n, an))

t=0

Fr10) = (1= Y (1" Vo logmo(as.) @logmofanls.) )
n=0

Analyzing the error bounds | E[g,(Tn|0)] —E[g(|6)]|| and
|| E[F,(mn]0)] — E[F(7]0)]|| quantifies the truncation error,
showing that the truncation introduces an exponentially de-
caying bias of order O(y") while maintaining a bounded
variance. This is achieved by leveraging properties of the
geometric series and analyzing the dependence on the dis-
count factor 7. Given the above, we can formally state the
bias and variance bounds for the gradient estimator g5 and
Fisher estimator ), for each h, along with expected number
of quantum samples |¢/%.) and WJ?) used in (18) and (19).

Theorem 2. For any 0 and h, (18) and (19) satisfy Elgn] =
Elg,(t~|0)] and E[F},) = E[F,(Tn|6)] with reduced vari-
ance Var(gp,) = & and Var(f?h) = 6%. Moreover, (18)
and (19) perform (’)(G d) queries of Ur and O(W)
queries of Uy in expectations.

The proof of Theorem 2 (in Appendix B) leverages Lemma
1 to achieve variance reduction by applying quantum mean
estimation techniques to the truncated estimators, ensuring
unbiased estimates of the policy gradient and Fisher matrix
with reduced variance. Note that although g;, and g, are
unbiased with respect to §,(7x|0) and F,(7x|6), they are
still biased with respect to the actual policy gradient and
Fisher information matrix. Theorem 2 demonstrates that
quantum variance reduction methods achieve a quadratic
speedup in complexity compared to classical methods such
as averaging, when reducing to the same variance. This step
is crucial to achieve the overall polynomial speedup in the
final result. We thus are now able to describe the first and
second order errors for the quantum estimators Fh and gp,.

Lemma 5. Under assumption 1, for a fixed 0, we have the
following results on Fy, and gy,.

| E[gn] — Vo J,(0)|I?

/\
>
[N

(3D

E [llgn — Vo, (0)II7] <o (32)
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Fy(0)|> < 6% (33)
F, ()] < 6% + 6% (34)

. )2,}/2N and 5% — G4’}/2N

| E[Fh) —
E [||£h —

N
Where (52 G*(4 +v1 + a5

Note that 62 and 6% in Lemma 5 characterizes the exponen-
tially decaying bias by truncation. The proof of Lemma 5
(in Appendix D) decomposes the second order error into the
sum of bias and variance terms, which are futher bounded by
Theorem 1 and Theorem 2 respectively. Compared with the
classical NPG algorithms in (Mondal & Aggarwal, 2024a;
Liu et al., 2020), the extra bias terms requires a more careful
analysis. We derive the error bound for the first-order and
second-order approximation of w; as follows:

Lemma 6. Consider the NPG-finding loop (21) with o <
a1 and G*N < BE, for a fixed Oy, if assumptions 1-3
hold,

—w* ||2 + Cy
(35)

E [flwr - wi 2] < exp (~ Happ) E o
Additionally, we also have
[Elwr] - wiill? < exp (~Hapr) || Elwo] — | + Cy

(36)
where

2G2
Co = 4u72 {252 ala +52}
R N (T

+6ap;! { (f_f; (635) + (52 + sg)} 37

2N 6% .2
O Tt

6 1Y [« .
O = — (a + —) {5%{15 [[lwo — will*]
WE nwrE

2
(1- f) 5”‘5] o

+OARO+R1}+

o)
while Ry = 65" [FE0s (63 +02) + (62 +82)],
Ry = 4pz® [203 55+ 5]

The proof of Lemma 6 (in Appendix E) proceeds by first
expressing the error between the estimated gradient and
the ideal gradient as a recursive update from the inner-loop
iteration. It then demonstrates that each update contracts
the error exponentially, meaning the error shrinks by a fixed
multiplicative factor with each iteration. Subsequently, the
proof carefully bounds the additional errors introduced by
truncation bias and estimator variance, leading to explicit
residual terms. Finally, these contraction and residual terms
are combined through a recursive argument to establish the
overall error guarantees.

Lemma 6 shows that the bias terms O(yY) from the gradi-
ent and Fisher matrix estimators would accumulate across
iterations, leading to a total error contribution of the form

H—-1 72]\]
aN |\
O(Z’y )NO(I_S—Ha;LF)

h=0

while the learning rate « is chosen appropriately to ensure
exponential decay, eventually leading to the terms Cj and
C1. We next combine the outer loop and inner loop analysis
with the quantum speedup results to form the final result.

4.3. Final Result

Combining Lemma 6 and the fact that the last term in
(25) is O(1/K). Thus, by taking H = O(log(e™1)),
N = O(log(e '), K = O(e!), 62 = O(e) and
6% = O((1 — 7)*e), we guarantee the optimality gap to be
at most /€pias + €. By Theorem 2, O(W) queries
of Ur and (’)(

sample complex1ty of (’)(H KN - W) =

\[) queries of U,. This results in a

O(1/€)
and an iteration complexity of O(K) = O(1/¢). The result

is formalized in the following theorem.

Theorem 3. Let {Gk}kK;()l be the policy parameters gen-
erated by Algorithm 1, T be the optimal policy and J;
denote the optimal value of J,(-) corresponding to an
initial distribution p. Assume that assumptions 1 — 3
hold and the learning parameters are chosen as stated
in Lemma 3 and Lemma 6. For all sufficiently small e,
and H = O(log(e™1)), N = O(log(e™ 1)), K = O(e™1),
62 = O(e) and 63, = O((1 — )"e), the following holds.

1K1

E < V €bias + € (39)

k=0

This results in O(e~
eration complexity.

1.5) sample complexity and O(e~1) it-

The resulting sample complexity O(e~ %) is due to the
quantum speedup in the inner loop while the outer loop
maintained as in the classical settings. This aligns with
the results of quantum stochastic optimizations (Sidford
& Zhang, 2024) due to the same double-loop algorithm
structure with classical outer loop and quantum inner loop.
Note that H is chosen to be logarithmically dependent on
the total samples to account for the exponentially decaying
bias term of the truncation error.

5. Conclusion

This paper introduces the Quantum Natural Policy Gradient
(QNPGQG) algorithm, which utilizes quantum mean estimation
and a deterministic gradient sampling approach to address
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sample efficiency challenges in infinite-horizon reinforce-
ment learning. By adapting the sampling method in the
classical state-of-the-art result to a quantum-compatible de-
terministic procedure, we achieve a sample complexity of
O(e15), improving upon the O(¢~2) result of the classical
state-of-the-art result. The algorithm balances the trade-off
between deterministic encoding and bounded bias, demon-
strating the feasibility of leveraging quantum acceleration
in policy optimization.

While our study focuses on policy gradient methods, quan-
tum actor—critic algorithms remain largely unexplored. Re-
cent classical results offer order-optimal sample complexity
guarantees (Gaur et al., 2024; Ganesh et al., 2025), mak-
ing the search for quantum speedups in this setting a key
open direction. Another open direction is extending the
constrained setup studied in (Mondal & Aggarwal, 2024b)
to the quantum setting.
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A. Proof of Lemma 4

A.1. Quantum Superpositioned Trajectories

We first explain the construction of the required unitary Up ., step by step, showing it uses one call to the initial-state
oracle U, and O(N) calls to the transition oracle {/p and policy oracle II.

Initial registers. We start with the following (quantum) registers:

* A register |#) containing the policy parameters (which will remain untouched except as a control for IT).

* N state registers |O>SO, ceey |0>

Sn-1’

* N action registers ‘0>A0, e

0>AN71.

Thus the total initial state is
®2N
10) @ [0)""".

Load the initial state. We apply U/, (see (5)) to the first state register So, which transforms

0)s, = 3 V(s0) [so)s,

SpES

The other registers remain in the all-zero state. Therefore, the global state becomes

6) Z Vp(so)‘50>so ® |O>sl"'|0>sN,1 ® |O>AO"'|O>AN,1'

SpES

Iterate over t = 0,..., N — 1. For each time step ¢, we perform two sub-steps:

1. Policy oracle I1. By definition (see (6)), IT implements

L |6)]s)]0) ~— 16)]s) D v/mo(als) la).

acA

We apply I to |6), the state register S, and the action register A;. This sends

’5t>st |0>At — ’St>st Z Vo (at]st) ‘at>At'

at€A

2. Transition oracle Up. By definition (see (4)), Up implements

Up: s a)|0) — s la) D> VPlseralse ar) [si).

St+1E€S

We apply this to registers S;, A;, and S; 1, which transforms

’5t7Gt70> — ‘Staat> Z \/P(3t+1‘5taat)|3t+1>o

St+1E€S

After applying II and Up at each step ¢, the amplitudes multiply to give

\/7‘1’9(0,,5|St) X \/P(St+1|8t,at).

12
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Final state. After these IV steps, the global state is

N-1
10) > Volso) T v/ melailse) P(sisalse,ar) | so.ao0, s1,01, ..., sy—1,an-1)-
=0

$0,@0; -+ SN—1,AN—1

Observe that the squared amplitude of each trajectory 7 matches exactly Py(7y). Hence,

Upryy : 10)10)%2N — 10) > \/Po(7) |7v).

Query complexity.

* We call U, once to load s in the register So.

e Foreachstept =0,...,N — 1, we call Il once and Up once.
Thus, the total number of queries for one sample of |¥y) to the “environment + policy” oracles is 1 + 2N = O(N).

A.2. Quantum NPG Estimators

1. Constructing the superposition |¥y). By A.l, we have a unitary

Up(ry) 1) 002N 10) > v/ Po(rv) ),
TN
implemented via one call to I/, and O(V) queries to the transition oracle {/p and the policy oracle II. Hence we can prepare
[Tg) = 16) > V/Polrn) |7,
TN

a coherent superposition over all length-N trajectories T with amplitudes v/ Py(7n).
2. Defining the estimators Fp and g,. We recall the definitions in (14) and (15):

N—-1,n

Gp(Tn|0) = Z Z Vo log ﬂg(atst)) (Y" 7 (sn,an)),
n=0 “t=0
N-1

FP(TN\H) = (1-7) Z o (Vg logm(an|sn)) ® (Vg logm(an|sn)).

n=0

Because my(+|-), 7(+, -), and discounting can be computed classically in polynomial time, these functions are straightforwardly
computable given full knowledge of 7.

3. Quantum evaluation of classical functions. A standard result in quantum computing states that any efficiently
computable function f(x) admits a polynomial-size quantum circuit implementing

) 10) +— [} [f(2))

in coherence. Applying this principle:
« Let Uy be the unitary that computes £’ »(7n|0) given 7. Concretely:
Up : |Tn) [0) — |m) [F, (7 ]6)).
* Let U, be the unitary that computes §,(7x | #) similarly.

These circuits require no additional calls to the environment oracles, since they merely read off the classical data (s, a;) in
the registers and perform the classical computations needed for Vg log 7y, discounting, and rewards.

13
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4. Acting on the superposition V). Once we have [Wy) = |0) > +/Py(7n) |Tn), we append an auxiliary register |0)
and apply UF or U, in superposition. By linearity:

(1d@Ur) (1) @10)) = 16)S" VPo(rw) Irn) © |Ep(7]6).
TN
Analogously for U/,. This precisely shows

Up(1%9) 2 10)) = 16) 3" VPolrw) Irw) @ |Ep(rv0)),

and similarly for §,(7n6).
5. Query complexity.

* Preparing the superposition |¥y): This needs O(N) queries to Up (the transition oracle) and IT (the policy oracle),
plus one query to U,,.

e Computing Fp or g, in superposition: The unitaries Ur and U, are classical function simulations that do not require
extra queries to Up. They simply act on the (s, a;) registers directly.

Hence, the overall cost in environment queries remains O (V) for a length-N trajectory.

B. Details of Quantum Variance Reduction

Algorithm 2 QvVarianceReduce (Algorithm 2 in (Sidford & Zhang, 2024))
1: Input: Random variable X, target variance 52, QuantumMeanEstimation™ from Algorithm 3

2: Output: An unbiased estimate /i of X with variance at most 52
3: Set fip +QuantumMeanEstimation™(X,45/10)

4: Randomly sample j ~ Geom (%) eN

5. jij +QuantumMeanEstimationt(X,27%/45/10)

6: jij_1 +QuantumMeanEstimation™(X,2730~1/45/10)
7o o< fio + 27 (fij — fij—1)

8: Return: i

Algorithm 3 QuantumMeanEst imation™ (Algorithm 1 in (Sidford & Zhang, 2024))

1: Input: Random variable X, target variance 62 < L2, QuantumMeanEstimation from Lemma 1, parameters
R . 3
§=065/(4L)% and D = & + 104~

2: Output: An estimate /i satisfying E || i — E[X] ||2 <62
3: Set X1 «+—QuantumMeanEstimation(X,d/4,0)

4: Randomly draw a classical sample Xo of X

5: if || X7 — X5|| < D then

6: Return: X,

7: else

8:  Randomly draw one classical sample X3 of X

9:  Return: X3
10: end if

Algorithm 2 is the detailed description of QVarianceReduce, which provides a quadratic sample complexity speedup
shown in the following Lemma:

Lemma 7 (Theorem 4 of (Sidford & Zhang, 2024)). Algorithm 2 returns the desired result using expected @(L\/&/ )
queries, with random variable X having dimension d and variance bounded by L.

14
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B.1. Proof of Theorem 2

This is a direct result of combining Lemma 7 with the variance bounds of §,(7x|0) and E,(7x0) in (30).

C. Proof of Theorem 1

For a fixed 6, we first note that g(7|6) and F'(7]0) constructed as below would be an unbiaed estimator for V4 .J,(#) and
F,(0):

g(r10) = <Z Volog m(atlso) (V"7 ($n, an)) (40)
n=0 \t=0
oo
F(rle)=(1—-v ) (W"Ve log mo(a|s,) @ log we(ansn)) : (41)
n=0
where 7 = (sg, ag, - - - , Sk, Ak, - - .) is an infinite length trajectory, generated by taking policy 7y with sy sampled from p.

(40) is a standard expression of the policy gradient unbiased estimator used in (Baxter & Bartlett, 2001; Liu et al., 2020). To
prove that (41) is an unbiased estimator of F},(#), note that

E[F(710)] = Er(pmg) | (1 =) i V"V logmg(an|sn) ® Vg log 7Te(anlsn)l 42)
=0
=(1-7) i Y'E, [Volog mg(an|sn) ® Vo logmg(an|sn)] (43)
n=0
=(1-9) 27” > Pr(s, = s)mg(als) Vg log me(als) @ Vg log me(als) (44)
=> [(1 ) 27”“(% = 8)] mo(als)Vglogmy(als) @ Vg logmy(als) (45)
_ Z dg(s)m(a[s)vé» log me(als) ® Vg log 7e(als) (46)
_ Z VT (5,a) Vg log mo(als) ® Vo log ma(als) @)
~ 50 <4s>

Therefore we have

1 E[go(Tn]0)] = Voo (0)]] = || E[g,(Tn|0)] — Elg(|0)]]|

- H]E { i (zn: Vo log7rg(at|st)> (vnr(sn,an))} H

n=N \t=0

<G Y (n+ 1|l

h=N
N+1 Y > N
=G + 49)
( 1—y " @1—2)"
Furthermore, we have
Elgp(mn10) = Voo (O)|| < E||go(w|0) — E[g, (T [O)]]| + E || E[g,(7n|0)] — Vo, (0)]] (50)

Since we also have ||g,(7n[0)|| < ﬁ from Lemma 2, we further have

dG?

Var(g,(tn|0)) = E|g,(7x10) — E[g,(rn [0)]]]* < [

D

15
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Since E||g,(mn|8) — E[g,(n]0)]]] < \/]E [19,(Tn|0) — E[g,(7a]0)]]|? due to Jensen’s inequality, combining (49), (50)
and (51) we obtain (27). Similarly,

| ELEL (v 0)] = Fo(0)]] = || ELE, (v |0)] — E[F(76)]]

= HIE (1-7) Z (Volog mg(an|sn) ® Vo logﬂ'g(ansn)v"’)] H
n=N

<G (52)
Furthermore, we have
E ||Ep(tn|0) — F,(8)]] < E|F,(7x18) — E[E,(7w10)]]] + E || E[E, (716)] — F, (6| (53)
Since || F,(7x|0)|| < G2, which is by the definition of £,(7x|f), we further have

Var(E,(1w10)) = E||F,(7w10) — E[E,(rn 0] < dG* 54

Since E||E,(1n|0) — E[F,(7x|0)]]] < \/]E ||E,(Ti]6) — E[j,(7n]6)]||2 due to Jensen’s inequality, combining (52), (53)
and (54) we obtain (29).

D. Proof of Lemma 5

Since Algorithm 2 outputs an unbiased estimate of the input, we have that for any 6, E[F,(7n|0)] = FE[gs] and
]E[FP(TN )] = FE [Fh] Thus, (31) and (33) directly follow from (26) and (28). For (32) and (34), we note that

E [[1gn = VoJo(O)*] = E [||gn — E(Gn) + E(gn) = Vo ,(O)IP*] = E [l|gn — E@n)|I*] + [[E@Gn) — Ve o (O)* (55)
since the cross term contain E[g, — E(gp)], which equals to zero. We further have

N+1 i ¥
L=y (1=9)
Combining the above two equation we obtain (32). (34) can be derived by the same procedure. We have

E [||[Fh — Fo(0)|*] = E [||Fn — E(Fn) +E(Fn) — B, O] = E [[[Fn — EE)IP] + | E(F) — B0 7

2
1EGn) — Vo, 012 < GZ( ) 22 and E [||g — EGn)|?] < 62 (56)

since the cross term contain E[ﬁ‘h — E(Fh)], which equals to zero. We further have

G4,.Y2N

1B~ F,0)P < 7=

and E [||F}, — E(Fy)|]%] < 6% (58)

Combining the above two equation we obtain (34).

E. Proof of Lemma 6

Throughout the proof, we assume a fixed k" iteration of outer loop with the fixed policy parameter 6. Let Vol =
VeoL(w, n) |w:wh = Fpwp — gy To prove the first statement, observe the following relations.
lons1 = will? = llwn — Ve Ly — will?
= Jlwn — wiill? = 2a{wn — wi, Vo Lp) + 0|V Lnf?
= llwn — will* = 20wn — wi, Fp(0) (wn, — wi))

— 20{wp, — wi, Vo L — F,p(0k) (wn — wi)) + 2| Ve Ln |

(a) -
< |lwn — w,’;HQ —2apup|lwp, — wZHQ — 2a(wy — wi, Vo Ly — Fy(0k) (wn, — wy))
+ 202V Ly — F,(6k) (wn — wi)|* + 20° || F,(6k) (wn, — wi)|1?

() -
< Nlwn = will® = 2appllwn — will® = 20dwn — wi, VoL = F,(01) (wn — wi)

+202| Vo Ly — F,(01) (wn — wi)lI* + 26" 0 ||wn, — wi|?
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where (a) and (b) follow from pp < || F, ()| < G*. Taking conditional expectation on both sides, we obtain

E [lwnr - will?] < (1= 20pp +2G%0?) Jwn — wil2 = 2a(wn — wi, E [ VuLn = Fy(0x)wn - wi)|)

- 2
+2a2EHVth — F,(01)(wn —w;;)” (59)
Observe that the third term in (59) can be bounded as follows.

Ve L = Fp(0r) (@n = W) 1> = [|(Fn = F,(0)) (wn — wi) + (Fn = F,(0))wi + (Voo (0k) — gn)1?
< 3[|Fh — Ep(0) 1 lwn — will® + 3l Fn — Fp(00) 1 |wicll* + 31 Ve, (6k) — gnll?
3;;;,26'

< 3|1 Fn — Fp(0)lI?lon — will® + 11—

71 Eh = Fp(0) 1% + 31 Voo (01) — g

where the last inequality follows from [|w}||* = ||Fp(0k)*1V9Jp(0k)H < étl )4 Taking expectation yields

E||VwLy — F,(0k) (wn — wi) |2

. . 3 G? ~
<BE||Fn — F,(00)|1?lwn — witl® + (1F ) E|Fy — F,(00)|1” + 3E | Vo, (0k) — Gnl®
3un2G2 s
<3 {aF + 54 llwon — wil) + (—{lFiv) (aF + 6F> + (305 + 353) (60)

The second term in (59) can be bounded as

~(wn = wit, ElVwLn = Fy(6) (@n — w})))
HE * (12 1 T * 2
< B wn - will? + — [EVoLn = Fo0) wn - i
KE

7 1 2
F * (12
<7(7h_(7 _|_7

{EIF] = Fp(0) } won + {vgJP(ek) — E [g] }

(2&% n 28%) lwnll? + (2&3 v 253)

HE * (12
< —||lwp —w +
L oo — il -
i . (4&% +45%) lwn — w1 + (4O—F +452) MOy (20 + 252)
< anh —will® + 61)
HF

: . Substituting the above bounds in (59),

where the last inequality follows from ||w,*;||2 = HFP(Ok)_lVng(Hk)HQ < %

we have

3apur = 8a 5 ~2 | %2 2 4 2 o M GE
— 1— 2 - — |20p 77—
E [llwns1 — wil?’] < ( 5 T e £+ 60 (UF + 5F> +20°G" | lwn — wi| + ur OF P — ) + 0

ppG* R
+ 62 [<1F_ Ci(ore ) (24 2)
For 0p < pp/8, and o < pup/[4(66% + 662 4 2G*)], we can modify the above inequality to the following.

o . o 2 4ﬂ 2:“F2G2 32 2 N}2G2 ) A2 | 22
Elllons = wfl) < (1= ap) o — ol + - 25 G2 + 85 + 607 | HE— (67 +3%) + (62 +52)
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Taking expectation on both sides and unrolling the recursion yields

Elllwr — wi|]

H-1 —2.2 —22

G R G R 2
<(1— H w2 o 2 Hp 2 2| Mg ~2 2 ~2 2
<(1—-apr) Ellwo —wi||” + hE:O (1—aur) {HF [26 T—)7 +d,| + 6a = (UF—|—5F) + ( +6g)

_ B T P s Gl B G s o L2 22

< exp(—Hapr)E||wo — wi|)® + ar {MF [25F(1_ o + 47| +6a° T—) (JF+5F)+(09—|—69)

:exp(fHa,uF)EHwowaHQJr{4,LLF {252 Ci +52} 1 6augp! {ﬂ (&%M%%(a—jﬁﬁ)” )
(L= (L=

To prove the second statement, observe that we have the following recursion.

IEwni1] = will? = | Elwn] — ¢ E[ViLn] - wi®
= | Efwn] — will? - 20(E[wn] — wi, Elgn]) + o*| E[VuLa]||?
= || Elwn] = will* — 20(E[wn] — wi, F, (61) (Elwn] — wi)

— 20(Elwn] — wi, E[VeLn] — F, (k) (Blwn] — wi)) + o®| E[VoLa]||?

a) ~
< | Elwn] — will* = 20pp || Elwn] — will* — 20(Elwn] — wi, B[V L]

— Fy(0) (Elwn] — wp))
+ 20| E[V Ly

— F,(00) (Elwn] — wi) |12 + 202 F (6 (Elwn] — )|
< I Efwn] - wiI? - 2ap0]| Elwn] — wi |12 = 20(Efwn] — wi, EIV., L]

— F,(0k)(Elwn] — wi))
+202|| E[VoLp] —

Fy(0r) (Elwn] — wp) | + 26 ®|| Elwn] — wi|I®
< (1= 2app +2G"a®)|| Elwn] — will® — 20(Efwn] — wi, B[V La] — F,(0k) (Elwn] — wi)
- 2
+2a2 HE[vah] — F(01) (Elwn] — wj) H (63)
where (a) and (b) follow from pup < ||F,(6)|| < G*. The third term in the last line of (63) can be bounded as follows

IE[VoLn] = Fp(0k) (Elwn] - wi)|®

= [ [(B - B n )] + BIE] - By (00 + (VoT,(00) ~ Blan) |

< 3E [|E[F)] - Fp<ek>||2||wh — will?] + 3E [IEF] = F,00)12] il + 311907, (6k) — Elgn]l”
2 2 2G 2

< 30% E |||wp, — wi, 52 —1—35
F [H h k” ] (1 7) F

@ 4z 3 G?

< 35%{1E [llwo — wi 1] —|—aRo—|—R1} + (1“F E 0% + 302

72 2 ~ ~ ~ -2 ~2 A
where Ry = 6ux [(tl m— (6’127 + 0% (75 + 53)}, R = 4M1_:2 [25%% + 52] and (a) follows from (62). The
second term in the last line of (63) can be bounded as follows.

—(Eleon) — i E [E[VoLa) = F,(04)Elon] - p)])

< EE Y Bl — i+~ [BIVEa] = Fy(00) Elen] — )|

3 [« G2 ., .
< 2L Bl — il + 2 53] B [l — i) 4B+ i b+ L2842
F
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Substituting the above bounds in (63), we obtain the following recursion.
" 3a
IElonial = wilP < (1= 255 126107 [ Blen] - 2
t6afatr—)|02lE [llwo — wiil|?] + aRo + Ra +ﬁ82 + 62
wr F 0 k 0 (1 — 7)4 F g
If a < {7, the above bound implies the following.

IElwni1] = will* < (1= apr) || Elwn] - wil®

1 . pplG?
+6 + — 62{114: —wi?] + aR, +R} 76 +52}
a(a MF)[F e 17] + o + R + 25

Unrolling the above recursion, we obtain

H]E[wr]*wkll2 (1 = aprp)™ || Elwo] - wi]l®

1 . pp2G?
+ 1-a hala+ — 52{E wo — wil?] + aR +R} Mol sy ¢ —&—(52}
Z ) ( MF) [ #9 E [llwo — will?] Y G v

% 6 1 A N M72G2 X o
< exp (—Haur) | Elwo] — wil® + . (a + MF) [6%{ E [|lwo — wi|®] + aRo + Rl} + (11”’_77)46% + 53]

This concludes the result.

F. Proof of Theorem 3

Combining Lemma 6 with Lemma 3, we get the following bound for appropriate choices of the learning rates as mentioned
in the theorem.

K-—1
1 Hao
T =% > E[J,(0k)] < vevias + Gexp (- 2’”) | Elwo] — w*[|* + Co

k=0 (64)
B
—|— — <G2 + G2> exp (—Happ) E||wy — w*||* + C5 + Cy
. 9 G? B
with Cy = G/(C1, C3 = — G2 + G* ) Cypand Cy = ,LJ,%‘K m +4LE,, dr* [KL( ( |8)||7T90(-|8))] . Where
Cy and (1 are defined in Lemma 6. By replacing Cy = O (%) we can express (64) as follows:

1= & 1

w4 ELJ (0.)] < — —-H 2N r A2 =
J; K 2 [J5(0k)] < Vebias + O(e )+O<~y +(1_7)4+ag>+(9(K) (65)

To obtain the optimality gap at most /€pias +€, we choose H = O(log(e ")), N = O(log(e™!)), K = O(e™'), 62 = O(e)
and 62 = O((1 — ~)*¢). By Theorem 2, O(W) queries of Uy and (9(7\[) queries of U,. This results in a

sample complexity of O(HKN - s )2\/) O(1/€'5) and an iteration complexity of O(K) = O(1/e).
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