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Abstract001

Reinforcement Learning with Verifiable Re-002
wards (RLVR) elicits long chain-of-thought003
reasoning in large language models (LLMs),004
but outcome-based rewards lead to coarse-005
grained advantage estimation. While existing006
approaches improve RLVR via token-level en-007
tropy or sequence-level length control, they008
lack a semantically grounded, step-level mea-009
sure of reasoning progress. As a result, LLMs010
fail to distinguish necessary deduction from re-011
dundant verification: they may continue check-012
ing after reaching a correct solution and, in ex-013
treme cases, overturn a correct trajectory into014
an incorrect final answer. To remedy the lack015
of process supervision, we introduce a training-016
free probing mechanism that extracts interme-017
diate confidence and correctness and combines018
them into a Step Potential signal that explic-019
itly estimates the reasoning state at each step.020
Building on this signal, we propose Step Po-021
tential Advantage Estimation (SPAE), a fine-022
grained credit assignment method that ampli-023
fies potential gains, penalizes potential drops,024
and applies penalty after potential saturates to025
encourage timely termination. Experiments026
across multiple benchmarks show SPAE con-027
sistently improves accuracy while substantially028
reducing response length, outperforming strong029
RL baselines and recent efficient reasoning and030
token-level advantage estimation methods. The031
code is available at https://anonymous.032
4open.science/r/SPAE.033

1 Introduction034

Reinforcement Learning with Verifiable Rewards035

(RLVR) has become a central paradigm for eliciting036

long chain-of-thought (CoT) reasoning in large lan-037

guage models (LLMs) (Wei et al., 2022; OpenAI,038

2024; Guo et al., 2025; Li et al., 2025). By op-039

timizing outcome-level correctness, RLVR aligns040

model behavior with verifiable task success and041

delivers substantial gains on mathematics, logic,042

<think>Alright, so I have this problem... 0.0 (skip)
So, the maximum real part is 540. 1.0
(Get the target answer!)
Just to make sure, let me see if I can think of
another approach. 0.8 (skip)
So, approximately 554.82. However, this is the
magnitude, but remember that earlier, by the first
method, we had 540.  Wait, this is conflicting. So,
which one is correct? -0.3 (skip)
But in the first approach, I had 540, but that was
incorrect because I miscalculated the real part. -0.8
(skip)
Therefore, the answer is \(\boxed{555}\)  -1.0
(Wrong!!!)
**Final Answer** \boxed{555} </think>

DAPO (Baseline)

Over-Checking
(4172 Tokens)

Please help me solve the problem:
Find the largest possible real  part of \(\left(75 +
117i\right)z + \frac{96 + 144i}{z}\) where \(z\) is
a complex number with \(|z| = 4\)

Solving
(1962 Tokens)

User Input

<think>Alright, so I have this problem... 0.0 (skip)
Therefore, \( R = \sqrt{104,976 + 186,624} =
\sqrt{291,600} \). Yes, so \( R = 540 \). 0.9
(Get the target answer!)
Therefore, the maximum real part is 540. So the
answer is \( \boxed{540} \). 1.0
**Final Answer** \boxed{540}</think>

SPAE (Ours)

Solving
(1776 Tokens)

Figure 1: Given the same user query, the baseline RLVR
model DAPO produces a Right-to-Wrong failure due
to over-checking, whereas SPAE terminates confidently
after reaching the correct solution. The value with col-
ored background appended after each step indicates the
corresponding Step Potential.

and coding benchmarks. However, RLVR pro- 043

vides sparse supervision since reward arrives only 044

after the full generation is complete (Sun et al., 045

2025). This outcome-only feedback makes credit 046

assignment ambiguous: the policy cannot reliably 047

identify which parts of a trajectory are essential to 048

reaching the solution and which are merely inci- 049

dental. In practice, this ambiguity often manifests 050

as unnecessarily long and circuitous reasoning. 051

Recent work mitigates this issue with finer- 052

grained heuristics. One dominant line uses to- 053

ken entropy as a proxy for importance, positing 054

that high-entropy tokens correspond to exploration 055
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Figure 2: Quantifying Over-Checking on AIME2024
(averaged over 16 samples). Top: average solving and
checking tokens on correct responses. Bottom: Right-
to-Wrong (R2W) rate on incorrect responses.

(Cheng et al., 2025a; Chen et al., 2025b; Wang056

et al., 2025c). Another line regularizes verbosity by057

rewarding correctness while penalizing length, en-058

couraging early stopping (Zhang et al., 2025; Shen059

et al., 2025; Cheng et al., 2025b). These approaches060

largely operate at the token or sequence level and re-061

main agnostic to semantic progress. Crucially, both062

categories lack a step-level estimate of reasoning063

progress that can distinguish necessary deduction064

from redundant verification.065

To bridge this gap, we introduce a training-free066

probing mechanism that makes step-wise progress067

observable. After each reasoning step, we prompt068

the model to produce a tentative answer and extract069

two intermediate signals: confidence and correct-070

ness. We then combine them into Step Potential071

that estimates current reasoning state: high poten-072

tial indicates justified confidence, while low poten-073

tial reflects unreliable reasoning.074

Step Potential enables a direct diagnosis of a075

failure mode we term Over-Checking. Once the076

reasoning model has solved the problem (Step Po-077

tential saturates), it often continues to generate re-078

dundant post-solution verification. More impor-079

tantly, prolonged verification increases the risk of080

a Right-to-Wrong (R2W) Failure: after reaching081

a correct solution, the model continues checking082

and eventually revises its answer to a wrong one083

(Figure 1). Figure 2 quantifies this phenomenon by084

separating tokens into solving and checking phases,085

and reports the R2W rate on incorrect trajectories.086

Notably, even the latest strong model Qwen3-32B087

(Yang et al., 2025) produces substantial redundant088

checking tokens and still exhibits R2W failures.089

Building on Step Potential, we propose Step090

Potential Advantage Estimation (SPAE), an RL 091

method that directly incorporates step-level poten- 092

tial into policy optimization. SPAE improves re- 093

dundancy control and credit assignment by (1) ap- 094

plying a potential saturation penalty to encourage 095

timely termination once the model has reached a 096

correct solution, and (2) amplifying advantages 097

for pivotal transitions that induce large potential 098

increases, penalizing steps that decrease potential 099

We evaluate SPAE on challenging mathemati- 100

cal benchmarks and out-of-distribution tasks with 101

multiple reasoning models (Qwen and Llama fam- 102

ilies). SPAE consistently outperforms strong RL 103

baselines and closely related efficient reasoning 104

and token-level advantage estimation methods. Be- 105

yond improving accuracy, SPAE effectively prunes 106

redundant post-solution verification, reducing in- 107

ference cost without sacrificing performance. For 108

example, on AIME2024, AIME2025, and GPQA, 109

SPAE reduces the average response length of 110

DeepSeek-R1-Distill-Qwen-7B by 25.1%, 25.3%, 111

and 24.4%, while improving accuracy by 6.7%, 112

3.3%, and 1.1%, respectively. 113

Our contributions are summarized as follows: 114

• We introduce a training-free probing mecha- 115

nism and the Step Potential metric, and for- 116

malize Over-Checking as a pathological be- 117

havior that degrades efficiency and can trigger 118

Right-to-Wrong failures. 119

• We propose SPAE, a step-aware RL credit as- 120

signment method that encourages large gains 121

in Step Potential, penalizes declines, and sup- 122

presses redundant post-solution checking. 123

• Extensive experiments show that SPAE simul- 124

taneously improves accuracy and reduces in- 125

ference length across models and benchmarks. 126

2 Preliminary 127

2.1 Problem Formalization 128

We optimize an LLM policy πθ for mathematical 129

reasoning. Given a query q ∼ D with ground- 130

truth answer y∗, the model generates an output 131

o ∼ πθ(· | q). In long-CoT models such as 132

DeepSeek-R1 (Guo et al., 2025) and Qwen3 (Yang 133

et al., 2025), o comprises a reasoning trajectory τ 134

(typically wrapped by <think> and </think>) 135

and a final summary s, i.e., o = [τ ; s]. We segment 136

τ = [τ1, . . . , τK ] into K discrete reasoning steps, 137
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Figure 3: Overview of our proposed method. (a) SPAE integrates Step Potential from the probing mechanism into
the RLVR optimization loop by combining group-relative outcome advantages with step-aware credit assignment
after each rollout. (b) Our training-free probing mechanism estimates Step Potential by inserting a prompt after
each reasoning step to compute confidence and correctness from the model’s induced answers; the bottom panel
visualizes the resulting Step Potential values as a 2D contour over the (Acc, Conf) space.

where each step is a contiguous token span sepa-138

rated by explicit delimiters (e.g., “.\n\n”). These139

steps are the basic units of analysis in this work.140

RLVR maximizes the expected task-level reward:141

J (θ) = Eq∼D, o∼πθ(·|q)[R(o, y∗)] , (1)142

where R(o, y∗) ∈ {0, 1} is a binary reward143

that checks whether the answer extracted from s144

matches y∗.145

2.2 Reinforcement Learning with Verifiable146

Reward147

Group Relative Policy Optimization (GRPO).148

To avoid value-network overhead in Proximal Pol-149

icy Optimization (Schulman et al., 2017), GRPO150

(Shao et al., 2024) estimates baselines from group151

statistics. For each q ∼ D, GRPO samples G re-152

sponses {oi}Gi=1 ∼ πθold(·|q), computes rewards153

{R(oi, y
∗)}Gi=1, and maximizes:154

JGRPO(θ) = Eq∼D, {oi}Gi=1∼πθold (·|q)

[
1

G

G∑
i=1

1

|oi|

|oi|∑
j=1

min
(
ri,j(θ) Âi,j ,

clip(ri,j(θ), 1− ϵ, 1 + ϵ) Âi,j

)]
,

(2)155

where ϵ is the clipping threshold, and156

ri,j(θ) =
πθ(oi,j | q, oi,<j)

πθold(oi,j | q, oi,<j)
,

Âi,j = Âi =
R(oi, y

∗)−mean({R(ok, y
∗)}Gk=1)

std({R(ok, y∗)}Gk=1)
.

(3)157

GRPO assigns a single scalar advantage Âi to all to- 158

kens in oi, eliminating the critic but yielding coarse 159

credit assignment over the full trajectory. 160

Decouple Clip and Dynamic Sampling Policy 161

Optimization (DAPO). DAPO (Yu et al., 2025) 162

replaces sample-level averaging with global token- 163

level normalization to better handle varying re- 164

sponse lengths. DAPO further improves explo- 165

ration via Clip-Higher with decoupled bounds 166

(ϵlow, ϵhigh) and applies Dynamic Sampling, updat- 167

ing query groups with non-zero reward variance. 168

Reinforce++-Baseline (RF-B). To reduce insta- 169

bility under small group sizes G, RF-B (Hu et al., 170

2025) standardizes advantages over the full batch 171

B rather than within each group, alleviating the 172

high-variance local statistics in GRPO/DAPO. The 173

benefits of such global normalization are supported 174

by prior work (Liu et al., 2025; Mai et al., 2025). 175

Our Backbone. By synthesizing DAPO (explo- 176

ration strategies) and RF-B (global batch advan- 177

tage normalization), we establish a robust RLVR 178

baseline. This sets the stage for our proposed fine- 179

grained, step-aware credit assignment mechanism. 180

3 Methodology 181

As illustrated in Figure 3, we propose SPAE to 182

bridge the gap between sparse rewards and step- 183

level reasoning quality. Our framework proceeds in 184

three stages: (1) extracting intermediate confidence 185

and correctness signals via a training-free probe; 186

(2) synthesizing these signals into Step Potential to 187
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distinguish effective solving from redundant verifi-188

cation; and (3) optimizing the policy with potential-189

aware advantages that amplify pivotal deductions190

while penalizing Over-Checking.191

3.1 The Probing Mechanism192

To mitigate reward sparsity in long CoT reason-193

ing, we introduce a training-free probing mecha-194

nism. This functions as a semantic sensor to con-195

vert opaque hidden states into explicit progress196

signals without requiring auxiliary value networks.197

We operate directly at the step level. At the198

boundary of each step τki in a response oi (e.g.199

“.\n\n”), we insert a trigger prompt pprobe “**Final200

Answer** \n\\boxed{” to induce a tentative conclu-201

sion. The probing context is defined as:202

hi,k = (q, oi,≤τki
, pprobe), (4)203

where oi,≤τki
denotes the response prefix ending at204

step k. Conditioned on this context, the model gen-205

erates N short continuations {Y1, . . . , YN}, from206

which we extract two dense signals characterizing207

the quality of the reasoning step τki . Each probe208

continuation is capped at 10 tokens, which is suffi-209

cient to complete the induced final answer, and uses210

the same generation settings as the main reasoning211

process (temperature, top-k, and top-p).212

Confidence. The confidence Conf(τki ) measures213

how certain the model is about its current con-214

clusion: high entropy indicates uncertainty and215

fluctuating next-token preferences, while low en-216

tropy suggests a more concentrated, converged217

distribution. For each probe continuation Yn =218

(yn,1, . . . , yn,Ln) under context hi,k, let pθ(· |219

hi,k, yn,<l) denote the next-token distribution at220

position l. We compute the token-level entropy:221

Hn,l = −
∑
v∈V

pθ(v | hi,k, yn,<l)

· log pθ(v | hi,k, yn,<l) ,

(5)222

and convert the length-normalized entropy into a223

bounded confidence score in [0, 1] via exp(·), aver-224

aged over N probe samples:225

Conf(τki ) =
1

N

N∑
n=1

exp

(
− 1

Ln

Ln∑
l=1

Hn,l

)
,

(6)226

Correctness. The correctness metric (repre-227

sented by accuracy Acc(τki )) quantifies how com-228

patible the current reasoning prefix is with the229

ground-truth answer y∗. Instead of binary exact 230

matching, we compute a continuous score by force- 231

feeding the ground-truth tokens and averaging their 232

conditional probabilities: 233

Acc(τki ) =
1

N

N∑
n=1

1

|y∗|

|y∗|∑
m=1

πθ(y
∗
m | hi,k, y∗<m) ,

(7) 234

This formulation yields a dense signal in [0, 1], re- 235

flecting how likely the model is to produce the 236

ground-truth final answer conditioned on the rea- 237

soning prefix up to step k. 238

Importantly, our probing mechanism is training- 239

free and non-intrusive: it introduces no auxiliary pa- 240

rameters, does not backpropagate gradients through 241

probe generations, and does not alter the policy 242

optimization objective. Ground-truth answers are 243

used solely to extract diagnostic signals. 244

3.2 Quantifying Reasoning Steps via Step 245

Potential 246

Harnessing the fine-grained confidence and correct- 247

ness signals extracted by the probe, we introduce a 248

unified scalar metric Step Potential to quantify the 249

quality of an intermediate reasoning step, denoted 250

as Φ(τki ). Inspired by classical potential-based 251

reward shaping in RL (Ng et al., 1999), Step Poten- 252

tial maps each reasoning step into a bounded range 253

[−1, 1], providing a consistent measure of progress 254

throughout a long reasoning trajectory: 255

Φ(τki ) = 1.5 ·Acc(τki ) · Conf(τki )
+ 0.5 ·Acc(τki )− Conf(τki ).

(8) 256

This formulation synthesizes both signals to effec- 257

tively differentiate between qualitatively distinct 258

reasoning states: 259

• Exploration (Φ ≈ 0). Typically observed in 260

the early-to-middle stages of reasoning, where 261

confidence remains low regardless of correct- 262

ness, reflecting exploratory progress. 263

• Correct Confidence (Φ → +1). Usually 264

emerging in the later stage once the model has 265

reached the ground-truth answer, character- 266

ized by high correctness and high confidence 267

toward the correct solution. 268

• False Confidence (Φ → −1). Also a late- 269

stage regime where the model becomes highly 270

confident yet incorrect, indicating a confident 271

commitment to an erroneous partial solution. 272
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A naive metric based solely on correctness can-273

not distinguish a model that is still uncertain and274

exploring from one that has already become confi-275

dently committed to a hallucinated conclusion.276

Tracking Φ(τki ) over steps k = 1, . . . ,K pro-277

duces a temporal signal that exposes pathological278

reasoning behaviors such as Over-Checking.279

Distinguishing Solving and Checking Tokens.280

We decompose reasoning trajectories into solving281

and checking phases, distinguishing the transition282

via step-level potential saturation. A step k is clas-283

sified as checking if the potential has exceeded a284

high threshold εsat at any earlier step:285

IsChecking(k) ⇐⇒ ∃ k′ < k s.t. Φ(τk
′

i ) > εsat
(9)286

Steps with IsChecking(k) = false form the solv-287

ing phase. All tokens inherit the phase label of288

their respective steps: tokens within checking steps289

are designated as Checking Tokens, while those290

in solving steps are classified as Solving Tokens.291

While limited verification can be beneficial, Over-292

Checking is quantified as an excessive accumula-293

tion of Checking Tokens, which increases inference294

cost without improving solution quality. Unless295

otherwise specified, we fix the saturation threshold296

to εsat = 0.9 in all experiments.297

Right-to-Wrong Failures due to Over-Checking.298

A more severe failure arises when prolonged check-299

ing overturns a previously correct solution. We300

define a Right-to-Wrong (R2W) Failure as:301

Right-to-Wrong ⇐⇒ max
k

Φ(τki ) > εsat

∧ R(oi, y
∗) = 0

(10)302

This definition captures cases where the model303

reaches potential saturation (effectively solving the304

task) but later overturns the correct solution dur-305

ing prolonged, low-quality self-verification, ending306

with an incorrect final answer.307

To validate Step Potential as a reliable diagnostic308

signal, we conduct pilot analyses to (i) verify that309

Step Potential saturation aligns with true solution310

completion, (ii) test whether truncating at satura-311

tion reduces Over-Checking and Right-to-Wrong312

failures, and (iii) assess the statistical stability of313

intermediate confidence and correctness. Detailed314

results are in Appendix C.315

3.3 Step Potential Advantage Estimation316

We propose Step Potential Advantage Estimation317

(SPAE) to incorporate the Step Potential signal318

from our training-free probe directly into policy 319

optimization. SPAE has two complementary com- 320

ponents: Potential Saturation Penalty, which down- 321

weights the outcome credit after Step Potential satu- 322

rates to suppress redundant post-solution checking, 323

and Potential Difference Shaping, which provides 324

dense step-wise feedback by rewarding progress- 325

inducing transitions and penalizing regressions. 326

To make the roles of the two components explicit, 327

we write the token-level advantage as 328

ÂSPAE
i,j = Â

Group
i · f

(
Φi,M(j)

)︸ ︷︷ ︸
Saturation Penalty

+ ξ · g
(
∆Φi,M(j)

)︸ ︷︷ ︸
Difference Shaping

(11) 329

where ξ controls the strength of the shaping term. 330

Step-to-Token Alignment. As probing is step- 331

level but optimization is token-level, we define a 332

mapping M(j) ∈ {1, . . . ,K} from token index j 333

to its reasoning step k. All tokens in step τki share 334

the same saturation penalty factor f(Φi,k) and the 335

same shaping signal g(∆Φi,k). 336

Potential Saturation Penalty. To mitigate Over- 337

Checking, we downweight the outcome advantage 338

once the trajectory has entered the post-saturation 339

regime. We define the count C(i,k)
sat of preceding 340

saturated steps using an indicator function: 341

C
(i,k)
sat =

k−1∑
t=1

I
[
Φ(τ ti ) > εsat

]
, (12) 342

Based on this count, we define the saturation 343

penalty factor for step k as 344

f(Φi,k) = 1− α
(
1− exp

(
−C

(i,k)
sat

))
, (13) 345

which decays initially slowly and then rapidly from 346

1 to 1− α as saturated steps accumulate. 347

Potential Difference Shaping. We provide step- 348

wise feedback by quantifying the marginal contri- 349

bution via Step Potential differences: 350

∆Φi,k = Φ(τki )− Φ(τk−1
i ), (14) 351

Let ∆Φ̃i,k be the Min–Max normalized value of 352

∆Φi,k within the training batch B. The shaping 353

function is defined as an exponentially-amplified 354

and batch-centered signal: 355

g(∆Φi,k) = exp
(
∆Φ̃i,k

)
− EB

[
exp
(
∆Φ̃
)]

,

(15) 356

This term highlights pivotal “Aha!” transitions 357

(large positive ∆Φi,k) while suppressing trivial 358

steps, and assigns negative contributions to rela- 359

tive regressions after batch-centering. 360
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AIME24 AIME25 AMC23 Minerva Olympiad GPQA Avg.

Method Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓

Base Model: DeepSeek-R1-Distill-Qwen-7B
Base 52.71 13,229 39.37 14,300 90.00 6,179 57.49 4,837 72.17 8,578 54.88 7,016 61.10 9,023
DAST* 54.37 13,151 38.54 14,037 89.69 5,726 55.63 4,786 70.89 8,220 52.68 8,608 60.30 9,088
LC-R1* 49.38 7,121 34.58 8,147 87.50 2,768 54.71 1,541 67.26 4,133 52.27 3,879 57.62 4,598
Entropy 58.54 11,740 41.04 12,343 91.09 5,965 58.18 5,467 74.16 7,984 55.04 7,213 63.01 8,452
KTAE 48.54 11,739 37.29 12,604 89.84 5,526 56.59 4,048 69.59 7,660 53.11 6,529 59.16 8,018
DAPO 56.25 11,245 41.46 12,722 91.72 5,772 58.30 5,107 73.12 7,744 55.52 6,691 62.73 8,213
RF-B 56.67 11,026 40.62 12,032 90.78 5,859 58.25 4,845 73.21 7,458 54.95 6,562 62.41 7,964
SPAE 59.38 9,908 42.71 10,687 92.50 4,543 58.64 3,692 73.97 6,509 55.94 5,611 63.86 6,825

Base Model: DeepSeek-R1-Distill-Llama-8B
Base 44.58 13,826 28.96 14,429 87.66 7,095 43.15 5,805 65.50 9,040 53.31 7,832 53.86 9,671
DAPO 53.75 13,316 37.08 14,130 92.50 7,634 50.21 7,895 71.29 7,634 55.98 8,183 60.14 9,799
RF-B 51.25 11,928 36.67 12,821 92.03 6,658 50.44 6,984 71.06 8,463 55.26 7,944 59.45 9,133
SPAE 53.96 11,468 36.88 12,030 92.97 5,384 49.82 5,169 71.39 6,996 56.25 7,066 60.21 8,019

Base Model: Qwen3-4B-Thinking
Base 71.04 14,375 63.96 17,266 94.84 8,086 61.35 6,575 79.55 10,388 51.17 8,729 70.32 10,903
DAPO 71.04 10,358 64.79 11,891 93.75 5,787 61.53 4,882 79.07 7,287 49.93 6,271 70.02 7,746
RF-B 68.96 10,489 61.67 12,278 94.06 5,874 61.65 4,717 79.11 7,294 50.93 6,443 69.40 7,849
SPAE 71.88 9,608 65.21 11,680 96.09 5,218 61.28 4,365 79.28 6,655 50.86 5,975 70.77 7,250

Table 1: Performance comparison of SPAE with various baselines over 16 evaluations. Acc means accuracy(%) and
Len represents the average response length. The best results are in bold and the second-best are underlined. “*”
denotes results obtained by evaluating the official open-source checkpoints.

Training StepsTraining Steps Training Steps

(a) Training Entropy (b) Acc@16 on AIME24 (c) Len@16 on AIME24

Figure 4: The metric curves of (a) generation entropy during training, (b) test accuracy, and (c) mean response
length of DAPO, RF-B and SPAE based on DeepSeek-R1-Distill-Qwen-7B.

Integrated Advantage Estimation. Finally, we361

compute the group-relative outcome advantage362

without standard deviation:363

Â
Group
i = Ri −mean({Rk}Gk=1), (16)364

After computing ÂSPAE
i,j in Eq. 11, we apply global365

batch advantage normalization over all tokens in366

the training batch B for stability:367

ÂFinal
i,j =

ÂSPAE
i,j −mean

({
ÂSPAE | ÂSPAE ∈ B

})
std
({

ÂSPAE | ÂSPAE ∈ B
})

+ ϵ
.

(17)368

The overall SPAE algorithm is summarized in Al-369

gorithm 1.370

4 Experiments 371

4.1 Setup 372

Models and Baselines. We train DeepSeek R1- 373

Distill-Qwen-7B, R1-Distill-Llama-8B (Guo et al., 374

2025), and Qwen3-4B (Yang et al., 2025) on 375

DAPO-MATH-17K (Yu et al., 2025). For all back- 376

bones, we train and report results for DAPO (Yu 377

et al., 2025) and RF-B (Hu et al., 2025) as our 378

RLVR baselines. For the 7B model, we further 379

compare two token-level extensions built upon 380

the DAPO training pipeline: KTAE (Sun et al., 381

2025), which assigns token-level advantages by 382

combining rollout outcomes with statistical token- 383

importance estimates, and Entropy Advantage 384

(Cheng et al., 2025a), which augments advantages 385

with an entropy-based intrinsic term. We evaluate 386

efficient reasoning baselines DAST (Shen et al., 387
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Setting AIME24 AIME25 AMC23 Minerva Olympiad GPQA Avg. Avg.
Acc Acc Acc Acc Acc Acc Acc Len

SPAE (Full) 59.38 42.71 92.50 58.64 73.97 55.94 63.86 6,825
w/o Conf in Potential 58.54 40.62 91.56 58.27 71.39 54.20 62.43 6,967
w/o Difference Shaping 57.71 39.79 91.87 57.95 72.71 54.80 62.47 6,773
w/o Saturation Penalty 61.46 42.92 91.72 58.92 73.88 54.98 63.98 7,517

Baseline (RF-B) 56.67 40.62 90.78 58.25 73.21 54.95 62.41 7,964
Shaping Factor (ξ = 0.1) 53.54 42.50 91.25 58.59 73.19 55.34 62.40 6,866

(ξ = 1.0) 57.29 42.50 91.41 58.41 72.71 55.32 62.94 6,768
Penalty Factor (α = 0.1) 56.67 42.71 92.66 58.23 73.79 55.54 63.27 7,348

(α = 1.0) 57.50 40.42 91.87 58.18 73.01 55.11 62.68 6,183

Table 2: Ablation and Sensitivity Analysis on DeepSeek-R1-Distill-Qwen-7B. We report accuracy (%) on
individual benchmarks, plus the average accuracy and response length across all tasks over 16 evaluations. “SPAE
(Full)” uses α = 0.5, ξ = 0.5. The best results are in bold and the second-best are underlined.
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Figure 5: Training efficiency on AIME2024: accuracy
vs. cumulative training hours. SPAE reaches higher
accuracy under the same wall-clock budget.

2025) and LC-R1 (Cheng et al., 2025b) by di-388

rectly employing official open-sourced checkpoints389

without retraining. All our training runs use VeRL390

(Sheng et al., 2025) with an off-policy setup (global391

batch 640, mini-batch 32). For SPAE, we set392

ξ = α = 0.5 and N = 5.393

Evaluation. We evaluate on in-domain math394

benchmarks (AIME2024 & 2025, AMC2023,395

Minerva-Math (Lewkowycz et al., 2022),396

OlympiadBench (He et al., 2024)) and the397

out-of-domain GPQA (Rein et al., 2024). For398

answer verification, we use the MATH-VERIFY399

library together with xVerify-3B-Ia verifier model400

(Chen et al., 2025a) to robustly check final answers.401

Decoding uses temperature 0.6, top-k 50, top-p402

1.0, and a max length of 32,768 tokens. We403

report Acc@16 (mean accuracy over 16 runs) and404

Len@16 (mean generated tokens over 16 runs).405

Additional details are provided in Appendix D.406

4.2 Main Results 407

Table 1 compares SPAE with RLVR baselines 408

(DAPO, RF-B), efficiency methods (DAST, LC- 409

R1), and token-level shaping (KTAE, Entropy). 410

Across three backbones, SPAE yields the best 411

accuracy–length trade-off: SPAE improves accu- 412

racy while consistently shortening responses. 413

Accuracy. SPAE achieves the best average accu- 414

racy across all backbones. On Qwen-7B, SPAE 415

reaches 63.86%, surpassing DAPO (62.73%) and 416

RF-B (62.41%). On Llama-8B, SPAE boosts the 417

base model by +6.35% (53.86% → 60.21%), out- 418

performing all other baselines. Notably, on Qwen3- 419

4B, SPAE is the only method that improves over the 420

base model (+0.45%), while other RLVR baselines 421

regress. In contrast, efficient reasoning methods 422

(DAST and LC-R1) consistently suffer from accu- 423

racy drops relative to the base model. Furthermore, 424

the advantage estimation baseline KTAE fails to 425

scale effectively with long CoT reasoning, resulting 426

in overall performance degradation. 427

Efficiency. SPAE substantially reduces genera- 428

tion length by diminishing the advantage of post- 429

solution segments in correct responses. Relative 430

to the base models, SPAE achieves average token 431

usage reductions of ∼24% on Qwen-7B, ∼17.1% 432

on Llama-8B, and ∼33.5% on Qwen3-4B. In con- 433

trast to strict length-constrained training (LC-R1), 434

which shortens outputs at the cost of notable accu- 435

racy drops, SPAE improves correctness while com- 436

pressing length. Furthermore, on the OOD GPQA 437

dataset, SPAE maintains competitive performance 438

despite the reduced inference cost, demonstrating 439

robust generalization capabilities. 440
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Training Dynamics. Figure 4 shows training441

curves on AIME2024 for R1-Distill-Qwen-7B442

(other backbones in Appendix E). SPAE steadily re-443

duces response length throughout training, whereas444

DAPO and RF-B plateau at much longer genera-445

tions. This compression co-occurs with higher test446

accuracy and lower entropy growth, suggesting that447

step-potential shaping provides a more stable credit448

signal than purely group-relative baselines. Despite449

the extra probing cost, SPAE achieves better accu-450

racy under the same wall-clock budget (Figure 5).451

4.3 Ablation Study452

Component Necessity. Table 2 validates the ne-453

cessity of each component across benchmarks on454

R1-Distill-Qwen-7B. We first test an Acc-only po-455

tential variant by discarding confidence (w/o Conf456

in Potential). This variant underperforms full SPAE457

(62.43% vs. 63.86%, −1.43) and produces longer458

responses (6,967 vs. 6,825, +142). This shows459

that correctness alone cannot reliably distinguish460

uncertain exploration from confident errors, lead-461

ing to noisier step transitions. Removing Potential462

Difference Shaping (ξ = 0) reduces the average ac-463

curacy from 63.86% to 62.47% (−1.39), suggest-464

ing its key role in guiding step-wise progress. In465

contrast, removing the Potential Saturation Penalty466

(α = 0) yields a negligible change in average accu-467

racy (63.98%, +0.12) but increases the average re-468

sponse length from 6,825 to 7,517 tokens (+692),469

indicating the penalty term f(Φ) primarily curbs470

Over-Checking and improves efficiency.471

Sensitivity. Sweeping ξ, α ∈ {0.1, 0.5, 1.0}472

shows SPAE is robust and achieves its best473

accuracy–efficiency trade-off at ξ = α = 0.5.474

Weak shaping (ξ = 0.1) provides insufficient475

guidance, reducing Avg. Acc to 62.40% (−1.46),476

while overly strong shaping (ξ = 1.0) also hurts477

(62.94%, −0.92). For redundancy control, a mild478

penalty (α = 0.1) does not sufficiently prune post-479

saturation computation (Avg. Len 7,348; +523),480

whereas an aggressive penalty (α = 1.0) over-481

truncates (Avg. Len 6,183; −642) and degrades482

accuracy to 62.68% (−1.18).483

4.4 Analysis of Reasoning Behaviors484

Table 3 summarizes Over-Checking statistics on485

correct trajectories and the R2W failure rate on486

incorrect trajectories of R1-Distill-Qwen-7B.487

Baselines exhibit substantial Over-Checking,488

spending 1.3K–1.8K checking tokens after satu-489

Method Acc Solve Check Reflect R2W

Base 46.04 4,354 1,511 17.72 8.10
DAST 46.46 3,970 1,424 16.56 10.31
LC-R1 41.98 2,828 299 5.53 4.67
DAPO 48.86 4,581 1,787 19.05 9.50
RF-B 48.65 4,414 1,313 15.58 6.29
SPAE 51.05 3,483 614 9.08 2.65

Table 3: Reasoning behaviors on AIME2024 & 2025.
Solve/Check/Reflect are measured on correct trajecto-
ries: Solve/Check denote token lengths in the solving
and checking phases, and Reflect counts steps contain-
ing explicit self-reflective tokens (e.g., “wait”, “alter-
natively”). R2W is the Right-to-Wrong failure rate on
incorrect trajectories.

ration (e.g., 1,511 in Base and 1,787 in DAPO). 490

SPAE mitigates this by surgically reducing check- 491

ing to 614 tokens (−59% vs. Base) while retaining 492

a robust solving budget (3,483), achieving the best 493

accuracy (51.05%). Moreover, SPAE reduces re- 494

flective behaviors on correct trajectories (Reflect: 495

9.08 vs. 17.72 in Base), suggesting it discourages 496

unnecessary post-solution self-reflection without 497

sacrificing correctness. In contrast, LC-R1 short- 498

ens both Solve and Check aggressively (2,828 / 499

299), which correlates with a large accuracy drop, 500

indicating indiscriminate truncation. 501

Baselines suffer high R2W rates (e.g., 8.10% for 502

Base and 10.31% for DAST). SPAE substantially 503

reduces R2W to 2.65% (−67% vs. Base), indi- 504

cating that suppressing redundant checking also 505

prevents destructive self-correction that flips a pre- 506

viously correct intermediate conclusion. 507

5 Conclusion 508

In this paper, we mitigate the credit assignment am- 509

biguity in RLVR by introducing SPAE. By lever- 510

aging a training-free probing mechanism, we for- 511

malize Step Potential to explicitly quantify reason- 512

ing progress, allowing us to identify and mitigate 513

pathological behaviors such as Over-Checking and 514

Right-to-Wrong failures. Unlike previous token- 515

level or length-penalty approaches, SPAE provides 516

dense, step-aware supervision that aligns policy 517

optimization with semantic convergence. Our ex- 518

tensive experiments across Qwen and Llama fam- 519

ilies demonstrate that SPAE achieves a superior 520

Pareto frontier between performance and cost: it 521

significantly boosts accuracy on challenging bench- 522

marks while reducing inference latency through the 523

precise pruning of redundant verification steps. 524
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Limitations525

SPAE introduces additional computation during526

training. Our future work will explore more527

lightweight or adaptive probing strategies.528

The correctness probe currently assumes struc-529

tured answers, which limits applicability to free-530

form outputs. Developing format-agnostic correct-531

ness estimators is an important direction.532

Our experiments focus on mathematical rea-533

soning. Extending SPAE to code generation and534

broader reasoning domains remains future work.535
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A LLM Usage 712

We used LLMs only to polish grammar and im- 713

prove the clarity of the manuscript. All research 714

ideas, experiments, and analyses were conducted 715

by the authors. 716

B Related Work 717

RL for LLM Reasoning. Reinforcement learn- 718

ing has shifted from preference alignment toward 719

becoming a primary driver of complex reason- 720

ing in LLMs. Early reasoning-oriented alignment 721

largely relied on Proximal Policy Optimization 722

(PPO) (Schulman et al., 2017), but the need to train 723

and maintain a separate value network makes PPO 724

increasingly costly for long CoT reasoning. This 725

has accelerated adoption of RLVR, where policy 726

updates are guided by outcome-level correctness 727

without a learnable critic. Representative meth- 728

ods include ReMax (Li et al., 2024), Reinforce++- 729

Baseline (Hu et al., 2025), and GRPO (Shao et al., 730

2024), which estimate advantages using group- or 731

batch-based baselines and enable scalable long- 732

CoT training. Despite their practicality, these ap- 733

proaches still rely on sparse terminal rewards, pro- 734

viding limited guidance for identifying which inter- 735

mediate reasoning steps are truly helpful and which 736

are redundant or harmful. 737

Token-Level Advantage Estimation. Recent 738

work has explored fine-grained credit assignment to 739

improve RLVR. DAPO (Yu et al., 2025) improves 740

training stability via token-averaged objectives and 741
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global normalization, but it still lacks explicit super-742

vision of individual tokens or steps. Consequently,743

entropy-based estimation have emerged as a com-744

mon proxy for token importance: entropy-guided745

shaping scales gradients based on token uncertainty746

under the premise that high-entropy tokens corre-747

spond to critical branching points (Cheng et al.,748

2025a; Chen et al., 2025b; Le et al., 2025; Wang749

et al., 2025b). These methods often upweight high-750

entropy tokens in correct trajectories to encourage751

reflective computation, while tempering penalties752

on high-entropy tokens in incorrect trajectories to753

preserve exploration. Related ideas also modu-754

late gradients using planning-related tokens (Wang755

et al., 2025a) or statistical correlates of token im-756

portance (e.g., Sun et al. 2025). Our work targets a757

missing ingredient: a semantically grounded, step-758

level estimate of reasoning progress that can distin-759

guish essential deduction from redundancy.760

Efficient Reasoning Techniques. A complemen-761

tary line of work focuses on reducing inference-762

time compute. Length-aware objectives fine-763

tune models with length preferences to encourage764

shorter reasoning traces while maintaining correct-765

ness, enabling “long-to-short” behavior and im-766

proving efficiency (Shen et al., 2025; Cheng et al.,767

2025b; Aggarwal and Welleck, 2025). Other ap-768

proaches train models to adaptively decide whether769

to produce a chain-of-thought based on problem770

difficulty, typically via a two-stage pipeline com-771

bining supervised fine-tuning and RL so that the772

model learns when extended reasoning is neces-773

sary (Zhang et al., 2025; Lou et al., 2025; Xiong774

et al., 2025). Similar ideas appear in early Qwen3775

(Yang et al., 2025) deployments but may require776

user-side control. While effective for reducing av-777

erage length, these methods still largely treat the778

model output as a single sequence-level object dur-779

ing training and do not explicitly separate efficient780

reasoning segments from inefficient ones. Our ap-781

proach addresses this gap by making step-level782

progress observable and using it to shape credit783

assignment and suppress redundant post-solution784

checking directly within RL optimization.785

C Reliability of Step Potential as a786

Diagnostic Signal787

This section examines whether Step Potential can788

serve as a reliable diagnostic signal for reasoning789

dynamics. Unless otherwise specified, all analyses790

are conducted with DeepSeek-R1-Distill-Qwen-7B791

Statistic Value

Pr(∆k = 0) 86.0%
Pr(∆k > 0) 3.5%
Pr(∆k < 0) 10.5%
E[|∆k|] 3.86

Table 4: Temporal alignment between probe saturation
and oracle supervision.

on 60 problems from AIME2024 & 2025, using 16 792

sampled responses per problem (i.e., @16 evalua- 793

tion). We validate Step Potential from three angles: 794

(i) temporal alignment with oracle supervision, (ii) 795

the impact of forced truncation on correctness (val- 796

idating Over-Checking), and (iii) the statistical sta- 797

bility of the estimator. 798

C.1 Temporal Alignment with Oracle 799

Supervision 800

We first test whether the first step where Step Po- 801

tential saturates corresponds to the earliest moment 802

when the model has already formed a complete 803

correct solution. To obtain an oracle reference, we 804

employ Qwen3-235B-A22B-Instruct-2507 (Yang 805

et al., 2025) to retrospectively inspect each tra- 806

jectory with the prompt in Figure 8. The teacher 807

model identifies the exact text span where the cor- 808

rect logic and answer are first fully established. We 809

map this boundary back to our step index, denoting 810

it as the Ground Truth Solving Step kGT. 811

Metric. We define the probe-detected solving 812

step kProbe as the earliest step exceeding the sat- 813

uration threshold εsat: 814

kProbe = min{k : Φ(τki ) > εsat}. (18) 815

We then measure the step displacement ∆k = 816

kProbe − kGT, where ∆k = 0 implies perfect syn- 817

chronization; ∆k > 0 implies delayed detection; 818

and ∆k < 0 implies early triggering. 819

Results. As shown in Table 4, Step Potential sat- 820

uration exhibits strong temporal agreement with 821

oracle supervision: 86.0% of trajectories achieve 822

exact synchronization (∆k = 0), indicating that 823

the probe typically triggers at the same step bound- 824

ary where the oracle judges the full correct solution 825

to be established. For the remaining cases with 826

∆k ̸= 0, early triggering dominates: 75.0% of 827

non-zero displacements satisfy ∆k < 0, whereas 828

only 25.0% are delayed detections (∆k > 0). The 829

mean absolute displacement is E[|∆k|] = 3.86, 830

suggesting that mismatches, while infrequent, can 831
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Method Len@16 Acc@16 R2W

Standard Decoding 13765 46.04 5.4
Probe-Truncated 12931 48.44 0.0

Table 5: Comparison between standard decoding and
probe-truncated decoding. Truncation effectively elimi-
nates Right-to-Wrong (R2W) failures caused by Over-
Checking.

span a few step boundaries; qualitatively, these832

cases often correspond to partially implicit deriva-833

tions where the model has already converged to the834

correct answer (high confidence and correctness)835

before the teacher deems the full reasoning to be836

explicitly complete. Overall, these results support837

Step Potential saturation as a practical marker for838

separating solving from post-solution checking.839

C.2 The Oracle Truncation Test: Validating840

Over-Checking841

To confirm that steps generated after saturation842

are largely redundant and potentially harmful, we843

perform an intervention experiment.844

Protocol. We compare standard decoding against845

a Probe-Truncated Decoding strategy:846

1. Monitor: At each step boundary k, we com-847

pute Φ(τki ) using the probing mechanism.848

2. Intervene: If Φ(τki ) > εsat, we immediately849

append the </think> token to close the rea-850

soning block.851

3. Output: The model is then forced to generate852

the final summary s, discarding any subse-853

quent reasoning steps that would have been854

generated.855

Results. As summarized in Table 5, oracle trun-856

cation yields clear efficiency gains while improving857

reliability: probe-truncated decoding reduces the858

average output length (Len@16) from 13,765 to859

12,931, and simultaneously increases Acc@16 by860

2.40 points from 46.04 to 48.44. Notably, trun-861

cation eliminates R2W failures entirely, driving862

the R2W rate down from 5.4 to 0.0. These re-863

sults directly support the Over-Checking hypothe-864

sis: once Step Potential saturates, continued gener-865

ation is largely redundant and can even induce spu-866

rious self-contradictions that overwrite an already-867

correct solution.868

Step Progress Bin Var[Conf] Var[Acc]

[0, 0.2) 0.00216 0.00341
[0.2, 0.4) 0.00341 0.00395
[0.4, 0.6) 0.00402 0.00377
[0.6, 0.8) 0.00393 0.00318
[0.8, 1.0] 0.00157 0.00279

Table 6: Progress-conditioned sampling variance of
probe signals. For each step, we compute the within-
step variance across 16 probe samples for Conf and Acc,
then report the mean variance in each relative-progress
bin.

C.3 Variance and Stability Analysis 869

Since Step Potential is derived from stochastic 870

probe sampling, we analyze the stability of its 871

underlying components—confidence and correct- 872

ness—by measuring their within-step sampling 873

variance across probe continuations. 874

Protocol. For each response, we segment the rea- 875

soning trajectory into K steps and run the prob- 876

ing mechanism at every step boundary to obtain 877

N = 16 probe continuations. For each step k, the 878

probe yields per-sample estimates {Conf(n)k }16n=1 879

and {Acc(n)k }16n=1, from which we compute the 880

within-step sampling variance: 881

Varprobe[Confk] = Var
(
{Conf(n)k }16n=1

)
,

Varprobe[Acck] = Var
(
{Acc(n)k }16n=1

)
.

(19) 882

Step-progress Binning. To characterize how 883

sampling stability evolves over the course of rea- 884

soning, we bin steps by their relative progress 885

rk = k/K into five intervals: 886

[0, 0.2), [0.2, 0.4), [0.4, 0.6), [0.6, 0.8), [0.8, 1.0]. 887

For each bin b, we aggregate the variances over 888

all steps whose rk falls into b, reporting the mean 889

variance: 890

Varb[Conf] = Ek∈b
[
Varprobe[Confk]

]
,

Varb[Acc] = Ek∈b
[
Varprobe[Acck]

]
.

(20) 891

Results. Table 6 shows that the probe signals 892

are statistically stable and exhibit a meaningful de- 893

pendence on reasoning progress: both Var[Conf] 894

and Var[Acc] are smallest near the beginning and 895

end of trajectories, while peaking in the middle 896

bins, consistent with an exploratory phase where 897

the model has not yet converged. In particular, 898

Var[Conf] increases from 0.00216 in [0, 0.2) to 899
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a maximum of 0.00402 in [0.4, 0.6), then drops900

to 0.00157 in the final bin [0.8, 1.0]; Var[Acc]901

shows a similar pattern, peaking at 0.00395 in902

[0.2, 0.4) and decreasing to 0.00279 in [0.8, 1.0].903

This progress-conditioned variance indicates that904

the stochasticity of the probe is not arbitrary noise;905

rather, it peaks when the model exhibits high un-906

certainty and diminishes as the trajectory stabilizes,907

thereby establishing a robust foundation for em-908

ploying Step Potential as both a diagnostic marker909

and a dense shaping signal.910

D Experiment Details911

D.1 Datasets912

We evaluate both in-domain mathematical reason-913

ing and out-of-domain generalization. We use914

the official test sets and standard answer formats,915

strictly adhering to the licenses associated with916

each dataset.917

Evaluation Benchmarks.918

• AIME 2024 (#30)1 / AIME 2025 (#30)2.919

American Invitational Mathematics Examina-920

tion problems. Answers are typically integers921

with a fixed format, which supports reliable922

verification.923

• AMC 2023 (#40)3. American Mathematics924

Competitions problems.925

• Minerva-Math (#272). (Lewkowycz et al.,926

2022) A collection of mathematical problems927

curated for evaluating step-by-step reasoning,928

covering a wide range of topics and difficulty929

levels.930

• OlympiadBench (text-only EN math sub-931

set, #674). (He et al., 2024) Olympiad-style932

problems that emphasize long-horizon sym-933

bolic reasoning and composition of multiple934

lemmas.935

• GPQA (#448). (Rein et al., 2024) A challeng-936

ing question-answering benchmark intended937

to test out-of-domain generalization and sci-938

entific reasoning.939

1https://huggingface.co/datasets/
hendrydong/aime24

2https://huggingface.co/datasets/
math-ai/aime25

3https://huggingface.co/datasets/
zwhe99/amc23

Training Data. All models are fine-tuned on 940

DAPO-MATH-17K (Yu et al., 2025), which con- 941

sists of 17K prompts, each paired with an integer 942

as the answer. 943

D.2 Baselines 944

We compare SPAE against strong RLVR baselines, 945

token-level advantage estimation methods, and ef- 946

ficient reasoning approaches. For fair comparison, 947

we match training data, rollout settings, and de- 948

coding configurations whenever applicable. When 949

official checkpoints are used, we report results un- 950

der the authors’ recommended inference settings 951

and additionally evaluate under our standardized 952

decoding protocol when possible. 953

D.2.1 RLVR Baselines 954

• DAPO (Yu et al., 2025). A stabilized 955

RLVR variant featuring decoupled clipping 956

bounds, dynamic sampling to maintain re- 957

ward variance within groups, and global token- 958

level normalization to balance updates across 959

variable-length rollouts. 960

• Reinforce++-Baseline (Hu et al., 2025). An 961

RLVR method that improves stability via 962

global batch advantage normalization, normal- 963

izing advantages using statistics over the full 964

training batch to reduce sensitivity to small 965

group sizes and outliers. 966

D.2.2 Token-Level Advantage Estimation 967

• Entropy Advantage (Cheng et al., 2025a). 968

This method augments the advantage function 969

with an entropy-based term to encourage ex- 970

ploration. 971

• Key Token Advantage Estimation (KTAE) 972

(Sun et al., 2025). KTAE addresses the coarse- 973

grained credit assignment issue in group- 974

based RLVR by estimating token-level impor- 975

tance without additional learned models; it 976

combines rollout-level outcome information 977

with a statistical token-importance signal to 978

enable finer-grained advantage assignment. 979

D.2.3 Efficient Reasoning Methods 980

• LC-R1 (Cheng et al., 2025b). An RL ap- 981

proach for efficient reasoning that incorpo- 982

rates length-aware reward components (e.g., 983

length and compression rewards) in addition 984

to correctness to encourage output compres- 985

sion with minimal accuracy loss. 986
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Method AIME24 AIME25 AMC23 Minerva Olympiad GPQA

Base Model: DeepSeek-R1-Distill-Qwen-7B
Base 76.67 66.67 100.00 79.41 87.98 91.74
DAST 83.33 70.00 100.00 78.68 87.83 90.40
LC-R1 80.00 70.00 97.50 79.41 87.39 91.96
Entropy 80.00 63.33 97.50 78.31 87.83 91.07
KTAE 80.00 70.00 97.50 79.04 86.80 91.52
DAPO 80.00 70.00 97.50 79.41 87.69 89.73
RF-B 83.33 73.33 100.00 78.68 87.98 89.51
SPAE 86.67 70.00 100.00 80.15 88.13 89.73

Base Model: DeepSeek-R1-Distill-Llama-8B
Base 80.00 66.67 97.50 75.37 86.50 90.18
DAPO 83.33 70.00 97.50 78.68 87.39 86.83
RF-B 83.33 60.00 100.00 79.04 86.80 87.50
SPAE 83.33 63.33 100.00 78.68 86.50 87.72

Base Model: Qwen3-4B-Thinking
Base 86.67 83.33 100.00 76.10 90.95 78.12
DAPO 80.00 83.33 100.00 75.37 89.02 77.01
RF-B 83.33 83.33 100.00 76.47 89.32 77.01
SPAE 83.33 83.33 100.00 75.00 89.02 76.56

Table 7: Pass@16 performance comparison of SPAE
with various baselines. Best results in each block are
highlighted in bold.

• DAST (Difficulty-Adaptive Slow Thinking)987

(Shen et al., 2025). A framework that adapts988

Chain-of-Thought length to problem difficulty989

via budget-aware reward shaping and prefer-990

ence optimization, penalizing overly long re-991

sponses on easier instances while preserving992

sufficient reasoning for hard ones.993

D.3 Training Details994

We use a group-based RLVR training setup across995

all models.996

• Hardware. All experiments are conducted on997

32× NVIDIA H200 GPUs.998

• Batching and framework. Training is imple-999

mented in VeRL (Sheng et al., 2025) with an1000

off-policy scheme. We use a global batch size1001

of 640, processed in a mini-batch size of 32.1002

• Rollout Configuration. During rollout, the1003

group size is set to G = 8. The group sam-1004

pling temperature is 1.0. The maximum sam-1005

pled length is 16,384 tokens. The system1006

prompt is shown in Figure 6.1007

• Optimization. We use a learning rate of 1×1008

10−6. The KL-divergence regularization term1009

is omitted. We use decoupled clipping bounds1010

with εhigh = 0.28 and εlow = 0.2, where the1011

higher upper bound encourages diversity and1012

exploration during rollout updates.1013

• SPAE hyperparameters. We fix ξ =1014

0.5, α = 0.5 and N = 5.1015

System Prompt

Please reason step by step,
and put your final answer
within \boxed{}.

Figure 6: The system prompt for training and test.

• Training steps. We train all R1-Distill-Qwen- 1016

7B variants for 640 steps, all R1-Distill- 1017

Llama-8B variants for 600 steps, and all 1018

Qwen3-4B variants for 560 steps. 1019

D.4 Evaluation Details 1020

D.4.1 Verification Protocol 1021

To minimize false negatives from formatting varia- 1022

tions, we employ a hybrid verification pipeline con- 1023

sistent across all methods. We first apply standard 1024

rule-based extraction via Math Verify4. As a fall- 1025

back for rejected answers, we utilize xVerify-3B-Ia 1026

(Chen et al., 2025a) to judge semantic equivalence 1027

with the ground truth. 1028

E Extended Experimental Results 1029

This section provides extended experimental re- 1030

sults that complement the main text. We report (i) 1031

Pass@16 (i.e., at least one correct out of 16 genera- 1032

tions) scores for all backbones, and (ii) training dy- 1033

namics for additional backbones not shown in the 1034

main paper, including DeepSeek-R1-Distill-Llama- 1035

8B and Qwen3-4B-Thinking. For DeepSeek-R1- 1036

Distill-Qwen-7B training curves are presented in 1037

the main text; the curves for these three backbones 1038

exhibit highly similar trends. 1039

Pass@16 Across Benchmarks. Table 7 summa- 1040

rizes Pass@16 results over all the benchmarks. 1041

Overall, SPAE achieves consistently strong perfor- 1042

mance across different backbones and evaluation 1043

sets. In particular, on DeepSeek-R1-Distill-Qwen- 1044

7B, SPAE improves Pass@16 on AIME24 and 1045

yields the best (or tied-best) performance on mul- 1046

tiple benchmarks, demonstrating that step-aware 1047

credit assignment can translate into higher sample- 1048

level success rates. On other backbones, SPAE re- 1049

mains competitive with strong RLVR baselines, in- 1050

dicating good transferability of the proposed shap- 1051

ing strategy. 1052

4https://github.com/huggingface/
Math-Verify
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Training StepsTraining Steps Training Steps

(a) Training Entropy (Qwen3-4B) (b) Acc@16 on AIME24 (Qwen3-4B) (c) Len@16 on AIME24 (Qwen3-4B)

Training StepsTraining Steps Training Steps

(d) Training Entropy (R1-8B) (e) Acc@16 on AIME24 (R1-8B) (f) Len@16 on AIME24 (R1-8B)

Figure 7: Training dynamics on Qwen3-4B-Thinking and DeepSeek-R1-Distill-Llama-8B.

Training Dynamics: Entropy, Accuracy, and1053

Length. Figure 7 show training curves for1054

DeepSeek-R1-Distill-Llama-8B and Qwen3-4B-1055

Thinking, respectively. We track (1) the aver-1056

age token entropy during training as a proxy for1057

policy uncertainty, (2) Acc@16 on AIME24 as a1058

task-level performance indicator, and (3) Len@161059

on AIME24 to measure inference cost. Across1060

both backbones, SPAE exhibits a consistent pat-1061

tern: lower entropy than DAPO and RF-B, while1062

achieving higher Acc@16 and shorter Len@16.1063

The similarity of these curves to those reported1064

for DeepSeek-R1-Distill-Qwen-7B in the main text1065

suggests that the benefits of SPAE are not model-1066

specific but reflect a stable optimization effect in-1067

duced by step-level potential shaping.1068

F Pseudocode of SPAE1069

Algorithm 1 outlines the complete training pipeline1070

of SPAE.1071
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Prompt for Answer Identification

You are an expert annotator for long-form mathematical reasoning.

Task: Identify the earliest sentence in the model response where the correct final answer is
first derived, calculated, or established.

You will be given:
1) PROBLEM: the original question.
2) GOLD_ANSWER: the verified correct final answer (canonical).
3) VERIFIED_RESPONSE: a model response that has already been verified as correct overall.

Definition:
- A "sentence" is a contiguous span of text in VERIFIED_RESPONSE ending with a sentence boundary
(e.g., ’.’, ’!’, ’?’, or a line break).
- The "first obtained answer sentence" is the earliest point where the reasoning is complete and the
correct value is present.
- Criteria for selection:

1. Calculation Completion: Select the sentence where the final calculation is performed and the
result equals GOLD_ANSWER (e.g., "Thus, 10 + 5 = 15" counts if the answer is 15).

2. Logical Equivalence: Select the sentence that contains an expression mathematically
equivalent to the GOLD_ANSWER, provided no further steps are needed (e.g., "The value is sqrt(4)"
counts if the answer is 2).

3. Implicit Finality: You must identify the answer even if it is not explicitly labeled as "The
answer is..." or "Final Answer:". If the text stream has reached the correct value naturally, that
sentence counts.
- Exclusions:

- Do NOT choose sentences that only set up the equation (e.g., "We need to calculate 10+5")
without showing the result.

- Do NOT choose later restatements, summaries, or boxed answers if the correct value was already
derived in a previous sentence.

Output format (strict):
Return ONLY the exact sentence (verbatim) from VERIFIED_RESPONSE.
Do not add quotes, explanations, line numbers, or any extra text.

PROBLEM:
{problem}

GOLD_ANSWER:
{gold_answer}

VERIFIED_RESPONSE:
{verified_response}

Figure 8: The annotation prompt used to identify the earliest sentence that can reach the ground-truth answer.
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Algorithm 1: Step Potential Advantage Estimation (SPAE)
Input :Dataset D, Policy πθ , Group size G, Shaping weight ξ, Penalty strength α
Output :Optimized Policy πθ∗

1 Initialize: Policy parameters θ ← θ0.
2 for each training iteration do

// 1. Group Sampling
3 Sample a batch of queries Bq ∼ D.
4 for each query q ∈ Bq do
5 Generate group responses {o1, . . . , oG} ∼ πθ(·|q).
6 Compute binary rewards {Ri = R(oi, y

∗)}Gi=1.
7 end

// 2. Probing & Step Potential Computation
8 Initialize increment set S∆ ← ∅.
9 foreach response oi in batch do

10 Parse reasoning steps τi = [τ1
i , . . . , τ

Ki
i ].

11 for k ← 1 to Ki do
12 Construct probe context hi,k ← (q, oi,≤k, pprobe).
13 Sample N continuations to estimate Conf(τk

i ) and Acc(τk
i ).

14 Compute Step Potential Φ(τk
i ).

15 if k ≥ 2 then
16 Compute increment ∆Φi,k ← Φ(τk

i )− Φ(τk−1
i ).

17 Add ∆Φi,k to S∆.
18 end
19 end
20 end

// 3. Advantage Estimation (Penalty & Shaping)
21 Compute Min–Max normalization statistics from S∆ within the training batch B.
22 foreach response oi do
23 Compute Group Advantage ÂGroup

i ← Ri −mean({Rk}Gk=1).
// Pre-compute step-level penalty and shaping for this trajectory

24 for k ← 1 to Ki do
25 Compute saturation-count: N (i,k)

sat ←
∑k−1

t=1 I
[
Φ(τ t

i ) ≥ 1− ε
]
.

26 Compute saturation penalty: f(Φi,k)← 1− α
(
1− exp

(
−N (i,k)

sat

))
.

27 if k ≥ 2 then
28 Let ∆Φ̃i,k be the Min–Max normalized value of ∆Φi,k within B.

29 Compute shaping signal: g(∆Φi,k)← exp(∆Φ̃i,k)− E(i′,k′)∈B

[
exp(∆Φ̃i′,k′)

]
.

30 end
31 else
32 Set g(∆Φi,1)← 0.
33 end
34 end
35 foreach token j in oi do
36 Map token j to step index k ←M(j).
37 Compute SPAE advantage: ÂSPAE

i,j ← ÂGroup
i · f(Φi,k) + ξ · g(∆Φi,k).

38 end
39 end

// 4. Global Normalization & Policy Update

40 Collect all ÂSPAE in batch to compute mean µB and std σB.
41 Normalize: ÂFinal

i,j ← (ÂSPAE
i,j − µB)/(σB + ϵ).

42 Update θ by maximizing the RL objective using ÂFinal
i,j .

43 end
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