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Abstract

Transformer-based models have achieved remark-
able success across a wide range of domains, yet
our understanding of their training dynamics re-
mains limited. In this work, we identify a re-
current focus—dilution cycle in attention learn-
ing and provide a rigorous explanation in a one-
layer Transformer setting for Markovian data
via gradient-flow analysis. Using stage-wise lin-
earization around critical points, we show that a
single focus—dilution cycle can be decomposed
into a sequence of distinct stages. First, embed-
ding and projection rapidly condense to a rank-
one structure, while attention parameters remain
effectively frozen. Then, the attention param-
eters begin to increase, inducing a frequency-
driven focus toward high-frequency tokens. As
attention continues to evolve, it generates next-
order perturbations in embeddings, leading to a
mass-redistribution mechanism that progressively
dilutes this focus. Finally, small asymmetries
among low-frequency tokens lift a degenerate crit-
ical point, opening new embedding directions and
initiating the next cycle. Experiments on synthetic
Markovian data as well as WikiText and TinySto-
ries corroborate the predicted stages and cyclical
dynamics.

1. Introduction

Transformer models (Vaswani et al., 2017) have become the
dominant architecture for sequence modeling. While their
approximation power is now well understood in a variety of
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regimes (Pérez et al., 2019; Yun et al., 2020a;b), we still lack
a mechanistic theory for how attention itself evolves during
training. Most existing analyses gain tractability by intro-
ducing additional technical conditions, such as reparameter-
izations (Zhang et al., 2024a) or proxy dynamics (Tarzanagh
et al., 2023), which may obscure the native coupling among
embeddings, projection, and attention. Moreover, recent
work suggests that Transformer training often undergoes
multiple stages (Chang et al., 2024; Varre et al., 2025), and
that attention can shift from highly concentrated to more
diffuse patterns (Tian et al., 2024). These observations point
to a need for a dynamical picture that remains faithful to the
coupled dynamics and can explain both attention amplifica-
tion and its subsequent dissipation.

In this work, we combine theory and experiments to show
that attention can be understood as a cyclical learning pro-
cess. Within each cycle, attention first amplifies a frequency-
driven preference over tokens (focus), and then gradually
weakens this preference as the embedding structure adapts
(dilution). We identify the dynamical origin of each stage
and explain how the interaction between embeddings and
attention progressively decomposes the learning problem.

To keep the analysis tractable while preserving essential
sequential structure, we study population gradient flow for a
one-layer Transformer trained by cross-entropy on Markov
data (Chang et al., 2024; Makkuva et al., 2024; 2025). Our
explanation is stage-wise and built on linearizations around
critical points. Under small initialization, the trajectory is
first governed by the linearization near the origin, which
forces a rank-one condensation of the embedding and pro-
jection components, consistent with the condensation phe-
nomenon in Chen & Luo (2025). We further observed that
the condensed direction is explicitly determined by the sta-
tionary distribution. In contrast, the attention parameters
remain small in this initial stage because the leading-order
driving term for (Wg, Wi ) vanishes at the origin.

After condensation, the trajectory follows the same low-
rank ray until it reaches a second critical point. We show
that this point is generically a saddle: the Jacobian admits
a local block decomposition into (i) a contracting embed-
ding/output subsystem and (ii) an attention subsystem with
a single unstable mode. Consequently, once the trajectory
enters this neighborhood, (Wq, Wi ) align with the unsta-
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ble eigendirection and grow exponentially, and attention
acquires a bias toward high-frequency tokens, initiating the
focus phase.

Going beyond the focus phase requires a more refined de-
scription than the local saddle analysis. Once (Wq, Wk)
align with the unstable direction, dynamics enters to a rank-
one invariant manifold and induces a closed reduced system.
This reduced flow exposes a mass-redistribution mechanism
in the embeddings. As the attention amplitude evolves, it
generates next-order perturbations, causing the embeddings
of the main token and the remaining tokens to move in op-
posite directions. As a result, the earlier high-frequency
focus is gradually weakened, leading to an attention dilution
phase.

Finally, the model must learn new embedding directions
that distinguish low-frequency tokens. However, we show
that the training dynamics become trapped at a degenerate
critical point on the rank-one manifold, where the driv-
ing forces vanish and no new directions can emerge. To
model realistic asymmetries and eliminate degeneration, we
introduce a small symmetry-breaking perturbation among
low-frequency tokens and analyze the resulting bifurcation
of critical points. This mechanism explains how new em-
bedding directions are unlocked, thereby initiating the next
focus—dilution cycle. Experiments on synthetic Markovian
data as well as WikiText and TinyStories corroborate the
predicted stages and cyclical dynamics.

Our contributions.

1. We identify a focus—dilution cycle in the training dynam-
ics of attention and introduce a minimal tractable setting
that captures this phenomenon.

2. We develop a stage-wise analysis based on linearization
at critical points that explains the different stages within
single cycle.

3. We empirically validate the predicted stages and transi-
tions, demonstrating that the focus—dilution cycle persists
on synthetic Markov data as well as realistic data.

2. Related Works

Training dynamics of attention and multi-stage analy-
sis Studying the training dynamics of attention remains
a challenging problem. A common practice is to introduce
various simplifications to the problem, such as constructing
task-specific synthetic data, utilizing reparameterization or
using simplified model and target function (Sheen et al.,
2024; Kim & Suzuki, 2024; Varre et al., 2023; Chen et al.,
2024a; Wu et al., 2025; Gao et al., 2024; Zhang et al., 2025a;
Vasudeva et al., 2025; Yang et al., 2025). Among these, (Lu

et al., 2021) establishes key dynamical identities using a con-
trollable text classification task. (Snell et al., 2021) suggests
that models first capture word co-occurrence before adjust-
ing attention to focus on relevant tokens. (Li et al., 2023)
examines the dynamical effects of fixing specific attention
components within a topic-word task framework. Following
these previous works, (Tian et al., 2024) proposed a novel
mathematical framework for analyzing the joint dynamics
of MLP and attention blocks, successfully explaining the
sparsity of attention score matrices. Recent works further
study sparse attention emergence and dynamical separation
in broader settings (Zucchet et al., 2025; Chen & Luo, 2025).
Meanwhile, multi-stage dynamics have also been studied.
For feedforward-style models, (Wang & Ma, 2023; Chen
et al., 2024c¢) characterize the multi-stage training dynamics
of two-layer networks, while (Xu et al., 2025a) studies cross-
stage dynamics in LoRA. For Transformers, (Varre et al.,
2025) explains plateau-to-drop dynamics in an analyzable
in-context n-gram setting. However, the aforementioned
literature either relies on data settings that deviate signifi-
cantly from real-world scenarios or requires overly stringent
analytical conditions.

Transformers on Markov chains A significant body of
influential work employs Markov chains to understand how
Transformers, as probabilistic models, learn continuous lin-
guistic data. (Chang et al., 2024) discovers that LLM learn-
ing can be summarized as “early n-gram learning followed
by the gradual refinement of low-probability (tail) n-gram
predictions.” (Bietti et al., 2023) analyzes the formation
mechanism of induction heads using Markov-like data. (Ra-
jaraman et al., 2024) investigates the impact of tokenization
on Markovian data, proving that appropriate tokenization
assists Transformers in modeling Markov processes. Addi-
tionally, (Makkuva et al., 2024) and (Makkuva et al., 2025)
explore training dynamics and convergence analysis specifi-
cally under Markovian data settings.

Small initialization The initialization of a neural net-
work significantly affects its learning outcomes (Arora et al.,
2019; Williams et al., 2019; Mei et al., 2018; Jacot et al.,
2018; Rotskoff & Vanden-Eijnden, 2018; Zhang et al., 2020).
Small initialization is a common setting investigated in the
study of neural network optimization dynamics, which con-
trasts with the Neural Tangent Kernel (NTK) perspective
prevalent in infinitely wide networks. For linear models, (Ji
& Telgarsky, 2019) theoretically establish results regarding
matrix alignment. For nonlinear models, (Zhou et al., 2022)
found that small initialization similarly promotes parameter
condensation, thereby reducing model complexity. Theo-
retically, (Luo et al., 2021; Chen et al., 2024b; Zhou et al.,
2025; Kumar & Haupt, 2025) have further deepened the
understanding of this phenomenon. A recent survey article
(Xu et al., 2025b) systematically synthesizes these empirical
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Figure 1. Overview of the setting and the focus—dilution training pattern. (Left) Sequences are generated by a Markov chain with
stationary distribution 7. We extract dataset Sp, S1, S2 from the training set, which differ only in the identity of the final token in each
sequence. (Right) The loss curves exhibit four stages: initial condensation, attention growth, attention dilution, and the emergence of a

new direction.

and theoretical findings.

3. Preliminaries

3.1. Basic Notations.

For any N € N, let [N] := {1,...,N}. Let V := [d]
be the vocabulary set with d > 2. We identify tokens
with indices in [d] and write {e; }2_, for the canonical basis
of R%. For a € R" and A € R™", ||la||y and ||A|F
denote Euclidean norm and Frobenius norm separately, with
the subscript omitted when clear from context. We write
lafle := VaTC « for the seminorm induced by positive
semidefinite matrix C' = 0. For o € R", define the variance
matrix Var(a) := diag(a) — aaT.

3.2. Markov data generation

We generate the dataset D = {(X;,y;)}Y, with X; =
(i1s---,xis) € V®and y; := x; 541, by a Markov chain.

Definition 3.1 (Markovian data). Let P € R**? be row-
stochastic. For each ¢ € [N], sample x;1 ~ Unif(}V)
and z;; ~ P, forj = 2,...,s+ 1 Set X; =
(i1, Ts) and y; = @7 541

To model one high-frequency token together with a group of
low-frequency tokens that may exhibit mild heterogeneity,
we consider a stationary distribution of the form 77(d) :=
(m1,...,mq) with

1—7‘(’1
d—1

T, =

where 1d__”11 <m <1, Z?:z ¢; = 0,and 6 > 0is a small
parameter chosen so that 7(§) remains entrywise nonnega-
tive. The first term describes two-group setting, one high-
frequency token and the rest symmetrical low-frequency
tokens. The second term is an O(4) perturbation that breaks

symmetry within the low-frequency group. Unless stated
otherwise, we treat the first term as the leading-order com-
ponent and regard the second term as a small perturbation
that can be neglected in early-stage analyses.

The transition matrix is defined as

P=MN+(1-N1rT, 0<Ai<]I, 2)

where 1 € R? is the all-ones vector. A direct computation
verifies that 77 P = 77, hence 7 is stationary for P.

3.3. One-layer transformer

Since the next token depends only on the current token
under the Markov assumption, a single attention block is
sufficient to capture the relevant dependency. We therefore
study a one-layer Transformer and its training dynamics.

Definition 3.2 (One-layer transformer). Given input se-
quence X = (21,...,%s), let Ex = (ez,,...,€,.)7 €
Rs*4, Let Wy € R?™ be the embedding matrix and de-
fine the embedded sequence ExW, € R**™. For any
Z € R*™ the attention block is

Attn(Z) = softmax(ZWQWIT(ZT) Z.

Let W, € R™*4 be the output projection. The output logits
are

fo (X) = Attn(EXWO)W1

For notational convenience, we define Wox := Wy WE,
P = WOWQWIT{WOT and M := WyW;.
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3.4. Training objective and gradient-flow dynamics

Given (X;,y;) € D, define the cross-entropy at the last
exp(fo(Xi)s,y;)

token £ (fo(Xi)s,yi) := —log S exp(fo(Xi)ay) Then
L&
L£(0) = 5 DL (FalXi)erws) )
i=1

We study the gradient flow § = —V L(6).

Proposition 3.3 (Gradient flow and population-gradient
limit). The gradient flow dynamics satisfy

aw, oL L. - aL\T
a5V Wax <a<1>> WoWar,
aws _ T%

dt YoM

AW oL

de =W 8<I>WOWK’

dWx (0L

=W <a<1> WoWo.

)
Moreover, define the token-level proxy attention matrix A €

dxd o _ _ mjexp(e] Pej)
R by A;; = S, 7 oxp(elbe;)) and the model output

distribution P € R4 py P, ; = <o®AiMe,) 5, where

T Xy exp(AiMey
A; and P; denote the i-th row.

Then, in the large sample-size and long-context limit
(N, s) — oo, the empirical gradients converge to

Jm = Z miA] (P~ i),
oL ®
Jlim o= Z i e;(P; — ;) MT Var(A;).

4. Theoretical results
4.1. Idea: stage-wise linearization around saddle points

Under small initialization, attention training often exhibits a
multi-stage pattern: the trajectory spends a long time near
a low-dimensional structure and then abruptly departs in a
new direction. We explain this behavior via a stage-wise
analysis around successive critical points. At each stage, the
parameters enter a neighborhood of a saddle point where the
gradient flow is well-approximated by its linearization. The
linearized dynamics exposes (i) stable directions that keep
the trajectory confined to a low-dimensional manifold, and
(i) unstable directions that eventually dominate and trigger
the transition to the next stage.

Concretely, we consider the gradient flow § = —VL£(6).
Let 0, be a critical point, and define Af := 0 — 0,. A

Taylor expansion yields

%AH = —V?L(6,) A + higher-order terms.

The next lemma characterizes the linearization in which the
nonlinear flow is governed by the linearized system, and
formalizes the alignment with the most unstable direction.

Lemma 4.1 (Linearization near a saddle point). Let 6 =
F(0) be an ODE with F € C?, and let 0, satisfy F(6.) = 0.
Let J := DF(0.) and assume there exist v > 0 and L > 0
such that for all ||AQ]| <,

| (6. + AG) — JAG|| < L[| AG|*. (6)

Let 0(t) be the solution with ||A00)|| = ¢ < r/2, and

AG(t) := e AB(0) be the solution of the linearized system
Af = JAG. Define i := sup{R(\) : A € o(J)}. Then for
all t such that || A0(t)]| < r/2,

|A6(t) — AB(t)]| < Ce?e ©)

Sfor some constant C = C(J,L). In particular, if i > 0,
then the nonlinear dynamics is well-approximated by the
linearized dynamics up to times t = ©(log(1/¢)).

Moreover, suppose J is symmetric and has a simple eigen-
value 1 > 0 with eigenvector v,, and a spectral gap p > 0
in the sense that A < p — p forall A € o(J) \ {}. Then
Sfor any initialization with (A0(0), v,) # 0,

A(t) Uy

+ 8
12601~ ol ®

for any sequence t = t(g) with t(¢) — oo and eet*%) — 0.

At initialization, each entry of every parameter matrix is
sampled i.i.d. from N(0,e?) with e < 1. Thus 6(0) lies
in an O(e)-neighborhood of the origin, which is a critical
point of the gradient flow. By Lemma 4.1, the dynamics in
the early time window of length ©(log(1/¢)) is governed
by the linearization at § = 0. A key consequence is that
the linearized system admits a single unstable direction, so
trajectories rapidly align with a rank-one direction. In our
setting, this direction is not arbitrary: it is explicitly pinned
down by the stationary distribution 7 of the underlying token
Markov chain.

Theorem 4.2 (Initial condensation (rephrased from Thm. 2
in (Chen & Luo, 2025))). The origin is a critical point and

1 T
oL :_W(W_1> % o o
6=0 d 9P y_,
The effective dynamics near 0 = 0 is
dAW, _ oL AT dAW, _ r 0L
dt OM|,_, ' dt O OM|,_,
10)
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Consequently, there exist a vector oy such that the following
limit holds as € — 0 ar t = ©(log 1):

Wo | mo Wi ol

— (65) .

Woll = li=l ™ JIwl] lwT — g1]|

(11

Theorem 4.2 characterizes the first stage of training dy-
namics in our model. Although it is rephrased from Thm.
2 in (Chen & Luo, 2025), we emphasize a more con-
crete interpretation relevant to data. As a result, (Wy, W7)
rapidly condense onto a m-driven rank-one structure within
time 71 = O(log(1/¢)). In contrast, the attention block
(Wq, Wik) stays O(e) throughout this stage because the
linear term in its dynamics vanishes at the origin, i.e.,

oL/, = 0.

4.2. Focus of Attention

After initial condensation stage, outer parameters (Wy, W1)
rapidly become approximately rank-one, while the attention
parameters (Wq, Wi ) remain O(e). Empirically, the tra-
jectory then stays close to the rank-one condensation ray
where the outer parameters evolve along the same direction
until it enters a neighborhood of a second critical point.

Proposition 4.3 (Existence of a second critical point on the
condensation ray). Assume m > To = -+ = Tq4. Then
there exists k1 > 0 such that the parameter tuple 6}

T T — élT
WO = Klialywl = ﬁ1a1717WQ7WK = 07
I I = 41|

(12)
satisfies P; = w7 for all v and gTﬁ/I|0:91 = 0. Moreover, 0.
is a critical point of the full gradient flow.

The key point is that 6! is typically a saddle: the (Wo, W1)-
subsystem is contracting (or neutrally stable due to symme-
try), while the (W, Wi )-subsystem contains an unstable
mode.

Proposition 4.4 (Linearized dynamics and its unique unsta-
ble direction). At critical point 0} defined in Prop. 4.3, the
linearization of the gradient flow admits the block form

AWy AWy
d[aw | (JOUt 0 ) AW, 13
dt AWQ 0 Jatt AWQ

AWy AWk

where Joyut is negative semi-definite and Jay is positive

semi-definite. It indicates that the current dynamics are

dominated by the attention subsystem. In particular, the

attention block satisfies the explicit closed system

d T d T

&AWQ =caja] AWk, gAWK =caja] AWq,
(14)

4
HTrHVar(ﬂ'>
fll®

block has an exponentially unstable mode.

where ¢ = Ak} || > 0. Therefore the attention

1
m—51

By Lemma 4.1, once the trajectory enters an O(e)-
neighborhood of 6!, the dynamics is governed by the lin-
earization for a duration ©(log(1/¢)). It implies that the
attention parameters (W¢, Wi ) converge into the direction
depending on the condensation direction. As a result, the
attention structure prioritizes tokens that appear frequently
in the steady-state distribution, indicating that the attention
mechanism has become specific.

Theorem 4.5 (High frequency token bias). Suppose the
trajectory enters an O(g)-neighborhood of 0. Within the
linearization neighborhood of Lemma 4.1, there exists a unit
vector &y € R™ such that, for generic small initialization
of (W, Wk),

Wo(t) Wi (t)

@ qal, 2 qal. (15)
[Wa@) ! Wk @) 11

Consequently, along the unstable ray Wg = Wg =
Ko &I, the attention score matrix satisfies

P WoWoWEW]
= QK 0 T (16)
[ [[WoWoWEW]||
Then for each i € [d] the attention distribution exhibits a
high-frequency bias:

lim AZ‘(WO, Wl, /iOéldI, K,Oéld-{) = 6{. (17)
K—00

4.3. Dilution of Attention

Sec. 4.2 shows that the second critical point 6} is a saddle
whose unique unstable direction lies in the attention subsys-
tem: after a transient of length ©(log(1/¢)), the attention
parameters become approximately rank-1 and aligned while
the outer parameters remain close to their initial values on
the condensation ray. In this subsection, we stay in the same
neighborhood of ! but go beyond linearization: Condi-
tioned on the rank-1 manifold, we resolve the next-order
perturbations in embeddings induced by the evolution of
attention. This refinement reveals a redistribution effect in
the embeddings that gradually undermines the previously
formed focus, leading to the dilution phase.

Motivated by the alignment result in Sec. 4.2, we model the
post-transient phase by the rank-one parametrization

Wo=~(t)af, Wi=a1B1)T,
WQ:)\Q(t)al O~z.1r, WK:)\K(t)Ozl &I,

where (1), B(t) € R? and Ao (t), Ak (t) € R. Meanwhile,
at the entry time ¢ of this phase, we assume

(18)

1
T T—=1
v(to) = kK1 — B(to) = kgL,
IRl | — 21| (19)

)\Q(to) = /\K(to) = 0(1).
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For notational convenience, we also define the attention am-
plitude 7(t) := Ag(t) Ak (t) which is the only combination
that enters the reduced dynamics below.

Proposition 4.6 (Invariant rank-one manifold). Assume
T > Mg = - -+ = mq. Define

W= {9 satisfying (18) for some (v, 8, Aq, )\K)}.

If Wo,Wh,Wo,Wk) € W at time ty, then the gradi-
ent flow (4) remains in VWV for all t > tyo. Moreover, if
’)/Q(to) = e = ’Yd(to) and ﬁg(to) = e = Bd(to), it will
be preserved for any t > t.

Restricting the gradient flow to W yields a closed system in

(v, B,m):

7= 105 + (55) ) 20)

: OLN\T oL
= — | —— ) — —2 T_— .
B ( 3 M) Yo 1 557
By Proposition 4.6, it suffices to track two-group coordi-
nates

Y, Y2 = =YY = Vi
Br, Bo=-=PBy = Birl,

and denote Ay := 1 —yi21, AB := B1 — Bix1. Intuitively,
this reduces the post-alignment dynamics to an effective
two-group system (token 1 versus all others). Importantly,
we are still analyzing the flow near the same critical point
Hi; the difference from Sec. 4.2 is that we can keep the
attention direction fixed and resolve the next-order feedback
that governs redistribution on the rank-one manifold.

Theorem 4.7 (Mass redistribution). Consider the lineariza-
tion of reduced dynamics (20) on VV at critical point corre-
sponding to L. There exists ¢ > 0 such that

(1 —m)y(t) — (d — D)myizn (t) < exp(et).  (21)

Consequently, v1(t) and 7,1 (t) cannot move in the same
direction: a weighted contrast between high-frequency to-
ken and the remaining tokens is exponentially amplified.

Theorem 4.7 explains the mechanism behind the dilution
phase. After alignment, the attention direction is essentially
fixed, and the attention amplitude 7(t) feeds back into ~
through the 1n(9L/0®)~ term in (20). The redistribution
effect forces a growing separation between y; and 7y;«1, S0
the embedding mass cannot remain concentrated along 7.

Therefore, the logit difference that causes high-frequency
bias gradually weakens: the attention weights corresponding
to low-frequency tokens are no longer concentrated on high-
frequency tokens. This marks a shift from focus to dilution.

4.4. Emergence of a new direction via data asymmetry

In Sec. 4.3, the dynamics collapses onto a rank-one invariant
manifold, effectively reducing learning to a “token 1 vs.
all others” two-group system. Further learning requires
separating low-frequency states, which demands growth of
embeddings along directions that distinguish low-frequency
tokens.

However, for perfectly symmetric data among low-
frequency tokens, the rank-one manifold may contain a
degenerate critical point where both driving forces vanish:
OL/OM = 0and 9L/0P = 0. Crucially, the degeneracy is
not only tangential, but also transverse. As a consequence,
linearization does not generate a mechanism that pushes the
trajectory away from the rank-one manifold.

Proposition 4.8 (Degenerate critical point). Assume perfect
symmetry among low-frequency tokens. On the rank-one
invariant manifold VW (Proposition 4.6), there exists a crit-
ical point, which is a neutrally stable equilibrium for the
linearized dynamics, such that % = 0and % =0.

The solution to remove degeneracy is to introduce perturba-
tions that breaks the symmetry. In practice, low-frequency
tokens rarely have identical frequencies. To model a mini-
mal asymmetry while keeping calculations simple, we focus
on d = 3 and perturb the stationary distribution by a small
parameter §:

7T = (m, 5, 50 = /7T = (m, R 46, 5 —0)

We study stationary points of the perturbed gradient field
—VoL(0,0) = 0 near the degenerate critical point. Af-
ter shifting coordinates so that § = 0 corresponds to the
degenerate critical point, a formal expansion takes the form

—VL(0,5) = Job + 61 + hout., (22)

where Jy = —V3L at § = 0.

If Jy were invertible, the implicit function theorem would
apply, and we could directly obtain the solution #(4). Un-
fortunately, due to symmetry, Jy is degenerate, so we use
the standard Lyapunov—Schmidt reduction. Let Qg =
(k1,..., ki) and Qr = (q1,-..,94,) be orthonormal
bases for the kernel and range subspaces of Jy:

RP = Ker(Jy) @ Ran(Jy), 0 =Qkx+ Qry,

where p is the parameter dimension. Projecting the stationar-
ity condition onto the range and kernel yields the equivalent
system

—QLVL(0,0) =0, —QLVL(0,0)=0. (23)
The range equation can be solved by the implicit function
theorem since QL JoQr is invertible, yielding a smooth
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map y = ((x, d). Substituting back into the kernel equation
produces a reduced low-dimensional problem in = whose
solutions describe nearby stationary points.

The key effect of the perturbation is that it splits the pre-
viously flat transverse directions. A genuinely transverse
positive eigenvalue of order ©(J) appears, while tangential
instability is at most O(62). This fast transverse instabil-
ity is what drives the trajectory away from the rank-one
manifold and seeds a new embedding direction.

Theorem 4.9 (Asymmetry lifts degeneracy and induces a
new direction). Consider the perturbed stationary distribu-
tion with parameter 6 above. There exists a point 0(8) near
the degenerate critical point such that

IVeL(6(6), )|l = O(5%). (24)

Moreover, the Hessian at 6(0) exhibits two distinct scales:

1. Slow tangential instability. Any positive eigenvalues
created from the previously degenerate directions are at
most O(62).

2. Fast normal instability. Under mild condition, in direc-
tions transverse to the rank-one manifold, there exists a
positive eigenvalue of order ©(6).

Theorem 4.9 shows that any generic low-frequency asymme-
try lifts this degeneracy and produces a fast transverse unsta-
ble mode of size ©(J). Once the trajectory enters the neigh-
borhood of 6(0), this transverse instability drives it away
from the degenerate rank-one configuration and enables the
emergence of a genuinely new embedding direction, allow-
ing the model to further differentiate low-frequency tokens
beyond the two-group description.

5. Empirical evidence

In this section, leveraging the simplified transformer model,
we analyze the training behavior on Markovian data and
empirically validate the theoretical derivation describing the
transition of attention from focus to dilution. In parallel,
we evaluate the model on real-world WikiText corpora and
on the TinyStories corpus, which exhibits basic linguistic
structure, to assess whether our observations generalize to
the training dynamics of large-scale language models in
realistic settings.

5.1. Synthetic Experiments

We construct synthetic datasets using four distinct transition
matrices P, designed to share a common stationary distri-
bution 7 = (0.75,0.19, 0.05,0.01). To reveal the low-rank
structure of parameters caused by condensation, we mea-
sured the cosine similarity between neuronal input weights
for analysis (Chen & Luo, 2025; Xu et al., 2025b).

Additionally, we visualize the embedding trajectory evo-
Iution by applying Principal Component Analysis (PCA)
to the concatenated embedding snapshots across all steps
(Lorch, 2016; Antognini & Sohl-Dickstein, 2018). Detailed
experimental setups are provided in Appendix D. The over-
all evolution of the training dynamics is visualized in Fig. 2.
We identify four distinct stages during the training process.
In the following, we provide a detailed analysis of each stage
to demonstrate the consistency between our experimental
observations and theoretical results.

Stage I: Initial Condensation Our theoretical analysis
predicts that during this stage, the outer layers Wy, W3
evolve from an initialized full-rank state to a low-rank struc-
ture, while the inner attention parameters remain largely
invariant. This is depicted by Fig. 2(A), which demonstrates
that the outer weights rapidly evolve into rank-1, whereas
the Wg, Wk maintain the high-rank nature of their initial-
ization. Simultaneously, Fig. 2(B1) illustrates that the em-
beddings of all tokens evolve towards a uniform direction,
further validating our theoretical analysis.

Stage II: Growth of Attention During this stage, the
outer parameters remain largely invariant, while W and
W transition into a condensed state. This phase coincides
with a significant drop in training loss, marking the evolu-
tion of parameters from the origin to the next critical point.
According to our theory, the attention mechanism evolves
such that high-frequency tokens are gradually focused by the
remaining tokens. This phenomenon is clearly visualized in
Fig. 2(C).

Stage III: Dilution of Attention In Stage III, although
the parameters remain confined to the rank-1 manifold
(evidenced by the unchanged condensation heatmap in
Fig. 2(A)), Fig. 2(B2) reveals that all tokens, except for
token 0, exhibit a retraction trajectory. This implies that
while the training dynamics are strictly constrained within
the low-rank manifold, the model begins to differentiate
between tokens. As shown in Fig. 2(C, D), low-frequency
tokens pay less attention to high-frequency token in this
phase, accompanied by a significant drop in the embed-
ding norms of low-frequency tokens. Consequently, outer
parameters of the network revert to an unstable state.

Stage I'V: Emergence of New Direction In Stage IV, the
accumulated instability drives the model to escape the con-
straints of the rank-1 manifold, initiated by the growth
of new directions in the outer layers. This transition is
clearly observable in Fig. 2(B3). To further quantify this,
in Fig. 2(D3), we project the embeddings of low-frequency
tokens (Wp[1 :]) onto the direction orthogonal to token O
(denoted as W;[0] 1) and calculate the projection norms.
The results indicate that, for the first time, the remaining
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component onto the first token.

token embeddings significantly deviate from the direction
of token 0.

After Stage IV: Subsequent Training Dynamics Fig.
2(D) further illustrates the later stages of the training pro-
cess, revealing a distinct periodicity in the embedding norms.
Specifically, the focus and dilution pattern repeats recur-
sively: as the network proceeds to learn Token 1, the remain-
ing tokens (2-3) undergo the same retraction and regrowth
process, continuing sequentially until training concludes.
We hypothesize that after Stage IV, the model has effec-
tively converged on Token 0. Consequently, the system
evolves into a sub-dynamic regime governed by Tokens
1-3. In this reduced state, the parameter dynamics can be
re-analyzed within our original theoretical framework.

5.2. Real-world Experiments

Experimental Results. We validate the correctness of our
theorem on two real-world datasets: WikiText (Merity et al.,
2016) and TinyStories (Eldan & Li, 2023). We employ
the same simplified Transformer architecture and maintain
hyperparameter settings consistent with the synthetic data
experiments. To investigate the “focus-and-dilution” charac-
teristics of the attention mechanism, we track the top-three
most frequent tokens alongside three randomly sampled
medium-frequency tokens (frequency > 10%) from the
training set.

As illustrated in the figure 3, across both WikiText and
TinyStories, the attention mechanism exhibits a consistent
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Figure 3. Experimental results on real-world datasets. (A) Results on WikiText. (A1) The attention evolution of the medium-frequency
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(A). (C) Visualization of attention shifts. The evolution of attention for a single test sample across different training steps, with tokens

exhibiting self-attention scores > 0.75 highlighted.

pattern: it initially prioritizes high-frequency tokens (e.g.,
“the”, “a”, and whitespace) before subsequently losing this
focus—a process we term “dilution.” Concurrently, by mon-
itoring the embedding evolution of these selected tokens,
we observe a distinct “retraction” phenomenon. Notably,
due to the high variance in batch composition inherent to
the 1-epoch training regime on real-world corpora, we oc-
casionally observe this retraction even in the most frequent
tokens.

Validity of the Markov Approximation. Existing stud-
ies (Chang & Bergen, 2022; Chang et al., 2024) indicate a
curriculum in Transformer learning, starting from 1-gram
to n-gram statistics. Our analysis of attention patterns in
TinyStories supports this: distinct tokens gradually shift
from uniform attention to self-attention. This behavior in-
dicates that the model functions as a pseudo-2-gram model
during early training phases, despite the non-Markovian na-
ture of real text. These observations indirectly validate our
experimental design, confirming that our synthetic Markov
data acts as a suitable proxy for understanding real-world
training dynamics.

Extension to More Complex Architectures. We con-
duct additional experiments to examine whether the focus—
dilution and embedding retraction phenomena persist in
more complex settings. Specifically, we consider two more
realistic architectural variants: attention with residual con-
nections and Transformers with multiple attention layers.

We find that residual connections do not qualitatively al-
ter the overall training dynamics: as shown in Fig. 4,
both the focus—dilution pattern and the evolution of em-
bedding norms remain consistent with those observed in
Figures 2(C,D). In the multilayer setting, although the pres-
ence of multiple attention modules modifies the detailed
manifestation of the focus—dilution phenomenon, the em-
bedding retraction effect remains evident, as shown in Fig. 5.
Moreover, since multi-head attention may disrupt the low-
rank dynamical structure analyzed in our theoretical setting,
we further examine models with multi-head attention and
find that embedding retraction still persists. Together, these
results indicate that the proposed mechanism remains rele-
vant beyond our simplified theoretical setting.

6. Conclusion and Limitations

This work provides a mechanistic account of transformer
training dynamics by identifying a recurring focus—dilution
cycle in attention learning. Through a stage-wise gradient-
flow analysis, we offer a rigorous explanation for several
empirically observed early-stage phenomena. Although de-
rived in a simplified single-layer setting, the mechanism
appears to extend beyond the idealized model. A key limi-
tation is that the current analysis does not yet capture layer
interactions, multi-head structure, or components such as
LayerNorm; extending the framework to more realistic trans-
former architectures remains an important direction for fu-
ture work.
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A. Theoretical details in Sec. 3
A.1. Property of markov process

We will use two standard asymptotic properties of Markov chains. For the sake of completeness, we provide a detailed proof.

Proposition A.1 (Basic Markov properties). Given the transition matrix P in (2) and any initial distribution p:
1. Convergence. The marginal distribution converges to 7. That is lim;_,o, pl Pt = 7T.
2. Ergodicity. Along a single trajectory, the empirical state frequencies converge to w. That is lim,_, o, % Z‘;:l 1, =T,

where 1, € R? is the one-hot vector of token xj.

Proof. Throughout, we work on the finite state space V = {1,...,|V|}. By the definition of the transition matrix P defined
in (2), P is irreducible and aperiodic with strictly positive entries. Thus, P is ergodic. In particular, P admits a unique
stationary distribution 7 satisfying 7T P = 7T and 7; > 0 for all ¢.

1) Convergence of marginals. Since P is ergodic on a finite state space, it is primitive. By the Perron—Frobenius theorem,
the eigenvalue 1 of P is simple and all other eigenvalues satisfy |\| < 1. Let 1 € RIVI denote the all-ones vector. Because
P is row-stochastic, we have P1 = 1; because 7 is stationary, we have 7T P = «T. Define the rank-one projector

II:=1x7.
Then I12 = II, PII = IIP = II, and we can write
P=1I+0Q, where Q := P —II.

Note that Q1 = 0 and 77Q) = 0. Moreover, the spectrum of () equals the spectrum of P with the eigenvalue 1 removed,
hence its spectral radius satisfies p(Q)) < 1. Therefore, Q* — 0 as ¢ — oo (in any matrix norm), and

Pr=M+Q) =1I+Q" —— II=1x". (25)
t—o0
For any initial distribution po (a row vector with nonnegative entries summing to 1),
Tpt T1aT) = (W I1) 7T = 7T
o P o po(17T) = (ugl) ™ T,
which proves the convergence claim.

2) Ergodicity of empirical frequencies. Let (X;);>( be the Markov chain with transition matrix P and arbitrary initial
distribution p. Fix a reference state, say state 1, and define the (strict) return times

70 := 0, Tit1 := inf{t > 7, : Xy = 1}, kE>0.

By irreducibility on a finite state space, the chain is positive recurrent, hence 7, < oo almost surely for all & and Eq[ry] < oo.
For each cycle k£ > 0, define the cycle length and the state-: visit count within the cycle:

Tk+1—1

Sk = Tk+1 — Tk, Ry (i) := Z 1{X; =i}

t=T

By the strong Markov property, conditional on X, = 1 the post-7; evolution is independent of the past, and therefore the
pairs {(Sk, Ry (i)) }x>1 are i.i.d. under P} (and also after the chain first hits state 1 when started from an arbitrary 110). Let
N(T) := max{k : 7, < T} be the number of completed cycles up to time 7T". Then for each fixed 1,

T-1 T1—1 N(T)-1 T—1
SNouxe=i3=Y 1Xe=i}+ Y RO+ > L{X; =i} (26)
t=0 t=0 k=1 t=TN(T)

initial transient remainder

13



Focus and Dilution: Multi-stage Learning of Attention

Divide by T'. The initial transient term is O(1/7") almost surely. The remainder term is at most one cycle, hence bounded
by Sy (7). and thus also negligible after dividing by T" because 7n (1) < T' < Tn(7)+1 implies Sy 7y < Tn(1)4+1 and
TN(T) — O0.

It remains to analyze the dominant sum over complete cycles. By the strong law of large numbers applied to the i.i.d.
sequences {S;} and {Ry(7)},

1 n

— S E.[S1]=E — Ry ( E:[R .S. 27

n; k= E1[S1] = Eq1[m], Z k() = Eq[Ri(9)] as 27)
Moreover, by the definition of 7, we know

N(T)—
=Y Sk=T, TN = Z Sp<T—1

which implies

N(T) — L a.s
T El [7’1] ’
Combining with (26) and (27), we obtain
T—1 .
1 . a.s. ]El [Rl (Z)]
— H{X, = . 2
T ; { ¢ Z} T—o0 E]_[Tl] ( 8)

Take 7 = 1, we get the right-hand side is ; by the computation about expectation of first return time. Since the above
proof process is independent of the choice of the reference state, by considering all possible reference states, we obtain the
result. O
A.2. Gradient-flow dynamics

In this section, we will supplement the proof details of Proposition 3.3.

Proof. We first derive Eq. (4), using the standard trace theorem and chain rule. Taking the total differential of the loss, we

get
oL oL
d£<aM dM> <8<I> d<I>> (29)

Using the chain rule, we get

<a£, dM> < oL , dWoW7 + WodW1>

oM OM’
(30)
oL oL
7% ,dP 7% dWOWQWT WO + W()dWQWT WT + WoWQdWT WT + W()WQWT dWO
We derive the evolution equation for Wy, and the other derivations are similar. We collect items related to dW:
<§]\£4 dWOW1> <g§ AWoWoW LW + WoWoW ELAW ] >
oL\' oL\" T T T
= tr G dWoWy | + tr 7% (AW WoWEWS + WoWoWELdW{)
OL\T oL oL S
= tr <W1 (8M> dWO> + tr (WQWT Wy (5)@) dWo> +tr (WKWCTQWOT (E)@) dWO)
oL oL oL\ T
<8MW1 8<I>WOWKWCT) + <5KI>> WOWQWIT(,dW0>

14
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Therefore, we obtain an expression for 57 L . Since we are considering gradlent descent the evolution of the parameters

follows the direction of the negative gradlent Then we derive the expression of -2 i M and 2 % in large IV and s limit. Taking
the total differential of the loss and taking the term about dM, we get

oL 1 :
< 53F" > 2 ZA“ el [dMe,, +NZZpyj(Xi);Asyl(){i)e;ldMeyj (32)

i=1 j

exp(e;iyséemu)

Here, A, (X;) = . Based on Proposition A.1, we find that

B T
=1 exp(ewi‘séemi,l,)

Lexp(e],, @ea,,) Lexp(e],, @, )
Aai(X0) = 1= - = = - (33)
3 2r=1 exp(ewi,s‘pezi,l/) ijl mjexp(ez, . Pe;)

Then, for sufficiently large sequence length s,

S

1 1
Z A i(Xi)el, = —3 Z 3 exp(el, Pes, )el,

(34)

— el NeT —
= — P E mjrexp(el, Pejel, = Ay, |
Z] 175 exp(e£1 . Pey) j'=1

It implies that the output probability p(X;) actually depends on the last token x; ;. That is
exp(A,, ,Me,.,)
pi(Xi) = =3 L =Py, 35)
>y—1exp(Aqg, Mey})

Based on this fact and Eq. (34), Eq. (32) can be reformulated by using the notations about A and PP.

oL 1< 1
M —_——E:A, Me,, —E:A, MPT .
<51\4 d > N i—1 wwd Cv F N i—1 =04 Ti,s (36)

Based on Proposition A.1, we have z; ; ~ 7T when s is sufficiently large. Thus, we get

d
oL
dad - _ A . PAT
< 5 M,dM> ; T dM (P, — P;) (37)
Using the trace theorem again, we have
d
==Y mAl(P; —P)). (38)
i=1
Then we derlve By direct computation, we get
oL 1 o :
() -3 (5 (-t )00
=1 =1
1N s (39)
+ szpyi <Z <A8,1d< sPes ) leAs v 73‘1’%71')) e;’lMeyj>
i=1 j 1=1

Using the notations we introduced, the derivative can be reformulated as

<a£ > Zm@:flzlze (e — AT)>6}M(P1-R')T

=) miel d® (diag(A]) — ATA;) M(P; — B))T

(40)

15
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As a result, using the trace theorem, we get the expression about g—é as follows:
oL T(di T T
5% = — > mieq, (P, —P)MT (diag(A]) — ATA;) (41)
O
B. Theoretical details in Sec. 4
B.1. Theoretical details in Sec. 4.1
Proof of Lemma 4.1
Proof. Let AO(t) := 0(t) — 0,. Since F(6.) = 0and J = DF(0,), we can write
AO(t) = JAO(t) + R(AO(t)),  R(AB) := F(0. + Af) — JAG. (42)
By assumption (6), for all ||A8]| < r,
IR(AO)|| < LI AG|. (43)

Step 1: Variation-of-constants representation. Let Af(t) := ¢”/*A#(0) be the solution of the linearized system. From
(42), the solution satisfies the Duhamel formula

AB(t) = e’ AB(0) + /t TSI R(AO(s))ds = AB(t) + /t 7= R(AH(s))ds. (44)
0 0

Define the linearization error E(t) := AA(t) — A@(t). Then E(0) = 0 and by (44),

E(t) = /0 t e/t R(AH(s))ds. (45)

Step 2: A standard bound on the semigroup e’!. Let z1 := sup{R(\) : A € o(J)}. In finite dimension, for the chosen
operator norm there exists a constant X > 1 such that

le”t|| < Kett, vt >o0. (46)
Step 3: Bootstrap control inside the neighborhood. Fix a time horizon 7' > 0 such that

1A0()] < vt € [0,T]. (47)

N3

We will show that for ¢ := ||A#(0)]| sufficiently small (depending on J, L, ), the trajectory stays in the ball ||AG(¢)| < r
on [0, T, so that (43) applies.

Indeed, from (44), (46), and (43), as long as ||Ad(s)|| < r for all s € [0, ], we have
t t
@I < [ 1" R@0(s)ds < KL [ e a0(s) Pds. @)
0 0

Also [|AG(1)]| < ([’ |A0(0)]| < Keet".
We now bootstrap the bound ~
| AG(1)|| < 2||A8(t)| forallt e [0,T). (49)
Assuming (49) holds on [0, ¢, then ||A8(s)|| < 2||Af(s)|| < r by (47), so (48) applies and yields
t ¢
|E@)]| < KL / e(t=9) (2] A6 (s)]) *ds = 4K L / e (t=9)|| A (5)|2ds
0 0

t t
< 4KL/ eh(t=s) (Kee“s)zds =4K3L ¢? e”t/ edds. (50)
0 0
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If u > 0, then fot etsds = (et —1)/u < et /p, and thus

AK3L
IB@)] < —— . (51)
7
If o = 0, then [ e#*ds = ¢ and (50) gives
|E(t)|| < 4KPLet. (52)

(For yu < 0, one may similarly bound the integral by a constant and obtain a uniform O(g?) error.)
Now choose ¢ small enough such that on [0, 77,
IE@®)] < 1A6@)] Vi € [0,T). (53)

This is possible because by (47) we have ||A#(t)|| < /2, while (51) shows || E(t)|| is O(¢?) times an exponential factor;
e.g. it suffices to require

4K3L
I

< (n=0),

1
se“T<§ (1> 0), or  4K3LeT <

|~

and recall T is such that | A0(t)|| < /2 on [0, T], hence e# is at most on the order of 1 /¢ when 1 > 0. Under (53),
1A < A6 + | B < 2] A0()] <7,
so the bootstrap is self-consistent and (51) (or (52)) holds for all ¢ € [0, T]. This proves (7) with C' = % for ;4 > 0 and

C =4K3L for u=0.

Step 4: The O(log(1/¢)) window when 1 > 0. If ;1 > 0, then ||Af(t)|| < Keett. Therefore the condition || Af(t)|| <

r/2 holds at least up to times
1 r
t < —log —— = O(log(1
< - log g7 = ©(log(1/5))

which is exactly the linearization window claimed in the lemma.

Step 5: Alignment with the unstable eigenvector with positive spectral gap. Assume now that J has a simple eigenvalue
u > 0 with eigenvector v,, and a spectral gap: St(A) < p — ¢ for all other eigenvalues. Let IT,, be the spectral projection
onto span{v, } and II; = I — II,,. Then there exist constants K, K such that

[Tee’t| < Kyett,  ||[Hee’t|] < K=t vt >0. (54)
Write AG(t) = I, A0(t) + IL,AQ(L). If (A(0), v,) # 0, then IT,A0(t) = age’tv,, for some ag # 0, while
[T, A0(t)|| < K,eer9t,

Hence .
AD(t) Uy

— — =+
[A0(1)]] o]

ast — oo, (55)

and the convergence rate is O(e ).

For the nonlinear trajectory, decompose Af(t) = u(t) + s(t) with u(t) := I, Af(¢) and s(t) := II;AH(t). Projecting (44)
onto the two subspaces and using (54) gives

t t
u(t) = I,A0(t) + / e’ R(AO(s)) ds, s(t) = IL,AG(t) + / ILe’ =9 R(AH(s)) ds. (56)
0 0

Inside the linearization window we have ||A6(s)|| < r, so (43) applies and, using also [|A8(s)|| < ee”® from the bootstrap
in Step 3, we obtain
IR(A(s)]| < LIAO(s)|[* < Le®e.
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Plugging into (56) yields, for ¢ in the linearization window,

t
[u(t) — TLAB()]| S/ T,e” ||| R(Ab(s))|ds < e, (57)
0
t
Is(t) — TLAH(L) S/ [Tee” )| |R(AB(s))[lds S e, (58)
0
Therefore, } }
Is(@)]] < ITLAB(L)]| + [[s(t) — TLAB()]| S eelt™ O 4 %,
while

lu(®)] > [TLAO@)]| — [[u(t) — LA 2 e — e,

Hence, for times ¢ such that ee”* is still sufficiently small (which holds throughout a ©(log(1/¢)) interval inside the
linearization window), we have

HS(t)H < efét + celt. (59)
[u(@)]
Now let ¢ increase while remaining in the linearization window (so ¢t — oo is possible as € — 0), and choose any sequence
t = t(e) such that
t(e) — oo, e 50 (e.g t(e) = o log(1/¢)).

Then (59) implies ||s(¢)||/|lw(®)|| — 0, so

AO(t) u(t) +s(1) Uy
12001~ Tu@®) + 5@ " Teall

This proves (8). [

Proof of Theorem 4.2

Proof. The claim follows by a direct evaluation of the gradients at the origin. By Lemma 4.1, the early-time dynamics is
governed by the linearization at § = 0, so we substitute # = 0 into (5).

At 0§ = 0, the definitions of A; and P; yield
1 .
A, =7T, Pz‘:ElT, for all 4.
Moreover, since 7T is stationary, we have 77 P = 7T, and hence

E P = wT.
i

in (5), we obtain

(=)
= -7 7r1> .
6=0 d

This is exactly the desired formula, completing the proof. O

Plugging these identities into the expression of (’?TLJ

o

Analysis of transition between stage I and II  Although linearization reveals the characteristics of the first stage, gaps
remain in the transition from the first to the second stage. At this point, simple linearization provides an error estimate
that is too loose to accurately represent the stage transition. Therefore, a more refined error estimate is needed. To achieve
this, we extend the techniques in (Chen et al., 20240) or (Xu et al., 2025a) and prove a rigorous stage transition. Without
T— 3 1

T Wo, Wi
distinguish the outer and inner parameters:

loss of generality, we assume ~ ©(e). First, we introduce two quantities to show the magnitudes that

11H

Wou, max = max {[[Wo[lr, [Willr},  Winmx = max {|Wollr, [Wklr} (60)
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Then, recalling the definition of dynamics (4), we have the estimate of error term in transition of stage I and stage II:

oL oL\ T
H 6(I)WOWQK (8(1)) WOWQKH S Wout maXVI/l?l max > (61)
oL
Wo 9% WOWK A[Wo 2% WOWQ Wont, max Win, max- (62)
Moreover, we decompose Wy, W7 into condensation directions and normal directions:
T T—311 g7 - 197
Wy = Wo+ Ry, Wi=W; 4 ¢ + Ry (63)
|| I [l I = g1 [lr = 31
We begin the estimate by decomposing 2. i M
d
=Y mbi(P —B;) = —w(xT = P) + By, (64)
i=1
where P; M and [|E1|| S Wa maxWin max- Here, we use the expansion of A;. Next, we will further

T X jexp(nTMey)
elaborate on IP. By the definition of PP, it can be viewed as softmax (7T M). Using the decompositions of W, and W7, we
get

P = softmax (WquTWOWluuT + 7T RoWhwu™ + nTqqg"WoRy + RoR1) .

Here we denote ¢ = 7 and u = for simplicity. Using the fact that d softmax(z) = Var(softmax(z)), we have

™
flw— 11H

P = poym + (7T RoWiuu™ + nTqq"Wo Ry + nT RoR1) Var(psym) + Fs

(65)
= psym + (7TTR0W1’U,’U,T + WquTWORl) Var(psym) + E2
where E, satisfies || Ea|| < [|Rol|? + || R1||?. Substituting this equation into the expression of 9%, we get
oL T T T4 aTaqT
P —m(7T — psym) + 7 (AT RoWriwuT + nTqq"Wo Ry ) Var(psym) + E1 + Es (66)

Before we begin the error estimate, we emphasize the following two facts. First, 77 — pgyr, o< uT under the setting of one
high frequency token and other low frequency tokens. Second, for vector v, which is orthogonal to v and 1, we have
Var(Psym )UL = Psym,i#1uL. For 1, we have Var(psym)1 = 0. Both of these two facts can be verified directly. Then we
begin the error estimate. For ¢ W), we have

(?thWO q' (Ey + Es) —I—qlg—gWOWéK + (gg)TWOWQK (67)
Thus, we have
laT Wo@)I| < llgT Wo(0)I| + C/ out,max Win, max & 1ol + [| B [ ds. (68)
Sum them up, we get
IR0 < RO +C [ W W3+ Il + 10 s (©9)
For Wi u, , we have
gWﬂu = —WJnm (T RoWiuu + 77qq"WoR1) Var(psym)u1 — W (E1 + Ea)u (70)

dt
Using the fact that Var(psym)u 1 = Psym,i£1u1, We get

d
&Wﬂu = —Psym,iz AW (7Tqg"WoR1) ui — WJ(Ey + E2)u (71)

19



Focus and Dilution: Multi-stage Learning of Attention

Then, we get

d
FIWrudl® = =207 poym i1l WIWG gq"WoWru . — 20T WIWT (B + Ez)u
< ||R1|| ( out, maxI/Vla max T ||R0H2 + ||R1H2)

(72)

Sum them up, we get

||1%1||2 S HRlH ( out, maxI/Vlﬁ max T HR0||2 + HR1||2) (73)

After establish the error estimate of the normal terms, We formally begin the proof of the phase transition. We divide the
entire phase transition into two parts. The first part can be seen as a plateau period, where the condensation direction grows
significantly and is about to become O(1), while the normal direction remains small due to our fine error estimation. In the
second part, the condensation direction rapidly reaches the neighborhood of the critical point.

We define

~

Ty = sup {t > 0| W S 27 | (74)
Moreover, let T}, be the first time when the condensation component reaches the plateau scale:

T Lmn e (75)
= Ty o8

? HWHHW—llII

Lemma B.1 (Refined error estimate). For every t < min{71,T,}, one has

Wo@llr + Wk @)[[r < Ce, (76)

and
[Ro(t)llr + [ Ri(t)[lr < Ce, (77)

provided the initialization satisfies |Wq (0)||g + ||[Wk (0)|lr + | Ro(0)||r + ||R1(0)||r < € and € > 0 is sufficiently small.

Proof. We start from the equations

dWq 0L dWg 1 OLNT
T = WIS W, = W (52) WeWe.
By the definition of Wyt max, on [0, min{T1, T}, }] we have
T 4 < %
[ ] 193 (5 ) ] < O 52

Hence J
4
1 IWelle + [Wiclle) < Cex ([Wolle + [[Wik|le).
By Gronwall’s inequality and the assumption on the initialization, (76) follows.

Next, recall the expansion

oL
A —m(7T — Psym) + 7T(7TTR0 WiuuT + WquTWQRl) Var(psym) + F, (78)
where
VBN < O (Wi s Wik e + 1 RollE + |11 ). (19

Projecting the Wy-equation to the orthogonal complement of g, we obtain

d oL oL
@((I—(J(IT)WO) =~ qu)(—mWT 8¢WOW<§K - (

oL

8@) WOWQK)‘
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Since m(7T — pgym ) lies in the span of g, its contribution vanishes under the projection I — gqT7. Thus

d
R0l < (W o W e+ 1 R0l + IR 1F).

Similarly, projecting the W -equation to the orthogonal complement of u, we get

d oL
—(Wi(I —uuT)) = *WOTW

o (I —uuT).

Using the key identities
(7rT _psym)(I - UuT) =0, Var(psym)l =0,

and the fact that Var(psym) acts as a scalar on the subspace {v : (v,1) = (v, u) = 0}, we obtain
d
B < ORI (W Wi s + [ Bolf + | B 17)-
Combining the two inequalities, using (76), and applying a standard bootstrap argument yields (77). O

Next, we show that T}, < T by error estimate.

Proposition B.2. For sufficiently small €, one has
T, <Tj.

Proof. By Lemma B.1, for all t < min{Ty,T,},
VVin,max(t) S 06, ||R0(t)||F + ”Rl(t)”F S Ce.

The only possible mechanism that can terminate the bootstrap interval before 77 is the growth of the condensation component
itself.

Define the two condensation variables
a(t) := ¢"Wy(t) € R™, b(t) := Wi (t)u € R™. (80)

By projecting the dynamics of W, and W onto g and u, and using (78), we obtain

a= |7l |7 = psym(2)[ b+ Eay D=7 7 = poym ()l a + &, (81)
where
2(t) == <a(t)7 b(t)), (82)
and the error terms satisfy
1Eall + 101 < C (Wt s Wit s + Wt e | Rl + W sl B ) (83)

Considering the linearized version:

G=M\b b=\a (84)

Since the linearized system is just the system linearized at § = 0, using the same argument as Lemma 4.1, we get for
t €10,T,]
~ 7 2
la(t) —a(t)]| + [[b(t) —b(H)]| S €™ (85)

Considering the solution of linearized system, we get:
~ 7 1
1a(Tp) |, [16(Tp) || ~ & (86)
Combined this with the error estimate, we finish the proof. O
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Remark B.3. At first glance, this proposition resembles the previous linearization result. However, the key distinction is that
here we obtain a significantly stronger control of the dynamics in the normal directions. This stronger control is essential for
carrying out the cross-stage analysis.

To complete the cross-stage analysis, we need a dynamics so that we can work with a significant condensation direction.
Specifically, observing the Eq. (81), we find that

2= l7lH 7 = peym ()l (lall® + 161%) + (€a, b) + (€b, ) (87)

Thus, if can establish the conservation law in this case. we can get the dynamics of z which is solvable. For given small 6,
we define

Ty = sup{t > 0| |7 = psyml = 6}, (88)
T3 =sup{t > 0| Wourmax S 1} (89)

and give a estimate of 75, T3 by
T,=T,+ = 2 . log é (90)

Imlly/ 75 n (1 = 3)
Then first we get similar error estimate, the proof is similar to Lemma B.1. Thus we omit its proof.

Lemma B.4 (Refined error estimate). For every t < min{T5, T3, T4}, one has
IWo@)lle + Wk (®)e < Ce, 1)

and
[Ro(t)|lp + [|R1(t)||r < Ce. 92)

Then we show the monotonicity of key variables. Before we do this, we derive the aprroximate conservation law:

d 1
37(@ 0 = 5 lall® +1161%) =l 1w = poym ()] (lall® + [6]* = 2(a, b)) + (€a,b) + (Ev, @) = (£a,b) = (&0, @) ©93)
> (€asb) + (&, a) — (Eas b) — (&b, a)
Then we have
1 s [
(a,0)(8) = 5 (llall* + [bI*)(8) 2 —&* —/T [(€as D) + (€, @) + [(Ea, D) + [(Ep, a)|ds 94)
For t such that 1 (][a||? + [|b]|?)(t) = e* and t < min{T», T3, T4}, the right hand can be controlled by
1
e27 ([lall* + [1blI*) (95)
As aresult, we get for ¢ such that £ (|[al|? + [|b]|*)(¢) 2 en and t < min{Ty, Ts, T}, there is
11 2 2 1 2 2
(L =em)5lall” + 117 () < (a,0)(t) < S(llall” + [16]7)(2) (96)
Proposition B.5. For T, < t < min{T5, T3, Ty}, one has {a,b), ||a||* + ||b||* increase monotonically.
Proof. We begin the discussion with z = {a, b). Taking the derivative, we get
2= |l lIm = poym (2l (lall® + 1BlI*) + (Ea, b) + (&b, a) ©7)
From the estimate at T},, we find that
[(€asb)] S €28[b]%, |(Ebsa)| S €2 d]jal)” (98)
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Here, we use the fact that ||, ||, €] < e and |jal|, ||b]| > &7 . Using the continuity, we get z will increase monotonically at
a time period. Then we consider ||a||? + ||b]|?:

d
3 (lall® + 16]%) = 4ll7lllm = peymll{a,b) + 2(€a,b) + 2(&p, a) ©99)

1 1
> 2| ||| = peyml| (1 — &7 —e2)([lal|* + [[0]]*)

Thus ||a||? + ||b]|?> will increase at a time period. Since the above estimate we use will maintain if z and ||al|? + ||b]|?
increase. We find that z and ||a||? + ||b]|* will increase during T, < ¢t < min{7%, T3, Ty}

We are now ready to finish the entire cross-stage analysis. First, we find that during T}, <t < min{T5, T3, Ty}, and there

exists a constant

Rl _
HT{'— ll” 7TZ7$1) (100)

such that

1 1 _psym 1(2) .
sy (2) = ——Poym1lZ) s o 101
TF (@ De—r  Pomal?) d—1 J (101)

d
I7 = oy = |/ 7 (11 = Poyma (2)). (102)

Thus, we get the following dynamics based on similar estimate used in Proposition B.5

L / 1 / 1
||7T|| Z<7T1 d* 1)6 c,,z) 2+€ " ||7TH ( d* 1)6 c,rz> (103)

Here we abuse the notation between critical point and critical value. We identify the critical value

91 = i IOg (d B 1)7T1

Cr 1—771

Psym,1(2) =

Consequently,

, (104)

which is exactly the unique solution of
Psym,1 (Gi) =T1.

1
e — 1
el 2 = m - e (105)

Let
Ai = 2 + 62"

Then the reduced dynamics satisfies

A_z2G(z) < 2 < A1 2G(%). (106)
Recall that the critical value is ) g1
0l = — log ﬂ, (107)
S Cr 1—m

and G(0!) = 0. Moreover, G(z) > 0 for 0 < z < 61, hence z(t) is strictly increasing as long as z(¢) < 6..
For 0 < § < 1, define z5 € (0,0%) b

G(zs) = . (108)
Equivalently,
25 = élog % (109)
Then the definition of 75 can be rewritten as
=inf{t >T,: z(t) > z}. (110)
This is exactly the first time when
T = ! = 0(9).

14 (d—1)e—cx=(t)
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Proposition B.6 (Time to the O(d)-neighborhood of the critical point). Assume

z(Tp):@(si).

Then ) o p ) . p
z z
—_— —— < Ty, - T, S—/ —_— (111)
Ay /Z(Tp) 2 G(2) PTAL ) 2G(2)
Moreover, there exists a constant C' > 0, independent of sufficiently small £, 6, such that
z dz 1 1 1 1
— lo — log=| < C. 112
/z@) 2GR m 1 BT flem(l—m) 5| (12
Consequently,
1 2 1 1 1
TQ—Tp: 1 IOg*—Fl—lOg* +O(].) (113)
2| /(%1 n (71'1 — 3) e Oleym(l—m) )
In particular, if § > 0 is fixed, then
1 1
T, =T, = log — 4+ O(1). (114)
I/t (m—5) ¢

Proof. Since G(z) > 0 on (0,6!), the solution is monotone increasing there. Separating variables in (106) yields (111)
immediately.

Hence it remains to estimate the integral

o dz
I(zo, 25) ::/ 2G(D) 20 = 2(Tp).

The point is that the integrand has two logarithmic singularities: one at z = 0, coming from the factor 1/z, and one at
z = 6, coming from the simple zero of G.

First, near z = 0,

1
G(2) =G(0)+ O(z) = <7r1 — d) + O(2), (115)
since 1 )
G(O) 771—1+(d_1):71'1 E
Therefore
L Y Tion), =50 (116)
2G(z) m -1z ’ '
Next, near z = 0!, we use that G(6}) = 0 and
G(2) = ——Crld= Ve . (117)
(14 (d—1)e—cr?)
By the defining relation of 6,
(d—1)eertt = 12T
1
hence
G'(0}) = —cpmi(1 —mp). (118)
Thus
G(z) :cﬂﬂ'l(l—m)wi —z)—l—O((Qi —2)2), z—>9i—, (119)
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and so 1 1 1
= o(1 — 0! —. 120
TGG) " Gem—ma— oW 2ol (120)
Therefore, after subtracting the two poles,
1 1 1 1 1
R(2) — _ z_ 121
=00 Mol flemi_m)0 2 1z
extends to a bounded function on (0, §!). Integrating, we obtain
1 z 1 12
I(z0,2) = — log = + — log 2“—2 4+ O(1)
=3 zo  Olexmi(1—my) 0l — z5 (122)
= lo 1 + ! lo ! +0(1)
Com—3 gzo Ole.m (1 —m) g@g—z(; ’
which is (112) up to the relation between 0(13 — zs and 6.
Now from (109),
1 w1 (1l — 71 +9) g 2
0F — 25 = —1 = Oo(6 123
e B = e g e T ama =y 00 (123)
hence 1 1
log—— =log =+ O(1). 124
8T, ~losgt (1) (124)
Also, by assumption,
2 1 2 1
z2(Tp) = @(en) ) SO log E) = log - +0(1). (125)
Substituting these two estimates into (112) gives
1(2(Ty),25) = ——— 1o 1—4——10 1%—O(l) (126)
p’éin(m—é) e Oleami(1 —my) 55 '
Finally, substituting this into (111) and using
1 1
A:I: = 7{1 + 0(1)
2||7T||\/ a1
yields (113). O

Finally, we can prove that T < min{T3, T4} by direct computation. Thus, we finish the cross stage analysis and show that
parameters will enter into a § neighborhood of 6.

B.2. Theoretical details in Sec. 4.2

Proof of Proposition 4.3

Proof. Since attention parameters (Wq, Wi ) are chosen to be zero, for any ¢ we have A; = 77, and hence P; = P; for
i # j. By definition,

G ) I o Bl (127)
i = = TP
5y exp(r2lnl2(my — b)) 2 xRl )

Ask — 0, P; — ‘Tl‘lT; as K — 00, P; — e] since m; = max; 7;. The map x +— PP, ; is continuous, hence by the
intermediate value theorem there exists x1 > 0 such that P; ; = 7. Together with the symmetry assumption 7; = 7; for
1,7 > 2, this implies P; = 77.
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Substituting P; = 77 and A; = 7T into g—l\ﬁ/[ =— ZLZ‘l m AT (P; — IP;) yields

VI
oL
oM _W;m(ﬂ - "
Using 7TP = 7T, we obtaln = 0. Finally, Wg = Wx = 0 at this point, so it is indeed a critical point. O

‘We first record the derivatives needed for the linearization.

Proposition B.7 (Derivatives at the second critical point). At 6! in (12), we have

1
or T — Wl T
—| =-Xs? Var(ﬂ)i Var(r), (129)
0%, ' |7 = wr2]] lll
and the total differential of 2% 517 satisfies
oL
— | =arTdM (diag(ﬂ) - 7T7TT). (130)
Proof of Proposition B.7
Proof. First, we compute the specific expression of Usmg the expression derived in Eq. (5),
9L _ T T
8(1) Z i€ PL P; ) MT (dla‘g(A ) Ai A’L)

17
1|

MH

Using the fact that P; = 77 and A; = 77 and substituting M = n%‘i il

T into the equation, we get

m.\»—‘

_.11 T

oL 9 T
= = _k miei(Py —nT)———4— diag(m) — o7
o0 — 2P ) [ (el = o)
(131)
2 m—gl AT

= —k7 (diag(m)P — 7wcT) (diag(m) — 7w T)

I = g1l ]
By the definition of P, we have

diag(m)P — wnT = diag(m) (M + (1 — A\)1xT) — 7onT

= \(diag(m) — 7w7T) (132)

Combining Eqs (131) and (132), we get the expression of 3 3‘5 at §1. Then, we consider the total differential of the gradient
of the loss function with respect to M. Firstly, using Eq. (5) again, we get

- ZMAJ(B’ —P)

By chain rule, we get

oL
dosr = ZmdAZT(Pi —P;) — Z AT (—dP;). (133)

Let’s consider these two items separately. By the definition of A;, we find that

dAz)] = AZ j i d@ej i,j Z Ai,j’e;'rdq)ej’
7 (134)

= Aije]d®(e; — A])
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As a result, it can be verified that dA; = e[ d® (diag(A]) — ATA;). However, this term will be zero because it contains the
intersection terms Wg WIT( which will be zero by the chain rule and the condition W = 0 and Wx = 0. Thus, we focus on

exp(hiMe;) o0 take the total differential of it:

the second term. Recall the definition of P; ; = S exp(AiMe )
J ki

d]Piyj = ]P’,»Jd(AiM)ej - ]P),*J Zpi,j’d(AiM)ej’
3’ (135)
=P; jd(A;M)(e; — PT).
Similar to the derivation of dA;, dP; can be reformulated as d(A; M) (diag(P]) — PIP;). In particular, at this critical point,

dP; = A;dM (diag(PT) — PTP;) = 7TdM Var(r). (136)

Substitute this expression into Eq. (133), we get

d% = zZ: m Al TdM Var(n) = nnTdM Var(r). (137)
O

Proof of Proposition 4.4
Proof. We linearize the gradient flow (4) at 6}. Since % o = 0 and Wg = Wg = 0, the only first-order contribution in

the (W, W1 ) subsystem comes from the first variation of g—]ﬁ, whereas the (Wg, Wi ) subsystem is driven by the constant

matrix g—é | o1 More specifically, the linearized subsystems with respect to (Wp, W1) and (Wg, W) are two decoupled

systems which separately follow

dAW, 0L .
de _daMW1
dAw;, . 0L
de _WodaM

(138)

and

dAWq . OL
= W S oAWK

dAWx o (9L\T
=W (aq>> WoAW,

(139)

Step 1: the (Wj, W7 )-subsystem is contracting along ;. By Proposition B.7,

(o)

At 0, Proposition 4.3 gives the rank-one form

= 77 dM Var(7)
02

Wo,0 = K1g o], Wio = riaru’, Q= g WIS T (140)

A direct substitution into Eq. (138) shows that for any v L o,

d d
&AWO v = 0, *UTAW1 = 0,

i.e. the linearization is degenerate in the normal directions.
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Therefore we focus on the o;-component and calculate the specific expansion:

dAW,
T"O‘l = —nr T (AWoW, + WoAWy) Var () W]
I AWMH Var(m) -1 ()
lr — 31| [m— 31l
r—11
_ T AW Vi a7
T e T AW Varte) gy
d
and
dAWT
Tlo‘l = — Var(n)(WTAW] + AWTWI)raTWo
1
_ 2 d T T
—r3 Var(m) —— L~ o] AW o’ — (142)
' lm— 31 |\7T||
2 T T 7
— k1 Var(m) AW oy Wﬂ'ﬂ' e
Finally, we have
T{'T—élT 71'—%1 T T T —
d( AWga, ):_,ﬁ frgaq V() =gt 7 Tl ™ =31 dlu p Var(r) < AWoa, ) (143)
AW wT g Var(n) At gy Var(n) Ao
d
‘We introduce the notations:
r:= AWhay € R‘Vl, Yy = AWITOél € R‘V‘

Eq. (143) can be rewritten in the following concise form

d fz\ _ o, (=
()

e amwt  bmuTC
© \bCunT b2C
The matrix A is symmetric by construction. Moreover, for arbitrary z,y define o := nTx and 5 := uTCy. Then the
quadratic form is

where
) ) a:=uTCu, b:=7T¢g=|n|. (145)

(:ET yT) A (Z) =aa®+2baB +b?yTCy.

Introducing the C-inner product (v, w)c := vTCw (with seminorm |v||c = VvTCv), we have a = |jul|Z > 0 and

18] = [{w, y)cl < [[ullellyllc = VavyTCy. Hence
ao?+2baf+ 12 yTCy > (Vala| —by/yTCy)* >0

so A = 0. Therefore all eigenvalues of —\? A in (144) are non-positive, and the (, y)-subsystem is contracting (or neutrally
stable in the degenerate directions).

Step 2: effective coupling for (Wg, Wik). Recall Eq. (139),

tAWQ S

d
T 55, WOAWK, SAWg = -W] <8£>

dt oD WoAWq

d 0o

. . . . A
Substitute the expression of g—é into above equation, we take d d‘;VQ as an example:

AWy
= )\ d T
gr Kiog— ” ” Iil( iag(m) — 7w )

™ — H1 ﬂ-T(

S ;
[l = 1] Il 5(m) - ”T)nwn“lAWK

(146)

=craja] AWk.
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Left-multiplying by o] yields the results. Moreover, ¢; is positive by its definition. Thus, it is an unstable direction. It
implies that the effective dynamics near the critical point is the subsystem about Wg and Wg

O

B.3. Theoretical details in Sec. 4.3

Proof of Proposition 4.6 'We complete the proof of Proposition 1 in two steps. First, we directly verify that a rank-one
manifold is an invariant manifold. Then, we utilize data symmetry and permutation equivariance to prove the conservation
of low-frequency tokens.

Proof. (1) Invariance of the rank-one form. Plug (18) into (4) and check that each right-hand side remains in the same
rank-one span.

Since W = Ba],
oL oL
—— W = —(—ﬂ)a{,

oM oM
which is of the form 4 a].
Next, using @] &1 = 1,
WgW) = AxAq a1 (afar)a] = najaq, WoWx W3 =nv(ajar)a] =nyaq.

Therefore the ®-driven terms in W satisfy

W = n(2E Yot (2EY wawowg = —n((25)'5)at,

_oc
00

so Wy stays in the span of {-aT} and hence Wy(t) = y(t)al.

Similarly, since W] = a17T,

oL oL
— T2~ T
Wi=-Woga = (7 8M)’
which is of the form a; BT.
Finally,
. oL oL .
Wq = —WJaTI)WoWK = Ak (VTaTI)”Y) 10,

so W, remains in the form A (¢)a1 & . The argument for Wi is identical. Thus the flow stays in W.
(i1) Preservation of the low-frequency symmetry. Let
G:={o:{1,...,V} = {1,...,V}o(1) = 1}. (147)
and let 0 € G be the permutation matrix. Define the group action as
po(0) = (I, Wy, W1 IIT, Wo, Wk).
Under this action, ones check that P; ;(ps(0)) = P,(;),»(;)(#). Since the loss function can be viewed as L(0) =
— Zi ur Zj Pi,j 10gPi7j, we find
ﬁ(pg(e)) = — Z Ur Z F)i,j 10g Po(i),a(j) = — Z 7To-—1(i) Z ngl (3),0=1(4) log Pid' (148)
i j i j

Under the symmetry assumption on the data and the definition of the transition probability matrix P, L(p.(0)) = L(6).
Hence if 6(t) solves the gradient flow, so does p,(0(t)). If 8(tg) = ps(0(tg)) for all o € G which is equivalent to
Yo =+ ="g4and B = --- = (4 at to, uniqueness of ODE solutions implies §(t) = p, (6(t)) for all ¢ > ¢, which proves
the symmetry is preserved. O
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Proof of Theorem 4.7 We proceed with the proof of Theorem 4.7. First, we introduce some notation to show that the
dynamics on a rank-one manifold will be further simplified in the case of low-frequency symmetry. Next, since we are still
near the critical point described in Proposition 1, this means that we are also near the critical point for the dynamics on a
rank-one manifold. Therefore, we continue using linearization methods to obtain the key conservation law results.

First, we find that the proxy attention matrix A has the form on W by direct computation,

3 1-& 1-&
L =1 V-1
& 1—& . 1=&
V-1 V-1

A = . ‘ ‘ | ‘ )
¢ 1-& 1-¢&
2 -1 V-1

where

Ty exp (U’Y%)
mrexp (m73) + (1 —m) exp (mmyizr)
1 exp (1717i1)
= ) (150)
& T exp (my1%iz1) + (1 —m1) exp (7772'2;61)

&= (149)

Define the row-wise scalar projections
my = Ay, me = Agy.

Then
mi1 = Y21 + &147, ma = Y21 + &2A7.
Since A; M = (A;)BT = m; (7, the model probability of predicting the first token is
exp(m;f31)
exp(mif1) + (|V] — 1) exp(m;Biz1)

where o is the sigmoid function. Here, we only consider the first and second probability because IP; ; = IP; ; for ¢, j # 1.
Moreover, there exists a key term (P; — ;)3 in the following computation. By direct computation,

(P —P)B=(Pi1 —Pin)Bi + (1 =Py — (1 —P1))) Biaa

pii=P = = o(m;AB —log([V] — 1)), i€ {1,2}, (151)

(152)
= (Pi1 —Pi1)AB
It implies that (P, — P;)8 = (P; — P;)3 for i, j # 1. Let the residuals be
ry = }Di,l 7]51‘, 7 S {1,2} (153)

Fori > 2, weletr; = ro.

We now derive the explicit dynamics for vy; and 7;»1 by expanding the two contributions in  in (20).

(1). The M-driven term fg—]f/[ﬂ . By the definition of %, we obtain

oL
_Wﬁ = ZTFZA;F(Pz — PJB = Aﬁ(’ﬂ'l’r‘lAI + (1 — 7T1)7‘2A5).
i
Taking the first coordinate and a generic low-token coordinate yields

"}/1’IVIZAﬁ[ﬂ'l’ljfl—F(l—ﬂ'l)Tgfg], ’%‘751’1»[: V|Af1[71'17“1(1—51)4—(1—7'('1)7“2(1—52)}. (154)

(2). The ®-driven term —n[(OL/0P) + (0L/OP)T]y. Using % = — >, mie;(P; —P;)MT Var(A;) and (P; — P;) MT =
AB T yT, we get
oL

g5 _ e T )
7% A,Bzi:mm e;vT Var(A;).
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Thus, the ®-driven term is

|

By direct computation, we find that

Var(Ay)y = €:(1 — €A (1, — -2 1 \T
ar( 1)7—61( *fz) ’Y( 7d—17”'7d_1> ,
YT Var(Aq)y = &(1 - &)(Ay)?
Substituting into the equation, we get the ®- driven term:
iy = nA8[mri (1= &) (A7) +ady) + (1= m)rab&a(1 - £)A] (155)
A
izly = |VT’|—B1 { —mria&i(l—&)Ay + (1 —m)re (1 = &) ((Av)° - bA“Y)] (156)

Combining (154)—-(156) gives the closed ODEs for (a, b) on the invariant manifold.

Plug the above equations into the dynamics of 1, v;£1

We now formally proceed with the proof of Theorem 4.7. We linearize the reduced system around the entry state of this
phase and denote base values by superscript 0 and first-order variations by superscript 1.

Proof. The test for the critical point is the same as for Proposition 4.3, because the parameters are essentially located near
the same minimum point.

We then linearize terms in (154)—(156) in a fixed order.

1. Linearization about M -driven term. We take the expansion up to the first order about &; and p; and then substitute then
into the expression of M -driven term.

(1). Linearization of the proxy attention weights &7, &>. Take &; as an example,

1

- =m +m(l—m)n' Ay + O([19]f?
[ =y E—y T+ (1 —m)n Ay (l1e1=)

&

in which we use the fact that parameters locate near 7 = 0. Thus,
G =ml—m)n' WA, & =m—m)n'a Ay
(2). Linearization of the prediction probabilities p; and residuals r;. Recall p; = o(m;AS — log(|V| — 1)) with
m; = b+ &A~. Expanding p; to first order gives (writing m{ for the base value)
pr=m(l—m) <(bl + T AY)ALY + w1 (1 — m)na® Ay ALY + m?Aﬁl)’
Py =m(l—m) ((bl +mAY)ALY + (1 = m)n b’ Ay ABY + mgAﬁl).

: _ A 1_ a1
Since r; = P; 1 — p;, we have r;” = —p;.

2. Linearization about ®-driven term. Using the fact that parameters locate near 1 = 0, the linearization of Eq (154)—(156)

corresponds to the right-hand side except that eta takes a value at the initial point.

Substituting the above expansions into (154)—(156), and keeping only first-order terms, yields
A1 = AL (i (=p)) + m(1 = m)(=p3)) +3An 7T (1 —m1)? ABY(AY0)?,

A 0
A = W[ilwl = m)(p) + (1= m)P(=5}) = 7 St = ) AR (A2
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Taking the linear combination (1 — 1) — (|V| — 1)m17,, cancels the (—p;') terms and yields
(L= m)d1 = (VI = Dmidi = 3Ami (1= m)*AB(A9°) ', (157)

Considering the linearized dynamics about 7, there exists ¢ > 0 such that

0t =en',

which indicating that ' admits a solution as
0 (t) = n' (to) expe(t — to). (158)
Substituting the above equation into Eq. (157) and integrating both sides of the equation, we get
(1 =)y (&) = (V] = Dmivig (8) = ¢ (exp(e(t — o)) — 1) (159)

Here, we use the fact that
(1 —m)n(to) — (d — 1)miyiz(to) = 0.

C. Theoretical details in Sec. 4.4

This appendix provides detailed proofs for Section 4.4. We focus on the minimal vocabulary size d = 3 to exhibit the
separation between secondary high frequency and secondary low frequency. Throughout, we use the rank-one parametrization
on the invariant manifold (cf. Proposition 4.6)

M=~8T, Q=nv", 0=(y,8) €R®xR>

Here, we do not need to consider 7, because calculations show that its derivatives up to the second order are zero, so it will
not affect our analysis.

C.1. A degenerate critical point on the rank-one manifold

We first formalize the “bad” critical point on the rank-one manifold under symmetric frequencies. This critical point is
degenerate in the sense that the key driving terms 0L£/9M and 9L /0P vanish, hence linearization on the manifold cannot
explain the escape to new embedding directions. The following is the proof of Proposition 4.8.

Proof. We construct a critical point on the rank-one manifold and show it is a local minimum for the linearized dynamics.

The critical point is constructed as follows. Take v;7;21 < 0 as shown in Theorem 4.7. When 7 is sufficiently large, the
attention proxy satisfies A; ~ e1 and A;z1 ~ &, := (0, 3, 3). Choose 31 > f3;+1 so that softmax(kS3T) — e as k — 400
and softmax(kST) — é; as k — —oo. Thus we may choose y; > 0 and 7;+; < 0 so that

Py =P, Piz1 = 5(P2 + P3).

By direct computation and symmetry of the data, we have % = 0 and g—é = 0 at this point (refer to Lemma C.4).
Substituting this fact into Eq. (4), it implies that our construction gives a critical point.

To verify local minimality for the linearized dynamics, we linearize the dynamics in Eq. (4). We compute d(g—ﬁ) and

d(g—é). At the constructed symmetric point, Lemma C.5 implies ), m; dAT(P; —IP;) = 0 and hence
oL T
dors = ZmAi dP; # 0.

Moreover, Lemma C.5 shows that dP; = A; dM Var(P;). Since Ay = As, it implies that dP; = dP3. In addition,
Lemma C.5 gives d(0L/0®) = 0.

32



Focus and Dilution: Multi-stage Learning of Attention

As a result, the linearized dynamics on (v, 8, n) reduces to

dAy oL dag aL\" dan
T d(aM>5’ T d(azw) Yo 0 (160)

and the Jacobian Jy = —Vgﬁ admits the explicit block form in Lemma C.6. In particular, Jj is negative semidefinite with
a nontrivial kernel. Hence, the critical point we constructed is a neutrally stable equilibrium for the linearized dynamics,
which motivates the Lyapunov—Schmidt reduction in the main text. O

C.2. Breaking the degeneracy: frequency perturbation and Lyapunov-Schmidt reduction

To eliminate the degeneracy, we perturb the frequencies between the two low-frequency states:

ﬂT:(c,%,lgc> = ﬁT:(c,%—i—é,%—&). (161)

The dynamics becomes )
0=—-VyL(0,9).

We study the perturbed critical point by solving
—VeL(0,0) =0 (162)

near the degenerate minimum, which we shift to § = 0 for convenience.

We use the formal expansion (at § = 0):
1 1
~VoL(0,8) = Job + 01 + 5B(0,6) + 0110 + 55% +ho.t., (163)

where
Jo=-V3L, fi=05(-VeL), B(,-)=-ViL, J1=08Jo, f2=2055(-VeL).
Since Jy is singular, we apply Lyapunov—Schmidt reduction.
C.2.1. KERNEL/RANGE DECOMPOSITION OF Jj
Proposition C.1 (Kernel and range bases). Assume ||y|| = ||3]| and 871 = 0 at the symmetric degenerate minimum. Then

dim ker(Jo) = 3 and one convenient orthonormal basis is

ki = ((0,1,—1),(0,0,0)),

Sl-5l-

k2 = ((0a050)7(1a171))7 (164)

1

ks = 2 P
VI + 18]

An orthonormal basis for Range(Jy) can be taken as

(_'Yaﬁ)'

1

= -2 ) ’ ) 070a0 )
Q1 4722 +2%2 (=272, 71,m), ( )
1
q2 \/§ ((07070)7 (07 ) ))7 (165)
1

- (7,5
“= e Y

Let Qx = (k1,ko,ks) and Qr = (1,92, ¢3), and denote projections Px = QxQJ, Pr = QrQFL. Write § =
Qrz + QRry.
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C.2.2. SOLVING THE RANGE EQUATION
Recall the Lyapunov—Schmidt decomposition § = Q) xx + gy and define the range equation
FR(:Ev Y, 5) = _Q}-BVO‘C(QKZ' + QRya 5) = 0. (166)

Proposition C.2 (Range solution and first-order expansion). Given a perturbation of the data parameterized by 0, the
range equation (166) admits a unique solution y = ((x,0) in a neighborhood of (x,d) = (0,0). Moreover, it satisfies the
expansion

0
(,0)=5| gt A= Nmn+ (L=mNia) | 4 o + |j2)?), (167)
1Y P12 + (1 — m) i P2
0

where the denominator
e =1 P+ (1 — 771)712;61]}»2'7&1,2
is strictly positive under our standing assumptions (in particular vy1,vi21 7 0 and P1 2, P12 > 0).
Proof. We expand F'g around (x,y,d) = (0,0,0). Writing § = Qxx + Qry and using
—VoL(0,0) = Job +0f1 + (9(||9H2 + 52),
we obtain
Fr(z,y,6) = QR(JoQry + 0f1) + O(|0|” + 6°) = Ary + 6 QR /1 + O(l|]* + |lylI* + ), (168)
where Ap := QL JoQr.

By Lemma C.7 we have an explicit expression for QT, f1, and by Lemma C.8 the matrix A is invertible on the range
coordinates; in particular, its (2, 2)-entry equals —c; < 0 and hence (A3 )22 = —1/cy.

Therefore, 0, Fr(0,0,0) = Ag is invertible, and the implicit function theorem yields a unique smooth function y = ((z, 9)
solving Fr(z,((z,d),d) = 0 locally, with

((2,8) = —AR 0 QR i + O + ||l]*). (169)

Since QL f1 has only a nonzero second component (Lemma C.7), and (A}Ql)gg = —1/¢; (Lemma C.8), the second
coordinate of ¢ equals

<2(-7375) = _( ) - \/5()\%'7&1 + (1 — )\)(7‘1’1’}/1 + (1 — 7T1)’7i751)) + 0(52 + ||$H2),

1

C1
which is exactly (167). This completes the proof. O
C.2.3. REDUCED KERNEL EQUATION AND APPROXIMATE CRITICAL POINT

Plugging y = {(z, J) into the kernel equation gives
—QkVL(Qkx + Qrl(x,0),6) = 0.
Because JoQx = 0 and Q}( f1 = 0, the leading contributions are second order:
1 1
Q}((iB(H,H) L0010+ 55%) thot =0, 60=Qxz+Qrl(z,0).

Theorem C.3 (Existence of an approximate critical point and its two-scale stability). Let {(x, d) be given by Proposition C.2.
Then x = 0 is an approximate solution of the reduced kernel equation up to second order, i.e.

IVoL£(Qr¢(0,6),8)|| = O(5°).

Moreover, the linear stability splits into two scales:

34



Focus and Dilution: Multi-stage Learning of Attention

1. Slow manifold directions (within the rank-one manifold): any positive eigenvalues created from the kernel directions
are at most O(52).

2. Fast transverse directions (escaping the manifold): Under condition in Lem. C.17, there exists a transverse positive
eigenvalue of order ©(9).

Proof. The estimate ||V L|| = O(83) follows by inserting § = Qr((0, §) into the kernel expansion and using the explicit
expressions:

(1. Q% B(g292, g2y2) (From Lem. C.13):

1 1 0 )
iQKB(QQy%(DZW) = 0 Ya-
VIl + 1151 Y P12 + (1 — m1) Y3 Pis 2

(2). Q% J1(g2y2) (From Lem. C.10):

V2 0
QYT (goys) = —0———es 0 v
e AT \my (1= 3) a3 (1= )1 =2

(3). 82 f5 vanishes (From Lem. C.14).

Substitute 3o = /2 Miz1t (LN (mn+(1=m)%i21) 5 We found that the second-order terms cancel each other out automati-
w1y P12+ (1=m1) v, Piza 2

cally.

For stability, we write the perturbed Hessian at the approximate critical point as
0 B 0 0
V3L(0,6) = Jo + SHy + O(5?), H, :_—((BT 0>+<0 C)>+J1,

with (B, C') computed from the second-order kernel reduction (see Lem. C.15).

We take the basis as Q = (Qx, Qr):
QTJQ(S R>+5<5T §)+O(52) (170)

where A = QLJ)Qr, G = QL H1Qk, E = QL H1Qp, and F = QLHQg. Let X be a small eigenvalue and the
corresponding eigenvector is (z,y), the equation is

{5Gx+6Ey+O(62) =\ a7
Ay+0ETz 4+ O0)y = Ay
Since the new positive eigenvalue is small, we can solve y as
y=—(A—=X)"'0ETz + O(0%) = —=0A " ETx + O(8?) (172)
Substitute this expression into the the first equation, we get
(6G — 8°EATTET)z = Az + O(6%) (173)

Hence A = O(6?) provided G = Q}-H1Qk = 0. This vanishing is proved in Lemma C.16.
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Finally, we compute the eigenvalue of the normal directions. Recall the linearization of the whole dynamics is

T
) WoWQAWIT(OzLJ_

dAW, (oL . ocC r_ (9LNT r
a8 <8MW e WiWo — (g ) MolelVi
dAW; oL
@ 4 <_W° 8M>
N L OL
a4 <_W° 9% WOWK)
dAWy 1 (OL\T
e (o (32
We find that
dAWOOZLJ_ oL oL oL
T =gy — g wA g — (55
da{ J_AW1 8£
T = _aI,LAWJW
dal | AW,
LB Ay 2 wow
da] | AWk OLN\T
) _ T( =
dt Ao (3<I>) Holta

Since 05 35 9L — () and d‘% = 0, we find that ‘% = O(4?). So the main term is

dAWOOéLJ_ oL

=——A
ar “aar AWl
da} lAT/Vl oL
@ Ay
From Lemma C.17, under some mild condition, We find that
oL
dadiy = Y4
o = ©0)

Thus, there exists positive eigenvalue at least order ©(9).

C.3. Derivative toolbox

This section collects all derivative computations referenced in the proofs above.

C.3.1. VANISHING OF GRADIENTS

(174)

(175)

(176)

(177)

Lemma C.4 (0L/OM = 0 and 9L/90® = 0 at the constructed point). Az the symmetric degenerate minimum in Proposi-

tion 4.8, we have

oL _ oL

ar % e

Proof. By direct computation, we get Py = P and Py = P35 = %(PQ + P3). Thus, the terms in the gradients cancel after

summing with o = ms.

C.3.2. FIRST-ORDER VARIATIONS

O

Lemma C.5 (First-order variations with respect to parameters). At the critical point in Proposition 4.8, the first-order

variations have the following form:

1. The variation of the attention proxy satisfies dA; = 0 and dA; 21 = nyi41 (0, %(d’}/g — dns),

i# 1

36
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2. The variation of the output probability satisfies dP; = A;dM Var(P;).

3. The variation of gjﬁ and 8@ admit the following expression:

Proof. We calculate the first-order variation in sequence.

1. At A; = e, we have diag(e;) — eje] = 0, hence dA; = 0. Fori # 1, using A; = é; and ® = nyyT,
ejd® = eld(m7T) = d(nyiyT).

Since Var(A;.;) = diag(é;) — é1€] equals to

0 0 0

1 1
X Lo
0 -3 1

we obtain the displayed vector form.

2. By definition,

Under M = ~fT,
dA; M = dA; BT = (dA; v)BT.

Fori=1,dA; =0, hence dA; M = 0. For i # 1, dA; 21 = nvi21 (0, +(dy2 — dv3), — 5 (dy2 — dv3)). Thus,
dAizr 7 = 7721 (0, §(dya — dvs), =5 (dy2 — dys)) - (71,72, 78) = Fviz1(dya — dys) (2 — 73) = 0,

since 2 = 3 at the symmetric point. Hence dA;x1 M = 0. Therefore dP; = A; dM Var(P;).
Because Ay = Az = é; and Var(P2) = Var(P3) under symmetry, we also have dP; = dPs.

3. By definition of —gML and the chain rule,
d—— = — E mdAT (P — P;) — E mATd(=P;)
an( l 3 7 1 T Z 1 7 K3

At the symmetric point, P, —IP; =0and ), #(Pi —P;) = 0, while dAy = dAj3 and w5 = 3. Therefore the i = 2,3
contributions cancel, giving Y, m; dAT (P; — IP;) = 0. It yields the claimed form.

By the definition of 8@ and the chain rule,

dg—g - fd(zm e; (P, — P;) MT Var(Ai))

= —Zmez MT Var(A Zm ei(P; — P;)dMT Var(A Zmel P, —P;))MTd Var(A;).

Using the expression of Var(4;), we get vT Var(A;) = 0 since v = -3, which implies that the first term vanishes.
Similarly, using the chain rule, we get dMT = d8~T + Sd~T. Combined with (P; — IP;)3 = 0 and 4T Var(A;) = 0,
the second term vanishes. The third term vanishes due to the same reason.
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C.3.3. HESSIAN MATRIX J

Lemma C.6 (Computation of Jy on the rank-one manifold). At the critical point in Proposition 4.8, the linearization
restricted to the rank-one manifold yields the Hessian Jy = —Vgﬁ(@, 0) in the matrix form:

C1 0 0 (%
0 C2 C2 V2
0 Co Co V2

7
CP)

Jo = — (178)

T
U1

vy C
where ¢; 1= 71”6”%@4]?1)’ e = 1(1 771)”6”%@(]}%#1), vy 1=y BT Var(Py), va := (1 —71)7iz187 Var(Pizy), and
C = m~3 Var(Py) + (1 — W1)Vf¢1 Var(IP;+1). Moreover, Jy is negative semidefinite.

Proof. As shown in Eq. (160), the linearized dynamics on the rank-one manifold can be written as

e (ag)

dt
dag _ _ (diﬁy
a — \Tom/) 7
dAn
——1_0
dt ’
. . . : da da
where we used d(0L/0®) = 0 at the symmetric point. We calculate the Jacobian corresponding to <37 and d—f

respectively.
1. The A~ equation. Using daa—]f/[ =mAldP; + (1 — ﬁl)AiT#ldIP’#l and Ay = e, A = ¢é] = (0, %, %) we obtain
dA~

dt = —WlAIdPLB - (1 — 7T1)A2-¢1dpi7516

= —mA] (d’yl BT Var(Py)f + v1dBT Var(Pl)ﬂ) (179)
—(1-m )A;61 (%(d’)@ + drys) BT Var(Piz1)8 + vie1 AT Var(IP’#l)ﬁ),
where we used the rank-one identity dM = d(v87) = (dvy)5T +~(dS)T and dP; = A, dM Var(IP;) at the symmetric
point.
Let df := (dv1,d72, dvs,dB), where d3 € R3. Collecting the coefficients in (179) gives the matrix form

0 0 w
A C1 1
%:_ 0 ¢ ¢ vy |db. (180)

0 Cy C2 Vg

2. The AfS equation. Similarly,
dAg
dt

Using again dP; = A; dM Var(P;) and A = eI, Az = éI, we obtain the compact matrix form

= —WldPIAl’}/ - (1 - Wl)dP;ﬂAi¢1’}/. (181)

dAp
Combining (180) and (182), the linearization reads
d (A~
4 (M) — Jodo,

where Jj is exactly the block matrix.
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We now verify that Jj is negative semidefinite. Let d6 = (d~1, d7y2, dvs, dS) and define

dyy = g(dya + dys), dy_ = §(dya — dy3).

A direct expansion of the quadratic form induced by (178) yields

0TI d0 = —m1 || Ay B+ 71 dB [y e,y — (1= 71) || dvs B4 vig1 A8y (183)

it1)”

Indeed, for the 7 = 1 block one checks
—T ((dfyl)251’ Var(P;)3 + 271 dy; dBT Var(P;) S + v dAT Var(IP’l)dﬁ) = —m||dy1 8+ ’yldﬂ”%ar(ﬂ”l)'

For the low-frequency block, the coefficients (1 — 1) in the (dvy2, d7y3)-submatrix imply

1 2
5 (L= T 1Bl ) (2 + d5)” = =1 = 7)) 472

and the cross/(dS, d3) terms match exactly the remaining pieces of —(1 — 71)||dv+ 08 + 7i¢1d5||%/ar(19#1)’ giving (183).

Since Var(IP;) = 0 and Var(P;1) > 0, the right-hand side of (183) is always non-positive, hence J, < 0. Moreover, dy_
does not appear in (183), which already produces a nontrivial kernel direction; additional kernel directions arise from the
scaling invariance (d~y, d3) o« (—, ) on the rank-one parametrization. Therefore, the equilibrium is a degenerate local
minimum restricted to the rank-one manifold. O

C.3.4. COMPUTATION OF f; AND QF,JoQ) g FOR THE RANGE EQUATION

Lemma C.7 (Computation of f; and QF, f1). At the symmetric rank-one critical point, we have

oL oL OL\\T
U =0 O <8M) f=0, - (36(W)) 7= (Vi1 + (L= N (my + (L= m)7i21)) (0,1, -1)T.
Consequently,
0
0
0
fi= (s + A= Nmy + 0 -m)ve) | | (184)
1
-1
and for the range basis Qr = (q1, q2, q3) with ga = %(O, 0,0,0,1,-1),
0
Qrfi=| V2(Miz1 + (1 =N (mm + (1 = m)viz1)) |- (185)
0

Proof. We differentiate the explicit gradient formula with respect to . We calculate the partial derivatives of % and g—é
with respect to J, respectively.

1. Computation of % %. By definition,

0 oL 0
5590 ~ 55 (—;mm ) Pi))
= - Z Osmi AT (P, — P;) — Z miOsA] (P — ;) — Z mith]0s(P; — i)
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Using P; = Ae] + (1 — A)«T, the first term is computed as

—Z&WA}(PZ- —Pi) = —AL, (P2 —P2) — (P53 —P3)) = —AL,; (0, A, =)

Since 7 is sufficiently large and ~y;v;21 < 0, we get

Dsiy = (0,0,0), Dshiss — <o,1 S )

1-— 1 ’ 1-— 1
Using >, (P — ;) = 0, the second term vanishes.

For the last term, we get
OsP;=(0,1—X\,—(1—=1X)), P, =0

As a result,
0 ™
o oL !
gani= | 2 QAN sd-m) J(0.1=A—(1=). (186)
2. Computation of (%gé By definition,
0oL 0
2= _ 2 o (P —_TP. T )
5598 aa( Zmem(PZ P;) M Var(AQ)
== Osmiei(P; — P)MT Var(A;) — > mie;05(P; — Pi) MT Var(A;) — Y miei(P; — P;) MT0; Var(A,;)

7 [ i

Similar to the computation about 595 g]\ﬁ/l, ones can check that 885 gé vanishes.

Multiplying (186) by 3 on the right yields zero because it is proportional to (0,1, —1) and 3 = B3 at the symmetric
point. Taking transpose and multiplying by - on the right yields a multiple of (0,1, —1)T, with the scalar coefficient
Miz1 + (1 — A)(miy1 + (1 — m1)7:21), which gives the stated formula for f; in (184) under the definition of f; in the
expansion of —VyL.

Finally, (185) follows from ¢J f; = /2 - (scalar) and q] f; = ¢ f1 = 0 by orthogonality. O
Lemma C.8 (Structure of QF.JoQ i on the range). Let A := QL JoQr. Then Ag is nonsingular, and in particular,
(AR)22 = —cu, ¢1 i=mYiPro+ (1 —m)viuPize > 0. (187)
Equivalently, AR has the block structure
* 0 *
AR = — 0 C1 0 s
* 0 *

where the starred entries are finite constants determined by the symmetric point, and are not needed in Proposition C.2.
Proof. This follows by substituting the explicit expression of Jy (computed from the linearization on the rank-one manifold)
into the orthonormal basis Qr = (q1, g2, ¢3)-

The key point is the g5 direction. Recall ¢; = %(0, 0,0,0,1,—1), i.e., it lies purely in the S-difference direction. At the
symmetric point, the 3-block of Jy equals

J()’gﬁ = —(71'1’)/% Var(IP’l) + (1 — 71'1)%2#1 Var(IP’#l)).

A direct computation gives

43 Jog2 = — (Wlﬁ g3 Var(P1)gz + (1 — 1)z 43 Var(Pi;&l)QZ) = —(M7iP12 + (1 — m)7ia Pir12),

where we used q2 Var(P;)g2 = IP; 2 under the symmetric specialization IP; 5 = IP; 3 (hence Var(P;) acts diagonally on the
(2, —3) difference). This proves (187). The remaining entries are obtained similarly and yield the stated block structure,
implying A g is invertible on the range. O
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C.3.5. COMPUTATION OF CROSS TERM J;

Lemma C.9 (Derivation of the mixed operator J;). Write § = (v, 3) € R3 x R3, and view J; as a 2 x 2 block operator
with respect to the (v, 8)-splitting. Then

_ | i s 0 A
Ji = < i 0 + AT 0 ) (188)
where
0 0 0 0
Jiyy = 0 BT Var(Pix)s 0 ; J145 = Yiz1 BT Var(Pix1) ) (189)
0 0 —BT Var(P;x1)p —%iz1 BT Var(Pi1)
Ji,py = (07 Yiz1 Var(Piz1)B, —viz1 Var(Pi¢1)5>7
and
0 7T1(1—>\) —7'('1(].—)\)
A= 0 LA+ 1-m)A-X) —-tA+1-m)1-N) |. (190)

1 1
o f0+a-ma-n) -fo+a-mia-w)
Proof. We compute the mixed differential

Ji = aé(VH[_Veﬁ(e’é)])‘(e,é):(e*ﬂf

On the rank-one manifold, the (v, $)-dynamics involve the two components

ot ()

while the ®-part does not contribute to J; at the symmetric point (see Step 2 below). Therefore it suffices to compute
oL OLNT
o =) 4V~ (ga7) ).

We follow the same route as in the derivation of Jy: we first compute d(0L/OM ) and d(9L/IP), then take 5 and finally
reassemble the induced variation of the rank-one gradients.

Step 1: computing OsVy(OL/OM). Recall
— ZTFLA;F(Pz — ]P)z)

Taking #-differential gives
_— = —Z dAT z) —Zﬂ'lA;rd(PZ—]PZ),
and since dP; = 0, we have d(P; — P;) = —dP;. Differentiating w.r.t. § and using the product rule yields

oL
sd =t :—Z dsmi) (AAT)(P; — ;) —Zm&;dAT(Pi —P) —Zm (dAT) 95(P; — ;)

— Z (Bs7;) A Zm (OsAT)(—dP;) = Y i ATOs(—dP;).

(191)

We now analyze each term. (All computations are evaluated at the symmetric point.)
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. The term — >~ (9sm;) (dAT)(P; — P;): using the structure of dA; and (P; — IP;)3 = 0, its contribution vanishes when
paired with 5 and with v, i.e.,

(- S @m)@anE -r))s =0, (-)r=0

. The term — ), m; 05dAT (P; — IP;): Since dA; = e] ® Var(A;), we get 95dA; = e ® (05 Var(4;)). Fori = 1, we
have 95 Var(A;) = 0 since A; = el. Fori # 1,

00 0 0 1 0
05 Var(A;) = (1 —my) 01 0 |- 1 (0,,2> = % 0,1,-1)| =0
0 0 -1 -1 5
Hence this term is zero.
. The term — ", m; (dAT) 95(P; — P;): since 9s5(P; — P;) = 95 P;, we obtain
—Zm (dAT) 95(P; — ;) Zm (dAT) (0,1 = X, —(1 = \)).
By the symmetric specialization S = 83 and v = ~3, this term also satisfies
T
(= ()sm
. The term — " (95m;) AT (—dP;): using O5my = —0sm3 and Ay = Ag at 6 = 0, we get
— > (05m;) AT (—dP;) = —AT(—dPy) + AJ(—dP3) = 0.
. The term — ), m;95 AT (—dP;): We have
0
Y mOsAT(—dP;) = [ 1| AixdM Var(P;) (192)
i -1

. The term — 3, m; AT 05 (—dP;):

=Y miATOs(—dP;) = mAT0s (dA;M Var(P;) + A;dM Var(P;))

Similar to the previous computation, we have

=Y miAT0s(—dP;) = AL, (0,1,—1)(dy)BT Var(Pi4). (193)

The last two terms, — . m; (OsA])(—dP;) and — >, m; AT95(—dP;), produce the only nonzero contribution to
05sd(0L/0M ) along the (2, —3) antisymmetric direction. Collecting them gives

0 0 0 0

oL
35d<aM>5: 0 AT Var(Pix1)B 0 g1 BT Var(Pigr) | d(y,8),  (194)
0 0 =BT Var(Pix1)B | —7iz187 Var(Pi1)

which exactly corresponds to the J; - and .J; 4 blocks in (189).

Step 2: 05d(0L/0P) = 0. We differentiate

oL

5 Zm (P; — ;) MT Var(A,),

and check term by term (product rule) that every contribution vanishes at the symmetric point: the 0s;-terms cancel by
symmetry and the Js-dependence of Var(A;) does not contribute at § = 0. Hence 95d(9L/0®P) = 0.
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Step 3: contribution from 05(0L/OM) df. Using the explicit formula of 95(0L/OM) (computed previously), we obtain

the linear map acting on d3:

or m(1—X) —m(1=X)

o) s == [ 0]+ a—m)1-n) b+ a-m)(1-) a5, (195)
030+ 0 =m)(1=A) =3+ 1 -m)(1=1)

which is exactly the A block in (190) (placed in the (v, 3) off-diagonal).

|00 =

Step 4: assembling J; from the two dynamics components. By the chain rule,

s - 353) < (@05 )3 (325

so combining (194) and (195) yields the y-equation blocks in (188).

Similarly,
OLNT OLN\T OLNT
0 = (ga7) ) = (00 ) v = (O 7)o
which gives the (3, v) block J; g~ together with the transpose AT in (188). O

Next, we will calculate the identity needed in Theorem C.3.

Lemma C.10. Let 0 = goys be the leading-order reduction (since ((0,8) ~ dqa). Then

\/§ 0
QkJi(2y2) = ——F———= 0 Y2
T VIR ETAE \rin (1 - A) 4 0 (1 —m)( - A))

Proof. This can be verified using the expression in Lem. C.9 and by direct calculation. O

C.3.6. COMPUTATION OF THE BILINEAR FORM B(-,-)

Before proceeding with the specific calculations, let’s review the following lemma.
Lemma C.11 (Second differential). Let f : R¢ — R be C?. Then for any h € R?,

f(O+h) = f(0)+df(0)[h] + %dsz)[h, h]+ O(lIR]1%), (196)

where A2 f () [u, v] = uTV?2f(0) v is the (symmetric) bilinear form induced by the Hessian. The same expansion applies
componentwise to vector-valued maps; in particular, for the gradient map g(6) = V f(6),

9(0 +h) = g(0) + Dg(0) h + % D?g(0)[h, h] + O([|R]|*). (197)

Also, we have the following lemma which simplifies the computation.
Lemma C.12 (A useful identity: d Var(A;z1) = 0 for the antisymmetric direction). Ar A;zy = é1 = (0,3,1), if
dA;+1 = (0,a, —a) for some a, then d Var(A;x1) = 0.

Proof. By definition, d Var(A) = diag(dA) — (dA)AT — A(dA)T. Substituting A = é; and dA = (0, a, —a) gives exact
cancellation of all entries. O

Consequently, in our regime the second differential of A; simplifies to
d*A; = d*(nyiyT) Var(Ay), (198)

because the potentially present term d(7)7y;7) d Var(A;) vanishes (identically for i = 1 since dA; = 0, and by Lemma C.12
fori # 1).

Now we will begin the calculation of the bilinear term B.
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Second differential of 2%. Recall

oM * or
L ZmAT (P — ;). (199)
Differentiating once (with 7; fixed) yields
oL
dgar = _Zm dAT (P, — ) +Z7” AT dP;, (200)
since d(P; — P;) = —dIP;. Differentiating again gives the decomposition
oL
2 2AT T T 2P
Ao = —ZmdA(P P; +2ZmdA dP; +Z7TZA d’p (201)

The coefficient 2 in the middle term is the standard product-rule contribution: it comes once from differentiating
— > m dAT(P; — IP;) and once from differentiating + > m; ATdP;.

On d?P;. Using dP; = d(A; M) Var(P;), we have

d?*P; = d?(A; M) Var(P;) + d(A; M) d Var(P;). (202)
Moreover,
d?(A;M) = d?A; M +2dA; dM + A; d* M. (203)
From d2 8‘: to the quadratlc term in the vector field In the rank-one dynamics, the y-component contains the factor
( LB At the critical point, 0 'L — 0, hence
oL oL oL
d? d? 2 d 204
(a17%) = (357 ) 5+ (a3 ) 2 .

An analogous identity holds for d? ((%)T’y) .

Decomposition into explicit matrix blocks. We decompose the resulting bilinear form B(-, -) into contributions coming
from the different terms in (201)—(202) and from d? g—é. Concretely, for each output coordinate k,

=Y B¢, (205)
4

where B -B(®) come from the M-part and B(®) comes from the ®-part.

We calculate bilinear term for 1 < k£ < 3 and 4 < k < 6 respectively.

1. The computation of By, for 1 < k < 3. We take the second differential of —% B—mn (% + (8£)T> v,

B
oL oL oL\’
_a2 (O p) _ g2
* () =1 e+ (3) )
The computation of M-term and ®-term is computed as follows.
M-term.

(a) Contribution from 2(d(0L£/0M)) df3. This produces the blocks denoted by B,il):
0 0 0 pBTVar(Py)

0 0 O 0
BY(y) = -m 0 0 0 0 ’
Var(P1)8 0 0 2y Var(Py)
(206)
0 0 0 0
1 1 0 0 0 187 Var(P;
Bé )('v )= Bé )('7 )=—-(1-m) 0 0 0 187 VarEIP’iig
0 i Var(IP#l)ﬁ i Var(]P’#l)ﬁ (1 — 7T1)’Yi751 Var(Pi751)
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(b) Contribution from ), d?AT(P; — IP;)3. This term vanishes due to (P; — IP;)3 = 0 for each .
(c) Contribution from —2 3, m;dATdP; 3. Using the expression of dA; and dP;,

0
—2) mdATdP;B = —2(1 — m)nvizer | 1(dy2—dys) | d(AiM) Var(P;)B
i _i(d’h —dvs)
1 0
= —5(1 — TN Viz1 dy2 —dvs A;dM Var(PP;)A3
—(dy2 — dv3)
This produces the blocks denoted by B,(f):
2
BE )('v ) =0,
0 0 0 0
1 0 1813 arcp. 0 152187 Var(P;41)
B(Q) ) =—= 1—7 : 2 Var(P;-1) 2
)=l 0 Ay He BT Var(Big)
0 37zt Var(Pis1)B  —5%iz1 Var(Pix1) 0
2 2
BP() = =B (o).
(207)
(d) Contribution from — >, m; AT d?P; 3. We further split into:
* Terms contributed by —2 ", m;ATdA;dM Var(P;)5:
3
B() =0
0 0 0 0
1 O 61- Var(Pi 1)ﬂ 7ﬂT Var(IP’i 1)5 0
BE( )= L1 # # 208
2 ) =g mmia | g grvarBa)g AT VarBA)B 0 (208)
0 0 0 0
3 3
BV () = B ()
* Terms contributed by — >, m;ATA;d?M Var(PP;) 8. The matrix form is
0 0 0 pTVar(Py)
@ _ 0 0 0 0
By =-m 0 0 0 0
Var(PP 0 0 0
(P1)B (209)
0 0 0 0
(4) _ p@ _ 4 0 0 0 187 Var(P;z1)
By’ =By’ =—(1-m) 0 0 0 18T Var(P,41)
0 iVar(P#Qﬁ %Var(P#l)ﬁ 0

¢ Terms contributed by — >, m;ATd(A;M)d Var(P;) 5. The matrix form is of the shape The matrix form is of

the shape
C1 0 O (6]
G _ 0 0 0 O
B =-m 000 0 (210)
cd 0 0 ¢
where
¢1 = BT diag(Var(P1))3 — 2(P18)[|81ar ey
Q11)

C2 = %71 (8927 Var(Py) + 87 © BT Var(P1) — 3(P18)8T Var(P1) — 87 Var(Py) 5P1)
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And
c3(dB, dB) = +? (4B diag(dBT Var(Py))8 — dBTPTdBT Var P, 8 — dBT Var(Py)dBP, §) .

Writing into the matrix, we get

— 1} (ding(Fr 0 9) - 5 (BFTF1 © ) + (BPTF1 © )7)

(212)
1
~5 ((PTBT Var(Py)) + (PTBT Var(P))7) — (P13) Var(]P’l)>
And
0O 0 0 O
G) _pey_ Lo 0 ¢4 ¢ ¢
By” =By" = 2(1 1) 0 ¢4 ¢4 cs (213)
0 & o ¢

where cg(d3, dB) =12, (48T diag(dBT Var(Piz1))8 — ABTPL, BT Var Pt f — dBT Var(Py)dBPiz §)
and the matrix form is:

05 = diag(Pigs © ) — 5 ((PL1Pisr © ) + (Bl it © 6)7)

(214)
1
5 (( 11 BT Var(Piz1)) + (PL, BT Var( z;ﬂ))T) — (Piz1 ) Var(Piz1)
®-term. Using the fact that a/: =0and da/: =0, we get
oL oL oL oL\T
2 a2 ok
e[ (56) )7 = (e (56) )
Differentiating twice 2% = — 3", me;(P; — P;) M T Var(A;) gives
28£ T 27T
o= 227% dP; dMT Var(A Zmel P, — ;) d®MT Var(A,), (215)

where the second term vanishes after contraction with +y at the critical point by the same symmetry used in the first-order
analysis. The first term yields B() blocks:

6
Bi )(7 ) - 0’
0 0 0 0
1 0 318K, 0 387 Var(Piz1)
B(G) L) = _B‘(G) L) == ; 17 2 Var(P;-£1) 2
2 () s L) =mgmaltoml| g 0 =38R,y —287 Var(Piz)
0 % Var(IP’#l)ﬁ —% Var(IP)#l)ﬁ 0

(216)

2. The computation of By, for 4 < k < 6. Similarly, we compute the d> ((—fw) *y)

aL\T oL oL
e (o) ) = () () o
T T
— <zzmdA{dm+ZmAgd2pi> ’y+2<zmA{AidMVar(IP’i)> dy (217)

= md®PTAy +2) i Var(P)dMTATA;dy
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For the term 2 )", m; Var(IP;)dMTATA;d~, we get

1 1
2 Z m; Var(P;)dAMTATA;dy = 2m; Var(Py)d(8y1)dy1 +2(1—m1) Var(IP’#l)d(i(vg +'yg)6)d(§(72 +73)) (218)

Writing into the matrix form, we get

m1 Var(Py)g—36 0 0 %71‘171 Var(P1)x—3
W _ 0 0 0 0
By =2 0 0 0 0
%71'1’71 VaI‘(IPH)Zi?) 0 0 0 (219)
0 0 0 0
9 0 %(1 — 1) Var(Piz1)r—3f %(1 — 1) Var(Piz1)k—38 % Var(Piz1)k—3
0 (1 —m)Var(Piz1)r—38 7(1—m)Var(Pizi)p—38 3 Var(Pizi)r—s
0 1 Var(Piz1)f_4 1 Var(Piz1)f_, 0
Recall that d®P; = 2dA;dM Var(P;) + A;d>M Var(P;) + d(A; M)d Var(P;), we have
> md®PTAy =Y mi(2dAdM Var(P;) + Ayd>M Var(P;) + d(A; M)d Var(P;))TAsy (220)
The first term contributes to
0 0 0 0
1 0 Var(R- )k, ﬂ - Var(IP’l- 1)]6,3[3 0
BY = _-(1- 2 #1/k=3 7 221
k 2( 771)7]%7&1 0 - Var(]P’#l)k,gﬂ Var(]P’#l)k,gb’ 0 ( )
0 0 0 0
The second term contributes to
0 0 0 %Val"(Pl)k,;g
: 0 0 0 0
B = —2mm 0 0 0 0
2 Var(P1)T_, 0 0 0 022)
0 0 0 0
0 0 0 i Var(IP’#l)
2(1 — i
(L=m)yiza | 0 0 %Var(ﬂ”#l)
0 7 Var(Pix1) %Var(R#)k 3 0
We consider the action of the last term on d32:
B{Y
B{Y | (dB,dB) = —my} (diag(dBT Var(Py)) — P](dBT Var(Py)) — Var(P,)dBP;) dB
B{Y

—(L=m)vn (diag(dﬁT Var(Piz1)) — P, (dBT Var(Piz)) — Var(Pi;ﬂ)dﬁPi;ﬂ) dg
(223)

Lemma C.13 (Kernel-equation identities used in Theorem C.3). Let 8 = qoy2 be the leading-order reduction (since
€(0,08) ~ 0g2). Then

1 7 1 0 2
§QKB(Q292aQ2y2) = s oars 0 Ya-
(V]2 + I3l Wlfy%]P’Lg +(1- 7r1)’)/2219’¢¢1,2

Proof. We first calculate B(g2y2, g2y2 ), and then calculate its projection onto the kernel basis. We calculate the cases where
1 <k <3and4 < k < 6 respectively, and then combine them into the form we want.
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1. The computation of the cases where 1 < k < 3. From Eq. (206), we get

B§1)(Q2y27qzl/2) 1 47T1’}/1]P)172
1
Bé )(112?%2, ¢2Y2) = D) 2(1 - 71)71';6119)2';61,2 y% (224)
B:(gl)(qwz, q292) 2(1 = m)yizrPiz12
For [ from 2 to 4 and [ = 6, their contribution vanishes. For [ = 5, the contribution is
355)((]23/2, q2Y2) 1 2m172(P1 282 — P12P1 )
B (qoyz. a2y2) | = —3 (1- 7T1)7§¢1(Pi¢1,252 —Pis12Piz18) | 3 (225)
B§5)(q2y2, ) (1 = m1)%ie (Pire1,282 — Pig1 2Pi1 B)
2. The computation of the cases where 4 < k < 6. For [ = 1, 2, 3, their contribution vanishes. Then contribution of [ = 4
case is
0 0
0 0
1 0 1 X 0
_577171 0 — 5(1 — 7r1)%¢1 0 (226)
P1o | — 2P oPT Pisi2 | — 2]13’1';61,2193;751
Py Pist12

Sum them up, we get B(ga2y2, g2y2). Then by direct computation, we get the projection onto the kernel directions.

0

1 1
5@}(3((121/2,6]2212) = e nan 0 y% 227)
AV + B\ amy72Py 5 +4(1 = m1)72Pis o

C.3.7. COMPUTATION OF SECOND ORDER DERIVATIVE fo

The calculation about fo = 9%(—V L) is summarized by following lemma.

Lemma C.14. The second derivative of —V L with respect to perturbation parameter § vanishes, i.e. fo = 0.

2 0L and 82 oL

Proof. We compute 05 57+ 5 5% as follows.

1. The computation of 8(?3—1@. By definition,

=05 <— D OmAl (P —Py) = Y mosAT(P —B;) = > mAT05(P; — R-))
==Y ag;iAg(a —P)-2) ;maéA;(Pi —P;)—2 Z 95T AT0s(P; — ;)
-y ;iagA}(Pi —P)-2) ;Z-(%AI&;(PZ- P =) mZAZTag(Pi —-P)
= —z2 > 0505 AT (P — ]P’i)z— 2> 0ymiAT0s(P; — IP:) — 2 m05A]05(P; — ;)
The last equality uses the s;cond order derivative of ;, lAi, and P; — IP; with respectlto 0 vanishes. Using the fact that

0sA\; is of the shape like (0, a, —a) and (P; — P;)8 = 0. The contribution of the first term vanishes. Similarly, the
third term vanishes. For the second term,

—2 " 05miATO5(P; — P;) = —2AT, (5P, — 05P3) = 0

Thus, this term makes no contribution.
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2. The computation of 85 29L By definition, 02 gé = 0} (f YT (B — IP’lv)M T Var(A,;)). In particular,

( 25‘57@61 (P, — ;) M Var(A, Zmelaép P;) M7 Var(A; Zmezpl P;) M9 Var(A ))
:—Za(mez P, — P;) MT Var(A, —22857716185@ P;) M Var(A; —2Zamez P, — P;) M5 Var(A,)

—Zmelaﬁp P;) MT Var(A; —2Z7TZ€(9§P P;) M5 Var(A; Zmel P, — P;) M7} Var(A;)

By direct computation, this term is zero.

C.3.8. STABILITY ON THE KERNEL DIRECTIONS

To account for stability on the manifold, we need to calculate the perturbed Hessian matrix. By the expansion of —V L, we
get
1
—V2L(0,6) = Jo + 5 VeB(0,0) + 6.1+ 0(6%)

Substitute = goy> into the expression, we get the perturbed hessian matrix

Lemma C.15 (Perturbed hessian matrix). The expression of the perturbed hessian matrix is

Jpert = Jo + Hy + O(6?), (228)
where
0 B 0 O
Hl——05<< J >+<0 C>)+5J1, (229)
. . _ Mg A= N (i1 =m1)viz1)
in which ¢ = ) YR (R . i W
0 2m171 P12 —2mim1 P12
B=| 0 (I1-m)vizaPizi2 —(1 —m)viz1Piz12
0 (1—m)viziPizr12 —(1 —m1)viz1Pis12
0 7172 (P1262 — P12(P18)) —m17E(P1,282 — P12(P13))
+1 0 %(1 - 771)'71‘27,51(Pi7£1,2ﬂ2 —Pit12(Pit18)) _%(1 - 71—1)’7/1‘27&1(]?@';61,252 —Pis12(Pia ) |,
0 3(1-— 771)%-2#([?#1,2,32 — Piz1,2(Pi13)) —%(1 — W1)73¢1(Pi¢1,2ﬂ2 — Piz1,2(Pix193))
and
0 0
C —rinB 0 —P11Py 2 PP
T 0 | —PiaPis Pig - 2P3, 0
PP 0 — (P12 — 2P% )
0 0
: 0 —Pitq ﬂP’L;ﬂ 2 Pis1,1Pit1 2
1— 3 # s 5
+ 1= m)vsm 0 —Piz11Pis12 Pigzio — QR# 9 0
Pis1,1Pi21,2 0 —(Pig1,2 — Q]Pz;ﬂ 2)

Proof. We just need to compute B(g2y2) and substitute yo as the solution of the range equation. Similar to previous
computation, we divide into the cases of 1 < k < 3and4 < k <6.
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The casesof 1 < k£ < 3.

1. The contribution from [ = 1. Using the matrix form defined in Eq. (206), we get

_Y2

V2

Bél)((hyz) = —%(07 0,0,0, (1 — m1)yiz1Piz1,2, —(1 — m1)viz1 Piz1,2)

B§1)(q2y2) = (0,0,0,0,2m71 P12, —2m171P12)

B (gay) = BS" (4212)

2. The contributions from [ = 2, 3, 4, 6 vanish.
3. The contribution from [ = 5. Using the matrix defined in Eq. (212), we get

0

c3 1 = —7T1’Y%(Oa P12 — Pl,Q(]P’lB), —P1282 — ]P1,2(P15))7
-1

which implies

B (gays) = —%mf(a 0,0,0, Py 282 — Py 2(P18), —(P1 282 — P12 (P13)))

Similarly,

1

355)(q2y2) = B§5)(q2y2) = V22

(1=m1)7721(0,0,0,0,Pis1,28 —Pis1 2(Pize18), —Pi1,282 — Pit1 2(Piz13))

The cases of 4 < k£ < 6.
1. The contribution from [ = 1. By direct computation,
B (a292) = (0,0,0,0,0,0)

2 2 2
Bél) (q2y2) _ _Bél)

1 1
Bél)(fhm) = —\y%(ﬁwﬂpm, (1 = m)viz1Piz1,2, = (1 — m1)Yiz1Piz1,2,0,0,0)

2. The contribution from [ = 2. This term vanishes.
3. The contribution from [ = 3. This term makes the same contribution as the first term.

4. The contribution from [ = 4. By definition,

— Zﬂz(d(AzM)dVaI‘(Pz))TAZ’Y = —wlfyl(AldeVar(]P’l))T — (1 — 771)%#1(Ai#deVar(Pi#))T

Take the first term as an example, the cross term in (A;dMd Var(P1))T is

y1dy1 (diag(BT Var(Py)) — PI1AT Var(Py) — Var(Py)SP;) dj
+ 71dy; (diag(dBT Var(Py)) — PTdAT Var(Py) — Var(PP,)dSPy)) 8

Write in entry form, for 4 < k < 6, we get

’yld’}/l ((BT Var(]P’l))k.dBk — ]P)Lkﬂ.r Var(]P’l)dﬁ — (Var(Pl)ﬂ)klP’ldﬂ)
+ 11dm (dﬁT Var(IP’l)kﬂk — ]P’LkdﬂT Var(IP’l)ﬁ — Var(]Pl)kdﬁPlﬁ)
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Writing into the matrix form, we get

( 0 %(ﬁT Var(Pl))kEl,k > + ( 0 %ﬂkek Var(]P’l)k )
3 (BT Var(Py)) ET 0 1By Var(Py)Je] 0
_P 0 elﬂT Var(IP’l) . 0 %(Var(ﬂ”l)ﬁ)kelﬂ’l
Lk Var(Py)Be] 0 L (Var(Py)B)xPe] 0
_ 0 3(P18)er Var(Py )
3 (B46) Var(By)[e] 0
Multiplying the matrix form by (0,0, 0,0, 1, —1) on the right, we get
Bi(g2y2) = 0
Bs(q2y2) = _97277172(}(57 Var(Py))2 + 1521[”1 2 — 1(1[1’15)19)1 2,0,...,0)
V2 2 277 2 R
Y2
= _%WIW%(ﬂQPI,Q - (Plﬁ)Pl,Qv Oa ceey 0)

Bs(g2y2) = —Bs(g2y2)

Similarly, the cross term in —(1 — 71 )7y;21 (A;z1dMd Var(IP;£1))T contributes to
By(g2y2) =0
Bs(q2y2) = —\%%(1 - 7T1)%2¢1(0752Pi¢1,2 — (Pi18)Pit1 2, BoPiz1,2 — (Piz18)Piz1,2,0,...,0)
Bs(q2y2) = —Bs(q2v2)

Finally, we compute the contribution from quadratic form. Take the first term as an example,

73 (diag(dBT Var(P;)) — P Var P; — Var(P;)dgP;) dj3

Writing into the matrix form, we get

(0 0 (0 0 (0 0
=\ o % (ex, Var(Py)y + Var(Py)lef) 0 Py Var(Py) 0 % (PT Var(Py ), + Var(Py)[Pq)

By direct computation, we get the contribution to the perturbed hessian is

0 0
_ ﬂﬂ. 73 0 *Pl,lpl,Q IP’1,11[]’1,2
V2 RE I —P1aP1y Pio—2P%, 0
P1iP1o 0 —(P12 —2P7 )
0 0
_ yi(l C 0 —Piz11Pis1 2 Pis1,1Pis1 2
V2 Uiz | g —Piz11Pix12 Pizi2 — 21?%51,2 0
Pi;ﬂ,lpz‘;ﬁm 0 *(Pi;ﬂz - 21[”22751’2)
We obtain the result by summing all non-zero terms. O

Lemma C.16 (Vanishing of the first-order perturbation on the kernel). On the symmetric rank-one manifold (o = 3 and
B2 = B3), we have QT H1Qk = 0.

Proof. We write any z € RS as z = (2, 25) with 2., 25 € R3. Let

s:=(0,1,-1)T,  w:=(1,1,1)T.

Then ki, = 58, k1,5 = 0 ko = 0, kog = pusand ks y o< —7, ks o< B.
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Step 1: the off-diagonal block with respect to B For any « = (2, zg) and y = (y, y3),

0 B
d ( BT 0 ) y =27 Bys + 23 BTy,
From Eq. (171), B has the structural identities
B.1=0, B.3 =—-B.,, By .= DBs..

Hence
Bu=B(e1+ey+e3) =0,  BB=p1B. 1+ f2(B.2+ B.3) =0 (since f2 = 3),
and
sTB=(0,1,-1)B=By.— B3. =0.

0 B
BT 0
appears, or a factor Bu = 0/ B3 = 0 appears.

Combining these, every matrix element k] > k; vanishes: either a factor k1 g = 0 appears, or a factor sTB = 0

Step 2: the lower-right block C'. Here

0 0
T (0 C)yng’yﬁ.

Each summand of C' in Eq. (172) has the pattern

0 —pe  pe
CO=|-p a 0 for some (py, as), C= ngC’(l).
De 0 —a ¢

A direct expansion gives, for any z,y € R?,

2TCWy = py(z5 — z2)y1 + pez1 (y3 — yo) + ae(T2ys — T3Y3).
Therefore, if 2o = x3 and yo = ys3, then 2TC“y = 0 and hence zTCy = 0. On the symmetric manifold we have

(k2,8)2 = (k2,5)3 and (ks )2 = (k3 )3 (since B2 = [33), while k1 g = 0. Thus, k] ( 8 g ) k; = 0forall i, j.

Step 3: the J; term. By Proposition 7.4,
= 0 A
Jl - Jl + (AT 0) )
where A in Eq. (109) satisfies the same cancellation identities as B:
A1 =0, A 3=—A,, Ag. = As ..

Hence Au = 0, A8 = 0 (since 52 = f3), and sTA = (. Repeating Step 1 with B replaced by A, we get
0 A

For the remaining part Jy, the explicit computation shows that its action on the kernel directions has no kernel component,
ie. QL J1Qk = 0. Therefore Q- J1Qx = 0.

Conclusion. Combining Step 1-3 yields Q}. H1Qx = 0. O
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C.3.9. FAST TRANSVERSE INSTABILITY: ©(d) EIGENVALUE

Mizg1+(A=N) (m1y14+(1—=71)viz1)
W175P1,2+(17ﬂ'1)7§¢1Pi¢1,2

c(1 = m)Viz1Piz1,2 — (A + (1 —m)(1 = A)) #0. (230)

At the perturbed point, OL/0® = O(6?%) while OL/OM = O(6). Consequently, linearizing the full dynamics (Eq. (174))
yields a transverse positive eigenvalue of size ©(9).

and assume that

Lemma C.17 (A transverse eigenvalue of order ©(0)). Let ¢ =

Proof. Since dg—é =0 and 85% =0, we get g—é = O(&?) after perturbation.

Next we compute perturbed %. By Lemma C.5, we get the new term is

1 0
cmyi | 0 ] (0,P1 2, —P12) + (1 — m1)7iza % (0,Pit1,2, —Piz1,2)
0 3
Az A= N (miyi (A=) viz1)
where ¢ = 7"1’Yf]1)1,2+(1—ﬂ’1)"/,?#I]P’i;élg 0.
However, from Eq. (186), we find that
0
o oL . m
———=— 1 JOoN-N-]| i1- 0,1—X—(1=2X).
il I GRS (RO (1-3)
i z(1—m)

The two terms cannot cancel each other out by our assumption (A parameter that does not meet the condition is a zero test
set), thus resulting in an ©(4) term. O

D. Detailed Experiment Setup
D.1. Detailed Synthetic Experiment Setup

Dataset To better induce an exponential decay in the stationary distribution, and to more clearly illustrate the phase
transition, we adopt an exponentially decaying form

mo=(1/2, 1/4, ..., 1/2%), 7 =mo/|mo].

Following (Makkuva et al., 2025), diagonal dominant transition matrices are unfavorable local minima during optimization,
we set A = (.8 to ensure diagonal dominance. For a fixed sequence length of 20, we sample 100,000 sequences {X,'}g(i’ooo
from the resulting Markov chain, and use the last token X;[—1] as the training label. By the Markov property, this label is
completely determined by the second-to-last token X;[—2]. Accordingly, we group both the training and test sets by the

value of X;[—2], denoting the group indexed by state k as Sk.

Model We follow exactly the model specification in Def. 3.2, with embedding dimension m = 256. Since our theoretical
analysis is derived under small initialization, we adopt the initialization scheme of (Zhang et al., 2024b; 2025b), initializing
each weight independently as A/ (0, 1/m?).

Training We train the model using the Adam optimizer with a fixed learning rate of 1.5 x 10~* and do not use any
learning-rate scheduler.

D.2. Analysis Tools

Condensation Heatmap To quantify parameter condensation, we compute the pairwise cosine similarity between the
input-weight vectors of neurons in the weight matrix . Specifically, for the ¢-th and j-th neurons, we define

. Wii,:] - W1j,]
C(i,J) = 707 T

WL 2 (W5, ]l
For clearer visualization, we permute the rows and columns of the similarity matrix C' and display the reordered matrix in
Fig. 2(A).
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Focus and Dilution: Multi-stage Learning of Attention
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Figure 4. The experiment result with residual connections, similarly with the Fig. 2(D,C) . The multi-stage focus-dilution structure
remains clearly visible, showing that residual connections do not qualitatively alter the mechanism studied in this paper.
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Figure 5. The embedding norm dynamics on multi-layer and multi-head transformer. The 8L1H model preserves the distinct norm
growth-and-retraction phenomenon remarkably well but the phenomenon becomes less visually pronounced with head num increase.

Embedding Visualization Let W, ; denote the embedding parameters at training epoch ¢ fort = 0,...,7. We form
the collection of embedding snapshots {Wjy o, ..., Wo,r} and apply principal component analysis (PCA) to obtain the
leading eigen-directions €; and é;. We then project the embedding vectors onto é; and és to produce the two-dimensional
visualization shown in Fig. 2(B).

D.3. Additional Experiments

In this section, we present additional experimental results for attention mechanisms with residual connections and Trans-
formers with multiple attention layers. The experimental setup is identical to that described in the preceding sections. For
the model with residual connections, we modify the architecture as follows:

fo(X) = (Attn(ExWy) + ExWy) Wr. (231)

For multilayer and multi-head attention models, we further stack multiple attention layers on top of the architecture with
residual connections. The corresponding experimental results are reported in Fig. 4 and Fig. 5.
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