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Abstract

Kernel-based statistical learning on distributional
inputs appears in many relevant applications, from
medical diagnostics to causal inference, and poses
intriguing theoretical questions. While this learn-
ing scenario received considerable attention from
the machine learning community recently, many
gaps in the theory remain. In particular, most
works consider only the distributional regression
setting, and focus on the regularized least-squares
algorithm for this problem. In this work, we start
to fill these gaps. We prove two oracle inequalities
for kernel machines in general distributional learn-
ing scenarios, as well as a generalization result
based on algorithmic stability. Our main results
are formulated in great generality, utilizing gen-
eral Hilbertian embeddings, which makes them
applicable to a wide array of approaches to distri-
butional learning. Additionally, we specialize our
results to the cases of kernel mean embeddings
and of the recently introduced Hilbertian embed-
dings based on sliced Wasserstein distances, pro-
viding concrete instances of the general setup.
Our results considerably enlarge the scope of the-
oretically grounded distributional learning, and
provide many interesting avenues for future work.

1. Introduction

Supervised statistical learning with distributional inputs has
received significant attention lately, cf. (Szabé et al., 2016;
Fang et al., 2020; Meunier et al., 2022), both from practical
and theoretical perspectives. The goal is to learn a relation
between inputs and outputs from data, where the inputs are
probability distributions on some measurable space. Further-
more, the inputs (probability distributions) are not directly
accessible, but the data contains only samples thereof. A
classic example is the prediction of some health indicator of
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a patient from several clinical measurements (Szabd et al.,
2015), which we recall now. Let S be the set of outcomes
of some diagnosis tools (e.g., electrocardiogram characteris-
tics, or the blood serum concentration of some substance).
Since these measurements will vary even when coming
from the same patient, it is reasonable to assume that an
individual patient with a specific health status has a certain
distribution () on S that generates the measurements and
that can be a predictor for some health indicator y € ) (e.g.,
healthy or not). However, during training, () is not directly
accessible, but rather through independent and identically

distributed (i.i.d.) samples Sy, ..., Sy = Q. For exam-
ple, this could correspond to daily blood measurements of a
patient during a week-long hospital stay, assuming the pa-
tient’s distribution () has not changed during the week (e.g.,
when the health status has not changed). The training data
consists of such data from NV different patients, so the data

set is not of the form D = ((Qn, yn))n—l .,N, but rather

D = ((S™,y,))n=1...n. where S\ . s<"> Q.
The goal is to learn a map fp from dlstrlbutlons Q over
S to outcomes ) (e.g., from distributions over diagnostic
measurements to health status).

Among such learning problems, the focus of previous theo-
retical investigations has been on distributional regression.
In this setting, one is interested in predicting a real-valued
quantity from a distributional input, so )V = R. While
the early work (Péczos et al., 2013) relied on density es-
timation, starting with Szabé et al. (2015), kernel mean
embeddings (KMEs) together with kernel ridge regression
(KRR) have been used. For concreteness, let us review this
latter approach. Consider a data set D as introduced above.
A single input item S 1s ﬁrst 1nterpreted as an empiri-
cal measure ji[S(™)] = M Zm 1 S(w) , where J, is the
Dirac measure with atom on s, which is then embedded into
a reproducing kernel Hilbert space (RKHS) H; using the
KME, i[S™] + T, 4[S™)]. Assuming access to a (sec-
ond) kernel k£ on the RKHS H,;, one then performs KRR on
the transformed data set Dy, = ((II Kﬂ[S(")], Yn))n=1,...N-
The resulting learned funct10n Jp;, can then be used for
prediction by composing it with the 'KME map. A distribu-
tion () on S would therefore lead to prediction fp. (I1,Q).
This approach has been thoroughly analyzed (Szabo etal.,

2015; 2016; Fang et al., 2020). All of these investigations
rely on the seminal analysis (Caponnetto & De Vito, 2007)
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of the regularized least-squares algorithm for regression.

Recently, (Meunier et al., 2022) developed a much more
general perspective on this problem. Instead of KMEs, they
consider suitable embeddings II of probability distributions
into some Hilbert space #, and then utilize distance sub-
stitution kernels (Haasdonk & Bahlmann, 2004) with the
induced Hilbertian (semi)metric (P, Q) — ||[IIP — IIQ||»
on probability distributions. In particular, they apply this
construction to sliced Wasserstein (SW) distances (Bonneel
et al., 2015) and construct corresponding SW kernels. The
resulting method has been theoretically analyzed, building
again on (Caponnetto & De Vito, 2007).

Despite this multitude of activity, many interesting and prac-
tically relevant problems in this area are still open. In this
work, we focus on two theoretical aspects. First, most the-
oretically grounded works in the context of distributional
learning methods have focused almost exclusively on the dis-
tributional regression problem. However, other learning sce-
narios are also highly relevant, in particular, distributional
classification. For example, in the medical example outlined
above, a natural task is to predict a binary health status of a
patient (e.g., having a certain disease or not), corresponding
to (distributional) binary classification. As another example,
in Lopez-Paz et al. (2015), distributional classification is
applied to the problem of predicting causal directions and
causal graphs from data. KMEs are also used there, though
empirical risk minization (ERM) is then applied on the trans-
formed data set. To the best of our knowledge, this reference
is also the only one investigating distributional classification
with KMEs from a theoretical perspective. While they es-
tablish some generalization bounds based on margin theory,
no consistency results or oracle inequalities in the sense
of (Steinwart & Christmann, 2008) are provided. Recall
that an oracle inequality in this context is a high probabil-
ity bound on the excess risk of the learned hypothesis over
what an oracle, that has access to the true data-generating
distribution, can achieve. In turn, these inequalities allow
derivation of consistency results, and under suitable distri-
butional assumptions also of learning rates, and it is hence
highly desirable that such inequalities are also available in
the distributional learning setting. Second, the theoretical
analyses of distributional learning have been restricted to
rather specific settings. Even in the context of distributional
regression, the learning setups considered have been fairly
specific. In particular, in the context of KME-based distri-
butional regression, to the best of our knowledge only KRR
has been considered so far, and analyzed exclusively using
(Caponnetto & De Vito, 2007). This technique is inherently
limited to KRR, and hence cannot be used to analyze inter
alia support vector regression (SVR) with the e-insensitive
loss. It is furthermore also not suitable to analyze classi-
fication using support vector machines (SVMs), or more
general regularized empirical risk approaches.

Contributions In this work, we tackle these open issues.
First, for the distributional learning setting outlined above,
we provide two oracle inequalities for the risk of SVMs
(in the sense of regularized risk minimization over RKHSs)
that cover a multitude of learning scenarios. To the best of
our knowledge, both of these results are completely new in
the context of learning on distributional inputs. Second, we
establish a generalization bound for distributional learning
based on algorithmic stability, and apply it to SVMs. Third,
inspired by (Meunier et al., 2022), we formulate all of this
for kernel-based methods that rely on a general Hilbertian
embedding of probability distributions. In this manner, our
results apply to the case of KMEs and SW kernels, and any
future method that provides Hilbertian embeddings. Fourth,
we specialize our results to KMEs and SW distances for the
Hilbertian embedding.

Outline In Section 2, we collect necessary background,
in particular, on statistical learning theory and the theory
of RKHSs. Furthermore, we formalize the distributional
learning setup, and provide details on kernel-based methods
using Hilbertian embeddings. In Section 3, we present our
two oracle inequalities, and specialize them to the case of
KMEs. In Section 4, we present a generalization result for
distributional learning based on algorithmic stability. We
use this to prove a corresponding generalization result for
SVMs in the distributional setting, and specialize the latter
to the case of KMEs again. Section 5 closes with a summary
and an outlook. In the appendix we collect some technical
background, and proofs of the oracle inequalities and the
main generalization result. Furthermore, in the appendix
we also provide specializations of our results to the case of
using the sliced 2-Wasserstein distance for the Hilbertian
embedding.

2. Distributional Learning Setup

In this section, we introduce necessary technical back-
ground, and formalize the learning setup that we consider
in the following.

Preliminaries For a measurable space (Z,.4z), we denote
the set of all probability distributions on it by M (Z), sup-
pressing the o-algebra if no confusion can arise, and the set
of measurable real-valued functions is denoted by £°(Z).
If (X, Ax), (), Ay) are measurable spaces, f : X — )
is a measurable map, and p € M;(X) is a probability
measure, then the pushforward of v along f is defined as
fip(A") = u(f~(A")) for all A’ € Ay. For a topological
space (X, 7x), we denote the associated Borel o-algebra by
B(rx). Given pin, p € M1 (X),n € N, we say that (11,
converges weakly! to y, if for all bounded and continuous
f:X — R, wehave [, f(z)dun(x) = [ f(z)du(z).

'In the sense of probability theory, not functional analysis.
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This induces a topology 7,, on M (X), called the topology
of weak convergence. If (X, || - || x) is a normed space, we
define B(X') as the Borel o-algebra generated by the open
sets w.r.t. to the topology induced by the norm.

We briefly review some basics of kernels, and refer to
(Steinwart & Christmann, 2008) for more background and
pointers to the vast literature. Let X # () be a set and
k: X x X — R some function. We call k a kernel on
X,ifforall z;,...,zy € X and N € N, the matrices
(k(z;,;))i; are (symmetric) positive semidefinite. Let
(H, {-,-) ) be a Hilbert space of real-valued functions on
X. We call k a reproducing kernel of H, if k(-,z) € H
forall z € X, and f(x) = (f,k(-,z))g forall f € H
and z € X. If H has a reproducing kernel, the latter is
unique, and we call H a reproducing kernel Hilbert space
(RKHS). For every kernel k, there is a unique RKHS for
which k is the reproducing kernel, and we denote this RKHS
by (Hg, (-, )r), and the induced norm by || - ||x. We also
define || k|| = sup,cx \/k(z, ), and call k£ bounded if it
is bounded as a map on X’ x X, which is the case if and only
if || k||co < co. Furthermore, the canonical feature map of
the kernel k is given by & : X — Hy, O(z) = k(-, x).
Finally, a kernel £ on a compact metric space &’ is called
universal if Hy, is dense (w.r.t. the supremum norm) in the
set of continuous functions on X.

Furthermore, in order to balance generality and simplicity
of notation, we use comparison functions, a very successful
formalism in control theory (Kellett, 2014). Define K as
the set of continuous functions o : R>¢9 — Rx>q such
that a(0) = 0 and « is strictly increasing. Operations and
relations are declared pointwise on /C, so for oy, as € K,
a1 < ag means that o (s) < ap(s) forall s € R>g. Note
that /C is closed under addition and scalar multiplication
with positive real numbers. Finally, we call (ap)per., €
K a nondecreasing family, if a, < ap forall0 < a <b<
00.

Statistical learning theory We now introduce the statistical
learning theory setup, closely following Chapters 2 and 5
in (Steinwart & Christmann, 2008). Let X’ be a measurable
space, and let ) # Y C R be closed. A loss function
£: X xY xR = Ryqis a measurable function. We call
¢ convex, differentiable, etc., if forall x € X',y € ) the
function #(x,y, -) has the corresponding property. If ¢ is
locally Lipschitz continuous, we define for all B € R

W%yatl) — f(x’ Y, t2)|
[t1 — to

ey

|1, = sup
t17t2€[—B,B]
t1#£to
TeX,yey

Given P € M;(X x V) and f : X — R measurable, we
define the risk R¢,p(f) = [ 4(z,y, f(z))dP(z,y) and the

Bayes risk R} p = inf e co(x) Re,p(f). Let k be a kernel
on X such that all functions in Hj, are measurable. For

f € Hy and a regularization parameter \ € R, we de-
fine the regularized risk R px(f) = Rep(f) + M| I3,
as well as R, = infrep, Repa(f) and R}y =
inf e, Re,p(f). Additionally, if R{'5* < oo, define the

approximation error function Af])g :R>g = Rby

AZLN) = R, — R )
Furthermore, define the empirical risk of a function f €
Hj, wrt. data D = (%, Yn))n=1,..n € (X x V)V by
Rep(f) = % 25:1 Uz, Yn, f(n)), and the regularized
empirical risk Re.p A(f) = Re,p(f) + M| f]|3. If it exists,
a solution to the optimization problem

in R 3
Juin ¢, (f) (3)
is called an (empirical) SVM solution and we denote it by
fp,x. Similarly, if a solution to the optimization problem

]}gglk Re,pa(f) “

exists, we called it an infinite-sample SVM solution or just
SVM solution, and denote it by fp .

Two-stage sampling setup We now introduce the concrete
distributional learning setup that we consider, roughly fol-
lowing (Szabé et al., 2015) and (Meunier et al., 2022). Un-
less noted otherwise, this will be the setup that we use in
the remainder of this work. Let (S, 7s) be a topological
space and consider the set of Borel probability measures
M;(8) on S . Let 7, be the topology induced by weak
convergence in M (S), and consider the measurable space

(M1(8)7B(Tw))

Let H be a Hilbert space, which we endow with the Borel
o-algebra B(H), let I : M;(S) — H be some map, and
define the Hilbertian semimetric dy (P, Q) = |[II(P) —
II(Q)||%, and the set X = TI(M;(S)). Additionally, we
assume access to a family of maps (IQIM)]\/[eNJr with I,y :
SM — X, and we define S* = ¢y, SM and 1T : * —
X by II(S) = I (S) forall S € S™ and M € N,. The
usual example is T1(S) = IT (ﬁ M 6Sm> for S € SM
and all M € N,. However, our setup allows also different
choices. For the analysis of this setting, measurability of
various components needs to be ensured, for which the
following assumption can be invoked.

Assumption 2.1. X is separable, II is B(7,)-B(H)-
measurable, and X' € B(H). Furthermore, for all M € N,
Iy is B(7s)®M-B(X)-measurable.

The following technical result now ensures that we can apply
the usual statistical learning theory setup.

Lemma 2.2. Under Assumption 2.1, the map 11 is B(7,,)-
B(7% | x )-measurable, where 4| x is the subspace topology
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on X induced by the topology on H. Furthermore, every
P € My(M;(8) X)) induces a distribution Py on X x Y
as the pushforward of P along (Q,y) — (I1Q, y).

A proof of this result is provided in Section A.1.1 in (Szabd
et al., 2015) and the supplementary to (Lopez-Paz et al.,
2015). For the remainder of this subsection, we work un-
der Assumption 2.1. Let P be a probability distribution on
M1 (S) x Y (often called meta-distribution), and to ease
the notational load, in the following we will use P also
for the pushforward® Py, if no confusion can arise. Fur-
thermore, we assume the following data-generating model.
We sample (Q1,v1),- .., (Qn,yn) i.id. from P, and for
eachn = 1,..., N, we assume that S(™) ~ Q®Mn for
some M,, € N, and that S ... S™) are also indepen-
dent. The data sets used for training are then of the form
D= ((S(”),yn))n:l,_“,N € (8* x y)N. Furthermore, we
define

Dy = ((T(S™), yn))n=1,..n
and for D = ((Qn, Yn))n=1...n € (M1(S) x V)", define

D = ((Qusyn))n=1, .~ € (Mi(S) x W)V
,DH = ((HQnyyn))nzl,.“,N S (X X y)N

To summarize, we have to deal with two sampling stages.
First, sampling input-output pairs (Q,y) ~ P, and then
sampling from the distributions Q). Let now ¢ : X x Y x
R — R>( be a loss function and k£ a kernel on X'. Given a
data set D as above, consider the regularized empirical risk
minimization problem

in Ryp. 5
min e o A (f) ©)

where A € R+ is the regularization parameter. If a solution
Iy .x to (5) exists, it can be used for a prediction task with
distributional inputs by composing it with the map II, so
given input @ € M;(S), it leads to prediction fp_ (I1Q).
Using Assumption 2.1 and Lemma 2.2, we can now consider
various risks® like R, px(fpp,2)-

Remark 2.3. Note that X is a subset of a Hilbert space
‘H, so in order to implement the approach just described,
we need kernels £ on (subsets of) Hilbert spaces. On the
one hand, any such kernel can in principle be used for this
task, cf. (Christmann & Steinwart, 2010) for some exam-
ples. On the other hand, constructing kernels on (potentially
infinite-dimensional) Hilbert spaces can be challenging. To

2Formally, Pn = g#P, where the measurable map g :
M (8) x Y — X x Yisdefined by ¢(Q,y) = (IIQ, y).

3Note that we tacitly assume that the learning methods induced
by the regularized (empirical) risk minimization problems are
measurable learning methods. In the setting we consider, this does
not pose a problem, cf. the thorough discussion in Chapter 6 in
(Steinwart & Christmann, 2008).

tackle this, (Meunier et al., 2022) suggested a general frame-
work based on distance substitution kernels (Haasdonk &
Bahlmann, 2004). The Hilbertian embedding (7, IT) is used
to construct a kernel on probability distributions by defin-
ing k(P,Q) = ¢(||IIP — IIQ||% ), where ¢ is a function
that induces a radial kernel. Note that all of our general
results immediately apply to this framework, covering for
example sliced 1- and 2-Wasserstein distances and the in-
duced distance substitution kernels. For details and concrete
examples, we refer to (Meunier et al., 2022).

Special case: Kernel mean embeddings The first works on
distributional learning using Hilbertian embeddings relied
on kernel mean embeddings (KMEs). We summarize the
necessary background in the following result.

Proposition 2.4. Let (S, As) be a measurable space, and
Kk a measurable and bounded kernel on S.

1. The map

I Mi(S) = Hi 1.0 = [ #(5)0Q(s) (6)
is well-defined, and we call I1,,Q) the kernel mean em-
bedding (KME) of Q € M;(S) w.rt. k.

2. Define I, : S* — H, by

R 1 X
Me((s1,- - 5m)) = 4 > kCism). (D

m=1

Forall Q € M;y(S) and S ~ Q®M, M € N, and
d € (0,1), we have that

- %113 \/QIIffooln(l/é)
||HHS_HKQ|K§2\/ M + M (8)

holds with probability at least 1 — 4.

3. Let (S,7s) be a separable topological space, choose
As = B(rs), and assume that k is continu-
ous. Then I, is (My(S), B(Tw))-(H, B(Hy))-
measurable, where T,, is the topology induced by weak
convergence in M1 (S).

A proof can be found in Appendix A. This result allows to
use KMEs as the Hilbertian embedding, i.e., setting H =
H,,II =1I, and IT = II,..
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3. Oracle Inequalities

Oracle inequalities are important tools in modern statistical
learning theory (Steinwart & Christmann, 2008). Roughly
speaking, they are concentration inequalities for the excess
risk of the learning outcome over the risk that is achieved by
an oracle which has access to the true underlying distribu-
tion. In particular, oracle inequalities provide finite-sample
guarantees, and can be used to derive consistency of a learn-
ing method, as well as (under additional assumptions on the
data-generating distribution) learning rates. We now present
our two oracle inequalities for the risk of SVMs in the dis-
tributional learning setting. The first one is based on a form
of Lipschitz-continuity of SVMs, and can be interpreted as
a distributional analogon of Theorem 6.24 in (Steinwart &
Christmann, 2008).

Theorem 3.1. Let Assumption 2.1 hold. Assume that { is
convex, differentiable, and that there exists By € Rxq such
that (x,y,0) < By. Furthermore, assume that there exists
Bj € Rxq such that |{'(z,y,0)| < By forallz € X,y €
Y, and that there exist v1 € K and a nondecreasing family
(73,B) Bersy C K such that |0/ (z1,y,t1) — ' (z2,y,t2)| <
Y121 — @2|) +vs,8(|t1 — t2]) forall B € Rsq, 21,22 €
X,y € YV and t1,ta € R with [t1|,|t2| < B. Let k be a
kernel on 'H that is measurable, bounded, has a separable
RKHS Hy, and assume that there exists* oy, € K such that
[P (x1) — Pr(z2)llk < ax(||z1 — x2||n) forall x1,z2 €
X. Finally, assume that for alln = 1,..., N, there exists
B, : (0,1) = Rsq such that P[|[TI(S™) — TI(Q,) || >
B, ()] < dforallé € (0,1). We then have for all A € R
and § € (0, 1) that with probability at least 1 — §

Repa(fogn) — R < Af},()\)
2V/Be/A+ |t 5, [klloe/A -
» B S ar(Ba(3/(2N))

n=1

HW (81 + 3.8, (Ikloev/Be/2) )
) ( 2In(2/0) +1  4In(2/ 5’)

N 3N

where we defined By = |k|lcoy/Be/A and ay =
[Elloo (v1 43,8, © (\/ Be/Aak))Jr (B} + 73,8, (By)) .

The functions B,, in the statement of the result are used to
provide estimation bounds of the Hilbertian embeddings of
the input distributions, i.e., how close s (which can be
computed from data) is to I1Q,, (which cannot be computed
from data). In particular, the functions B,, depend on M,,,

“The latter condition implies that ®; is continuous, which
implies that k is continuous, which in turn implies that k£ is mea-
surable and has a separable RKHS. However, we kept these two
conditions for emphasis.

but we suppressed this dependency to ease the notation.
Similarly, ay € K describes (up to a multiplicative factor)
how the estimation error of the Hilbertian embedding that
arises from a single data set item, influences the risk. Using
this abstraction allows us to formulate our results for any
Hilbertian embedding approach. Specializing to a concrete
embedding approach then boils down to checking the well-
posedness assumptions (cf. Assumption 2.1), and replacing
the B,, by concrete estimation bounds. While this approach
makes Theorem 3.1 (and similarly Theorem 3.4 presented
below) broadly applicable to various Hilbertian embedding
methods, as a result the bounds do not directly help in
choosing an appropriate embedding.

Proof sketch for Theorem 3.1. The basic idea is to apply the
proof strategy of Theorem 6.24 in (Steinwart & Christmann,
2008) to the ideal, but inaccessible data set Dyy, and then use
estimation error bounds for the Hilbertian embeddings (en-
coded by the functions B,,) to translate this to the accessible
data set Dy;. To do so, we use a known generalized Repre-
senter Theorem (recalled as Proposition B.4 in the appendix)
together with the continuity property of the canonical fea-
ture map and the regularity and boundedness properties of
the loss function, which allows us to propagate the estima-
tion error through the bounds. A detailed proof is provided
in Section B.2 in the appendix. O

Example 3.2. Let us provide some concrete examples for
the ingredients of the preceding result. For instance, con-
sider loss functions of the form £(z, y, t) = 1 (y —t) (which
are called distance-based supervised losses in (Steinwart
& Christmann, 2008)), and assume that v is continuously
differentiable and that Y C [—M, M] for some M € Rs.
In this case, suitable constants B, and B} exist, and we can
choose an arbitrary y; € KC (since ¢ does not depend on the
first argument) and 73 g(s) = Cps for suitable constants
Cp € R-. An example of the condition on ®y, is given by
Holder-continuity of the canonical feature map @, which
has been used in previous works like (Szabd et al., 2015).
This means that there exist C, € R, a € (0, 1], such that
H‘bk(zl) — (I)k(xQ)HH < Ckal — .Z‘QHQ forall z1, 29 € X,
and we can set aj(s) = Cjs®.

When using KMEs for the Hilbertian embedding, we get
the following oracle inequality as a special case.

Corollary 3.3. Let S be a compact metric space, k be a
measurable, bounded, continuous and universal kernel on S,
and set H = H,,, I1 = 11, and I = f[n. Assume that £ is
convex, differentiable, {' is locally Lipschitz continuous, and
that there exists By, B, € R such that {(z,y,0) < B,
and |U'(z,y,0)| < Bj forallz € X,y € ). Let k be a
universal kernel on H that is measurable and bounded, and
that there exists oy, € K such that || @y (x1) — P (22) ||k <
ag(||z1 — z2||n) for all 1,9 € X. We then have for all
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A € Rogandd € (0, 1) that with probability at least 1 — §

Repa(fosn) —Rip < AE,QI)D()‘)
N 2VABe + U1, |kl

15113 2|| k]| oc In(2N/6)
X ZO[)\ 2 M, + M,
+ 2001, 5, |Elloo (Bi + 73,8, (By))

y ( 21n( 2N/<S ey 41n( 2N/6)>

with By and oy as in Theorem 3.1.

Theorem 3.1 puts strong regularity requirements on the loss
function, but needs only mild assumptions for the kernel
used in the empirical risk minimization. The following
oracle inequality, a distributional analogon of Theorem 6.25
from (Steinwart & Christmann, 2008), is complementary,
putting only mild requirements on the loss function, but
strong structural results on the RKHS are used.

Theorem 3.4. Assume that { is convex, that there exist
v € K and a nondecreasing family (73, B)per., C K
such that for all x1,x2 € X,y € Y, and all B € R~ and
t1,ta € Rwith |t1|, |t2| < B, it holds that |¢(x1,y,t1) —
U(w2,y,t2)| < 7(l[v1 — 22ll2) +73,8( ), and that
there exists By € Rxq such that {(z,y,0) < By for all
x € X,y €Y. Let k be a kernel on X that is measurable,
bounded, and has a separable RKHS Hy,. Assume that there
exists an nondecreasing family (¢ p)per., C K such
that for B € Rsq and f € Hj, with ||f||x < B, we have
|f(z1) = f(@2)| < afp(llzr — x2l3) for all z1, 22 € X.
Furthermore, let e, A € R+, and let F C Hy, be a finite set
such that for all f € Hy, with ||f||x < /Be/ there exists
f e Fwith ||f — fllo < e Finally, assume that for all
n=1,...,N, there exists B,, : (0,1) — Rx¢ such that
PITL(S™) — Q)2 > Bu(8)] < 6 for all § € (0,1).
We then have for all § € (0, 1) that with probability at least
1 — 4 it holds that

Repa(fon) = RYS < APLO) + 455 5, (6)

35 (o (i)
2 (Bt o, () Wln«N;m/é),

where we defined By = ||k||o

Taklley/ B “ /B

The central assumption of Theorem 3.4 is the existence
of a suitable discretization F of B%, the closed cen-

2

tered ball with radius /By/)\ in the RKHS Hj. Under

%—&—eanda)\:*yl—i—

suitable assumptions, a finite F exists, and one can set

|F| = (Bf\f/kﬁ | - Ilo, €), Where N(T', d,€) is the e-

covering number of a metric space (7', d). For more details
and pointers to the literature, we refer to Chapters 6, 7 in
(Steinwart & Christmann, 2008).

Proof sketch for Theorem 3.4. Similarly to the proof of
Theorem 3.1, we apply the proof strategy of Theorem 6.25
in (Steinwart & Christmann, 2008) to the ideal, but inacces-
sible data set Dyy, and translate the result to the accessible
data set Dy by the estimation bounds described by the func-
tions B, using the continuity and boundedness properties
of the loss function (which can be milder now, since we do
not use Proposition B.4 anymore) and the canonical feature
map. A detailed proof is provided in Section B.2 in the
appendix. O

Example 3.5. A sufficient condition for the existence of
the nondecreasing family (vs,5)per., € K is Holder-
continuity. If dy (i, v) = ||(Pg o ) (1) — (P o I) (V) || ks
then it is well-known that one can choose a ¢ g(s) = Bs. If
there exists Ck7ak € Ro g such that |k(xq, 2) —k(z2, z)| <

Ci|lzy — 2|5 for all x1, 22 € X, then one can choose
arp(s) = \/QCkso‘k/ 2. For proofs of these facts and more

general conditions, we refer to (Fiedler, 2023).
We can immediately specialize Theorem 3.4 to the case of
KMEs for the Hilbertian embedding.

Corollary 3.6. Consider the situation of Theorem 3.4. Ad-
ditionally, let S be a compact metric space, K be a measur-
able, bounded, continuous and universal kernel on S, and
set H=H, Il =11I,, and = H We then have for all
d € (0,1), that

Repa(fon) — Rfﬁ* < Af?o()\) + 473 5, (€)
f(Bf)) \/21n((N+ |71)/9)

/||k||2 \/2||noo n(MHZ)

holds with probability at least 1 — 6, with By and ay as in
Theorem 3.4.

The proof is completely analogous to the one of Corol-
lary 3.3.

4. Stability-based Generalization Bound

The oracle inequalities from the previous section allow us
to compare the risk of the learned hypothesis (i.e., of the
empirical SVM solution) to the minimum risk that could be
achieved by an oracle (having access to the true underlying
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meta-distribution). We now consider a slightly different
question: How accurate is the empirical risk of the learned
hypothesis (which can be computed from data) as an esti-
mate of the true risk of the learned hypothesis (which cannot
be computed, since we do not know the true underlying data-
generating distribution)? In other words, how well does the
learned hypothesis generalize from the training data to the
population, as measured by its risk?

We investigate this using a variation of our basic setup. Let
(Q,y) ~ P as before, but now assume that the number
of samples from @ (collected in .S) is also random. De-
note the joint distribution of (Q, S, y) by P, the marginal
distribution of (S,%) by P, and the number of samples in
S by M, an N -valued random variables. A special case
covered by this setup is a constant M, a setting which is
often considered in related works like (Szabd et al., 2015)
or (Meunier et al., 2022). The data set D is therefore now
generated by sampling (Q1,S™),y),...,(Qn, SN, yx)
iid. from P, and then setting D = ((S™),y,,))n=1.... N>
hence D ~ P®N

The generalization bounds that follow are based on the con-
cept of algorithmic stability (Bousquet & Elisseeff, 2002),
which applies to very general learning methods. A learning
method is a map’ Unen, (X x W)Y 5 D~ Lp, where
Lp : X — Ris measurable. We call £ -stable (w.r.t. the
loss function /) if there exists (35 ) nen,, BN € Rxp, such
that forall N € Ny, z € X',y € ) we have

[6(z,y, Lp(x)) = l(z,y, Lp(x))] < BN, )

forall D, D € (X x Y)N such that there exists 1 <i < N
with D,, = D,,,n € {1,..., N} \ {i}. In other words, a
learning method is S-stable, if changing just one sample in
a data set of size N € N, changes the loss of the resulting
hypothesis by at most 5. We are now ready to present the
announced generalization result. It is a distributional-input
analogon of Theorem 14.2 in (Mohri et al., 2018).

Theorem 4.1. Consider a -stable learning method L. As-
sume that there exists a concave o € K such that for all
1,73 € X,y € YVand all D € (S8* x V)N we have
[(x1,y, Lp(21)) — L(@2,y, Lp(22))] < |z — @2([2).
We then have for all § € (0, 1) that with probability at least
1 — 9, the bound

In(1/9)
2N

e (E<st,y>~ﬁ [IIHQ - fISHHD + By

Re.p(Lp,) < Repn(Lp,) + (2NBN + B)

holds.

The proof of this result can be found in Appendix C.2. We
now present and prove a generalization bound for SVMs in

SIn the present setting, it is safe to ignore measurability issues,
cf. the discussion in Chapter 6 in (Steinwart & Christmann, 2008).

the two-stage sampling setup, which is based on Theorem
4.1.

Theorem 4.2. Let ¢ be convex, locally Lipschitz contin-
uous, and assume that there exists v € K such that
[(x1,y,t)—l(x2,y,t)| < y1(||lx1—22||3¢) forall x1, 24 €
X,y € Yandt € R. Furthermore, assume that there exists
By € Ry such that ¢(x,y,0) < By forallx € X,y € ).
Let k be measurable and bounded, and assume that there
exists a nondecreasing family (af,B) Bers, C K such that
for all x1,20 € X, B € Ry, and all f € Hyj with
[fllk < Bwehave |f(z1) — f(22)| < afp(llzr — 2([%).
Assume that for X € R, there exists a concave ay € K
with v1 + MlvaOéf.,\/m < oy, where we defined By =

lk]| oo \/Be/ . We then have for all § € (0,1), with proba-
bility at least 1 — 0, that

8 5, I,
Re.p(fogn) < Repy (fo0) + SN

+a (]E(Q,s,y)Nﬁ [HHQ - ﬂSHHD

. <2|€|%,Bfllkllio In(1/9)

2N

;) +Bz+|€|1,Bfo>

Before turning to the proof of Theorem 4.2, we describe
two example classes of suitable ¢ and «).

Example 4.3. Assume that there exist (Cy 5)Ber., <
Roo. (ag8)per.., C (0,1] such that |f(a1) — f(ws)] <
Cypllrr — z2||f"? for all B € Ry, 71,22 € X, and
f € Hy with || f||x < B. Letus call a function ¢ : R — R
locally Holder-continuous, if there exist (Cy 5)Ber., <
Rso, (a,B)Ber-, € (0,1], such that for all B € Ry,
|¢(81) - qf)(82)| < C¢}B|81 — 82|(’Y“’*B for all s1,s9 €
[-B, B]. We refer to (Fiedler, 2023) for a discussion of
these properties, including characterizations of suitable k. (i)
Assume that ¢(z, y,t) = ¥(y—t), where ¢ is a nonnegative,
locally Holder-continuous function. Given A € Ry, we

— Ay Qayagf
can then choose a(s) Cw‘kumeﬁ\/ms

with ay, = Y, 1kl oo n/Be /A and oy = O JBN (ii)
Assume that ¢(z,y,t) = @(yt) (called a margin-based
loss function in (Steinwart & Christmann, 2008)) for a
nonnegative, locally Holder-continuous function, and that
Y C [-M, M] for some M € Rsq. Given A € Ry, we
= ap, (1o X f Wi
can then choose ay(s) = C,M Cﬁ\/WS with
Co = O Mblr/e07% @0 = o 0lbl e /@73 309
A NCIOIES

Proof of Theorem 4.2. Let @ be a distribution on M (S) x
V. From Lemma A4 we have |foa(z)] <
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kllell foalle < lIEllooy/ 5 = By s0

|€(Ilay7fQ,)\(Il)) - é(Ig,y7fQ7)\($2))‘
<yllzr — w2lla) + €18, [ for(z1) — foa(w2)]

< (w+ s, gz (lea = aallo)

< ax([|lzr — z2(n),

hence v, fulfills the requirements of Theorem 4.1. Fur-
thermore, as before we have ¢(x,y, fo(z)) < By +
|l|1,5,Bf = B.

Next®, for all f,g € Hy, with || f[|, lgl[x < 1/5¢ and all

x e X,y €Y, wehave |l(z,y, f(x)) — l(z,y,9(x))] <

[|1,B,|f(x) — g(x)|. An inspection of the proof of Propo-

sition 14.4 in (Mohri et al., 2018) then shows that the

learning method (X x )V > D — fip\ € Hy is
1035, IS

By = —5L—= stable.

The result now follows from Theorem 4.1. O

Remark 4.4. An inspection of the proof of Theorem 4.2 and
how Proposition 14.4 in (Mohri et al., 2018) is used there,
reveals that instead of local Lipschitz continuity of ¢ the
following continuity property is sufficient: There exists a
family (Cp,pB)Ber., With Cp € R50, 0 < pp < 2 for
all B € Ry, such thatforallz € X,y € V, B € Ry and
all tq,to € R with |¢1], |[t2| < B we have that

M(m?yatl) - E(x7y7t2)| S CB‘tl - t2|pB~

Furthermore, we now need a concave o) € K such that
. B .
1+ Cga )P < oy with B = ||k =¢ . In this
Y 1 /15;é ( ) H Hoo By

case, we have

1

1+~ pB+ 52— 1 2-rp
by = G T ()

Once again, we can immediately specialize to the case of
using KME:s for the Hilbertian embedding.

Corollary 4.5. Consider the situation of Theorem 4.2. Ad-
ditionally, let S be a compact metric space, Kk be a measur-

able, bounded, continuous al:ld unjversal kernel on S, and
set H = H,, Il =11, and I1 = 11,,. We then have for all

SThe following is a generalization of the property from Defini-
tion 14.3 in (Mohri et al., 2018).

0 € (0,1), with probability at least 1 — 0, that

Re,p(fe03A) < Repg (fepy ) + ( E%T )

21017 g, 1[I In(1/3)
_Zr7 T Sl
+ ( S + Be + |l|1,, By SN
N 1413 5, 11|35
AN ’

where we defined By = ||k||oo /5.

Proof. First, as in the proof of Corollary 3.3, the KME
setup fulfills Assumption 2.1. Let Q € M;(S), M € N,
and S ~ Q®M . According to Lemma 4 in (Gretton et al.,
2012), ||[I.Q — 11,5 is the maximum mean discrepancy

between ( and the empirical measure 47 Zn]\le ds,,» SO
we get from Equation (19) in the same reference that
A 2 o
ESNQ®M [HH,{Q — H,QSHH] < %7
which implies that
: pa IS
E(g,5.0)~p |ITIQ —M1S|h] < E |/ ==
_ V2l
E[vVM]
Combining this with Theorem 4.2 and using that « is
increasing, establishes the result. O

5. Conclusion

In this work, we continued the investigation of kernel-based
statistical learning with distributional inputs from the per-
spective of modern statistical learning theory. To the best
of our knowledge, we provided the first general oracle in-
equalities in this setting, complementing the existing excess
risk bounds for distributional regression using kernel ridge
regression. In particular, our analysis covers rather general
loss functions encoding a multitude of learning scenarios.
Additionally, we provided generalization bounds based on
algorithmic stability, a result and setting which has not been
analyzed at all in the distributional learning literature. We
formulated all of this in a very general setup based on Hilber-
tian embeddings of probability distributions. On the one
hand, in this manner the kernel construction approach from
(Meunier et al., 2022) is applicable, and on the other hand,
our main results apply directly to any existing and future em-
bedding approach. For example, if appropriate estimation
tools become available, our results will be directly applica-
ble to the recently introduced kernel cumulant embeddings
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(Bonnier et al., 2023). Finally, we provided specializations
of our results to the important cases of KMEs as well as the
recent sliced 2-Wasserstein distances.

Many relevant questions are still open, and our results form
the starting point for a multitude of future investigations.
First, while oracle inequalities can be used to derive consis-
tency results, in order to guarantee learning rates, one needs
suitable assumptions to derive bounds on the approxima-
tion error function. Finding such conditions in the present
setting is an important open problem. Second, while the
setting of our main results is rather general, we need various
boundedness assumptions on the loss functions. Remov-
ing these assumptions, or replacing them by clippability
(cf. Chapters 2 and 9 in (Steinwart & Christmann, 2008)),
is another interesting problem. Third, both of our oracle
inequalities are based on classic arguments, and it is known,
cf. Chapter 7 in (Steinwart & Christmann, 2008), that using
more advanced tools from empirical process theory, one
can derive sharper oracle inequalities, which eventually can
lead to better learning rates. We expect that this applies also
in the distributional setting, and that the resulting analysis
approach for kernel ridge regression from (Steinwart et al.,
2009) then provides an alternative to the integral operator
technique from (Caponnetto & De Vito, 2007), which so far
was the main focus in the distributional regression literature.

Acknowledgements

We would like to thank Antonia Holzapfel for a careful
reading of the manuscript, and the anonymous reviewers for
their detailed and helpful comments and questions.

Impact statement

This paper presents work whose goal is to advance the field
of Machine Learning, in particular, contributing to the the-
oretical analysis of kernel-based statistical learning with
distributional inputs. There are many potential societal con-
sequences of our work, but we do not think that any warrant
a detailed discussion here. While the learning methods we
analyze are highly relevant for several real-world applica-
tions, it is very unlikely that our theoretical work, which
aims at a better understanding of statistical aspects of these
methods, leads to negative societal impact.
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A. Additional Technical Background

Comparison functions In addition to C, we define

L ={p:Rso— Rxq | p continuous, strictly decreasing, lim p(s) = 0}.
- - $§—00

Observe that if p € £, then p(s) > 0 for all s € R>, and its inverse is defined on its range, i.e., p~* : (0, p(0)] — R>o. We
define addition and scalar multiplication in K and £ pointwise, i.e., if a1, ag € K (respectively, £), then ai; + s is defined
by (a1 + a2)(s) = a1(s) + aa(s) forall s € R>, and if ¢; € R, then ¢ia is defined by (c11)(s) = c1a1(s). Note
that c;aq + as € K (respectively, in £), so K and £ form a cone. Furthermore, a; o ay € K. We also define comparison
relations pointwise, e.g., if aq, a1 € K, then oy < «p means that a1 (s) < az(s) for all s € R>. For more background on
comparison functions, including historical remarks and application examples, we refer to (Kellett, 2014).

More on loss functions For technical reasons, we need some additional concepts from (Steinwart & Christmann, 2008). A
loss function £ : X x Y x R — Ry is called a Nemitskii loss, if there exists a measurable function b : X x Y — R>¢ and
an increasing function & : R>g — R>g such that forallx € X,y € YV and all t € R we have

Uz, y,t) < b(z,y) + h(|t])-

Let P be a probability distribution on X’ x ). We call ¢ a P-integrable Nemitskii loss, if it is a Nemitskii loss, and the
function b from the definition of this concept is P-integrable.

Boundedness in RKHSs For convenience, we summarize some well-known results on boundedness of kernels and RKHS
functions.

Lemma A.1 (Boundedness in RKHSs). Let X' be an arbitrary nonempty set and k a kernel on it, and define

[klloc = sup \/k(z,z). (10)
reX

1. k is bounded if and only if ||k||cc < 0.
2. All f € Hy are bounded if and only if k is bounded.
3. Forall f € Heandz € X, |f(z)| < || f]lkll%]l oo

Proof. For the first item, assume that k is bounded, then obviously ||k || < oo. Conversely, if || k|| < oo, then we have
forall z,2’ € X

|k(x7xl)| = |<k’(7l‘/)7k’(7l‘)>k| < Hk(7x/)”k”k(ﬂ$)‘|k = \/k(m/7xl)\/k(wi) < ”kllgo <

so k is indeed bounded.

The second statement is given by Lemma 4.23 in (Steinwart & Christmann, 2008).

For the last statement, let f € Hy, and = € X be arbitrary, then

[F @) = [{f kG 2D el < NFIEG @)k = 111k v/F(, 2 < ]kl F]oo-
O

Properties of loss functions and their risks Next, we present two technical results on loss functions and their associated
risks. These results are essentially known (cf. Chapter 2 in (Steinwart & Christmann, 2008)), however, we formulate them
in greater generality using comparison functions.

Lemma A.2 (Condition for P-integrable Nemitskii loss). Let £ : X x Y x R — Rxq be a loss function such that
there exists By € Rxo with {(z,y,0) < By forall x € X,y € Y, and a nondecreasing family (o, g)per., C IC with
[(x,y,t1) — €(x,y,t2)| < app(|ts —t2|) forallz € X,y € Y and ty,ts € Rwith |t1], |t2] < B, then £ is a P-integrable
Nemitskii loss for all distributions P on X x ).

In particular, this result applies to locally Lipschitz continuous functions, where av g (t) = [£]y 4[]

11
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Proof. Letx € X,y € YV, t € R be arbitrary, then we have
Uz, y,t) < l(z,y,0) + [€(z, y,t) — €z, y,0)]
< Be+ agy (|t])
Since [ BydP = B; < co and t — a |y (|t|) is nondecreasing, the statement follows. O

Lemma A.3 (Continuity of risk from continuity of loss function). Let £ : X x J x R — Rx be a loss function such that

there exists a nondecreasing family (oy g)per., € K with |[€(z,y,t1) —l(z,y,t2)| < ag p(|t1 —t2]) forallz € X,y € Y
and t1,to € R with |t1], |t2| < B. Let P be a distribution such that { is a P-integrable Nemitskii loss.

1. Forall B € R~ and all measurable and bounded’ f, g with || f||co, ||g|lcc < B, we have

Re,p(f) = Rep(9)l < ars(lf — glloc)- (1D
2. Let k be a measurable and bounded kernel on X. For all B € R~ and f,g € Hy, with || f||k, ||lg|lx < B, we have
Re.p(f) = Rep(9)l < g uge-5US = gllellElloo)- (12)

Proof. For the first claim, let B € R and f, g be measurable functions with || f]| o, [|9]lcc < B. We then have

Rop(f) — Rep(g)| < / 0y, [(2)) — (., 9()) [Pz, )
< / a5 (1f(z) - g(@))dP(z,y)
< / ae5(|1f - gllo)dP(z, 1)

= B([[f = gll),
where we used the triangle inequality in the first step, the existence of (ay p)p in the second step, the fact that ay g is

increasing in the third step, and finally that P is a probability distribution.

For the second claim, let B € R~ and f,g € Hy, with || f||x, ||g|lx < B. Since k is measurable and bounded, also f, g
are measurable and bounded. From Lemma A.1 we get || f|loo < ||fll&llk]lco < B||k||so» and similarly for g, as well as

If = glloo < IIf = gllkllk]|co- The result now follows from the first claim. O

Bound on norm of regularized risks minimizers Finally, we recall a well-known result providing a bound on the norm of
minimizers of regularized risks minimization problems, cf. the beginning of Section 5.1 in (Steinwart & Christmann, 2008).

Lemma A.4 (Regularized risk minimization over RKHSs). Let £ : X x Y x R — R>q be a convex, locally Lipschitz
continuous loss function, such that there exists By € R>q with {(x,y,0) < By forallx € X,y € Y. Let k be a kernel on
X that is measurable, bounded, and with separable Hy. For all distributions P on X x )Y and all A € R, there exists a
unique solution fp ) of
in R + M £112,
foin Ry p(f) + M1k

and || fpalle < /5

Proof. Lemma A.2 ensures that £ is a P-integrable Nemitskii loss, so Lemma 5.1 and Theorem 5.2 from (Steinwart &
Christmann, 2008) are applicable and ensure that a unique solution fp, ) exists.

Additionally, we have

M frallk € Rep(fen) + Alfralli = Repa(fra)
< Repa(0) = Re,p(0) + A||0]12

= /f(ﬂc,y,o)dp(ﬂc,y)
< By,

"Measurably essentially bounded would be enough.

12
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where we first used the nonnegativity of ¢ (and monotonicity of the integral) in the first step, followed by the definition of

fp,, and finally the boundedness assumption of ¢ in zero. Rearranging shows that indeed || fpa|x < 1/ 7’»’ O

Kernel mean embeddings

Proof of Proposition 2.4. The first statement is contained in Theorem 2 and Proposition 2 in (Sriperumbudur et al., 2010),
and the discussion following it.

The second statement follows from Theorem 1 in (Lopez-Paz et al., 2015), by two minor modifications. First, applying
Lemma A.1to f € H,, with ||f]|x < 1leads to |f(s)| < || fllxll&llco < ||K|loo forall s € S, which shows that the constant

of the bounded difference property in the proof of Theorem 1 in (Lopez-Paz et al., 2015) needs to be set to 2||| oo /M.
Second, we use [ k(s,s)dQ(s) < [ [|r]|AdQ(s) < x|, forall @ € My(S).

The third statement is shown in Section A.1.1 in (Szabd et al., 2015). O]

Sliced Wasserstein distances Let S = R? and denote by W, (i, v/) the sliced 2-Wasserstein distance, cf. equation (13)
in (Meunier et al., 2022). It has been shown in Proposition 5 in the same reference that there exists a Hilbert space Ho
and a map Iy : M;(S) — Ha such that Wy (i, v) = |[Tlop — Iav||3,. Setting 1,8 = [o/1[S] for all S € SM and
M € N, where [S] = &; 2%21 ds,, is the empirical measure having the components of S as atoms, and assuming that
Assumption 2.1 is fulfilled, our main results Theorems 3.1, 3.4 and 4.2 apply to the case of sliced 2-Wasserstein-based
Hilbertian embeddings. For more details, as well as the case of sliced 1-Wasserstein-based Hilbertian embeddings, and
concrete constructions of suitable kernels & on Ho, we refer to (Meunier et al., 2022).

B. Oracle Inequalities

In this section, we present the proofs of our oracle inequalities Theorem 3.1 and Theorem 3.4. Furthermore, we state and
prove specializations to the case of sliced 2-Wasserstein embeddings, analogous to the results for KME:s, cf. Corollary 3.3
and Corollary 3.6.

B.1. Sliced Wasserstein Distances

Our specialization of the oracle inequalities to sliced 2-Wasserstein embeddings are based on the following error bound,
which might be of independent interest.

Proposition B.1. Let P be a distribution on M1 (R%) x Y and (Q,y) ~ P. Assume that P-a.s. Q is a log-concave
distribution, and denote its (P-a.s. defined) covariance matrix by ¥.q. Furthermore, assume that there exists ps, € L
such that for all t € Rso, P[|Zq| > t] < ps(t) P-a.s. Let M € Ny and S ~ Q%M, then for all 0 < § <
min{1/4,2p5(1/Cy)}, we have

P (W, (@, ) > 22 flg (Cav/iht) + Camia/a)) | < 5,

where Cy and Cy are universal constants that only depend on d.

To simplify the notation in the following proof, we define a A b = min{a, b} for a,b € R.

Proof. As shown in the proof of Proposition 7 in (Nietert et al., 2022), there exists a universal constant ¢4 € R, depending

only on d € N, such that % 2 ||2 T for all log-concave distributions ;2 on R?, where P, is the Poincare constant of
I3

w. Furthermore, according to Theorem 1 (choosing p = 2 there) in the same reference, there exists a universal constant

Cy € R+, depending only on d, such that

EW, (1, a[X])] < W (13)

for all log-concave distributions z on R? and X ~ p®M.

13
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Let 0 < 6 < min{1/4,2px(1/C,)} be arbitrary, and 2, € R+ two constants to be chosen later. We start with

In(M)
M

P [m(@,ms*]) > (2 Av3)C 1

In(M)
M

=P [WQ(Q,MS]) > (z A Va)Cq +1 [Zell <z A \/5]

Wo(Q, i[S]) > (x A Vx)Cy lnﬁ\i\[@ +t, |Zgll >z A \/E]

[ In(M) ]

<SP \Wy(Q. 4lS]) = (@ A Va)Cay| — =+t Zell < @ A V| Pl[Eqll < @A Vil

+P[ISqll >z A Ve

+P

<P \Wy(QuilS]) = (e AVEICay| ) 4t 2g) < 2 VE| 4+ puie A V)

where we used in the last step that probabilities are always from [0, 1], and the assumption on ||Xq]|.

‘We continue with the first term,

P [Wg(Q,u[S]) > (z AVzx)Ca % +i] [[Zqll <z A \/5]
SP[WQ(Q,msch ”““T(M)H ||zQ||sxA\/5]
sp[wmmsnzc [Zeln@D ||2Q||smﬁ]

(W (Q, lS]) > EW,(Q, AlSD] +t | IBell < = A Va]
(W (@, 4lS]) — EWo(Q, AlSDI > t | IZqll < = A V]

Mt N Mt?
— ) | I5all < oA VE|,
min{2,/Pg,6e Py}

where we used Theorem 3.8 from (Lin et al., 2021), as used in the proof of Proposition 7 in (Nietert et al., 2022), and the
last equality holds almost surely.

14
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Conditional on || Xq|| < = A /z, we get that

1 1 1
min{2\/Pg, 6e5P0) { 2. /Py 6P }

v

1 1 1
6e5max{ calSoll callZal }
> ! max{ ! 1}
6o max /e, ) Sal Tel
1 1

- 6> max{\/cq, ca} min{/[Zoll, [IZell}

1 1
<
~ 6edmax{\/cq,ca} x Nz
1
~ CalwnVa)

In the last inequality we used that

min{\/| . [Soll} < min{y/z A v,z A VE} < @AV,

and in the last step we defined C, = 6e° max{/cq, cq}.

We therefore get (again almost surely) that

P [wfz(@,msn > (2 a vy SO 4y mg) < 2 ﬁ]
VMt A M2
sE |? P <_ min{2\/Pi, 6@5PQ}> HZQH = oA ﬁ]
VMt A Mt
<E l2exp <—C~M> [Zoll <z A \/5]
( VIt A Mt2>
=2exp| ——=———|.
Ca(z N V)
Observe now that
2 exp (—\{Mtz /\Mt2> = é & T A \/Ez 7@75/\]\4#
Ca(z N /) 2 Cqln(4/9)

and since % > 0 (recall that we restricted d to (0, 1/4)), we can choose x € R~ such that the last display holds.
d 1n

15
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With this choice of x, we are now at

VMEAME , [ln(M)

+t
Caln(4/s) VM

P lWQ(Q,ﬂ[S]) >

_p [wm, AIS]) > (2 A vE)Cay) RO t]

M
VMt A Mt
< 2exp<

>+pz(xm/§)

Ca(x A /x)
) t A\ Mt
PG <\/c:1n?4/5> )
Note that this holds since the above computation works for any version of the conditional expectation.
Next, let s > 1 and set t = %s, then

Ca [m(M) | In(4/5)
CaV M VM
In(4/8)s AIn(4/8)%s , [In(M) ln(4/5)$]

P [m(cz,msn > s

=P [Wz(Q Als)) =

Caln(4/0) N T ar
VMt A Mt? In(M)
W,(Q, AlS]) = Gy N T T

VMt N Mt?
Culn(4/5)

where we used that In(4/d)s A 1n(4/5)2s2 =In(4/6)s since In(4/4),s > 1.

I\D\Oq 1\9\04
\_/

The condition P[||Zg|| > z] < ps(z) for all z € R implies that px ([0, 00)) = (0, 1], so we have
s ) ~
— =7 & s=Cips'(6/2
ps ( Od) 5 s = Caps (6/2)

and since N -
s>1 & Caps'(6/2)>1 & §<2px(1/Ca),

our requirements on & ensures that we can set s = Cypy (5/2).

Altogether, we arrived at

P [m@,msn O/ G i + ) édp;w/m]

Ca 1 ( ), In(4/9)
P IWy(Q, 4[S]) > s ) + Nevi s]

16
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We can now formulate and prove the announced specializations of the oracle inequalities.

Corollary B.2. Consider the situation of Theorem 3.1. Let S = RY, set H = Ho, I = I, and = f[g, and assume that
Assumption 2.1 holds in this case. Furthermore, for (Q,y) ~ P, assume that P-a.s. Q is a log-concave distribution, and
denote its (P-a.s. defined) covariance matrix by X¢. Assume that { is convex, differentiable, ¢' is locally Lipschitz continuous,
and that there exists By, B; € R> such that {(x,y,0) < By and |{'(z,y,0)| < By forallx € X,y € Y. Let k be a kernel
on H that is measurable and bounded, and that there exists oy, € K such that || Py (x1) — ®p(x2) |k < ag(||z1 — z2||). We
then have for all A € R~ and ¢ € (0,1) that with probability at least 1 — ¢

Repa(foon) —Rip < A(z) p(A)

-1
2VAB; + 1,5, ||l & Ps (7N+|]~'\)) A(N + |F|)
+ N ;m — A <c VIn(M) + C41n (5 >)

2In(2N/§ 41n(2N/6
ot e (B + 5.5, (By)) ( ZRENTT) | iy AN >>7

with By and oy as in Theorem 3.1, and Cq and C’d are universal constants that only depend on d.

Proof. The result follows immediately by combining Theorem 3.1 with Proposition B.1. O

Corollary B.3. Consider the situation of Theorem 3.1. Let S = R?, set H = Ho, I1 = Iy, and 11 = Iy, and assume that
Assumption 2.1 holds in this case. Furthermore, for (Q,y) ~ P, assume that P-a.s. Q) is a log-concave distribution, and
denote its (P-a.s. defined) covariance matrix by Y¢. Finally, assume that there exists ps; € L such that for all t € R>,
P[|Sg|l > t] < px(t) P-a.s. We then have for all 0 < § < min{1/4,2px(1/C4)} that with probability at least 1 — § it
holds that

- 5
21 ((N;\fl)/ )+473)Bf(6)

LIy, ’w (CormD + Cutn (AXHEDY) )
n=1

Repa(fon) — RyE < Af},( )+2 (Bi +73.8; (Bf)) \/

where we defined Bf = ||k]| o0 /% +eay="7+ 73 el \/—2 o« s /B and Cy and Cd are universal constants that

only depend on d.
Proof. The result follows immediately by combining Theorem 3.4 with Proposition B.1. O

B.2. Proof of the Oracle Inequalities

We will need the following result, which is derived at the beginning of Section 5.2 in (Steinwart & Christmann, 2008), but
not stated as a theorem there. For convenience, we repeat it here.

Proposition B.4. Let X and ) be measurable spaces, { : X x Y x R — R>q a loss function that is convex, differentiable,
and define (! = %E. Let k be a kernel on X that is measurable, bounded, and has a separable RKHS Hj. For all
P e My(X x Y) such that £ and |l'| are P-integrable Nemitskii losses, and for all A € R~, there exists a unique solution

fexof

. 2
min Re.p (/) + A/, (14)
and this solution fulfills the equation
1
fra=—55 U(x,y, fpa(2)) @ (2)dP (2, y). (15)
2)\ XxY

Note that in (15) a Bochner integral appears.

17
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Proof of Theorem 3.1. Let A € R+ be arbitrary and define D = ((Qn, Yn))ne[n]- We then have

Re.pa(fos0) — Rf}f—:,*,\ =Re.pa(fogn) — Repa(fpa)
= Re,p(fs.0) 2+ Re.p(fpyr) — Re.p(fpy0)
+ R 5y (o r) = Repy (o x) + Repy (fPA) — Repy (fP2)
—Re.p(fea) = M fealld + M ol = M fogallE
= Re,p(fos0) — Rep(fog.n) + Rep(foy,0) — Rep(fr)

I II
+ Ry b (for0) + A foaalli = (Repy (fen) + Al feallz)
=III
+ R 5y (fPA) = Re by (fo.0) + Al foaalli = Al fogallk
=1V =V

We now upper bound terms I to V. First, by definition of f5, ,, term IIl is nonpositive, and hence can be discarded.

In order to bound the remaining terms, we need some preparations. Lemma A.2 ensures that for all distributions ) on
X x Y, £is a Q-integrable Nemitskii loss. Furthermore, repeating the proof of Lemma A.2 on ¢ shows that also |[¢'| is a
-integrable Nemitskii loss. Altogether, we can apply Proposition B.4 to ¢ for any distribution @) on X x ). An inspection
of the proof of Theorem 5.9 in (Steinwart & Christmann, 2008) reveals that (5.14) in this reference applies to the present
situation, so for all distributions Q, Q on X x ), unique SVM solutions fg » and fQ’ , exist, and we have

o = faall < 5| [ Hate)®ste@en - [ ot )@@t

; (16)
k
where we defined hq (z,y) = €' (z,y, fo.r(2)).

Bounding I Using Lemma A.4, we have || fp, allk: [[fo alle < B hence we get from Lemma A.l that

| foax(@)]; [fogA(®)] < [kl =: By. Define now for brevity L, := then we get

|Re.p(foon) — Re P(fDn, )| < Lellkllooll fopx — fﬁn,AHk

N

7Le||k||oo Z ")y ) B (LLS™)) — th (MQn, Yn) @1 (1Q)
el k
N

st”f”“‘N Hh (L5 )0y (F1S™)) — hpy (11Qu )2 (10 |

LKHk”ool T a(n) & a(n)
< oo — (TS y,) — ho. (TQn, y)| || @r (ILS ™) ||
<= N;\horx S™ yn) — hp, (TQn, yn) || @4 (TS|

+ 7Dy (TQn, yo)[[[ @ (T1S™) — @1 (IQu) [

where we used Lemma A.3 in the first inequality, in the second step the bound (16), followed by using the triangle inequality
twice. Foreachn = 1,..., N, we have

|hp, (ILS™ y) — hp (TQu, )| = [€/(TIS™ yy, fp A(TIS™)) — € (TQn, Y, fp, A TIQ))|
< (J[IIS™ = TQnl|3) + v3,8, (| fpy ATIS™) = fp, A(TIQn)|)
< (m+ 3.8, 0 (VB/A - ar) ) (IS ~T1Qu 1),

where we used the definition of hp_ in the first step, and in the following inequality we used the assumed continuity property
of ¢/ (together with the previously derived bound B on the values of fo“ » and fpﬁ} »). In the last inequality we used that
forall f € Hy and z1, 25 € A,

|f(@1) = fz2)| = [(f, Pr(x1) — Pr(@2))i] < [kl Pr(@1) — Pre(@2) [k < [[fllwcr(llzr — 22l3).
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Furthermore, we also have [| @4 (ILS™) — @5, (I1Q,,) |5 < ax(|[ILS™ — I1Q,|13) and [|@4(ILS™)||1, < [[K|sc-
Finally,
|hoy (Qn, yn)| = €/ (TIQn, Yn, fo, A(T1QR))]
< W MQn, yn, 0)| + [¢ (MQun, Y, fo, A(TAQn)) = £/(T1Qn, Y, 0)]
< B+ 73,8, (| /o, A(T1Q0)])
< By +73,8,(By).
Altogether, we can continue with

|Re,p(fo0) — Rep(f5,.0)]

Lollkloo 1 S~y o .
<= = 2 1o (18, 40) — o (0 i) 0 (5
+ |hp, (TQu, yn )| @1 (T1S™)) — @4 (TIQ,) |1k
Lkl 1 -
4 0o S n
< IS (3 + 3.8, 0 (VBe/A- ) ) (IS ~T1Qu 1)

A
+ (B} + 73,5, (By)) (IS —T1Qu) |%)

Lillkllso 1 o = o(n
< Lol 1 3 (¥l (3 7, o (VBTR-08)) (B 30, (Bp) ) (11 ~TQul)

Defining ay = ||k|oo (71 + 73,8, © (\/B[/)\Oék)) + (B} + 73,8, (Bf)) ou and using a union bound, we finally get with
probability at least 1 — §/2 that

N
|Re.p(fogn) — Rep(fo0)] < Lellklloe 1 ZQA(Bn(5/(2N)))-

Bounding IT and IV Let Q = P or Dy;. We have

Re@(fpy2) = Rea(fra) < Lellkllooll fon,x — frallk

Lkl || 1 &
< PR | S i, (G0, 1)04(100) = [ o (5. 9) 4 (2)0P(e ) k
_ Lellklle || 1§

where the first two steps are similar as in bounding I, and in the last step we defined &, = hp (IIQy, yn)Px(I1Q,,). Since
(Q1,91) -, (Qn,yN) i P,also &4, ..., &y are i.i.d. Furthermore,
[€nlls = 1hpg (T1Qn, yn) Pr(I1Qn) ||k
= |hpy (TQn, yu )| @k (TIQy) [
< [0 (MQun, Yns 1 A TQR))|[I%]
< (Bé + 73,8 (Bf)) 1%l o

0 &1, ..., &N are Hy-valued i.i.d. random variables bounded by B¢ := (B} + 73,5, (By)) || k| 0. Hoeffding’s inequality
for random variables in a separable Hilbert space, cf. Corollary 6.15 in (Steinwart & Christmann, 2008), now ensures that

with probability at least 1 — §/2
<B£< 21n( 2/5 Yy 41n( 2/5))0
k

1 N
N 2 & Bl
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This implies that with probability at least 1 — §/2
Lellkllos 21n(2/9) 41n(2/5)
5 - <———8B _— 1/N+ ——
Rea(foun) = Req(fra) = = Be N TVUN+—5— ],
so with same probability the bound
Ly|| k|l 21n(2/9) 41n(2/9)
I11+1Vv<2———B _— 1/N+ ———
+1V < 3 3 Nt /N + 3N
holds.
Bounding V Using elementary computations, we get
w = Al foaalli = X (Ifgalli = 1o AlIR)

= A(Ilfog alle + 1fpualle) (1o allk = 1 fn Allk)
<A ||fDH,A||k + 1 paalle) 1foga = Fonallk

< 2/\\/ ”fDH,/\ Sonallk

<2,/Bf Zm ITLS ™ — TIQ |12),

711

where we used Lemma A.4 in the second to last step, and the bound on || fp x — fp,; All» from bounding I. In particular,
with probability at least 1 — §/2 we get that

Mgl = Mol < \/7N Bn(6/(2N)))-

Finishing Using again a union bound, we finally get that with probability at least 1 — § we have

L] 3
Repa(Foga) = RilEy < =50 2: B (6/(2N)))
from I
+2L[||/]\€||OOB£< 21n( 2/5 oy 41n( 2/5))
from II and IV
N
By 1
#2512 en(Balo/(2N)
from V
o [Be Lk | 1 &
—<2A+ V) v S e Bao/eN)
L 21n(2 41n(2
_Me@u&< S0 | i+ nwv
The result now follows from the definition of AE,?I)D()\). O

Proof of Corollary 3.3. Since S is compact, it is in particular separable, so Proposition 2.4 ensures that II, is
(M1(S), B(w))-(Hy, B(H,;))-measurable. Furthermore, since S is a compact metric space, M (S) with the topol-
ogy of weak convergence is compact. Since « is universal, IT,; is continuous, and hence X’ = II,;(M;(S)) is a compact
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metric space. In particular, it is closed, and hence X € B(H,), and it is also separable. By definition, for all M € N, and
S € SM, T3(S) = I1,(S) = & SM_ k(-, S;n), and hence measurable. Altogether, Assumption 2.1 is fulfilled.

Next, for all z1,zo2 € X we have ||®p(z1) — Px(x2)||x < ar(]|z1 — x2||%), which shows that @y is continuous, so
according to Lemma 4.29 in (Steinwart & Christmann, 2008) also k is continuous. Since X is separable, this shows that also
Hy, is separable.

Using the KME estimation bound from Proposition 2.4 to find appropriate B,,, all assumptions of Theorem 3.1 are fulfilled,
and we get

Re.pa(fon) — Rfllg:k/\

N
1 k 2 2w Ooln 2N/§
R e Y
n=1 " "

B 2In(2N/§ 41n(2N/6
+ 2L K (B;+L;||k||oo f)( 2n(2N/5) | 1/N+n(/>>7

=|

A N 3N

B
oy = ||k||ooL;af 5+ (Bg + L2|k||001/)\£> .
’ X

Finally, since ¢ is locally Lipschitz continuous, it is in particular continuous, and as shown by Lemma A.2, it is also a
P-integrable Nemitskii loss. Together with the fact that X is a compact metric space and k is universal, Corollary 5.29 in
(Steinwart & Christmann, 2008) shows that Rg 1’33 = RZ p» and the result follows. O

where we defined

The strategy of the following proof follows the one for Theorem 6.25 in (Steinwart & Christmann, 2008), however, several
adaptions are necessary to deal with the two-stage sampling.

Proof of Theorem 3.4. Let A € R+ be arbitrary. We start with

Repa(fogn) = Repa(fra) = Rep(fogn) — Repy, (foy0)
+ Ry (fogn) + Al fogalli = (Repg (Frn) + Al fealli)
+Rep,(fPA) — Rep(fPa)

<2 sup ’Rabﬁ (f) - R&P(f)| )
feHy

B
ILflle </ 5E

where we used in the last step that Ry p. A(fp,.2) < Rep A (fP, ) by definition of fp;; .2 and we applied Lemma A.4 to
Jp,.and fp .

Let f € Hy, with || f||x < %,andchoosefe Fsuchthat ||f — f||, < e. Observe that | f(z)| < |f(x)|+]|f(z)— f(z)| <

1%]| 00 % + € = By, where we used the choice of f together with (the proof of) Lemma A.2. We then have

|Re,73ﬁ(f) —Rep(f)| < |Rz,Dﬁ(f) —Rypy(F)] + ‘Re,f)n(f) - Re,f)n(f)‘
+ ’Re,ﬁn(f) - sz(f)‘ + ‘R&P(f) - RZ,P(f)‘
< [Repy () = Re.pg (N + [Reio () = Rep(F)] + 275, (6),
where we used (a modified variant of) Lemma A.3 in the last step together with | f(z)|, | f(z)| < Bj.
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We now bound the first two terms. First,

|Rep, (f) = Repn (f)] < [TIS™, gy, FIISM™)) — TIQy, Y, F(TIQy))]

2|~
WE

3
Il
—

IA
=] -

zuMz

2 n(IS® = 1Qul) +, -z (IS = £(1Q.)])

1

_ + o ﬁs(n)_l—[ . ,
N= (71 Tkl y/BE f,ﬁ)(l Qnll)

IN

where we used the triangle inequality, then the continuity property of ¢, and then the continuity property of f.

Second,

N
Riol) = Rar()| = |y 3 1Qu 0, S(1Qu) = [ €11Q.0.F(1Q))1P(Q.0)

(1IQ1, 1, f(HQl)), o AMQN, YN, f(HQN)) are i.i.d. random variables (since (Q1,41), ..., (@Qn,yn) are i.i.d.), and
foralln = 1,..., N we have [((TIQ,, yn, f(TIQ,))| < By + V3,5, (By) = Bg according to (the proof of) Lemma A.2. All
of this means that we can use Hoeffding’s inequality to bound thls term.

Third, we can combine the previous two bounds. Using the union bound we have

v Lf??x* IELS®) ~ HQull > Bu(6/(N + 7)) or ma Ry 0(6) — Rep(@)] > Bey 2 ED/ ‘”]

< ZP (IS¢ Q2 > Ba(8/(N +|F))| + > P [\RZD ~Rep(3)] > BM

geF

2In((N + |F]) /5)]
N
1) 1)

N +|F =9
N +|F]| | ‘N+\]-"|

IN

Together with our previous two bounds this implies that with probability at least 1 — 4,

Rep(f) — Reps(f)| + ‘Rg p(f) — R P(f)’

1

N
<72 (1 ym e, F) (LS TG, ) + Ry () ~ Rere()

2In((N + | F])/5)
6\/ N :

VAN

N Z:: (% E |k|wﬁ°af,ﬁ) Bo(6/(N +|F1) + B

This also implies that with probability at least 1 — 4,

Rep(f) = Rep (] < [Rep(f) = Rep(D] + [Rep() = Rep ()] + 210, 5,¢

JrrY3,\|1f||oo\/§oaﬁ B{> (Bn(6/(N +1F1))

2In((N + 7))/
+BE\/ (( Nl l)/)+2|£‘1.,éf€v

IN
2=
iMz
- =
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and since f € Hy, with || f||, < /5% was arbitrary, this in turn implies that

1 N
s [Rap(f) = Rar(D1< 5 X (4, o, o) (Buld/(N +17)

feEHE
Il </ 5L

n=1

+B£\/21n((N;|f|)/5) +29,.5,(6)

with probability at least 1 — §, and the result follows. O

C. Generalization via Algorithmic Stability
C.1. Sliced Wasserstein

Corollary C.1. Consider the situation of Theorem 4.2. Additionally, assume S = R, let (H,11) be the sliced 2-Wasserstein
embedding, and assume that the support of TstP® is contained in the set of log-concave distributions, and for (Q,y) ~ P,
denote by ¥.¢ the (a.s.) defined covariance matrix of Q). We then have for all § € (0, 1), with probability at least 1 — 0, that

Yol In(M
Re.p(fop,N) < Ropy (fop,A) + an (CdE |Q|M()]>
21013 5, |1E]1% m(1/6) I3 5, 1%

where we defined By = ||k||oy/ %, and Cy € R+ is a universal constant that depends only on d.
Proof. LetQ € My(S) and M € N,.. According to Theorem 1 in (Nietert et al., 2022), we have

Es.qen Wo(Q, lS))] < Ca HEQH%

where Cy € R+ is a universal constant that depends only on d. This implies that
ax (E(Q,S,y)NP “\HQ - ﬂSHHD = ax (B 5.4~ Wo(Q, A[S))])
Yol In(M
o, (E o[ IZallin >D |

M
with «), defined in Theorem 4.2. This result now establishes the claim. O

C.2. Proof of the general result

Our proof follows the one of Theorem 14.2 in (Mohri et al., 2018), adapted to the present distributional setting.

Proof of Theorem 4.1. Define F : (X x Y)N — R by

Let NeN,,Dec(XxY)N,1<i<Nand(Z,7) € X x ) be arbitrary. Define D € (X x V)N by

po_Dn ifn#i
" (&) ifn=i

875 is the usual coordinate projection onto S.
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and for all 1 < n < N, define also (Z,,, §,) = D,,. We then have

\F(D) — F(D)| = ‘Re,p (Lp) — Re.p(Lp) — (Re p(Lp) — R,

<|Rep(Lp) —Rep(Lp)| +

N
N ZE xmynaﬁD xn N Z Ty Yny L n)

n=1

< / 0(T1Q. y. £ (T1Q)) — K(TIQ. y. £ 5(TIQ))|[AP(Q. 1)

N
b €y £ @) — € G £5(E0) + 3 ey L)) — 6, G £5(E0))

n=1

1
< By + (@i, yi, £ (@) = 62,9, L (@) + Z (2, yn, LD(2n)) = (@0, Yn, Lp(2n))]
n=1

n#i

N-—-1 N B
T 3N=(+N)5N+N C.

B
SﬁN‘i‘N

McDiarmid’s bounded difference inequality then shows that for all § € (0, 1), we have with probability at least 1 — § that

N1n(1/9)

R&p(ﬁ@ﬁ) — RZ,@ﬁ (Lﬁn) <E [Rg,p(ﬁﬁﬁ) — R&@ﬁ (L@n):| +C 9

We now bound upper bound the expectation in the preceding display. We have

E[Rir(Lp,) ~ Ryp,(Ls,)| =E [Rep(Ls,) — Egsyr (08,5 s, (119))]]

»II

and bound the two terms separately. Observe that

RZ,P(Eﬁﬁ) = E(Q,y)NP |:€(HQ7 ya D (HQ))} (Q,S,y)~P |: (HQa Y, ‘Cﬁn (HQ))} 5
so we have

I=E {E(Q7S7y)~ﬁ’ [E(HQ, v, Lp (1Q)) — (IS, y, Ly (ﬁs))H
<E[Eusy)~p [[001Q,y, L (11Q)) — (1S, y, £ _(115))]]]
<E [Eigsyp [a(IT1Q — 115]5)]|
<o (Eqgsr [INQ - TiS]] ).

where we used Jensen’s inequality together with the concavity of « in the last step.

We turn to term IL Let (SV+Y yni1) ~ P such that (SM,y), ..., (SN+D yn11) are iid., and define D =
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(S®,y3), ..., (SN+D yxn.1). Note that D and D have the same distribution. We then have

N
1 . N
EDNP®N [Ré,Dﬁ (‘CDﬁ):I - EDNP@)N [N E E(Hs(n)?yn7‘CDﬁ (Hs(n)))

n=1
N
Z D~p®N[ HS("),ymﬁDﬁ(ﬁS(n)))}

= Eppox (5D, 1, Lo, (T1SM)]

B[S (1150
Y1

(SN yn 1)

< E s g, Lp (s
(SM,y1) "

(S yni1)

B[S g, Lo, (AS0) — (S, £, (1S
»Y1

(S<N+1)7yN+1)

< E o [as® g, cp (SV)] + By
(S(l),y1) i

(SN yn11)

= E |1 (I :
D,(S,) |:€( Say7£DH( S)):| +BN

Furthermore, observe that

IE:(Q,S,y)NI5 [ﬁ(ﬂS,y,Epﬁ (12.[5)):| = IE(S,y)NI3 [g(ﬂsvwaDn (f.[S)):| :

We now get
A N .
Il = ]E’D~13®N lE(Q’S’y)NP {E(HS,y,E :| Z HS( 7yn; (Hs(n)))]
=1
= ]EDNﬁ®N [E(S,y)wl:“ {E(ﬂ&y,ﬁp (HS))” D~P®N [RED ]
s EDNP@N [E(S,y)rvf? [é(ﬁs7y7£'Dﬁ (ﬁS)):H - D,(]]?:S’,y) {E(HS,y,EDﬁ (HS)):| + ﬂN

= ]ED,(S,y) [E(ﬁsa Y, ‘CDﬁ (ﬂS)) - E(ﬁsa Y, ‘CDﬁ (ﬂS)):| + BN
= fn.

Altogether we have

»II 11

and the result follows.
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