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Abstract

Cross-device training is a crucial subfield of federated learning, where the number of clients can
reach into the billions. Standard approaches and local methods are prone to issues such as client
drift and insensitivity to data similarities. We propose a novel algorithm (SPAM) for cross-device
federated learning with non-convex and non-smooth losses. We provide sharp analysis under
second-order (Hessian) similarity, a condition satisfied by a variety of machine learning problems
in practice. Additionally, we extend our results to the partial participation setting, where a cohort
of selected clients communicate with the server at each communication round.

1. Introduction

Federated learning (FL) [11, 18, 26] is a machine learning approach where multiple entities, known
as clients, work together to solve a machine learning problem under the guidance of a central server.
Each client’s raw data stays on their local devices and is not shared or transferred; instead, focused
updates intended for immediate aggregation are used to achieve the learning goal [11].

This paper focuses on cross-device training [13], where the clients are mobile or 10T devices.
To model such a large number of clients, we study the following stochastic optimization problem:

min f(x), where f(x):=E¢up [fe(2)], (1)
TER?
where f; may be non-convex. Here, we do not have access to the full function f, nor its gradient.
This reflects the cross-device setting, where the number of clients is extremely large (e.g., billions
of mobile phones), so each client participates in the training process only a few times or maybe even
once. Therefore, we cannot expect full participation to obtain the exact gradient.

Instead of the exact function or gradient values, we can sample from the distribution D and
compute f¢(x) and V f¢(x) at each point x. We assume that the gradient and the expectation are
interchangeable, meaning E¢p [V f¢(z)] = Vf(x). In the context of cross-device training, f¢
represents the loss of client £ on its local data [13].

The formulation (1) is more appropriate than the finite-sum (cross-silo) formulation [39]:

min f(z), where f(z):= :LZfZ(iL‘>,

zeR4

as the number of clients n is relatively small, which is more relevant for collaborative training by
organizations (e.g., medical [31]).

© .
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Communication bottleneck. In federated learning, broadcasting or communicating information
between computing nodes, such as the current gradient vector or model state, is necessary. This
communication often becomes the main challenge, particularly in the cross-device setting where
the nodes are less powerful devices with slow network connections [5, 11, 17]. Two main ap-
proaches to reducing communication overhead are compression and local training. Communication
compression uses inexact but relevant approximations of the transferred messages at each round.
These approximations often rely on (stochastic) compression operators, which can be applied to
both the gradient and the model. For a more detailed discussion on compression mechanisms, see
[34, 41].

Local training. The second technique for reducing communication overhead is to perform local
training. Local SGD steps have been a crucial component of practical federated training algorithms
since the inception of the field, demonstrating strong empirical performance by improving commu-
nication efficiency [24—26]. However, rigorous theoretical explanations for this phenomenon were
lacking until the recent introduction of the ProxSkip method [27]. ScaffNew (ProxSkip special-
ized to the distributed setting) has been shown to provide accelerated communication complexity
in the convex setting. While ScaffNew works for any level of heterogeneity, it does not benefit
from the similarity between clients. In addition, methods like ScaffNew, designed to fix the client
drift issue [1, 12], require each client to maintain state (control variate), which is incompatible with
cross-device FL [33].

Partial participation. In generic (cross-silo) federated learning, periodically, all clients may be
active in a single communication round. However, an important property of cross-device learning
is the impracticality of accessing all clients simultaneously. Most clients might be available only
once during the entire training process. Therefore, it is crucial to design federated learning methods
where only a small cohort of devices participates in each round. Modeling the problem according to
(1) naturally avoids the possibility of engaging all clients at once. We refer the reader to [13, 14, 33]
for more details on partial participation.

Data heterogeneity. Despite recent progress in federated learning, handling the heterogeneity of
data across clients remains a significant challenge [11]. Empirical observations show that clients’
labels for similar inputs can vary significantly [2, 36]. This variation arises from clients having
different preferences. When local steps are used in this context, clients tend to overfit their own
data, a phenomenon known as client drift.

An alternative to local gradient steps is to use a local proximal point operator oracle, which
involves solving a regularized local optimization problem on the selected client(s). This approach
underlies FedProx [19], which relies on a restrictive heterogeneity assumption. The algorithm was
analyzed from the perspective of the Stochastic Proximal Point Method (SPPM) in [42]. Inde-
pendently, the theory of SPPM has been shown to be compatible with the second-order similarity
condition (Assumption 2) from an analytical perspective. Based on these connections, various stud-
ies have explored SPPM-based federated learning algorithms, and we refer interested readers to
[14, 21] for more details.

1.1. Contributions

In this paper, we introduce a novel method called Stochastic Proximal point And Momentum
(SPAM). This method combines Momentum Variance Reduction (MVR) on the server side to lever-
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Table 1: Comparison of the proposed algorithm with other relevant methods.

Algorithm .He.ssia.n P.al:tial. No Smootl.lness Cro.ss Server  Client
similarity Participation assumption Device update oracle
FedProx [42] X 4 v 4 - PPM
SABER [28] 4 X v X PAGE PPM
MIME [13] v X X 4 MVR SGD
CE-LSGD [32] v 4 X v MVR  SARAH
SPAM v 4 v 4 MVR PPM

age its efficiency in stochastic optimization while employing Stochastic Proximal Point Method
(SPPM) updates on the clients’ side. We analyze four versions of the proposed algorithm:

* SPAM - using exact PPM with constant parameters,

* SPAM - employing exact PPM with varying parameters,

* SPAM-inexact - employing inexact PPM with varying parameters,

* SPAM-PP - using inexact PPM with varying parameters and partial participation.

We then carry out a complete theoretical analysis of the proposed methods, showcasing their
advantages compared to relevant competitors and addressing the limitations present in those works.
The analysis includes the stationarity guarantees for all variants of SPAM. Specifically, we demon-
strate the convergence of the average expected gradient norm to a neighborhood of O for all variants.

We also conduct a communication complexity analysis based on our convergence results. Specif-
ically, we match the lower bounds, established in [32], for the number of iterations required to reach
precision error € for SPAM-PP. In addition, following the varying stepsize scheme introduced in
the original MVR paper, we design a stepsize schedule that removes the neighborhood from the sta-
tionarity bounds. Leveraging this scheme, our algorithm achieves the optimal convergence rate of
O(1/K'/?), where K denotes the number of iterations.

Our algorithms, in particular, SPAM-PP shine in the cross-device setting when compared to its
competitors. First, in contrast to non-SPPM-based algorithms, such as MIME and CE-LSGD, we
allow greater flexibility for the local solvers. Thus, unlike MIME and CE-LSGD, we do not require
neither convexity nor smoothness of the local objectives. In fact, our algorithm is compatible with
any local solver, as soon as it satisfies certain conditions outlined in Definition 1. Furthermore,
when compared to SABER, our partial participation setting does not require (weak) convexity of the
objective. We present a visual comparison of the relevant methods in Table 1.

Another important aspect of our algorithms is that they do not need local states/control variates
to be stored on each client, as opposed to many standard federated learning techniques [1, 12, 27].
This is crucial for cross-device learning as each client may participate in training a single time.

Finally, we validate our theoretical findings through meticulously designed experiments. Specif-
ically, we tackle a federated ridge regression problem, where we can control the second-order het-
erogeneity parameter J, as well as the computation of the local proximal operator.
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2. Notation and assumptions

We use V f for the gradient, ||-|| for the Euclidean norm, E ] for the expectation. Unif(.S) denotes
uniform distribution over the discrete set S. The proximal point operator of a real-valued function
g : RY — R is defined as the solution of the following optimization

1
pros, (o) = arguin {g(0) + 5o = ol | @

We refer the reader to [4] for the properties of the proximal point operator. There exists a lower
bound for function f and it is denote as fi,; > —oc.

We use index ¢ for a non-random client, while £ is used for a randomly selected client. One
of the main assumption of our analysis, is that we have access to stochastic samples £ ~ D and in
particular we can evaluate the gradient V f¢ at any point x € R<.

Assumption 1 (Bounded variance). We assume there exists o > 0 such that for any = € R?
B[IVfe() - V@] <o 3

We say that the function f is L-smooth, if its gradient is Lipschitz continuous Vz,y € R%:

IVi(y) = V(@) < Liz -y 4)

In many machine learning scenarios, the non-convex objective functions do not satisfy (4). More-
over, several prior works [7, 43] showed that such smoothness condition does not capture the prop-
erties of popular models like LSTM, Recurrent Neural Networks, and Transformers.

Our second assumption is the second order heterogeneity. Further in the analysis, this assump-
tion will take the role of smoothness.

Assumption 2 (Hessian similarity). Assume there exists § > 0 such that for any € and z,y € R?

IVfe(z) = Vf(x) = Viely) + VW)l < dllz —yll. )

When all functions f, are twice-differentiable condition (5) can also be formulated as

|V fe(z) = V2 f(z)| <6, (6)

motivating the name second-order heterogeneity used interchangeably with Hessian similarity [14].

This assumption [22, 35] holds for a large class of machine learning problems where the input
data are similar but the labels vary. Typical examples include regression tasks logistic loss functions
[40], statistical learning for quadratics [35], generalized linear models [9], and semi-supervised
learning [6]. Specifically, the parameter J remains small, even if different clients have similar input
distributions but widely varying outputs for the same input. See more details on the assumption
in [14, Section 9]. Furthermore, a similar assumption was used to improve convergence results in
centralized [38] and communication-constrained distributed settings [37].

We focus on non-convex optimization problem (1), where it is typically desired to find an e-

approximate stationary point 2 € R? such that E [HV f(x) ||2} <e.
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3. SPAM

In this section, we describe our main algorithm in its simpler form, that is SPAM with one sampled
client and exact proximal point computations. We then provide theoretical convergence guarantees
and a complexity analysis of the proposed methods.

The algorithm proceeds as follows. We first choose a stepsize sequence 7y, and a momentum
sequence pi. The server samples a client. Selected client then computes the new gradient estimator
gi. and assigns the new iterate as the proximal point operator with a shifted gradient term:

Trt1 = Proxy, p @k + (Ve (xx) — gr)) = arg min o(y),

where ¢y, is defined as

o(y) == fr(y) + (g — Vifr(zr),y — z) + 2’1kay — i ? (7

The new iterate is then sent to the server and the process repeats itself. For the pseudocode of the
algorithm, please refer to Algorithm 1. The following proposition is the cornerstone of our analysis.

Algorithm 1 SPAM, SPAM-inexact
1: Input: Starting point 29 = z_; € RY, initialize gg = g_1,
choose v > 0 and p; > 0;
2: fork=0,1,2,...do
3:  samples &, ~ D;
4 sets g = Ve (zr) + (1= pi) (gr—1 — Vg (Te-1)):
5: sets Tg41 € {prokafsk (xk t ’Yk(vfg’“ (xk) N gk)) ; > SPAM

a-prox, (Tg, gk, Vs &k) > SPAM-inexact
6:  sends zpy to the server.
7: end for

It provides a recurrent bound for a certain sequence Vj, which serves as a Lyapunov function:

_ g W 2
Vi = f(zk) = fint + 62 7p%)||gk V()" ®)

Proposition 1. Let xy, be the iterates of SPAM for an objective function f, which satisfies Assump-

1 Pk
1652 m}, then for every k > 1

tions 1 and 2. If ’y,z < min {
Yk 2 2
EVin] < E[Vil - 30B |1V @] + 29pio”,

where Vi, is defined in (8).

The proof can be found in Appendix G.1. This proposition then leads to a convergence result
for SPAM with fixed stepsizes.
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Theorem 2 (SPAM with constant parameters). Suppose Assumptions 1, 2 are satisfied. Then,

1 & ) 32(f(x0) — finr) | 32|90 — V.f (x0)|> )
K;E[\Vf(:ck)ﬂ] < R e Ty )

where v? < min {ﬁ, m}.
The proof of the theorem can be found in Appendix G.2.

Corollary 3. The result can also be written as

32(f(x0) — fint) | 32llg0 — Vf(z0)|
7K (2p —p?)K

E[IVf@r)l?] < + 64po?,

where T 1 is taken uniformly randomly from the iterates of the algorithm {x1,x2, ..., Tx 1}

Our primary focus is on communication complexity, which is typically the main bottleneck in
cross-device federated settings [11]. Below, we present the communication complexity of SPAM
with fixed parameters.

F
26202K
pr = p = max(y262,1/K). Then, the communication complexity of SPAM, to obtain ¢ error is of
order O (7”?"2 + %) where F := f(x0) — fint-

. : 1/3
Corollary 4. Choose constant stepsize v, = ¥ = min (%, ( ) / ) and momentum parameter

The proof is deferred to Appendix H.1. Our result indicates that higher similarity (smaller §)
leads to fewer communication rounds required to solve the problem. Obtained complexity remark-

ably improves upon the lower bound O (%J”Q 4 Lok ) for 0 < L [3].

23/2
Suppose now that we can initialize g0 = V f(z¢). Then, the second term in the conver-
gence upper bound (9) vanishes. Repeating the exact steps as in the proof of Corollary 4, we

. 2/3 . o .
obtain the convergence rate: O (%F + (‘SUTF) / ) which leads to a communication complexity of

@ (%F + gg—/“;) Thus, our result shows that in the homogeneous case (i.e., § = 0), communication
is not needed at all, as each client can solve the problem locally.

Remark 1. Lower bounds for two-point first-order oracle federated learning algorithms with local
steps were investigated in [32]. However, these bounds are specifically designed for local SGD-
type methods, such as MIME. In addition, results by [32] require smoothness. As our methods are
agnostic to the choice of local solvers, the applicability of these bounds to our setting remains
limited.

It is important to highlight that the stepsize v in SPAM differs from the stepsize used in local
methods such as MIME and CE-LSGD. In these methods, the stepsize is intended for running the
algorithms locally on a selected client. However, SPAM only requires an oracle for proximal points,
allowing the oracle to use any optimization method suitable for the problem at hand. Additionally,
the stepsize for local SGD-based methods depends on the smoothness parameter, which is not re-
quired in our theorem. Thus, our approach allows much more flexibility for choosing local solvers
that are adaptive to the curvature of the loss [23, 29]. For a detailed comparison of the methods, see
Table 1.
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Appendix A. Prior work

Momentum. Momentum Variance Reduction (MVR) was introduced in the context of server-only
stochastic non-convex optimization [8]. The primary motivation behind this method, also known
as STORM, was to avoid computing full gradients (which is impractical in the stochastic setting)
or requiring "giant batch sizes" of order O(1/2). Such large batch sizes are necessary for other
methods like PAGE [20] to find an e-stationary point.

The authors assume bounded variance for stochastic gradients V f¢ and analyze the method
under additional restrictive conditions. However, these conditions can be replaced with the second-
order heterogeneity (Assumption 2). The convergence result of MVR for non-convex objectives
includes the stochastic gradient noise term ¢ in the upper bound. To eliminate the dependence on
this parameter, they propose an adaptive stepsize schedule, under the additional assumption that f
is Lipschitz continuous.

MIME. MIME is a flexible framework that makes existing optimization algorithms applicable in
the distributed setting [13]. They describe a general scheme that combines local SGD updates with
a generic optimization algorithm. The authors then study particular instances of framework, such
as MIME + ADAM [16] and MIME + MVR [8].

However, their analysis with local steps is limited from the non-convex cross-device learning
perspective. First, they assume smoothness also in the case of one sampled client. Moreover, MIME
suffers from a common issue of local methods. In Theorem 4 of [13], the stepsize is taken to be
of order O(1/Lm), where L is the smoothness parameter of the client loss and m is the number
of local steps. This means that the stepsize is so small that multiple steps become equivalent to
a single, smoother stochastic gradient descent step, negating the potential benefits of local SGD.
Finally, their analysis requires an additional weak convexity assumption for the objective in the
partial participation setting.

CE-LSGD. The Communication Efficient Local Stochastic Gradient Descent (CE-LSGD) was
introduced by [32]. They propose and analyze two algorithms, with the second one tailored for
the cross-device setting (1). This algorithm comprises two components: the MVR update on the
server and SARAH local steps on the selected client. The latter, known as the Stochastic Recursive
Gradient Algorithm, is a variance-reduced version of SGD that periodically requires the gradient of
the objective function [30].

The analysis of [32] explicitly describes how to choose the number of local updates and the local
stepsize. They also provide lower bounds for two-point first-order oracle-based federated learning
algorithms. The drawback of their setting is that in order to have meaningful local updates, they
need smoothness of each client function f¢. In addition, similar to MIME, it has a dependence of the
stepsize on the number of local steps, which undermines the benefits of doing many steps.

SABER. The SABER algorithm combines SPPM updates on the clients with PAGE updates on the
server [28]. Their paper utilizes Hessian similarity (Assumption 2) and leverages it for the finite-
sum optimization objective. However, their analysis for the partial participation setting relies on an
assumption that is difficult to verify in the general non-convex regime. In fact, if the function is not
weakly convex, as in the case of MIME, this assumption may not hold true. Specifically, it requires
that f (% Z?Zl wi> < % Zle f(w;), where w; are arbitrary vectors in R? obtained using proximal
point operators.

12
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Appendix B. SPAM with time varying parameters

In (9) we notice that the last term, which is due to the stochastic nature of our problem, does not
vanish when K is large. In order to remove the stationarity neighborhood, let us now consider
varying stepsizes for SPAM, with decaying momentum parameters py.

Theorem 5 (SPAM). Consider SPAM for an objective function f that satisfies Assumptions 1 and

. . . 2 1 . 96622
2. Let vy, be a sequence of varying stepsizes satisfying vy, < 15z and choose pj, = Wy}%il. Then,
K K
32V 2 96623
E{ Vf(x } < — + — T 10
kZ HEIVI@IIE] < 5 p g 4 1 (10)

where ' = Z§=1 Vi-
The proof of Theorem 5 can be found in Appendix G.3.

Remark 2. Similar to Theorem 2, we can represent the left-hand side of (10) with a single expec-
tation: E {HVf(:i’K)Hﬂ, where T = x;, fori = 1,..., K with probability ; /T k.

To ensure that the right-hand side converges to zero as K — oo, we need yx — O and 'y —
4o00. This suggests using a stepsize schedule of order v, = O(k~1), implying T = O(K?)
for some 3 € (0,1). Consequently, the right-hand side of (10) is of order O(K—# + K?2/~2). By
optimizing over 3, we deduce that v, = O(k~"?) results in a stationarity bound of order O (K /%),
1 96627
46kY/3 965272 +1
stationarity for SPAM we need K = 0(53/ 2) iterations under assumptions 1 and 2.

Corollary 6 (Optimal stepsize schedule). If v, = and p, = then to obtain e-

This coincides with the existing lower bounds by [3], meaning that our result is tight up to
constants.

Appendix C. Inexact proximal operator

In the previous theorems, we assume that each sampled client &, can do an exact computation of
the proximal operator to obtain the new iterate z 1. The latter means, that this client can exactly
solve a (potentially) non-convex minimization problem, which might be hard in practice. However,
in the proofs of these theorems, we do not use that the new iterate z; is the exact solution of
the proximal operator (see Appendix J.1). Instead, we use two properties of the proximal point
operator:

* decrease in function value: ¢y (xg+1) < or(zr);
* stationarity: Vo (zxy1) = 0.

Thus, we can replace the step of finding an exact proximal point in Algorithm 1 with finding a point
that satisfies the above two conditions. Furthermore, we will relax the latter condition by taking an
approximate stationary point. These arguments are summarized in the below assumption.

13
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Definition 1 (a-prox). For a given client k, a gradient estimator gy, a current state xy, a stepsize Y
and a precision level €, the approximate proximal point a-prox, (T, gk, Vi, k) is the set of vectors
Yap, Which satisfy

e decrease in function value: E [¢x(yap)] < ¢i(xF);
* approximate stationarity: E [Hng)k (yap)|I?] < €,

where ¢y, is defined in (7). We then replace the exact proximal step in line 6 of Algorithm 1
with the approximate operator.

Theorem 7 (SPAM-inexact). Consider SPAM-inexact for an objective function f that satisfies As-

sumptions 1 and 2. Let vy}, be a sequence of varying stepsizes satisfying 7> < 16% and choose

9662713
Pr = W Thel’l,

K
1 40V 2
2 WB[IV )| < T2+ —§ o’ + 5 an
k=

where ' = Zle Vi

The proof is postponed to Appendix G.4. We observe that the level of inexactness 2 appears
explicitly in the theorem. In case, when € = 0, we recover the result in Theorem 5 up to a constants.
SPAM-inexact allows to avoid solving the local minimization problem required for finding the in-
exact proximal point operator. This is a significant improvement over SPAM, as the latter requires
minimizing (potentially) non-convex objectives at each iteration.

Appendix D. Partial participation

In this section, we present the most general form of our algorithm, which works with the approxi-
mate proximal operator and samples multiple clients (cohort) at each round. Specifically, it uses the
random cohort S, to construct a better gradient estimator g;. This gradient estimator is then broad-
casted to a single random client £, ~ D, who computes the approximate proximal point locally.
The pseudocode can be found in Algorithm 2.

Theorem 8 (SPAM-PP). Suppose Assumptions 1 and 2 are satisfied. If &, ~ Unif(Sy) at every
. . . . 1 96622 .
iteration, then the iterates of SPAM-PP with v, < 5 and py, = m satisfy

K-

H

2

K-1
1 40 240 o
T 2o [HVf (@) } < — W-EVk)+5= D mw + 7.5
Ik Ik 'k B
k=0 k=0
The proof of the theorem is postponed to Appendix G.5. When the client cohort size B in-
creases, the neighborhood shrinks. This is intuitive as when B — oo, we can have access to the

exact objective f, and the neighborhood will vanish.

Corollary 9. For properly chosen constant ~y;, = v and momentum parameter py, = p communica-
tion complexity of SPAM-PP, to obtain € error is of order

0 oF + 02 ocF
\F€3/2

14
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Algorithm 2 SPAM-PP

1: Input: learning rate v > 0, cohort size B, starting point 2y € RY;
proximal precision level ¢; initialize gy = g—1;
2: fork=0,1,2,...do
samples a subset of clients Sy, with size |Sk| = B;
broadcasts xy, to the clients from Sj.
for i € S, in parallel do

3
4
5
6: Set g, = Vfi(wk) + (1 — pi) (gs—1 — V filzg—-1));
7
8
9

Send gj, to the server;
end for
_ 1 i .
L9k = B Doies, Ik
10: fk'H ~ D;
11 Tg+1 € a-Prox, ($kvgk77k7§k+l);
12: end for

% + %25 4+ _LoF
when § < L [3]. We also observe that the complexity is an increasing function of 6. Thus, our
bound improves when data on different clients is similar. Moreover, increasing cohort size B brings
acceleration but to a certain level. The proof of the corollary can be found in Appendix H.2.

In Appendix I, we present another version of SPAM-PP, called SPAM-PPA, which uses the
sampled cohort of clients to compute local proximal points. These points are then communicated to
the server, and the new iterate is their average. Hence, the name SPAM-PP with Averaging.

This result significantly improves upon the lower bound for L-smooth case O (

Appendix E. Experiments

To empirically validate our theoretical framework and its implications, we focus on a carefully
controlled experimental setting similar to [14, 21]. Specifically, we consider a distributed ridge re-
gression problem formulated in (25), which allows us to calculate and control the Hessian similarity
d. An essential advantage of this optimization problem is that the proximal operator has an explicit
(closed-form) representation and can be computed precisely (up to machine accuracy). This allows
us to isolate the effect of varying parameters on the method’s performance. Appendix K provides
more details on the setup.

In Figure 1, we display convergence of Algorithm 1 with constant parameters p and . The
legend is shared, and labels refer to proximal operator computations: “exact” means using closed-
form solution, “1” and “10” correspond to the number of local gradient descent steps. We evaluate
the logarithm of a relative gradient norm log(||V f(xx)||/||V f(x0)||) in the vertical axis. At every
iteration, one client is sampled uniformly at random.

Observations. All the plots indicate convergence of the method to the neighborhood of the sta-
tionary point, followed by subsequent oscillations around the error floor. The first (left) plot shows
that for small momentum p = 0.1 and ~ exceeding the theoretical bound 1/4, the algorithm can be
very unstable with exact proximal point computations. Interestingly, approximate computation (1
or 10 local steps) results in more robust convergence. The second (middle) plot demonstrates that a
greater p = 0.9 results in steady convergence even for misspecified (too large) . In addition, one
can observe that in this case, more accurate proximal point evaluation results in significantly faster

15
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convergence but to a larger neighborhood than for one local step. This agrees well with observa-
tions for local gradient descent methods [15]. The last (right) figure shows that a properly chosen,
smaller v = 0.5/6 slows down convergence (twice as many communication rounds are shown).
However, the method reaches a significantly lower error floor (as the vertical axis is shared across
plots), which does not depend much on the accuracy of proximal point operator calculation. More-
over, 10 local steps are enough for basically the same fast convergence as with exact proximal point
computation.

We would like to specifically note that momentum-based variance reduction has already shown
empirical success [10, 13] in practical federated learning scenarios. That is why our experiments
focus on simpler but insightful setting to carefully study the properties of the proposed algorithm.

p=0.1,v=20.0/0 p=10.9,7=20.0/0 p=209,7v=05/§
0
10 L @+ exact |
" X o

g 1071 ) #- 10 1 ]
<} - ] 3
- : i u
qi 1072 \ \o,. 28 "'-‘. “'.
¥ BRI PR . ‘
O o "wg‘«,‘..v i mﬁg;&&»r?ﬂgw;@w'yﬁw .El

e "ﬁ g W, k‘W‘W

0 100 200 300 400 0 100 200 300 400 0 250 500 750 1000
Communication round, k& Communication round, k& Communication round, k&

Figure 1: Convergence of SPAM-inexact on a ridge regression problem with different p and ~.

Appendix F. Conclusion

We introduced SPAM, an algorithm tailored for cross-device federated learning, which combines
momentum variance reduction with the stochastic proximal point method. Operating under condi-
tions of second-order heterogeneity and bounded variance, SPAM does not necessitate smoothness
of the objective function. In its most general form, SPAM achieves optimal communication com-
plexity. Furthermore, it does not prescribe a specific local method for analysis, providing practition-
ers with flexibility and responsibility in selecting suitable local solver.

Limitations and future work. The paper is of a theoretical nature and focuses on improving
the understanding of stochastic non-convex optimization under hessian similarity in the context
of cross-device federated learning. We believe that separate experiments should be conducted to
evaluate the experimental performance in a setting close to real life.

In standard optimization, the stepsize usually depends on the smoothness parameter. Adaptive
methods allow to iteratively adjust the stepsize without additional information. In our case, the
smoothness parameter is replaced by the second-order heterogeneity parameter §, on which the
stepsize and momentum sequences of SPAM depend. Removing this dependence using adaptive
techniques under general assumptions remains an open problem even for the server-only MVR,
which serves as the basis for our algorithm.

16
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Finally, federated learning comprises other aspects that we have not discussed above. These in-
clude privacy, security, personalization, etc., while our focus is on optimization and communication
complexity. We leave the study of their interplay as future work.

Appendix G. Proofs

G.1. Proof of Proposition 1

Recall that 3
Vi
Vi = f(zx) = finr + 272“91@ — V()]
Pk — Py,

We bound each term separately. We formulate three technical lemmas, which are proved in Ap-
pendix J. We start with bounding the first term, that is the function values.

Lemma 10. Under the conditions of Proposition 1, the following recurrent inequality takes place

1
Fars1) — fint < f(xr) = fint — mnxkﬂ — 2 ))® + 27|V £ (k) — gk l? (12)

Then, we bound the second term of V.

Lemma 11. Under the conditions of Proposition 1, the following recurrent inequality takes place

E||lgk+1 — Vf($k+1)||2‘ fk} < (1—pr)*llge — VF(axp) | +2(1—pp)20% | w1 — zr||* +2pi02.
(13)

We observe that in both upper bounds, there is the term ||zj,1 — 2|*. The following lemma,
provides a lower bound for this expression.

Lemma 12. Under the conditions of Proposition 1, the following recurrent inequality is true

2 N 2 2
B lloes —al?] = FE[IV @) P] = 72E [lge = V@] (14)

We now combine the results of the lemmas to bound Vi 1:

(12)+(13)
E [Vig1] < a(l —pr)?llgr — VF(@r)|* +2a6%(1 — pp)?|loesr — k] + 2apio?

AB (£ (1) = for] = 7B [lonss = aul”] + 204E [I97(wn) - ]

1
= E[Vi] + (20452(1 —pr)? — 4%> E |:ka+1 — kaQ} + 2apio?

+(29 — a(2pk — P}))E [HVf(xk) - ngg] :

The last inequality is true for every positive value of a. Let us now choose o = 2pi7—kp2 . Then,
k
1 6783 (1—pp)? 1 1
208 (1 —p)? — —— = Sz 1 1
4y 2py — pi; 4 8k

17
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where the latter is due to 40y, < +/Pr/6(1-py). Therefore, we deduce

1
E Vi) < E[Vk]—QE{kaH—kaQ}—VkE[HVf(ﬂCk)—ngQ]+204Pi‘72

< Bl - 2 19 )] + 2 (190 - 0l

—E Nvf(xk) — gk } + m#
< B - 2B[IVF@ri)?] + 6mppo®

This concludes the proof of the proposition.

G.2. Proof of Theorem 2

Let us apply Proposition 1 for the fixed stepsize 7y, = v and a fixed momentum coefficient p;, = p.

EVin] < E[Vil = B[IVF @)l +6ypo’

Summing up these inequalities for k = 0, ..., K — 1 leads to

1 & ) 32
KZ_:E[IIVf(:vk)H < o (o= BIVic)) + 192p0°

2

- 32(f(x0) — fint) N 30/lg0 — V£ (x0)|” + 192po?.

K (2p —p?)K

where 7?2 < min { 4p ) } This concludes the proof of the theorem.

1
1662 352(1—p

G.3. Proof of Theorem 5

From Proposition 1 we have

kg [||Vf($k+1)||2} < E[Vi] = E [Viga] + 6pro’.

Let us now sum up these inequalities for k = 0,1,..., K — 1. We have telescoping sum on the
right-hand side. Then, dividing both sides on I'x = Zfi 1 %i» we deduce the following bound:

K

K
1 32V 2 156243
— > uE[Iv | < 2N 0Tk 2
Tk ;; B IVl < 7= Tk 215052+ 47

This concludes the proof.

G.4. Proof of Theorem 7

We start by repeating the steps of the proof for Proposition 1. Notice that, in the statement of the
proposition, we assume that the iterate is exactly equal to the proximal point operator. However, as

18
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stated in Appendix C, in the proofs of lemmas 10 and 11 we only use the property that ¢y (zx+1) <
ok (zr) (see (21)). Thus, both (12) and (13) are true for SPAM-inexact. Therefore,

BVinl < B —gF [loe — o] - @ a2 = iD)E [I94(@0) - o]

+2apio?.

Below, reformulate the adaptation of Lemma 12 for the inexact case to lower bound the second term
on the right-hand side.

Lemma 13. Under the conditions of Proposition 1, we have the following bound

2
B|less — oulP| > FE[IVF @) =228 [lge = VF@OIP| —afe. a5)

The proof can be found in Appendix J.4. Thus,

= g [ 2] . 15Dk o k€
E[V, < EVi] — 2B |||Vf(z + 0%+
[Vi+1] Vil = 3o B [IVF @k 82— pr) S
Tk 2 2 2
B [IVF @) = g6l?] = @ — oo — pD)E IV £ax) — g0l
_ - 62
< BVl = 25E [V @en)|?] + 2npeo® + T
Repeating this step for k = 0,..., K — 1, we deduce
K- K-1
40V, 2 1502} 2 €
v | TR Y ot S
Z [H SV I S 22 150297 + 47 T3

k=0

G.5. Proof of Theorem 8
The proof follows the logic of Proposition 1. Recall that

3k 2
Vi = F(@n) = fiok + 5 llgi — V()|
k= f(@k) = fint 2pk—piugk [

Recall that Lemma 10 is true for any gradient estimator g,. Thus, (12) is valid for SPAM-PP as
well. Next, we estimate the second term of the Lyapunov function. Recall that

k1 = ;k Y AV ilaria) + (1= pr) (9 = Vila))}

1E€SK

= ka(xk—&-l) + (1 —px) <9k - ka(l’k)) )

where fi.(z) = Sik >ics, Vfi(x). Notice also that E [fk(x)} = f(x), for every fixed € R
Furthermore, comb~ining the convexity of the Euclidean norm and Hessian similarity (5) we deduce
that the estimator f}, satisfies the Hessian similarity condition

|9iia) = V@)~ Vi) + V1) < 5 3 IV5ila) ~ Vi)~ Vi) + V1)

1€Sk

< eyl
=3B Yil-
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Finally, Jensen’s inequality implies that fk satisfies the bounded variance condition as well:

E [HVﬁ(:c) - Vf(a:)‘ } < o%/B.

Repeating the analysis exactly as in the proof of Lemma 11, we obtain

B{lges = VA@reDl?] < (1= pe)%E [lor — V()]

52 2p2 o
+2(1 = pi)? £ F [kaﬂ _ xk\ﬂ + 2 ae)

Let us now bound the Lyapunov function using (12) and (16):

BVinl < Bl ~ fil + 208 [V (@) = 0l’] = 7B [lonss = o]
2ap202

52
+a(l = p)?B |lge = V(@) ?] +20(1 = pi)? 5B [aner — el + =%

52 9 1 01 | 2apio?
= E[Vi] + <2QBQ(1 — i) — 4%) E [Hﬂﬂkﬂ — x| } + B

(27— a(2p = PR)E [V f () — gil]

The latter is true for every positive «. Let us now plug in the value of @ = 2;2%172. Then, using
g k
2
v < % we obtain

52 1 656> 5 1 1
2oz (1—pp)? = —— < o (1= )2 = — < ——. (17)
“pal ’ 4y, — B?(2p —pi)( )

Hence, we have the following bound

1 2 2], 6pro’
< _ — _ _
ElVia] < BV = B [law -l - B 1960 - ael] + 5570
2 W (R [V A7) 2 [l - Vo @ol] — e
= k &7 \ 5 k+1 Vi 9k k Yk
6 o?
—E [V f(zi) — gl + L
7 6prYL0> €2
< [Vk]—f [HVf(mkH)HQ]—ﬁ {HVf(xk ngQ]—i— k;k +W2
e
< B~ B (197 )?] + T
Thus, we have
K— -1
40 240 %
IV f(@rs1)l < —(W-E = Pk +75€2.
T (TNl R Sy

This concludes the proof of the theorem.
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Appendix H. Complexity analysis of the methods

We use < to ignore numerical constants in the subsequent analysis.

H.1. Proof of Corollary 4

We have stepsize condition v < min{1/4,/p/(0(1 — p))}, which implies that v < /p/d or
p = (70)2. Denote F := f(x0) — fint, then convergence rate of SPAM can be expressed as

1 & 9 F(@0) = fint . llgo — V.f (o)l 2
=% LE[IVwr] s SR M e e

< F , lgo— Vo)
T oK pK

where in the last inequality we used condition for the stepsize and the fact that p(2 — p) > p.
Next, by using an argument similar to that in [13], we suppose (without loss of generality) that the
method is run for K iterations. For the first K/2 iterations, we simply sample V f¢ at xg to set

= K/2 ZK/2 V fe;(x0). Then, according to (3), we have E |||go — Vf(zo)|?| <
choosep = max(y26%,1/K)

< K/2 Now,

F 2
Rx < — +

F o? o?
kTR +po® S — + — +780 + —

VK K K’

. 1/3 .
Next set v = min <%, (ﬁ) / ) and the rate results in

F F (25%2K\"? F o\ 2
e ) ) e

A

K K F 20202 K K
§F + o2 N SoF\ /3
~Y K K )

which leads to communication complexity of O <5F j"Q + gg%) This concludes the proof.

H.2. Proof of Corollary 9

In this part we perform analyze communication complexity similarly to Section H.2. The focus is
on constant stepsize case v, = v < min{1/0,/pB/d} and exact proximal computation € = 0.
Denote F' := f(xo) — finf, then convergence rate of SPAM-PP can be expressed as

K
1 2 F | llgo— Vi)l , po®
= — E < —_—.
Kkzzl [”Vf(x’“)u } ~ kT DK B

By using the same reasoning as in H.1 set

K/2 S;

9o = BK/2 > Ve (o)

7j=11i=1

21



SPAM: STOCHASTIC PROXIMAL POINT METHOD WITH MOMENTUM VARIANCE REDUCTION

to make sure E |||go — Vf(x0)||2] < 0?%/(BK/2). Then

F o? po?
Rk < — L
KSOk B2 T B

Now choose p = max (262, 1/K) which leads to

F o2 726252 o2
R < — :
K3k TBK T B T BK

. 1/3 .
Next set v = min (%, (2 557}; K) / ) and the rate results in

SF F<26202K)1/3 o2 +( BF )2/35202 o2

R 4
K 5 ¥ %\ BF *5r T\ %k B T BK
oF o2 ocF 2/3
S =+==+ :
K ' BK ' \VBK

which leads to communication complexity

o(F o oF
g Be \/§53/2 '

Appendix I. Partial participation with averaging

Algorithm 3 SPAM-PPA

1: Input: learning rate v > 0, starting point g € R%;
proximal precision level ¢; initialize gy = g—1;

2: fork=0,1,2,...do

3:  Sample a subset of clients Sy, with size |S;| = B;

4 Selected clients do local SPAM updates;

5. fori e Sy do

6: Set g, = Vfi(wk) + (1 — pi) (gs—1 — V filzg—-1));

7: Broadcast gj, to the server;

8:  end for

9 gr=F D ies, Ik

10: fori e S; do

11: Set x};H = a-prox, (T, gk, Yk, 1);

12: Broadcast x;, 4 to the server;

13:  end for

14:  The server aggregates the local iterates: zp 1 = % Y ic Si x}C S

15: end for
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Theorem 14 (SPAM-PPA). Suppose Assumptions 1, 2 are satisfied and the objective function f is
L-smooth. If & ~ Unif(Sk) at every iteration, then the iterates of SPAM-PPA with ~;, <

9662~2 .
and p,, = W satisfy

(5+L)

1= N 40 240\~ o2
= B Il < Vo — B[Vk]) + — Z 75
re L[|Vl < 000+ 52 S men 7

The result of the theorem is similar to the one in Theorem 8. In fact, following the proof scheme
of Corollary 9, one can derive the complexity analysis for SPAM-PPA. However, unlike previous
results, we require the objective function f to be smooth.

I.1. Proof of Theorem 14

The proof follows the logic of Proposition 1. Recall that

3
Vie = f(x) = fint + 52 llgn = V@)l
Pk — Py,

We start with proving a descent lemma. Recall that £ ~ Unif(Sy), for the fixed Sk.

Lemma 15. For an L-smooth objective f satisfying assumptions 1,2 and parameters *y,% < min { T6( L1+ 57 15 5245’“_ or) }
the iterates of the SPAM-PPA algorithm satisfy

Bl (o) = futl < BIF0) — furl + 208 [I95(00) - 0ul”] - 18 [ — ]
(18)

The proof of the lemma is deferred to Appendix J.5. Next, we estimate the second term of the
Lyapunov function. Recall that

i = 5 3 {VHilons) + (1= ) (91— Vi)

1E€SK

= ka($k+1) + (1 —px) <9k - vfk(ﬂfk)) )

where fi(z) := Sk > ies, Vfi(x). Notice that E [fk(ac)} = f(x), for every fixed x € R?. Further-
more, combining the convexity of the Euclidean norm and Hessian similarity (5) we deduce that the
estimator fy, satisfies the Hessian similarity condition

|9iia) = V@) = Vi) + V1) < 5 X IV5ila) — Vi)~ Vi) + V1)

1€Sk

< 2a—yl

—llz—yl.

=5 Y

Furthermore, Jensen’s inequality implies that f satisfies the bounded variance condition as well:
E [vak(x) - Vf(m)m < o?/B.

23



SPAM: STOCHASTIC PROXIMAL POINT METHOD WITH MOMENTUM VARIANCE REDUCTION

Repeating the analysis exactly as in the proof of Lemma 11, we obtain

E{lgess = VF@e)l’] < (0= po)%E [lox = V()]
2

1 2020
+2(1 = pr)? 5B [lans — ael*] + o

Assume now that & ~ Unif(S), for a fixed Si. The latter means xp, 1 = E [:UkH’ Qk} and
subsequently, Jensen’s inequality yields

E[lgkin = V@rin)I?] <01 - pi)E ||gk—Vf 7))
a0 B [ st ] -] + 222
1fpk2E[||grw )]
+201 pk>2 2E [ka+1 . H 2;%;2
=(1 - )’ [ngk—Vf( O]
a0 s o] + 2

2
Now, we need to bound E {kaﬂ Tp H } from below.

Lemma 16. Under assumptions 1 and 2, we have the following lower bound for the iterates of
SPAM-PPA algorithm

/')/ 2
B [Hxi’h = ] LE U\Vf 2)| ] — 2B [lge = V@Ol = (19)
The proof of the lemma can be found in Appendix J.6. Let us now bound the Lyapunov function

using (18) and (19):

2
BViet] < Bf(mw) — fudd + 294E [V 0 - gku}—E[me o]

2 2ap2o?
+a(l = pi)’E [llge Vf<xk>||2] +20(1-p [Hmi';l = } T 2

B
= E[W]+ <2a§2(1 — — ) mxkﬂ ka N 2apio’

B
+(27k — a(2pk — p}))E va(l'k) — 9k || } -

The latter is true for every positive a.. Let us now plug in the value of o = 2pi7_’“p2. Then, using
k
v < %, we obtain
5 52 % 2 1 67102 ( 2 1 _ 1 20)
ams(L=pr)” = 7 < g5y (L=p)” = — < ——.
B2 Ay = B*(2pr — 1) dye = 8y
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Hence, we have the following bound

1 ¢ 2 5], 6pryko®
< B ko _ — —_

E[Visi] < E[W] 8%E [kaH ka } WwE “’Vf(xk) 9kl ] - B@ - pr)
(19) 1

< wa)- & (e ]|vrat|] - flse - vraol] -o2)

6pi VR0
—WE [HW(xk) —al?| + 225

B
2 7 6pKYR0> €
< BWil- 20| [vraf| ] - T (19760 - al] + DT 4 2
2] 6
< E[W]- 2% [HW o8 H ] + pk;kU +w§ |
Thus, we have
OK 1 2
1 Z%E [Hw 28 H ] r (o= BIVi)) + P— meB +7.5¢2.

=0

This concludes the proof of the theorem.

Appendix J. Proofs of the technical lemmas
J.1. Proof of Lemma 10

By the main theorem of Calculus, we have

1
flxpyr) = flze) = /O <Vf(96k + T(Tpy1 — Tk))s Thp1 — 90k> dr,
=x(T)

1
fe(@ps1) — fe (xp) = /o <Vf£k($k + 7(Tpg1 — k), T — xk> dr
=x(1)

Therefore the difference in function value can be bounded as follows:
f@prr) = flz) = fe,(xrp1) — fe, (zk)
+ /01 (Vf(2(r)) = Vg (x(7)), xryr — xp) dr
= Jfe.@r41) — feo (xr) + {9k — Ve (Tk), o1 — k)

1
+ /0 (VH@(r)) — Ve, (2(7)) — g + Ve (w0)s 2o — i) dr

IN

1
o |21 — k]2 + (VF(@r) — gh Thor — 1)
Yk

1
" /0 (VF () — V fe (2(r)) — V (k) + V feu (28), 2ar — i)
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The last inequality is due to
1
feo (Trg1) + (g — Ve, (wx), g1 — 1) + mﬂwkﬂ —zg))? < fe, (1), (21)

which is a direct consequence of 7511 = arg min {fék () + {9k — Ve, (x1), 2 — ) + ﬁ |z — :rk||2}
xX
Let us now apply Cauchy-Schwartz inequality to bound both scalar products:

1 1
f@rn) = flae) < —s—llwerr — zl® + 2%V (@) — gkl + =—l|lzwrs — 2]
2, 8k

1
+/0 IVF(x(7)) = Ve (x(1)) = Vf(xr) + Ve (@) |2k — zxlldr
1

oMl — 2l
Vi

1
< —27||1Uk+1 — opl|” + 27|V f (k) — gr]|* +
Vi
1
+8 [ lalr) = anlllanss - ol dr
0
1 2 2, 1 2
= ——|zrr — 2"+ 2%V f(2r) — gkllT + s TRt1 — 2R
2%” + | |V f(zk) | 8%” + |
1)
+§||Jfk+1 — z))?
z 1 2 o I 2
< _r”karl_l’k” + 2|V f(zk) — gkl”-
Vi
Thus, we have
1
f(@pt1) — fint < f(zk) — fint — m”«fk—i-l — 2 )® + 27|V £ (k) — gx ] (22)
This concludes the proof of the lemma.

J.2. Proof of Lemma 11

Recall that gj 1 = V fe,,, (Tpg1) + (L =) (gr — Ve, (21)). Wedefine Fy, := {41, T1, gi -
Then,

E [Hgm - Vf(ka)H?‘ ;k}

= E[[[Vfep (@ne) + 0= o) (01 = Veuor (1)) = Vo ) [*| e

= B[V feun (ore) = T Grnn) + (1= p0) (V@) = Ve, (@) ]
+(1 = pr)?llgr — Vf ()l

The last equality (*) is due to the bias-variance formula and the fact that {1 is independent from
Fi. and that the stochastic gradients are unbiased. Using the Cauchy-Schwartz inequality we deduce
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the following bound for the first term on the right-hand side, where o« > 0 is an arbitrary constant:

B[V fers (wre1) = Vi (nan) + (1= pe) (V) = Ve () || i

=E [”pk (vf5k+1 (xk+1) - vf(karl)) (23)
+ (1= pr) (Vepo @) = V(@) + VF(r) = Ve, (@) 12| Fi
< L+ )PFB [ [|V Sy (@r1) = Ve || i 24)

(1401 = po)E [V fepy (k1) — T @) + V() = Ve, o)l| ]

We apply (3) and (5) to bound, respectively, the first term and the second term on the right-hand
side of (23):

2
E [vaﬁkﬂ(karl) — V(@es1) + (1 —pi) (VI (@) = Ve, (@) ‘Fk}
< (L4 a)ppo® + (14 a ") (1 = pi)?6°||per — o,
Taking av = 1, we obtain the following
E | lgr+1 — Vf($k+1)|!2‘ fk} < (1=pi)*llgr = V£ (@) |°+2(1=pr) 6% |2y 41 — z4]* +2p70°.

This concludes the proof of the lemma.

J.3. Proof of Lemma 12

By the definition of xy.1, we have
|2kt — 2kl? = Ve (1) + e — Ve ()]
= WV @rs1) + g5 — VI(@R) + Ve, (@ri1) — VI (@rr1) — Ve, (x) + V()]
> 9 @)l — Rl - V@0l
VIV fe, (@ri1) = VI (@rr1) = Ve (x) + V f ()]
> Y9l Rl - V@I ~ 0o -l

where we used a variant of Jensen’s inequality 3(a? + b? + ¢2) > (a + b + ¢)?, for a,b,c > 0.
Therefore, we have

2 1 i 2 2 2
_ > - 1k _ _
oo =ul? > s (T )l =Rl = V(o)
16 [ 2
> 11 (EIvs@ I - o - THw0l)
i 2.2 2
> B9 )~ o — V)

Thus, we have

2
B (o1 — aul’] = ZE[IV f@er)IP] =228 [lgn = VF@ol?]

This concludes the proof of the lemma.
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J.4. Proof of Lemma 13

Let z4+1 = a-prox, (, gk, Yk, &k )- Then, from the definition of the function ¢y, (7), we have

psr — 2l = VNV (2he1) + gk — Ve, (26)— Vr(@ri) ||

1
> 97 <4||Vf(96k+1)|’2 — gk = VF(@i)l]* — 0% ||wpsr — xk\|2—||v¢k(33k+1)||2> .

Since ||a; + a2 + a3 + a4\|2 < 4 <Ha1H2 + H(JLQH2 + Ha3H2 + Ha4H2) for any vectors a; € RY,

which implies [|as||* > § a1 + a2 + a3 + aa]|* — [|a1 | *~ [ as||*—[|a3]|* and E [va(ﬂﬂkﬂ)\\z} <

€2, we deduce

2

v 1
s = anl 2 2oy (19l ~ e = Vsl —c)
k

Therefore, we have

1 2
s =2ul® > s (BNl =Rl = V1w 136
16 (2
> 12 (495l = Rlow - VIl - 222)

2
gl
2 gkllvf(:mm)ll2 —illgr — Vf (@)l* = 7.

Taking expectations on both sides leads to

2
v
B|lloes —anl?] = EE IV @) = 7B |llge = V@) 2] = o2e
This concludes the proof of the lemma.

J.5. Proof of Lemma 15

Recalling that xi’fH = a-prox, (Tk, gk, Vk, £k ), We have

, 1
Ferletn) + (on = Ve lon), oty = on) + 5Nty = mall® < feo ).

Similar to the proof of Proposition 1 we start with

1
f(@rs1) — flzg) = /O <Vf(wk + T(Tht1 — Tk))s Tho1 — $k> dr,

=x(T)

1
fﬁk (xiﬁ-l) - fik(xk) - /0 <vf§k(xk + T(xiﬁ-l - xk))?‘xii-l - xk> dr.

ZZIEZ(T)
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Thus, we have
flawen) = flax) = foloflyy) = fo (o)
1
+ [ V), o — ) dr
1
+/ <—Vf§k, (3:5’“(7)),3:2’11 - xk> dr
0
= fe (@) = felan) + (g = Ve (o), afl, — o)
1
+ [ V1) ) ar
1
+/O <—Vf§k (2% (1)) — g + V fe, (z), xiﬁ_l — xk> dr.
Applying the descent property of a-prox (see Definition 1), we deduce the following:
2 £
f(eke) = (o oot =]+ (P @) — oo, o)
+ /0 (VS (@(r)). k1 — ) dr
1
+/0 <_Vf£k (xfk (1)) = Vf(xg) + V fe, (zx), :BilfH — $k> dr.

Let us take expectation from both sides conditioned to Gy, = {x, Zx+1, Sk, g }. In other words,
we take expectation with respect to the random index &, chosen uniformly from the already chosen
S k-

f(wpg1) — flxe) < [ T H%H kaQ + <Vf($k) - gkaxiﬁ-l - xk> | Qk}
w0 [ ), - n s 1G]

+E Ul (=Y e (@%(7) = Vf(wr) + V fe,(wr), 2y — ) dr

gk]
ool 18] -

o [/ <Vf( (7)) = V(@) = Ve (2 (7)) + V feu (), a1 = :r:k> dr | Qk] :

0
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Here the last equality is due to the fact that & is independent of Gy and x;, 1 = E [mi’j_l | g;@} .
Therefore, applying Cauchy-Schwartz inequality

f(@ry1) = flzg) < [ ‘xk—&-l kaz | gk] + (Vf(xr) = grs Thr1 — o)

*EUO (Vi) - V(s <>>’wii1l’k>d7'g’“]

LE [ / (VI () — VI (or) - fe (655(0) + Ve, (o) 5 — 1) dr | gk]
= E[ 2,1Yk i —%HQ | Qk} I P

v [ [Vstetr) - 976 o) a8 - 16

#9100 = 0) = Va0 + Vs o) [ i 1G]

Applying Cauchy-Schwartz inequality once again we deduce
1 . 2 C 1
f(@r1) — flzg) < E [—MHJJi’;l - SUkH | Qk] + 5\\Vf(33k) — gkll® + %ka—kl — i ?
1
+E [/ LHx( — gt HkaH kadT \ gk}
0
1
e[ o=l

2 C 1
[ 57 i |gk]+\Vf(m)—gkmwnxkﬂ—xkn?

IN

= [[ s sl i ]
0

+E [/ 57‘H:Ei’jrl - JTkH dr | gk] .
0

Computing the integral with respect to 7 we obtain

[ 2 ], C 1
flar) = fa) < B =g lafty — il 16| + FIVA@0) = 00l + 55 o — ol
L 2
N e (ARSI [ENPA Y
' 2 6] 2, 1 2
< E_ o |G SV F k) — el + pgllonen -zl
2 26+ L 2
#78 | —otal160] + 2R e -] 1)

30



SPAM: STOCHASTIC PROXIMAL POINT METHOD WITH MOMENTUM VARIANCE REDUCTION

2
Recall again that x5 11 = E [miﬁ_l | Qk} , thus z341 = argmin,cpa B [Hxi’ll — aH | gk} There-

fore, i
2
s o 15 <2 [t o151

Furthermore,

2
\|gk].

g1 — 2x)® = HE [%H | gk} ka <E [kaﬂ T

Combining these two bounds, we deduce
c 2
Flawe) = fla) = IV Fzk) = gll

R it

The previous bound is true for every positive value of C. Thus, it is true also for C' = 4+;. Taking
into account that v < m, we get

1 0+ L 1 1 1 1 1
et - < —— — = ——.
2C 2 29 T 8w 8w 2% 4k
Therefore,
2 1 &k 2
Flener) = Flen) < 20l VF@e) — el = B {[Jafy — | 16i]

Thus, taking full expectation on both sides we have

2 1 &k 2
Bl (o) = futl < BIF0) — furl + 208 [I9500) — 0ul?] - 18 {[of — o]

This concludes the proof.

J.6. Proof of Lemma 16

By the definition of xi’fH, for every £ € Sy, we have

H%H H %3‘ Ve (@) + gk — Ve () — V¢k($k+1)H2
= [ Vr@f) + g - V) + Ve )

V) - Ve o) + V) — Vorlonn)||

> 2|V ieg)|| Rl - VR
_%vaik ka) vf(xk—i-l) V fe (zx) + Vf(ﬁk)HQ - ’71352
> \Vf e )| =Rl — Vi@~ 380y — ]| e
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The third inequality is due to Cauchy-Schwartz and the second property of the approximate proximal
operator (See Definition 1). Therefore, we have

2 1 2
= = g (st = o - wstanr -2
16 2
> 2 (% |vrato] -t - vrolR -22)
2 2 9 2 22
> F|VE|| —Rlla - i)l - ie

5
We deduce

2 2 2
[ka-&-l ka ] kE va Ty H —7iE [”gk - Vf(xk)”Q] — 7€
This concludes the proof of the lemma.

Appendix K. Experimental details

We provide additional details on the experimental settings from Section E.
Consider a distributed ridge regression problem defined as

A
f(@) = Ee [ Acx — vel| + 52l (25)

where ¢ is uniform random variable over {1,...,n} forn = 10,A = 0.1. We follow a similar
to [21] procedure for synthetic data generation, which allows us to calculate and control Hessian
similarity . Namely, a random matrix Ag € R%*¢ (d = 100) is generated with entries from a
standard Gaussian distribution A(0, 1). Then we obtain A = AOAS— (to ensure symmetry) and set
A’£ = A + B¢ by adding a random symmetric matrix B (generated similarly to A). Afterwards
we modify A¢ = A; + IAmin(A;) by adding an identity matrix I times minimum eigenvalue to
guarantee A¢ = 0. Entries of vectors y: € R, and initialization 2y € R? are generated from a
standard Gaussian distribution N'(0, 1).

In case of inexact proximal point computation (1/10 local steps) local subproblems (7) are solved
with gradient descent.

Simulations were performed on a machine with 24 Intel(R) Xeon(R) Gold 6246 CPU @ 3.30
GHz.
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