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Abstract

This paper studies decentralized optimization
problem, where the local objective on each node
is an average of a finite set of convex functions
and the global function is strongly convex. We
propose an efficient stochastic variance reduced
first-order method that allows the different nodes
to establish their stochastic local gradient estima-
tor with different mini-batch sizes per iteration.
We prove the upper bound on the computation
time of the proposed method contains the depen-
dence on the global condition number, which is
sharper than the previous results that only depend
on the local condition numbers. Compared with
the state-of-the-art methods, we also show that
our method requires less local incremental first-
order oracle calls and comparable communication
cost. We further perform numerical experiments
to validate the advantage of our method.

1. Introduction

We study the distributed optimization problem

m

min f(z) £ %Zfz(-r) (H
i=1

zER4

over a connected and undirected network with m nodes,
where the global objective f : R? — R is strongly convex,
and every local function f; : R — R on node ¢ has the
form of

3=

fi(z) = me(ﬂf) 2
j=1
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where each component function f; ; : R? — R is smooth
and convex, and n is number of components on every node.
We focus on first-order decentralized optimization methods
that desire all the m nodes to minimize the global objective
cooperatively, which allows each node to access its local
incremental first-order oracle (LIFO) and communicate with
its neighbors. This problem setting is very popular in train-
ing machine learning models with large amounts of data
samples.

First-order methods for decentralized convex optimization
have been extensively studied in recent years. The decen-
tralized gradient descent (DGD) method (Yuan et al., 2016)
incorporates the communication steps into the full-batch
gradient descent with diminishing stepsizes, leading to the
sublinear convergence rates. The linear convergent meth-
ods can be achieved by introducing the gradient tracking
step (Nedic & Ozdaglar, 2009; Qu & Li, 2017; Shi et al.,
2015), which maintains the gradient estimator of the global
objective function and iterates with the fixed stepsize. The
seminal? work of Scaman et al. (2017) provided the lower
bounds for the running time and communication rounds of
the full-batch first-order methods for decentralized strongly
convex optimization. Scaman et al. (2017) also proposed
the multi-step dual accelerated (MSDA) method by apply-
ing Chebyshev acceleration (Arioli & Scott, 2014) in dual
formulation, which results the optimal time complexity and
communication complexity in terms of the accuracy, the
maximum condition number of local functions and the spec-
tral gap of the network. However, MSDA requires accessing
the dual gradients of the local functions, which is potentially
expensive. Later, Kovalev et al. (2020b); Li & Lin (2021);
Song et al. (2023) developed dual-free methods that match
the upper complexity bounds of MSDA but only require
accessing the gradients of primal local functions. Recently,
Ye et al. (2023) proposed the multi-consensus decentralized
accelerated gradient descent (Mudag) to further improve
the condition number dependence in the upper complexity
bounds from the local functions to the global objective.

Stochastic first-order methods are widely used to speed up
training large-scale machine learning models, which can
take advantage of the finite-sum structure in the objective to
establish efficient iteration schemes. The stochastic variance
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reduced methods (Defazio et al., 2014; Johnson & Zhang,
2013; Kovalev et al., 2020a; Schmidt et al., 2017; Zhang
et al., 2013) establish the gradient estimator by involving the
exact first-order information at the snapshot point. which
leads to optimal incremental first-order oracle complexity
(Agarwal & Bottou, 2015; Woodworth & Srebro, 2016) by
integrating with the negative momentum (Allen-Zhu, 2017;
Kovalev et al., 2020a; Qian et al., 2021). For decentral-
ized finite-sum problem (1), Li et al. (2020); Mokhtari &
Ribeiro (2016); Xin et al. (2020); Ye et al. (2020) designed
variance reduced methods to improve the computation ef-
ficiency for large n, while their dependence on condition
number and spectral gap do not match the full-batch meth-
ods (Kovalev et al., 2020b; Scaman et al., 2017; Song et al.,
2023; Ye et al., 2023). Later, Hendrikx et al. (2020) ap-
plied Catalyst acceleration (Lin et al., 2018) to improve
the condition number and spectral gap dependence. Conse-
quently, Hendrikx et al. (2021) provided lower bounds for
computation time complexity and communication complex-
ity, and proposed a dual-based method to match their lower
bounds. More recently, Li et al. (2022b) applied Katyusha
acceleration (Allen-Zhu, 2017) to achieve dual-free methods
which match the upper complexity bounds of Hendrikx et al.
(2021). However, the condition number dependence in the
analysis of existing decentralized stochastic first-order meth-
ods are based on the local functions. The potential tighter
complexity bounds by considering the condition number
dependence of the global function have not been studied.

In this paper, we propose computation efficient stochastic
decentralized algorithm (CESAR), which establishes the
local stochastic variance-reduced gradient estimators with
non-uniform sampling based on the heterogeneity of the
individual functions. In contrast to existing decentralized
stochastic methods that fix the mini-batch size for all nodes
(Hendrikx et al., 2021; Li et al., 2020; 2022b; Mokhtari &
Ribeiro, 2016; Xin et al., 2020; Ye et al., 2020), the mecha-
nism of proposed CESAR allows different nodes to access
their stochastic local gradients with different mini-batch
sizes in per iteration. Our theoretical analysis proves such
strategy leads both computation time complexity and com-
munication complexity to contain the dependence on global
condition number, resulting tighter upper bounds than previ-
ous stochastic methods that only depend on local condition
numbers (Hendrikx et al., 2021; Li et al., 2020; 2022b;
Mokhtari & Ribeiro, 2016; Xin et al., 2020; Ye et al., 2020).
We observed that these upper bounds of CESAR match the
corresponding lower bounds if we take the global condition
number into consideration. We also show CESAR enjoys
sharper upper bound on LIFO complexity. Note that the
computation time and the LIFO complexity of CESAR do
not simply correspond to each other, since the mini-batch
sizes on different nodes may not be identical. We also show
the superiority of CESAR through experiments.

2. Preliminaries and Related Work

This section first formally introduces notations and settings
for our problem, then provides a review of related work.

2.1. Preliminaries

We use || - || to present the Euclidean norm of a vector and
the Frobenius norm of a matrix. We denote the aggregated
variable as

1
X =z, 2y €R™ and z=—1"x € R*4,
m

where z; € R? is the local variable on node i and 1 is
the vector of all one entries. We allow the input of func-
tions to be presented as either column vector or row vector,

e.g., fi(z;) and f(Z).
We introduce the following assumptions on the decentral-
ized finite-sum optimization problem (1).

Assumption 2.1. We assume each component function
fi,;(-) is L; j-smooth, each local function f;(-) is L;-smooth
and the global function f(-) is L-smooth, i.e., there exist
constants L; ;, L;, L > 0 such that

R
Li,

fii(y) = fij(@) <(Vfij(@),y —x) + T’JHZI — z|?

fily) — fi(x)

Fl) — f(@) SV F @)y —a)+ 5 lly — ]

IN

(Vi) y — =)+ Sy -l

for any z,y € R%, i € [m] and j € [n].
Assumption 2.2. We assume each component function
fi,;(+) is convex, i.e., it holds that

fii(y) = fij(@) = (Vfij(@),y — )
for any z,y € R%, i € [m] and j € [n)].
Assumption 2.3. We assume the global function f(-) is

p-strongly convex, i.e., there exists constant x> 0 such
that

) = f@) = (V@) —a) + Slly - ]
for any =,y € RY.

The strongly convex assumption ensures that problem (1)
has the unique minimizer z* € R?. We say an aggregate
variable X = [#1,...,%,]" € R™*?is an e-suboptimal
solution if it satisfies [|x — 1Z*|| < ¢, where 7* = (z*) .

Besides the parameter L > 0 for the smoothness of global
objective f(-), Assumption 2.1 implies we can also define
another two smoothness parameters for problem (1), i.e.,

n n

- 1
and L. 2 =S L.
max 112[3;’2/(] n ng 7/,]
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Based on the definitions of L, L,,.x and L, we define three
corresponding condition numbers for problem (1) as

wel gell g g e lm

2 H H

which is used to describe the complexity of our methods
which is introduced in later sections. Note that definitions
of k, K and Ky ax Only require the strong convexity of global
objective f(-). In contrast, the design and the analysis of
existing decentralized accelerated stochastic methods (Hen-
drikx et al., 2021; Li et al., 2022b) depend on the strong
convexity of every local function f;(-), and their complexity
bounds depend on the condition numbers

n

a L; RN 1 L;
Kmax = max — and R, = max — —=,
i€[m] [ i€[m] N = B

Based on above definitions, we refer to Kmax, Kmax and
Rl . as the local condition numbers and refer to x and % as
the global condition numbers.

!/
max?

We can establish relationships £ < & < Kpax < Mk

K< Fmax < Fipax a0d  Fmax < Mnk.

In fact, the magnitude of these condition numbers may be
quite different when the local data is heterogeneous. Please
see the example in the following remark.
Remark 2.4. We consider the functions

fig(@) = %I;erl]xij + % 13
for v = [z1;...;2,,]) € R*™, i € [m] and j € [n],
where x; = [;1;...;%i,] € R?", x;; € R? contains
the (2m(i — 1) + 2j — 1)-th and the (2m(i — 1) + 2j)-th
coordinates of z, and H; ; = diag(mn(L — p),0) € R?*2
with p; =2ip/(m + 1) for some L, > 0 such that L >> p.
Then the condition numbers hold that

2
HZE’ I_{_('_)(an) b Hmax_(—)(m L) )
I I

2
Rmax:e(m) and = (m “L).
H %

This example implies different types of condition numbers
may be quite different for large m and n. We show detailed
expressions for these condition numbers in Appendix A.2.

For decentralized optimization, we denote W € R™*™ be
the mixing matrix associated to the network of m nodes.
We impose the following assumption on matrix W.

Assumption 2.5. For the mixing matrix W € R™*" we
assume (i) W is symmetric and its entry satisfies w; ; # 0 if
and only if node ¢ and node j are connected in the network.
()0 < W < I,W1 = 1 and null(/ — W) = span(1).
(iii) There exists some 7y € (0, 1] such that 1 — Ao (W) > #~,
where A2 (W) is the second largest eigenvalue of W.

Algorithm 1 FastMix (vg, K)

Feitialioe. o1 _ o0 4 _ 1=3/1=233(W)
. Initialize: v _V’B_H\/W
fork=0,..., K

1
2
3 v = (14 B)WvF — gvFT!
4
5

: end for
: Output: v

We present communication among nodes as multiplication
with matrix W on aggregate variables. We can apply the
multi-consensus step with Chebyshev acceleration to reduce
the consensus error in decentralized optimization, which
is described in Algorithm 1 (Arioli & Scott, 2014; Liu &
Morse, 2011; Saad, 1984; Scaman et al., 2017). Under
Assumption 2.5, it holds the following convergence result
(Song et al., 2023; Ye et al., 2023).

Proposition 2.6. Let v = 117V for v0 € R™*9, then
the output of Algorithm I holds that %lTvK = v and

v =13 < V14 (1 = ery/T= (W) ||V0 = 19|,

where ¢y =1 —1//2.

2.2. Related Work

The design and the analysis of most existing decentralized
first-order methods only focus on the complexity of local
condition numbers. For example, Kovalev et al. (2020a);
Li & Lin (2021); Scaman et al. (2017); Song et al. (2023)
proposed the full-batch methods with computation time
complexity of O(n/kL,,, log(1/¢)) and communication
complexity of O(\/kmax/7log(1/¢)), which are optimal
with respect to local condition numbers ! .. and Kpax
(Scaman et al., 2017). In a recent work, Ye et al. (2023)
provided the tighter upper bounds of O (ny/klog(1/¢)) and

@(\ /[y 1og(1/¢)) for computation time complexity and
communication complexity, which are near-optimal with
respect to the global condition number . However, the
global condition numbers dependence in the complexity for
decentralized finite-sum optimization has not been explored.
The best-known decentralized stochastic first-order methods
proposed by Hendrikx et al. (2020); Li et al. (2022b) require
computation time complexity O ((y/nk/, ., + n)log(1/e))
and communication complexity O(\/Kmax/7log(1/€)).
Additionally, Li et al. (2022b) considered the heterogeneity
of the individual functions and established the local gradient
estimators by importance sampling, however, their methods
enforce all nodes access their stochastic local gradients with
identical mini-batch sizes. Intuitively, this may affect the use
of global properties of our problem, since the importance of
local functions on different nodes can be quite different. We
present the upper complexity bounds of existing methods
and compare them with our results in Table 1
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Table 1. We summarize the upper complexity bounds on computation time, communication rounds and LIFO calls for proposed CESAR and
existing methods. We use notations O(+) and €2(-) to hide the logarithmic factors of m, n and condition numbers.

Acc-VR-EXTRA+CA

o

Methods Computation Time # Communication # LIFO
decentralized full-batch algorithms
PR O (1R 08 (1)) o\ /== 10g (1)) O (mn /s 08 (1))
(KovalgllztAi,CZOZOb) o (n@ log ( )) o ( e log (%)> o (mnm log (2) )
Giarimom (/oo (1)) o(x=re () O(mnvEios(2))
(Song?tcfzozs) O (ny/Fipa log ( )) (9( “m—;"log(%)) o mnmlog(g))
ez O(nyilos (1)) O(,/5108 (1)) O (mny/wlos (1))
Decentralized stochastic methods
(Mokhtari ESR;teiro, 2016) O(@R;‘a" + O{%) log (2 )) 0(( ) log (2 )) O((mwy% +mn) log (%))
oA O((%g= +n) log (1)) O((%hg= +n)log (1)) O (" + mn) log (1))
ety O((Virha ) log (1) O(y[EEetog (1)) O (e +mn) log (1))
ey O (R + 1) log (1)) (Zustniog (1)) O (mhma +mn) log (1))
(Hendr;:xDeFj., 2021) O((\/M+") log (é)) O( s log (%)) O((mm4'm”) log (%))
)

O (Vi +m) log (1))

(Li et al., 2022b)

CESAR N e
Theorem 3.7 O(( m + \/E-i-n) log (é))

O /=2 1 (2)

~

(/s -+ mm) o (1))
@( glog(%)) (9( mnﬁ;mdx—i—mn)log( ))

3. The Algorithm and Main Results

This section proposes the computation efficient stochastic
decentralized algorithm (CESAR) and provides theoretical
analysis for its upper complexity bounds.

3.1. The Algorithm

We present the details of CESAR in Algorithm 2, which
extends the techniques of variance reduction (Johnson &
Zhang, 2013; Zhang et al., 2013) and negative momentum
(Allen-Zhu, 2017; Kovalev et al., 2020a; Qian et al., 2021)
to decentralized optimization.

The computational efficiency of CESAR mainly comes from
our local gradient estimator, i.e.,

n
v = u; +Z

t+1

(Vfi(a
i i) =

Viijw;)), @)

where u! is the local gradient estimator for node ¢ at the

snapshot point w! and & 41 is distributed to

gl o Bernoulli(g; ;), )

i,3
with

bL

gij=min (1, ——2 ) and b= (/0Emax sy
’ mnLmax K

At the ¢-th iteration, node i establishes the estimator v} by ac-
cessing local stochastic gradients V; ; f(z!) and V, ; f (w})
for all j € [n] such that £/*' = 1. This implies the number
of LIFO calls on node ¢ can be written as

vi=23 ¢t (6)
j=1

which is a random variable. Therefore, our sample sizes for
different nodes are not fixed. If all L; 1, ..., L; ,, are small,
the node ¢ may even skip any LIFO computation at some
iteration. On the other hand, the nodes contain individual
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functions with large smoothness parameters L; ; will tend
to perform more LIFO computation, which indicates our
strategy indeed uses potential heterogeneity among nodes
and finally leads to better complexity dependence.

Recall that all nodes perform the computation in parallel,
then the total computation time for achieving all of the local
estimators v, ... vl relies on the node that requires the
maximum number of LIFO calls at the ¢-th iteration, which

takes the computation time complexity of

max Yt = 2 max Z §t+1. @)

i1€[m] i€ [m]

Based on the specifically designed variance-reduction
scheme, we employ the Katyusha-like acceleration (Allen-
Zhu, 2017) in to achieve better convergence. We also in-
corporate the multi-consensus steps (Ye et al., 2023) with
gradient tracking (Nedic & Ozdaglar, 2009; Qu & Li, 2017;
Shi et al., 2015) and Chebyshev acceleration (Arioli & Scott,
2014; Liu & Morse, 2011; Saad, 1984; Scaman et al., 2017)
into our algorithm, which results the global condition num-
ber dependence in convergence rate.

3.2. The Complexity Analysis

In this subsection, we upper bound the expectation of the
random variable max; ¢, Y;' defined in equation (7) and
provide the convergence analysis for CESAR (Algorithm 2),
which indicates the superiority of our method in theoretical.

3.2.1. COMPUTATION TIME OF PER ITERATION

We start our analysis from the Chernoff bound for Bernoulli
variables (Motwani & Raghavan, 1995; Zhang, 2023).

Lemma 3.1. Suppose random variables X1, ..., X, are
independent and each of X; is distributed to Bernoulli(p;)
for some p; € [0,1). Welet X = 37| X; and v = E[X].
Then for any § > 0, it holds

exp(9) )” _ ®

P(X > (14 6)v) < ((1+6)1+5

Based on Lemma 3.1, we achieve the following upper bound
for the sum of Bernoulli variables with high probability.

Lemma 3.2. Suppose random variables Z-, . .., Z,, are
distributed to Z; = Y 7, Xi; for all i € [m], where
the random variables X 1, ... Xy, n are mutually indepen-
dent and each of X; ; is distributed to Bernoulli(p; ;) for
some p; ; € [0, 1]. Then it holds

1

lnmn) }) < —.

P (Ji € [m], Z; > 2emax {E[Z; —

Recall that it always holds Y;! < 2n for all ¢ € [m)], then
applying Lemma 3.2 results the following upper bound of
the expectation of max; e, Y.

Algorithm 2 CESAR
1: Input: the initial point @°, probabilities p and g; ; for
all i € [m] and j € [n], numbers of consensus steps K
and K4, total iterations number 7', and parameters 7,

01,602 and o.
2:y0=2=wl=1w" vi=s"1=0
3 g0 =’ = [Vf1(0"); VI (@°); - 5V fin (@0°)]
4: fort =0,...,T
50 xt =61zt + 0wt + (1 — 6, — 02)y!
6: parallelfori=1,...,mdo
7: ffJfl ~ Bernoulli(g; ;)

n gt

8: U = u; +Z ZqZ] vfzj ) Vf’bj( ))
9:  end parallel for
10 s' = FastMix (s' ! + vl — vI71 K)

1:  ztl = FastMuc( nax +z —%st) ,K)

12: y"! = FastMix (x! z't — 2'), K)
13: ¢t ~ Bernoulli(p)
14:  parallelfori =1,...,mdo
t s tbl
15: wt_;'_l _ yi7 1f< = 1
’ wt, otherwise
t+1 i ot
6 gttio {w ) i =1
gt otherwise
17:  end parallel for
18:  u'f! = FastMix (u’ + g'™' — g, K)

19: end for
20: Output: yo.; = FastMix(yr, Kout) -

Theorem 3.3. Following notations of (4)—(6), we have

E [max Yt} <0 (UM + (lnmn)2> .
i€[m] mk

Theorem 3.3 implies that CESAR takes the computation
time of O((y/NRmax/m +n)/\/k) to achieve vi, ... vf,.
Additionally, the step

wit), if ¢t =
e {sz( ), if¢ttt =1,

i .
gl otherwise,

with ¢**1 ~ Bernoulli(p) requires the computation time
of O(np) in expectation. Therefore, the overall expected
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computation time per iteration can be upper bounded by

@ < [ MRmax + Tlp) )
mkKk

We provide detailed proofs for Lemma 3.2 and Theorem 3.3
in Appendix F, which cannot be achieved through simple
calculations like the analysis of fixed mini-batch size.

3.2.2. CONVERGENCE ANALYSIS

The convergence analysis of CESAR (Algorithm 2) is based
on considering the mean vectors

I~ o Iy 1 t
z :EZzi, w :EZwi and ¥y :EZ%
i=1 '

i=1
We define the corresponding Lyapunov function as follows

VtA Zt LYt Lt ©
where
L(14+n0) ;.2 Lo 7
¢ o LU +10) t = ta - ty *
zta o |zf =z, Y 91(f(y) f(z))
e S () = £@) and o001, 00 > 0.

Note that here A is an constant that only appears in our
analysis. Besides the Lyapunov function V', we also need
to consider the consensus error aroused from the decentral-
ized setting, which leads to more complicated analysis than
accelerated variance-reduced methods on a single machine
(Allen-Zhu, 2017; Kovalev et al., 2020a; Qian et al., 2021).

We first provide the recursion for V¥ by involving consensus
t =t |2 t 2
error ||x* — 1z*||” and |w* — 1@*||".

Lemma 3.4. Under Assumption 2.1, 2.2, 2.3 and 2.5,
we run Algorithm 2 by taking ¢;; as (5), n = 1/(1361),
o=upu/L, XA€[1/2,1)and 61,02 € (0,1/2). Then it holds

L2Vt
(1+mno)mL

T T2
4 (%}LL 4 2§> (et = 12+ ' - 1))

where we denote L = MaX;e(m] jeln] Li,j and

E[VT] <Bvi+ e’ = 12"

B 1 02
ﬁ_max{1+170,1 <91+02 7),1 p(1 )\)}

We bound the consensus error by introducing the vector

Lr1 _ 1 _
rt = . [ﬁHut - lut||2, Iz Hst - 1stH2,

.
I = 1212, Iy - 17P] e Y

We apply Proposition 2.6 to analyze the communication
steps in CESAR, which leads to the following results on
CONSensus error.

Lemma 3.5. Under the settings of Lemma 3.4, we run
Algorithm 2 by specifically taking K = {(log(l/p))/\ﬁ1
with 1/p = O (poly(m,n, &)). Then it holds

E [+ < g2 (Ar + 1Y)

for some matrix A € R*** and vector ht € R* such that

40m3n3
lag < 22
and
HhtH <48m3n3 i 2 656, (Vi v
xd = .
- b 13017 692

(66 + 324p*)m3n?
b
324p%m3n3
b

w! — 1]

Hwt+1 . lu—)t-i-lHQ.

Remark 3.6. The notation of “<” between vectors means
that each corresponding scalar entry has less than or equal
to relationship. The explicit expressions of A and h! are so
complicated and we present them in Appendix C.2.

By connecting the above two lemmas, we obtain the main
convergence results for CESAR.

Theorem 3.7. Under Assumption 2.1, 2.2, 2.3 and 2.5, we

run Algorithm 2 by taking
b /mnﬁmax7
K

1 Rmax
=max{ —~
b 2k 2kb [

[, bLiy 1
i,j — 111 sy 7 (0 = Tapn
@i.i 1 Ly = 130,
1% 2 1 Kmax
B oael2), = ——, 6=
AN [3’ ) Lo 2T 2

and setting K by following Lemma 3.5. Then it holds
E[VE+ ] < 20" (VO + [I1°])

where

_ 1—
azl—min{n791+92 92/)\ ol )\)}
K

2 ’ 2
+-o()

3.2.3. UPPER COMPLEXITY BOUNDS

Based on Theorem 3.3 and 3.7, we achieve upper complexity
bounds for CESAR as follows.
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Table 2. We summarize the lower complexity bounds on computation time, communication rounds and LIFO calls. Note that we present
the lower bounds by considering different types of condition numbers.

Condition Numbers Computation Time # Communication # LIFO
Fimax ANd P N 1 ( Fanax Jog (1 ) _
(Hendrikx et al., 2021) Q(( NFfnax + ) log (E)) Q wx Jog (7)
K, Rmax and & P L L _ )
Theorem 4.1, 4.2 and 4.3 Q((\/?+\/E+n) lOg(g)) Q(\/%log (E)) Q((\/m—i_mn) IOg(g))

Corollary 3.8. Under the assumptions and the settings of
Theorem 3.7, we can achieve an e-suboptimal solution of
Problem (1) by Algorithm 2 with T = O(y/klog(1/¢€)) and
Kou = @(\/ 1/7), which takes computation time complex-

ity of@((s /NMEmax/m + /K +n)log(1/€)), communica-
tion complexity of O(+/k/1og(1/€)) and LIFO complexity
of O ((v/mnEmax + mn ) log(1/¢)) in expectation.

All of the complexity bounds in Corollary 3.8 are tighter (no
worse) than the results of the state-of-the-art decentralized
first-order methods (Table 1), which can be verified by the
relationships among condition numbers shown in Section 2:

» Compared with best-known stochastic methods ADFS
(Hendrikx et al., 2021) and ACC-VR-EXTRA+CA (Li
et al., 2022b), all of the computation time complexity,
the communication complexity and the LIFO complexity
of CESAR are no worse, since it holds that x < Ky
and Kmax < K., .- Furthermore, our complexity bounds
may be much tighter when the data is heterogeneous,
such as the example shown in Remark 2.4.

* Compared with the best-known full-batch methods
Mudag (Ye et al., 2023), our method has the no worse
computation time complexity and LIFO complexity,
and the comparable communication complexity, since
it holds that K.« < mnk. In the case of Kax =~ K
and m,n > 1, our computation time complexity and
LIFO complexity are much tighter.

4. The Lower Bounds and Discussion

We show the lower complexity bounds on communication
and computation time in the following theorems.

Theorem 4.1. Let v € (0,1], K > 1 and n € N. There
exist a mixing matrix W € R™ ™ with m > +/3/~ and
m X n functions f; j : Lo — R such that each f; ; is convex
and smooth, function f = 1/(mn)> 1", 23‘;1 fij is p-
strongly convex and L-smooth such that k > L/ u. Then any
black-box procedure for achieving an e-suboptimal solution
of Problem (1) needs at least the communication rounds
of Q(v/k/v1og(1/e)).

Theorem 4.2. Let k,Rmax > 1 and m,n € N. There
exist a mixing matrix W € R™*™ and m X n functions
fij + £a — Rsuch that each f; ; is convex and smooth, func-

tion f £ 1/(mn) Y ", > i1 fij is p-strongly convex and
L-smooth such that Fmax > MaXg(m) Z?:l L; ;/(nw),
where L; ; is the smooth parameter of f; ;. Then any
black-box procedure for achieving an e-suboptimal solu-
tion of Problem (1) needs at least the computation steps

of Q((n + /NEmax/m + /i) log(1/e)).

The black-box procedure in the above theorems is followed
by the definition of Hendrikx et al. (2021). Due to the space
limitation, we present its details in Appendix D. Note that
the computation step in our description is the procedure
where several nodes access their own local LIFO in parallel,
which corresponds to the computation time complexity and
is different from the overall LIFO complexity.

We then provide the lower bound on LIFO complexity by
following the analysis in non-distributed settings (Agarwal
& Bottou, 2015; Woodworth & Srebro, 2016).

Theorem 4.3. Let v € (0,1], & > 1 and m,n € N.
There exist a mixing matrix W € R™*™ and m X n func-
tions f; j : €o — R such that each f; ; is convex and smooth,
function f £ 1/(mn) Y™, S0, fi j is p-strongly convex
and L-smooth such that & > 1/(mn) 3312, 375, Lij/u,
where L; ; is the smooth parameter of f; ;. Then any black-
box procedure for achieving an e-suboptimal solution of
Problem (1) needs at least Q((mn + /mnk )log(1/e))
LIFO calls.

We compare our lower complexity bounds with related work
in Table 2. The results in Theorem 4.1 and 4.2 nearly match
the corresponding upper bounds in Corollary 3.8. However,
lower bound on LIFO complexity in Theorem 4.3 depends
on K, while the upper bound in CESAR 3.8 depends on
Fmax- This implies the results in this work cannot lead to
the optimality of LIFO complexity. How to fill the gap
between K and K.y is still an open problem.

We consider the case of n = 1, which ignores the finite-
sum structure in local functions. Then CESAR has com-
munication complexity of O (y/xlog(1/€)) and computa-
tion time complexity of O (/klog(1/€)), which nearly
match the corresponding upper bounds of near-optimal full-
batch first-order methods Mudag (Ye et al., 2023). In this
case, CESAR has the local first-order oracle complexity
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Figure 1. The empirical results for logistic regression on dataset “a9a”.
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Figure 2. The empirical results for logistic regression on dataset “wo6a”.

Table 3. The condition numbers of the problem in experiments.

=7

K Kmax Kmax RKmax
a9 1.58 x 10* 1.70 x 10* 3.50 x 10* 3.50 x 10*
wba 6.59 x 10> 1.46 x 10> 2.06 x 10° 2.06 x 10°

of O((y/mEmax + m)log(1/€)), which is sharper than the
complexity of O(m+/k log(1/€)) in Mudag when condition
numbers satisfy Kpax < mek. Intuitively, CESAR encour-
ages most nodes to completely skip local gradient computa-
tion in some iterations, however, Mudag always requires all
of the nodes to perform the local gradient computation in ev-
ery iteration. In this view, CESAR takes less overall energy
consumption in computation, which is more friendly to ap-
plications in networks within the limited computational re-
sources, such as wireless sensors (Rabbat & Nowak, 2004),
mobile devices (Wang et al., 2020) and smart home appli-
ances (Joo & Choi, 2017). We then consider the case of
m = 1, which is the finite-sum optimization on a single ma-
chine. Then CESAR has the incremental first-order oracle
complexity of O((v/mn# 4+ mn)log(1/e)), matching the
result of near-optimal first-order method Katyusha (Allen-
Zhu, 2017) in non-distributed setting.

5. Numerical Experiments

In this section, we provide the numerical experiments to
compare the performance of CESAR with baseline methods

Mudag (Ye et al., 2023), Acc-VR-EXTRA and Acc-VR-
DIGING (Li et al., 2022a). We consider the problem of
{5-regularized logistic regression, which is formulated by

, 1 & , 1 —
min f(z) £ — g filw) with fi(z) =~ g fii(@)
and f; j(x) = log (1 + eXp(—bi,jaij)) + % Hx||§ ,

where a; ; € R? is the feature vector of the j-th sample on
the i-th node, b; ; € {—1, 1} is the corresponding label and
1 > 0 1is the hyperparamter.

i)

We conduct our experiments on datasets “a9a” and “w6a
(Chang & Lin, 2011) and let z = 10~* and m = 300. We
set the mixing matrix W to be associated with a random
graph that each edge is connected with probability 1/30,
which leads to 1 — A2 (W) &~ 0.0382. The condition num-
bers in our problem are listed in Table 3.

We present the experimental results in Figure 1 and 2, where
the optimal gap is defined as = > fi(z;) — f*. The
number of computation corresponds to ZZ:(Jl Max;¢m| Y}
for CESAR and T'b’ for other methods, where Yit is defined
in equation (6) and b’ is the batch-size in baseline methods.

We can observe that our CESAR always outperforms the
stochastic methods Acc-VR-DIGing and Acc-VR-EXTRA
in all measures. CESAR also performs better than Mudag
on the complexity of computation and LIFO, and it has a
comparable communication cost to Mudag. All of these
results validate our theoretical analysis. Concretely, the
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gap of communication complexity between CESAR and
baseline algorithms Acc-VR-DIGing and Acc-VR-EXTRA
on “w6a” is much larger than the one in “a9a”, since the
ratio between r,ax and x in “wb6a” is larger than the one in
“a9a”. Additionally, the computation complexity and LIFO
complexity of CESAR are much better than baselines, since
both datasets hold Fax &2 Rl ., and Kimax is much smaller
than m&, ..

6. Conclusion

This paper has studied decentralized convex finite-sum op-
timization. We have proposed an accelerated stochastic
variance-reduced first-order algorithm with non-uniform
sampling, which leads to complexity bounds with better
dependence on condition numbers. We have validated our
theory by numerical experiments. In future work, we are
interested in studying decentralized nonconvex optimization
by considering different kinds of condition numbers.
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Appendix Outlines
In Appendix A, we provide the proofs for relationships for condition numbers and detailed calculation for Remark 2.4.

In Appendix B, C and D, we provide proofs for the complexity analysis of CESAR in Section 3.2, which is organized as
follows:

* In Appendix B, we consider the computation time per iteration discussed in Section 3.2.1.
* In Appendix C.1, we provide the proof of Lemma 3.4, which gives the recursion of Lyapunov function V.

* In Appendix C.2, we provide the proof Lemma 3.5, which gives the recursion for vector

oo L[l

_+112
= BT - )

,
N1 St B G E RN T

Additionally, we present the expression of A and e, in the statement of Lemma C.15.
* In Appendix C.3, we provide the proof of Theorem 3.7 by applying Lemma 3.4 and Lemma C.15.
* In Appendix C.4, we provide the proof of Corollary 3.8 by applying Theorem 3.3 and 3.7.

* In Appendix D, we provide the proofs for the lower bounds in Section 4.

A. Relationships for the Condition Numbers

Recall that we have defined smoothness parameters

m n n

= L
max — Inax — R
i€[m] 14—

i
||l>
M
(]
qh
o
a
i

1=14=1 1
and the condition numbers
¥ ¥ n
a L AL _ a Lmax a L; o a 1 L;
K= —, r=—, Rmax = , Kmax = mMax — and Kinax = mMax — E —=
2 2 1Y i€(m] g €mln = Hi

where L, L; and L; ; are the smoothness parameters of f(-), f;(-) and f; ;(-) respectively.

Now, we prove and verify the relationship among these condition numbers and verify the example in Remark 2.4.

A.1. The Inequalities of the Condition Numbers

Based on the definitions, we have the following proposition.

Proposition A.1. Assume that each f; ;(-) is convex and smooth for i € [m] and j € [n]. Then the condition numbers hold
the relationships

K < Kmax < K, k <R < Fmax < MK,

max’

max and Fmax < mnk.

Proof. For the inequality k < kmax, We first verify the inequalities
1 & 1 =
L<— and — 10

We can prove L < "™ | L;/m by triangle inequality, i.e., it holds

m

IV 5() = V5wl = H; > (Vi) - Viily

i=1

o LIV A) = VW < 3 Ll =l
P i=1

11
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for any z,y € R?, which suggests that f(-) is >~ L;/m-smooth and it implies that L < > | L;/m. Since each f;(-) is
w;-strongly convex, which means

Jily) 2 fi@) + (Vi) y — )+ lly -«

for any x,y € R?. Therefore, by summing up above inequalities for i = 1, ..., m, we have
1 1 Ui i 2
F@) =" i) = — > (fila) + (Vi(@)y =) + By = alf)

=

i=1 i=

» (an
1@+ (VF@)y =)+ 5 DLy~ ol

Therefore, we conclude f(-) is Y.~ p1;/m-strongly convex, which implies that p1 > Y"7" | 11;/m. By Holder’s inequality,
we have

m

m m
L; L;
E L= J-uiémaxif M-
i=1 o M €l pi i
After rearrangement, we obtain

i L

i i
< maxXx — = Kmax-

K= =
Yo py T delm]

L
— <
1

For the inequality Kpmax < K. we can obtain that L; < Z;L:1 L; ;j/n for all i € [m] by the result of (10). Then the

max?
e =/ =/
definitions of Kmax and Ky, leads to Kmax < K ax-

For the inequality x < &, we connect two inequalities in that (10) to obtain L < 1/(mn)> 1", 2?21 L; ;. Then the
definitions of s and & leads to kK < R&.

For the inequality & < Rpax, we directly follow the definitions of % and Rpax to achieve > 1", Z;;l L;;/(mn) <
Max; e 22‘;1 L; ;/n. This inequality is equivalent to & < Rmax.

For the inequality Rmax < Mki,,y, from (11) we know that f is Y., p1;/m-strongly convex. Thus we can obtain that

pi < oy g < myforall i € [m)], which results

n n n n

_ mMaX;e[m] Zj:l Li; Zj:l Li- 5 Zj:l Li- m Zj:l Li; _

Fmax = = < <max ——— = mk
ni ni N+ /M i€[m] nf;

where we define i* = arg maxcpn) 35—, Lij-

For the inequality Kpax < mnk, it follows from the fact that

0< fii(y) = fij(@) = (Vfi;(@),y —x) <mn(fy) - f(x) = (Vf(2),y —2)) <mn- g ly — =]

forall z,y € R% and i € [m], j € [n], where the first inequality is based on the fact that each f; ;(-) is convex. This implies
that each f; ; is mnL-smooth and L; ; < mnL. Thus we have

_ >j-1Lij _ mnL
Rmax = Max <
i€[m] nu u

= mnk.

Now, we have finished the proof.

12
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A.2. The Example in Remark 2.4

In Remark 2.4, we have defined functions

1 22 2
fij(x) = §IiT,jHi,ﬂi,j + 57 3,

for x = [z1;...52,]) € R*™" ¢ € [m] and j € [n], where z; = [z;1;...;2i,] € R*, z;; € R? contains the
(2m(i — 1) + 24 — 1)-th and the (2m(i — 1) + 2j)-th coordinates of z, and H; ; = diag(mn(L — u),0) € R**? with
pi=2ip/(m + 1) for some L > 0 and g > 0 such that L/p > 1.

Note that each f; ;(-) is quadratic function, which means their Hessian are fixed. Therefore, we can calculate the condition
numbers based on the Hessians of f; ;(-), f;(-) and f(-). We provide the details as follows.

The Hessian of f; ;(-) has the form of

V2f7,,j() = dlag(/’("n cee 7/’(‘iamn(L - /’[’) + Mgy g« - oy /-1/7;)7

where only the 2n(i¢ — 1) 4 25 — 1-th diagonal entry is mn(L — i) + p; and the others are y;. This implies f; ;(-) is L; ;
smooth with L; ; = mn(L — p) + p;.

Then we have
1o .
VQfZ() = ﬁ Zv2f1,j() = dlag(,u’ia sy My m(L - /J’) + Hiy g - 7m(L - ,U,) + Hiy Mgy - - - 7Hi)7
i=1

where only (2n(i — 1) + 25 — 1)-th diagonal entry with j € [n] is m(L — ) + u; and the others are p;. This implies f;()
is L;-smooth with L; = m(L — p) + p; and p;-strongly convex.

We also have

m

1 & 1 <& 1 1 & 1 &
2f() =— 2f:(0) = di L— — i — ooy (L — — — ;
V2f() m;Vﬁ() dlag<( u)+m;m,m;uu ( u)+m;uum;ul>

:dia’g(L7M)"')L7#))

where the last step is based on the fact

1o~ 1= 2ui  2u . 2 m(m+1)
m;m_mzmqtl_m(erl);Z_m(qul) 2 -

i=1

This implies f(-) is L-smooth and u-strongly convex.

Noticing that the maximum of L;/u; and Z;”Zl L; ;/p; is obtained by i = 1. Now we achieve the condition numbers

L L— L L
R E:mn( ﬂ)Jr,u:mn _mn+1:@<'rnn>’

1 1 7

P 2p 1%
R = mn(L — p1) + pim _ mnlL o 2m o (an) 7
% 1% m+1 %

o Z?:l Ly _ m(m + 1)nL o (m2nL) .
max L 2,U, 1

B. The Proofs in Section 3.2.1

We first prove Lemma 3.2 by applying Lemma 3.1, then we prove Theorem 3.3 by using Lemma 3.2.

13
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B.1. The Proof of Lemma 3.2

Proof. We first consider the random variable Z = Z?:l X, where X1, ..., X, are are mutually independent and each
of X is distributed to Bernoulli(p,) for some p; € [0, 1]. We denote v = E[Z] = 3°7_, p; and a € R be a constant such
that @ > 2. We consider the cases of Z as follows:

(a) If v > Ina, we apply Lemma 3.1 for ¢t > 2ev, it holds that
P(Z >t)<27"

This implies

P(Z > 261/) < 2—26V < Q—Qelna < iQ
a

(b) If 1 < v <lIna, it holds

P(Z>tla) <P(Z>t) "=V P(Z> (140w
2’

(®) el v e\ 1
<[l—) =(=) <=
: (<1+6>1+6) (t) =

where we set ¢ > 2eln a. Thus, in this case, the extra term is of order In a compared to case (a).

(c) Ifv < 1, welet X{ ~ Bernoulli(py) withp} = 1—v+E[X;]and Z" = 3°7_, X; + X]. Itis clear that for any t > 0,
it holds

P(Z >t) <P(Z >1).

As we have E[Z’] = 1, it holds that
, 1
P(Z >tlna) <P(Z' > tlna) <,
a
where the last inequality is based on case (b) by taking ¢ > 2elna.

Since each Z; follows the same distribution as Z, combining above three cases and Boole’s inequality leads to

NE

P (3i € [m], Z; > max {2eE[Z;],2e(Ina)*}) <> P (Z; > max {2E[Z;],2e(Ina)?})

.
Il
—

M-

min {P (Z; > 2¢E[Z;]) ,P (Z; > 2e(lna)?)}

.
I
-

1
= =

a?

M-

a

.
I
-

We complete the proof by taking a = mn. [
B.2. The Proof of Theorem 3.3
Proof. Recall that Y} = 237" &%, where £/ ~ Bernoulli(g; ;). Then using Lemma 3.2, we obtain

L2V

1
P (max Yit > 4e max {max IE[Y;‘], (lnmn)2}> < —.
i€[m] i€[m] mn

14
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Since each Y; is upper bounded by 2n, we have

E [max Yt] <4e max

1
maXE 1nmn) }+-2n
i€[m] mn

i€[m]

2
maXZq”, (Inmn)? +E

—=4e max

2
:4emax{max2q”, (Inmn)? +E

i€ [m]

_max 2
4emax{ L, (lnmn)Q} +—
m

mkKk

=0 (1 / PRmax + (lnmn)2> ,
mK

which concludes the proof. O

C. Proof of Section 3.2.2

In this section, we focus on analyzing Lyapunov function
Vt ézt+yt+wt’

where
zt2

LA+no) e .2 ta Ly . ta 02 _t %
“gr =l YR g — f@) and W T (f (@) — fla).

Our convergence analysis is more complicated than the counterpart of L-Katyusha (Kovalev et al., 2020a; Qian et al., 2021),
since we have to address the additional consensus error aroused from the decentralized setting.

C.1. Proof of Lemma 3.4

We first provide some useful lemmas.
Lemma C.1 (Nesterov (2018)). Under Assumption 2.1 and 2.3, it holds that

2L IV fij(@) = Vi )I° < fig(@) = fii(0) = (Vi (), 2 = v), (12)
i.5

foralli € [m],j € [m]and x,y € R

Lemma C.2. Given n independent random vectors x1, . . ., Xy, such that E [x;] = 0 for all i € [n], then it holds

Hi“ 2] —éE [||$i||2] (13)

Proof. Tt holds that

EMZ ] ZE[M |+ Rl

i#]
2
S [Il?].
i=1
where the last equality is because that x1, . . ., 2, are independent and E [z;] = 0. O

15



Decentralized Convex Finite-Sum Optimization with Better Dependence on Condition Numbers

Lemma C.3. The vectors 5, u! and ' in Algorithm 2 satisfy

PR ,
t po- Z vf with f+1 Z Vfi(z (14)
and
_ ZV filw (15)
Proof. Applying Proposition 2.6 to the update rules of Algorithm 2 directly finishes the the proof. O

Lemma C.4. Under the settings of Lemma 3.4, Algorithm 2 holds that

maxXiepm Li

HVf 5m[gt]H < — e s — 12|, (16)
where L; is the smoothness parameter of f;(-).
Proof. We have
1 ’
7t _ t -
976 By =| 5, X2 (V) - v4a)
1 m
— |V fi — Vi
<— E |V fi(af) = V(@)
! = _
<Yt
1€[m L
MaX;e [m] th_ljt|2
m
where the first equality is based on Lemma C.3. O

Then we provide some lemmas for the mean vectors. The following Lemma C.5 is important to our analysis, which
guarantees the appropriate smoothness dependence for sample complexity.

Lemma C.5. Under the settings of Lemma 3.4, it holds that

o [l = V@) |[P] <225 (pat) - £t — (V@ - ) + O 5 =13t Co w1 P, A
where
. .y .
C, = 12LL + 2L , Cy = 12LL and L= max L;;. (18)
b m b i€[m],jeln]

Proof. We have

t+
e ||+ 2303 5 (9 6 - V) - VG

i=1 j=1 i

2

1‘+1

vfz,j ) vfi,j (wf)) - Vf(j;t)

WE o || 3 vt %ZZ
=1 i=1 j=1
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2
1 m n f+1
S | ZZlqj (Vig(@h) =V fug (@) = (Vfis(ah) = Viy(wh) | + EBes [8'] = VF (@)
’ i=1 j=1 b
n t+1 ’ 2
<2y [q] (Vfij(@i) = Vi j(w) = (Vfij (@) = Vfij(w;) +2HE 1= VI
’ i=1 j=1 b

where the mequahty is based on Young’s inequality. Then we consider the two terms on the right hand side separately. First,
based on Lemma C.4, we have

212

P Rmaem B ey < 2 g,

m

2 |[Egeii (5] - V1)

Then we consider the first term.

2
1 m n t+1
2B mnzzi (Viis(at) - sz-,j<wf->>—<Vf1-,j<x£>—wi,j<wf>]
i=1j=1 [ 1bJ
(13) m £t+1 2
—mz,ﬂZZEm T (Vig(al) = VD) = (V@) = Vhis(wh)
1=15=1 )
D I) DE= = (MR
i=1 j=1 ©J

mszZ o B [[190usta) = Vs @+ IV s = D@+ V() = 9w

=1 j=1

(12) 12 &N [/1—gqi;
szz(fm,jm,j( = @)~ (TFiga. 0 2) + 12, (et~ 241"+ o - o]

m2n? == qij

T I B (S Y Tt
<% i Zn;(l — a1 L (fi;(0) = fi;(&") = (Vfi;(@"), 0" = 7")) + Ca - (Hwt — 10|+ [|x - M’tHQ)
< B2 () = g(a) — (V10" 3)) + Ca (I 0|+ o~ 15

where the second inequality is based on the fact that L> L; ;foralli € [m] and j € [n] and the second last inequality
holds because of we take ¢; ; = min{1, bL; ; /(mnLmax)}. Other inequalities are based on Young’s inequality. Then by
combining the three inequalities we have

ey |5 - v | ] <22 (1) - ) - (@@ 0 ) 4 0o (o 1+ [ 1)

+£th—mtu%
m
which concludes the proof. O

Next, we provide some lemmas by following the analysis on non-distributed methods (Kovalev et al., 2020a; Qian et al.,
2021). For the completeness, we also give their detailed proofs.

Lemma C.6. Under the settings of Lemma 3.4, we have

* |2 > £ Hgt _ 5t+1H2 + ZtHl 1 zt
2n 14+no

(2" =) + L la —a (19)
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Proof. Based on the definition of z*!, we have

t41 Az 2 1 ( t t N t)
£ —=Ls
Z o nox +z i ,

which means

%gt:na(i_t By 4 (5t — 5t
It further implies that
<§t)2t+1 _ > M< t_ g+l st _ $*> + % <2t _ gt g+l x*>
H© P —t = * |2
- (||x |~ - 2 [l )
2 (I =1~ 1 = = = [ = 7|
M . L . _ w112 L., _
<5 7" =27 +%(Ht — (L +no) |2 —2 )‘g“zt—
which concludes the proof. O
Lemma C.7. Under the settings of Lemma 3.4, we have
i N A ot =t\1% < t+1  =t||? t oot+1 ot
0 (f(y )— f(z )) 5110 ||s Vf(a:)” ||z z|| —|—<s,z z> (20)
Proof. We have
£ tH1 st 2 t St+l ot
277Hz H + (5%, z z')
1 L _ )2 _ _ _
:a <2n€1 ||01(Zt+1 o Zt)“ + <St,91(2t+1 o Zt)>)
1 L | _ _ _
—5 (g 17 =+ (st = a1
1 L 2 P _ _ PN _
5 (g 17 =217 4 (770,51 = ) + = V()5 — a1 )
1 /L L/ 1
=g (31 =2 (00 =) 5 (= 1) I =2 - w1 - 29)
2% (f(gtJrl) _ f(ft) +§ < _ 1) H—t+1 i’tH <8 o Vf( ) —t+1 {ft>)
1 —t4+1 —t nb1
291<f(y )*f(l’)*wlius - Vf(z H>
1 _ _ 1 . _
5 (16 = 1) = g I8 - 1))

where the first inequality is because of Assumption 2.1, the last inequality uses Young’s inequality in the form of

lal® B8] : 16,
by > — — thf=—"—"——
{a.0) 2 =53 2 with 5 = T
and the last equality is because of the setting n = 1/(136;). O

Lemma C.8. Under the settings of Lemma 3.4, we have
0
E[WH] = (1-pW' + 2V

18
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Proof. From Algorithm 2, we know that

E [f(@)] = (1 —p)f(@") + pf(F").
Then from the definition of W* and )*, we directly finish the proof. O

Using the above lemmas, we prove Lemma 3.4 as follows.

Proof of Lemma 3.4. Combining Lemma C.4, C.5, C.6, C.7 and C.8, we obtain
@) 25 @)+ (V1@ =3t + 5 2t - o
:f(a*:’f)+%||zt — 2|+ (V@) e - 22— a)

=f(z") + g 2¢ = 2*|* + (Vf ('), & — 2') + Z—? (Vf@"),z" —w")

+ (1 - %1_ 92) <vf(£t)7it _ gt>

=fa)+ (v, — oty + B ) — pig

+E[L s -2

(5" a* — 2 4+ (5" 2 — ?)} +(Vf(z') —E[s",2* - z")

2+ g (v, — oty + B0 (6 - pg)

1 o _ L,., _ 2
+E [ztﬂ - mzt} +E {<st,zt+1 - )+ oo [l -2 ]

+(Vf(@") - E[s"],2* - z')

21 + 2 (vt - )+ 020 6 - )
+E [Z”l B 14—17702} B L,l (F@+) = @) - 241;9 Is* - xﬂﬂ
+(Vf(@") - E[s"], 2" — 2t>

1@+ 2 (vsaat - o+ LR e - e 20 - 2]
+E [91 (@) = r@h) - % (f(@') = F(z") = (Vf(@"), 0" - ft>)]

t —t1 % =t 17t c t —t |2
+<Vf(j)—E[S],l‘ _Z> m“x o H 24;01 HW — 1w H
=) + I (g - Lz g - gt
1 1

1+no
+E [zt“ @) - 56)

o C _ Co
+<Vf(:ﬁt)—IE[§t],x _Zt>_24L191 th—lxtH2 2410,

o,

where the first inequality is because of Assumption 2.3, the second inequality uses the convexity of f(-), and the last

inequality is obtained by 65 = Ly,.,/(2Lb). Note that the notations of C; and Cs follow the definitions in (18). Furthermore,
the procedure of Algorithm 2 and Proposition 2.6 implies

_t 92

1—
' =012" + 00" + (1 — 01 — 03)y" and ' —z' = 9( wt)+M
1

91(9)
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Combining all the above results, we obtain

E [ZtJrl 4 yt+1] S#Zt 4 (1 _ 91 _ 92)yt + Z—?(f(u’}t) _ f*)

1+no
. —t\ st ok st Gy t —t2 e
(Vf(z') —E[5, Z>+24L91 |Ix" —1z*||” + 24L9 — 1w,
Based on the definition of W!, we achieve
t+1 t+1 1 t s t t
E[Z +Yy ] Sil—l—naz + (1 =01 —02)Y" +pIW
_ _ C. a2
95 B o ~ 2+ g [ 18+ e .
Finally, we use Lemma C.8 to achieve
E[vt+1] —F [Zt+1 + yt—',—l 4 Wt+1]
t t t t b2 t
§1+noz +(1—6; —02)Y" +pIW' + (1 —p)W +Xy
+ va(i‘t) - E[gt]H HCL'* -z 24L9 7t” 24L9 t”
_ 1 t _ e t o t
o2 +( (mez ))y (L—p(L=2)W
_ _ _ 2
+ va(xt) - E[St]H ’ tH 24L9 t” 24;01 t”
1 t _ 07 t o t
sr—z+ (1- (040 ))y (1-p( - )W
_ _ 4112
+vr@) - A 24L0 12"+ 2411201 L
(16) 1 62 . L2Vt P
< max{l_Hw, (1 (91+92)\>> ,(lp(l)\))}V + m“x -1z H
B
1200  2I2 2 2
() [ - 2]
where the last inequality is obtained by the definition of V;. O
C.2. Proof of Lemma 3.5

The main idea for analyzing the consensus error is establishing the recursion for

L n2 ~ n2 B ~ _
T L Ay e W P e I e

There are actually extra consensus error terms ||x? — 1Z¢|| ?and [|wt — 1t ||2 These terms can be bounded by the recursion
of rt and we present the process in proof of Theorem 3.7. Recall that we have defined

ié . max ]Li,j7
which satisfies
mnL > L > Liax > L. 1)

We first provide lemmas for the proof of Lemma 3.5.

20



Decentralized Convex Finite-Sum Optimization with Better Dependence on Condition Numbers

Lemma C.9. Under the notations and settings of Lemma 3.5, we have

[t = L * <0 [0~ 12 303 w1t 00y — ) [y 1

Hut+1 _ 1,ﬁt+1||2 <9p? Hut _ 1atH2 1 9p? Hgt+1 S t2

[ 51 <2 — 15| 4 2?4

B 3p2,,72o.2 2 1 3p 77
o+ =12 < T I =13 80 Aoz

Hyt-‘rl_lgt—HH <3p? HX _1jt||2+3p29%uzt+l_12t+1’|2_’_3p29%”zt_12tu '

=22 + 18,

Proof. The upper bounds of [|x'1 — 1z!1||, ||z*! — 12! and ||y*** — 15'*!|| hold by combining Young’s inequality
and Proposition 2.6. The upper bounds of ||u‘*! — 1a‘*!|| and ||s'** — 15"*1|| can be obtained in the same way. We only
provide the details for [|u’™! — 1a'*!|| as follows. We have

) i g
< Sl )+ (0 ot~ 0 -0
SQP?ZM o[’ +2pQZH gt (g — g)|?
<2p2Z||u —a'[* +2p221|gf+1 gt

=22 Hu —1utH +2p2Hgt+l—

where the first inequality is because of Proposition 2.6 and the last inequality is based on the fact

m m

_112 2
Y llai—al; <D llasll; -
i=1 i=1

for {a; € R™*4}™ anda = Y"1", a;/m. O

Lemma C.10 (Expected consensus error of w?). Under the settings of Lemma 3.5, it holds that
) t
E [[[w+ 10 ] = 3op(1 - p) B [y - 1577 @)
s=1

Proof. At the t-th iteration where ¢ = 0, ..., we have
B [Jwt! = 10" = (1= p) [w' = 12'|* + p [ly* - 15"]".

We can obtain from this recursion that

t

E[[[w' =10 *] = > p1 - p) B [lly* = 15°)17] + (1 = p)* [|[w° = 10|,

s=0
Then as initialization implies || w® — 11I)0H2 = |ly° - 1gjoH2 = 0, this leads to the desired result. O

Lemma C.11. Under the settings of Lemma 3.5, it holds that

Sﬁmp)ﬁl
D)

8ﬁmp)u91
0

e = g7 <o et vt S e g2 e Sy,
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Proof. We have

t+1 t Z||gt+1 ngQSQZHVﬂ(wa sz |+2Z||sz sz(x*)HQ
i=1

We also have

IV fi(wh) = V(@) = |V fi(w?) = V fi(@") + V fi(a! Vﬁ ol
gum - Vi) +2|\sz s Celll
szﬁuwz—wtu +2||Vsi(w —w Bl

(12) 2 . B .
2 |luf - ot | + 4L(fi(a) ~ fi(a).
Combining the above results, we achieve

m

e —g'l” <2 |IVAiwl™) - Vil — V)|
=1
<> 4L fultt -t + 8z<f (@) - (™) + zm ot = @ | + 8E(a) — £ia))
=1

—4L? | W't — 1@t 4 8Lm(f (@) — f(a¥)) + 4L2 Hw — 1| + 8Lm(f(w") — f(z*))
SI:mp)\Hl

1’[])t+1 H2 + 8[A1mp)\91

—41? |w W 4 41% ||wt — 1wt ||* + WE.
02 62

Next, we target to bound ||v¢ — 1%¢ ||2 which is decomposed into two parts.
Lemma C.12. Under the settings of Lemma 3.5, it holds that

o = 3 3 — 2+ 87 o v S
Proof. We have

Z Jut]|* = 2l =) + (= Vo) + (V@) - V@)
2(3““ —'|* 4+ 3@t = Vi@ +3 (V@) - Vi)

2

+3Z (2L(fi(@") = fi(x"))

=1

m

(1§2)3Hu 1utH —l-BZ

ZWJ H) = Vi@

§3||ut—1ﬂt||2+%22||ij(w vt +3Z 2L(fi(') — fi(x*))

i=1 j—l
(21)

< 3t - t||+ ZZH“’ t|\2+32(2L(f(wt)—fi(x*))
=1

=1 j=1
Gf/mpAGl

= 3||u’ — 1a’||* + 312 ;
2

wt — 1at||” + Wi,

where the first and third inequalities are based on Young’s inequality. O
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Lemma C.13. Under the settings of Lemma 3.5, it holds that

“ n gt 2

S B || 302 (Vi (o) = Vi ()

i |= Mg

3an 19m2nl 9 99

(H t_lxtH +HW — 1w t”) bmax{liwl’ﬂ;}vt'
Proof. 1t holds that
< n, gl 2
S Eern | |30 2 (Vi (ah) = Vi (w)))
= = Mg
n €t+1

(Vfij(ai) =V fi(w

IA
SEp
NE

E r+1
i,

1j=1

qi,j

.
Il

11]1

] ZZ — ||Vfu ) =V fig ()|

n

3 1 (vau — Vi @)+ [V i (@) = Vs (@) + |V iy (wh) = V fi (@ H)

IA
S|w
Ms

1:1]:1(1”
ﬁii L (82, ot -+ 22, - 4 [V 5a(a) - V).
n Qi j 3 4,7 117 ,J »J

=1

s
Il
—_

<.

where the first and second inequality are based on Young’s inequality. In the third inequality, we use smoothness of f; ;(-).
In the second last inequality, we use the convexity of f(-). Then we consider the terms separately. First, we can obtain the
consensus error terms as

- Z Z ( 2t =2 22 ot — )

=1 j= 1
m n Lg ~ 2 ~ 2
=2y o (o =1+t = )
=1 j=1 b
(u)SmL 2 2
ZZ(Hw 2[|” + [|uf — ")
i=1 j=1
_3mnﬁ2

b (I =22 + fw = 1a]?)

where the step (a) is based on the setting ¢; ; = min {1, bL; ;/ (mnﬂmax)} and facts mn > band L > L.y that leads to

L;; mnLyax MmN Lyyax mnl
Qij =1L;; .max{l, bL., } = max{LiJv, 5 } < o (23)

Then we consider that

35S L V) - V)P

=1 j= 1Qz]

m

S%ZZ (2vaz‘,j(55t)—vfi,j($*) ’

11]1

S S B (10— s+ as) — fusD)

i=1 j= 1 i

w') =V f (")

)
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& S S (&) Fusla) + (o) — Fis )

m2nA_ i
=L (£~ ) + (P~ fa)
<PIIL (£~ F@) + (1) — F@) + 27() — Fa))

m2nl
S% (s [ x*Hz +(f(@) = f(z) +2(f (@) — f(x

:12m2nj) ( 2n Zt L0 2pA6, Wt)

*
~—
=

\_/

12m3nlL 2 201 ..
<
=T mx{1301 eg}v’

where the fourth inequality is based on the fact that f(-) is convex. Then by combining the above results, we can obtain that
t+1 2
= &)

D Eeer |13 (Vi) = Vi (w))

j= 1”%]

3mnL? 2 2\ 12m2nl 2 20
<L (ot — 1) |t~ v )+bmax{1391,9;}vt,

which concludes the proof. O

Lemma C.14. Under the settings of Lemma 3.5, it holds that

T2 T2
B [l =] <2t -t P B2 et 1t 2 et — gt

b b
T2
sz fut - a2 g 2
24m?2nl 2 56 " 41
+7b max{1391,202}-(V + V).
Proof. 1t holds that
i 2
9 m £t+1
E|VIF]=>E ut+Z S (Y fug(af) — Vi )
i=1 b3

2

j=1 ,J

<3 2ol +2 30 S (el - O )

_ 6an 12mnL> _
<6 u — 1|+ D e g 2 g
12m>nL 2 56 .
Ty {1391 292} v

where the last inequality is because of Lemma C.12 and C.13. Then we can obtain the desired result by using the fact use
the fact that [[vi+! — vt||2 < 2|vi+L||2 + 2 | vt O

Substituting the result of Lemma C.11 and Lemma C.14 into Lemma C.9, we obtain the result of Lemma 3.5. Here, we
rewrite Lemma 3.5 by including the detailed expressions of A and h'.
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Lemma C.15. Under the settings of Lemma 3.4, we run Algorithm 2 by taking

log(l/p)w ,
K=|—*t~+ with 1/p = O (poly(m,n,k)).
A /
Then it holds
E [r"] < p*(A-r" +hf), (24)
where
2 0 0 0
2414+ 2p%) a9 ass a4
A= 0 3n? 3+9602n%0? 9(1—601 —62)%n%c?
(1+no)? (1+no)? (1+no)?
2,202 2n2 2420_2 22__2202
0 DB 607+ WO G0 3(1 gy — gy)? + UG
and X ) X
S (! — 100 4 [[wh+! — 1t 7)) + BB Ve W)
ha
h‘t = In?0202L _ 112 ’
Moy IWh = 10|
27p°n*00363 42
(963 + &R0 ) L |lw — 1
with
9p°n*07  27p" 007 (1 — 61 — 05)°
aze =2+ 3 3
(1+no) (1+no)
72mnL?63 (3 4 9029202 9p? + 27p*03n%0?
as3 :721 /)(—1772) +p2(1 _ 01 _ 92)2 6+ P P 1277
bL (1+no) (14 no)

72mnl2(1 — 0y — 0y)> 92021202 9 27p203n0?
24 bL? U ger TP =0 (3 T

392y, 72 2.7
L L M T A ”Lmax{ 2 2101}'<Vt“+vt)

bL bL 13601 20,
648p>nL203 [ 1?0263 o 3p°n*0(1 — 0y — 02)%6% . 412
1-6,—-96 -1 .
* bL (14 no)? +( 1= 02)7 4 (1+ no)? [w o'||
Additionally, we have
91m3n3
1]l < (25)
and
48m3n? 2 656, (66 + 324p2)nL>? 5 324p*nL? 2
Bt Yttt Lyt t_ 10t L pttl
I <22 e { e S} (v v 4 CEETEEIE ot g B att — pigte
48m3n3 2 656, (66 + 324p*)m2n3L 2
< Yl oyt t_ 1ot
< b max{1391,692}( +VH+ b ||W w”
324P27;12”3L [wi+! — lthrlHQ'
(26)
C.3. Proof of Theorem 3.7
Proof. We prove this theorem by induction. We assume that
t
. 1 1 0y 1 o 10
E[V] < [max(1—onol—o(6+6—F ) 1-5p0=N ]| (V+[]) 27)

[0}
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and
E[[|r']|] <o (v +[°[]) (28)

holds when ¢ < k and are going to prove it holds for ¢ = k + 1. It should be straightforward that the two assumptions hold
when ¢ = 0. We use the notation A and h' by following Lemma C.15.

. .. _ 2
Based on Lemma C.15 and Lemma 3.4, we need to first deal with additional consensus error Hw‘”rl — 1@ttt H and

[|x!F1 — 12+ *fort =0,--- , k. From the simple observation that 1 — p/2 < «, we can first obtain an estimation that
fort=0,---,k,
E[[lw+t - 1w+ ] (QZ)Zp P)'E |y - 15
m - t s %) m : t—s s 0 0
fz E =] < pr(l—p) a (VO +°[])-
s=1 s=1

‘We can further obtain that

St (52) s (1 3)

where the first inequality is based on the fact that « < 1 — p/2 and p < 1/2. Therefore, by plugging in, we can obtain that
fort=0,...,k,

| W
Q
o~

(29)

)3
B [lwt s 100417 € (0 4 ) (30)

As equation (30) might be loose, we then seck an even tighter bound for ||w'™! — 1! ||2 By Lemma C.15, we can
obtain that forallt = 1,--- , k + 1, it holds that

E [||~*]]]
(24)
< E[p*[[A-r" T <E [ AP o 2]

(25),(26),(27) 91m3n? 48m3n3 2 650
< 2E t—1 VO 0 1
e [b @' (V0 4 1) + T e f o

} (V' + V“)}

2,23 2,23
PR [(66—}—3245 ym*n°L w1 1wt*1|\2 n 324p Z’L n’L [t — lthz]
B0, [91m3n® , | 96m3n3al~! 2 6560, (66 + 648p*)ym3n® 3 , | o 0
g [P e S 2 S S St o)
2750m3n3p2al
o A o),

(€29
where the last inequality holds by the setting @ > 1/2, b = / mnmmax/ Ky 01 = 1/(2/K), 02 = Rmax/(2bk) and
1/p > 18v/2. Thus we obtain a sharper upper bound of ||w'*! — 1wt+1|| fort=1,--- ,k, that is

E [Jw'*! - 1" Zp P [lly* — 15°]]
m
< 7 Sn-p Rl
s=1 (32)

C39) 2750mn3 p?

2 S p1 - pytar e AR [ )

(29) 4125m*n3p2al

2 aminfal (o o).

- bL
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Next, we bound ka — 1%’“”2 by

o [l - 12

IN

303E [||2* — 125|°] + 363E [||w* — 10*"] + 31 - 61 — 02)°E [|[y* - 15*||’]

IN

g (|l ]) +E [[lw* - 14)7] 33)

(152 M
- bL

Furthermore, Cauchy—Schwarz inequality implies

(VO D)

277L E[V¥]

onL2Vk
H (1+no) mL

k 1.k
(1+no)mL X' -1 H

E [lxk - 12%)%). (34)

Now we finish bounding all the pieces of consensus error and notice that each piece is multiplied by at least p. Denote

1 )
= 1—(61+6,—2),1—p(1—A
ﬁ max{1+770" (1+ 2 )\)7 p( )}7

and by substituting the estimation of the pieces above, from Lemma 3.4, we have

]E[V}c+1]
27) . L2 V . Cy k
s BV G A s 24L9 I ~ 12 2416, I
(1,606 | 4l 12375m n3p? o o CrllxE—1F]® + Co ||k — 1|
= ES (1 + no)ymL Vo[ + 2416,
(32),(33) ]
< dF(BHp O3+ 0 Ch) (VO + |7,
where
B 477[22 . 12375m3n3 d Or = C; 12375m3n3 n Cy 4125m3n3
ST\ O+ no)mL? b an YT 406, b 24L6, b

and C; and C are defined at (18). Therefore, above result and the fact « — 8 = ©(1/+/k ) means have

BV ot ) (54 (1-39) ) <o

and
E [[|r**H]] < o™ (VO + [1r0))

by taking p > 0 such that 1/p = O (poly(m,n, k)), which finishes the induction. Hence, we have

t

E[V'+|r']|]] <2 | max (1 - %770’, 1- % <91 + 62 — 6)\2) 1= %P(l - /\)) (VO [°[]) -

[

for all £. The condition of p can be satisfied by taking

_ log(1/p) _ , (log(poly (mnk))
= RS o (el

Combining the above results, we finish the proof.
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C.4. Proof of Corollary 3.8

Proof. We first prove that CESAR (Algorithm 2) can find an e-suboptimal solution in expectation. We run Algorithm 2 with
the setting of Theorem 3.7 and let

K 2 2 1
T=0[(-+ + log - | . (35)
((77 91-&-92—97\2 p(1>\)> g€>

Then Theorem 3.7 means

E[f(y") - f(z")] <

3

[\ e)

and E {Hsz - QT‘H < me/L for each i € [m]. Moreover, Proposition 2.6 means step Yous = FastMix(y7, Kout)
with Koue = O(y/1/alogm) (line 20 of Algorithm 2) leads to 7" = ¢ and

LE [y - 5] < e (36)

7

for each i € [m]. Applying the smoothness of f (Assumption 2.1), we have

L
f(y?ut) _ f(gout) < 5 Hyz(')m _ goutH2 < %

for each ¢ € [m]. Together we have

F@™) = f@) =F @) = FG) + f@) = (@) < 5 +

= €

[NCN e

for each ¢ € [m]. This implies that output y°"* is an e-suboptimal solution in expectation.

Then we analyze the complexity of Algorithm 2 by following the parameter settings of Theorem 3.7. As we set p =
max{f1, 602}, when it holds that 6; > 6, we set the auxiliary constant A = 2/3, then we have

2 2 4 6 10
<

+ <—+—=—.
01+ 0y — 072 p(l—=X) 6 01 6
Else if 6, < 65, we set the auxiliary constant A = 265 /(202 + 01) € [2/3, 1) and can obtain that
2 2 4 2 4 6 10

+ <4<~
Or+0,—% p1—=X) " 0 6(1-X) " 6

0, 6,

Therefore, by substituting the parameters setting into (35), we can obtain

K 2 2 1 1
-+ + lo —O< K lo >
(77 91-&-92—972 p(l_)\)> g€ v g€

and thus
1
T=0 (\/Elog ) .
€

Then we directly achieve the communication complexity by TK = @(\ /r/y1og(1/€)) and the expected LIFO complexity
by T(mnp + 3732, 3771 Gij) = O ((VmnFmax +mn) log(1/e)).

Then we consider the computation time. As discussed in Section 3.2.1, it contains the full-batch gradient computation at
snapshot points and mini-batch gradient computation at all points. For the snapshot points, it takes

7II]X 1
np.T:(’)<max{ nﬁma ,n}.log€>.
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For the mini-batch costs, it takes

o 1€[m] m

T-1 —
SE {max Yf} =0 < L (1nmn)2> :

where we bound E [maxie[m] Yf] by using Theorem 3.3.

Summing over above results, we can obtain the overall computation time complexity

O((WJWJH/E) log1>,

which finishes the proof. O

D. Proof of Section 4

The proofs for lower complexity bounds in Section 4 follow the construction of Hendrikx et al. (2021, Theorem 4.1 and
Corollary 4.3). We modify the instances of Hendrikx et al. (2021) by considering different condition numbers &, Kmax
and K.

D.1. Black-box Procedure

We use the notion of black-box procedure by following the definition of Hendrikx et al. (2021) and we present its details for
completeness. The following definition does not include the oracles of dual gradient and proximal operation, since we focus
on dual-free methods.

Specifically, we consider the black-box procedure for distributed algorithms on a system of m nodes, that respect:

* Local Memory: Each node i € [m] has a local memory M, , at time ¢. The values in this local memory can only
come from either local computation /\/lft or communication /\/lzGt so that for all ¢ € [m], M, C Mft U Mft

* Local Computation: Each node 7 can, at time ¢, compute V f; ¢, , (z), where & ; € [n] can be arbitrarily chosen by the
algorithm and € M, ;1. This is equivalent to that

Mft = Span ({z,Vfi¢, . (x): @ € Mi1}).

* Local Communication: Each node i can, at time ¢, share a value to its neighbours so that for all ¢ € [m],

Mz'c,t = Span U M s

JEN (i), T€[t—1]

¢ Output Value: Each node i must, at time ¢, specify one vector ! in its memory as the local output of the algorithm,
that is, for all ¢ € [m], xt € M, ;.

D.2. Proof of Theorem 4.1

Proof of Theorem 4.1. We consider the network of m nodes associated to graph G = {V, £}, where V is the set of nodes
and & is the set of edge. We let ) be a subset of V and Q% = {v € V : dis(v, Q) > A}, where dis(v, Q)) is the distance
from v to @, i.e. the smallest distance between v and node v" € @, where we assume the distance between neighbour nodes
is 1. Denote the number of nodes in @) and Q4 as |Q| and |Q% |, and assume that | Q)| > |Q% | without loss of generality.

For any L, 1 > 0 such that L /i € [1, ]. we define the functions 1/1? :ly — Ras

L—p

1 ("' My —ely)|, if i€Q

1
v = 57 |5 1017+
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1 L—
W00 = g [0+ E T 0] it e @y
Q. — H 2 .
Vi (y) = 60m —1Qal =) llyll, otherwise,

where M is the infinite block diagonal matrices with [_11 _11} , My = {1 0 } ande; = [1,0,0,...] € lo.

0 M,

Then we can construct the individual functions f; ; : /5 — R, and objective function f : £3 — R as
fij(@) =P (x;) and  flz) = — Z Z fij(a
i=1 j=1

where x = [z1;...;2,] € €5 and each z; € (5.

We can verify that f(-) is L/(mn)-smooth and p/(mn)-strongly convex since it holds 0 < My, My < 2I. Thus, the
condition number in our construction satisfies k > L/p.

Next, we consider the solution of mingeep f (x). We start from the analysis for the solution of problem min, ey, 1(y)
where ¥ (y) = (1/m) >, ¥%(y). The definition of 12 (-) implies

1 & L—p TR
= Z%Q(y) =5 (y"(My+ M)y —ef y) + 5 [yl -
i=1

Since 1)(-) is strongly convex, it has the unique minimizer y* = [y*(0),y*(1),...] . The optimality condition V¢)(y*) = 0
implies we have

i+ L (k) — (k- 1) — (k4 1) = 0

4
for all £ > 1 and y*(0) = 1. By induction, we can show that y*(k) = ¢* with ¢ = (\/L/u —1)/(\/L/u + 1).
We can further obtain that the minimizer »* = [z7;...;2;] € €5 of f(-) satisfies that x} = y* for all j € [n]. Fora
sequence {z!}", with x} [$§,1§ ces xfn} € ¢y and :cﬁ ; € {2 generated by a black-box optimization procedure as defined

in Section D.1 w1th 29 = 0 for i € [m], we then have

m n mon n i (t)

D) DIETREET (S ) DD BN IF10] (5 D) DRt gl sl

=1 j=1 =1 j=11>k;(t) i=1 j=1 j=1

where k;(t) is the first index such that z ;(I) = 0 for all nodes i € [n] and [ > k;(t). Then it holds that

E“;:x || ] iZH%—%HQ - 11_—(]‘1 zn:E{qQk’j(t)} (37

x| =1 5= 122, =1

since we have ) ; = 0 and 2} ; = y* forall i € [m], j € [n]. Note that the upper bound on k;(t) leads to the lower bound

on the expected error. Based 0n (37) we can provide a lower bound for communication round complexity as follows.
Consider time ¢ and corresponding k; (). We here discuss the time ¢’ > ¢ such that k;(t') = k;(¢) + 2. Let us first provide
some straightforward intuition. For initial point x = 0 € ¢5, to make x({ + 1) non-zero, the structure of M; and M, means
we require (/) non-zero; then ensure it is in the memory of node ¢ € @) and call a LIFO on the node if { is odd (or node
i’ € Q4 if l is even). It is clear that any LIFO (or equivalently, local computation) on f; ;(-) with i ¢ Q U Q% is not helpful
to increase k; (t).

Suppose. k;(t) is odd and there exists vector © € {5 with x(k;(t)) # 0 in the memory of node ¢ € (). To achieve
ki(t') = ( ) + 2, we have to first call an oracle of f; ;(-), i.e. do local computation, on the node such that at time " we
have i (t” ) k;(t) 4+ 1. Then the message with (k;(t) 4 1)-th coordinate nonzero generated at node 7 must be sent to node
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i’ € Q4. Then we can call the oracle on fi/ ;(-) for i’ € Q% and at time ¢’ we have k;(¢') = k;(t) + 2. This procedure
takes at least A communication rounds. By the message with (k;(t) + 2)-th coordinate nonzero generated at node 7’ sent
back, it costs at least another A communication rounds to let nodes in () receive the message. When k; (t) is even, this
procedure starts from a node i’ € Q% is almost the same as the case of odd k;(t). Since we have k;(0) = 1 and k;(t) < 2
for all t < A, we have

(38)

Combining (37) and (38), we have

where we use

2
S S .
! Vi1 NCES!

Therefore, finding an e-suboptimal solution requires at least communication round complexity of

(1)

Based on the constructing of Scaman et al. (2017), when m > /3/, there exists a linear graph such that A = ©(,/1/7).
Thus, we can obtain the lower complexity bound on communication as

()

D.3. Proof of Theorem 4.2
Proof of Theorem 4.2. We consider the cases of £ < NRmax/m and £ > NRmax/m separately.

(a) First case: kK < NRmax/m. We employ the similar analysis in the proof of Theorem 4.1. Here, we give the details for
completeness.

We consider the network of m nodes associated to graph G = {V, £}, where V is the set of nodes and £ is the set of edge.
We let @ be a subset of V and Q%4 = {v € V : dis(v, Q) > A}, where dis(v, Q) is the distance from v to Q). Denote the
number of nodes in @ and Q% as |Q| and |Q% |, and assume that |Q] > |Q4 |-

For any L, 1 > 0 such that L/p € [1, k]. We define the functions 1/)Z-Q : 0y — Ras

W00 = g |5l + EF L - )| i e @
1 L
W00 = g5 |5 ol +4yTM2y] it e Qs
Q _ 2 .
Vi (y) = 6(m — |QZ| —1QD lyl|©, otherwise,

where M, is the infinite block diagonal matrices with [11 _11} , My = {1 0 } ande; =[1,0,0,...] € {s.

0 M

Then we can construct the individual functions f; ; : ¢4 — R, and objective function f : {5 — R as
1 m n
fij(@) =9 (x;) and f(x = Z > fij(@)
i=1 j=1
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where © = [z1;...;2,] € €3 and each z; € (5.

We can verify that f(-) is L/(mn)-smooth and p/(mn)-strongly convex since it holds 0 < My, My < 2I. Thus, the
condition number in our construction satisfies that

1 "L L
k>L/u and Fmax > — Max ;’j _ mnk
n ’iE[m] = mn |Q|,LL

Next, we consider the solution of mingeep f (x). We start from the analysis for the solution of problem min, ey, 1(y)
where ¥ (y) = (1/m) >, ¥%(y). The definition of 12 (-) implies

1 ¢ L—p K 2
== W) = "5 (" (Mi+ Ma)y —efy) + 5 Iyl
=1

Since 1)(-) is strongly convex, it has the unique minimizer y* = [y*(0), y*(1),...]T. The optimality condition V¢)(y*) = 0
implies we have

L-n . *
pi+ =2y (R) =y (k= 1)~y (k+ 1)) =0
for all £ > 1 and 3*(0) = 1. By induction, we can show that y*(k) = ¢* with ¢ = (\/L/u —1)/(\/L/u + 1).
For a sequence {z!}™ , with x! [;1:5’1; e :zrfn] € ¢y and a:f ; € {2 generated by a black-box optimization procedure as
defined in Section D.l with 29 = 0 for i € [m], the minimizer z* = [27};...; 2] € £5 of f(-) satisfies that 2% = y* for all

Jj € [n]. We then have
B gk ®

DICEEIE W IP I ETIES wates Sb a3

i=1j=1 =1 j=11>k;( i=1 j=1 j=1

where k;(t) is the first index such that z ;(I) = 0 for all nodes i € [n] and [ > k;(t). Then it holds that

* m n J}f’-—ﬂf’f 17
E“; ||] zyy il < [l 03 [ 39

l’” i=1 j= 1|xz]_'rj

since we have « ; = 0 and 2} ; = y* forall i € [m], j € [n]. Note that the upper bound on k;(t) leads to the lower bound
on the expected error. Then based on (39), we can provide a lower bound for computation step complexity as follows.

Without loss of generality, we consider the initial point 2° = 0. The definition of M; and Mj results that only the LIFO
call (or local computation) at nodes ¢ € () can increase k;(t) when k;(t) is odd (and only the LIFO call on i’ € Q% can
increase k;(t) when k;(t) is even). Furthermore, k;(t) can only be changed by calling the LIFO of the component j on
node ¢ (for odd k;(t)) or ¢’ (for even k;(t)). Thus, we can upper bound k;(t) by the number of LIFO calls of component j
for all i € [m] are called. Since at one computation step, a node ¢ can only call LIFO of one component f; ¢, (1), we have

H<T+Y D> W& =i+y, > 1

1=1i€Q I1=11€Qq

where 1 (-) is the indicator function. This leads to

<n + QI+ |QAlt < n +2|Qt.

By Jensen’s inequality, we obtain

1 e ., P
*Zqz"“”Zqﬁ =1 ki) > g2 41QI (40)
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Combining (39) and (40) and taking |Q| = |Q4| = 1, we have

m n

244t
(1) [ ( 2n ) "
— ' & Z - o > ] - -
(1—q)mn - ’

2 —
0 *
il | AP MFmax /M + 1

where we use
2n _q 2n
nyL/p+n n|QFmax/m +n

Q<<¢7+) log(i))

computation steps to achieve an e-suboptimal solution when nipyax/m > k.

q=1

Thus, we require at least

(b) Second case: £ > nimax/m. In this case, we aim to prove a lower bound of ) (y/xlog (1/€)) on computation steps
to achieve an e-suboptimal solution. Note that when m < n, from Proposition A.1, it is clear that nkyax/m > K, thus it
should be categorized to the case (a). Hence, we focus on the case of m > n.

We consider the instance that all f; ; are identical. This means we have f; ;(-) = f(-) forall i € [m],j € [n], where
f :¢a — R. For any L-smooth and p-strongly convex function f(-), also f; ;(-), we have

n’_imax

n
= —Kr <K
m m

L
K = Kmax = —, and thus

Since we set f; j(-) = f(-) forall i € [m] and j € [n], the problem can be regarded as minimizing f(-) on a single
machine by full-batch methods. In this case, the complexity of computation steps corresponds to the complexity of
deterministic first-order algorithms. From the well-known lower bound analysis of Nesterov (2018), we have the lower

bound 2 (v/k log(1/€)).

Combining above two cases, we obtain the lower bound on computation steps

0 (( ”’;”T‘:a" +\/E+n> log (1))

D.4. Proof of Theorem 4.3

We first provide a lower bound for finite-sum problem on single machine by following Agarwal & Bottou (2015); Nesterov
(2018); Woodworth & Srebro (2016).

Lemma D.1. Let & > 1 and n € N. There exist n functions f; : {5 — R such that each f; is smooth and convex and
objective function f = 1/n Z?Zl fj is p-strongly convex such that i > Z;;l L;/(nuw), where Lj is the smoothness
parameter of f;(-) for all j € [n]. Then for any black box procedure, finding a point x € {3 such that E[||z* — z* ||2] <e

requires at least
1
Q <(\/nR + n) log <>>
€

incremental first-order oracle calls, where x* is the minimizer of f(-).

Proof. We first construct individual functions f; : /5 — R and objective function f as
1 n
fiw) =w(z;) and  fz) =~ f(),
j=1
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where x = [z1;...;x,] € €5 withz; € ¢ forall j € [n]. We define ¢ : £5 — R as

— 0 g
Y(y) = (y"My—ely) + 5 Iyll5

where M = } and My = -1 2 -1 is an infinite tridiagonal matrix and o > 0

1
My
We can verify 0 < M = 41, which implies f(-) is o/n-strongly convex and each f;(-) is L-smooth. Thus, it holds

that & > nL/pu.

Similar to the proof of Theorem 4.1, we can obtain that the minimizer of ¢ (-) is y* = [y*(1);y*(2);...] € {3 with
the k-th coordinate being y*(k) = ¢*, where ¢ = (\/L/o — 1)/(y/L/o + 1). It implies the minimizer of f(-) is
o = [z];...;25] € £y with 27 = y* for each j € [n].

Without loss of generality, we assume the initial point is 2 = 0. Then it holds that

n q2k 5 ()
Z RIS ON ! Z (1)
J=11>k;(t)
where k;(t) is the first index such that 2 (1) = 0 for all | > k;(t). From 2% = 0 we have that ||x - || 1/(1 — q) for

all j € [n], thus it holds that
2

! — 2] I
R L

[llﬂﬂ0 Sl Z

We then give lower bound on E [¢*%i()]. The structure of M/ means to make the (k + 1)-th coordinate z;(k + 1) be
non-zero requires that z; (k) is non-zero and call incremental first-order oracle V f;(-). Thus we can obtain that

t
< 1
=1

where ((t) be the index of incremental first-order oracle which is accessed at the ¢-th step. Then it holds that

Sk <3S 1{C) =

j=1 1=1 j=1

n

> 1,(]2 ZE {qzkj(t)} )

EE R er®

Using Jensen’s inequality, we have
Sk t
,E g~ >qn = 1"3;(02(]”. (42)

By substituting (42) into (41), we can obtain that

o Dt S 4 g [n] 5 MO o
|20 — — Sl &1

z H j=1 j=1

Since ¢ = (/L/o —1)/(\/L/o + 1) and & > nL/o, we need at least

o (v +n)og (1)

*

first-order oracle calls to achieve E[||z" — z* ||2/Hars0 —|Y < O
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Applying Lemma D.1, we can prove Theorem 4.3 straightforwardly.

Proof of Theorem 4.3. Consider the instance in the proof of Lemma D.1, but with m x n individual functions. Then it

suggests the lower complexity bound
- 1
Q ((\/mn/i + mn) log ()) .
€

on incremental first-order oracle calls.

In decentralized optimization, we allocate the m x n individual functions f; ; for ¢ € [m] and j € [n] in the proof of
Lemma D.1 on a fully connected network with m nodes. Then it leads to the lower complexity bound

Q ((\/Wern) log (1)) .

on local first-order oracle complexity.
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