Banach distribution spaces for a Hilbert space
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Abstract—Associated with every separable Hilbert space 7 and
given localized frame, there exists a natural test function Banach
space /' and a Banach distribution space 7> so that H' C
H C H°°. In this article we close some gaps in the literature and
rigorously introduce the space 7{°° and its weighted variants 77,
under minimal assumptions and discuss some of their properties.
In particular, we compare several topologies associated with 3,
and show that (17, || - [|1cc) is a Banach space.

Index Terms—Localized frame, co-orbit space, distribution
space

I. INTRODUCTION

The theory of distributions (or generalized functions) has
become indispensable in modern mathematics, physics and
engineering, and provides a suitable abstract framework for
the analysis of various problems and the formalization of many
phenomena. A classical example of a distribution space is the
space S’(R9) of tempered distributions, i.e. the (anti-linear)
topological dual of the space S(R?) of Schwartz functions
on R?. Since S(R?Y) ¢ L?(RY) C S'(RY) and since both
S(RY) and L2?(R?) are invariant under the Fourier transform,
the space of tempered distributions is well suited for extending
Fourier theory from L?(R9) to the distributional setting, and
provides a valuable framework for analyzing various kind of
PDEs [9]. On the other hand, S(R?) is not a Banach space
and S’(R%) not even a Fréchet space [2], which sometimes
makes working with these objects a bit tedious. If one is
less oriented towards derivatives, but more interested in time-
frequency analysis and applications to quantum physics, the
Feichtinger algebra So(R?) [5] and its dual space Sj(R?),
sometimes called the space of mild distributions [6]], serve as
an indisputably useful alternative to the latter, see also [4].
The space So(R?) is defined as the space of all elements in
L?(R%), whose short-time Fourier transform [8] with respect
to the Gaussian (or any other Schwartz function) is in L1 (IR29).
In fact, SO(Rd) is not only a Banach space, but even a Banach
algebra under both convolution and pointwise multiplication,
and contains S(R?) as a norm-dense subspace. Thus S/, (R9)
is a Banach space of distributions contained in S’(R?). In
particular, one can show that So(R%) C L%(R%) C Sj(R?)
(such a triple is called a Banach-Gelfand triple), and since
So(R?) is invariant under both the Fourier transform and
actions of time-frequency shifts, (So(R%),S)(R9)) is widely
considered as the appropriate test function-/distribution space
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pair for time-frequency analysis and applications to quantum
physics [4].

In this article we consider a generalization of the Banach
distribution space Sj(RY) D L%(R?) to the abstract Hilbert
space setting. In analogy to a characterization of Sg(R?) via
Gabor frames [J8]], Fornasier and Grochenig defined general
co-orbit spaces HE (1 < p < oo) associated with a localized
frame in a given Hilbert space H [7]]. In fact, for reasonable
weights w, H] w © M C Hy is a Banach-Gelfand triple,
which (up to norm equivalence) coincides with the triple
So(RY) c L2(R%) C S)(RY) in the case of certain Gabor
frames [7]. While the spaces HZ (1 < p < oo) and their
properties have been studied in detail in e.g. [7], a rigorous
discussion of the space H;; in [7] was omitted by the authors
”to avoid tedious technicalities”. In the book chapter [1], the
authors gave a more detailed presentation of the space H:°,
—unfortunately containing some small errors. The purpose
of this article is to close these gaps in the literature and
give a detailed presentation of the space A, under minimal
assumptions.

II. PRELIMINARIES

Let H be a separable C-Hilbert space with inner product
(+,-) being conjugate linear in the second slot and let ||-|| be
the induced norm. The set X is assumed to be countable and is
used as the index set for the ¢P spaces. A weight w is defined
to be a map from X to R.¢. For a sequence (ag)rex, the
weighted ¢P-norm is given by

I(ar)kexller, = l(exw(k))rexlle -

The space /2 consists of all sequences with a finite ¢£ -norm
and is a Banach space. For the pointwise topology, we use the
notation pw.

A. A certain locally convex topology

Let V be a C-vector space with a countable Hamel basis. Let
T be another C-vector space and assume that (7, V) is a dual
pair with associated nondegenerate sesquilinear form (-, )7 v
(being conjugate-linear in the second slot). We equip 7 with
the Hausdorff locally convex o (7, V)-topology generated by
the seminorms {|(-,v)7 v| : v € V}. Equivalently, we can
replace V by a Hamel basis, to get countably many seminorms
generating the same topology, so that 7 is metrizable. Let T
denote the topological completion [[10] of 7, which is again



a metrizable Hausdorff locally convex space. For the sake of
sanity, we make sure that the sesquilinear form (-, )7y can
be uniquely extended. For each v € V, the linear functional

lv : T_> (C7 lv(x) = <Z‘,’U>7’7v.

is continugus, @nce there exists a unique continuous linear
extension [, : 7 — C [11, Theorem 5.1]. In particular, we
may define the extended sesquilinear form (-, )=, on 7 x V'
by -
(z,v)7y = lo(2).
We easily check for conjugate linearity on the second slot. Let
(xn)22, C T be a sequence converging to some = € 7. Then
(T, u+ )z, = nlggo<x”’ AU+ v)7 v

=X lim <xnvu>7-,V + lim <xnav>T,V
n— o0 n—oo

= XM, u>7’v + (z, U>T,V'

Finally, we make sure that our extended sesquilinear form is
still nondegenerate. Suppose (z,v)7, = 0 for all v € V. Let
()%, C T converge to € T. Then

0= (z,v)F7y = HILII;O@"’MTV (MveV),
0 (z,)52; converges to 0 with respect to o(7, V'), implying
x = 0, since limits in Hausdorff spaces are unique.

B. Frames

A countable family 1) = (¢ )rex of vectors in H is called
a frame, if

el =P

keX

(Vf eH).

We refer to [3] for a comprehensive introduction to frame
theory. Whenever 1 is frame, both the coefficient operator (or
analysis operator), defined as

Cyp:H— 0 Cuf= (<f7 wk>)k€X

and the synthesis operator, defined as
Dy : 2 A, Dyc = Z cr Yk,
kEX

are bounded and adjoint to one another, where the latter series
converges unconditionally in H. Additionally, D, is surjective.
Their composition yields the frame operator

Sy =DyCy:H—H, Suf=> (f,v)tr
keX

which is bounded, positive, self-adjoint and invertible. Com-
posing the frame operator with its inverse (and vice versa)
yields the frame reconstruction formulae

F=Y Fde)n=> (fvn)tx

keX keX

(VfeH). (L)

The family ¢ = (ik)keX = (S; k) ey is a frame as
well and called the canonical dual frame. More generally, if
Y? = (¥ pex is another frame in H such that (IL1) holds

after replacing each S, ¢y, with ¢, then ¢ is called a dual
frame of . Finally, the cross Gram matrix G S associated

with two frames 1 and 1) is given by

Gy = [W’l’ 'J}kﬂk,leX'

In fact, G ., defines a bounded operator on £? and

Gy =CyDy.

III. RESULTS

In order to introduce the co-orbit spaces H® we fix the
following assumptions for the remainder of this article:

(1) % is a frame for H and vfz a dual frame.
(2) The cross Gram matrix Gz&,w defines a bounded operator
on £3° for some fixed weight w.

We explicitly emphasize that conditions (1—2) are met for any
weight w whenever 1) is a Riesz basis and 1} its canonical dual
Riesz basis (and in particular, when v = 1) is an orthonormal
basis). Further examples of pairs of dual frames (1/3,1/)) and
weights w satisfying (1—2) are given by an intrinsically
localized frame and its canonical dual frame, where w is a
so-called admissible weight, see [7] and the references therein.

Now let H% := span(¢p)rex = D (€%). Since (%
a dense subspace of ¢* and Dy : (* — H bounded and
onto, we have that 4% is a dense subspace of H. Conse-
quently, (H,H°°) is a dual pair with associated nondegenerate
sesquilinear form (-, -) restricted to H x H°. Next, let H be
the completion of #H with respect to the o(H, H?)-topology,
with induced sesquilinear form (-, '>ﬁ,H00' Then, we define
HC as the subspace of all f € H, for which there exists a

w

sequence (f,)52,; C H satisfying
o (H,H

lim
n—oo

) -
fo=Ff and |(fn, ¥p)|w(k) S 1 (Vk € X,n €N).
Let (-, ) #z0 200 be the restriction of (-, )77 3,00 to HE X HOO.

A. The coefficient operator

Having defined our space, we can easily define the coeffi-
cient operator with respect to .

Definition III.1. We define the coefficient operator as

Cd Hi? - Ei}oﬁ f = (<fa ¢k>Hfg§>,H00)keX~

By the definition of H; this operator is well-defined and
easily seen to be linear.

Proposition IIL.2. The coefficient operator is injective.

Proof. Suppose Cjf = 0 for some f € Hg’. Then
(fs Yr)2oe 100 = 0 for all k& € X. Since the frame elements
¥ span H%, we must have f = 0, since () Yoo 00 is
nondegenerate with respect to the first slot. O

Since |||, is @ norm and the coefficient operator, as de-
fined above, is injective, we immediately obtain the following.



Corollary IIL.3. The map
Ml = 12 =Ry [l = 1037 ]

defines a norm on H,. In particular, CJ/ is an isometry.

Proposition IIL4. For every f € Hyy there exists a ||-|| ;00 -
bounded sequence (fn)7>, C How NH converging to f with
respect to o(HS, H).

Proof. By definition, there exists a sequence (f,)n2; C H
converging to f with respect to o(H,H) satisfying

|(frs O |w(k) S 1 (Vk € X,n €N).

For each n € N, we choose the constant sequence (f,,)5°_,
to verify that f,, € H:°. Indeed,

[ fallygee = sup |(fr, p) Jw(k) <1
Yo keX
for each n € N, as was to be shown. O

Next we show that the norm topology is stronger than the
o(H, 1) topology.

Theorem IILS5. If a sequence (f,)5o, C HSY converges in
norm, then it converges with respect to o(HS, H).

Proof. Without loss of generality, assume that ()5 ; con-
verges to 0. This means that

lim ||C¢~}

n— oo

fallyz =0
This implies for each k € X that

n—oo

as was to be shown. O

Remark IIL.6. The converse of the above statement is not
true. Indeed, let X = N, w = 1 and (en)neny = (Vn)neny =
(Yn)nen be an orthonormal basis for H. Then the se-
quence (fn)5, = (¥n)52, converges to 0 with respect to
o (H2, HO) since

Tim (e, ek) 3z w0 = 1inn (e, ex) =0,

However, it does not converge in norm since

lim e, — 0l = lim sup[(en, ex)poe po0| = 1.
n—oo w n—roo keN

B. Completeness

The main goal of this article is to show that (Hy, || - [z )
is a Banach space. Before we are able to do so, we need a bit
of work.

Lemma IIL.7. For each l € X, i € HSy.

Proof. Tt suffices to show that ((zpl,z/3k>)
[ € X. This is indeed the case, since

sup | (¢, g [w(k) = w(l) sup [(¢r, ¥r) lw(k)w(l) ™"
keX keX

<w(l) sup D (s i) fw(kyw(m) ™"

meX

o0
wex € Co for each

= w()||Gyy (w(m)mex]
w(l)|[Gy

,szs(e;o) < 0,

where we used that [|(w(m) ™) mex]lee = 1. O

Note that the latter shows that (1;, ¢y) and (1, ’L;k>7_[i§>’q{oo
are the same for all k,[ € X.

Lemma IIL8. Ler (f,)52, € H NHY be a H>®-norm
bounded sequence and fix k € X. Then the sequence

(<fna7/~)l><¢l71/~)k>)lex

is dominated by an {' sequence.

Proof. Recall from the definition of H{; that

[{fos 0 [w(D) < (|Cpfallpee = N fullagee S1 VR EN.
This implies that

| (Frs o) | (W0 D) | = [(Fos P00 |0 (D) oty i) [ (D)7

< [, )| w7

To show that the latter is in ¢! (with respect to [), we estimate
similarly as in the proof of Lemma [[I1.7

> W i) fw ()

lexX

< w(k)™" sup Z |<1/Jl,z/;m>‘w(m)w(l)_1

meX lex

<wk) G ullses -

O

Now we are able to show that the Gramian matrix is the
identity on the range of C'j : Hy — (7.
Theorem IIL.9. I holds GJ’JP‘R(C&) = idR(CJ,)~

Proof. Let f € HP. By Proposition [II1.4] there exists a Hoo-
norm bounded sequence (f,,)52; C H NHS such that
O_(HOOA’HOO)

lim
n—o0

Our goal is to show that
(GyuCile=(Cyfle Vke€X.

The idea is to replace f by the limit of the sequence ()5,
then apply dominated convergence to swap the limit with the
sum. Finally, we apply the frame reconstruction formula (IT.T)
to f,. To make the computation simpler, we start from the
inside and move step by step to the outside. First, note that

(O'J;f)l = <fa 117[~}l>7'lﬁ,°,7{00 = nli;n;o<fn’q/;l>



Since 1, € Hoy by Lemma [II1.7] this yields

- Hy -
(Coton = (Jim (o)) v = T ((fu i) -
Then
N M )
(Cp b Yr)wze 300 = < lim ((fn,%/%ﬁ//l) ﬂ/fk>
Moo 100

w

= hm <<fmwl>¢z,1/1k>
= J;H;o<fmwz><wl,¢k>.

Now, observe that

(GuCoflk =D (W1, dw)(Cyfh

lex
Z 1) l'(/)lawk>7-£$° 00
leX
lex

By Lemma [[TL8, ((f,,:)(¢1,9x)),  is dominated by an
¢-sequence for each n € N, so we can interchange the sum
and the limit using dominated convergence and obtain

(¥) = B> (fo, ) (1, 90
) 'l/;k>
= fn (frame reconstruction)

lex
= Tim (fn, D) = (F, Dkdzs 00 = (Cpf i

This shows that G ,Cyf = Cyf for all f e HT. O

lex

Next, we show that the range of the coefficient operator is
the only set on which the Gramian matrix acts as the identity.

Lemma IIL10. Let o € (3 such that Gj o = . Then
a € R(OJ))

Proof. Choose a nested sequence (F),),cy of finite subsets of

X such that | J, . Frn = X. Let
fo= )y € HNHY.
IEF,

Observe that for each k € X

|(frs ) [w(k) = <Z azwz,¢k> w(k)
leF,
< Z || [0, ) |w(k)
leF,
< Jauw(@w() (o, i) [w (k)
lexX
< llallgeo Zw(l)_wwzﬂkﬂw(@
lex
< ||0‘He°° HGw wHB £20)

This implies that (f,)52, is Hoo-bounded. Similarly, we
see that this sequence is a Cauchy sequence with respect to
a(HS, H0), since for m > n

w

lEF\Fp

< Z w(l) (W, i) |w(k)
leX\Fy
n;}oo O.

[(f = fos )| w(k) S w(l) (W, i) |w(k)

Also,

U(Hoo HOO)
ap = (G )k = < Z Ofﬂﬁzﬂ/}k>

lex Ho HOO
= 7}1_{{.10 < Z az¢l7¢k>
IEF,
= nhrgo<fnvwk>
Now let
a(HS HO)
fi= lim f,eHy
n— o0
Then, we see that
Cor = (50), ., - ()
wf (f,r) rex nggo<fn i) e X
= (ag)rex = .
Thus we conclude that o € R(CY). O

From the last two results, we obtain the following theorem:

Theorem IIL11. Let V := {a € {3 : a =
Cy : Hy — V is an isometric isomorphism.

Gj.pot. Then

Finally, we can show the completeness of HJy .

Theorem II1.12. V is a closed subspace of {5y. Consequently,
‘Heo is a Banach space.

Proof. Let (™),
o € Ly, Since G,

C V be a sequence converging to some

is bounded on £, we get

oo oo e

= hmG

n—oo

.w n
"= lim o" = a.
n—oo

G?ﬂﬂ/)a: G- lim a”

W oo
This implies that V' is a closed subspace of ¢.°. Since, by
Theorem [IL.11} V' is isometrically isomorphic to H:°, the
latter is complete as well. O
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