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Abstract

Methods with adaptive stepsizes, such as Ada-
Grad and Adam, are essential for training mod-
ern Deep Learning models, especially Large Lan-
guage Models. Typically, the noise in the stochas-
tic gradients is heavy-tailed for the later ones.
Gradient clipping provably helps to achieve good
high-probability convergence for such noises.
However, despite the similarity between Ada-
Grad/Adam and Clip-SGD, the current under-
standing of the high-probability convergence of
AdaGrad/Adam-type methods is limited in this
case. In this work, we prove that AdaGrad/Adam
(and their delayed version) can have provably
bad high-probability convergence if the noise is
heavy-tailed. We also show that gradient clip-
ping fixes this issue, i.e., we derive new high-
probability convergence bounds with polyloga-
rithmic dependence on the confidence level for
AdaGrad-Norm and Adam-Norm with clipping
and with/without delay for smooth convex/non-
convex stochastic optimization with heavy-tailed
noise. We extend our results to the case of
Clip-AdaGrad/Clip-Adam with delayed step-
sizes. Our empirical evaluations highlight the su-
periority of clipped versions of AdaGrad/Adam
in handling the heavy-tailed noise.
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1. Introduction

Stochastic first-order optimization methods such as Stochas-
tic Gradient Descent (SGD) (Robbins & Monro, 1951) are
the methods of choice in training modern Machine Learn-
ing (ML) and Deep Learning (DL) models (Shalev-Shwartz
& Ben-David, 2014; Goodfellow et al., 2016). There are
multiple reasons for that, including but not limited to their
simplicity, computation cost, memory usage, and gener-
alization. However, standard SGD is rarely used due to
its sensitivity to the choice of stepsize. Therefore, meth-
ods such as AdaGrad (Streeter & McMahan, 2010; Duchi
et al., 2011) and Adam (Kingma & Ba, 2014), which use
adaptive! stepsizes, are much more popular in the DL com-
munity (Vaswani et al., 2017; You et al., 2019; Nikishina
et al., 2022; Li et al., 2022; Abdukhakimov et al., 2024;
2023; Li et al., 2024; Schaipp et al., 2023; Loizou et al.,
2021; Moskvoretskii et al., 2024a;b; Shi et al., 2023). In
particular, Adam-type methods are not just easier to tune
but they also achieve better results in terms of the model
performance than SGD in the training of Large Language
Models (LLMs) (Devlin et al., 2019; Zhang et al., 2020).

In the attempt to explain the later phenomenon, Zhang et al.
(2020) consider the noise distribution in the stochastic gra-
dients appearing in the pre-training of the BERT model
(Devlin et al., 2019) and show that (i) the gradient noise
is heavy-tailed in this case, (ii) Adam significantly out-
performs SGD (with momentum), (iii) Clip-SGD (Pas-
canu et al., 2013) also converges better than SGD for such
problems, and (iv) Clip-SGD is provably convergent (in-
expectation) when the noise has bounded a-th moment for
some « € (1,2] while SGD can diverge for o < 2. More-
over, gradient clipping also plays a central role in the recent
advances on the high-probability convergence of stochastic
methods under the heavy-tailed noise (Gorbunov et al., 2020;
Cutkosky & Mehta, 2021; Sadiev et al., 2023; Nguyen et al.,
2023). Taking into account the similarities between Adam

"Throughout the paper, we use the word “adaptivity” in its
general meaning: stepsizes are adaptive if they depend on the
(stochastic) gradients or function values. We emphasize that, in
this sense, an adaptive method can still have parameters affecting
its convergence.
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andClip-SGD (the former one can be seen@gp-SGD and their variants with delay by Li & Orabona (2020) do
with momentum and iteration-dependent clipping level), not have polylogarithmic dependence on the con dence
one can conjecture thatdam enjoys good theoretical high-  level in the worst case when the noise is heavy-tailed. In
probability convergence when the gradient noise is heavy- particular, we design an example of a convex stochas-
tailed. If this was true, it would be perfectly aligned with the tic optimization problem such that the noise is heavy-
observations from (Zhang et al., 2020) about the connection tailed and the high-probability convergence complexity
between the noise in the gradients awthm's performance. of Adam/AdaGrad has the inverse-power dependence on
Moreover, some recent works show thataGrad/Adam the target accuracy and con dence level.

have provable convergence under generalized smoothness

assumptions (Faw et al., 2023; Wang et al., 2023; Li et al, Clipping xes Adam-Norm and AdaGrad-Norm. We
2023; Wang et al., 2024). Sincglip-SGD has similar prove that the above issue can be addressed via gradient

convergence properties and since some authors explicitly €liPPINg. Thatis, we derive high-probability complexity

mention that in this regarddam andClip-SGD are simi- results forClip-Adam-Norm andClip-AdaGrad-Norm
lar?, it is natural to conjecture that clipping is not needed in  (With and without momentum) in the case of smooth con-
Adam/AdaGrad. vex (for the methods with delay) and non-convex (for

the methods with and without delay) optimization with
However, there are no theoretical results showing the high- the heavy-tailed noise having boundedh moment with
probability convergence witpolylogarithmic dependence 2 (1;2]. The obtained results have the desired polylog-
on the con dence levedf Adam under the heavy-tailed  zrithmic dependence on the con dence level. Moreover,
noise and even in the case of the bounded variance. Evenin the non-convex case, the derived complexities are opti-
for simpler “twin"® such asAdaGrad there exists a similar mal up to logarithmic factors, and match the complexity
gap in the literature. Moreover, Mosbach et al. (2020) apply of Clip-SGD in the convex case up to logarithmic factors.
gradient clipping even fohdam in the ne-tuning of BERT ~ \we derive similar results for the modi cations @flip-
and ALBERT (Lan et al., 2019) models. However, Mosbach adam andClip-AdaGrad with delay in the non-convex
et al. (2020) do not report the results that can be achieved ¢ase, showing thatur analysis is applicable to the case

by Adam without clipping. Therefore, it remains unclear of the methods with coordinate-wise stepsizes
whether and when the gradient clipping is neededhfia-

Grad/Adam and whetheAdaGrad/Adam enjoy desirable * Numerical experiments. We conducted numerical ex-
high-probability convergence under the heavy-tailed noise. periments for synthetic and real-world problems. More
precisely, we illustrate the superiority of different versions
of Adam/AdaGrad with clipping to the non-clipped ver-
sions ofAdam/AdaGrad on a simple quadratic problem

Does the high-probability complexity 8Hlam/AdaGrad with additive heavy-tailed noise in the gradients. Next,

. -~ N we also testdam with and without clipping on the ne-
without clipping have polylogarithmic dependence tuning of ALBERT Base model (Lan et al., 2019) on

on the con dence level under the heavy-tailed noise? | a and RTE datasets (Wang et al., 2018) and observe
Does clipping improve the convergencefafaGrad/Adam thatAdam with clipping signi cantly outperformsAdam
under the heavy-tailed noise? without clipping when the noise is heavy-tailed. We also

_ _ ) obtain similar results for the ne-tuning of ROBERTa
We provide a negative answer to the rst question and a | arge model (Liu et al., 2019).

positive answer to the second one.

In this work, we address this gap in the literature, i.e., we
consider the following questions:

o 1.2. Preliminaries
1.1. Our Contributions

Th . ibuti f thi K ed bel In this section, we formalize the setup. We focus on uncon-
e main contributions of this work are summarized belowg i« minimization problems
* Negative results forAdam and AdaGrad. We show that min f (X); 1)

the high-probability complexities gfdam andAdaGrad x2R9

2pan & Li (2023) write in the abstractWe conclude that the  Where the differentiable functioin(x) is accessible through
sharpness reduction effect of adaptive coordinate-wise scaling ihe calls of stochastic rst-order oracle returning an approx-
the reason for Adam's success in practicdri addition, Zhou  jmationr f (x) of r f(x). Here is a random variable
et al. (2020) mention in the discussion of the related wdrk: following some distributiorD that may be dependent on

adaptation in ADAM provides a clipping effect.” d ti he simol P - | f .
3The existing convergence results fadam often require the and time In the simplest casé, (x) is a loss function on

choice of parameters that makelam very similar toAdaGrad ~ the data sampleandf (x) = E p [f (X)] is a population
with momentum (&fossez et al., 2022); see also Section 1.3.  risk (Shalev-Shwartz & Ben-David, 2014).
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Notation.

The notation is quite standard in this work. this is not always the case; see (Sadiev et al., 2023, Ap-

We useE [] to denote an expectation w.r.t. random vari-pendix B) for further details. Interestingly, whé&his a

6blei.AII norms are standard Euclidean ondstk =

hx;xi. The ball centered at with a radiusR is de-
ned asBgr(x) := fy 2 RY j ky xk Rg. We
also usex to denote (any) solution ofl) andf :=
inf,,ra T (X). Clipping operator with clipping level> 0
isde ned asclip (x; ):=minfl, =xkgx forx 6 0 and
clip (x; ):=0forx=0.

Assumptions. We start with the assumptiéon the noise.

Assumption 1.1. There exists se@ RY and
0; 2 (1;2] such that for alk 0 the oracle satis es
Er f ,(xX)jx]=r f(x)and

Ekrf, (x) r f(x)k jx] ;8 2Q: (2

compact set, functioh can have non-Lipschitz gradients
(e.g., polynomially growing witkx) onRY, see also (Patel
et al., 2022; Patel & Berahas, 2022).

In addition, for some of our results, we assume that the
objective is convex.

Assumption 1.3(Optional) There exists sé RY such
that for allx;y 2 Q

f(y) f(xX)+ hrf(x);y xi: (4)

Finally, for the methods without the delay, we assume that
functionf is bounded.

Assumption 1.4(Optional) There exists constaM > 0
such that for alk 2 RY

The sequenck gk o is the sequence of independent ran-

dom variables.

f(x) f M (5)

The above assumption is used in many recent works (Zhang stronger version of the above assumption (boundedness
etal., 2020; Cutkosky & Mehta, 2021; Sadiev et al., 2023f the empirical risk) is used in (Li & Liu, 2023), which is

Nguyen et al., 2023). Wherx 2, it allows the stochastic

gradients to have unbounded variance, e.gwlL -stable

the only existing work analyzingdaGrad with clipping.

noise. Such distributions are usually called heavy-tailedyhy high-probability convergence? The vast majority
When =2, itreduces to the standard bounded variancef the existing literature on stochastic optimization focuses
assumption (Nemirovski et al., 2009; Ghadimi & Lan, 2012;0n the in-expectation convergence guarantees only. In partic-

2013; Taléc et al., 2013).

We also emphasize that the above assumption allows for th@-9-P (X) = f(x)

ular, for some metri® (x) quantifying the output's quality,
f(x ), kr f(x)k* kx x k%, such

time-dependent noise, which we actively use in our negativuarantees provide upper bounds on the number of iter-
results from Section 2. Although not often explicitly stated,ations/oracle calls required for a method to mdsuch

many existing results in stochastic optimization (Ghadimi gthat E[P (x)]

. However, during recent yearhjgh-

Lan, 2012; Harvey et al., 2019; Sadiev et al., 2023; Zhand)robabili'ty convergencguarantees have' been gaining a lot
et al., 2020; Cutkosky & Mehta, 2021; Nguyen et al., 2023)0f attention as well. Such guarantees give upper bounds on
hold in the case of the time-dependent noise as long abie number of iterations/oracle calls required for a method

certain moment bounds (e.g., (2)) hold.

to nd x such thatPfP (x) "g 1 , Where is
usually called con dence level or failure probability. One

Next, we make a standard assumption about the smoothneggy argue that using Markov's inequality, one can easily

of the objective function.

Assumption 1.2. There exists sép RY andL > 0such
that for allx;y 2 Q

kr f(y) r f(x)k
kr f (x)k?

Lky xk;

2L (f (x) )

f):

We emphasize that the second par(3)ffollows from the

deduce a high-probability guarantee from an in-expectation
one: if E[P(Xk (v )] ", wherexg (- y is an output

of the method afteK (" ) iterations/oracle calls, then
PIP (Xk (v )) > " g < EP (e )= . Unfortunately,
for many methods such &GD (Ghadimi & Lan, 2013)

K (") has inverse-power dependence "oimplying that

K (" ) has inverse-power dependence"onleading to a
noticeable deterioration whenis small. Therefore, de-

rst part if Q = RY. However, in more general situations, riving high-probability complexities witlpolylogarithmic

dependence onrequires a separate and thorough consider-

“Similarly to (Sadiev et al., 2023), for our results, itis suf cient ation and analysis. Moreover, such bounds more accurately

to make all the assumptions only on some ®et This set is

typically bounded and depends on some metric of sub-optimalit

re ect the methods' behavior (Gorbunov et al., 2020).

y

of the starting point, e.g., the distance from the starting point to the
optimum. We emphasize that our assumptions are strictly weaket.3. Related Work

than corresponding ones f@ = RY. To achieve this kind of

generality, we prove that the proposed method does not leave sontdigh-probability convergence. The rst results showing

setQ with high probability.

the high-probability convergence 8fGD and its variants
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are derived under the sub-Gaussian noise assumption fopordinate-wise. The method is analyzed in many works, in-
convex and strongly convex problems by Nemirovski et alcluding (Streeter & McMahan, 2010; Duchi et al., 2011; Zou
(2009); Ghadimi & Lan (2012); Harvey et al. (2019) for non- et al., 2018; Chen et al., 2018; Ward et al., 2026fd3sez
convex problems by Li & Orabona (2020). Although the et al., 2022; Faw et al., 2022) to name a few. However, the
distribution of the noise is near-sub-Gaussian in some caselsigh-probability convergence éfdaGrad is studied under

like in the training of ResNet50 (He et al., 2016) on Ima-restrictive assumptions such as almost surely sub-Gaussian
geNet (Russakovsky et al., 2015) as shown by Zhang et aloise (Li & Orabona, 2020; Liu et al., 2023) or without
(2020), this assumption does not cover even the distributionsuch an assumption but with inverse-power dependence on
with bounded variance. To relax the sub-Gaussian noise atie con dence level (Wang et al., 2023) or boundedness
sumption, Nazin et al. (2019) consider a truncated versiomf the empirical risk and (non-central}th moment (Li &

of Stochastic Mirror Descent, which is closely related toLiu, 2023), which in the worst case implies boundedness
Clip-SGD, and prove its high-probability complexity with of the stochastic gradient (see the discussion after Theo-
polylogarithmic dependence orunder bounded variance rem 3.3). In contrast, our results f@tip-Adam(D)/Clip-
assumption for convex smooth problems on the boundet-AdaGrad(D)(-Norm) hold under Assumption 1.1 (and
domain. In the strongly convex case, Davis et al. (2021under additional Assumption 1.4 for the methods without
propose a general approach for obtaining high-probabilitydelay) and have polylogarithmic dependence on

convergence based on the robust distance estimation at&%am (Kingma & Ba, 2014) can be seen as a modi cation

show accelerated hlgh—probablhty_ rates in the strongly con(—)]c AdaGrad with an exponential moving averaggof the
vex case. Next, for the unconstrained problems, Gorbunoy

et al. (2020) prove the rst high-probability convergence re_squared stochastic gradients and with Polyak's momentum

sults forClip-SGD and the rst accelerated high-probability (Polyak, 1964):
rates in the convex case for a version@ip-SGD with
Nesterov's momentum (Nesterov, 1983). This result is gen- Xt+1 = Xt =My,

eralized to the problems withdfder-continuous gradients B b _ (Adam)
by Gorbunov et al. (2021). Cutkosky & Mehta (2021) derive Me P ime 1+ (@ Jr f (k)
the rst high-probability convergence results under Assump- b = e D f (X)) (6)

tion 1.1 with < 2 for a version ofClip-SGD with nor-
malization and Polyak's momentum (Polyak, 1964) in the ) ] ]
case of non-convex problems with bounded gradient. Sadienere all operations (taking a square and taking a square

etal. (2023) remove the bounded gradient assumption in thE?0t of & vector, division by a vector) are performed
non-convex case and also prove the rst high-probabilitycoordinate-wise. Although the original proof by Kingma

convergence results under Assumption 1.1G6p-SGD & Ba (2014) has a aw spotted by Reddi et al. (2019), one
and its accelerated version in the convex and strongly cor§&n still show the convergence atiam when > goes tol

vex cases. Nguyen et al. (2023) provide improved resultfDefossez etal., 2022; Zhang et al., 2022; Wang etal., 2024).
in the non-convex case under Assumption 1.1 and also infloréover, forany xed ; and ,suchthat, < = 5, e.g,
proved the dependency on the logarithmic factors in thdOr the default values; = 0:9 and , = 0:999 Adam
convergence bounds. The generalization to the composifé N0t guaranteed to converge (Reddi et al., 2019, Theo-
and distributed optimization problems is developed by Gor'®m 3). Therefore, the standard choice gfin theory is
bunov et al. (2024). Itis also worth mentioning (Jakoveti 2 =1 !, whereK is the total number of steps, and
etal., 2023; Puchkin et al., 2024) who consider potentiallythat is why, as noticed by &ossez et al. (2022)da-
heavier noise than in Assumption 1.1 through utilizing the©rad andAdam are “twins”. Indeed, taking, = 0 (no
additional structure of the noise such as (near—)symmetr?‘ome”tum) and 21:|:>1t 1= in (6) we get thattf =

This direction is further explored by Kornilov et al. (2024) 1 =), + K ko =) “(rf (xk)? =

and adjusted to the case of the zeroth-order stochastic oracle. ? ; + Ki |t<:o (rf  (x¢)? sincel==(1 1=)?

(1 =)'k 1for0 k t K.Thus,uptotherescal-
AdaGrad and Adam. AdaGrad (Streeter & McMahan, jngof andb? , the effective stepsize ¢fdam-CWis ( )
2010; Duchi et al., 2011) has the following update-rule  of the effective stepsize @fdaGrad-CW (though the points

where the gradents are calculated can be quite different for

Xirg = Xe o fo(x); these two methods). This aspect explains WaGrad
(AdaGrad)  andAdam have similar proofs and convergence guarantees.
whereby = B +(r f (x))% The high-probability convergence 8flam is studied by Li

et al. (2023) under bounded noise and sub-Gaussian noise
where all operations (taking a square and taking a squarassumptions, while our results f@lip-Adam(D) do not
root of a vector, division by a vector) are performed require such assumptions.

4
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2. Failure of Adam/AdamD and Adam(D)/M-AdaGrad(D) do not achieve desired high-

AdaGrad/AdaGradD with Momentum probability convergence rates and motivates us to apply
clipping toAdam(D)/M-AdaGrad(D).

In this section, we present the negative result on the conver-

gence ofAdam, AdaGrad with Momentum U-AdaGrad),  1ime_dependent noise. We also emphasize that the noise

and their delayed versionsAdambD/M-AdaGradD (Li&  gyrycture is time-dependent in the provided example, which

Orabona, 2020). is used to simplify the proof. Moreover, as discussed in

Theorem 2.1. Forany > 0and suf ciently small’; 2 Section 1.2, many existing upper bounds hold for time-

(0; 1), there exist problemgl) such that Assumptions 1.1, dependent noise as well.

1.2, 1.3, hold with with. = 1, = 2, and the iterates

produced byAdam(D)/M-AdaGrad(D) with xo such that  Initial condition. ~ The provided negative examples rely on

kxo x k L and with , =1 1=t for Adam(D) the assumption thgx,j is suf ciently large, i.e., the method

satisfy: ifPff (xy) f(x) "g ,then is initialized not too close to trbegptimum. In particular, for
M-AdaGrad, we requirexg > = 2" +3 . Since typically
T= poly(" =, =2 B @ " 1, the condition is relatively mild. Moreover, this

assumption simpli es the proof. Although we do not pro-
i.e., the complexity ofaAdam(D)/M-AdaGrad(D) has Vide negative results for an arbitrary choicexgfand , we
inverse-power dependence on conjecture that similar negative results can be obtained in
the case of more general choice of

Sketch of the proofTo construct our example, we consider

the Huber loss function (Huber, 1992) Generalization under Assumption 1.4. The provided ex-

ample does not satisfy Assumption 1.4 that is used in the

( 1y2. it ixj next section in the analysis of methods without delay (Theo-
f(x)= 277 . o (8) rem 3.3). To address this issue, one can replace fun¢djon
ixj z  otherwise, with the following one:
and design two specic sequences of noises (one for g;xz; it jxj
Adam/M-AdaGrad and the second one fgxdamD/M- F(x) = 2n 1. i < ixi D 9
AdaGradD). For Adam/M-AdaGrad, we consider a dis- ) > Xz ' o 1X] ' )
crete additive noise for the rst step such that Markov's © D 3 ifjxj>D;

inequality holds as equality, and for the remaining steps, ) o ) )
noise equals zero. Then, with high probabiltiypbecomes  WhereD is such thaD > jxoj. Then, the modi ed function
large after the rst step, which slowdowns the method. AsSatis es Assumption 1.4 and the proofs remain the same.
for AdamD/M-AdaGradD, similarly to Sadiev et al. (2023),

we add the noise only to the last step: sibces constructed 3. New Upper Bounds

using the norm of the previous stochastic gradient, the noise

is independent of the stepsize and can spoil the last iteralaihods.  To address the issue indicated in Theorem 2.1,
See the complete proofs and details in Appendix B.OO ;o considerClip-Adam(D)/Clip-M-AdaGrad(D)-Norm
(see Algorithm 2). In contrast to the existing practice (Pan

Interestingly, in the above example, it is suf cient to con-& Li, 2023), we use clipping of the stochastic gradient not
sider the noise with bounded variance to show that the higlenly in the update rule for momentum buffer;, (Line 3
probability convergence rates Aflam(D)/M-AdaGrad(D) in Algorithm 2), but also in the computation of the scaling
depend polynomially ot * and . Moreover, fol- factorl (Lines 5 and 7 in Algorithm 2). The role of clipping
lowing a similar argument to (Zhang et al., 2020, Re-in m; is similar to the role of clipping irClip-SGD-type
mark 1), one can show the non-convergencéadmD/M-  methods: it prevents the method from too large steps that
AdaGradD when < 2. We also conjecture that for may occur due to the presence of the heavy-tailed noise in

< 2 one can show even worse dependence @md the gradients. In this regard, it is important to select clipping

for Adam/AdaGrad (or even non-convergence) since level in such a way that bias and variance of the estimator
b will grow with high probability even faster in this are balanced. However, the role of clippindairis different:
case. Moreover, we also emphasize that the negative relipping preventsy from growing too quickly since such
sult for Adam(D) is established only for, = 1 1=r,  agrowth can lead to poor high-probability guarantees (see
which is a standard assumption to ensure convergendée proof's sketch of Theorem 2.1). We note that clipping
of Adam-type methods. Nevertheless, the negative reis also used irClip-AdaGrad-Norm (without momentum,
sult of Theorem 2.1 provides necessary evidence thate., with ; = 0) for bothm; andb computation by Li &

5
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Algorithm 1 Adam-norm/AdamD-norm andM-AdaGrad-norm/M-AdaGradD-norm

Input: Stepsize > 0, starting pointxg 2 RY, initial constanto ; > 0 (for Adam-norm andM-AdaGrad-norm) or
by > 0 (for AdamD-norm andM-AdaGradD-norm), momentum parameters; » 2 [0; 1]
1: Setm ;=0
2: fort=0;1;::: do
3 mg= 1mg 1+(1 or . (xt)
4: ifnod hen
Bl ;
q o+ (@ kr f (x¢)k® for Adam-norm

B, + kr f (x)k? for M-AdaGrad-norm

6. else 8 q
< 2
q 2+ (1 2)kr f  (xi)k® for AdamD-norm

5: h =

7. 1 =
= B+ kr f (x)k* for M-AdaGradD-norm
8: endif
90 Xes1 = Xt Mt
10: end for

Algorithm 2 Clip-Adam-norm/Clip-AdamD-Norm andClip-M-AdaGrad-norm/Clip-M-AdaGradD-Norm

Input: Stepsize > 0, starting poinixo 2 RY, initial constanto ; > 0 (for Clip-Adam-norm andClip-M-AdaGrad-
norm) or by > 0 (for Clip-AdamD-norm andClip-M-AdaGradD-norm), momentum parameters; » 2 [0; 1], level
of clipping > 0

1. Setm 1 =0

2: fort=0;1;::: do

3 ome= amg 1+ (@2 g)clip (rf (x0); )

4: ifno deéaéfthen

< LR +(@ 0 okelip (rf (xi); )k* for Clip-Adam-Norm

5: bh=_4
B+ kelip (r f o (X); )k2 for Clip-M-AdaGrad-Norm
6. else 8 q

2+ (1 2)kelip  (r T, (Xt); )k2 for Clip-AdamD-Norm

7. h+1=_q

B+ kelip  (r f,(x¢); )k2 for Clip-M-AdaGradD-Norm
8: endif
90 Xex1 = Xt Mt
10: end for

. P
Liu (2023) but the authors do not comment about the role of %M , whereA = In 2&*D  Then, to guar-
clipping inby and use restrictive assumptions as we explain, .o (k) (x )

C 2 : " with probability at leastl
later in this section.

forxk = ¢ f:o X Clip-AdamD/Clip-M-AdaGradD-
Norm requires :
Convergence results. We derive new high-probability ( DL
convergence bounds for the generalized method formalized g 145 LR? R ! (10)
as Algorithm 2 in the convex and non-convex cases. The fol- @ ¥ oa gz

lowing theorem gives the main result fGtip-AdamD/Clip-
AdaGradD-Norm in the convex case.

Theorem 3.1 (Convex Case)Let K > 0 and 2

iterations/oracle calls. Moreover, with probability at least
1, alliteratesfx; g, stayinQ.

(0;1] and Assumptions 1.1, 1.2, and 1.3 hold @r= Next, we present our main results fGfip-AdamD/Clip-
Bor(x ) for someR k Xxo X k. Assume that M-AdaGradD-Norm andClip-Adam/Clip-M-AdaGrad-
1 2 [0,1), 2 = & (for Clip-AdamD-Norm) ~ Norm in the non-convex case.
B @ ). P T 7Rb B Theorem 3.2(Non-Convex Case: Methods with Delay)et
= min 7 R and = k5 gand 2 (0;1]and Assumptions 1.1 and 1.2 hold for
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n p_0O
Q= x2RUjOy2L¢(2): kx yk 5 with
Li(2) =fy2RYjf(y) f +2 gforsome
f(xo) f . Assumethat; 2 [0;1), , = &5 (for
Clip-AdamD-Norm) and
( p p—
5 -
- min (1 1) p 1 by

11

L(K+1)7=2A L (K +1)3)sz
1 7Tk 7T

1 2 2 !

Iz (K +1) 7 ZAZ T
P1 lbop - 4(K +1)
= p——~>—7 , WhereA = In =——
LA (K+1) 3 7
Then, to guaranteg2 [, kr f (x)k® " with proba-

bility atleastl  Clip-AdamD/Clip-M-AdaGradD-Norm
requires the following number of iterations/oracle calls:

( L s 2 P— by 2
@ max — ; 5 ;
1 93 1 1)z
R
% (11)
(]_ 1)2 "

Moreover, with probability atleast , all iteratesf x; gl

stay inQ.

Theorem 3.3(Non-Convex Case: Methods without Delay)
LetK > Oand 2 (0;1] and Assumptions 1.1, 1.2, 1.4

hold forQ = RY. Assume thaty 2 [0;1), » = L
(for Clip-Adam-Norm) and
( _
. b, b 1pM
= min T P—= T
L(K+1)s2A L (K +1)3) AT
b 1M 1 .
2 1 2 2 1
7 1Lz 1(K+1)5 zAz 1
b, W

= 21 ¥ — whereA=In 2. Then,to

PTa (K9+1) 2

guaranteeﬁ 5:0 kr f (xt)k2 " with probability at
leastl Clip-Adam/Clip-M-AdaGrad-Norm requires

the following number of iterations/oracle calls:

|
1 ( wm o Por o
(] 5 max - ; m ;
1 1)
2 1 P 2)
2 1(|_|\/|)2 T 2 ?

: (12)

Discussion of the results. Theorems 3.1, 3.2, and 3.3 pro-

vide high-probability complexities fo€lip-Adam(D)Clip-

on the con dence level. Up to the differences in loga-
rithmic factors, these complexities coincide with the best-
known ones forClip-SGD (Sadiev et al., 2023; Nguyen
et al., 2023). Moreover, the leading termg11) and(12)

are optimal up to logarithmic factors (Zhang et al., 2020),
though the rst terms ir{11)and(12) can be improved (Ar-
jevani et al., 2023). In the convex case, the rst term in
(10) is not optimal (Nemirovskij & Yudin, 1983) and can
be improved (Gorbunov et al., 2020; Sadiev et al., 2023).
The optimality of the second term {i0) is still an open
guestion.

Itis also worth mentioning that the existing high-probability
complexities forAdam/AdaGrad-type (without clipping)
methods either have inverse power dependence on
(Wang et al., 2023) or have polylogarithmic dependence
on but rely on the assumption that the noise is sub-
Gaussian/bounded (Li & Orabona, 2020; Liu et al., 2023;
Li et al., 2023), which is stronger than bounded variance
assumption. Under the additional assumption that the em-
prical risk is bounded and the (non-centrafth moment

of the stochastic gradient are bounded and the empirical
risk is smooth, which are stronger than Assumptions 1.4,
1.1 and 1.2 respectively, Li & Liu (2023) derive a similar
bound to(12) for Clip-AdaGrad-Norm. We emphasize that
boundedness and smoothness of the empirical risk imply
the boundedness and smoothness df gk) in the worst
case (e.g., when the distributi@nis discrete). Therefore, in

the worst case, these assumptions imply the boundedness of
r f (x) (in view of the second part ¢B) for functionf ),
meaning that the noise is bounded and, thus, sub-Gaussian.
In this case, clipping is not needed fddaGrad to achieve
good high-probability convergence guarantees as shown
by Li & Orabona (2020); Liu et al. (2023). Our Theo-
rem 3.3 extends this result to the momentum version of
Clip-AdaGrad-Norm under less restrictive assumptions
(not implying sub-Gaussianity of the noise) and gives the
rst high-probability convergence bounds f@lip-Adam

with polylogarithmic dependence on

Moreover, to the best of our knowledge, Theorems 3.1
and 3.2 are the rst results showing high-probability con-
vergence ofAdam/AdaGrad-type methods with polyloga-
rithmic dependence on the con dence level in the case of
the heavy-tailed noise without extra assumptions such as
Assumption 1.4. We also show that the iteratesCop-
AdamD/Clip-M-AdaGradD do not leave se with high
probahility, whereQ = Bar(x ) in the convex case and

Q= x2RYj9y2L;(2): kx vyk sPT  With
Li(2) =fy2RYjf(y) f +2 ginthe non-convex

case. Further details and proofs are deferred to Appendix C.

Assumption 1.4 in Theorem 3.3. As we explain above,

M-AdaGrad(D)-Norm with polylogarithmicdependence Assumption 1.4 is weaker than the one used in Li & Liu
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(2023). It is worth mentioning that Assumption 1.4 is rela-ing the necessity of gradient clipping &daGrad/Adam
tively restrictive. Nevertheless, we need this assumption ifor high-probability convergence.

our proof to overcome the dif culty of analyzing stochas-

tic methods with correlated stepsizes, 'i.e_., to handle thgﬁ Numerical Experiments

fact thatg; andb, are dependent. The existing approaches
typically use boundedness of the variance and the norm dh this section, we illustrate numerically that clipping
the gradient (see Lemma 5.1 irefdssez et al. (2022)) or indeed helpsAdaGrad and Adam to achieve better
assume that the noise is sub-Gaussian (Li & Liu, 2023) tdhigh-probability convergence. Our code is available on-
tackle this issue. In the heavy-tailed noise regime, these abne: https://github.com/yaroslavkliukin/

sumptions do not hold. Therefore, we use Assumption 1.4lipped-AdaGrad-and-Adam

More precisely, to decouple andg; in the analysis, we

multiply inequality (68) by b. However, it eventually Quadratic problem.

A . ) In the rst experiment, we test the
leads to the non-trivial weighted sum of function values

T 1 b b e _ performance of different versions éfdaGrad with and
=1 o pr (F(xt) f)ininequality(72). Toes- without clipping on thel-dimensional quadratic objective
timate this sum, we apply Assumption 1.4. We are nowith additive heavy-tailed noisd:(x) = x’=,r f (x) =
aware of the alternative ways of analyzing versiongdf- X + , where the noise has probability density function
Grad/Adam or closely related methods in the heavy-tailed p(t) = W In this case, Assumption 1.1 is satis ed
noise regime. with any 2 (1;1:5) and the -th moment is unbounded
for 1:5. Moreover, the function is strongly convex and
Analysis of coordinate-wise methods. In Appendix C.5, L-smooth withL = 1. We choosey = 2, by = 3 (for
we derive new results foClip-AdamD and Clip-M-  the versions ofAdaGrad with delay),b ; = 3 (for other
AdaGradD in the non-convex case, i.e., for the methodscases), = 1= for the methods with clipping, and choose
with coordinate-wise scaling. The analysis and the derivedrom f 1; 1=16; 1=128g. Each method was rut00times with
bounds are similar to the ones from Theorem 3.2. Thalifferent seeds.
new bounds explicitly depend on the dimension of the prob:-

lem, which is standard for the methods with coordinate-The results are given in Figure 1, where for each method,

wise scaling. In particular, under the coordinate-wise ver/© show its trajectory in terms of the squared distance to the
olution for =1 and = 1=16 (the results for = =128

sion of Assumption 1.1 (see Assumption C.11), we show’ . : . -
that t,l_:;ere exists a proper choice ohind ensuring that are given in Appendix D.1). SOI'd_ lines correspond to
ﬁ E:o kr f (xk)k2 " with probability at least. the median value of the squared distances, and the error

after the following number of iterations/oracle calls@ifp- bands cover the areas from théth to 90 th percentiles of

AdamD/Clip-M-AdaGradD: (Xy X ).2. These _results show that.clipped versiong\dé-
0 8 | Grad (with and without delay) achieve better convergence
< p aL o with higher probability than their non-clipped counterparts.
® @max_ T : Moreover, versions with clipping exhibit similar behavior
@ 1) to each other. That is, the error bands@ip-AdaGrad(D)
0 L1382 are lower than foAdaGrad(D) (note that the vertical axis
pP— P d ° is shown in the logarithmic scale making the error bands
2 . : for Clip-AdaGrad(D) look wider than forAdaGrad(D),
a 1)%p d " while they are not). In general, the observed resultg\fia-
0 13 2 91 Grad-type methods are perfectly aligned with the theory
P Pg , 2 L Ly =% 223 developed in this paper. We provide the resultsAdam
% i=1 i (L) X - § ) with and without clipping/delay in Appendix D.1.
@ o7 3

ALBERT Base v2 ne-tuning. In the second part of our

experiments, we consider ne-tuning the pre-trained AL-
Discussion of Kunstner et al. (2023). Kunstner et al. BERT Base v2 model (Lan et al., 2019) on CoLa and RTE
(2023) show thaf\dam outperformsSGD evenin full-batch ~ datasets (Wang et al., 2018). Sinkgam-based algorithms
settings, hinting that the successfafam is not only related  are the methods of choice for NLP tasks, in the main part
to its better interaction with the heavy-tailed noise. Our fo-of the paper, we focus ofddam and its clipped versions —
cus is on high-probability convergencefdfiaGrad/Adam-  Clip-Adam andClip-AdamD — and provide additional ex-
based methods, showing that without clipping, they haveeriments withAdaGrad-based methods in Appendix D.2.
poor high-probability complexities, similar ®GD. Thus, We took a pre-trained model from the Hugging Face library.
our results complement Kunstner et al. (2023) by highlightThen, the model was ne-tuned following the methodology

8
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Figure 1: Performance of different versionsfafaGrad (with and without clipping/delay) with stepsizes= 1 (two left
plots) and = =16 (two right plots) on the quadratic problem.

Figure 2: Validation loss for ALBERT Base v2 ne-tuning task on the CoLa and RTE datasets.

suggested by Mosbach et al. (2020). For the methods witbomputed for the standard normal distributipag n and
clipping, we used the same batchsize and stepsize as fpgrn ) and show g = PR Fpr v @NA g = PeR Tper v
Adam and tuned the clipping level for the two types of clip- on the plots. The histograms are provided in Figure 6 (see
ping®. In the main text, we show the results with layer-wise Appendix D.2). They show that the noise distribution has
clipping. Further details and additional results are deferrednuch heavier tails for CoLa than for RTE.

to Appendix D.2. Then, similarly to the experiments with the quadratic prob-

Before comparing the methods, we radam and checked lem, we ran the method€0times, and for each step, we
how heavy-tailed the noise in the stochastic gradients isomputed the median value of the validation loss and its
along the trajectory. In particular, for both tasks, we se5-th and95-th percentiles. The results are presented in Fig-
lected4 iterates corresponding to the starting point, pointsure 2, where the solid lines correspond to the medians and
generated after = and 2= of all steps, and the the error bands cover the areas betwgdin and95-th per-

last iterate. Then, for each of these points, we sampledentiles. As expectedydam exhibits poor high-probability
size46 (for CoLa) and size-8 (for RTE) mini-batched es-convergence on the ColLa datasets where the noise is sig-
timatorr f (x) of the gradientl000times, saved the re- ni cantly heavy-tailed, andClip-Adam shows much better
sulting norms of the differencdg f (x) r f(x)k,and performance: the area betwegith and95-th percentiles is
plotted their histogram, i.e., we plotted the histograms ofrelatively narrow forClip-Adam. In contrast, for the RTE

the noise norm. Moreover, we also measure the heavylatasetClip-Adam performs similarly toAdam. This is
tailedness of the noise following the approach from (Goralso expected since the noise is much less heavy for RTE,

bunov et al., 2022): we compute two metriggr = as Figure 6 shows. Taking into account the negative results
Fis(kr f (x) r f(x)k), which quanti es “mild” heavy from Section 2, and the upper bounds from Section 3, we
tails, andper = Fa(kr f (x) r f(x)k) introduced conclude that these numerical results are well-aligned with

by Jordanova & Petkova (2017), which quanti es “ex- the theory developed in the paper.
treme” heavy tails, wherd,(kr f (x) r f(x)k) =
Ptkr f (x) r f(X)k > Q3+ a(Qs Qi)gandQ; is
thei-th quartile ofkr f (x) r f (x)k. To illustrate the
heavy-tailedness clearly, we divide these metrics to the on

In Appendix D.3, we also provide additional experiments
with the ne-tuning the359M parameter ROBERTa Large
emodel (Liu et al., 2019) on the two GLUE (Wang et al.,
5018) datasets: QNLI(6& question-answer pairs) and
SWe did not consider the global/norm clipping (the consideredCoLa (L0:7k linguistic acceptability examples). Similarly
in theory), since typically coordinate-wise or layer-wise clipping to the previous results, the clipped variants consistently out-
work better in ne-tuning, see (Lv et al., 2024). perform their unclipped counterparts for the larger model.
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A. Technical Details and Auxiliary Results
Additional notation.  For the ease of exposition, we introduce the following notation for the proofs:

g =clip (rf, (x¢); );
=0 r f(x);

t =0 E. [al;

E gl r f(x);
kx; X k;

f(x¢) f:

,_,
nmnnm

b
t
Rt

t

Auxiliary results.  We also use the following standard results.
Proposition A.1 (Young's inequality.) For anyx;y 2 RY andp > 0 the following inequality holds:

kx + yk?  (L+ p) kxk® + 1+% kyk?:

In particular, forp =1
kx + yk*  2kxk? + 2 kyk®:
Lemma A.2 (Lemma B.2 from ([&fossez et al., 2022)Let0 a bbe some non-negative integers @hd g < 1. Then,
o ok ﬁ:
k=a
Lemma A.3 (Lemma 1 from (Streeter & McMahan, 2010))etf a;gi_; andc be non-negative reals. Then,
v

u
R ¢ %

k=l  C+ ., & k=1
The following lemma by Sadiev et al. (2023) helps to estimate bias and variance of the clipped stochastic gradient satisfying

Assumption 1.1.
Lemmai\.4 (Lemma 5.1 from (Sadiev et al., 2023))etX be a random vector froRY and X = clip (X; ). Then,

¥ E X 2 . Moreover, if for some  Oand 2 (1;2]we haveE[X]= x 2 R4, E[kX Xk ] ,and
kxk 5, then
h i
E % X 2 T
2
E % «x 18 2 ;
hi,
E % E X 18 2

Finally, in the analysis oflip-RAdaGradD, we face the sums of martingale-difference sequences. One of the tools that we
use to handle them is Bernstein's inequality (Bennett, 1962; Dzhaparidze & Van Zanten, 2001; Freedman et al., 1975).

Lemma A.5 (Bernstein's inequality) Let the sequence of random variabfes; g; ; form a martingale difference sequence,

are bounded and also assume that there exists deterministic constaftsuch thajX;j calmost surely forall 1.
Thenforallb>0,G> Oandn 1
) !
X

X
P Xi >band 2 G 2exp
i=1 i=1 2G+
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B. Missing Proofs from Section 2

In this section, we provide further details regarding Theorem 2.1 giving a negative result about high-probability convergence
of Adam/M-AdaGrad andAdamD/M-AdaGradD. For all methods, we use tiedimensional Huber loss function:
( 1y2. ifjxj
foy= 2" o
jXxj 5 ; otherwise.

This function is convex antd-smooth withL = 1. However, the construction of noises and proofs are differentéam,
M-AdaGrad, AdamD, andM-AdaGradD. Therefore, we provide the negative results for these methods separately in
the following subsections. We emphasize that the constructed exampleslianensional, meaning that they hold for
coordinate-wise and norm-versions of the considered methods.

B.1. Failure of M-AdaGrad

We start with the following lemma giving a closed-form expression for the iterates of determiviigtitaGrad applied to
(8).

Lemma B.1. Suppose that the starting poixg is such thay > 0. If after T iterations of deterministit/-AdaGrad with

initial momenturAm ;  Owe havgx;j > andx; > Oforallt=1,T 1,then
X1 1n ;+1 + i+1 m 1

\-1— .
t=0 R +(t+1) 2

X1 = Xo

Proof. Sincejx:j > andx; is positive, the gradient & is equal to . Hence, by substituting the gradient into the
algorithm, we get the nal result. O

The above lemma relies on the condition thaf > andx; > Oforallt = ;T 1. Forany;b ;andT this condition
can be achieved if we choose suf ciently small

Next, we estimate the interval whexe lies.
Lemma B.2. Let the conditions of Lemma B.1 hold. Then, we have

p

m 3

a+tl+ ———
% 1 )

1 p——
X X —+2 +T 2
T 0 pm Ao
p— -
XT  Xo 1T 1) 2 a+T+1 2pao+1 ;

b2
whereag = —.

Proof. From Lemma B.1 we have:

1
T t(t+1)

1 t+1 t41 m 1
_ Xt1 7+ .
XT = Xo P

t=0

2
whereag = b—; Next, we bound the second term in the following way:

X 11 t4l 4 4l m 2 A

[«
pr_ 1 @a i) plidx:(l )@ a+T+1 Zpa0+l); (13)
t=0 a+(t+1) 1+x

ao

®By default,m ; =0 but the result of this lemma holds for non-zeno 1  Oaswell. Ifm ; 0, then one can selegt < 0.
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3(11 t1+1+ tl+1m1 X1 1 i+1 X1 i+1m1
n —

w0 dot(t+l) o A+(t+1) o a+(t+])
1 . aZT 1 1 dX+‘§(1 M 1
I 1+ a I 1+x t=0 !

ao

m i 1 |
@ 1)

Combining (13) and (14), we get the nal result. O

1 p—— p__
— +2 +T 2 +1+ 14
pm o o (14)

m 11

i Oand

Corollary B.3. If xg

2 _
Xo m 3 1 +4 Xo m 1 1 pa0+1

T< 1 +1;

thenxt > for deterministioVi-AdaGrad. Alternatively,jxtj implies that

m112 m 11 P——
Xo +4  Xp T tl

1 1)
4 2

Proof. First, let us show that

P p_
<xo 142 ag+T 2pao+1+% (15)
1

is equivalent to

m m ~ L1
X0 T 4 X Tty mrl
T< +1:

Rewriting the (15), one can obtain

m 11 p———
—=+2 +1:
r 1) %

Squaring both parts of the inequality above and expreskjnge get the alternative equivalent formula. Noticing that
1 pli—ao and applying Lemma B.2, we get the nal result. The second part of the corollary is just a negation of the
implication stated in the rst part of the corollary. O

p
2 a+T<Xg

Theorem B.4. For any"; 2 (0;1); > Osuch that=" 7 8, there exists convex-smooth minimization problexid)
and stochastic gradient oracle such that Assumption 1.1 holdslg\n'im and the iterateE produced y-AdaGrad after
K steps with stepsizeand starting poinio such thaR := Xo 2" 3 3 1+ 922+4 2 K satisfy the
following implication:

Pff(xk) f(x) "g =) K= P+ P= (16)
i.e., the high-probability complexity df-AdaGrad has inverse-power dependence on

Proof. Before we delve into the technical details, we provide an intuition behind the proof. We want to use the lower bound
from Corollary B.3 and estimate the bound for the number of iterations required to achieve the desired optimization error
with probability at leasi. . Moreover, we need to setdepending on the accuraty is analytically clari ed later).
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We denote the output of deterministic AdaGrad aftert iterations a;. Then, we introduce the noise in the stochastic
gradient in the following way

Ok = r f(xk) K

where
8
% g fork > 0;
2 A with probability 51>
Kk = . . . 1 ] (17)
2.0 with probabilityl >  otherwise,
A with probability ,2»

where the formula foA is given later. The noise constructi¢h?) implies that stochasticity appears only at the rst iteration
of M-AdaGrad, and then it only affects the stepsizes. Therefore,

X1 = Xo —Mo;

b

q
wherelp = B? | +( 0)2andmg = (1 1)( 0). Moreoverx; can be bounded in the following way

Xo+t >X1>Xpo

Also, let us de neK o as the number of iterations required to achieve at leastcuracy. According to the stochasticity
construction, we get that fop 6 A the momentunmg is non-negative:

@ C+A) if o= A

Mo = .
1 1), if 0=0
0:
Therefore, choosingg in such a way that, 2 (“I 0 11) 0, we can apply Corollary B.3 and obtain thé&g can
be chosen as
X1 ' P&
K 0=

with a; = b—gz and" = 72 Let us specify that this estimate depends on the stochasticity at the rst iteration, i.e., the bound
on the number of iterations is random. Consequentlyl-ifidaGrad achieves'-solution afteiK steps, we should have
K Kp. ThereforePfK  Kog Pff(xx) f(x ) "gandwe wantto estimat€ such that
PfKo Kg 1
Bounding the left-hand side,

PfKo Kg: Pf8Ko Kjo:Ang o:Ag+ PfKo KJ%SAng oSAg

S X iy Ca B
P_ K 0§A_ Pfo@Ag+Pf0:Ag
8 o 9
< Xo 2 gty A - A
P K 06 A Pfo6Ag+Pfo=Ag

17
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DenotingR = Xg 2 and assuming that fop 6 A we haveR 2(r1n 0 11) , which impliesR
derive
8 9
= Xo 2 gy P -
PfKO Kg P_ K 06A_Pf06Ag+Pf0:
( )
Rp__
sz 1 K 06 A PfOGAg+Pfo:Ag
4K2 2 2
=P b21+( 0)2 TosA Pf 06 Ag+ Pf o = Ag
4K2 2 2
P ( 0)? TosA Pf 06 Ag+ Pf o = Ag;
blR

where in the third row, we substitute the analytical fornapfand in the fourth row, we used
get

4

. . 2K
PfK() Kg P] 0 J ?OeA Pfo@Ag'i'PfO:Ag
.. 2K
P joi R + 06 A Pf g6 Ag+ Pf o= Ag:
AsaresultPfKy Kg 1 implies
.. 2K
P ] o) R 06 A PfOGAg+Pf0=Ag 1
2
Consequently, choosing = i — , the rst probability in the inequality above is equalto A%
satis es the condition on random variable. Hence, we have
1
1 A2 1
Consequently,
1 _ p_—
AT 2K
A — t2
Therefore,
K R —p—= 1 j&)—
2 2 g "
since == 8and = 2".Itremainsto nd the conditions ORg and ensuring thaR 2mo 1

@
suf cient to chooseRr in the following way:

2K
=+
3 R

R 20*rA)L_, 1

p

Solving the quadratic inequality iR, we getR 3

inequality is satis ed, we conclude the proof.

B.2. Failure of M-AdaGradD

Mo 1

1 1)

N| D

Ag

. Therefore, we

, sincetheonlyy =0

") for ¢ 6 A. ltis

1+ 92 2+4 2 K. Choosingxo such that the previous

O

Similarly to the case of1-AdaGrad, we start by obtaining the analytic form of iterations of the determinigtiedaGradD

in the following lemma.
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Lemma B.5. Suppose that starting poimg is such thaiy > 0. If after T iterations of deterministié/-AdaGradD we
havejx{j > andx; > Oforallt=1,T 1with,then

;( 1 1 t+1
XT = Xo 9—712:
t=0 t% + t

Proof. The proof is similar to the proof of Lemma B.1. Since> , the gradient at point; is equal to . Substituting that
into the iteration oM-AdaGradD for eacht, we nish the proof. O

Now, let us estimate the interval whexe lies.
Lemma B.6. Let the conditions of Lemma B.5 hold. Then, we have

p— _ p— _
Xo p%+2 a+T 1 2pao Xt Xo (1 1) 2 a+T Zpao;

b2
whereag = %.

Proof. Let us start with Lemma B.5:

X1 1 i+1
t=0 a+t

2
whereag = % Next, we bound the second term in the following way:

Xty g P—— p
pa():it 1 1) % dx = (1 1)2 a+T 25 a); (18)
t=0 ao
Xt o w1oog 0 FETT Y —
B A dx= p—+2 a+T 1 P& 19
et Pm PRiIX=pgt2 @ % (19
ao
Combining (18) and (19), we have the nal result. O
Corollary B.7. If xg > > 0,y and
p__
(Xo )>+4 (Xo ) a ..
T< 12 +2;
thenxt > for deterministioVi-AdaGradD. Conversely, the caggrj implies that
p__
(Xo )2 +4 (Xo ) a ..
T 12 +2:
Proof. The proof is the same as for Corollary B.3. O

Theorem B.8. For any"; 2 (0;1), > 0, there exists convex-smooth minimization problef8) and stochastic gradient
oracle such that Assumption 1.1 holds \f{ithr 2 and the iterates produced tlhba-AdaGradD afterK steps with stepsize
and starting poinig such thaR := xg 2" > 0,bp> and®@ 1)R=""7 16b§ satisfy the following implication

Pff(xk) f(x) "g (20)

T

i.e., the high-probability complexity df-AdaGradD has inverse-power dependence on
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Proof. The overall idea of the proof resembles the one for Theorem B.4 — we combine the lower bound for the number of
iterations from Corollary B.7 with the speci ¢ choice of stochasticity. Nevertheless, to prove this theorem, we construct the
adversarial noise in another way. More precisely, we consider the following stochastic gradient

ok = r f(xk) K

where
8 . o
%g ifk<K lorjRgj>;
3 Ak with probability 57~
= . . k 21
k E 5 0; with probability 1 A% otherwise, (1)
k
T AL with probability 1>
k
n o]
whereRk is the result of deterministitl-AdaGradD afterK iterations anddy = max 1; % . What is more,

E[k]=0andE 2 1 by the construction. Therefore, the stochastic gradient satis es the Assumption 1.1 wizh

We want to prove tha®ff (xx) f(x )>"g . For < 1, thisimplies thajR j with " = 72 Indeed, assuming
the contrary, the noise is equal@dor each iteration by the construction, meaning that

Pff(xx) f(x)>"g=Pff(&«) f(x)>"g=PfiRj> g=1>":

As aresultjRg j and, applying Corollary B.7, we obtain

2 pP_—
K (Xo ) +i 2(Xo ) %, ,.
What is morexyx can be written as
T 1) k1
Xk =X —m =KX + -~ 7 n -
K K 1 br( 1 K 1 K h( 1
Hence,
Pff(xc) f(x) "g=Plixkj g=P R+ bi) AN
1
T 1) k1 T 1) k1
p — + X p — 2
b 1 « b 1
. 2bk 1
=P -0 -
)k 1) @ )
n o}
If max 1;(12“1)1 =1, then
PH(xc) f(x) "g P ik 1j 0K =1
T )
n o]
which leads us to the contradiction. Therefarax 1; (12bK1)1 = (fbkl)l ,and
) . 2byk 1 1 (1 )2 22
Pff(x f(x " P = = ;
(Xk ) (x) g Jk 1] 1 ) AZ 4

n 0 p—
where we used tha#tx 1 = max 1; (12 bKl) L and the noise structure. Consequently, z(tl’Kill) What is more,

b« 1 can be bounded as

q__
b 1 B+ K 2
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since the gradient df is uniformly bounded by . Hence, we obtain

(Xo )2 4(xo Was (%o )2
K 2z ] 72
1 1)2xo )2 2
16 2(Z + K 2)

Multiplying both sides by (k& + K 2), we get

1 1)%(xo )2 2.
16 '

(B+K 22  2K(+K ?)
implying that
K (14 23)7R £ = (1 - EZR ~ (116'3)7R ;

which nishes the proof.

B.3. Failure of Adam

Similarly to the case ofl-AdaGrad, we start by obtaining the analytical form of iterations of the deterministi@m in the
following lemma.

Lemma B.9. Suppose that the starting poixg is such thatxy > 0. If after T iterations of deterministiédam with initial
momentunim ; Owe havgx,j > andx; > Oforallt=1,T 1,then

X1 t+1 t+1
L1 ma+ 1

4 :
o ST, + 1 Lt 2

X1 = Xo

Proof. Sincejx:j > andx; is positive, the gradient & is equal to . Hence, by substituting the gradient into the
algorithm, we get the nal result. O

The above lemma relies on the condition thaf > andx; > Oforallt = 1;T 1 Forany;b ; andT this condition
can be achieved if we choose suf ciently small

Next, we estimate the interval whexe lies.

Lemma B.10. Let the conditions of Lemma B.9 hold. Thenif=1 1=, whereK is the total number of iterations of
deterministicAdam, we have

2 1m 3 2T (1 1) T
Xo + XT Xo R p——
1 b1 by I
Proof. From Lemma B.9 we have:
X1 i+1 mi,+ 1 t1+1
XT = Xo g

g :
t=0 t2+1 P+ 1 t2+1 2
Next, we bound the second term in the inequality above in the following way:

1 t+1 t+1 1
Xt Mmoag+ 1 1 Xt iy, L 2T 2am 1 20

“ “
0 SR+ 1 P12 o My+ 1 o2 b (@ )by by

"By default,m ; =0 but the result of this lemma holds for non-zeno ;  Oaswell. Ifm ; 0, then one can selegt < 0.
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Xt Mmoo+ 1 1 T
CREL 1 2T, (23)
t=0 SRR+ 1 F2 R+ 2
where we use the fact that with 2 next inequalities hold
1 5= =) @1 =) =
0 1 X 3= 1
Combining (22) and (23), we get the nal result. O
2 m
Corollary B.11. If xq ﬁ > O0and
2 1im 1
Xo = b 1
(1 1)b
T< ;
> ;
thenxt > for deterministicAdam with , =1 1= . Alternatively,jxrj implies that
2 m
T Xo @ ob; D1
5 :
Proof. Let us note that
2 1m 4 2T
<X +
° @ bi b,
is equivalent to
2 1m 1
Xo G op: P01
T< :
2
The second part of the corollary is just a negation of the implication stated in the rst part of the corollary. O

Theorem B.12. Forany"; 2 (0;1); > 0, there exists convdx-smooth minimization proble8) and stochastic gradient
oracle such that Assumption 1.1 holds witl+ 2 and the iterates prqplg:ed Bydam afterK stepswith , =1 1= and

stepsize and starting pointg such thatR := Xxq 2 (1+ 1) K satisfy the following implication:
|
2=3"
Pifa) fx) g =) k= pR+ F (24)

i.e., the high-probability complexity éfdam has inverse-power dependence on

Proof. The main idea is quite similar to the proof of Theorem B.4. We introduce the noise in the stochastic gradient in the
following way

Ok = r f(xk) K

where
8
% g; fork > Q;
_ 2 A with probability 51> 25)
“T 3 .0 with probabilityl 2  otherwise,
A with probability 51>
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where the formula foA is given later. The noise constructi@@b) implies that stochasticity appears only at the rst iteration
of Adam, and then it only affects the stepsizes. Therefore,

X1 = Xo Emo;

q . . .
whereby = 2 +(1 2)( 0)2 andmg = (1 1)( 0). DenotingK( as the number of iterations
required to achieve at ledStaccuracy, choosingy in such a way thatg % (i 11”)‘30 > 0 and considering the
case o 6 A toguaranteeng 0, we apply Corollary B.11 and get that the algorithm needs to make at least

2
Ko = X1 @ 1Slkl))o bo
0 2

iterations to reach-accuracy, wheré = 72 Let us specify that this estimate depends on the stochasticity at the rst
iteration, i.e., the bound on the number of iterations is random. Consequehttigiifi achieves'-solution aftelK steps,
we should hav&k  Kg. ThereforePfK  Kog Pff(xk) f(x ) "gandwe wantto estimate such that

PfKo Kg 1
Bounding the left-hand side,
PfKO Kg: Pf8K0 Kj():Ang OZAg‘i'PfKO 9K]06Agpf 06Ag

<xa Femn =
P 2‘1 1) K 06 A Pf o6 Ag+Pf o= Ag
8 m 2 m 9
< Xo Mo 1Mo tb -
=p i S @ o K 06 A Pfo6Ag+Pf o= Ag:

4m01+2m0

Similar to the proof of Theorem B.4, denotifg= Xg and assuming that fop 6 A we haveR b 1) By
H : H 2m m 2m m :
which impliesR Bl 9 11) By bl g 11) + 5.0, we derive
8 9
mo 2 1mo =

< Xo Mo
PfK, Kg P o @ o K 06 A Pf o6 Ag+Pf o= Ag

Piibo K 06 A Pf06Ag+Pfo:Ag
q

4 K
=P 2P+ 2)( 0)?) R 086 A Pf g8 Ag+ Pf o= Ag
p . .
P 1 2] o) % oﬁA Pf06Ag+Pf0:Ag
L 4 K
P joj RPT—1 06 A Pf o8 Ag+ Pf o= Ag;
2

where in the fourth row we usef b4 1R ThereforePfKo K g 1 implies

P joj ﬁglL+ 06 A Pf06A9+Pf0:Ag 1
2
—pK 40
Consequently, if we chooge = *—=—2— then the only realization of the random variabjefor which the inequality in
the rst probability is satis ed is ¢ = 0. Hence, we have
1
1 A2 1
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As aresult, we get

1 _ p_—
- 4K 4o
R 1 >
Therefore,

2

R R R 3

K:pj_ = K% — —PpP= 1 —P= = K P— ;

’ 2 272 P D 16 "

whereweusd = 1x, £+ 8and = pT. It remains to nd the conditions org and ensuring that foro 6 A

4m01+2mo_2mo 2,

R b o & b 1 .

+1

Therefore, the above is equivalent to

8 9
< =
R 2 121 +1 max g r 1) ” r )+ A) i
! ' P+ 2) 2 P+ )+ A
To simplify the condition orR, we derive an upper bound for the maximum in the right-hand side:
8 9
< =
1 1 + A 1 1 + A
max g 1) g DA T g0 W) 0 A
P (L ) 2 P+ )+ A2 1 2 1 20+ A)
1 p_

Therefore, it is suf cient to choosR satisfying

R 2@ 1) K
This concludes the proof. O

B.4. Failure of AdamD
We follow the idea for previous proofs and start by obtaining the analytical form of iterations of the determidisti® in
the following lemma.

Lemma B.13. Suppose that the starting poixg is such thatkg > 0. If after T iterations of deterministiddamD we have
jX¢j > andx; > Oforallt=1;T 1,then

X1 t+1
o 1 1

X1 = Xo P .
t=0 Et% + (1 5) 2

Proof. Sincejx;j > andx; is positive, the gradient a; is equal to . Hence, by substituting the gradient into the
algorithm, we get the nal result. O

The above lemma relies on the condition th@f > andx; > Oforallt= 1;T 1. Forany;bo andT this condition
can be achieved if we choose suf ciently small
Next, we estimate the interval whexe lies.

Lemma B.14. Let the conditions of Lemma B.13 hold. Then,if=1 1=, whereK is the total number of iterations of
deterministicAdamD, we have

2T (1 )T,
X() T XT XO 49%4-772
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Proof. From Lemma B.13 we have:

-B( 1 1 t+1
p ! ;
t=0 Shg+ (1 5) 2

Next, we bound the second term in the inequality above in the following way:

XT = Xo

X 1 1 t+1 T
P= - 57 b (26)
t=0 s+ (1 %) bo
X1 1 1 T
P— 3 P = (27)
t=0 Shs+(1 %) b +
where we use the fact that witkh 2 next inequalities hold
1 k=1 =) @@ =) =
01 %5 = 1
Combining (26) and (27), we get the nal result. O
Corollary B.15. If xo > > 0Oand
(Xo )b
T< X— =
> ;
thenxt > for deterministicAdamD. Alternatively,jxr ] implies that
(Xo )b
T —
2
Proof. The proof is the same as for Corollary B.11. O

Theorem B.16. Forany”; 2 (0;1), > 0, there exists convdx-smooth minimization proble8) and stochastic gradient
oracle such that Assumption 1.1 holds witls 2 and the iterates produced BydamD afterK steps with stepsizeand
starting pointxg such thatR := Xxg > 0,bp> andR=P- 16% satisfy the following implication

Pff(x) f(x) "g =) K= p= (28)
i.e., the high-probability complexity éfdamD has inverse-power dependence on

Proof. The overall idea of the proof resembles the one for Theorem B.12 — we combine the lower bound for the number of
iterations from Corollary B.15 with the speci ¢ choice of stochasticity. Nevertheless, to prove this theorem, we construct the
adversarial noise in another way. More precisely, we consider the following stochastic gradient
O =1 f(xk) ks

where

g ifk<K lorjR¢j>;

3 Ak with probability 53~
k
3

0; with probabilityl 2>  otherwise, (29)
k

8
k = E
T Ak with probability -1

k
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n

o}
whereRk is the result of deterministiédamD afterK iterations and\x = max 1, a 2 blk) . Whatis moreE[ «]=0

ande 2 1 by the construction. Therefore, the stochastic gradient satis es the Assumption 1.1 with

We want to prove tha®ff (xx) f(x)>"g . For < 1, this implies thajRk | with " = 72 Indeed, assuming
the contrary, the noise is equal@dor each iteration by the construction, meaning that

Pff(x) f(x)>"g=Pff(R¢) f(x)>"g=Pfif¢j> g=1>:

As aresultjRg j and, applying Corollary B.15, we obtain

(Xo )b
K —_—
2
What is morexx can be written as
1
L 1:/)(K+(hl<)—ll<1:
Hence,
Pff(xx) f(x) "g=Pfixkj g=P g+ & D K1 bl&) K 1
1
T 1) k1 T 1) k1
P — + X P — 2
bx 1 < b 1
. 2bk 1
=P _cPK 1
Jk 1) @ )

n o]
If max 1; (fb" L =1, then
1)

2bk 1

Pff f "g P j j T =1,
(xk) f(x) "g J ko4l T ) ;
n 0
which leads us to the contradiction. Thereforax 1;22xt = (fbKl)l , and
: , 2bk 1 1 Y
Pff(xk) f(x) "g P j j = = ;
« “E o AR 1 420

2bg 1p,

n
where we used thatx 1 = max 1; 22Kt L .

0
¥ and the noise structure. Consequently,
bk 1 can be bounded as

What is more,

q
bx 1 b6+2

since the gradient df is uniformly bounded by . Hence, we obtain withg

Kk Xo b @ )Xo Jdbo (I J ) _ (@ IR
2 A:JWzvf g2 A

which nishes the proof.

26



Clipping Improves Adam-Norm and AdaGrad-Norm

C. Missing Proofs from Section 3

In this section, we provide missing proofs for Algorithm 2 in the convex and non-convex cases. For each case, the proof
consists of two parts — descent lemma and main theorem. Moreover, for convenience of the proofs, we consider a reweighted
version of Algorithm 2 summarized in Algorithm 3, which has an additional paramete® appearing in the update rule

for by. However, Algorithms 2 and 3 are equivalent: if we divideand in Algorithm 3 by —, the method reduces to
Algorithm 2 but produces exactly the same points as before (given the same initialization and source of stochasticity, i.e.,
seed), since= remains unchanged.

Algorithm 3 ReweightedClip-Adam/Clip-AdamD-Norm andClip-M-AdaGrad/Clip-M-AdaGradD-Norm

Input: Stepsize > 0, starting pointxo 2 RY, initial constanto ; > 0 (for Adam andM-AdaGrad) or by > 0 (for
AdamD andM-AdaGradD), momentum parameters; » 2 [0; 1], level of clipping > 0, reweighting parameter
>0
1: Setm 1 =0
2: fort=0;1;::: do
3 mg= 1me 1+(1 )clip (r f (xt); )
4: ifno deéaéfthen

<q 2+ (1 2)kclip  (r T, (xt); )k2 for Clip-Adam-Norm

B+ kclip (rf  (x); )k2 for Clip-M-AdaGrad-Norm
6. else 8 q

. b <q o+ (1 2)kclip  (r T, (xt); )k2 for Clip-AdamD-Norm
. +1 = .

5: b =

B+ keclip (rf (xi); )k2 for Clip-M-AdaGradD-Norm
8: endif
9: Xt+1 = Xt Hmt
10: end for

C.1. Technical Lemmas

Here we introduce technical lemmas for the future proofs.
Lemma C.1. Let the sequendeh gi=o is generated by Algorithm 3 i iterations. Then, for everyr: t r we get

b cmb;

where the constar,, depends on the update rule flar. To be more precise, = 1 for the Clip-M-AdaGrad/Clip-M-
AdaGradD-Norm, andcy, = = for Clip-Adam/Clip-AdamD-Norm.

Proof. The case oflip-M-AdaGrad/Clip-M-AdaGradD-Norm is obvious since the sequenfdegi-o is non-decreasing.
For theClip-Adam/Clip-AdamD-Norm we obtain that

?osw- 1 Lo o1 Ll

where we, without loss of generality, assume tat 2 and apply the analytical form of, with fact thatg(K) =

1 Ki “is increasing function. Taking the square root from both parts, we conclude the proof. O

Lemma C.2. Let the sequendam;gi= is generated by Algorithm 3 ik iterations. Then, forever§ t K 1it
holds that

m; = PR Do
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Moreoverkmk? can be bounded in the following way:

Xt
kmk® (@ Py LR@ O p)kgek:
k=0

Proof. The rst part of the lemma is the direct consequence of update rule of momanturfor the second part we need
to apply the Jensen's inequality as follows:

XUt kg Zox otk
11 ( _ D4, 1 ( _ D g ko
k=0 1 k=0 1

p

where we use the convexity kfk? and tka  p)=1 . Multiplying both sides by1  !™*)2, we get the
k=0

nal result. 0

C.2. Non-Convex Case: Methods with Delay
n
Lemma C.3(Descent lemma)Let Assumption 1.2 holdad@ = x2 RYj9y2 R4: f(y) f +2 andkx vyk
p_ O
P T wheref (xg) f = ¢ . Then, aftefT iterations ofClip-M-AdaGradD/Clip-AdamD-Norm with by

2L=n )22, ifx 2 Q8t = 0;T, we have

X1c, X 1 X 1 , X1

Tkr f (x)k° 0 T (Ct 2A)hrf(xy); {i+ Ci ¢+ 2Ack VK
t=0 t=0 t=0 t=0
P _Plieg k t ;
whereC; = 1 A= o b bs (k t+1) ; "andcy istaken from Lemma C.1.

k=t k=t

Proof. We start with thel -smoothness df :

2
f(xeer)  f(x) hr f(X0);Xes1 xti+%kxt+1 xik? = hhrf(xt);mti+|'2bgkmtk2: (30)

Using the update rule of Algorithm 3, we can obtain

hr f(x¢);myi rhrf(x)ime i (1 ) hrf(xe);qi
=  ghrf(xe) r f(X¢ 1);me ai thrf(xe 1);me i
(1 )hrf(x); i
thrf(xe 1)ime i+ gkr f(x¢) r f(x¢ 1)kkmg 1K
(1 )hrf(x); i
chrf(xe 1);me 1i + 1L kxy Xt 1kkmy 1k
(1 )hrf(x); i

= thrf(xe 1);my qi +
(T )hrf(x);ai;

where we use the Cauchy-Schwarz inequality Bremoothness df. Applying the same idea for the 1;t 2;:::;0
and noting thatm ; = 0, we get

1L
1

km, (k>

Xt X1 tk
hr f(X¢); mqi (1 1) } khrf(xk);gki + L 1 kmkkz: (31)
k=0 k=0 b

28



Clipping Improves Adam-Norm and AdaGrad-Norm

Therefore, substituting (31) into (30), we have

X 2 X1 t ok 2
o) T ST UK+ S kmykl e+ S km K
b b, b 26
xt 2 Xt ok
a 4 U Khrf (xg); o + L- L kmyk?:
h k=0 bt k=0 b‘
Applying Lemma C.2witlh ~ ¥*1 1, we can rewrite the inequality above as follows:
Xt 2 Xtk X ,
o) fo0 ST Uiy s =0 AT Kla gk
b b B
Xt 22X Xt ok _
= & 7 kg ¢ S Lok gkgkh (32)
b k=0 b j=0 k=j b

where we change the limits of summation. Now let us bound the second term. Applying Lemma C.1, we obtain that
b c¢mly (the constant,, is taken from Lemma C.1). Consequently,

LEEC L i g B 0T g
B, bl
L2a X . 2
= - t +1) kg k*: 33
Thus, substituting (33) into (32), we get
Xt 2 Xt
fxea) To) S D7 Ukprrggigd + D7 Uk ke 1) kgek?:

b, bl

After summingovet =0;:::T 1,

Xta g X

X1, 2 Xt
h L@ ) UKt k+1) kgek?:

Cm by !

k=0

EKhrf (xg); g +
k=0 t=0

f(xr) f(xo)
t=0

The main idea is to estimate the coef cients correspondirfy tb(x; ); g;i andkg; k®. These multiplicative factors can be
estimated as

Xt a
tr
—h 1 (34)
t=r h
for the scalar product and
XTIz )
———= =t r+1) | (35)
=y Cmhblbo
for the squared norm, respectively. For (35) we can apply Lemma C.1 in the following way:
;( 1 2 1)'( 1 2 2 ;( 1
L T e e N IR R
. Cmbb . b @bb

P1
Applying Lemma A.2, and usingthat | " =, we get

t=r

_XtLza )
Ar = cnbiby

L 2

tr
© D3 Zhha D

(36)

t=r
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for eachk = 0;:::;r. Moreover, let us denote the factor corresponding to the scalar pr@#)as C .. C, can be
bounded as follows:

@ o X'a o). X'a oy, 1
b o bt bt by’
where we apply Lemma C.1. Therefore, the descent lemma can be formulated as

X1 X1

f(xr) f(xo) Cohrf(x)igi+  Ackgk’
t=0 t=0
Substituting the analytical form @gf, we have
X1 X 1
f(xr) f(xo) Cohrf(x);gi+  Ackgk®
t=0 t=0
3( 1
= Cy hrf(xo); ¢ + kr f(x)k?
t=0
;( 1
+  Ap k(KE+2hrf(x); i+ kr f(x)K
t=0
X1 X1
= (C¢  ADkr f(x)K (C¢ 2A)hrf(xo); i
t=0 t=0
3( 1
+ Ak (K
t=0

Choosing %, we getthatC; 2A; 0since the boundarg; lbt—l and(36) hold withk = t. Therefore,
usingthat, = !+ P, one can obtain

3( 1 '5( 1 3( 1
f(xr) f(xo) (Ct Ak f(x)K (Ci 2A0hrf(x); di+ Ak (K
t=0 t=0 t=0
X 1 K 1
(Ct Ak f(x)K (Ct 2A)hrf(x); Vi
t=0 t=0
X 1 X 1 X 1
+ 0 2A KUK+ DP s S kxRt Coop p2
t=0 t=0 2 t=0 2
X1 X1 X1 X1
= Co f (x¢)K2 (Ci¢ 2A)hrf(x); Yi+  2Ak 'K+ Cuy A, PZ
t=0 2 t=0 t=0 t=0 2

Using that% A, and rearranging terms with; = f (x¢) f , we getthe nal result. O

RemarkC.4. Itis important to note tha® can be any non-empty subsetRff as long as the iterates belong to it. In this

sense, the form d is not that important for the proof (a similar observation holds for Lemma C.6 in the convex case).
NeverthelessQ plays a key role in the next part of the Rroof.

)
Theorem C.5. Let Assumptions 1.1and 1.2 holdQ= x 2 R'jOy2 R%: f(y) f +2 andkx yk -
withf(xg) f = o . Then, afteiK + 1 iterations ofClip-M-AdaGradD/Clip-AdamD-Norm with
o PGb(K 4D o’ T 135 |
80L In K1) 4328 2000 (K +1)5 7 lp— 4K+
Cm(l l)ﬁlb 21 . — L 2(1 1)2. (37)
42+11 202 i 7 1|_ﬁ(K +1)ﬁ|n§ T AKH) , ’
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and
_Cmpl lb)pTK-'-l);iz (38)
20 L In 4K+
the bound
%kr f(x)k? 2
k=0
holds with probability at leasi . In particular, when equals the minimum fror{87), the iterates produced by

Clip-M-AdaGradD/Clip-AdamD-Norm satisfy

1 X 5
k=0 ( |
L In K+ IoLi In— K+L P I(L) zoTinz I KT
= 0O max ; :
@ D3K+D5 2 (1 DK+ @ )FI(K+1)5:

with probability at leastl

Proof. Our proof is induction-based (similarly to the one @lip-SGD by Sadiev et al. (2023)). We introduce probability
eventEy as follows: inequalities
X1 X1 , X1 )
(Ci 2Aaphrf(x); i+ Cp P+ 2Ak{K
1=0 1=0 =0
¢ 2

hold simultaneousIgt = 0;1;:::;k. We wantto showtha&®fExg 1 K“T 8k=0;1:::;K+1. Thecasewhek =0

is obvious. Now let us make an induction step: let the statement hold forlkem& 1 K:PfEtr 19 1 (L é) It

remains to prove th&fErg 1 KTT TheevenEr iimpliesthatx, 2fy2 R4 :f(y) f +2 g8 =0;:::;T 1
and

p_ p_
kx X k= —km k B5— — P
TATT R Y by 200 L KD o0 L

Hence, evenEt 1 impliesfxtgtT:0 Q and we can apply Lemma C.3:
X1 C, X1 X1 , X1

—kr f(x)k o (Ci 2A)hrf(x); i+ Ci P+  2Ak MK
1=0 1=0 1=0 1=0
8t=1;:::;Tand8t=1;:::T 1itimplies that
Xt ¢, 2 X1 u X1 b 2 X1 up2
7kff(xl)k 0 t (Cir 2A)hrf(x); ri+ Ci 7+ 2Ak [k 2
1=0 1=0 1=0 1=0

1
Taking into account that %kr f (x|)k2 Ofor all t, we getthaEt 3 implies
1=0

X1 X1 , X1 )
T 0 (Ct 2A)hrf(xy); {i+ Ce 27+ 2Aik 'k
t=0 t=0 t=0
K 1 K 1 )
= 0 (Ct 2A)hrf(xy); {i+ Cit ?
t=0 t=0
K 1 K 1
+ 2A; kYK E kYK +  2AE .k VK%
t=0 t=0
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Next, for vectors

rf(xy); krfx)k 2pL7
‘ 0; otherwise
forallt =0;1;:::;T 1, we have that that with probability
p__
kik 2L : (39)
What is more, foralt =0;::: T 1Ey 1 implies
p—— p_— @9
krf(Xt)k 2L ¢ 2 L 5:
Thus,Etr jimplies ;=1 f(x¢)fort=0;21;:::;T 1and
K 1 K 1 , X1 , , K 1 ,
T 0 (Cy 2A)hy i+ C: 27+  2A kK E kK +  2A(E k 'Kk°: (40)
= y (23 (2 {z | i S
A : o 4

It remains to bound each term {#0) separately with high probability. Before we move on, we also note that &+ent

implieskr f (x¢)k . Therefore, one can apply Lemma A.4 and get

k 'k 2; (41)
2
0 - (42)
E kY 1872 (43)
Bound for = . The de nition of {' implies
E.[ (Ct 2A)hy; {i]=0:
What is more, sinc€; ﬁ we get
: Ui 4., (391(41) 4 T
J(Ct 2At)h[, el Ctktkktk th) i 2K D) =
h i
Letusdene 2= E, (C; 2A\)*hy; Ui® . Hence,
(39) 2
277(Cy 2A)% AL E kYK 42L E Kk VK% (44)
Ch b8
Therefore, we can apply Bernstein's inequality (Lemma A.5) @tk W:
I
P 2A¢) hr f pflo> — 2 = :
(G0 AINTO > rand 8 G280 e T 2K D)
Thus, we get
( X 1 X 1 )
; RTE o 25 .
P either . (Ct 2A)hrf(xt); {i 7 or . i>G 2K +1)

32



Clipping Improves Adam-Norm and AdaGrad-Norm

Moreover, evenEt ; implies

. 2 5 .
Xt w7222 L Tey72d 1 )tz B P=2 ke LT
t - —
t=0 ¢z b c2, 202 pL2 kg In? 4K+
@7 7 2
480 In 2K+

Bound for - . For the second term, we get tat | implies
1 1
X C, tb ,» X b 262 4 2T
t=0 t=0

@a 2 (k+1) 20 L T2 2K+l 2 AR

Cm ko ch ‘(1 1) Wy T

4 20 22 LK+1) 52 Ip? 2 MK
- 2 1
ch '@ 1) ot !
@n
Z,
where in the last step, we apply the third condition dinom (37).
Bound for ®. Similarly to—, we have unbiased and bounded terms in the sum:
h i
E, 2A, k'K E k' =0
and, since (36) from Lemma C.3 hold with= 0,
@y 1eL 2 2 15
2A; k 'K E .k 'K = c 45
Co s GBI 1) 25nMKD g7k C (49)
2
Next,we de ner? = E, 4A? k 'k* E k U“k* . Forthe introduced quantities, we have
,@s N ) , | aL 2c ’
i cE, 2A; k{k® E kk S —E KK (46)
Akl 1)
Therefore, we can apply Bernstein's inequality (Lemma A.5) @tk W:
|
( X1 ) 5 X 1 ) ) 2 '
u u _ A = .
P _2Atktk E k'K >4and_ ;G 2exp 16 26+ = K +1)
t=0 t=0 6
Thus, we get
. 2 2 .
P either ) 2A; k {k® E k{k Zor_ ~>G 1 KD
t=0 t=0
Moreover, evenEt ; implies
X1 o wpen7a 22 TE 7x B 2 (K+1) i LT
- GBI 1) 2 o (1 1)z L° RIn? 4K
@7 ¢ 7 2

480 1504|nm:
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Bound for . For the last term, we have thBt 1 implies

X1 X1 2
2AE k UK #Etk u?
t=0 =0 Cm (L 1)
2 2 p—Z 2 3 42
(41) 36L T 3836 I (K+1) = 2 LT
GBI 1) 20 (1 )z L0 Ri? KD
@7 7 _
960In 4. 4’
Thus, taking into account the bounds above, the probability éveng \ E; \ E, implies that
where
( X1 L 2 X1 2 7 2 )
E, = either —  — hrf(xy); i — or > —
' ( o b 7 Va7 4goin XK
X 1|_ 2 L2 L2 X1 ’ 7 2
E, = either — k{k® E k{k — or NS —
’ o B ‘ 47 ' 1504 0%
Therefore,
PfETg PfET 1\ Eq\ Ezg:]. PET 1[?1[?2 1 P ET 1 PEl PEQ 1 KT+1:
Hence,foralk =0;:::;K +1 we getP(Ex) 1 KKT As revision result, everi g ., implies that
%kr f(xk? 2 (47)
k=0
holds with probability at least
Therefore, we get that with probability at ledst
kr f(xk)k2 4 max i:
- k2[0:k 1 Ck
and, sinceCy 1b—kl,we obtain
x kr f (X )k % max be: (48)
o k 1 1) k2[oK]
Moreover,
X 2 2 2
B B+ 3kr f(xx)k® +3k Pk*+3 D (49)
k=0
for the Clip-AdaGradD of b, and
X 2 2 2
ke b§+K+1 3kr f (xk)k®+3k 'k°+3 P (50)
k=0
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for the Clip-AdamD, respectively. Next, we use that the evEpt.; implies

- X Lk U2
4 ‘o c2 (1 1) 2

because we could replabe! ¢y by into C; andA¢, and all steps in ;® and™ will be the same. Therefore, with applying
Lemma C.1, next bounds

Vv
U
X 4 ¢ X 3by  3b31 1)
2 T 2 0 0 1
kr f (xk)k a g +3 kr f(xk)Kk” + 7 R :
k=0 k=0
Vv
4 P 3 X 3b 3021 1)
2 2 0 0 1
3 kr f (xk)k a B+ 3 kr £ (k™ + KDt T8 2K D)

hold with probability atleast  , where we substitute different, from Lemma C.1 an{49), (50)for Clip-M-AdaGradD-

R
Norm andClip-AdamD-Norm, respectively. Next, solving quadratic inequalities above with respect ter f (xk)kz, we

. k=0
obtain
r
48 2 944 2 4 16 2 3b 3b2(1 1)
, @ ot ey et Tt
kr f (xk)k
2
k=0
s
24 2 5762 4 3by 3 3bZ 3 AR 2
=2 7t 2 77 3 AR t 2
@ 1) @ 1) @a 1) L 41 ) (1 I1)
S H
_ 24 5762 2 3bo 3b2 4R 2

2 @ 027 @ 0 @ oL@ ora e

for Clip-M-AdaGradD-Norm and

X 24 2
kr f K2
PR R
S
. 9 432 4 L, 47 3by +3b%(1 1) &
4(1 1)4(K +1)2 2(1 1)2 8 (K +1) 16L 2(K +1)
_ 24 2
CA KD
. 576 2 4 .\ 3by 3 .\ 3b3 3 .
41 DMK +1)2 0 231 )2(K+1) AL 4L (K +1) 21 )2
_ 24
T2 (1 1)K +1)
S !
. 576 2 2 3bo 3b3 4% 2

T DAK+D2 20 DAK+D) 4@ K+ @ 12

for theClip-AdamD-Norm. Substituting = LA w)* gng applyingp a2+ P+ c2+ d?2 a+ b+ c+dfornon-negative
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numbers, one can obtain the bound @ip-M-AdaGradD-Norm:

1 X P 49— 2b
AT kr f (x)K? D2 48L 2+ 3L p+ 321 D* 5 0
k=0
9———— 2p
2 2 0
K1) 2 4 2+3 (L )+
2b
. 2 0
K+p z & T¥3bor
5b
2. 0
7(K+1) > max 490 1 -
98L 10 Iy
= . 1
B R (O VT R D
and forClip-AdamD-Norm:;
s s I
1 ke f (K2 48 2+ 3Lk, 321 1), 2bo
K+1 K (K+1) 2 K+1 2(K +1) 4K +1) 1
h s !
48 2 L 3 2b
" 5 " + +b° + bo+ 0
(K +1) K +1 (K +1) 1
491 2+ 4b,
(K+1) 2 K+1 1
2 max 491 2_ 4bg
(K +1) 2 K+1'1
= max %8 8 by (52)

K+D)?2 (K+DA 1) °

where we use thazp ab a+ b Consequently, after substitution (§7) into (51), (52), we get nal bounds for
Clip-M-AdaGradD/Clip-AdamD-Norm:;

1 X )
K+ 1 kr f (xx)k
k=0 ( |
L In K+ pLi In— K+L ZT(L) T Tinz I KT
= 0 max 511 3 77 3 2 2
1 3K+ = (1 DK+ (1 g)z (K+1)5 2
holds with probability at least . O

C.3. Convex Case: Methods with Delay

Lemma C.6 (Descent lemma)Let Assumptions 1.2 and 1.3 hold @n= Bogr(x ), wherekx, x k  R. Assume that
Xt 2 Q 8t = 0;T. Then, aftefT iterations ofClip-M-AdaGradD-Norm/Clip-AdamD-Norm with by (lsﬁ, we

have

X1 X1 X1

Ci(f(xx) f) R3 R? 2C e X i+ 2Ak (K%
t=0 t=0 t=0
P1 _ P1 _
whereC; = 11 tandA = zcz(lwf) 10 t+1).
. ( . t m {
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Proof. According to the update rule of Algorithm 3, we have

2
o X K= ke X K2 2t x jmyi + o kmek?:
b ¢
To bound the scalar product, we substitute the update rulafor
hxe x mi= (e x;mgaqi Q1 ) x gi
= ok Xp nme g i ¢ X my g

1 ) x ;g

e 1 o xome 4 10 ) x g
+ 1kxt Xt 1kkm; 1k

= a1 o xome i (T )X X G

+ L km, (K

b1
Applying the same idea far 1;t 2;:::;

Xt K1 otk
hxe X ;myi @ 1)L ke ox oo+ 1 km,k?
k=0 k=0 b‘
Therefore, we get
xt 2 Xt ot ok
kxisr X K2k x¢ x K2 2 @ 1) M ox g+ =— L kmik?:
h k=0 h k=0 h(
Substituting the bound fdmk” from Lemma C.2witt. X" 1, we have
Xt 2 Xt otk _
kxgsr X K K X¢ X K % @ 0§ e x oo+ % BK Kl kg K
k=0 k=0 i=0
2 Xt ) 22 XXk ot
= kxy X K? Y @ 1) LR x g+ T é‘ (1 1)kg K
k=0 k=0 j=0
Applying the same technique as in Lemma C.3 (see (33)), one can obtain
X 2 X .
kxier X K2 K x¢ x K2 % ' x;gki+thol) It j +1)kg K
k=0 Cm j=0
After summing ovet:
X1 Xt
kxt X k¥ k xo x K % DR X
t=0 k=0
Xtaz2a X
+ =Y Pt j +1)kg K (53)
1 i
o CmBbo j=0

Therefore, multiplicative factors fdix, x ;g-i andkg, k? are equal to

X 1 X1g2
72% )t ang 271 v ey,

=; Cmbbo

t=r
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respectively. Let us denote them a8 C; andA,. Using the same idea as in Lemma C.3, we get

a 1 1
b5 b

and
2 2
Al Tobed
Chbpbo(l 1)
forallp=0;:::r because of Lemma C.1. Rewriting (53) in terms3pf A, ,

X1 X1
kxt x K® Kk Xo X K 2Cihxy  x ;g + Atkgtkz:
t=0 t=0
Consequently,
X1 X1
kxt X K? Kk Xo X 'S 2Cihxy  x ;g + Atkgtk2
t=0 t=0
X1 X1
= 2Cihxy x;rf(xy)+ i+ Ackr f(x¢) + tkz
t=0 t=0
X1 X1
2C iy x ;r f(Xp)i 2C iy x ;i
t=0 t=0
X1 X1
+ 2Akkr f(xK*+  2Ack (K
t=0 t=0
Using Assumptions 1.2 and 1.3, one can obtain
X1 X1
2C: 4LA)(f(xy) f) 2C ke x ;r f(xe)i  2Akf (xt)k2
t=0 t=0
X1 X1
kK Xo x k? k xTt x k? 2Cihxy  x ;i + 2Atktk2:
t=0 t=0

If we choose %, then2C; 4LA; C  because of lower bound @&y and upper bound foh;. This
nishes the proof. O

Theorem C.7. Let Assumptions 1.1, 1.2, and 1.3 hold®@r= Bor(x ) withkxg x k R, Then, afteK + 1 iterations
of Clip-M-AdaGradD-Norm/Clip-AdambD-Norm with

8 9
[ =
P € Y =1 T 1tnRby S (54)
Dlelin AKHD Tg40 9f (K +1) i Ak 5] RZ
and
_ pl 1tmoR -
T . 4K+l (55)
40 In ==
the bound

Cv(f(x) f) 2R?
k=0
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holds with probability at leasi . In particular, when equals the minimum frortb4), the iterates produced by
Clip-M-AdaGradD-Norm/Clip-AdamD-Norm satisfy
. )
LR?n KL RIn— X
f (X f(x )= O max : 3
( K) ( ) (1 1)3(K +1) (1 1)7(K +1)71

P
with probability atleastl ~ , wherexx = - E:o XK.
Proof. Our proof is induction-based (similarly to the one @lip-SGD by Sadiev et al. (2023)). We introduce probability
eventEy as follows: inequalities

X1 X1
2C g x i+ 2Ak K R
1=0 1=0 p
R: 2R
hold simultaneousI®gt = 0;1;:::;k. We wantto showthd®fExg 1 KKT 8k=0;1;:::;K+1. Thecasewhek =0

is obvious. Now let us make an induction step: let the statement hold forlsemé 1 K:PfEtr 19 1 (L é’ .

It remains to prove tha@fE+g 1 KTT The evenEr 1 impliesxy 2 BP55(x )8t =0;:::;T 1 HenceEr 1
also implies

P_ p_
km k 2R + 2R +
br i Tt br 1 Cm o

ThereforeEt ;impliesfx;gl., B2r(Xx ) and we can apply Lemma C.6:

kx1 x k kxt 1 x k+ 2R:

X 1 X1 X 1
Ci(f(x) f) R3 R? 2C K x;qi+ 2Ak K
1=0 1=0 1=0

8t=1;:::;Tand8t=1;:::T 1itimplies that

X 1 X 1 X 1
Ci(f(x)) f) R3 2C g x;i+  2Ak K 2R%
1=0 1=0 1=0

Pl
Taking into accountthat C;(f(x;) f ) 0,wegetthaEt 1 implies
=0

X1 X1
RZ R} 2C . x4+ 2Ak (K (56)
t=0 t=0

Next, for vectors
( p_
Xt X kxy xKk 2R
(0 otherwise
forallt =0;1;:::;T 1, we have that with probability
k ik P 2R: (57)
Then,Et ;impliesthat ; = x; x forallt=0;:::T 1. Whatismore,foralt=0;:::T 1Et ;implies

[N E)
kr f(xq)k Lkx; x Kk 2LR —:
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Hence, using the notation from Appendix A, we have tBat ; implies

X1 X1 X1

RZ R3 2C ;.  x ; Vi 2C, X X P+ A kKUK k K
|22 {7 Y y 2 {z
- - ®
X1 X1 5

(58)

Next, we bound each term separately with high probability. Before we move on, we also note th&-eveirhplies

kr f (x¢y)k 5. Therefore, one can apply Lemma A.4 and get

k ik 2;

Bound for = . The de nition of {' implies

E1[ 2C1ht, t“I]ZO

(59)
(60)
(61)

(62)

Moreover, applying the bound d&: C; - from Lemma C.6,
) . (57696 R (55 3R?2
] 2Ctht1 {JU 2Ctktkktuk =C
Cm o 20In K+
h [
For 2= E, 4 2C2hy; Yi? we also derive
8 2R2
2 42C%E k 'Kk (K 5o E kIK:
Ch 8
Hence, we can apply Bernstein's inequality (Lemma A.5) witte ned above ands = W:
2 rR2 X R
P —m x;{i>—and 2 G 2exp ———r
o 5 t=0 25 2G +
TK+1)
Therefore,
( ) X1 2 U R?2 X1 ) )
P . - > -
P either = e x; {i 5 or = :>G 2K +1)

In addition, evenEt ; implies that (due to (62) and (61))

X1, 14422 RT 91440 )tz B R T

t
- cz b 4 ¢, kEIn? A
(54) 144(1 )R*T R*
9 4®(K +1)In & jopIn 2K
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Bound for - . For the second term, one can obtain from (54), (55) and2 thatE+ ; implies
p

Rlzc W .n XT2 o, @222 TR
t At vt PO t T e b 1
t=0 t=0 Crntb Crntb
(55) 4 2 40 TR2 GH4 2 (1 1)TR?
401 )7 o hyint KD 360 (K +1)
45 5°

Bound for ®. For the third part, we have o ]
[
E, 4A, k'K E k'K =0:

What is more,
(59) 42 2 R?
4A; kUK E KUK 4A; k UK+ E kK 6 ©5)
(Ll 1) g2 MK
2
3R _ 63)
20In KD
We also de ne
2
A2=E  16A? k 'K® E .k 'K
Hence,
(63) R2 h |
n2 3 . 4AL kYK E Kk UK
20In AK+1)
12 2R2
E k VK%

521 1)in A
Therefore, we can apply Bernstein's inequality (Lemma A.5) witle ned above and = W:
!

)

( 1 1
P % 4A; k YK* E kUK >F\:and§( A2 G 2exp ZESZGR:ZCRZ
t=0 t=0 15
T 2K +1)
Consequently,
P eitherR14A k Uk* E k'K RzorR1A2>G) 1 -
! o 5 " 2(K +1)°
Moreover, evenEt 1 implies that
X 1“3 X1 12 2R? e 61) 18 12 2 2 R2T
t=0 t=0 521  1)In D 52 (1 q)In KD
(55) 18 12 40 R* T (54) 18 12R*T
5 40%c, (1 1)zh, In®  AKD 9 5 4®(K +1)In? 4K+
R4
4K +1)

1001In
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Bound for . For the fourth part, we get th&r ; implies

R14AtEtkt”k2 yliz 8 * Etksz(m)—le i T
t=0 oo BB 1) Bl 1)
(54) 144 40RZ2 T (54) 144R2T
4RPc,by(1 1)z In?  AKD 9 4®(K +1)In 2K
R? R?2
00 5

Bound for ° . For the last termE+ ; implies

3<14A L2 X' g2 L2060 84 2 2T
v @RI ) Y @B ) A D

8 4402 2 2-|-|n2( 1) 4K +1)

AP B (I 1) RA D
549 8 4 R?T 8R? RZ
36R(K +1)2 4% 5

(55)

Thus, taking into account the bounds above, the probability éveng \ E; \ E, implies that

R2
RT R?+5_ =2R%

where
8 9
< X 1o Rz X1 R4 =
Ei = _ either — M x; i —or 2> —
' =0 D 5 100In 4K
8 9
< 3( 1 2 2 y 1 4 =
. 4 R R
E,= either - kU E kU —or > ——
' t=0 S o 10010 4K+
Therefore,

PfETg PfEr 1\ E1\ Eo.g=1 PET 1[?1[?2 1 PET 1 PEl PEQ

Hence, foralk =0;:::;K +1 we getPfExg 1 K"T As the result, everiEk +1 implies that

Cu(f(x) f) 2R?
k=0

with probability at leasi. . Next, from (64) we get that with probability at ledst

R L
k20K ] Ck

X
(fx) )

k=0

Moreover,é can be bounded in the following way (from Lemma C.6):

1 b .
Cc @ 1)
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Hence, we get

2R?

X
(f(xe) f) ﬁkg?gf((]bﬂ

k=0
Also we can boundl for Clip-M-AdaGradD-Norm using thatge = r f (Xk) + « and Assumption 1.2:

(65)

X
KB+ AL (f (x¢) f )+2k ¢K?
k=0

and forClip-AdamD-Norm, respectively

X
B+ oy AL f)+2kk

Therefore, due to the fact that the event.; implies (see the bounds f@&, and°® )

X 42 k k2 3;R2
o GBS 1) 5
we get
X 2
Foge Al 1)+ S _UBR
k=0
for Clip-M-AdaGradD-Norm scheme and
X 31 )BR?
b btz)"'m 4L ((f (xk) f))*‘m

for Clip-AdamD-Norm, where we substitute the constapt from Lemma C.1. Consequently, substituting bounds above in
(65), we get
|
12

|
X 4R? X 31 )RR
SO0 T) gy B AL ) S
k=0 k=0
for Clip-M-AdaGradD-Norm and
15 % !
AR4 31 1)R%E
() ) a2 Bt R @) T ey
for Clip-AdamD-Norm, respectively. Solving these quadratic inequalities, we havegthat implies
s [
X‘(f(x) . 2R? 4LR? 167 2R* 2 . _3R?
. 2@ 02 @ v T 07 100 )
r
6R2 8LR2 by
—5 max a 21 1,boR 1
and
X 2R2 4R 2
fx) 1) % T ek
- DK +1) |
s !
16L2 2R* 2 3R2
+ + 1% +
1 YK +1)2 (T 1?2 401 1)K +1)
r
6R2 8LR 2 oy
B R e A R R (R )
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with probability atleasf. . Choosing = M, equal to the minimum fronf54) and using thaIZp ab a+ b,
we obtain the bound fo€lip-M-AdaGradD/Clip-AdamD-Norm for the convex case:

I
: X((f( ) f) LR2In KL R In— K+ )
Xk = O max ;
K+1 T K+ PEK+1)—
with probability at leasi. . To get the nal result, it remains to apply Jensen's inequality. O

C.4. Non-Convex Case: Methods without Delay

Lemma C.8(Descent lemma)Let Assumptions 1.2 and 1.4 hold. Then, aftaterations ofClip-M-AdaGrad/Clip-Adam,
we have

v
u
X1 2 X1 X1 X1
%krf(xt)kz 2M+12_L7 Fb21+ kg k Chrf(x); Ui+ % b2
t=0 ( 1) t=0 t=0 t=0
; Pl k t
for Clip-M-AdaGrad-Norm, whereC; = (1 1) 1 ,and
k=
oy
X1 2 X1 X1 X1
St a2 P T g T conrrp e SU 0
t=0 ( 1) t=0 t=0 t=0
. Pl kK t_p—
for Clip-Adam-Norm, whereC; = @ 0 g k.
k=t
Proof. The rst part of the proof is similar to the Lemma C.3. We start with themoothness df:
2
f(xeer)  F(%) hr f(X)iXes1 X + %kxm xk% = Hhrf(xt);mti + ;kfkmtkz: (66)
Using the update rule of Algorithm 3, we can obtain
hr f(xe)ymi = ghrf(xe);me 2i (1 ) hrf(xe);ai
=  ghrf(x¢) r f(X¢e 1)ime 2i ahrf(xe 1);me i

(1 1) hr f (X¢); gl
thrf(xe a);me i+ ok f(xe) r f(xe )kkme 1k
(1 )hrf(x);ai
chrf(xe 1);me 1i + 1L kxy Xt 1kkmy 1k
(1 1) hr f (X¢); gl
= Lhrf(xe Dime i+ —tokm oK

b1
@ Dhrf(x)iai;

where we use the Cauchy-Schwarz inequality bremoothness df. Applying the same idea for the 1;t 2;:::;0
and noting thatm ; = 0, we get

Xt K1 t ok
hr f(X¢); mqi (1 1) ! Khrf (xg); g + L L kmigk?: (67)
k=0 k=0 b
Therefore, substituting (67) into (66), we have
Xt 2 X1 t ok 2
f(xee) f(Xe) C 1 f(xi); g + L —kmyk® + inkmtkz
b k=0 b k=0 b bt
X 2 Xtk
a 4 EKhrf (xg); g + L-° L kmik?:
b k=0 b k=0 b
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Applying Lemma C.2 withl ‘l"'l 1, we can rewrite the inequality above as follows:

1 xt ) L 2 )(t t ok X( .
o) 1o S e 5T T e gk
k=0 k=0 j=0
1 Xt ] L 2 Xt Xt tok ;
= % Db f (xi); o + 'y k11( @ kg K (68)
k=0 120 k=]

where we change the limits of summation. Multiplying both sides of the inequality aboge. where

(
1 for Clip-M-AdaGrad-Norm
Ppe= P—. . (69)
(" 2t for Clip-Adam-Norm

and using thab,  cnly (see Lemma C.1), one can obtain

b @ X ooLe2x 4 , 2
—(f (X¢+ f (x —_— hr f (xy);oki + — 1 t + 1) kg k*:
p[((tl) (x1)) Ll (X)) Gk o j:ocmh( )(t J+1)kg
After summing ovet,
X1p XXt tk . 23( Ixt tj . )
—(f(xee1) f(x)) @ 1) L hr f (x); gki + L S (1 o)t j+1)kg k™
P t=0 k=0 t=0 j=0 m b Py

t=0

Next, applying the same idea as in Lemma C.3, we get that multiplicative factors are equal to

X1 tor
Cr - (1 p[l) 1 (70)

for the scalar produdtr f (x,);g-i and

X2 )
Cm b Pt

A = (t r+1) ;" (71)

t=r

for the squared norrkg, 'S respectively. Moreover, it can be shown tpat ¢, for corresponding update rule bf.
Hence, for (71) we apply Lemma A.2 to obtain the next bound:
L 2
Ar 27-
chbr (1 1)

Therefore, rewriting the descent lemma in terms of (70) and (71), we have
K 1 L2 X!t kg k?

21 () (1) L Gttt ey

X1

t=0
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Using thatg: = r f (x;) + ¢, we get

X 1 . Xip X 1
Cikr f(x)k —(F(x0)  f(Xt+1))
t=0 =0 Pt t=0
X1 b
= —(fx) f  (f(Xeea) f))
t=0 Pt
K 1 2
L L 2 kg k
Gl 1), b
by X1 h 1
2 f 2 k1
po( (Xo) )+ P P
K 1 2
N L ? ko k :

Gl 1), b

Sincep; = 1 for Clip-M-AdaGrad-Norm, we can use thdt b 1, and forClip-Adam-Norm we geth

Cihrf(xi); «i +

L2 Xlggk?

3( 1
Cthrf(Xt); ti
t=0
;( 1
f(xe) f) Cihrf(x); i

t=0

what is equal tc% D1 with pe=( )b Therefore, applying Assumption 1.4, we obtain

Pt 1

X 1 X 1
Ckr f (XK BM -, br M
t=0 Po Pr1 o

Cihrf(xt); t +

Gl 1)

L2 Xlkgk?

Gl 1), N

(72)

P—h 1,

Now we construct descent lemmas for each considering update separatélyipHgrAdaGrad-Norm we directly apply

Lemma A.3 to bound the last term:

;( 1 3( 1 L 2
Ckr f (x)k* 2Mbr Cihrf(xe); ti+ ———br 1
t=0 t=0 Y
2L 2 X1
= 2M+ —— br , Cihrf(xe); ti
@ 1) -
2L 2 X1
M+ —— by Cihrf(xy); (i
(CEY) -
X1 X1
o SR S v (73)
2 2
t=0 t=0
where we use that, =1 andp; = 1 for Clip-M-AdaGrad-Norm. For theClip-Adam-Norm, we get
legtkz_ }1)’(1 kgtkz
0 O 0 YR @ o) L b KkgK
K X1 2 kg K
=0 PP+ WVL—O kakk
Y
1
4)
Sy B+ —  kgek’;
K
t=0
where we use thats 1= forallk = 0;:::; K. Consequently, with upper bound brandc,, = =, for Clip-Adam-Norm
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one can obtain

v
X 1 X 1 2§l Xt
Ckr f(x)k* M + M Chrf(x); ¢i+ Rl ¢ R+ —  kogk?
t=0 C 2T @ ) K o
v
u
2 X1 X1
3|v|+1(iL P|021+K kg k? Cihrf(x); i
( 1) t=0 t=0
U
16KL 2 Xt X1 .
3M+i7 P|o21+K kg k2 Chrf(x); Vi
( 1) t=0 t=0
X1 X1
e Sharokis T Ot b7
t=0 t=0
After substitution of the analytical form & 1 in (73) and different options g, we claim the nal result. O

Theorem C.9. Let Assumptions 1.1, 1.2 and 1.4 hold. Then, aftdéterations ofClip-M-AdaGrad-Norm/Clip-Adam-
Norm with

min 4 ; 1 pf 1 :
48LIn = "4 1270 (K +1) 5 2~ 4 )
b Mz T _ N Li2 (74)
4r—1 125 T IlLri(K +1)7 zinz 1 4 M@ )’
and
b pV(K +1)3172
_ b1 M
12 L In (75)
the bound
1 %! 1 i e PO n— ¢ Aeamyriimit o)
— krf(xk)kZ:O 5 max — — ; —
K k=0 (1 1)? K3 2 K3 2 K3 2

holds with probability at least

Proof. The main idea of the proof is similar to the proof of Theorem C.5, but we do not need to introduce any probabilistic
events since according to Assumption 1.4 the norm of gradient is always bounded:

(79)
kr f (x¢)k P 2L (f(xy) ) p2LM 3
Therefore, one can apply Lemma A.4 and get
k 'k 2; (76)
2
b .
- (77)
E kY 182 (78)
According to the Lemma C.8, we get
v
u
X1 2 X1 X1 X1
&krf(xt)kz oM+ 2t Fbzl+ kg k? Chrf(x); Vi+ Ct b2
0 2 @ 1) t=0 t=0 0 2
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P1
withC,= (1 1) ¥ !for Clip-M-AdaGrad-Norm and
k=t
Y
X1 2 X 1 K 1 X 1
She ok am e S Fb21+i kgik® Cohrt(a) Vi+  otop?
t=0 ( 1) t=0 t=0 t=0
: P1 kK t_p—. .
with C; = @ 1) 1 5"k for Clip-Adam-Norm. Let us boundC; regardless of the method. In can be shown that
k=t
h3
1 ;1 C;(Clip-M-AdaGrad-Norm) @a 1) k=1
k=0
and
hs
1 1 Cy(Clip-Adam-Norm) 2 (1 ) ¥=2;
k=0

since(p )T 1 13 Therefore, descent lemmas folip-M-AdaGrad-Norm andClip-Adam-Norm can be rewritten in

the following way:

V
u
X1 2 X 1
@) kr f(x)k®  2M + At Pb21+ kg k?
2 t=0 (1 1) t=0
X 1 X 1 )
Cohrf(x); Ji+ b (79)
t=0 t=0
for Clip-M-AdaGrad-Norm and
V
u
X1 2 X 1
(12 ) kr f(x)k? 3|v|+1(iL sz“i ko K2
t=0 ( 1) t=0
X 1 X 1 )
Chrf(x); i+ P (80)
t=0

t=0

P1
for Clip-Adam-Norm. Moreover, kg k? can be bounded as follows:
t=0

b 2. (81)

X1 X1
E kUK +E kU'K+ !

kgk® 3 kr f(x)k?+ k 'K
t=0 t=0

The main idea is to give upper bounds for the next terms for all K :

X1, 2 X1, 2 X1 X1
kiR BRI SE kT o P chrf); i
£=0 b =0 by =0 -1 t=0 b
| {z o {z o {z—} | {z }
- - ®
In cases of~;- and® we multiply sums from(81) to the factors to move to the corresponding type of sums from
Theorem C.5.
Bound for = . We have bounded and unbiased terms in the sum:
L2 2 2
E, bz—l k 'k E kk =0
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and
L 2 > , (gL 22 24M
—— k{k® E k{k =c
R, et B, 19In%
i
Next,wedener2= E, = kUk® E .k k* .Fortheintroduced quantities, we have
1
L2 2cL 2
A2 %E[ kU E kUK ‘;2 E k VK%
1 1
Therefore, we can apply Bernstein's inequality (Lemma A.5) @tk %:
( )
XL o2 5 5 X1 M 2
P bz—kt“k Ekik >Mand "~ G 2exp o
t=0 1 t=0 2G+ 55~
Thus, we get
( Kig2 2 i)
P either 7 k 'k* E kK Mor ~2>G 13
t=0 1 t=0
Moreover,
X1, o936cTL 22  0936cTL "M°2 K 7% a9 am?
Bound for - . For the second term, we get
XiL2 L omigrL 22 @o1gTL M K S oo m
7 Bk 7 P2, . ey
t=0 1 1 12 b, L In =
Bound for ®. For the third sum, we obtain
X1 p2M4 2 T g4 12 22 2 1TL U 24 oae
t:oblt b2 2 K, M 1K 42
where we choose the third option for
Bound for . Similarly to-, we have unbiased and bounded terms in sum:
E, &hrf(xt); di=0
b
and
p____
C, _ 2 (76) 4 2LM 3M
——hr f(x); {i —kr f (x¢)kk {'k = c
RS b K T (xkky b, 4In 4
2 2¢c? -2i
Letusdene { = E, =thrf(xy); {i” .Hence,
1
, 82LM UL,
; 7, E k{k"
Therefore, we can apply Bernstein's inequality (Lemma A.5) @tk 4I:\1"(1) :
( ) !
X1 C; " X1 ) MZ
P —hrf(xy); {i >M and ;G 2exp  ———
0 D1 t=0 2G + 25!
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Thus, we get

P either “Lhri(x); Yi M or 2>G 1 =
b1 _ 2
t=0 t=0
Moreover,
X1 08144 2LMT 2 @) 1w M2 K5 T o M2
£=0 ' by 12 b 1pf2 In> 4 4In %
Consequently, next inequality holds with probability at lebst forall T K:
X1 X1 6MbZ,  3Mb
kak®> 3 kr f(x)K®+ 5 L+ L.
t=0 t=0
Let us specify for each method. This parameter can be chosen as follows:
(
_ M(Llizl); for Clip-M-AdaGrad-Norm

KL _* . for Clip-Adam-Norm
Ma 1)’ P

Therefore, (79) and (80) can be rewritten in an uni ed form witlke K and-,- ,® and :
v

u
K1 2 K1 62
G kr f (xx)k? 19|\/|Pk321+L kr f(xi)k® + 1, 3b LioMb
2 k=0 MQ 1), 1 1
. . . K1 2 . . :
holds with probability at least for both algorithms. Denoting  kr f (xx)k® asSx and squaring the inequality
k=0
above, we get
0 S 1 2
21 )2, 3L 2 617 3Lb
L @19V + S+ Loy LioMA
S VI i e Bt
3L 2 617 3Lb
76M? B+ — Sy + L+ L o+8M2R;
tma 1)SK 1 4, 1 o
where we use the fact théa + b)> 2a? + 2?. Rearranging the terms, we have
2
s 6 3&LM S 2 38M b21+8b21+ b, ,3Lb 4 o
r )3 21 9)? 2 1 4. 1
Solving the quadratic inequality and using tf?aiz + ¥ a+ b, one can obtain
s
6 3®LM 38 2M 8, 6, 3Lb
Sk + R, + + +
r )3 1 ) 762 1 4, 1
6 3FLM 38’ oM 21, 30,
@ 9 @ ) 19 T
becausd. b 1 Therefore, after division of both sides Ky and substitution of from (74), we get the nal bound for
Clip-M-AdaGrad-Norm/Clip-Adam-Norm:
( pi 1 2 1 2 2 )I
1 X! 1 IMIh 4 "IM In— 4 2 1(M)z tlnz =« 4
a kr f(Xk)k2 =0 z max PR 22 ; ( ) 22
K k=0 (1 1)2 K3 2 K3 2 K3 2
with probability at least. . O
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C.5. Non-Convex Case: Coordinate-wise Methods with Delay

Similarly to the methods with scalar stepsizes, for convenience, we consider an reweighted forms of the coordinate-wise
methods, which are equivalent to non-reweighted ones.

Algorithm 4 Clip-Adam/Clip-AdamD andClip-M-AdaGrad/Clip-M-AdaGradD

Input: Stepsize > 0, starting pointxg 2 RY, initial constanty ; > 0 (for Adam andM-AdaGrad) or by > 0 (for
AdamD andM-AdaGradD), momentum parameters; o 2 [0; 1], level of clipping ; > 0 for each coordinate,
reweighting parameter> 0

1: Setm ;=0

2: fort=0;1;::: do

3 my = ame o +@ yelip (@ F L Ol )

4: ifno delgyEPen
< . i .2 .

. i = G 2 i+ (1 2)iclip (Ir f (x))li; )i° for Clip-Adam

B+ gclip (r ()]s )i for Clip-M-AdaGrad
6: else 8 q
7. by = <q 2+ (1 2jelip (Ir f, (x0)]; Nj?  for Clip-AdamD
T TR elip (L 00k OF for Clip-M-AdaGradD
8. endif
9 Xg#1:i = X Wmt;i
10: end for

To improve the readability of the proof of coordinate-wise case, we introduce the following notation for this subsection:

L]

rei =[rfx)lh;

* O =lals
S i =0 ot
. u =

t = O E [oil;

. tk?i =E gl rowi

n
Lemma C.10(Descent lemma)Let Assumption 1.2 holdd@ = x2 RYj9y2 R4: f(y) f +2 andkx vyk
p_ O
P T ,Wheref (xg) f = o . Then, afterT iterations ofClip-M-AdaGradD/Clip-AdamD withby L =, , if
Xy 2 Q 8t = 0;T, we have
X 1xd Cu > X 1xd
—rg (fF(xo) ) (f(xr) ) (Cui  2A4)r i ¢
t=0 i=1 =0 i=1
X ixd ) X ixd b
+ A ()7 Cui( g)5
t=0 i=1 t=0 i=1
P11« L 2a 1)TP1FR kot
whereC; = (1 1) e andAg; = —a—u .
k=t ¢ k=t p=t P
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Proof. Starting withL -smoothness, we derive

xd " . 2 xd m?2
Fxe1) FO0) Ar F(X):Xe1 X + Skxey  xeke = PeiMg L7 b
n 2 # i=1 h;i 2 i=1 qz'i
_ X rgmg L 2mg
= + (82)
i=1 by; 2 K
Similarly to the proof of Lemma C.3, we get
Moo Mg = 1l i My 1 a )r ti Ok
= 1(r ti ot 1;i)mt 1;i iF ¢t 1My 13 1 )r ti Ot
rg r e lime il are ime i (T 1)r i Qi
Using thatm 1; = 0 with the above recursive inequality, we get
X t k X1 t ki . ;
rogi Mg 1 1 1M kiGai t 1o ke T ki imiie
k=0 k=0
Dividing both sides byn; and summing oveir, we have
X img X g X Y ke 1 kdiml,
b (U 1 b + i b : (83)
i=1 i k=0 i=1 i k=0 i=1 2
Then, we apply Cauchy-Schwarz inequality to the last term in the right-hand side:
oY 10y —1
5 k U ok+1;i b[.k’I” ki ) i k@‘fj (N kot T ok )2A @’fJ ki A
k=0 i=1 o k=0 i=1 i=1 G
0 \d — 1
K1 X m2.
= RKkr f (Xs1) T f(xk)k@P bé‘" A
k=0 i=1 il
oy — 1
X 1 ¥

-

X ma2.
1 kL ka+1 ka@P qzk'l A
k=0 i=1 G
0y 10y 1
1 2 2
X tlk@]l.J)(d mk;iA@de Mici A
k=0 i=1 K i=1 qzl
L X* t ok X mﬁ:i .
1 1
Cm =0 i=1 bﬁ:i
where in the second inequality we applysmoothness, and in the last inequality we apply Lemma C.1. Therefore,
substituting the inequality above into (83) and combining it with (82), we derive

f x t kxd I ki Okii L 2X? thd mE;i L2 X rnt2;i
(Xt+1) T (xt) 1 1) 1 b t 1 7 + y i
k=0 i=1 ! L i=1 K i=1 ti
X t kxd I ki Oki L 2X t kxd mE;i.
(1 1) 1 h t — 1 % .
k=0 i=1 i Cm k=0 i=1 i
Applying Lemma C.2 to the last term, we get
xt xd [ ki O L 2 1 xt XX 92
D I A e L i
k=0 i=1 il Cm k=0 i=1 j=0 i
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Summing ovet, one can obtain

X 1x xd i O
(Foxr) 1) () £) (@ 1) P e
t=0 k=0 i=1 !
LLH X g (84)
Cm Yoo R
t=0 k=0 i=1 j=0 !

The rest of the proof follows Lemma C.3. Let us denot€ ; andA.; as the coef cients in front of ;i gr; andgﬁi in
(84), respectively. These coef cients equal to

X1 tr
Cni= (1 1) é_ ; (85)
t=r
2 Xixt tr
A = L1 1) 1. (86)
Cm t=r k=r tﬁii

Following the same steps as in the proof of Lemma C.3, we get useful bounds (will be used later)

@ 1) 1 _ L2
B " ol Y @@ D) ®7)

due to Lemma A.2 and Lemma C.1. Rewriting (84) with (85) and (86), we have

X 1xd X 1xd
(f(xr) f) (Fxo) f) Cuilgioy +

2 .
Agi i |
t=0 i=1 t=0 i=1

Following the same steps as in the proof of Lemma C.3, we get

X 1xd X 1xd )
(f(xr) f) (f(xo) f) Cuil iGei + Ati G
t=0 i=1 t=0 i=1
X 1xd X 1xd )
( Cc ti 2At;i )I’ ti i ( Ct;i At. )r ti
t=0 i=1 t=0 i=1
X 1xd )
+ At;i t;i .
t=0 i=1
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Using the notation ofy; and P, , With % whichimpliesC+; 2A:; Odueto (87),
X 1xd X 1xd )
(fxr) f) (f(xo) f) (Cti  2Ag)r & i (Coi Ay
t=0 i=1 t=0 i=1
X 1xd 5
+ Ati g
t=0 i=1
X 1xd X 1xd )
(Ci  2Agi)r & ¢ (Coi  Agrg
t=0 i=1 t=0 i=1
X u\2 b 2 X Cui b \2
+ A6 () +(g))+ > Ati ()
t=0 i=1 t=0 i=1
X 1xd C.
+ ti At;i r t2|
t=0 i=1
X 1xd Cu - X 1xd
= =T i (Cti  2A)r o 1
t=0 i=1 t=0 i=1
X 1xd ) X 1xd b o
+ A4 ()" + Cui( g%
t=0 i=1 t=0 i=1
where we use the fact thac-izL Ai . Rearranging the terms, we conclude the proof. O

Next, to re ect tighter dependencies on the variance of different coordinates of the stochastic gradient, we make the following
assumption.

Assumption C.11. There exists s&p RY and 0; 2 (1;2] such that the oracle satis &s[r f (x)]= r f (x) and
E[kr if (x) r if(X)k ] i, 8i2[dand8x 2 Q: (88)

Moreover, we assume thit f (x)gf; are independent.
n o}

P
Theorem C.12. Let Assumptions C.11and 1.2 hold@Q= x 2 RYj9y2 RY: f(y) f +2 andkx yk —p—

200 L
withf (xg) f = o . Then, afteK + 1 iterations ofClip-M-AdaGradD/Clip-AdamD with
1 _ —p_2__
M )Pcaby(K +1) 3 5" T i
mn 40Lpaln 4K+ ; 1 p_— Py - gk +1)
432 20 L %, , (K+1)s zln— K
)
Cm(l  1)7 Thy 2z T .o L2 9
4701 907 i Pif‘:l 2 Pldr il I(K +1) 5 znz 1 AKHD
(89)
and
p.—  P— 1
_ _ Cm 1 (K+1)32 90
C E T (90)
20 d L In ==
the bound
X xd ;
&I’ E:i 2
k=0 i=1
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holds with probability at leasi . In particular, when equals the minimum fror{89), the iterates produced by
Clip-M-AdaGradD/Clip-AdamD satisfy

1 X 2
0" 8
— P L 1
_O%)maxE P xa -pL 1 n—
) >@ K +1) 53 P ¢
' @ ¥ d (K+pF
st Pa 5, 7 5N 2|<+121
dz 1 =1 i (|_) 7 1]n2 17_g

(1 )7 (K e+ >
with probability at leastl

Proof. We construct the proof in a similar way as the proof of Theorem C.5. The probability Eyastde ned as follows:
inequalities

X1 Xd 2 b 2
(Cui 2Ap)rg 45 +2A ()" + Cui( i) ;
1=0 i=1
t 2
hold simultaneousl$t = 0; k. The main idea is to show thRf Exg 1 KKT 8k = 0;K + 1. The casé& = 0 is obvious.
According to an induction step, we assume that this statement holds foksenle 1 K :PfEr 19 1 (T( é) . We

needtoprove th®fErg 1 Li.TheevenEr jimpliesthat; 2fy2RY : f(y) f +2 g8t=0;::;;T 1
and

Ve Y p
kxt X7 1k= qu mi PXd M _ ¥ X 2 p o
i=1 K, i=1 Cnbf  Cmby i=1 2L

Hence, evenEt 1 impliesfxtgtT 01 Q and according to Lemma C.10,

X1xd ) X1xd ) b o
Cuir i 0 t+ (Cui 2Ap)rg 15 +2A ()" + Cui( i)
1=0 i=1 1=0 i=1

8t=1,Tand8t=1;T 1itimpliesthat
X ' xd 2 X ! Xd 2 b 2
Cuir i o t* (Cui 2Au)ry 5 +2A () + Cui( i)
1=0 i=1 1=0 i=1
2
Taking into account that left-hand side is greater than zero (since every term is nonnegative)mplies
X 1)@ 2 b 2
T ot (Cui 2Ap)rp 5 +2A () + Cui( ) :
1=0 i=1

Next, let us denote

(
rvi; kr f(xq))k 2 L
a= L ( t_) (o1)
0; otherwise
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8t=0;:::;T 1 Therefore, the everir ; implies i = r ¢; since
S — —(©0)
jirwij ke f(xpk 2L ZpL EI:
Thus, we obtain thaEt ; implies
X 1xd
t o+ (Cti  2A4) i ¢
t=0 i=1
X 1xd 5 X 1xd b o
+ A4 () + Cuilei)
t=0 i=1 t=0 i=1
X 1xd X 1)d h h 2ii
= (Cui 2A4i) wi o *+ At (4 )? E. &
|t=0 i=1 {z } |t=0 i=1 {z }
X 1xd 5 X 1xd b 2
+ 2At;i E 1( tu| ) + C ti ( ti ) : (92)
t=0 i=1 t=0 i=1
z Z
I {® o {2 }

It remains to give upper bounds for each ternfda). Moreover, due t¢90) we getjr jj . Therefore, we can apply
Lemma A.4 and get

g 20 (93)
2
& ' (94)
i
E. (gi)z 18i2 i (95)
Bound for —. The de nition of ¢ implies
" #
xd
E. (Cti  2A4i) ti =0
i=1
What is more, we have
v v
u u P p__
xd xd xd ©15093) 4 d L
(cu Ay w0 07 eyt b
i=1 i=1 i=1 Cm
5In 4(K +1) =G
where we use that(Cy 2Ag) # 0 due to the choice of . Also let us dene 2 =
p 2
E, (Cui  2A4) i ¢ . Therefore, using (87),
i=1
! ! .
;2 X, G eaa XD T (96)
t 02 b% ti t ti qunl% ti .
m i=1 i=1 i=1
Hence, one can apply Bernstein's inequality (Lemma A.5) Wtk W:
|
( X 1xd ( ) . d)’( 1 ) ) 2 |
P Cti 2A4) ti ¢ > —an ;G 2exp B —
t=0 i=1 4 t=0 16 2G+ &
T o2K+1)
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Thus, we get

( _ X 1xd ! X1 ) )
P e|ther ) - ( C ti 2At;i ) ti ti Z or ) t > G m
t=0 i=1 t=0
Moreover, evenEt ; implies
1 1 h i
X 55(42|_ * Iui2'(95)7222 L T i
2 ; 2
t=0 t=0 Ch b5 i=1 G b5 i=1
I 2 +
w720 D' rE B PP o(k+n LT ey 72
20 @i L Td N2 A<D o 480t
Bound for - . Here we also apply Bernstein's inequality. One can check that terms iat@ unbiased and bounded:
X h g
E t 2At§i ( gi )2 E t tL;Ii =0
i=1
because of the de nition of;, and
X 4dL 2 2 15
2At;i (tul)z El(gi)z 2 1 4(K +1 4(K +1 =cC
-1 GB(L 1) 100 YK 47jn HKAD
n p 2#
What is more, let us de né; = E | A ($)? E(8)? . Hence, we get
i=1
" # .
A cE Xd 2A..; ( u )2 E ( u )2 chx{j E h u 2I .
t t - ti ti t\ ti szt%(l 1) - t tii .
Therefore, one can apply Bernstein's inequality (see Lemma A.5)@vith W:
( . ) !
X 1xd h , h N X1 , 2
P A (4)? E, 4 >—and " G 2exp
t=0 i=1 4 t=0 16 2G + TC
T 2K +1D)
Thus, we get
( X 1xd h , h 2ii X 1 , )
P e|ther . : 2At;i ( gi ) E t tL?i Z or ) At > G 1 m
t=0 i=1 t=0
Moreover, evenEt ; implies
Xt @972 2c2 TX 0 722 P ke LT x
t PO i — — '
t=0 chb( 1) i=1 I 20 (1 1)?0mbosz Y |—2 In? Ak i=1 I

)7 c_ 72
480 150410 K+
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Bound for ®. For the third term, we have that the evé&nit ; implies

e e (uye 93027 X
ti ti 2 K2(1 .\ i
t=0 i=1 t ¢ k(1 1) i=1
I 2 +
(©0) 6L TP (K41 AT X
20 (1 1)zc by d L0 In2 Ak
(89)
Z.
Bound for ~ . Similarly to the previous boun&+ ; implies
1
X i b @ 4T X
Cui( t;i) W i
t=0 i=1 m i=1

P2 202 2
04 (kK+p X , 200 2 d L T2 2n? 2 AR
I R . A
P2 2p—2 2 A(K +1
_4(K+1)Xd 2 200 > d L A — 2 1
Cn bo - i (1 1) 102m Zb% M —2 Z(K +1) a 3)(22 2)
®9)
Z.
Therefore, the everit ;\ E;\ E, implies
T + =2 ;
where
X 1xd . L 7 2
1 8e| er o (Cy ti) ot 29 . U7 180 In A<D .
< X 1xd h h i K 1 7 2 =
Eo = either A (#)* E, — or nE > .
- t=0 i=1 4 1504n 4K
Similarly to Theorem C.5, one can obtain
k
PfE 1
k9 K +1
forallk =0;:::;K + 1. ConsequenthEg +1 implies
XX ..
< r ﬁ;i 2
k=0 i=1
with probability at leasi. . Hence, with (87) we get
X xd X ) 4
M= kK" ————  max by 97)
k=0 i1 k=0 ( 1) k20K 2T,d
What is more,
X xd xd h N
max Ky B+ oo 3 ri;+3 (k)2 E. &
k20;K;i 21,d k=0 i1 =1 ' '
. !
xd 5! xd
+3 B, g +3 0 (R)7
i=1 i=1
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where , = for Clip-M-AdaGradD and = g for Clip-AdamD. Also the evenE +1 implies

X )(d (E)Z E h E 2| ‘E h ll(] 2| C%t%(l 1).
i t i t i TR
k=0 i=1 a 2
K 4
k=0 i=1

due to the bounds ;® and™ (exchangindy; tocy by in these terms allows to obtain teemebounds for them). Therefore,

X
max I, B+3 nm kr f(xk)k2+ 3 mCm b + 3 qunb%% 1): (98)
k20K 2Td - 4 AL

Denoting the left-hand side ¢97) asSk , squaring both sides and substitutii®) gives the quadratic inequality & .
Solving it, we have

24 2 m + 242 4 r2n + 16% 2 +16 3mcmb) 3 + 3mcﬁ1k% 3
21 9)? a4 21 9)? 431 )2 AL 41 )
( s s

48 2 Ay a4 m Cm o 3.4 m C& p 3)
21 )2 @1 1) @ )2 L4 )
( S S )
16 012 o B menby . mCHED

11 (@ 1?7 L2 a)

Sk

4 max

After substitution of ,, and division byK + 1, similar to the Theorem C.5, we conclude the nal result:

1 X 2
k=0
o 8 p__ P Lo
~ OP@ 2 paL In k= L o |n7u_
= maX> (1 )3(K +1)§ ;, gpizi 2 2’
7@ @ pFd (K+pi
1 Pd 211 1 27K+121
dz 1 =1 |2 (|_) 2 1]n=2 17_g

with probability at least
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