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Abstract

Methods with adaptive stepsizes, such as Ada-
Grad and Adam, are essential for training mod-
ern Deep Learning models, especially Large Lan-
guage Models. Typically, the noise in the stochas-
tic gradients is heavy-tailed for the later ones.
Gradient clipping provably helps to achieve good
high-probability convergence for such noises.
However, despite the similarity between Ada-
Grad/Adam and Clip-SGD, the current under-
standing of the high-probability convergence of
AdaGrad/Adam-type methods is limited in this
case. In this work, we prove that AdaGrad/Adam
(and their delayed version) can have provably
bad high-probability convergence if the noise is
heavy-tailed. We also show that gradient clip-
ping fixes this issue, i.e., we derive new high-
probability convergence bounds with polyloga-
rithmic dependence on the confidence level for
AdaGrad-Norm and Adam-Norm with clipping
and with/without delay for smooth convex/non-
convex stochastic optimization with heavy-tailed
noise. We extend our results to the case of
Clip-AdaGrad/Clip-Adam with delayed step-
sizes. Our empirical evaluations highlight the su-
periority of clipped versions of AdaGrad/Adam
in handling the heavy-tailed noise.
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1. Introduction

Stochastic first-order optimization methods such as Stochas-
tic Gradient Descent (SGD) (Robbins & Monro, 1951) are
the methods of choice in training modern Machine Learn-
ing (ML) and Deep Learning (DL) models (Shalev-Shwartz
& Ben-David, 2014; Goodfellow et al., 2016). There are
multiple reasons for that, including but not limited to their
simplicity, computation cost, memory usage, and gener-
alization. However, standard SGD is rarely used due to
its sensitivity to the choice of stepsize. Therefore, meth-
ods such as AdaGrad (Streeter & McMahan, 2010; Duchi
et al., 2011) and Adam (Kingma & Ba, 2014), which use
adaptive! stepsizes, are much more popular in the DL com-
munity (Vaswani et al., 2017; You et al., 2019; Nikishina
et al., 2022; Li et al., 2022; Abdukhakimov et al., 2024;
2023; Li et al., 2024; Schaipp et al., 2023; Loizou et al.,
2021; Moskvoretskii et al., 2024a;b; Shi et al., 2023). In
particular, Adam-type methods are not just easier to tune
but they also achieve better results in terms of the model
performance than SGD in the training of Large Language
Models (LLMs) (Devlin et al., 2019; Zhang et al., 2020).

In the attempt to explain the later phenomenon, Zhang et al.
(2020) consider the noise distribution in the stochastic gra-
dients appearing in the pre-training of the BERT model
(Devlin et al., 2019) and show that (i) the gradient noise
is heavy-tailed in this case, (ii) Adam significantly out-
performs SGD (with momentum), (iii) Clip-SGD (Pas-
canu et al., 2013) also converges better than SGD for such
problems, and (iv) Clip-SGD is provably convergent (in-
expectation) when the noise has bounded a-th moment for
some « € (1,2] while SGD can diverge for o < 2. More-
over, gradient clipping also plays a central role in the recent
advances on the high-probability convergence of stochastic
methods under the heavy-tailed noise (Gorbunov et al., 2020;
Cutkosky & Mehta, 2021; Sadiev et al., 2023; Nguyen et al.,
2023). Taking into account the similarities between Adam

"Throughout the paper, we use the word “adaptivity” in its
general meaning: stepsizes are adaptive if they depend on the
(stochastic) gradients or function values. We emphasize that, in
this sense, an adaptive method can still have parameters affecting
its convergence.
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and Clip-SGD (the former one can be seen as Clip-SGD
with momentum and iteration-dependent clipping level),
one can conjecture that Adam enjoys good theoretical high-
probability convergence when the gradient noise is heavy-
tailed. If this was true, it would be perfectly aligned with the
observations from (Zhang et al., 2020) about the connection
between the noise in the gradients and Adam’s performance.
Moreover, some recent works show that AdaGrad/Adam
have provable convergence under generalized smoothness
assumptions (Faw et al., 2023; Wang et al., 2023; Li et al.,
2023; Wang et al., 2024). Since Clip-SGD has similar
convergence properties and since some authors explicitly
mention that in this regard Adam and Clip-SGD are simi-
lar?, it is natural to conjecture that clipping is not needed in
Adam/AdaGrad.

However, there are no theoretical results showing the high-
probability convergence with polylogarithmic dependence
on the confidence level of Adam under the heavy-tailed
noise and even in the case of the bounded variance. Even
for simpler “twin”3 such as AdaGrad there exists a similar
gap in the literature. Moreover, Mosbach et al. (2020) apply
gradient clipping even for Adam in the fine-tuning of BERT
and ALBERT (Lan et al., 2019) models. However, Mosbach
et al. (2020) do not report the results that can be achieved
by Adam without clipping. Therefore, it remains unclear
whether and when the gradient clipping is needed for Ada-
Grad/Adam and whether AdaGrad/Adam enjoy desirable
high-probability convergence under the heavy-tailed noise.

In this work, we address this gap in the literature, i.e., we
consider the following questions:
Does the high-probability complexity of Adam/AdaGrad
without clipping have polylogarithmic dependence
on the confidence level under the heavy-tailed noise?
Does clipping improve the convergence of AdaGrad/Adam
under the heavy-tailed noise?

We provide a negative answer to the first question and a
positive answer to the second one.

1.1. Our Contributions

The main contributions of this work are summarized below.

* Negative results for Adam and AdaGrad. We show that
the high-probability complexities of Adam and AdaGrad

2Pan & Li (2023) write in the abstract: “We conclude that the
sharpness reduction effect of adaptive coordinate-wise scaling is
the reason for Adam’s success in practice.” In addition, Zhou
et al. (2020) mention in the discussion of the related work: “...
adaptation in ADAM provides a clipping effect.”

3The existing convergence results for Adam often require the
choice of parameters that make Adam very similar to AdaGrad
with momentum (Défossez et al., 2022); see also Section 1.3.

and their variants with delay by Li & Orabona (2020) do
not have polylogarithmic dependence on the confidence
level in the worst case when the noise is heavy-tailed. In
particular, we design an example of a convex stochas-
tic optimization problem such that the noise is heavy-
tailed and the high-probability convergence complexity
of Adam/AdaGrad has the inverse-power dependence on
the target accuracy and confidence level.

* Clipping fixes Adam-Norm and AdaGrad-Norm. We
prove that the above issue can be addressed via gradient
clipping. That is, we derive high-probability complexity
results for Clip-Adam-Norm and Clip-AdaGrad-Norm
(with and without momentum) in the case of smooth con-
vex (for the methods with delay) and non-convex (for
the methods with and without delay) optimization with
the heavy-tailed noise having bounded a-th moment with
a € (1,2]. The obtained results have the desired polylog-
arithmic dependence on the confidence level. Moreover,
in the non-convex case, the derived complexities are opti-
mal up to logarithmic factors, and match the complexity
of Clip-SGD in the convex case up to logarithmic factors.
We derive similar results for the modifications pf Clip-
Adam and Clip-AdaGrad with delay in the non-convex
case, showing that our analysis is applicable to the case
of the methods with coordinate-wise stepsizes.

* Numerical experiments. We conducted numerical ex-
periments for synthetic and real-world problems. More
precisely, we illustrate the superiority of different versions
of Adam/AdaGrad with clipping to the non-clipped ver-
sions of Adam/AdaGrad on a simple quadratic problem
with additive heavy-tailed noise in the gradients. Next,
we also test Adam with and without clipping on the fine-
tuning of ALBERT Base model (Lan et al., 2019) on
CoLa and RTE datasets (Wang et al., 2018) and observe
that Adam with clipping significantly outperforms Adam
without clipping when the noise is heavy-tailed. We also
obtain similar results for the fine-tuning of RoBERTa
Large model (Liu et al., 2019).

1.2. Preliminaries

In this section, we formalize the setup. We focus on uncon-
strained minimization problems

min f(@), M

where the differentiable function f(z) is accessible through
the calls of stochastic first-order oracle returning an approx-
imation V f¢(z) of V f(x). Here £ is a random variable
following some distribution D that may be dependent on x
and time. In the simplest case, f¢(x) is a loss function on
the data sample £ and f(z) = E¢p[fe(2)] is a population
risk (Shalev-Shwartz & Ben-David, 2014).
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Notation. The notation is quite standard in this work.
We use E¢[-] to denote an expectation w.r.t. random vari-
able £. All norms are standard Euclidean ones: ||z| =
\/{x,x). The ball centered at x with a radius R is de-
fined as Br(z) = {y € R? | |ly—=| < R}. We
also use x* to denote (any) solution of (1) and f, :=
inf,cgra f(x). Clipping operator with clipping level A > 0
is defined as clip(z, A) := min{1, */||z| }z for z # 0 and
clip(z,\) :=0forz =0.

Assumptions. We start with the assumption* on the noise.

Assumption 1.1. There exists set Q C R? and ¢ >
0, € (1,2] such that for all & > 0 the oracle satisfies
E[V/fe (2) | 2] = Vf(z) and

E(|Vfe () = V@) [2] <0 VzeQ. ()

The sequence {x }r>o is the sequence of independent ran-
dom variables.

The above assumption is used in many recent works (Zhang
et al., 2020; Cutkosky & Mehta, 2021; Sadiev et al., 2023;
Nguyen et al., 2023). When o < 2, it allows the stochastic
gradients to have unbounded variance, e.g., Lévy a-stable
noise. Such distributions are usually called heavy-tailed.
When o = 2, it reduces to the standard bounded variance
assumption (Nemirovski et al., 2009; Ghadimi & Lan, 2012;
2013; Takac et al., 2013).

We also emphasize that the above assumption allows for the
time-dependent noise, which we actively use in our negative
results from Section 2. Although not often explicitly stated,
many existing results in stochastic optimization (Ghadimi &
Lan, 2012; Harvey et al., 2019; Sadiev et al., 2023; Zhang
et al., 2020; Cutkosky & Mehta, 2021; Nguyen et al., 2023)
hold in the case of the time-dependent noise as long as
certain moment bounds (e.g., (2)) hold.

Next, we make a standard assumption about the smoothness
of the objective function.

Assumption 1.2. There exists set Q C R? and L > 0 such
that for all z,y € Q

IVi(y) = V@) < Ly -z,

2 3)
V(@) < 2L(f(z) = f.)-

We emphasize that the second part of (3) follows from the
first part if Q = R<. However, in more general situations,

4Similarly to (Sadiev et al., 2023), for our results, it is sufficient
to make all the assumptions only on some set ). This set is
typically bounded and depends on some metric of sub-optimality
of the starting point, e.g., the distance from the starting point to the
optimum. We emphasize that our assumptions are strictly weaker
than corresponding ones for @ = R%. To achieve this kind of
generality, we prove that the proposed method does not leave some
set () with high probability.

this is not always the case; see (Sadiev et al., 2023, Ap-
pendix B) for further details. Interestingly, when @ is a
compact set, function f can have non-Lipschitz gradients
(e.g., polynomially growing with z) on R¢, see also (Patel
et al., 2022; Patel & Berahas, 2022).

In addition, for some of our results, we assume that the
objective is convex.

Assumption 1.3 (Optional). There exists set Q C R such
that for all x,y € Q

fly) = f@) +(Vf(2),y — ). ©)

Finally, for the methods without the delay, we assume that
function f is bounded.

Assumption 1.4 (Optional). There exists constant M > 0
such that for all z € R?

flx) = fo < M. &)

A stronger version of the above assumption (boundedness
of the empirical risk) is used in (Li & Liu, 2023), which is
the only existing work analyzing AdaGrad with clipping.

Why high-probability convergence? The vast majority
of the existing literature on stochastic optimization focuses
on the in-expectation convergence guarantees only. In partic-
ular, for some metric P(x) quantifying the output’s quality,
e.g., P(z) = f(x) = f(z*), |V f(@)] [l& = 2*|% such
guarantees provide upper bounds on the number of iter-
ations/oracle calls required for a method to find x such
that E[P(z)] < e. However, during recent years, high-
probability convergence guarantees have been gaining a lot
of attention as well. Such guarantees give upper bounds on
the number of iterations/oracle calls required for a method
to find = such that P{P(z) < ¢} > 1 — 4, where J is
usually called confidence level or failure probability. One
can argue that using Markov’s inequality, one can easily
deduce a high-probability guarantee from an in-expectation
one: if E[P(zk(s)) < €d, where xx (.5 is an output
of the method after K (¢d) iterations/oracle calls, then
P{P(zk(cs)) > €} < EP(@x(s)l/e < 6. Unfortunately,
for many methods such as SGD (Ghadimi & Lan, 2013)
K (e) has inverse-power dependence on e implying that
K (0) has inverse-power dependence on ¢4, leading to a
noticeable deterioration when ¢ is small. Therefore, de-
riving high-probability complexities with polylogarithmic
dependence on § requires a separate and thorough consider-
ation and analysis. Moreover, such bounds more accurately
reflect the methods’ behavior (Gorbunov et al., 2020).

1.3. Related Work

High-probability convergence. The first results showing
the high-probability convergence of SGD and its variants
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are derived under the sub-Gaussian noise assumption for
convex and strongly convex problems by Nemirovski et al.
(2009); Ghadimi & Lan (2012); Harvey et al. (2019) for non-
convex problems by Li & Orabona (2020). Although the
distribution of the noise is near-sub-Gaussian in some cases,
like in the training of ResNet50 (He et al., 2016) on Ima-
geNet (Russakovsky et al., 2015) as shown by Zhang et al.
(2020), this assumption does not cover even the distributions
with bounded variance. To relax the sub-Gaussian noise as-
sumption, Nazin et al. (2019) consider a truncated version
of Stochastic Mirror Descent, which is closely related to
Clip-SGD, and prove its high-probability complexity with
polylogarithmic dependence on § under bounded variance
assumption for convex smooth problems on the bounded
domain. In the strongly convex case, Davis et al. (2021)
propose a general approach for obtaining high-probability
convergence based on the robust distance estimation and
show accelerated high-probability rates in the strongly con-
vex case. Next, for the unconstrained problems, Gorbunov
et al. (2020) prove the first high-probability convergence re-
sults for Clip-SGD and the first accelerated high-probability
rates in the convex case for a version of Clip-SGD with
Nesterov’s momentum (Nesterov, 1983). This result is gen-
eralized to the problems with Holder-continuous gradients
by Gorbunov et al. (2021). Cutkosky & Mehta (2021) derive
the first high-probability convergence results under Assump-
tion 1.1 with a < 2 for a version of Clip-SGD with nor-
malization and Polyak’s momentum (Polyak, 1964) in the
case of non-convex problems with bounded gradient. Sadiev
et al. (2023) remove the bounded gradient assumption in the
non-convex case and also prove the first high-probability
convergence results under Assumption 1.1 for Clip-SGD
and its accelerated version in the convex and strongly con-
vex cases. Nguyen et al. (2023) provide improved results
in the non-convex case under Assumption 1.1 and also im-
proved the dependency on the logarithmic factors in the
convergence bounds. The generalization to the composite
and distributed optimization problems is developed by Gor-
bunov et al. (2024). It is also worth mentioning (Jakoveti¢
et al., 2023; Puchkin et al., 2024) who consider potentially
heavier noise than in Assumption 1.1 through utilizing the
additional structure of the noise such as (near-)symmetry.
This direction is further explored by Kornilov et al. (2024)
and adjusted to the case of the zeroth-order stochastic oracle.

AdaGrad and Adam. AdaGrad (Streeter & McMahan,
2010; Duchi et al., 2011) has the following update-rule

Ti41 = Tt — blvfff (xt)a
t (AdaGrad)

whete by = /b2 + (Vfe, (20))2,

where all operations (taking a square and taking a square
root of a vector, division by a vector) are performed

coordinate-wise. The method is analyzed in many works, in-
cluding (Streeter & McMahan, 2010; Duchi et al., 2011; Zou
et al., 2018; Chen et al., 2018; Ward et al., 2020; Défossez
et al., 2022; Faw et al., 2022) to name a few. However, the
high-probability convergence of AdaGrad is studied under
restrictive assumptions such as almost surely sub-Gaussian
noise (Li & Orabona, 2020; Liu et al., 2023) or without
such an assumption but with inverse-power dependence on
the confidence level § (Wang et al., 2023) or boundedness
of the empirical risk and (non-central) a-th moment (Li &
Liu, 2023), which in the worst case implies boundedness
of the stochastic gradient (see the discussion after Theo-
rem 3.3). In contrast, our results for Clip-Adam(D)/Clip-
M-AdaGrad(D)(-Norm) hold under Assumption 1.1 (and
under additional Assumption 1.4 for the methods without
delay) and have polylogarithmic dependence on 6.

Adam (Kingma & Ba, 2014) can be seen as a modification
of AdaGrad with an exponential moving average b? of the
squared stochastic gradients and with Polyak’s momentum
(Polyak, 1964):

_ B
Tty1 = Tt — 7,

by (Adam)
my = Bims_1 + (1= B1)V fe, (1),

b= /B2y + (1= ) (V fe (w0)2, ©)

where all operations (taking a square and taking a square
root of a vector, division by a vector) are performed
coordinate-wise. Although the original proof by Kingma
& Ba (2014) has a flaw spotted by Reddi et al. (2019), one
can still show the convergence of Adam when S goes to 1
(Défossez et al., 2022; Zhang et al., 2022; Wang et al., 2024).
Moreover, for any fixed 3; and 3 such that 31 < /Bs, e.g.,
for the default values 81 = 0.9 and f2 = 0.999, Adam
is not guaranteed to converge (Reddi et al., 2019, Theo-
rem 3). Therefore, the standard choice of 32 in theory is
B2 = 1 — /K, where K is the total number of steps, and
that is why, as noticed by Défossez et al. (2022), Ada-
Grad and Adam are “twins”. Indeed, taking 31 = 0 (no
momentum) and 32 = 1 — 1/k in (6) we get that b? =
(1= Yr)02 )+ e Yjmo(L = V) (V fe (1)) =
0 (b2 + % Ch (Ve (0))? ) since 1/a = (1=1/2)* <
(1-1/k)!=% < 1for0 < k <t < K. Thus, up to the rescal-
ing of v and b2 ; the effective stepsize of Adam-CW is O(-)
of the effective stepsize of AdaGrad-CW (though the points
where the gradents are calculated can be quite different for
these two methods). This aspect explains why AdaGrad
and Adam have similar proofs and convergence guarantees.
The high-probability convergence of Adam is studied by Li
et al. (2023) under bounded noise and sub-Gaussian noise
assumptions, while our results for Clip-Adam(D) do not
require such assumptions.
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2. Failure of Adam/AdamD and
AdaGrad/AdaGradD with Momentum

In this section, we present the negative result on the conver-
gence of Adam, AdaGrad with Momentum (M-AdaGrad),
and their delayed versions — AdamD/M-AdaGradD (Li &
Orabona, 2020).

Theorem 2.1. For any o > 0 and sufficiently small €,§ €
(0, 1), there exist problems (1) such that Assumptions 1.1,
1.2, 1.3, hold with with L = 1, a = 2, and the iterates
produced by Adam(D)/M-AdaGrad(D) with xq such that
lxo — z*|| > YL and with 3 = 1 — /T for Adam(D)
satisfy: if P{f(xr) — f(x*) > €} <4, then

T=0 (poly(€_1/275_1/2, 5—1/3)) 7 %)

i.e., the complexity of Adam(D)M-AdaGrad(D) has

inverse-power dependence on 6.

Sketch of the proof. To construct our example, we consider
the Huber loss function (Huber, 1992)

1.2 -
o) = {233 , if x| <v, ®)

v(|z| = 3v), otherwise,

and design two specific sequences of noises (one for
Adam/M-AdaGrad and the second one for AdamD/M-
AdaGradD). For Adam/M-AdaGrad, we consider a dis-
crete additive noise for the first step such that Markov’s
inequality holds as equality, and for the remaining steps,
noise equals zero. Then, with high probability, b; becomes
large after the first step, which slowdowns the method. As
for AdamD/M-AdaGradD, similarly to Sadiev et al. (2023),
we add the noise only to the last step: since b, is constructed
using the norm of the previous stochastic gradient, the noise
is independent of the stepsize and can spoil the last iterate.
See the complete proofs and details in Appendix B. O

Interestingly, in the above example, it is sufficient to con-
sider the noise with bounded variance to show that the high-
probability convergence rates of Adam(D)/M-AdaGrad(D)
depend polynomially on e~* and §~'/>. Moreover, fol-
lowing a similar argument to (Zhang et al., 2020, Re-
mark 1), one can show the non-convergence of AdamD/M-
AdaGradD when o < 2. We also conjecture that for
o < 2 one can show even worse dependence on € and
0 for Adam/AdaGrad (or even non-convergence) since
b; will grow with high probability even faster in this
case. Moreover, we also emphasize that the negative re-
sult for Adam(D) is established only for 8 = 1 — /1,
which is a standard assumption to ensure convergence
of Adam-type methods. Nevertheless, the negative re-
sult of Theorem 2.1 provides necessary evidence that

Adam(D)/M-AdaGrad(D) do not achieve desired high-
probability convergence rates and motivates us to apply
clipping to Adam(D)/M-AdaGrad(D).

Time-dependent noise. We also emphasize that the noise
structure is time-dependent in the provided example, which
is used to simplify the proof. Moreover, as discussed in
Section 1.2, many existing upper bounds hold for time-
dependent noise as well.

Initial condition. The provided negative examples rely on
the assumption that |z| is sufficiently large, i.e., the method
is initialized not too close to the optimum. In particular, for
M-AdaGrad, we require o > v/2¢ + 3. Since typically
€, < 1, the condition is relatively mild. Moreover, this
assumption simplifies the proof. Although we do not pro-
vide negative results for an arbitrary choice of ¢ and v, we
conjecture that similar negative results can be obtained in
the case of more general choice of ~.

Generalization under Assumption 1.4. The provided ex-
ample does not satisfy Assumption 1.4 that is used in the
next section in the analysis of methods without delay (Theo-
rem 3.3). To address this issue, one can replace function (8)
with the following one:

122, if [z <wv,
f@)=qv(lz|-Lv), ifr<|z[<D, )
v(D-gv), if|z[>D,

where D is such that D > |z¢|. Then, the modified function
satisfies Assumption 1.4 and the proofs remain the same.

3. New Upper Bounds

Methods. To address the issue indicated in Theorem 2.1,
we consider Clip-Adam(D)/Clip-M-AdaGrad(D)-Norm
(see Algorithm 2). In contrast to the existing practice (Pan
& Li, 2023), we use clipping of the stochastic gradient not
only in the update rule for momentum buffer m; (Line 3
in Algorithm 2), but also in the computation of the scaling
factor by (Lines 5 and 7 in Algorithm 2). The role of clipping
in my is similar to the role of clipping in Clip-SGD-type
methods: it prevents the method from too large steps that
may occur due to the presence of the heavy-tailed noise in
the gradients. In this regard, it is important to select clipping
level in such a way that bias and variance of the estimator
are balanced. However, the role of clipping in b, is different:
clipping prevents b, from growing too quickly since such
a growth can lead to poor high-probability guarantees (see
the proof’s sketch of Theorem 2.1). We note that clipping
is also used in Clip-AdaGrad-Norm (without momentum,
i.e., with 8; = 0) for both m; and b; computation by Li &



Clipping Improves Adam-Norm and AdaGrad-Norm

Algorithm 1 Adam-norm/AdamD-norm and M-AdaGrad-norm/M-AdaGradD-norm

Input: Stepsize v > 0, starting point 2y € RY, initial constant b_; > 0 (for Adam-norm and M-AdaGrad-norm) or
by > 0 (for AdamD-norm and M-AdaGradD-norm), momentum parameters /31, 82 € [0, 1]

1: Setm_; =0

2: fort=0,1,... do

30 my = Bime—r + (1= B1)Vfe, (21)
4:  if no delay then

B+ (- BV e ()P

5:
R IV e )P

6 else

VB + (1= B) [V e, ()
7. bt+1 == 5

VB + [V fe, ()]
8: endif
9. Xty =w¢ — bltmt
10: end for

for Adam-norm

for M-AdaGrad-norm

for AdamD-norm
for M-AdaGradD-norm

Algorithm 2 Clip-Adam-norm/Clip-AdamD-Norm and Clip-M-AdaGrad-norm/Clip-M-AdaGradD-Norm

Input: Stepsize v > 0, starting point 7y € R,

initial constant b_; > 0 (for Clip-Adam-norm and Clip-M-AdaGrad-

norm) or by > 0 (for Clip-AdamD-norm and Clip-M-AdaGradD-norm), momentum parameters 31, 32 € [0, 1], level

of clipping A > 0
1: Setm_1=0
2: fort=0,1,... do
33 my = Pime—1 + (1= B1)clip (Ve (1), A)
4:  if no delay then

Bt (L= B)lleLin (Vfe, (2, VI

5:
B leLip (Ve (), V)P
6 else
o, [Ver e+ a-s)lerie (Thetan P
: t+1 =
VB + lelip (Vfe, (@) VI
8: endif
9: Ti41 = Tt — blmt
10: end for

for Clip-Adam-Norm
for Clip-M-AdaGrad-Norm

for Clip-AdamD-Norm
for Clip-M-AdaGradD-Norm

Liu (2023) but the authors do not comment about the role of
clipping in b; and use restrictive assumptions as we explain
later in this section.

Convergence results. We derive new high-probability
convergence bounds for the generalized method formalized
as Algorithm 2 in the convex and non-convex cases. The fol-
lowing theorem gives the main result for Clip-AdamD/Clip-
AdaGradD-Norm in the convex case.

Theorem 3.1 (Convex Case). Let K > 0 and § €
(0,1] and Assumptions 1.1, 1.2, and 1.3 hold for Q =

Bogr(z*) for some R > ||lzg—x*||. Assume that

B € [0,1), B2 = 5 (for Clip-AdamD-Norm)

Y= @(min{(lLﬁ;})zbOa L ﬁlefS T }) and A =
o(K+1l)a A a

) 7”77%1’012 , where A = In (%). Then, to guar-

antee f(Tr) — f(z*) < € with probability at least 1 — ¢
forTye = 225 1%z Clip-AdamD/Clip-M-AdaGradD-
Norm requires :

oR

~ LR? a1
O(max{<1—61>3e’<<1—ﬂ1>36> }) "

iterations/oracle calls. Moreover, with probability at least
1 — 6, all iterates {z,} I stay in Q.

Next, we present our main results for Clip-AdamD/Clip-
M-AdaGradD-Norm and Clip-Adam/Clip-M-AdaGrad-
Norm in the non-convex case.

Theorem 3.2 (Non-Convex Case: Methods with Delay). Let
K > 0and § € (0,1] and Assumptions 1.1 and 1.2 hold for
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0= {x eR?| Iy e L;(2A): |z -yl < QOQZE} with
Li(2A) = {y € R? | f(y) < f. + 2A} for some A >

f(xo) — fi. Assume that 5, € [0,1), By = KLH (for
Clip-AdamD-Norm) and

B . (1 — B1)2bo V1 —BibgVA
Y= ©| min a1 = a—1
LK +1)352A VLo(K +1)5-—2A"3

(1— B rh A%
o1 [aam1 (K + 1)5=2 Aza=1 | )

A =0 <V 1_’61170‘/5,1 ) where A = In (LKH)).
VINA(K+1)3a-2 0

Then, to guarantee ﬁ Zf(:o IV f(z0)||> < & with proba-
bility at least 1 — 6 Clip-AdamD/Clip-M-AdaGradD-Norm

requires the following number of iterations/oracle calls:

~ A \ES [ ovIA \*

O<maX{ ((1[31)3€> ) <(1 51)§€> )
02T (LA) 3T 1

( (1 p)==ie ) }>

Moreover, with probability at least 1—0, all iterates {zt}tho
stay in Q).

Theorem 3.3 (Non-Convex Case: Methods without Delay).
Let K > 0and ¢ € (0,1] and Assumptions 1.1, 1.2, 1.4
hold for Q = R®. Assume that By € [0,1), B2 =1 — &
(for Clip-Adam-Norm) and

(11)

, by bVM
Y= O min a—1 o a—1)
L(K +1)352 A VLo(K +1)%=—= A%

b_1M2aa71
2 a—1 a 2a—2 ’
o2a-1 ] 2a-1 (K + 1) 3a—2 A2a—1

A=06 (W) where A = In (%). Then, to
VLyA(K+1)3a=2

guarantee ﬁ Ef(:o IV f(z)||? < e with probability at
least 1 — § Clip-Adam/Clip-M-AdaGrad-Norm requires
the following number of iterations/oracle calls:

- 1 (LM) 55 (oI
Ol ——5 max{ [ — , ,
(1 — ﬁl)é € €

(=) Y

Discussion of the results. Theorems 3.1, 3.2, and 3.3 pro-
vide high-probability complexities for Clip-Adam(D)Clip-
M-AdaGrad(D)-Norm with polylogarithmic dependence

on the confidence level §. Up to the differences in loga-
rithmic factors, these complexities coincide with the best-
known ones for Clip-SGD (Sadiev et al., 2023; Nguyen
et al., 2023). Moreover, the leading terms in (11) and (12)
are optimal up to logarithmic factors (Zhang et al., 2020),
though the first terms in (11) and (12) can be improved (Ar-
jevani et al., 2023). In the convex case, the first term in
(10) is not optimal (Nemirovskij & Yudin, 1983) and can
be improved (Gorbunov et al., 2020; Sadiev et al., 2023).
The optimality of the second term in (10) is still an open
question.

It is also worth mentioning that the existing high-probability
complexities for Adam/AdaGrad-type (without clipping)
methods either have inverse power dependence on §
(Wang et al., 2023) or have polylogarithmic dependence
on § but rely on the assumption that the noise is sub-
Gaussian/bounded (Li & Orabona, 2020; Liu et al., 2023;
Li et al., 2023), which is stronger than bounded variance
assumption. Under the additional assumption that the em-
prical risk is bounded and the (non-central) a-th moment
of the stochastic gradient are bounded and the empirical
risk is smooth, which are stronger than Assumptions 1.4,
1.1 and 1.2 respectively, Li & Liu (2023) derive a similar
bound to (12) for Clip-AdaGrad-Norm. We emphasize that
boundedness and smoothness of the empirical risk imply
the boundedness and smoothness of all f¢(z) in the worst
case (e.g., when the distribution D is discrete). Therefore, in
the worst case, these assumptions imply the boundedness of
V fe(z) (in view of the second part of (3) for function f),
meaning that the noise is bounded and, thus, sub-Gaussian.
In this case, clipping is not needed for AdaGrad to achieve
good high-probability convergence guarantees as shown
by Li & Orabona (2020); Liu et al. (2023). Our Theo-
rem 3.3 extends this result to the momentum version of
Clip-AdaGrad-Norm under less restrictive assumptions
(not implying sub-Gaussianity of the noise) and gives the
first high-probability convergence bounds for Clip-Adam
with polylogarithmic dependence on §.

Moreover, to the best of our knowledge, Theorems 3.1
and 3.2 are the first results showing high-probability con-
vergence of Adam/AdaGrad-type methods with polyloga-
rithmic dependence on the confidence level in the case of
the heavy-tailed noise without extra assumptions such as
Assumption 1.4. We also show that the iterates of Clip-
AdamD/Clip-M-AdaGradD do not leave set () with high
probability, where Q = Bagr(z*) in the convex case and

Q = {seR! |3y e £;20): o —y| < 35} with
L;(2A) = {y € R?| f(y) < f. +2A} in the non-convex

case. Further details and proofs are deferred to Appendix C.

Assumption 1.4 in Theorem 3.3. As we explain above,
Assumption 1.4 is weaker than the one used in Li & Liu
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(2023). It is worth mentioning that Assumption 1.4 is rela-
tively restrictive. Nevertheless, we need this assumption in
our proof to overcome the difficulty of analyzing stochas-
tic methods with correlated stepsizes, i.e., to handle the
fact that g; and b; are dependent. The existing approaches
typically use boundedness of the variance and the norm of
the gradient (see Lemma 5.1 in Défossez et al. (2022)) or
assume that the noise is sub-Gaussian (Li & Liu, 2023) to
tackle this issue. In the heavy-tailed noise regime, these as-
sumptions do not hold. Therefore, we use Assumption 1.4.
More precisely, to decouple b; and g; in the analysis, we
multiply inequality (68) by b;. However, it eventually
leads to the non-trivial weighted sum of function values

f;ll (Z—i - i’t:) (f(z¢) — f«) in inequality (72). To es-
timate this sum, we apply Assumption 1.4. We are not
aware of the alternative ways of analyzing versions of Ada-
Grad/Adam or closely related methods in the heavy-tailed

noise regime.

Analysis of coordinate-wise methods. In Appendix C.5,
we derive new results for Clip-AdamD and Clip-M-
AdaGradD in the non-convex case, i.e., for the methods
with coordinate-wise scaling. The analysis and the derived
bounds are similar to the ones from Theorem 3.2. The
new bounds explicitly depend on the dimension of the prob-
lem, which is standard for the methods with coordinate-
wise scaling. In particular, under the coordinate-wise ver-
sion of Assumption 1.1 (see Assumption C.11), we show
that there exists a proper choice of v and A ensuring that
7 S o IV f(zx)||* < e with probability at least 1 — §
after the following number of iterations/oracle calls of Clip-
AdamD/Clip-M-AdaGradD:

%) a VdALA Bl
max —_— ,
(1 — ﬁl)SE

3a—2
1 2a—2

VIA (YL, o7)"
(1-B)iV " e

3a—2

1 2a—2
— a1 20 —2

d (S, o) ™ (La)E
(1—B)%te

Discussion of Kunstner et al. (2023). Kunstner et al.
(2023) show that Adam outperforms SGD even in full-batch
settings, hinting that the success of Adam is not only related
to its better interaction with the heavy-tailed noise. Our fo-
cus is on high-probability convergence of AdaGrad/Adam-
based methods, showing that without clipping, they have
poor high-probability complexities, similar to SGD. Thus,
our results complement Kunstner et al. (2023) by highlight-

ing the necessity of gradient clipping in AdaGrad/Adam
for high-probability convergence.

4. Numerical Experiments

In this section, we illustrate numerically that clipping
indeed helps AdaGrad and Adam to achieve better
high-probability convergence. Our code is available on-
line: https://github.com/yaroslavkliukin/
Clipped-AdaGrad—-and—-Adam.

Quadratic problem. In the first experiment, we test the
performance of different versions of AdaGrad with and
without clipping on the 1-dimensional quadratic objective
with additive heavy-tailed noise: f(z) = =°/2, V fe(x) =
x + &, where the noise £ has probability density function
p(t) = W In this case, Assumption 1.1 is satisfied
with any a € (1,1.5) and the a-th moment is unbounded
for a > 1.5. Moreover, the function is strongly convex and
L-smooth with L = 1. We choose xq = 2, by = 3 (for
the versions of AdaGrad with delay), b_; = 3 (for other
cases), A = 1/2 for the methods with clipping, and choose -y
from {1, !/16, 1/128}. Each method was run 100 times with
different seeds.

The results are given in Figure 1, where for each method,
we show its trajectory in terms of the squared distance to the
solution for v = 1 and y = 1/16 (the results for v = 1/128
are given in Appendix D.1). Solid lines correspond to
the median value of the squared distances, and the error
bands cover the areas from the 10-th to 90-th percentiles of
(x, —x*)2. These results show that clipped versions of Ada-
Grad (with and without delay) achieve better convergence
with higher probability than their non-clipped counterparts.
Moreover, versions with clipping exhibit similar behavior
to each other. That is, the error bands for Clip-AdaGrad(D)
are lower than for AdaGrad(D) (note that the vertical axis
is shown in the logarithmic scale making the error bands
for Clip-AdaGrad(D) look wider than for AdaGrad(D),
while they are not). In general, the observed results for Ada-
Grad-type methods are perfectly aligned with the theory
developed in this paper. We provide the results for Adam
with and without clipping/delay in Appendix D.1.

ALBERT Base v2 fine-tuning. In the second part of our
experiments, we consider fine-tuning the pre-trained AL-
BERT Base v2 model (Lan et al., 2019) on CoLa and RTE
datasets (Wang et al., 2018). Since Adam-based algorithms
are the methods of choice for NLP tasks, in the main part
of the paper, we focus on Adam and its clipped versions —
Clip-Adam and Clip-AdamD - and provide additional ex-
periments with AdaGrad-based methods in Appendix D.2.
We took a pre-trained model from the Hugging Face library.
Then, the model was fine-tuned following the methodology
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Figure 1: Performance of different versions of AdaGrad (with and without clipping/delay) with stepsizes v = 1 (two left
plots) and v = 1/16 (two right plots) on the quadratic problem.
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Figure 2: Validation loss for ALBERT Base v2 fine-tuning task on the CoLa and RTE datasets.

suggested by Mosbach et al. (2020). For the methods with
clipping, we used the same batchsize and stepsize as for
Adam and tuned the clipping level for the two types of clip-
ping’. In the main text, we show the results with layer-wise
clipping. Further details and additional results are deferred
to Appendix D.2.

Before comparing the methods, we ran Adam and checked
how heavy-tailed the noise in the stochastic gradients is
along the trajectory. In particular, for both tasks, we se-
lected 4 iterates corresponding to the starting point, points
generated after ~ 1/3 and ~ 2/3 of all steps, and the
last iterate. Then, for each of these points, we sampled
size-16 (for CoLa) and size-8 (for RTE) mini-batched es-
timator V f¢(x) of the gradient 1000 times, saved the re-
sulting norms of the differences ||V f¢(x) — V f(x)]|, and
plotted their histogram, i.e., we plotted the histograms of
the noise norm. Moreover, we also measure the heavy-
tailedness of the noise following the approach from (Gor-
bunov et al., 2022): we compute two metrics p,,r =
Fi5(||V fe(x) — Vf(2)])), which quantifies “mild” heavy
tails, and p.r = F5(||Vfe(x) — Vf(z)|) introduced
by Jordanova & Petkova (2017), which quantifies “ex-
treme” heavy tails, where F,(||Vfe(z) —Vf(z)||) =
PV fe(z) = V@)l > Qs + a(@s — Q1)} and Q; is
the i-th quartile of ||V fe(x) — V f(x)||. To illustrate the
heavy-tailedness clearly, we divide these metrics to the ones

>We did not consider the global/norm clipping (the considered
in theory), since typically coordinate-wise or layer-wise clipping
work better in fine-tuning, see (Lv et al., 2024).

computed for the standard normal distribution (p,, gAr and
peRN) and show PmR = pMR'/PmRN and PeR = peR/peRN
on the plots. The histograms are provided in Figure 6 (see
Appendix D.2). They show that the noise distribution has
much heavier tails for CoLa than for RTE.

Then, similarly to the experiments with the quadratic prob-
lem, we ran the methods 100 times, and for each step, we
computed the median value of the validation loss and its
5-th and 95-th percentiles. The results are presented in Fig-
ure 2, where the solid lines correspond to the medians and
the error bands cover the areas between 5-th and 95-th per-
centiles. As expected, Adam exhibits poor high-probability
convergence on the CoLa datasets where the noise is sig-
nificantly heavy-tailed, and Clip-Adam shows much better
performance: the area between 5-th and 95-th percentiles is
relatively narrow for Clip-Adam. In contrast, for the RTE
dataset, Clip-Adam performs similarly to Adam. This is
also expected since the noise is much less heavy for RTE,
as Figure 6 shows. Taking into account the negative results
from Section 2, and the upper bounds from Section 3, we
conclude that these numerical results are well-aligned with
the theory developed in the paper.

In Appendix D.3, we also provide additional experiments
with the fine-tuning the 355M parameter RoOBERTa Large
model (Liu et al., 2019) on the two GLUE (Wang et al.,
2018) datasets: QNLI (116k question-answer pairs) and
CoLa (10.7k linguistic acceptability examples). Similarly
to the previous results, the clipped variants consistently out-
perform their unclipped counterparts for the larger model.
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A. Technical Details and Auxiliary Results

Additional notation. For the ease of exposition, we introduce the following notation for the proofs:
gt = clip (Ve (21), ),
0 = gt — V f(2),
0 = g: — Be, [g:],
0f = Ee,g:] — V[ (1),
Ry = ||z — 27,

At = f(zt) *f*

Aucxiliary results. We also use the following standard results.
Proposition A.1 (Young’s inequality.). For any x,y € R% and p > 0 the following inequality holds:

2 2 1 2
lo+ vl < (1 +p) ol +(1+p Iyl

In particular, forp = 1
2 2 2
2+ ylI” < 2[lz)” +2(lyl"

Lemma A.2 (Lemma B.2 from (Défossez et al., 2022)). Let 0 < a < b be some non-negative integers and 0 < q < 1. Then,

b
k q
ok
Pt (1-q)
Lemma A.3 (Lemma 1 from (Streeter & McMahan, 2010)). Let {a;}?_, and ¢ be non-negative reals. Then,

n

Zafk <2
k=1 \/c+Zf:1 a;

The following lemma by Sadiev et al. (2023) helps to estimate bias and variance of the clipped stochastic gradient satisfying
Assumption 1.1.

Lemma A.4 (Lemma 5.1 from (Sadiev et al., 2023)). Let X be a random vector from R% and X =cli p(X, A). Then,
H)? —E [)/(\’] H < 2\. Moreover if for some o > 0 and o € (1,2] we have E[X] = 2 € R, E[| X — 2[|%] < 0%, and

|| < 3. then

[epe

PN 2%
[ [%] -l = o=

~ 2
E U(X—xH ] < 182 %,

E [HX _E [f(] HQ] < 18AZ g0,

Finally, in the analysis of Clip-RAdaGradD, we face the sums of martingale-difference sequences. One of the tools that we
use to handle them is Bernstein’s inequality (Bennett, 1962; Dzhaparidze & Van Zanten, 2001; Freedman et al., 1975).
Lemma A.5 (Bernstein’s inequality). Let the sequence of random variables { X, };>1 form a martingale difference sequence,
ie, E[X;| X;_1,...,X1] = 0foralli > 1. Assume that conditional variances c? = E [XZQ | Xi—1,... ,Xl} exist and
are bounded and also assume that there exists deterministic constant ¢ > 0 such that | X;| < ¢ almost surely for all i > 1.
Then forallb > 0,G >0andn > 1

P{iXi

=1

> band 2<GY <2 —_ .
an Zal < }_ exp( 26‘—&-2;1’)

i=1
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B. Missing Proofs from Section 2

In this section, we provide further details regarding Theorem 2.1 giving a negative result about high-probability convergence
of Adam/M-AdaGrad and AdamD/M-AdaGradD. For all methods, we use the 1-dimensional Huber loss function:

72 if || <v,

1
z)=42""
(@) {u(z|1u), otherwise.

This function is convex and L-smooth with I = 1. However, the construction of noises and proofs are different for Adam,
M-AdaGrad, AdamD, and M-AdaGradD. Therefore, we provide the negative results for these methods separately in
the following subsections. We emphasize that the constructed examples are 1-dimensional, meaning that they hold for
coordinate-wise and norm-versions of the considered methods.

B.1. Failure of M-AdaGrad
We start with the following lemma giving a closed-form expression for the iterates of deterministic M-AdaGrad applied to
(8).

Lemma B.1. Suppose that the starting point xq is such that xo > 0. If after T iterations of deterministic M-AdaGrad with
initial momentum® m_; > 0 we have |xs| > v and x; > 0 forallt =1,T — 1, then

T-1
1— t+1 +Bt+1m 1

zT—xof’yug =

t=0 1+ D)2

Proof. Since |z¢| > v and x; is positive, the gradient at z; is equal to v. Hence, by substituting the gradient into the
algorithm, we get the final result. O

The above lemma relies on the condition that || > v and 2; > 0 forall¢ = 1,T — 1. For any ~, b_; and T this condition
can be achieved if we choose sufficiently small v.

Next, we estimate the interval where x lies.

Lemma B.2. Let the conditions of Lemma B.1 hold. Then, we have

m_
+2v/ap+ T — 2v/ag + 1 + 1A >

””0‘”( V(1= 51)

v1+ag
xr <xog—7v(1— 1) (2\/ao+T+ — 2v/ag + )

2

b
where ag = —5-.

Proof. From Lemma B.1 we have:

t+1 4 ﬂt+1 m_

TT = To — 7 — =
; v ao + t+1)

b2 . .
where ag = —7. Next, we bound the second term in the following way:

ao+T

- t+1_’_5t+1m 1
Z Vao + (t+ 1) = (1=5) /

ao
6By default, m_; = O but the result of this lemma holds for non-zero m_; > 0 as well. If m_; < 0, then one can select 2o < 0.

1
ﬁdx:(l—ﬁl)@ ao+T +1—2Vag + 1), (13)
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t+1 t+1m_ t+1 T-1 t+1m_1
e Yhvt=L Sl P e
—o ap+ (t+1) ap+ (t+1) ap+ (t+1)
1 ag+T—1
m—1
< ——+ dx + b+l
el S o
ao
<l i T-2a i+ A (14)
= Ata 0 0 (1—51)'
Combining (13) and (14), we get the final result. O]

Corollary B.3. Ifzg — v —v — 7?{ 15[3 5 > 0and

2
. (vo—v—v—Z3) +ay (vo—v—7— Z1288) Vag ¥ 1
<

1
4~2 th
then xp > v for deterministic M-AdaGrad. Alternatively, |xr| < v implies that
( ym—1f1 2 ym—1p1
To—V—7— A= ) +4V(1’0—V—’Y—V = ) ag +1
T (1-51) (1-p1) +1.
> 2
Proof. First, let us show that
m_
V<x0—7<1+2\/a0+T 2ao + 1+ 70 1%1)> (15)
— b1
is equivalent to
ym—_1p3 2 m_1
(=== )+ (o= ) v
T < + 1.

4~2

Rewriting the (15), one can obtain

27\/a0+T<x0—y—fy—m—|—2fy\/a0—|—1.
— b1

Squaring both parts of the inequality above and expressing 7', we get the alternative equivalent formula. Noticing that

1> \/1170 and applying Lemma B.2, we get the final result. The second part of the corollary is just a negation of the
implication stated in the first part of the corollary. O

Theorem B.4. Forany e, € (0,1),0 > 0 such that ©//=5 > 8, there exists convex L-smooth minimization problem (8)
and stochastic gradient oracle such that Assumption 1.1 holds with o = 2 and the iterates produced by M-AdaGrad after
K steps with stepsize v and starting point xq such that R := xy — \/2e — 37 > 3751 + \/QWQBf + 4~281 K satisfy the
following implication:

(16)

P{f(zx)— f(z*) >e} <d = KQ(blR 0R>

+
Vey 7\/;5

i.e., the high-probability complexity of M-AdaGrad has inverse-power dependence on .

Proof. Before we delve into the technical details, we provide an intuition behind the proof. We want to use the lower bound
from Corollary B.3 and estimate the bound for the number of iterations required to achieve the desired optimization error €
with probability at least 1 — §. Moreover, we need to set v depending on the accuracy € (v is analytically clarified later).
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We denote the output of deterministic M-AdaGrad after ¢ iterations as Z;. Then, we introduce the noise in the stochastic
gradient in the following way

gk =V f(xr) — 0,

where
0, for k > 0,
—A, with probability 515
& = L PIOPOLIY A . (17)
0, with probability 1 — 4z otherwise,
A, with probability #

where the formula for A is given later. The noise construction (17) implies that stochasticity appears only at the first iteration
of M-AdaGrad, and then it only affects the stepsizes. Therefore,

_ g
1 = To — 7 Mo,

bo

where by = \/bgl + (v —0&p)? and my = (1 — B1)(v — 0&p). Moreover, x; can be bounded in the following way

To+7y>T1>2x9— 7.

Also, let us define K as the number of iterations required to achieve at least e-accuracy. According to the stochasticity
construction, we get that for £y # A the momentum my is non-negative:

(1—61)(1/4-0'14), lfé-Q:—A
mo = )
(1—51)% lff():O
> 0.

Therefore, choosing x in such a way that zg — 2y — v — VV(T_DE:) > 0, we can apply Corollary B.3 and obtain that K can
be chosen as

(371 A e ,,V(ngll)) Vvai
Y

Ky =

. 2 2 . . . . . . . .
with a; = % and € = %-. Let us specify that this estimate depends on the stochasticity at the first iteration, i.e., the bound

on the number of iterations is random. Consequently, if M-AdaGrad achieves e-solution after K steps, we should have

K > K. Therefore, P{K > Ky} > P{f(zx) — f(z*) < €} and we want to estimate K such that
P{Ky<K}>1-04.

Bounding the left-hand side,

P{Ko < K} =P{Ko < K|§o = A}P{§ = A} + P{Ko < K[ # A}P{&o # A}

2 y—n V'ymoﬁ1 a !
<P ( ! ¥ . 61))\/T<K§07EA I[{§07EA} IP{&) }
. ) V—y’rn_oﬁl a
<P (0 ~ s Bl))ﬁ<K€07§A P{&o # A} + P{& = A}.
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Denoting R = xg — v — 2+ and assuming that for £, # A we have R > 3(71"105511) which implies R — J(T_Ogll) > & we

derive

(o o) v _

P{Ko< K} <P
gl

K| # A p P{& # A} + P{& = A}

| /\

plE &
2y

Ko # A} P{& # A} + P{& = A}

4K1/’y

€+ A} B{6o # A} + P{& = A)

4K2

IP V—O'fo

]P{b21+ (v —0&)* <
{

ey A} B{eo # A} + B{g = A},

b_1R
17 . Therefore, we

where in the third row, we substitute the analytical form of a4, and in the fourth row, we used K >
get

Piko < K} < Ploto - < 2|0 2 ab Pl 2 4) + Pleo = 4)

2K vy

SP{U§O|S +V§075A}]P){§075A}+P{§0:A}

As aresult, P{Ky < K} > 1 — ¢ implies

2Kv
P{Ufo|§ 2

2K
=542

+v

fo#A}P{ﬁo#A}—i-IF’{éo:A}Z1—6.

Consequently, choosing A = , the first probability in the inequality above is equal to 1 — A2 , since the only £y = 0
satisfies the condition on random Varlable Hence, we have

-t sy

2A2
Consequently,
1 o
1= 22]7 e < V26.
Therefore,

K> R ( o 1) S Ro
Ty \20V26 T 8yVed
since o/ve5 > 8 and v = +/2¢. It remains to find the conditions on z( and v ensuring that R > f?lm"ﬁl for &y # A. Ttis
sufficient to choose R in the following way:

R 2w tod)f +V"A)/3 (3 + 2K7) By.

Solving the quadratic inequality in R, we get R > 351 + \/ 99232 + 4425, K. Choosing ¢ such that the previous
inequality is satisfied, we conclude the proof. O

B.2. Failure of M-AdaGradD

Similarly to the case of M-AdaGrad, we start by obtaining the analytic form of iterations of the deterministic M-AdaGradD
in the following lemma.
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Lemma B.5. Suppose that starting point x is such that xo > 0. If after T iterations of deterministic M-AdaGradD we
have |x¢| > v and xy > 0 forallt =1,T — 1 with, then

t+1

T‘”“’O‘””Zm

Proof. The proof is similar to the proof of Lemma B.1. Since x; > v, the gradient at point x; is equal to v. Substituting that
into the iteration of M-AdaGradD for each ¢, we finish the proof. O

Now, let us estimate the interval where xr lies.

Lemma B.6. Let the conditions of Lemma B.5 hold. Then, we have
1
xo—’y(a +2yag+T — —%/%) <ar <wxo—y(1-p5) (2 aO+T—2\/%),
Va0

b5
where ag = 3.

Proof. Let us start with Lemma B.5:

t+1

T—xO_'YZ \/aoT

2
where ag = %. Next, we bound the second term in the following way:

_ t+1 ao+T 1
>(1- —dx=(1-— 2y ag+T — 2+/ag), 18
Zj (=) [ o= (1-p)RVa T -2v@) 18)
ago
L B 1
< —+ / —dr=—+2vag+T —1—2y/aog. (19)
; NTEY Vao Vi Jag ’ 0
ao
Combining (18) and (19), we have the final result. O

Corollary B.7. Ifzg — v >v >0, by > v and

(g — v —7)2 +4y(xo — v — ) /ag
4~2

T < + 2,

then xr > v for deterministic M-AdaGradD. Conversely, the case |xr| < v implies that

7 @o—v =)+ 4w — v —7) VA

2 172 + 2.

Proof. The proof is the same as for Corollary B.3. O

Theorem B.8. Foranye,§ € (0,1), o > 0, there exists convex L-smooth minimization problem (8) and stochastic gradient
oracle such that Assumption 1.1 holds with o = 2 and the iterates produced by M-AdaGradD after K steps with stepsize
and starting point xq such that R := xg —\/2e —y > 0, by > v and (1=P1)oR/=\/5 > 1662 satisfy the following implication

P{flex)— fla) 2c} <6 — K= Q("ﬁ) 20)

i.e., the high-probability complexity of M-AdaGradD has inverse-power dependence on 6.
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Proof. The overall idea of the proof resembles the one for Theorem B.4 — we combine the lower bound for the number of
iterations from Corollary B.7 with the specific choice of stochasticity. Nevertheless, to prove this theorem, we construct the
adversarial noise in another way. More precisely, we consider the following stochastic gradient

gr = Vf(zk) — ok,

where
0, ifk < K —Lor|ig| > v,
—Ay,  with probability 5+
&k = . . k L . on
0, with probability 1 — —+»  otherwise,
k

Ar, with probability 5=

k

where £ is the result of deterministic M-AdaGradD after K iterations and A;, = max {1, % } What is more,

E[¢] =0and E [E,%] < 1 by the construction. Therefore, the stochastic gradient satisfies the Assumption 1.1 with o = 2.

. . . A . 2 .
We want to prove that P{ f(xx) — f(2*) > e} < 6. For § < 1, this implies that |2 | < v with ¢ = %-. Indeed, assuming
the contrary, the noise is equal to 0 for each iteration by the construction, meaning that

P{f(rx)— f(2") > e} =P{f(2K) — f(z") > e} =P{|Jag| >v} =1>4.
As aresult, | x| < v and, applying Corollary B.7, we obtain

(zo —v—")2+4y(zo — v —7)yao

K > 2.
> 172 +
What is more, x i can be written as
) . 1—p1)yoék—1
T =Tg-1— Mmrg-1=2ITg + %
bK_1 bK—l

Hence,

Lo poties) )
br_1 o

zu+@K}Zp{‘<151>W5K—1

br—1

T+

P{fla) - £o) 2 €} = P{Jo] 2 v} =P
> IP’{‘ (1 - ﬂl)’YUfK—1

br—1

> 21/}

Ifmax{L(fi”Bﬁ} — 1, then

2 P{Jar) ~ 1) 2 e} 2 P{lewal 2 A

2ubg 1 }_ 2vbr 1
 (

which leads us to the contradiction. Therefore max {1, — — , and
(1-B1)vo 1-B1)vo

2VbK_1 } 1 (1 — ﬁ1)2’)/20'2

5Zp{f(;cK)f(a:*)Zs}ZP{ﬁK—ﬂZ (1- Bi)yo N

2 = 272 )
A% 4v2by

where we used that A _; = max {1, %} and the noise structure. Consequently, v < %ﬁ. What is more,

br_1 < \/bg+KV2

20
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since the gradient of f is uniformly bounded by ». Hence, we obtain

(w0 —v =)  Alxo—v—7)Vao _ (ro—v—7)
5 +
4ry 4y
S (1 - B1)%(x0 —v —7)2%02
1602(bg + Kv?)o

K >

Multiplying both sides by v (b3 + Kv?), we get

(1= B1)%(xg — v —7)20?
169 ’

(b3 + Kv*)? > VK (b2 4+ Kv?) >

implying that
N (1_61)0R7b2: (1_51)0—be2> (1—51)0’R
Y 0 8eV/6 7 162V

which finishes the proof.

B.3. Failure of Adam

Similarly to the case of M-AdaGrad, we start by obtaining the analytical form of iterations of the deterministic Adam in the
following lemma.

Lemma B.9. Suppose that the starting point x is such that xo > 0. If after T iterations of deterministic Adam with initial
momentum’ m_1 > 0 we have |x¢| > v and xy > 0 forallt = 1,T — 1, then

T-1 t+1 _ pt+l
QCTZJ?O—’YZ MR Rl 0 L

S i i) e

Proof. Since |z¢| > v and x; is positive, the gradient at z; is equal to v. Hence, by substituting the gradient into the
algorithm, we get the final result. O

The above lemma relies on the condition that |z;| > v and 2; > 0 forall¢t = 1,7 — 1. For any -, b_; and T this condition
can be achieved if we choose sufficiently small v.

Next, we estimate the interval where x lies.

Lemma B.10. Let the conditions of Lemma B.9 hold. Then, if B2 = 1 — /K, where K is the total number of iterations of
deterministic Adam, we have

< 251m,1 2Ty
To — 7 (

(= fyT
1—p1)b-1 by ’

V2 + 2

><$T<5CO—

Proof. From Lemma B.9 we have:

T-1 t+1 1— t+1
$T=$0—VZ THhmoy + ( L

P \/ﬁ5+1b2_1 4 (1 _ §+1) 2

Next, we bound the second term in the inequality above in the following way:

Til §+1m_1 + (1 — i+1) v < Til i+1m—1 + 2TV < 2ﬁ1m71 2Tl/
=0 B+ (LB T S\ B+ (-t B T A Bbar b

7By default, m_; = O but the result of this lemma holds for non-zero m_; > 0 as well. If m_; < 0, then one can select 2o < 0.

(22)
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T-1 t+1 t+1
m_1+ (1— v 1— T
Z 1 1 ( 1 ) > ( Br)v 7 (23)
0B (1B v (B 2
where we use the fact that with K > 2 next inequalities hold
1> p5 = (1-Yr)" > (1= 1/x)" > 1/,
0<1—p5<3/a<l.
Combining (22) and (23), we get the final result. O
Corollary B.11. Ifzo — v — (21'1/35% > 0 and
(0 v~ G55 ) b
T < )
2vyv
then xr > v for deterministic Adam with By = 1 — 1/k. Alternatively, |xr| < v implies that
2yBim_1
T> (xo - v A5 -
- 2yv
Proof. Let us note that
< ( 261’[71_1 2TI/>
v<xg—7
0 (1=51)b_1 b
is equivalent to
2vB1m_1
. (xo V- (1—51)177{) b—l.
2yv
The second part of the corollary is just a negation of the implication stated in the first part of the corollary. O

Theorem B.12. Foranye,§ € (0,1),0 > 0, there exists convex L-smooth minimization problem (8) and stochastic gradient
oracle such that Assumption 1.1 holds with o = 2 and the iterates produced by Adam after K steps with 52 = 1 — /K and
stepsize v and starting point xo such that R := x¢g — v > 2v(1 + B1)V K satisfy the following implication:

: _qbaR  (eR N
P{f(zrx) = f(a") 2 e} <6 — K—Q<\/gv+(%/;§> ) (24)

i.e., the high-probability complexity of Adam has inverse-power dependence on é.

Proof. The main idea is quite similar to the proof of Theorem B.4. We introduce the noise in the stochastic gradient in the
following way

gr = Vf(xr) — o0&,

where
0, for k > 0,
—A,  with probability 545
& = PR Y o . (25)
0, with probability 1 — > otherwise,
A, with probability iz
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where the formula for A is given later. The noise construction (25) implies that stochasticity appears only at the first iteration
of Adam, and then it only affects the stepsizes. Therefore,

Ty = To — mo,

bo

where by = \/ﬂzbz_l + (1= PB2)(v—0&)? and mg = (1 — B1)(v — 0&p). Denotlng Ky as the number of iterations

am 2vB1mo

required to achieve at least -accuracy, . Aty > 0 and considering the
case &y # A to guarantee mo > 0, we apply Corollary B.11 and get that the algorithm needs to make at least

2vyB1m
Ky = ($1 v (17[51);’)0) bo

2vv

iterations to reach e-accuracy, where ¢ = ”; Let us specify that this estimate depends on the stochasticity at the first

iteration, i.e., the bound on the number of iterations is random. Consequently, if Adam achieves e-solution after K steps,

we should have K > K. Therefore, P{K > Ky} > P{f(xx) — f(2*) < &} and we want to estimate K such that
P{Ky<K}>1-04.

Bounding the left-hand side,

P{Ky < K} =P{Ko < K|{ = A}P{{o = A} + P{K, < K[ # A}P{&o # A}

_ ., _ 29B1im
<P (0 —v = &%)

2yv

b
" <Kt # AL PIE £ A} + P = 4)

p (o —v - )

5 < Ko # A P{& # A} +Pigo = A}.

Similar to the proof of Theorem B.4, denoting R = x¢ — v and assuming that for £, # A we have R > 477”05 L Zymo

bo(1—p1) bo
27771061 _ amgo 2ymo 1 ymo
which implies R — bo(1=51) T > bo(1—51) + ot we derive

mo 2vB1mo
7 V= OBk

2vyv

b
P{Ky <K} <P ( )OSK‘&J#A P{&o # A} +P{& = A}

S]P{ibSK‘&)#A}P{EO#A}*‘P{@_A}

P 4’yVK

(Vi 0= ) =t < D[ # A} Pl # )+ Flgo = 4)
P{v Balv — ool < MVK’&#A}P{EO#A}‘*‘P{% A}

{ o] < Ril/wi V’EO # A}]P{fo # A} + P{& = A},

b If. Therefore, P{Ky < K} > 1 — ¢ implies

IN

where in the fourth row we used K >

{ 6ol < iji v # A} P{é # A} + P{¢o = A} > 10,
Ayv K 2v
Ry/1- B2

Consequently, if we choose A = , then the only realization of the random variable &, for which the inequality in
the first probability is satisfied is £y = 0. Hence, we have

1
1——>1-09.
2A% —
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As aresult, we get

Therefore,

2
R Ro Ro 3
K\/il—B:K;>< 1)2 — Kz()7
/ ’ 2uV/20 16vVed 16vVed

where we use 1 — 8 = 1/K, 9//e5 > 8 and v = v/2¢. It remains to find the conditions on x and +y ensuring that for §; # A

dymo By 29mg _ 2ymo ( 201 )
R> + = +1].
bo(1 — B1) bo bo 1-5

Therefore, the above is equivalent to

RZZ’Y(lwl )max (1_61) (=B +od)
o VBB (1= B2 \J3Rb2, + (1= Ba) (v + 7 A)?

To simplify the condition on R, we derive an upper bound for the maximum in the right-hand side:

max

(1—B)v (1—B1)(v+cA) <max{ 1-B)r  (1-B)v+cA) }
VBB (= o\ [B? + (= o)+ oa ] T V=B V= B+ o)

_ 1=
—\/17_752—(1—51)\/7(.

Therefore, it is sufficient to choose R satisfying

R>2y(1-/)WVK (f_%1 - 1) =2y(1+ p)VK.

This concludes the proof. O

B.4. Failure of AdamD
We follow the idea for previous proofs and start by obtaining the analytical form of iterations of the deterministic AdamD in
the following lemma.

Lemma B.13. Suppose that the starting point x is such that xo > 0. If after T iterations of deterministic AdamD we have
|zt| > vand x, > 0 forallt =1,T — 1, then

t—l—l

e Z \/5562 T

t=0

Proof. Since |z¢| > v and z; is positive, the gradient at x; is equal to v. Hence, by substituting the gradient into the
algorithm, we get the final result. O

The above lemma relies on the condition that |x:| > v and x; > 0 forall ¢t = 1,7 — 1. For any ~, by and 7T this condition
can be achieved if we choose sufficiently small v.

Next, we estimate the interval where x7 lies.

Lemma B.14. Let the conditions of Lemma B.13 hold. Then, if B2 = 1 — /K, where K is the total number of iterations of
deterministic AdamD, we have

2yvT 1-B)T
v <xT<$0_w( £1)

bo T T /b3 + 12
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Proof. From Lemma B.13 we have:

t+1

T = Ty — YV Z\/ﬁébg 1_5§)V2

Next, we bound the second term in the inequality above in the following way:

t+1
2T
Z <=, (26)
G S
t+1
1 —
Z S (1=8)T 27
\/6§b2 1 —Bhv \/bQ +v2
where we use the fact that with K > 2 next inequalities hold
1>y = (1-YK)* > (1-1r)% > 1,
0<1—f5 <3a<L
Combining (26) and (27), we get the final result. O]
Corollary B.15. Ifxzg > v > 0and
T < (IO — l/)bo’
2vyv
then xr > v for deterministic AdamD. Alternatively, |xr| < v implies that
T> (o — V)bo.
- 2vyv
Proof. The proof is the same as for Corollary B.11. O

Theorem B.16. Foranye, o € (0,1), o > 0, there exists convex L-smooth minimization problem (8) and stochastic gradient
oracle such that Assumption 1.1 holds with o = 2 and the iterates produced by AdamD after K steps with stepsize v and
starting point xq such that R := xo — v > 0, by > v and °F/e\/5 > 16b% satisfy the following implication

P{f(zx)— fz*) 2 e} <8 = K= Q<;j§) (28)

i.e., the high-probability complexity of AdamD has inverse-power dependence on é.

Proof. The overall idea of the proof resembles the one for Theorem B.12 — we combine the lower bound for the number of
iterations from Corollary B.15 with the specific choice of stochasticity. Nevertheless, to prove this theorem, we construct the
adversarial noise in another way. More precisely, we consider the following stochastic gradient

gk =V f(xr) — o,

where
0, ifk<K—1or|ig| >,
—Ag,  with probability 35
&k = : . * : (29)
0, with probability 1 — 5 otherwise,
k
Ak, with probability 5 A2
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where I g is the result of deterministic AdamD after K iterations and A; = max {1, %} What is more, E [¢,] = 0

and E [52] < 1 by the construction. Therefore, the stochastic gradient satisfies the Assumption 1.1 with a = 2.

We want to prove that P{ f(xx) — f(2*) > e} < 4. For 6 < 1, this implies that |Z x| < v withe = % Indeed, assuming
the contrary, the noise is equal to 0 for each iteration by the construction, meaning that

P{f(xkx) — f(z*) > e} =P{f(Zk) — f(z") > e} =P{|ix| >v}=1>0.

As aresult, |Zx| < v and, applying Corollary B.15, we obtain

(LEO - l/)bo .

K >
2vyv

What is more, x i can be written as

1-— _
Y S (1= B1)yoék L
K-1 br—1

T =Tr_1— 5

Hence,

(1= Buyoér-1| V}
br—1 -

ZV—|—§:K}ZP{‘(1_61)W

br—1

Tr +

P{flar) - 1) 2 €} = P{Jox] 2 v} =P {
> }P’{‘ (1= p1)yoér-1

br—1

- QUbel
- P{KK” =0 51)70} -

> 21/}

Ifmax{l, (fzbﬁﬁ} = 1, then

(1= pB1)yo
which leads us to the contradiction. Therefore max {1, 2”:}; =1 } = (%Zbﬂf ;’;0 , and
bk 1 1 (1 - p1)%*y%0>
0 >P{f(zx)— f(z*) >¢ ZP{§K1Z }Z = ;
() = J") 2 b 2 Pl 2 Togsto = = S
where we used that Ax_; = max {1, (fibﬂ%} and the noise structure. Consequently, v < %ﬁ. What is more,

by _1 can be bounded as

b1 < /b2 + 12

since the gradient of f is uniformly bounded by v. Hence, we obtain with by > v

K> (o — v)bg S (1= B1)(xo —v)oby S (1=751)(xo —v)o _ (1-p51)Ro

P N IV, 82§ 16eV/s

which finishes the proof.
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C. Missing Proofs from Section 3

In this section, we provide missing proofs for Algorithm 2 in the convex and non-convex cases. For each case, the proof
consists of two parts — descent lemma and main theorem. Moreover, for convenience of the proofs, we consider a reweighted
version of Algorithm 2 summarized in Algorithm 3, which has an additional parameter n > 0 appearing in the update rule
for b;. However, Algorithms 2 and 3 are equivalent: if we divide b; and y in Algorithm 3 by /7, the method reduces to
Algorithm 2 but produces exactly the same points as before (given the same initialization and source of stochasticity, i.e.,
seed), since /b, remains unchanged.

Algorithm 3 Reweighted Clip-Adam/Clip-AdamD-Norm and Clip-M-AdaGrad/Clip-M-AdaGradD-Norm

Input: Stepsize v > 0, starting point 2o € RY, initial constant b_; > 0 (for Adam and M-AdaGrad) or by > 0 (for
AdamD and M-AdaGradD), momentum parameters (31, 32 € [0, 1], level of clipping A > 0, reweighting parameter
n>0

1: Setm_1 =0

2: fort =0,1,... do

3: my = Bimy_1 + (1 - 61)Clip (Vfgt (mt), )\)
4:  if no delay then

[ /BabEy + 01— Ba)llcLip (Ve (2:), M]®  for Clip-Adam-Norm

b

e allerip (Ve (@) V)P for Clip-M-AdaGrad-Norm
6: else
o, \/B2b? + (1 — Bo)l|cLip (V e, (x0), M| for Clip-AdamD-Norm
TR alletin (9 @), VP for Clip-M-AdaGradD-Norm
8: endif
L %mt
10: end for

C.1. Technical Lemmas

Here we introduce technical lemmas for the future proofs.

Lemma C.1. Let the sequence {b;}:—o is generated by Algorithm 3 in K iterations. Then, for every t,r: t > r we get
bi > cmbr,

where the constant c,, depends on the update rule for by. To be more precise, c,, = 1 for the Clip-M-AdaGrad/Clip-M-
AdaGradD-Norm, and ¢,,, = 1/2 for Clip-Adam/Clip-AdamD-Norm.

Proof. The case of Clip-M-AdaGrad/Clip-M-AdaGradD-Norm is obvious since the sequence {b; }+—¢ is non-decreasing.
For the Clip-Adam/Clip-AdamD-Norm we obtain that

1 t—r 1 K 1
s (1-5) w2 (1-g) 2z

where we, without loss of generality, assume that K > 2 and apply the analytical form of 35 with fact that g(K) =

(1 - %) Kis increasing function. Taking the square root from both parts, we conclude the proof. O

Lemma C.2. Let the sequence {my},—q is generated by Algorithm 3 in K iterations. Then, for every 0 <t < K — 1 it
holds that

ZB (1-B1)g
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Moreover,

| < ) ZB (1= B0)lgwl

Proof. The first part of the lemma is the direct consequence of update rule of momentum m;. For the second part we need
to apply the Jensen’s inequality as follows:

2
i
Z D g2

where we use the convexity of ||-||* and Z BLF(1 — B1) =1 — BT, Multiplying both sides by (1 — 3171)2, we get the
=0
final result. O

C.2. Non-Convex Case: Methods with Delay

Lemma C.3 (Descent lemma). Let Assumption 1.2 hold on Q = {x eRY Iy eRe: f(y) < fu +2Aand |z — |

25/53}, where f(xo) — fo = Ao < A. Then, after T iterations of Clip-M-AdaGradD/Clip-AdamD-Norm with by

27L/(1-p1)2e2,, if 2y € Q WVt = 0, T, we have

IN

\%

T-1 T-1 T-1 T-1
u 2 U
LQ IVF@)I” < Do = Az = D (vCe = 240) (VF(20). 0) + Y _AC [0 + D 24407,
t=0 t=0 t=0 t=0

T—1
where Cy = Y % k=t A, = %(k‘ —t+1)3%" and c,,, is taken from Lemma C.1.

Proof. We start with the L-smoothness of f:

L L?
Faesa) = fa) < ATF ), meen = a) + Gl =l = = (VfGma) + Gl ™. G0
t
Using the update rule of Algorithm 3, we can obtain

—(Vf(@e),me) = =1 (Vf(xe), me—1) — (1= B1) (Vf(21), 1)
= —P1(Vf(z) =V f(rio1),mi—1) — B (V[(zi-1),mi1)
— (1= B1)(Vf(2e), 1)
< =B (Vf(zi1),me1) + BV f(ze) = Vf(@e1)|| |me—1l
= (1= B1)(V (@), )
< =B (Vf(xi—1),me—1) + BrL ||z — 21| [[me—1]|
— (L= B1)(Vf(x1),9¢)
vB1L

= =B (Vf(@i-1),m4—1) + b eI
— (1= B1) (VS (), 9¢)

where we use the Cauchy-Schwarz inequality and L-smoothness of f. Applying the same idea forthe t — 1,¢ —2,...,0
and noting that m_; = 0, we get

B

(3D

_<Vf<33t)7 1_61 Zﬁ Vf k), Gk +L’yz
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Therefore, substituting (31) into (30), we have

1- ﬁl )k Ly
Flaoen) — o) < =SB0 S gk (G ), T Z b2 el
k=0 k=
51 U =pm)7 Ly?
< Z B (V) on) + - kZ
Applying Lemma C.2 with 1 — Bf“ < 1, we can rewrite the inequality above as follows:

t k
Flan) - flan) < - (1_5”,25 e o)+ ZE B a0 - sla?
f

t
Z
7 1—61725 (V f () L :

where we change the limits of summation. Now let us bound the second term. Applylng Lemma C.1, we obtain that
br, > cpmbo (the constant ¢, is taken from Lemma C.1). Consequently,

L7 5 kJ 2 < —B) SR t—k gk—j
ZZ (1= B)llgs | < bt LSS B g )

7=0 k=j j=0 k=j

= B1)llg; 1%, (32)

L2(1 — o _
= LA B) S iy n)ig 33)
Cmbtbo =0

Thus, substituting (33) into (32), we get

Feeen) — ) < — “‘B”Zﬁ (V f ), g + 2L =B ZB ko Dl

0 Cmbtbo
After summing overt =0,...7T — 1,
- a B -8y L(1 = 51)
— P1 — P1
flar) = f(w) < — Z ZB (V (k). gn +Z P Zﬂ —k+1)]gell”.
t=0 m

The main idea is to estimate the coefficients corresponding to (V f(z,), g} and ||g,||°. These multiplicative factors can be
estimated as

T—1
7(1 - 61) t—r
-y Ay (34)
t=r
for the scalar product and
T—1
Ly*(1 = B1) t—
—(t - 1 " 35
P el (b RV (35)

t=r

for the squared norm, respectively. For (35) we can apply Lemma C.1 in the following way:

T-1 T-1
Ly*(1 *51) f t— °(1 *51
_ DT < 1 "= T.
Applying Lemma A.2, and using that Z B < ﬂ , we get
=
T-1
Ly*(1 - p) - Ly?
A, = ——(t—1r+1 T 36
2 i S 1= ) G0

t=r
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foreach k = 0,...,r. Moreover, let us denote the factor corresponding to the scalar product (34) as —yC).. C,. can be

bounded as follows:
T—1

1 - 61 t—r (1 — 51) t—r 1
< E—— <
Z 6 Z CWLbO ! - Cmb07

t=r

where we apply Lemma C.1. Therefore, the descent lemma can be formulated as

-1 T—1
f(@r) = flzo) < — Z YOV f (1), ge) + Z Allge*.

t=0 t=0

Substituting the analytical form of g,, we have

T-1 T-1
flar) = f(wo) < — Z YO AV f (1), 9) + Z Allgil?
t=0 t=0

_ qu (940, + 19 o) )
+ §At (||atu2 +2(V f(x1),0:) + IIVf(wt)IIQ)
- :wot — VS - jz_:wct 24, (Vf (1), 0)
F3 A
=

Choosing v < %, we get that vC;, — 2A; > 0 since the boundary C; > 1;;8 L and (36) hold with k = t. Therefore,
using that 6; = 6% + 62, one can obtain
_ T—1
flar) - Z YCy — A ||V f ()] Z VCy = 244) (Vf (1), 00) + Y Agl|0y]|”
=0 t=0 t=0
T-1 T-1
<= (G = AV )” = Y (vCr = 240) (V f(2). 07)
t=0 t=0
T-1 T— . ~C )
u t
+> 24, (||9 1+ |62 )+ (2 )llVf (z4)]? +Z( At) 6]
t=0 t=
T-1 ~C T-1 T-1 ~C
_ t 2 u U t b
== > SVF@I = Do (C = 240 (Vi (), 08) + D 24071 + Z ( +At> 167",
t=0 t=0 t=0
Using that 770‘ > Ay, and rearranging terms with A; = f(z;) — f., we get the final result. O

Remark C.4. Tt is important to note that ) can be any non-empty subset of R? as long as the iterates belong to it. In this
sense, the form of () is not that important for the proof (a similar observation holds for Lemma C.6 in the convex case).
Nevertheless, () plays a key role in the next part of the proof.

Theorem C.5. Let Assumptions 1.1 and 1.2 hold on QQ = {x eRY|IyeR: f(y) < fu+2Aand ||z —y| < 2(\)/\%}
with f(xo) — f« = Ao < A. Then, after K + 1 iterations of Clip-M-AdaGradD/Clip-AdamD-Norm with

v < min { (1 — 51)263711)0(}( + 1)% cmV1 — 6135Lb0\/7
- SOL In 254D 1432% 20V Lo (K 4 1)5a2 In“5 AEHLD
cm(1—ﬁ1)%boAm Ly*(1 — )2
42(:><t1 202a 10‘2a 1L2a 1(K+1)3a 2]n§a £2=2 (4(K5+1))}’ = A ’ 37
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and
A enV/T = BiboVA(K + 1)3a=2 a8)
20v/ Ly In (A5
the bound

C
Z” 5V f())? < 24

holds with probability at least 1 — 0. In particular, when ~y equals the minimum from (37), the iterates produced by
Clip-M-AdaGradD/Clip-AdamD-Norm satisfy

1 K
m]§||vf($k)”

o LAIn % VIAcIh = % a%(LA)% InZa=1 Kgrl
= max w1 «—2 a— a—

(L= B3(E + 155 (1= B3 (K + )52 (1- 1) (K 4 1)5
with probability at least 1 — 0.

Proof. Our proof is induction-based (similarly to the one for Clip-SGD by Sadiev et al. (2023)). We introduce probability
event E};, as follows: inequalities

t—1 t—1 t—1
u 2 u
=D (C = 2A) (V£(@0), ) + D _AC|67]]” + D 24611 < A,
1=0 1=0 =0
Ay <2A
hold simultaneously V¢ = 0,1, ..., k. We want to show that P{E} > 1— K+1 Vk=0,1,..., K+1. The case when k = 0
is obvious. Now let us make an induction step: let the statement hold forsome k =T —1 < K: P{Er_1} > 1— (1;;11) S 1t

remains to prove that P{Er} > 1— K+1 The event Ex_; implies thatz; € {y € R?: f(y) < fu+2A}Vt=0,...,T—1
and

YA - VA - VA
cmbo ~ 20v/L1In 2B T 20/

Hence, event Ep_4 implies {xt}fzo C @ and we can apply Lemma C.3:

ler = er1ll = 2= lmr—il| <
t

t—1 t—1

C t—1
Z TLO (@) < Do — A= S (1Cy = 240) (Vf (a1), 61) + S ~Cil|op]|* + > 246>
=0 =0 =0

vt=1,... Tanth:1,...T—litimpliesthat

t—1 t—1 t—1

Z ~2C IVF@)? < Ao — Ay = 3 (4Cr — 240) (Vf (@2), 67) + > _ACil[6 ] + 3 24167 < 2A.

=0 =0 =0 1=0

t—1
Taking into account that WTCL |V £ (2:)||* = 0 for all £, we get that Ep_; implies
=0

T-1 T-1
Ap <Ao=Y (vCr = 244) (Vf(x0),01) + > 7vCi]|67] I + Z 24,62
t=0 t=0 t=0
T-1 T-1 5
= Do — Y (Y0 —24,) (V[ (1), 01y + Y 7Ci|67]
t=0 t=0
T-1 T-1
+ 24, (IIG?II2 - ]Es,,llt‘)i‘IIQ) + Y 24 (|6
t=0 t=0
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Next, for vectors

_ V@), IV f(z)] < 2VIA
m = ;
0, otherwise
forallt = 0,1,...,T — 1, we have that that with probability 1
]| < 2vLA. 39)

What is more, forallt =0,...7T — 1 Ep_; implies

IVF(eo)l < VLA, < 2VIA < 7.

Thus, Ep_q implies 5, = V f(x;) fort =0,1,...,7 — 1 and

T-1 T-1 T-1 T-1
Ar < 80— D (vCi = 240) (i, 0+ 3 AC 0P+ 3 240 (1671 — e 67 17) + D 240 05117 (40)

t=0 t=0 t=0 t=0

@ @ ® @

It remains to bound each term in (40) separately with high probability. Before we move on, we also note that event Ep_1
implies |V f(2¢)|| < 4. Therefore, one can apply Lemma A.4 and get

051 < 2, 1)
2%

o8] < Saer @)

Ee, [|00]% < 18A2~ %0, (43)

Bound for @. The definition of 6} implies
Ee, [= (vCr — 244) (m, 07)] = 0.

What is more, since C; < we get

b )

€ 9) S 4’y)\\/LA A
C - 2A 79u < C eu = C.
|(vCt £) (M, 0¢) | < YC [Ime| [10F| enbo 51n (4(1(;1)) c

Let us define 02 = K, |(vCy — 24;)% (n;,02)?|. Hence,

4v2LA

(39)
o7 < (10— 24,)° - ALAEg |6} < —5o~Be 671" (44)
Therefore, we can apply Bernstein’s inequality (Lemma A.5) with G = 48017%

T-1
P {|— S (4G~ 240) (T (w0), 67)
t=0

P {either

A T—1 , A2 1)
= < <2 - - ’
>4andZ"t—G}— eXp( 16(2G+A6C)) 2(K+1)

t=0
Thus, we get

T
=) (vCr = 244) (V (), 0

|
—

A — )
ZOI‘ZJt >G} m

-
I
=)
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Moreover, event E7_; implies

T-1

02 2 4 7272)\2 “o“LAT @8 T2, “(1— 1) "%y bz oA "‘(K+1) o®LAT
— 02 b2 C%QOQ*Q\FQ ab% ln2 « 4(K5+1)

37 7TA2

= 4(K+1)

Bound for @. For the second term, we get that 71 implies

_ T— a 2a
b2 112 (42) 4%0°*yT
Z’}/CfHetH < ; H9 H CmA20—2h,
(9 402y (K +1) 20°PLTI K 1) R e (D)
= embo 2a—2( _ ,Bl)a_lbgasz“_l

4a 9202a—2452a - 1(K—|—1) 3(1 2 1 20— 2(4(1(($+1)>
2011 — By)a- 1b(2)oc—1Aa—1 ’

72(1 -1
[€MVAN
< D
4

where in the last step, we apply the third condition on vy from (37).

Bound for ®. Similarly to @, we have unbiased and bounded terms in the sum:

Ee, [24: (161 ~ Ee,I0717) | =
and, since (36) from Lemma C.3 hold with £ = 0,

b 16 L\2~? A 15A
24, ([|0¢]]7 — Ee, |16y <
240 (10017 B 1)| < o5y < i st < 7y, a0

= C.

2
Next, we define 67 = E, [414,52 (\|0?||2 — Ee, HH;‘H2> ] . For the introduced quantities, we have

4I~y%c

~ (45) U U u
07 < e, [240| (1617~ Bel0fI°) || < gy el
m

TA?

Therefore, we can apply Bernstein’s inequality (Lemma A.5) with G = Thod1n AKED -
n -5

>~ 24, (1611 — Ee, l0F1?)

T-1
P{
t=0

t=0
Thus, we get
. T-1 - o A -1 5 1
P {elther ; 24, (||9t 17 — Ee, [163l ) S7or ; o > G} z1- 20K +1)

Moreover, event F'p_q implies

TilAz(“é) 4D 72020 T 39 T2e7° b2V AT Q(K+1) s
O't < < -
t=0 2,b3(1 = pr) 202-0ca (1 *51)7\f2 B2 I w

GD TAc _ TA?
T 480 15041n4(KT“>'

33

A T—1 , A2 )
= 52 < < - = :
>4andZ"t—G}—2eXp( 16(2G+%C)> 2K +1)

(45)

(46)
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Bound for @. For the last term, we have that Ep_; implies

Z 2AtEft |9u|| < Z 02 b2

t=0 ™m0

B¢, ||071?
) el

—a o2
4D 3612220 T (9 367202 VAT (K + 1) s

—3a+2

o*LT

cnb3(1 = B1)
TA
— 4(K+1) —

2022 (1 - B1)3VL"

(37

>

1

abg 1n27a 4(1(;;!‘1)

Thus, taking into account the bounds above, the probability event Er_1 N Fy N Ey implies that

AT§A+4%:2A,

where
T-1 T-1
Ly? A TA?
E th — = =5 - Ton. A(K+1)
1= {Cl er ;( b, b? ><Vf($t)7 4 Z 4801 4(K+1)}
T-1 T—
A2 9 5 A TAZ

E5 = { either — 1017 — Eg, ||6} - &2 T A(K+11)

2 { > T (1001 = Be oy )| < For -0t > o e
Therefore,

P{Er}>P{Er \NE NE}=1-P{Er ;UE,UE,} >1-P{E; ,} —P{E,} —P{E,} >1—

1,7

Hence, forall k =0, ... joan

K +1wegetP(Ey) >

< 7C
> 2 v ) < 2
k=0

holds with probability at least 1 — §.

Therefore, we get that with probability at least 1 — &

K
A 1
< = -
SOIVE@))® < ot e
k=0
and, since C}, > 1;? L, we obtain
K
4A
v 2 < bg.
>IN I@I < S e
Moreover,
K 2
2 w2
b2 <8+ Y (BIV w1 + 31617 + 3[|6]|")
k=0

for the Clip-AdaGradD of by and

b < b3+

K
Z(3Wf )l + 361 + 3/|6%)

k'=0

34

T4

K+1

As revision result, event i1 implies that

(47)

(48)

(49)

(50)
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for the Clip-AdamD, respectively. Next, we use that the event E'x 11 implies

K K
¥ b2 _ A 5 A
k=0 k=0

because we could replace by — ¢, bg into C; and Ay, and all steps in @, @ and @ will be the same. Therefore, with applying
Lemma C.1, next bounds

) 4A ) al > 3nboA 3pb2(1—B1)A
< .
E;IIVf(wk)ll STy bﬁSn%llW(m)ll LR I By v R

2 4A 3 < 2 3nboA 3nb3(1—B)A
< b2
D IVI@ol” < -5\ %+ 711 2 Vi@ S+ T T6172& + 1)

hold with probability at least 1 — §, where we substitute different ¢,,, from Lemma C.1 and (49), (50) for Clip-M-AdaGradD-

K
Norm and Clip-AdamD-Norm, respectively. Next, solving quadratic inequalities above with respect to > ||V f(x)]|
obtain

48nA2 94492 A4 16A2 3nboA | 3nb3(1-B1)A 2
K ,  TO-B? +¢ T—p0t T -5 ( BT +b0>
SOIVE@))? < 5

o 24pA? N 576m2 A4 N ( 3nboA? N 3nbEA® 4bE A2 )
21— )2 Y1 =B T\ =5)2 L1 - B1)  2(1 - Br)?

A 24nA 576m% A2 3nboyA 3nb3A 4b%~? )
Rt ((1 “e \/(1 —Bt ((1 —B? T I(-p) A=)

for Clip-M-AdaGradD-Norm and

K

2 247’]A2
2 VI < o= i+ 1

N 9-4372A4 N 4A2 < 3nboA N 3nb3(1— B1)A N b2>
YL = B)HK +1)2 21— B1)2 \8y(K +1)  16Ly*(K + 1)
24nA?

T 215K +1)

. \/ 57672 A% R < 3nbyA3 R b2 A3 L )
Y41 = B (K +1)2 293(1 = B1)2(K +1) 4Ly (1= B)(K+1)  72(1 = p1)?

A 24nA

EE ((1 — (K + 1)

576n2A2 3nboyA 3nb2A 4p2~2
n 17 - < n 027 N nbg 4 A5 )
(1= pB)HK +1) 2(1=B1)*(K+1) 4

LA =K +1)  (1-p1)?

for the Clip-AdamD-Norm. Substituting n = M and applying v/a2 + b2 + ¢2 + d? < a+b+c+d for non-negative
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numbers, one can obtain the bound for Clip-M-AdaGradD-Norm:

A 2 3 \/T 27bo
K+1 Z”Vf (z1)] (K+1)72 (48L7 + V/3L3bo + 1/37203(1 — 1) + s

A 27bg
< ——— (49072 4+ 34 /7202(1 — 1) + )
= (K+1)72< v Y205(1 = 1) 1- 5

A 27bg
< —— (49142 + 3vby + )
_(K+1)v2( T T g

e 49142,
= <K+1>w2ma’<{ ! 1—51}

. { 98 LA 10Ab, } 51
o K+1"vK+1)(1-p1)

and for Clip-AdamD-Norm:

ZK: 1V £ (@) A 481~2 LA 37202(1 — 1) L 2bo
1 & ) SE+D)P \ K41 2(K +1) 4K +1) 1- 5

A <48L'y? Ly3bo 2vbo )

< +2 +bo + 7
S(K+D)2 \K+1 (K+1) T 1B

< A (49[/)/2 4’}/b0 )
S(K+1)2\K+1  1-8

o2 (49197 by
S (K+1)2 K+1'1-8

. { 98LA 8Ab } 2
B (K+1)>"y(K+1)(1=p))"

where we use that 2vab < a + b. Consequently, after substitution of (37) into (51), (52), we get final bounds for
Clip-M-AdaGradD/Clip-AdamD-Norm:

K+1 Z IV (@)l
o LAIn £+ VIAcIn s KL g2t (LA)% T Infast K42
= max B “—2 9 o — a—
(1= B3(K + D57 (1= B)F(E + D32 (1= 51) 55 (K +1)5

holds with probability at least 1 — §. O

C.3. Convex Case: Methods with Delay

Lemma C.6 (Descent lemma). Let Assumptions 1.2 and 1.3 hold on Q = Bag(x*), where ||xg — ©*|| < R. Assume that
z, € QVt =0, T. Then, after T iterations of Clip-M-AdaGradD-Norm/Clip-AdamD-Norm with by > (l_gﬁ%, we
have

T-1 T-1 T—1
D AC (@) = ) S RG = R; =D 29Cy (wr — ™, 00y + > 246,
t=0 t=0 t=0

T-1 A -1
where Cy = Y 1;@51% and Ay = Z Zakl ﬂl)ﬁz i —t+1).

Cmbib
i=t i=t 0
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Proof. According to the update rule of Algorithm 3, we have

2
zt1 — 95*||2 = |lzt — 95*||2 - 57 (Tt — 2", my)
t

To bound the scalar product, we substitute the update rule for m;:

2
Y 2
+@||th .

- <$t - x*vmt> =—p <$t - m*amt71> - (1 - 51) <$t x*vgt>
= —Pr{re —wi—1,me1) — Br(x—1 — 2", my_1)
—(1- ﬁl) <33t - 90*,9t>
< —Br{wior —x",myp_1) — (1= B1) (we — 2%, g¢)
+ B1 |zt — 21| |- ]

=B {xi—1 — 2", my—1) — (1 = B1) (xr — 2%, g1)
W’ﬁ1 ” me |2

Applying the same idea fort — 1,¢ — 2,...,0 and using that m_; = 0, one can obtain

t

—(wr—atm) <= 3 (1= BB (o — a7 1) ZW .

k=0

k=0
Therefore, we get
t 2 t t—k
w2 2 2y * 2y b1 2
e I < =271 = 33000 BB =0 + 5 3
k=0 k=0
Substituting the bound for ||my||* from Lemma C.2 with 1 — 851 < 1, we have
2 2 27 ¢ 292 N AR EN 2
* * % 1 —
2er — a*|° < [lor — 27 |* = 2D (1= BB (2 — 27, g0) + 5= 2 > BT (= B1)lgll
t k=0 t k=0 “F j=o
t t ok t—j
* (12 27 * 272
= [Jze —2™||” - (1*51) oy - Ygk) = > H (1*51)||gy||
Ly t k=0j—0 K

Applying the same technique as in Lemma C.3 (see (33)), one can obtain

t
*(|2 *((2 271_61) - * 1_51
fvss =2 < oo =2 = ZEZ A S gtk g+ ZB 45+ Dl

Cm, bt bo

After summing over ¢:

ﬁl
lzz —a*|* < [|lzo —a|* — Z Zﬁ (zr — =7, gr)

=0
¢
272(1 — Br) ) 2
1 7.
+§j i Al 5

Therefore, multiplicative factors for (x, — z*, g,) and ||g, || are equal to

T-1 T-1
27(1— 1) 29°(1 = B1)
- — BT d — BTt - 1
; b ! an Z cmbibo ! ( T )7

t=r
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respectively. Let us denote them as —2vC),. and A,.. Using the same idea as in Lemma C.3, we get

M <0, < —
b, - T cembp

and

272

A < 55—
anbpbo(]- — 61)

for all p = 0, . ..r because of Lemma C.1. Rewriting (53) in terms of C,., A,.,

lor = 2*|* < flwg —a* | = Y 29C; {wy — 2%, 90) + D Acllgell”.
= =0

Consequently,

lor = 21 = [lzo — &*|* < = Y 29Ch (we — 2%, 90) + Y Adllgel”

t=0
T-1 T-1
==Y 2C (v — 2", V() + 0 + > AV () + 04
t=0 t=0
T—1 T—1
< - Z 27C (xy — 2", Vf(2e)) — ) 27Ce (ze — 2", 64)
t=0 t=0
T—1
+ ZzAt IV f () ||” + ZQAt 16,1
Using Assumptions 1.2 and 1.3, one can obtain
T—1 T—1
(29C — 4LA) (f(z) = £) £ 3 (29C1 (o = ", Vf (@) = 240 £ @)
t=0 t=0
T—1
<o —a*||* = flor — 2| = > 29C; (e — 27, 00) + ) 244164,
t=0 =

If we choose v < %, then 2vCy — 4L A; > ~C; because of lower bound on C; and upper bound for A;. This
finishes the proof. O

Theorem C.7. Let Assumptions 1.1, 1.2, and 1.3 hold on Q = Bagr(z*) with ||xg — x*|| < R, Then, after K + 1 iterations
of Clip-M-AdaGradD-Norm/Clip-AdamD-Norm with

(1 —B1)%c2,bo Vv1-— 51€mRbo 0= B)?

) ’ n=
160L In (M5E0) 40 9 (K 4 1) ¢ I (A R?

v < min

(54)

and

A= V1-— BicmboR

B 407 In (%) )

the bound

Z YOy (f(ax) — f) < 2R
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holds with probability at least 1 — §. In particular, when ~ equals the minimum from (54), the iterates produced by
Clip-M-AdaGradD-Norm/Clip-AdamD-Norm satisfy

o [ ERPMER oRIn"s Kl
f(@k) f(x)—(9< a {(1_51)3(K+1)’(1gl)S(KJrl)‘*al })

with probability at least 1 — 0, where T = ﬁ ZkK:o T

Proof. Our proof is induction-based (similarly to the one for Clip-SGD by Sadiev et al. (2023)). We introduce probability
event I, as follows: inequalities

i—1 t—1
=Y " 29C (= a7, 00) + Y 2410, < R?,
1=0 1=0
R; < V2R
hold simultaneously Vt = 0, 1, ..., k. We want to show that P{F} > 1— Kk—jil Yk =0,1,..., K+1. The case when k = 0
is obvious. Now let us make an induction step: let the statement hold forsome k =T — 1 < K: P{Ep_1} > 1 — (7;(111)6.

It remains to prove that P{Er} > 1 — KT—fl. The event Ep_; implies z; € BﬂR(x*) Vt=0,...,T7 — 1. Hence, Ep_4
also implies

A A
<R

T-1 Cm0o

<2R.

oz — 2% < er—1 — a*|| + —— [[mr_1|| < V2R +
br_1 b

Therefore, Er_1 implies {z;}7_, C Bar(z*) and we can apply Lemma C.6:

t—1 t—1 t—1
D AC (@) = fo) < Rg— R =Y 29Ci (i —a™,01) + > 24416,
=0

=0 =0

Vi=1,...,TandVt =1,...T — 1 it implies that

t—1 t—1 t—1
> ACH(f(@) = £.) S R§ = 29Ci(m — 2%,0,) + Y 24)]|6,]|* < 2R,
=0 1=0 =0
t=1
Taking into account that Y vC (f(x;) — f«) > 0, we get that Er_ implies
=0
T-1 T—1
Ry <R3 = 29Cy (m — ™, 0) + > 2440, (56)
t=0 t=0

Next, for vectors

o, |lm - 2| < V2R
= {O7 otherwise
forallt =0,1,...,T — 1, we have that with probability 1
In:|l < V2R. (57
Then, Ep_ implies that y = x; — 2* forallt = 0,...7 — 1. What is more, forall¢t = 0,...7 — 1 Ep_; implies

(55 \
IV f@oll < Lllw —2"|| < V2LR < 5.
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Hence, using the notation from Appendix A, we have that E'r_1 implies

T—1 T-1 T-1
B3 < B3 =37 2Cy (0 — 2%,08) — 3 29Cy (we — 7,60+ 3 44, (1167 — e, 671%)
t=0 t=0 t=0
] @ ®
T-1 T-1 5
+ T AAEJl6F]P + > aAq|op|” (58)
t=0 t=0
@ ®

Next, we bound each term separately with high probability. Before we move on, we also note that event Er_; implies
|V f(z¢)|| < 5. Therefore, one can apply Lemma A.4 and get

03] < 2, (59)
2(!0.0/,

621l < Sa= (60)

Ee, [|02]° < 18X2~ %67, 61)

Bound for @. The definition of 8" implies
Eit [—Q’th <77t7 9?” =0.

Moreover, applying the bound on Cy: Cy < ﬁ from Lemma C.6,

™m

(57,59 6YAR (55 3R?
—27C 0y)| < 2~C, oy < < =
|=27Cy (e, 01)] < 29Cy [Imel[ 165]] < embo = 20111(4“(5“))

For o7 = E, [47203 (ne, 01)? | we also derive

2 22 w2 2 87232 w2
7} <4 CPBe 10} 1Pl < B 1071 (62)
m
R* .
100 In(2EED )

ST :

PO Do —a,0) > —and 3 02 <Gy <2exp |~

t=0 5 t=0 25 (2G+21}§)
)

2(K +1)

Hence, we can apply Bernstein’s inequality (Lemma A.5) with ¢ defined above and G =

Therefore,

T1g, Rz ! J
]P’{either —Zb—@t—x*,&;‘) < - or ZU? >G} 21—m~

t=0 't t=0

In addition, event Ep_; implies that (due to (62) and (61))

Ti o _ 492N 00 RAT 69 144(1 - 1)'~39°b5 0@ RO
o; < <
=0 C%ng 40270‘6%6(2) 1112_@ (%)
(54) - 4 4
4 W41 - BOR'T R

9 402(K + 1)In (2U5E) T 1001 (AL
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Bound for @. For the second term, one can obtain from (54), (55) and o < 2 that Ep_; implies
T—1 T—1

2y (57,60 2/2-24¢“yTR
_ 27C — b < gb Zve 2 - -
; v t<$t z, t> = ; embo el H H CmboA@—1
(55) 4. 2940%c*~y*T R2~ 69 4-2%(1 — B1)T R?
40(1 = B1)% Legpg '~ (ALY T 360+ (K + 1)
2R?  R?
< <=
— 45 T 5

Bound for ®. For the third part, we have

2 2
Ee, [44: (11071 — Ee,1017) | =
‘What is more,
59 6422 (55) R?

w2 w2 w2 w2
— < < —
[ (10717 B o) | < a0 (10r1” + B 1071°) 'S s — (i

2
< 3R _ 63)
201n (4051
We also define
~ w2 w2 2
o = e, | 1647 (1 - Eclotl”) |
Hence,
(63) 2
63—k, [|aac (J0¢1? — Ee oy )]
4K+ ¢
1292 R?

Ee,|[67']|°.
5e2,03(1 - ) n (A5

Therefore, we can apply Bernstein’s inequality (Lemma A.5) with ¢ defined above and G = i

T-1 R2 T— L R*
P 4A, (10717 — Ee, |167 > — and <G, <2e BN =
> (1617 — Ee 671) > < Z 7 <G <20 |~
B )
2K +1)

Consequently,

T-1 R2 T )
. w2 w||2 2
_ < — 21— g0
P {elther Z 44, (||9t 7 — Ee, |16 ) =5 Z o > G} 21 2(K +1)

t=0 t=0
Moreover, event Er_4 implies that

— — 122 R? 5 ( D 18- 1292\2- %6 R2T
% s () s (5
(55 18 -12 - 409y*o*R*=T 69 18- 12RAT
502, (1 - B Feg I (L) T 005402 (K 4 1) n® (15
R4

< 4(K+1)\
1001n (451
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Bound for @. For the fourth part, we get that Fr-_; implies

T-1 T-1
y 82 w2 1447%2 oG
Z4AtEff”9 I* < Z*Eallﬂ 1" <

= chbi(1-5) 2,b5(1 — B1)
4 144y*40*R?*~*c*T 552 144R*T
10%eg,bg (1 — p1)F 27 (AISED) 7 9. 402(K + 1) In (45D
2 2
<<

Bound for ®. For the last term, Ep_; implies

T—

Ju

T-1 2 (6()) 4040.2a,y2T

2
4At”9?” Z c2 bz( H gH c2 b2 Bl)AQ(a—l)

t=0 t=0 ™

8- 404402040.2(172(1111112(0471) (4(K5+1))
1022002 (1 — By ) R(o—D)

54 8.4°R2T SR? R?

A U S

= 3602(K +1)2 452 — 5

59

Thus, taking into account the bounds above, the probability event Er_; N F4 N Ey implies that

2 2 R727 2
R+ <R +55 =2R7,

where
T-1 T-1
. 2 ) R? ) R4
E, = ( either — — (ry—a",0¢) < —or o> —— 7,
; be 5 ; 1001n (4550
T-1 T—
] 4,}/2 9 9 R2 R4
By = {either 3" 0 (1167]° — Ee, 672 < - or —
; b7 ( ) z; 10010 (458D
Therefore,
T
P{Er}>P{Er_1NENE}=1-P{Ep_1UE1UEy} >1-P{Er_1} -P{E1} -P{E>} >1— Tk
Hence, forall k =0,..., K + 1 we get P{Fx} > 1 — 2. As the result, event Fx 1 implies that
K
> Gk (flar) = f) < 2R? (64)
k=0

with probability at least 1 — §. Next, from (64) we get that with probability at least 1 — §

K 2
Z(f(xk) f*)ﬁE max i

= v kelo,k] Ck

Moreover, c% can be bounded in the following way (from Lemma C.6):

1 b

G S U-pB)

42



Clipping Improves Adam-Norm and AdaGrad-Norm

Hence, we get

K

D (flaw) = fo) <

k=0

Also we can bound by, for Clip-M-AdaGradD-Norm using that g, = V f(zx) + 6) and Assumption 1.2:

2R?
_ Y ax by 65
~(1 = B1) kelo.k] " (65)

K
B <00 (4L (Flan) - £) +200)

k=0
and for Clip-AdamD-Norm, respectively

K
B <0+ g > (AL (Flan) = £) + 2064

Therefore, due to the fact that the event E'x 1 implies (see the bounds for @, @ and ®)
L M PN L
2 = )
k=0 cmb ( B 1) 5
we get

3n(1 — B1)bER?

K
b <3 +m Y AL((f(zk) — f2)) + 0

k=0
for Clip-M-AdaGradD-Norm scheme and

2 377(1 — Bl)b%Rz
b °+ Z4L — R 4072(K + 1)

for Clip-AdamD-Norm, where we substitute the constant c,,, from Lemma C.1. Consequently, substituting bounds above in
(65), we get

K 2 " K B 2,2
(Z (f (o) - f*)> < oo <b% 0> (L (fa) - £)) + W)

k=0 k=0
for Clip-M-AdaGradD-Norm and
K ’ 4R i 3n(1 = B1)R*b3
(kzzo (f(zr) — f*)) < NTC R ( KJF 0 kz=o = fi)) + 4072(K+1)>

for Clip-AdamD-Norm, respectively. Solving these quadratic inequalities, we have that Fx 1 implies

K 2R2 4L7’]R2 16L27]2R4 9 72 3T]R2
2 (f(zr) = fo) < e <(1 B T \/ TR b ((1 N T ﬂ1)>

6R* 8LnR®  boy [ }
< 2 max{(l—ﬁl)Q’l—ﬁl’boR )
K 2R2 ALnR?
kzzo(f(xk) *f*) < 72<(1 —51)2(K+1)
16 L2n2 R4 2( 72 3nR? )
- \/(1 “i K02 PO\ T A T - AOE + 1)

6R* 8LnR* boy 1 }
S T me {<1—51>2<K yioa o ET Y S

and
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with probability at least 1 — §. Choosing = ”’2(11%31)2, ~ equal to the minimum from (54) and using that 2v/ab < a + b,
we obtain the bound for Clip-M-AdaGradD/Clip-AdamD-Norm for the convex case:

-1

1 & B LR2In K41 oRIn"s Kl
K+1Z(f(xk)f*)O(maX{(1_51)3(K+1)a(1_51)3(K+1)(x;1 })

k=0

with probability at least 1 — . To get the final result, it remains to apply Jensen’s inequality. O

C.4. Non-Convex Case: Methods without Delay

Lemma C.8 (Descent lemma). Let Assumptions 1.2 and 1.4 hold. Then, after T iterations of Clip-M-AdaGrad/Clip-Adam,
we have

Z_:LHsz I < onr 4 2 + ZH & —Z Cy (V (1), 6}") TZLW’H
2 t n(1 = p1) 1 n gt Tt t 2. 9

T—1
for Clip-M-AdaGrad-Norm, where C; = 3" (1 — £1)8¥7, and
k=t
T-1 T— —
C 16K L~? C,
> %va(mt)ﬂ2 < (3M+ M) b2, % Z lgell* - Z VGV f(20),0F) + Z hHng
t=0 t=0 t=0

T-1
for Clip-Adam-Norm, where Cy = 3. (=808 /(Ba)*.
k=t

Proof. The first part of the proof is similar to the Lemma C.3. We start with the L-smoothness of f:

L L?
Flaean) = (o) V(@) en =) + 5 oo =l = =L (V@) ma) + Slml®. ©6)
t
Using the update rule of Algorithm 3, we can obtain

—(Vf(@e),me) = =1 (Vf(xe), me—1) — (1= B1) (Vf(2e), 9¢)
= —P1(Vf(z) = Vf(rio1),mi—1) — B (Vf(wi—1),mi—1)
— (1= B1)(Vf(2e), 1)
< =B (Vf(zi1),me—1) + BV f(ze) = Vf(@e—1)|| |me—1l
— (1= B1)(Vf(xe), ge)
< =B (Vf(xe—1),me—1) + BrL||ze — zp_1] [[me—1]|
— (1= B1)(Vf(xe), 1)
vB1L

= —B1(Vf(@t-1),mp-1) + b eI
— (L= B1)(Vf(xe),9¢)

where we use the Cauchy-Schwarz inequality and L-smoothness of f. Applying the same idea forthe t — 1, —2,...,0
and noting that m_; = 0, we get

—(Vf(ze),my) < =(1 = B1) Zﬁ (Vf(zr), ) +LVZB (67)
Therefore, substituting (67) into (66), we have
Flain) — fla) < - 1‘ﬁ1 ”zﬁ (V£ (), >+L,jztzlﬁ,§k||m 12+ Sl
t 1o Ok
<44 ”Zﬁ a0+ 203 A
k=0
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Applying Lemma C.2 with 1 — Bf“ < 1, we can rewrite the inequality above as follows:

t

k
g
1 Z (1= B)lg;I”
=
Bt
1

4

f(ep1) — flze)

| /\

51’725 (V f (@), bi

k=0

- ﬂ”Zﬁ (V@) bi sl 6

t
t

=0

where we change the limits of summation. Multiplying both sides of the inequality above by Z—j, where

1, for Clip-M-AdaGrad-Norm
by = { orip (69)

(v/B2)t, for Clip-Adam-Norm

and using that by, > ¢,,,b; (see Lemma C.1), one can obtain

% o) — Flan)) < ~ 2P0 S ot (9 ), 9k+7zﬁ

Y43 Y43 =0 J

1—61)(t—j+1)llgj|\2-

After summing over ¢,

T-1

t t—k T-1 t
(Flreen) — ) < (- pon S S A (s ) + 12 S0 0

t—0 ko Pt t=0 j—0

T

I
-

3|&

t —Jj

(1= B1)(t—j+1)gsll°.

Cmb]pt

o~
Il
=)

Next, applying the same idea as in Lemma C.3, we get that multiplicative factors are equal to

T-1 t—r
(1= B1)By
—~C,. = — (70)
K ; bt
for the scalar product (V f(z,), g.) and
T-1
Ly’ (1= p) t
A, = ——=(t - 1 " 71
tz:; Cmbrpy (t=r 15 70

for the squared norm ||g, ||2, respectively. Moreover, it can be shown that p; > ¢, for corresponding update rule of b,.
Hence, for (71) we apply Lemma A.2 to obtain the next bound:

2
< _ LD
- anbr(l — 61)

Therefore, rewriting the descent lemma in terms of (70) and (71), we have

T—1 T—1 2 T-1
bt

Z —(f(xe41) — flzr) < — Z YO (V (1), 9¢) + A Z HQILH

t=0 pt t=0 t=0
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Using that g, = V f(z;) + 0, we get

T-1 T-1 b T—1 ng T-1 ||g ”2
2 t o _ t
2 OISO < D S (ae) = Jaea)) = 2 A0V @) + 555 D T
T—1 b T—1
=D o (f@) = fo = (F@er) = £)) = D 1Ce (VS (x2), 6r)
t=0 t=0
Ly & gl
teEa-8) ; be
T-1 b, by T—1
< 20 (fao) — 1)+ ( - ) (Flae) — £)— S AC (Vi) 0 ()
=1 \Pt  DPi-1 =0
L2 & gl

Since p; = 1 for Clip-M-AdaGrad-Norm, we can use that b; > b;_1, and for Clip-Adam-Norm we get b; > /8201,
what is equal to % > ;Z—: with p; = (v/B2)!. Therefore, applying Assumption 1.4, we obtain

—1 T—-1 2
boM by M llg:ll

CIV F(z)|]? < 2= + - Cy (V f(xy),0 .
;:07 LIV S ()] 0 P ?0:’7 1 (Vf (), 00) + 1_51 ; by

Now we construct descent lemmas for each considering update separately. For Clip-M-AdaGrad-Norm we directly apply
Lemma A.3 to bound the last term:

T—1 T-1 L 2
Z YCIV f(z)l* < 2Mbp_y — Z Y (VF (1), 00) + ———bp_s
T pore n(1 - B1)
L2 -1
= (20 1 ) ores - a0 00
t=0
o T—1
S <2M+ 7’](1—ﬁ)> bT 1= ;’th vf(xt) >
i C
+Z”7||Vf z)I? +ZUH9’7H @3
t=0 t=0

where we use that ¢,,, = 1 and p; = 1 for Clip-M-AdaGrad-Norm. For the Clip-Adam-Norm, we get

T-1 2 T—1 2
lgell” 1 g
b _ 2
= b S B+ (1 Ban S Bkl
KA 22|

n W_l + 2Nkl
4K
1 \l 1 + = Z ”gt”

where we use that 85 > 1/aforall k = 0, ..., K. Consequently, with upper bound on b; and ¢,,, = 1/2, for Clip-Adam-Norm

I /\
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one can obtain

T-1 T-1
bT_lM 16KL’)/
CH|V <M + e — C: (V 1) + ———— b2, + L
D ACHIV Il < M + (s = 32 ACe (V@00 + g ankn

6KI2\ | | 1am, 2
<M+ T Bt Do lgell® =D AC (Vf (), 00)
n 1 t=0 t=0

16K L2 n T2 T-1
< 3M+> b2, + = all? =S AC V() 0"
( i)\ o 3l = 350 (9w )

C C,
+Z” LV ) +Z” arie

After substitution of the analytical form of b_1 in (73) and different options of p;, we claim the final result. O

Theorem C.9. Let Assumptions 1.1, 1.2 and 1.4 hold. Then, after K iterations of Clip-M-AdaGrad-Norm/Clip-Adam-
Norm with

. b—lK% VM
")/ min 4 L] 1 1 n
8LIn (3) 4% . 2\Fa(K+1)sa 2ne (4)
b Mzt L2
- n= (74)
47T 125 o R ST LI T (K 4 )5z Inamt (1) [ M(1 - p1)
and
by VM (K + 1)3a=>
= (75)
12 L’yln(;)
the bound

3 3 « 4 20 1 2a 1 2a 1 4
éZVf(an?:O((l 1ﬁ)5maX{LMif(f),F“i22 () o= T T (9})
k=0 —pP1)2

K 3a—2 K 3a—2 K3a—2
holds with probability at least 1 — 0.
Proof. The main idea of the proof is similar to the proof of Theorem C.5, but we do not need to introduce any probabilistic
events since according to Assumption 1.4 the norm of gradient is always bounded:

IVl < VAL () — ) < VAL < 5.

Therefore, one can apply Lemma A.4 and get

16311 < 2A, (76)
2%
b
121l < Sa= (77)
Ee, [|02] < 18X2~ %67, (78)

According to the Lemma C.8, we get

~7Cy 2 QL’YQ 9 -— w 'th b
IV f(ze)]” < 2M+M By4n Y lgell* - Z’th (Vf(ze),01) +Z (|67 H
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T-1

with Cy = 3 (1 — B1)BF* for Clip-M-AdaGrad-Norm and
k=t
T-1 1 e .
3 e 2 16K LA R o
R < bttt S s
P 2 va(mt)” = <3M+ 77(1 —ﬁl) b_1 + K ; ||gt|| Z’th Vf xt go 72 H9 ||

T—1
with C; = > (1=1)61"/(y/Bz)* for Clip-Adam-Norm. Let us bound C; regardless of the method. In can be shown that
k=t

1 — B; < Cy(Clip-M-AdaGrad-Norm) < Y (1 - $1)8F =

Mg

>
Il

0

and

1— 1 < Cy(Clip-Adam-Norm) <2 (1 - 8;)8f =2,
k=0

since (v/B2)T =1 > 1/2. Therefore, descent lemmas for Clip-M-AdaGrad-Norm and Clip-Adam-Norm can be rewritten in
the following way:

Y1 = B1) = ) ( 2L72> A =
R ;nwmn < (M5 b_1+n;||gtn

T—1 T-1 9
= Y ACH V), 0+ > 6] 79
t=0 t=0

for Clip-M-AdaGrad-Norm and

T—1 T-1
~(1 - By) 9 16K Lv? 5 7N 2
S P/ < i L
5 ;0 IV7@)I" < (3M + S35 )| P+ ; lge
T-1 T-1 5
— Y G (V). 0) + > 67| (80)
= t=0
. T-1 9
for Clip-Adam-Norm. Moreover, Y ||g:||” can be bounded as follows:
t=0
T-1 T-1 5
2 2 w2 wn?2 w2
> lgl® <33 (IVF@I® + (1617 - Ee,l631%) + Ee, 671 + [[67]]") - 81)
t=0 t=0

The main idea is to give upper bounds for the next terms for all 7' < K:

— T-1
Z 1(\\9“H —Be, 0717), Z Egtneuu,Z—nob cht (V1 (0), 6)
t— — t=0 "

©) @ ® @

In cases of @, @ and ® we multiply sums from (81) to the factors to move to the corresponding type of sums from
Theorem C.5.

Bound for ©®. We have bounded and unbiased terms in the sum:
LWQ 2 2
Be |7 (10817 - e orP) | -
~1
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and

L’y2

79 8L I\ 24M
w2 (117 ~ e loyI) | < =5 -

b2, T 19In%

Next, we define 67 = E, [ (||8§‘ I? — Ee, |16} ||2>} . For the introduced quantities, we have

A cL'yQ 2 w2 2cL’y2 w2
62 < SR, |10 — Be, o ]sbz—Egtllﬁt I°.
Therefore, we can apply Bernstein’s inequality (Lemma A.5) with G = 3831M(24) )
n\s

D (e e, 101?)

:0—

= M? 5
M and 52 < <9 | =2,
> an ;UtG} exp< 2G+2‘3?fw> 5

Thus, we get
T-1 L2 T-1 5
{elther o <||9“|| — Ee, ||0¢| ) < M or Z 67 > G} >1- 7
t=0 b2, t=0
Moreover,
Tz’l 2 0 36T Ly2X> 0% 09 36T Ly*v/M Y % 3M?
2 = G- o = "
= b2, 192 O‘bilﬁ In2- (%) 381n(6)

Bound for @. For the second term, we get

Z Ly e o 2 I8TLy2 X2~ (9 18T Ly* VM g tERE o WM _
& 2 = 22—« N = 99 :
b2 b= 1922— abfilﬁ In2~ (%) 32
Bound for ®. For the third sum, we obtain
Tzl gl ||9bl| 20D 4%0°T g5 471220 292y AT L~ Ln** 72 (1) a4
— b —- b_ )\2a 2 bzf’i lMa_lK(l g()l(zg 2) — )
where we choose the third option for ~.
Bound for @. Similarly to @, we have unbiased and bounded terms in sum:
'th
Be, |~ (Vi) 001) =0
1
and
~C4 27y a )47)\ 2LM 3M
— (Vv 0 < — |V 0 =c.
=35 9w, 00| < LI s o) T TR < s =
Let us define 07 = Eg, [W;—Cf (Vf(xe), 9;‘>2}. Hence,
-1
8y2LM "
Ut S b2 Eft”a ||
Therefore, we can apply Bernstein’s inequality (Lemma A.5) with G = 41M(24 ):
ns
T—1 T—1 9
’}/Ct w 2 M 0
P< |- — (Vf(zy),6{)| > M and 0; <G L2exp| ——= | = =.
{‘ ;_1< (20), 01) ;t } <2G+263M> 2
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Thus, we get
T-1_~ T-1 5
P either |— u(Vf(a:t),Gﬂ < M or ZO’?>G >1——.
b_1 2
t=0 t=0
Moreover,
o 09 4 LUMTA 0% s 144V TR e LM T oo M
9t = ) —a > Iy
= b 122-0p2 VLT T In®"* (4) 4n (3)

Consequently, next inequality holds with probability at least 1 — § forall T < K:

T—1 T—1

6Mb% 3Mb_,
> lgell* <3 > IV £ (z)l” + T2 L+ .
t=0 t=0 Y v

Let us specify 7 for each method. This parameter can be chosen as follows:

M(1-pB1)
KL~?

M(1-p1)’
Therefore, (79) and (80) can be rewritten in an unified form with 7' = K and ©®, @, @ and ®:

[, for Clip-M-AdaGrad-Norm
= for Clip-Adam-Norm

K-1 K-1
y(1 - 6b2,  3L~b_
ﬁl > IVF )| < 19M 1+ g 2 IV F ) & +7 61 + 1zﬁl+2Mb_1
k=0 k=0 1 1

K=1
holds with probability at least 1 — & for both algorithms. Denoting 3 ||V f(x)||® as Sk and squaring the inequality
k=0

above, we get

2 2 2 2
Y21 = B1)* o 2 3Ly 602,  3Lyb_y
— = G < [ 19IM e, + ——— Sk + +2M

4 ® LT MA-B) 1= T 1-5
3L~? 6b2 3Lyb_y
< 762M? <b2_ + Sk + + 8M2p?
VUM(1-B) 1—51 1-5 !
where we use the fact that (a + b)? < 2a? + 2b%. Rearranging the terms, we have
6 - 382LM 2. 38212 82,  6b_  3Lyb_,
52— Sk — (b2 L4 > <0.
KT @=5) 7% 21— )2 62 1-5 1-p

Solving the quadratic inequality and using that v/a2 + b2 < a + b, one can obtain

6-382LM  38V2M 8b2 6b% 3L~b_
S < \[ )\/bg_ 1 1 + Y01

A-5)° T30-5 62 T 1-8 1B

_ 6-382LM N 38v2M (21b_1 L3 )
T (=) v1=-5)\ 19 VvV1-—17
because Ly < < =1 Therefore, after division of both sides by K and substitution of v from (74), we get the final bound for
Clip-M- AdaGrad Norm/Cllp Adam-Norm:
K-1 4 azl 4 _2a a—1 o 20=2
1 LMIn(5) VLMoln = (3 Za—T (LM )2a=T In2a-1 (%
Z va xk :O 3 Max 237(16)5 0'2272 (6)70— ( ) 2a72n (6)
K (1 - 51)5 K3a—2 K3a—2 K3a—2
with probability at least 1 — . O
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C.5. Non-Convex Case: Coordinate-wise Methods with Delay

Similarly to the methods with scalar stepsizes, for convenience, we consider an reweighted forms of the coordinate-wise
methods, which are equivalent to non-reweighted ones.

Algorithm 4 Clip-Adam/Clip-AdamD and Clip-M-AdaGrad/Clip-M-AdaGradD

Input: Stepsize v > 0, starting point 2y € R, initial constant b_; > 0 (for Adam and M-AdaGrad) or by > 0 (for
AdamD and M-AdaGradD), momentum parameters 31, 32 € [0, 1], level of clipping A; > 0 for each coordinate,
reweighting parameter > 0

1: Setm_1 =0

2: fort =0,1,... do

33 my = Pimy—1; + (1= Br)clip ([Vie, (20)]i, M)
4:  if no delay then

\/521% 1t = B2) [elip ([Vfe, (z4)lis )P for Clip-Adam

” \/bt 1 tnlelip ([Vfe, (@), )2 for Clip-M-AdaGrad

6: else

o, \/Bab? 4+ n(1 = B2)|e1ip (Ve ()], A)>  for Clip-AdamD
TR nleLip (IVfe (el AP for Clip-M-AdaGradD

8: endif

9:  Tyy15= T — %imm

10: end for

To improve the readability of the proof of coordinate-wise case, we introduce the following notation for this subsection:
s Vi = [Vf(z)i,
* g = [9t]is
* 0ti =9t — Vi,
* 0% =91 — Ee, [9¢.i]s
¢ ‘9?,1' = Ee¢,[9¢,5) — Vi

Lemma C.10 (Descent lemma). Let Assumption 1.2 hold on Q = {33 eERY |y eRY: f(y) < fo+2Aand |z -yl <

2(\)/\%}, where f(xg) — f« = Ao < A. Then, after T iterations of Clip-M-AdaGradD/Clip-AdamD with by > 7L/ec,,, if

x € QVt=0,T, we have

d d
Z "/gt,zvzi < (f(zo) — ) = (flar) — Z vCi — 2A:,:) Ve ,i0; t,i

o~
Il
<}
<
I
-
o~
Il
<
<.
—

—t 2 T-1 k—t
where Cy ; = (1 — (1) Z ’81 andAm-: Ly (1=p1) Sy /212 -
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Proof. Starting with L-smoothness, we derive

L 2 d Vt it 4 L’}/2 d m
f(wepr) = f(xe) S (VF(@e), 2e01 — ) + §||35t+1 —z|” = —7; # + Z

zd: vtzmtz_i_L’y mtz
s by 2 07,

Similarly to the proof of Lemma C.3, we get

*Vt,z'mt,z‘ = *Blvt,imt—l,i - (1 - 51)Vt,z'gt,i
= —B1(Vei = Vemri)me—1,i — BiViciime—1,; — (1 = B1)Veigei
< B1|Viei — Vel Ime—14| — BiVie1,ime—1: — (1 — B1)Vi,igt,i-
Using that m_; ; = 0 with the above recursive inequality, we get

t—1

t
—Viime; < —(1—p1) Z BV ign. + Z pik
=0

|Vit1i — Vil Ime. -
Dividing both sides by b; ; and summing over 7, we have
LV ime, ok m Vg L = areh = Vit — Vi [l
D e L I D v I
i=1 ’ k=0 i=1 ’ k=0 i=1 ’
Then, we apply Cauchy-Schwarz inequality to the last term in the right-hand side:

t—1 d t—1
Zﬂt—k Z IVit1,i = Vil [ml < Zﬁt—k

1 A pS 1
k=0 i=1 be,i k=0

t—1

fzm FIVF(@rir) = V()]

d

Z(vk‘+1,z’ -

i=1

t—1
< Zﬁika”ka — x|
k=0
t—1 d 2
_ ki
=D AT |\ 2

< ”Zﬁikzb 7
=1

C
M k=0 ki

(82)

(83)

where in the second inequality we apply L-smoothness, and in the last inequality we apply Lemma C.1. Therefore,

substituting the inequality above into (83) and combining it with (82), we derive
t d t—1 d 2
. Viigrki = Lvy? m
—k k,i9k,i g t—k ki
—(1—51)7251 ZT+5251 Z 02,
k=0 =1 ’ k=0 =1 )t
t d t d . 2
_ Viigei | L° _ My
o 1 _ t—k 5 s t—k 2
R TP N TS NP

Applying Lemma C.2 to the last term, we get

2
t

f(@e1) — f(x1)

IN

’Y d
ERYY7

IN

d k 2

f(@e1) = flze) < — 1—ﬁ172ﬂszvl“g’“+
k=0 =1 2

2
k=0 i=1 j=0 ki

52

L1 B1) = i Koy i
- D BT BT
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Summing over ¢, one can obtain

T—1 t d
Vi,iGk,i
(Flar) — ) — (Flwo) — %) < - 1—517226?’“2%’“
t=0 k=0 i=1 !
T-1 t d &
+M B~ kZZﬁk 3557. (84)
Cm =0 k=0 i=1 j=0 i

The rest of the proof follows Lemma C.3. Let us denote —yC.; and A,.; as the coefficients in front of V, ;g, ; and gfz in
(84), respectively. These coefficients equal to

—ACri=—(1=P1)7y > ﬁblt - (85)
t=r )"
Ly’(1 - B1) == B
AM:TZZ w (86)
t=r k=r )t

Following the same steps as in the proof of Lemma C.3, we get useful bounds (will be used later)

(1—p51) 1 Ly?

< ;< <=
br,i > Cr,z = Cmb07 ri X C?fnbr,ibo(l — 51)

87

due to Lemma A.2 and Lemma C.1. Rewriting (84) with (85) and (86), we have

T—1 d T—1 d
(f(zr) = f7) = (f(z0) — > ACLVigri+ > Y A
t=0 i=1 t=0 i=1
Following the same steps as in the proof of Lemma C.3, we get
T-1 d T-1 d
(flzr) = f7) = (f(zo) = f7) < ZVCMVMQM—FZZAHQH
t=0 i=1 t=0 i=1
T—1 d T-1 d
< - Z('th i — 244 )V i — Z Z vCii — Vt i
t=0 i=1 t=0 i=1
T-1 d
+ Z Atﬂetz,z
t=0 i=1
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Using the notation of Q;fi and 921., with v < %, which implies vCy ; — 24, ; > 0 due to (87),

T-1 d T-1 d
(far) = f) = (fmo) = [*) < =D (¥Cri = 241:)Viibi — > Y (vCri — A ) V3,
t=0 i=1 t=0 i=1
T-1 d
T2 D Al
t=0 i=1
T-1 d T-1 d
< - (Cui = 240,0) Vil — D D (1Cui — Au,) Vi,
t=0 i=1 t=0 i=1
T-1 d T—1 ~C
u tyi
£ 30D 0 + D (15 - )
t=0 i=1 t=0 i=1
T-1 d o
P30 (75 )
t=0 i=1
T-1 d ~C T—1 d
—_— 2“v§z SN (vCui — 2400 Vi,
t=0 i=1 t=0 i=1
T-1 d T-1 d
0D 240087+ DD vCril67,)?,
t=0 i=1 t=0 i=1
where we use the fact that % > A; ;. Rearranging the terms, we conclude the proof. O

Next, to reflect tighter dependencies on the variance of different coordinates of the stochastic gradient, we make the following
assumption.

Assumption C.11. There exists set Q C R? and o > 0, v € (1, 2] such that the oracle satisfies E [V f¢(z)] = V f(z) and

E[|Vife(z) = Vif(x)|"] < of, Vie[dandVz € Q. (88)

d

Moreover, we assume that {V f¢ () }¢_; are independent.

Theorem C.12. Let Assumptions C.11 and 1.2 hold on () = {x eERY|TyeRY: f(y) < fut2Aand ||z —y| < 20\/»}

with f(xo) — f« = Ao < A. Then, after K + 1 iterations of Clip-M-AdaGradD/Clip-AdamD wirh

~ < min { (1 — B1)2¢mbo (K + 1)31(%”2 355%\/@{)0\/&[2%
< 40LV/d In 2EH 432a 20vL (Zz Lo )1 (4 1) 1 %7
cm(l—ﬂl)%boAﬁ } _M
43507 L 9p3e=t (Zj 102a) L gt [t 1(K—|—1)3a a2 (4(1((5“)) y = X ,
(89)
and
N=A= /T = BiboVA(K + 1)3a2 "
AN
the bound

K d 0
227 lmv’”§2A

k=0 i=1
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holds with probability at least 1 — §. In particular, when ~ equals the minimum from (89), the iterates produced by
Clip-M-AdaGradD/Clip-AdamD satisfy

1 K
mg\\vf(xk)||

1

VitamEs  VIA(LL o )alnag 5
(=B K+ 155 - g)iva = (K + )%

= O | max

—1

dze=1 (Z;j 10-20‘) T (LA)20¢ 4 1n2u 3 Kg’l
(1= B)=r (K + 1) 3=

with probability at least 1 — 0.

Proof. We construct the proof in a similar way as the proof of Theorem C.5. The probability event E, is defined as follows:
inequalities

t

|
-

d
Z [ (YCri —2A1:) Va0 + 2Al,i(6ﬁi)2 + 701,1‘(95’,1-)2 <A,

=0 i=1
AL <2A.
hold simultaneously V¢ = 0, k. The main idea is to show that P{E}} > 1— Kk—il Vk = 0, K + 1. The case k = 0 is obvious.
According to an induction step, we assume that this statement holds forsome k =T —1 < K : P{Ep_1} > 1— (T 1)5 . We
need to prove that P{E7} > 1 — L% The event Ep_; implies that z; € {y € R? : f(y) < f* +2A} Vt = O7 . ,T -1
and

d 2 d 2
t myi < 0
SN Say
i=1 Cm 0 Cm Yo

o7 — zp 1]l =~
i=1 tﬂ

Hence, event Er_; implies {1:&?_51 C @ and according to Lemma C.10,

t—1 t—1

d -1 d
D ACLVE S Do =D+ YD [ (YCli — 2413) Vi + 240,4(61)% + vcl,z-(e?,i)?}

=1 =0 i=1

l

Il
=)

Vt=1,T and Vt = 1,7 — 1 it implies that

t—1 1

¢
'VCl,iVl%i <Apg— A+

M-

Il
-

M-

[ — (YCli — 2A1,5) Va0 + 2A4,,:(0}) + 7017i(t9§’7i)2}

N
I
o

1

Il
o

K2 7

< 2A.

Taking into account that left-hand side is greater than zero (since every term is nonnegative), E'r_1 implies

t—1
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Next, let us denote
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0, otherwise
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Vvt =0,...,T — 1. Therefore, the event E'r_; implies 7, ; = V;; since

CODY
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It remains to give upper bounds for each term in (92). Moreover, due to (90) we get |V, ;| < % Therefore, we can apply
Lemma A.4 and get

o] < 2, (93)
0] < S (94)
Ee, [(6,)%] < 18X7 %0y (95)

Bound for @©. The definition of 6;'; implies

d
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‘What is more, we have
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Hence, one can apply Bernstein’s inequality (Lemma A.5) with G =

T-1 d
{| Z Z { (vCti — 2444) mﬁ}fi}
=0 i=1
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Thus, we get
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Bound for @. Here we also apply Bernstein’s inequality. One can check that terms into @ are unbiased and bounded:
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Therefore, one can apply Bernstein’s inequality (see Lemma A.5) with G = m:
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Bound for ®. For the third term, we have that the event Ep_; implies

T—1 d d

©9) 36Ly2\Z—OT
24, e, (01, } < UL NS e
>3 [panmeon ] T SR
—Q a27 [e%
©0) 36L1°VA~ (K +1)" 5T Zd: ;
2000(1 - f)Fegigvd VDT wie (M)

39 A
< —.
=7

Bound for ®. Similarly to the previous bound, Fp_; implies
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Similarly to Theorem C.5, one can obtain
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where 7, = 1 for Clip-M-AdaGradD and 7,, = "7 for Clip-AdamD. Also the event Ex 1 implies
K d
w \2 w \2 Ac bi(1— )
/;J; ( 014 —Ee, [(ek,i) } + Ee, {( ki) D < 2
i i < < Aemby
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due to the bounds @, @ and @ (exchanging b; ; to c,, by in these terms allows to obtain the same bounds for them). Therefore,
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Denoting the left-hand side of (97) as Sk, squaring both sides and substituting (98) gives the quadratic inequality on Sk.
Solving it, we have
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After substitution of 7,,, and division by K + 1, similar to the Theorem C.5, we conclude the final result:
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with probability at least 1 — 4.
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Figure 3: Performance of different versions of AdaGrad (with and without clipping/delay) with stepsize v = 1/128 on the
quadratic problem.
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Figure 4: Performance of different versions of AdaGrad and Adam (with and without clipping) on the quadratic problem
with scaled noise.

D. Numerical Experiments: Additional Details and Results

D.1. Quadratic Problem

In addition to the results provided in the main text, we compare the performance of different versions of AdaGrad with
~ = 1/128. The results are given in Figure 3. One can notice that methods with clipping consistently outperform the methods
without clipping for this stepsize as well.

Moreover, we provide the results of similar experiments for Adam with and without clipping/delay in Figure 5 (for 8; = 0.9
and B2 = 0.999). In general, the observed results for Adam-based methods are very similar to the ones obtained for
AdaGrad: clipped versions of Adam show better high-probability convergence than non-clipped ones.

We also run AdaGrad and Adam and their clipped analogs for the same problem with scaled noise, that is, instead of
¢ defined in Section 4, we use &/100. The clipping level is chosen 100 times smaller as well, i.e., A = 0.005. Stepsizes

were tuned for each method for AdaGrad we tried v = 1, 116, 210, ?4, ]100 ; for CIIp -AdaGrad, we tried v = 1, 6 64 ; for
Adam, we tried v = 16, 210, &> 100, for Clip-Adam, we tried v = 15, 55, 51 100 The results are reported in Figure 4. As

in the original experiments, the methods with clipping achieve a better optimization error with high probability.

D.2. ALBERT Base v2 Fine-tuning

Further details. In our experiments with finetuning of the ALBERT Base v2 model on CoLa and RTE datasets, we
follow a standard practice of usage Adam, we apply bias correction to Adam and Clip-Adam. For the delayed version —
Clip-AdamD — we do not apply bias correction and tune by instead.

We used linear warmup with warmup ratio being 0.1, and hyperparameters were 81 = 0.9, 52 = 0.999, b = €1, where
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Figure 5: Performance of different versions of Adam (with and without clipping/delay) under the standard setting (51 = 0.9,
B2 = 0.999) with stepsizes v = 1 (first row) and v = 1/16 (second row) on the quadratic problem.

1=(1,1,...,1)" € R% We tuned batchsize and stepsize y for Adam and selected best values from {4, 8, 16,32} for
the batchsize and from {1076,3 - 107%,107%,3 - 1075, 10~*} for ~. For the CoLa dataset, the best batchsize was 16 and
v = 1075, and for the RTE dataset, the best batchsize was 8 and v = 107°. We tested coordinate-wise clipping with
A € {0.001,0.002,0.005,0.01,0.02,0.05,0.1,0.2,0.5, 1} and layer-wise clipping with A € {0.1,0.2,0.5,1,2,5,10}. For
the CoLa dataset, the best results were achieved with A = 1 for layer-wise clipping and A = 0.02 for coordinate-wise
clipping, and for the RTE dataset, the best results were achieved with A = 2 for layer-wise clipping and A = 0.005 for
coordinate-wise clipping.

Noise histograms. The histograms are provided in Figure 6, where we additionally estimate the mean and standard
deviation and plot the density of the normal distribution with these parameters (black curve). For the CoLa dataset, the
noise distribution changes significantly after the start of the training, and its mean drifts to the right. However, the standard
deviation does not change significantly, and, more importantly, metrics p,,r and p.r remain quite large, showing that the
distribution is significantly heavy-tailed. In contrast, for the RTE dataset, the noise distribution does not drift significantly,
and, interestingly, p.r decreases towards the end of training and becomes zero, while p,, g stays in the interval [5, 10].
Therefore, the noise distribution has much heavier tails for CoLa than for RTE.

Additional results. In the main part of our work, we present the results for Clip-Adam with layer-wise clipping. In
Figure 7, we provide the results in the case of coordinate-wise clipping. In general, they are quite similar to the ones given
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Figure 7: Validation loss for ALBERT Base v2 fine-tuning task on the CoLa and RTE datasets. Clip-Adam is used with
coordinate-wise clipping (A = 0.02 for CoLa and \ = 0.005 for RTE).

in Figure 2, indicating that both clipping strategies can be useful in practice and improve the high-probability convergence
of Adam.

We also conducted experiments with Clip-AdamD and compared its performance with Clip-Adam. We tuned parameter
¢ defining b as b = €1, where 1 = (1,1,...,1)" € R%. Tuning was performed in two phases: during the first phase,
we selected the best values of € from {107%,1077,1075,107°,10%,1073, 1072}, and then for every selected ¢ we tried
e € {0.2¢,0.5¢,0.8¢, 2¢, 5¢, 8¢}. In the case of CoLa dataset, the best € was 2 - 1075, and in the case of RTE dataset, the
best € was 2 - 1076,

The results are presented® in Figure 8 and show that Clip-AdamD performs worse than Clip-Adam, especially on CoLa
dataset. However, it is worth mentioning that the clipping level was selected the same for both Clip-Adam and Clip-AdamD.
Moreover, we have not tried to use bias correction for Clip-AdamD that could also improve its performance. Finally, the
tuning of e parameter over multiple runs can also improve the result of Clip-AdamD.

Finally, we also conducted similar experiments with AdaGrad-based methods with and without clipping/delay. Parameter ~y
and batchsize were tuned across the same values as in the case of Adam. Moreover, similarly to the experiments with Adam,
we used standard layer-wise clipping for AdaGrad-based methods since it gave better results. The final parameters are (i)

81n the plots, we use the name Clip-RAdamD, which is equivalent to Clip-AdamD as explained at the beginning of Appendix C.
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Figure 8: Validation loss for ALBERT Base v2 fine-tuning task on the CoLa and RTE datasets.

v = 1074, batchsize 4, A = 5 for (Clip-)AdaGrad on CoLa dataset, (ii) ¥ = 10~*, batchsize 16, A = 1 for (Clip-)AdaGrad
on RTE dataset, (iii) v = 10~4, batchsize 4, A = 5 for (Clip-)AdaGradD on CoLa dataset, and (iv) v = 10~4, batchsize 16,
A = 0.1 for (Clip-)AdaGradD on RTE dataset. The results are presented in Figure 9. For this particular case, there is no big
difference between versions of AdaGrad with and without clipping, and only for CoLa dataset we see that Clip-AdaGrad
has much smaller error band than AdaGrad.

D.3. Scaling Up: Fine-Tuning of 355M Model

Setup. We replicate the setup from Appendix D.2 for fine-tuning the 3556M parameter RoOBERTa Large model (Liu et al.,
2019) on the two GLUE (Wang et al., 2018) datasets: QNLI (116k question-answer pairs) and CoLa (10.7k linguistic
acceptability examples). Keeping identical hyperparameters, including the learning rate scheduler, warmup ratio, and
optimizer parameters (31, 82), we employ a moderate batch size of 16 for both datasets to ensure comparability with the
previous finding. Through extensive testing of layer-wise clipping with A € 0.1,0.2,0.5,1, 2,5, 10, we identified A = 1 as
the best value for both tasks, aligning with prior work specialized in fine-tuning of large language models (Yang & Ma,
2022). The best values that we have selected in this part are used to build noise histograms and compare algorithms with and
without clipping.

Noise Histograms. We also build the noise histograms (see Figure 10) for the RoOBERTa Large model. In the histogram, we
quantitatively present the measure the heavy-tailedness of the noise following the recipe from (Gorbunov et al., 2022). After
fine-tuning the model with checkpointing on the full dataset (QNLI or CoLa), we compute the true gradient V f(z) through
many gradient accumulation steps. From identical initial checkpoints, we sample 1000 mini-batched gradient estimators for
CoLa and 100 for QNLI (all of them are with the batch size of 16), calculating the norm differences |V fe(z) — V f(z)| for
histogram construction. As in Section 4 and Appendix D.2, we assess the heavy-tailedness of the noise using the metrics
Pmr and p.r. Both metrics remain consistently large throughout training, indicating that the noise exhibits significant
heavy-tailed behavior. Furthermore, the histogram profiles closely resemble the Lévy a-stable distribution, as shown in
Figure 10.

Comparison of Methods With and Without Clipping. We replicate our earlier setup with one key modification: the
number of random seeds is reduced from 100 to 5, due to computational constraints when scaling to a 355M-parameter
model—particularly given QNLI’s substantially larger size compared to CoLa or RTE. At each step, we compute the median
validation loss, along with the 5-th and 95-th percentiles.

The comparison between Adam and Clip-Adam is shown in Figure 11, while the comparison between AdaGrad and
Clip-AdaGrad is presented in Figure 12. Notably, for the new model and across both datasets, the clipped variants
consistently outperform their unclipped counterparts.
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Figure 10: Gradient noise evolution for Adam on QNLI (the first row) and CoLa (the second row) datasets during RoOBERTa
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Figure 11: Validation loss for ROBERTa Large fine-tuning task on the QNLI and CoLa datasets. Clip-Adam is used with

layer-wise clipping.
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