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ABSTRACT

This study explores the dynamics of interactions encoded by deep neural net-
works (DNNs) when we prune network parameters with an increasing pruning
ratio. We discover a three-phase dynamics of the generalizability of the interac-
tions removed by the parameter pruning operation, which clarifies a central issue
in symbolic generalization, i.e., how interactions serve as the underlying factors
that determine the change of a DNN’s performance. Experimental results demon-
strate that the pruning operation mainly removes high-order interactions at low
pruning ratios. Because the removed high-order interactions are usually unlikely
to generalize, the removal of high-order interactions has a negligible impact on
testing performance. In contrast, under higher pruning ratios, both low-order and
high-order interactions are gradually removed. The high generalizability of the re-
moved low-order interactions leads to a noticeable decline in testing performance.

1 INTRODUCTION

In the field of post-hoc explanation of deep neural networks (DNNs), there has been a trend to-
ward more precise and nuanced approaches (Li & Zhang, 2023b; Ren et al., 2024a). Mechanistic
interpretability studies (surveyed in Appendix A) are developed to explain individual neurons. In
comparison, another emerging direction, namely symbolic generalizability, has provided a new strat-
egy to explain the generalizability of DNNs (Kang et al., 2024; Ren et al., 2023a; 2024a; Tsai et al.,
2023). As Figure 1 shows, this theory aims to define and use the generalizability of inference pat-
terns encoded in a DNN to explain the generalizability of the entire DNN.

Background: symbolic generalizability. Recent advances in symbolic generalizability (surveyed
in Appendix A) have revealed a counterintuitive phenomenon: the complex inference logic of a
DNN can be precisely explained by a small set of AND-OR interactions in mathematics. Given
an input sample, each interaction represents an AND relationship (or an OR relationship) among
input variables that is equivalently encoded by the DNN. For instance as illustrated in Figure 1, the
large language model encodes an AND interaction among input words S={“Electric”, “currents”,
“around”}. If and only if all words in S appear in the input prompt, this interaction is triggered
and contributes an effect of 0.45 to boost the confidence of generating the target word “conductors.”
Masking any words in S will deactivate the interaction and remove its effect. It is proven by Chen
et al. (2024) that people can use numercial effects of such interactions to accurately predict
the DNN’s classification scores on exponentially many diverse samples, which guarantees the
faithfulness of such explanation.

Therefore, the next fundament issue in this field is to use the generalizability of the compositional
interactions to explain the generalizability of the entire DNN1 (Zhang et al., 2024; Zhou et al.,
2024; Ren et al., 2024b; Cheng et al., 2025). For example, as Figure 2 shows, the interaction among
image patches of “wing” consistently appears in both training samples and testing samples, and
contributes similar interaction effects. Therefore, this interaction is considered generalizable. It
is found that interactions in a highly generalizable DNN are more likely to generalize to testing
samples than those in a less well-trained DNN (Zhou et al., 2024).

1It is because Eq. (3) shows the DNN’s output v(x) can be represented as the sum of interaction effects.
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Figure 1: (left) It is proven (Ren et al., 2024a) that the intricate inference logic can be mathemati-
cally explained by a small set of AND-OR interactions. (right) Some interactions are removed by
parameter pruning, and the distribution of the removed interactions exhibits a specific three-phase
dynamics w.r.t. its complexity and generalizability, when the pruning ratio progressively increases.
Please see Appendix I for examples of AND-OR logical models that explains LLMs.

Our work. However, previous findings are mostly based on empirical observations, e.g., Zhou
et al. (2024) found that low-order interactions often exhibited stronger generalizability than high-
order interactions. In contrast, we aim to extend previous descriptive studies to interventional
studies, in order to use the change of interactions’ generalizability to explain the underlying
mechanisms for the change of a DNN’s performance.

Specifically, in this study, we focus on parameter pruning (Han et al., 2016; Fang et al., 2023), a
classical strategy for removing trivial parameters from neural networks and compressing feature
representations. Therefore, this paper investigates how parameter pruning operations affect the rep-
resentation quality of DNNs when the pruning ratio progressively increases.

This paper discovers a specific three-phase dynamics of DNNs’ interaction changes under progres-
sively increaseing pruning ratio. (1) In the first phase, the compression ratio is low, and the parameter
pruning operation only removes high-order interactions while preserving low-order ones. However,
the testing accuracy is still not significantly affected, which can be explained by the finding in (Zhou
et al., 2024; Cheng et al., 2025) that most high-order interactions represent noise patterns that cannot
generalize to testing samples. (2) In the second phase, the further increase of the pruning ratio starts
to remove low-order interactions. The high generalizability of the removed low-order interactions
leads to a noticeable drop in testing accuracy. (3) In the third phase, most interactions have been
removed, and even higher pruning ratios would not substantially affect the performance.

Our work successfully demonstrates the strong potential of symbolic generalization by showing that
the generalizability of interactions can effectively explain the root causes behind the performance
degradation of a DNN, in the scenario of neural network compression. The removal of low-order
interactions tends to cause significant degradation of DNNs’ testing performance. On the contrary,
the removal of high-order interactions has little impact the DNNs’ testing performance. In addition,
our discovery also provides a more rigorous validation for prior empirical findings in the field of
symbolic generalization (Zhou et al., 2024).

Practical value. Based on our findings, in follow-up studies, we penalize the strength of all non-
generalizable interactions during the training of the DNN. This method allows the DNN to maintain
its testing performance at higher pruning ratios. See Appendix B for details.

In summary, the discovery of the above three-phase dynamics provides a new perspective to un-
derstand the underlying factors that hurt the DNN’s performance when the DNN’s parameters are
pruned. Compared to traditional enginnering settings for parameter pruning, the rigorous mechanis-
tic explanation provides a clear metric to determine the performance limits of parameter pruning.
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Figure 2: The interaction among
“wing” patches consistently con-
tributes similar interaction effects, thus
being considered generalizable. The
interaction among “tail” patches can-
not generalize to testing samples, thus
being considered non-generalizable.

2 DYNAMICS OF REPRESENTATION CHANGES DURING PARAMETER PRUNING

2.1 PRELIMINARIES: INTERACTIONS

Given an input sample with n input variables (indexed by the set N = {1, 2, . . . , n}), denoted by
x = [x1, x2, · · · , xn]

T , we use v(·) to represent the scalar output of the DNN. There exists different
settings for the scalar output. Typically, for multi-category classificaiton, we follow Deng et al.
(2022) to set the widely used classification confidence as follows.

v(x)
def
= log

p(y = y∗ | x)
1− p(y = y∗ | x)

(1)

where p(y = y∗ | x) represent the predicted classification probability on the ground-truth category.

Problem setting. As an emerging explanation direction (surveyed in Appendix A), symbolic gen-
eralizability studies (Li & Zhang, 2023b; Ren et al., 2024a; Chen et al., 2024; Cheng et al., 2025)
are proposed to explain the generalizability of primitive inference patterns encoded by a DNN. The
basic idea is to use a logical model g(·) to explain inference patterns in the DNN v(·), and the faith-
fulness of explanation is ensured by requiring a sufficently concise logical model g to accurately
explain a sufficiently large number of network outputs v w.r.t. the following two requirements. (1)
Fidelity requirement: the logical model g(·) is powerful enough to well match the network outputs
v(·) on all diverse samples in a sufficient large set Ψ. (2) Conciseness requirement: the logical
model is supposed to only consist of a small number of inference patterns. These requirements can
be formally expressed as

∀x′ ∈ Ψ, g(x′) = v(x′) subject to complexity(g) ≤ M, (2)

where M is the upper complexity bound of the logical model g(·).
First, the logical model g(·) is implemented to encode AND-OR interactions among the input
variables in N (Li & Zhang, 2023b; Chen et al., 2024). Figure 1 depicts how each interactions
corresponds to a non-linear relationship among a set of input variables. The formal definition of the
model is given below. See Appendix I for examples of logical models that explains LLMs. A
video demo that introduces the logical model is also attached as a supplementary material.

g(x′)
def
=

∑
S∈Ωand

Iand
S · δand(S |x′) +

∑
S∈Ωor

Ior
S · δor(S |x′) + b (3)

The AND trigger function δand(S |x′) activates (returns 1) if and only if all variables in the subset
S ⊆ N are present in x′; if any variable in S is masked2, the function returns 0. Iand

S is the scalar
weight of the AND interaction S. Similarly, the OR trigger function δor(S |x′) activates whenever
at least one variable in the subset S is present. Ior

S is the scalar weight of the OR interaction S. Ωand

and Ωor denote the set of AND interactions and that of OR interactions, respectively, extracted from
the input x′. b is a scalar bias term.

Second, the fidelity requirement is guaranteed by the universal matching property in Theorem
2.1. Under a specific settings of weights, the logical model g(·) can accurately reproduce the outputs
of the DNN v(·), no matter how we augment the input x by randomly masking a subset of input
variables. In other words, the sample set Ψ = {xT | T ⊆ N} contains 2n masked states, which
is sufficiently large. Here, xT denotes the masked version of the sample x that retains only the
variables in T , with others in N \ T masked2.

2The masking of the i-th input variables is implemented by setting xi to the baseline values b, which is
commonly set as the average value of the variable on multiple samples (Dabkowski & Gal, 2017).
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Theorem 2.1 (Universal matching property, proven by (Chen et al., 2024) and Appendix G) Given
a sample x and a DNN v(·), let us set the scalar weights Iand

S and Ior
S in g(·) as ∀S ⊆ N, Iand

S =∑
T⊆S(−1)|S|−|T | · uand

T , Ior
S = −

∑
T⊆S(−1)|S|−|T | · uor

N\T , subject to uand
T = 0.5 · v(xT ) + γT

and uor
T = 0.5 · v(xT ) − γT . bias b = v(x∅), and {γT } is a set of learnable parameters. Then we

have ∀T ⊆ N, v(xT ) = g(xT ).

Interaction extraction. We adopt the method of Chen et al. (2024) to learn parameters {γT }, so as
to extract a set of AND-OR interactions. Detailed pseudocode are provided in Appendix F.

Third, the conciseness requirement is ensured by the sparsity property of interactions. Ren
et al. (2024a) have shown that a well-trained DNN encodes only a relatively small number of salient
interactions, roughly O(np/τ) with p ∈ [1.5, 2], under three common conditions introduced in
Appendix E. We can construct a much more compact model ĝ(·) with the small number of salient
interactions in Ωand = {S ⊆ N : |Iand

S | > τ} and Ωor = {S ⊆ N : |Ior
S | > τ}. Thus, we can

accurately predict the network outputs over differently masked inputs. τ is a scalar threshold, which
is set to τ = 0.05 ·

∑
x |v(xT )− v(x∅)|.

Order of interactions. The order of an AND/OR interaction S, written as order(S) = |S|, is
defined by the quantity of variables in S. It serves as an indicator of the interaction’s complexity.

2.2 EXPLAINING THE GENERALIZABILITY OF DNNS IN TERMS OF INTERACTIONS

As introduced in Section 2.1, interactions provide a new perspective for explaining the root causes
for the performance of DNNs. Prior studies (Zhou et al., 2024) have found that the generalizability of
the entire DNN can be explained by the overall generalizability of its compositional interactions1.
In particular, it has been found (Zhou et al., 2024; Liu et al., 2023) that the complexity and the
generalizability of interactions are the key factors that determine network performance.
•Zhou et al. (2024) found that interactions of higher orders were usually less generalizable.
•Liu et al. (2023) found that high-order interactions showed more vulnerability to feature noises.
•The generalizability of interactions could explain the overfitting of DNNs (Cheng et al., 2025).

Despite above achievements, existing studies (Ren et al., 2023a; Li & Zhang, 2023b; Ren et al.,
2024a; Chen et al., 2024; Cheng et al., 2025) mainly passively and empirically explained the gener-
alizability and complexity of interactions, and they still failed to investigate the precise relationship
between network performance and interaction patterns in terms of interventional studies.

Therefore, in this study, we focus on neural network parameter pruning, and aim to explore
how the complexity and generalizability of interactions encoded by a DNN are affected when
we apply a progressively increasing pruning ratio to it. Furthermore, we aim to uncover the
underlying mechanisms behind DNNs’ performance changes under parameter pruning. It is be-
cause parameter pruning is a classical strategy for removing trivial parameters from neural networks,
which provides a valuable perspective for analyzing neural network behaviors.

Quantifying the complexity of interactions. Definition 2.1 uses the distribution of interaction
strength over different orders to measure a DNN’s representational complexity (see Figure 3).

Definition 2.1 Given a set of AND interactions Ω̂and and a set of OR interactions Ω̂or, the total
strength of all m-order positive interactions I(m),+(Ω̂and, Ω̂or) and the total strength of all m-order
negative interactions I(m),−(Ω̂and, Ω̂or) are defined as follows:

I(m),+(Ω̂and, Ω̂or) =
∑

S∈Ω̂and:|S|=m
max(Iand

S , 0) +
∑

S∈Ω̂or:|S|=m
max(Ior

S , 0),

I(m),−(Ω̂and, Ω̂or) =
∑

S∈Ω̂and:|S|=m
min(Iand

S , 0) +
∑

S∈Ω̂or:|S|=m
min(Ior

S , 0).
(4)

Quantifying the generalizability of interactions. According to the original definition (Zhou et al.,
2024), the interaction S is considered generalizable if it consistently contributes similar salient in-
teraction effects across different testing samples. However, it requires to check interactions through
all testing samples, which is computational infeasible. Thus, we adopt an approximate yet more
efficient method (He et al., 2025) to identify generalizable interactions.
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Figure 3: Changes of the distributions of I(m),+, I(m),−, I(m),+
preserved, and I

(m),−
preserved when the pruning ratio

increases. These changes can be divided into three phases. See Appendix J for more results.

Specifically, we train a separate DNN on testing samples, referred to as a reference DNN. An inter-
action S is defined generalizable if it is also utilized by this reference DNN for inference. This is
because all interactions encoded by the reference DNN are learned from the testing samples.

Definition 2.2 Let us be given a salient AND interaction S extracted by a DNN v(·) from the input
sample x, subject to |Iand

S | > τ . If this AND interaction is also extracted as a salient interaction
by reference DNN v∗(·), and produces a consistent effect (i.e., |I∗,and

S | > τ and Iand
S · I∗,and

S > 0),
then we consider this interaction generalizable. The generalizability of an OR interaction is defined
similarly. Generalizable AND/OR interactions can be identified by the following two binary metrics:

Gand
S = 1(|I∗,and

S |>τ and I∗,and
S ·Iand

S >0), Gor
S= 1(|I∗,or

S |>τ and I∗,or
S ·Ior

S>0) (5)

where Gand
S ∈ {0, 1} and Gor

S ∈ {0, 1}. 1(·) is an indicator function. It returns 1 if the condition is
true, and returns 0 otherwise. I∗,and

S and I∗,or
S represent the numerical effects of the AND interaction

S and the OR interaction S, respectively, extracted by the reference DNN.

2.3 THREE-PHASE DYNAMICS OF INTERACTIONS DURING PROGRESSIVE PRUNING

In this paper, we explore the dynamics of interactions. When we progressively increase the pruning
ratio applied to a DNN, we discover a distinct three-phase dynamics of interaction complexities
(orders), which well explains the performance change of the pruned DNN.

Quantifying the removed and preserved interactions after parameter pruning. To this end, we
propose a set of metrics to quantify the change of interactions after parameter pruning. Given an
original DNN v(·) and a pruned DNN v′(·), we follow (Chen et al., 2024) to extract two sets of
interaction weights {Iand

S , Ior
S | S ⊆ N} and {I ′and

S , I ′
or
S | S ⊆ N} from each model, respectively.

Then, we define the interactions removed after parameter pruning as follows.

Definition 2.3 Let us be given a salient AND interaction S extracted by the original DNN v(·)
from the input x, subject to |Iand

S | > τ . If this interaction is no longer salient in the pruned DNN
v′(·) (subject to |I ′and

S | ≤ τ ) or exhibits a contrary effect (I ′and
S · Iand

S < 0), then this interaction is

5
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the pruning ratio increases. Please see Appendix J for results on more DNNs.

considered to have been removed by the parameter pruning operation. Thus, we use the following
binary metrics to identify the removed AND/OR interactions.

Rand
S =1(|I ′and

S |≤τ or I ′
and
S ·Iand

S <0), Ror
S =1(|I ′or

S |≤τ or I ′
or
S·Ior

S<0) (6)

Thus, let us use Ωand = {S ⊆ N : |Iand
S | > τ} and Ωor = {S ⊆ N : |Ior

S | > τ} to denote the
sets of salient AND-OR interactions extracted from the orginal DNN v(·). Accordingly, we can use
Ωand

preserved = {S ∈ Ωand : Rand
S = 0} and Ωor

preserved = {S ∈ Ωor : Ror
S = 0} to denote the preserved

AND-OR interactions extracted from the pruned DNN v′(·).
Evaluation metric. We measure the ratio of low-order interactions (1-st to 3-rd order) that are
preserved after parameter pruning, denoted by ρlow, and the ratio of the preserved high-order inter-
actions (4-th to n-th order), denoted by ρhigh, to evaluate the representation quality of the pruned
DNN. This is because, according to Section 2.2 and Liu et al. (2023); Zhou et al. (2024), high-order
interactions are less generalizable to testing samples and more sensitive to feature noises than low-
order interactions. Thus, if the pruning operation mainly removes high-order interactions (causing
a low ρhigh value), then such removal usually has little effect on the DNN’s performance, because
most removed interactions are offsetting high-order interactions. Conversely, if the pruning opera-
tion mainly removes low-order interactions (causing a low ρlow value), the DNN’s performance will
be significantly degraded.

ρlow =

∑
type∈{and,or}

∑
S∈Ωtype:1≤|S|≤3 |I

type
S | · (1−Rtype

S )∑
type∈{and,or}

∑
S∈Ωtype:1≤|S|≤3 |I

type
S |

ρhigh =

∑
type∈{and,or}

∑
S∈Ωtype:4≤|S|≤n |I

type
S | · (1−Rtype

S )∑
type∈{and,or}

∑
S∈Ωtype:4≤|S|≤n |I

type
S |

(7)

Figure 3 compares the distribution of interaction strength over different orders between those
extracted from the original DNN v(·) (measured by I(m),+ = I(m),+(Ωand,Ωor) and I(m),− =

I(m),−(Ωand,Ωor) ) and those extracted from the pruned DNN v′(·) (measured by I
(m),+
preserved =

I(m),+(Ωand
preserved,Ω

or
preserved) and I

(m),−
preserved=I(m),−(Ωand

preserved,Ω
or
preserved) ). Figure 4 shows the changes of the

ratio of low-order interaction strength that are preserved after pruning ρlow and the ratio of preserved
high-order interaction strength ρhigh when the pruning ratio increases, along with the testing perfor-
mance of DNNs (measured by classification accuracy or language modeling perplexity). Based on
the above experimental results, we can divide the entire dynamics of interactions into three phases.

•Phase 1: As Figure 3 and Figure 4 shows, when the pruning ratio is low, only high-order interac-
tions are removed, while low-order ones remain largely unaffected (i.e., ρhigh noticeably decreases
but ρlow ≈ 1). Note that the removal of high-order interactions usually does not affect the testing
accuracy, which has been supported by multiple lines of evidence. (1) Zhou et al. (2024) have found
that high-order interactions are less generalizable to testing samples than low-order interactions. (2)
The interactions removed in this phase exhibit a spindle-shaped distribution over different orders. A
half of these removed interactions produce positive effects and boost the classification score, while
the other half produce negative effects and reduce the classification score.
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Table 1: Analysis of three-phase dynamics of interactions.
Perspectives Phase 1 Phase 2 Phase 3

Testing accuracy barely affected significantly decreased remains low

Low-order interactions slightly removed significantly removed most have been removed

High-order interactions significantly removed significantly removed most have been removed

Genralizability of the removed slightly increase significantly increase most have been removed

Genralizability of the emerged remains low remains low remains low

•Phase 2: When the pruning ratio further increases, low-order interactions are also removed besides
the removal of high-order interactions. The testing accuracy begins to decrease. The decrease of
the testing accuracy is caused by the removal of low-order interactions, because most low-order
interactions have been found by Zhou et al. (2024) to represent well-trained inference patterns that
can generalize to testing samples.

•Phase 3: When the pruning ratio increases to even higher levels, both low-order and high-order
interactions show only minor changes because most of them have already been removed. The testing
accuracy remains extremely low under excessive parameter pruning.

In sum, when the pruning ratio is low (during Phase 1), parameter pruning mainly removes high-
order interactions, which barely affects the performance of DNNs. In contrast, when the pruning
ratio is high (during Phases 2 and 3), low-order interactions start to be removed, which explains the
performance degradation of DNNs. This discovery provides further support for the assumption in
prior work on symbolic generalizability (Zhou et al., 2024; Cheng et al., 2025).

Settings for network pruners. We conducted experiments on eight DNNs with three network
prunners. The eight DNNs included two LLMs for language generation, two ViT models, and four
CNNs for image classification. Considering the adaptability of pruning algorithms to models, (1)
we applied LLM-Pruner (Ma et al., 2023) to two different LLMs, including DeepSeek-R1-Distill-
LLaMA-8B model (DeepSeek-AI et al., 2025) and LLaMA-3.1-8B model (Grattafiori et al., 2024);
(2) we applied Isomorphic-Pruning (Fang et al., 2024) to two residual networks and two ViT models
pretrained on the ImageNet-1k dataset (Russakovsky et al., 2015); (3) we applied DepGraph (Fang
et al., 2023) to two small networks for image classification on the CIFAR-10 dataset (Krizhevsky,
2009). Please refer to Appendix H for detailed settings and Appendix J for detailed results.

2.4 UNDERSTANDING THE THREE-PHASE DYNAMICS IN TERMS OF GENERALIZABILITY

In this subsection, we aim to explore the three-phase dynamics of the generalizability of interactions.
The precise and fine-grained explanation of detailed performance changes of a DNN presents the
core challenge for symbolic generalization.

Specifically, the dynamics of generalizability of interactions can well explain the change of general-
izability of the DNN. Table 1 shows the analytical results of the three-phase dynamics of interactions
from multiple perspectives. Detailed results can be found in Appendix J.

Distribution of generalizable interactions. Based on Definition 2.1, the distribution of generaliz-
able interactions across each m-th order can be quantified by the total strength of all positive gener-
alizable interactions I

(m),+
generalizable= I(m),+(Ωand

generalizable,Ω
or
generalizable) , and the total strength of all negative

generalizable interactions I
(m),−
generalizable= I(m),−(Ωand

generalizable,Ω
or
generalizable) , where Ωand

generalizable= {S ∈ Ωand :

Gand
S = 1} and Ωor

generalizable= {S ∈ Ωor : Gor
S = 1} denote the sets of generalizable AND interactions and

generalizable OR interactions, respectively.

Figure 26 in Appendix K shows the distributions of I(m),+, I(m),−, I
(m),+
generalizable and I

(m),−
generalizable over

different orders, which are extracted from eight DNNs. Most generalizable interactions are low-
order interactions, and most high-order interactions cannot generalize to the reference DNN. Thus,
these high-order interactions are considered as non-generalizable patterns.

Exploring the efficiency of parameter pruning in terms of generalizability of the removed
interactions. We investigate generalizability of interactions removed by parameter pruning, and
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Table 2: Efficiency of parameter pruning in the three-phases. See Appendix J for more results.
Architecture Phase 1 Phase 2 Phase 3

ResNet-56 e1.21→14.65 = 0.92 e14.65→39.68 = 0.78 e39.68→50.27 = 0.38

VGG-19 e21.64→62.02 = 0.89 e62.02→88.54 = 0.61 e88.54→99.23 = 0.36

DeepSeek-R1-Distill-LLaMA-8B e0.23→3.37 = 0.78 e3.37→20.96 = 0.75 −
LLaMA-3.1-8B e0.23→3.37 = 0.74 e3.37→20.96 = 0.70 −

thereby analyze the detailed utility of a neural network compression method. In the first phase,
pruning mainly removes non-generalizable interactions. In the second and third phases, it mainly
removes generalizable interactions, which affects the DNNs’ performance. To verify this, let us first
quantify the total strength of all removed interactions Aremoved, as well as the strength of removed
generalizable interactions Gremoved.

Aremoved=
∑
type∈

{and,or}

∑
S∈Ωtype

|I type
S | ·Rtype

S , Gremoved=
∑
type∈

{and,or}

∑
S∈Ωtype

|I type
S | ·Rtype

S ·Gtype
S (8)

In this way, let Aremoved(r1) and Aremoved(r2) denote the total strength of the removed interactions
at two compression ratios r1 and r2 (r2 > r1). Correspondingly, we compute Gremoved(r1) and
Gremoved(r2) based on the generalizable interactions. Then, the efficiency of parameter pruning
er1→r2 within the interval [r1, r2] is defined as follows.

er1→r2 = 1− Gremoved(r2)−Gremoved(r1)

Aremoved(r2)−Aremoved(r1)
(9)

This metric reflects the ratio of non-generalizable interactions to all the removed interactions. A
higher value of er1→r2 indicates that less generalizable interactions are newly removed at pruning
ratio r2, compared with the DNN obtained with the pruning ratio r1. We conducted experiments
to illustrate the generalizability of the removed interactions after parameter pruning. According to
Definition 2.2, we need to train reference DNNs from scratch on the testing samples. However, for
large-scale models, it is often difficult to identify their training and testing samples. More impor-
tantly, retraining the model from scratch is impractical. Therefore, we used other classic models that
were independently trained as the reference DNNs. Please see Appendix H for details.

Table 2 shows that parameter pruning exhibits fully different efficiency values er1→r2 in different
phases. Specifically, (1) in the first phase when the pruning ratio increases is low, the pruning
operation mainly removes high-order interactions, but few generalizable interaction are removed,
thereby exhibiting a high pruning efficiency er1→r2 . The performance of the DNN is not affected
significantly, and generalizability of the entire DNN is largely preserved after parameter pruning. (2)
In the second phase, both low-order interactions and high-order interactions are gradually removed.
In this way, generalizable interactions (mainly of low orders) are removed, and the efficiency value
er1→r2 begins to decreases. As a result, the testing accuracy of the DNN decreases significantly. (3)
In the third phase, since most interactions in the original DNN have been removed, the performance
of the DNN does not decrease a lot, and the very few removed interactions lead to an unstable
efficiency er1→r2 .

Exploring generalizability of the emerged interactions during the three-phase dynamics. In
addition to removing interactions, we notice that the parameter-pruning operation may also bring in
some new interactions. Generally, we consider these newly emerged interactions to be purely noise
patterns, because parameter pruning does not involve any data-driven learning process. In order to
verify this hypothesis, we define and quantify the emerged interactions as follows.

Definition 2.4 Let us be given a salient AND interaction S extracted by the pruned DNN v′(·) from
the input x, subject to |I ′and

S | > τ . If this interaction is negligible in the original DNN v(·) (subject
to |Iand

S | ≤ τ ), then this interaction is considered as an emerged interaction after parameter pruning.
The emergence of an OR interaction is defined similarly. Thus, we use the following binary metrics
Eand

S , Eor
S ∈ {0, 1} to represent the emergence of AND-OR interactions.

Eand
S =1(|Iand

S |≤τ and |I ′and
S |>τ), Eor

S=1(|Ior
S |≤τ and |I ′and

S |>τ) (10)
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①

④

②

③
(m),

emerged

−
I

(m),

emerged

+
I

(m),

emerged, gen

−
I

(m),

emerged, gen

+
I

orders

VGG-19

pruning ratio = 88.54%
orders

ResNet-56

pruning ratio = 39.68%
orders

DeepSeek-R1-
Distill-LLaMA-8B

pruning ratio = 20.96%
orders

LLaMA-3.1-8B

pruning ratio = 20.96%

Figure 5: The distributions of I(m),+
emerged, I

(m),−
emerged, I

(m),+
emerged,gen and I

(m),−
emerged,gen. Emerged interactions are barely

generalizable. Please see Appendix J for results on more DNNs.

In this way, the distribution of emerged interactions over different orders after parameter pruning
can be quantified by the total strength of all positive and negative emerged interactions, denoted
by I

(m),+
emerged = I(m),+(Ωand

emerged,Ω
or
emerged) and I

(m),−
emerged = I(m),−(Ωand

emerged,Ω
or
emerged), respectively, and the total

strength of all positive and negative emerged generalizable interactions, denoted by I
(m),+
emerged,gen =

I(m),+(Ωand
emerged,gen,Ω

or
emerged,gen) and I

(m),−
emerged,gen = I(m),−(Ωand

emerged,gen,Ω
or
emerged,gen), respectively.

Ωand
emerged={S ∈ Ωand : Eand

S = 1}, Ωor
emerged={S ∈ Ωor : Eor

S = 1}
Ωand

emerged,gen={S ∈ Ωand : Eand
S = Gand

S = 1}, Ωor
emerged,gen={S ∈ Ωor : Eor

S= Gor
S= 1}

(11)

where Ωand
emerged and Ωor

emerged denote the sets of emerged interactions, and Ωand
emerged,gen ⊆ Ωand

emerged and
Ωor

emerged,gen ⊆ Ωor
emerged denote the subsets of interactions that are generalizable, respectively.

We conducted experiments to illustrate the generalizability of the emerged interactions after param-
eter pruning. We used the same reference DNN as in Section 2.3, when we analyzed generalizability
of removed interactions. Figure 5 shows the distribution of the emerged interations brought by the
parameter pruning operation at a certain pruning ratio. Most emerged interactions exhibts mutually
offsetting effects and have low generalizability. A half of emerged interactions boost the classifica-
tion score, and the other half decrease the classification score. According to He et al. (2025), such
newly emerged mutually offsetting interactions usually represent fully noise patterns.

In summary, parameter pruning affects the DNN in two ways. (1) It removes both generalizable and
non-generalizable interactions, and (2) it also brings in some new non-generalizable interactions.
The observed alignment between the change of a DNN’s generalizability and the dynamics of inter-
actions further validates strong connection between the generalizability of the entire DNN and the
generalizability of its compositional interactions.

3 CONCLUSION

In this paper, we have discovered a specific three-phase dynamics of interactions encoded by DNNs,
when parameters are pruned under progressively increasing pruning ratios. Compared to traditional
black-box evaluations, interaction-based analysis offers a more insightful perspective to understand
the explicit influence of parameter pruning on the complexity and generalizability of a DNN’s in-
teraction representations. Specifically, we find that low-order interactions generally exhibit substan-
tially stronger generalizability than high-order ones, and they tend to persist until relatively high
pruning ratios are reached. Since we have discovered that performance degradation in neural net-
works can be largely attributed to the removal of generalizable low-order interactions, this work
provides a new perspective to analyze the optimal compression ratio at the level of interactions.

While the three-phase dynamics of interactions has been consistently observed across multiple neu-
ral networks and tasks, a rigorous theoretical account of its root cause remains absent. In particular,
it it is unclear why low-order interactions exhibit significantly greater robustness to pruning.

Our method is of considerable application value. In preliminary follow-up works, we penalize all
non-generalizable interactions during the training of the DNN, which enables the DNN to be com-
pressed at higher pruning ratios while maintaining its performance (see Appendix B).
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A RELATED WORK ON SYMBOLIC GENERALIZABILITY

Using interactions to explain the detailed inference logic encoded by a DNN. Prior works on
symbolic generalizability (Kang et al., 2024; Li & Zhang, 2023b; Tsai et al., 2023; Sundarara-
jan et al., 2020) proposed to explain the inference logic of a DNN by quantifying the interactions
among input variables encoded by the DNN. Building on this, Ren et al. (2024a) further proved that
networks producing relatively smooth outputs across different input perturbations typically encode a
small number of interactions. Chen et al. (2024) developed an algorithm to extract interactions that
were commonly encoded by multiple different neural networks. Ren et al. (2023b) further improved
a method to optimize the baseline value, which was used for interaction extraction.

Using interactions to explain the generalizability of a DNN. Futhermore, symbolic generalizabil-
ity research explain a DNN’s generalizability as the overall generalizability of its compositional in-
teractions. Zhou et al. (2024) found that high-order interactions usually generalize worse to testing
samples than lower-order interactions. citetren2021towards further found that these higher-order
interactions also showed poorer adversarial robustness. Ren et al. (2023c) found that mean-field
Bayesian neural networks typically struggled more than regular neural networks in modeling higher-
order interactions.

Although symbolic generalizability offers a powerful strategy to explain the inference logic of DNNs
and their generalizability across different data domains, existing studies still leave a blank in the
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field of post-training interventional techniques. To this end, by investigating parameter pruning
techniques, this paper bridges a crucial gap between symbolic generalizability theory and parameter
pruning techniques, and offers a new perspective for understanding how interventional techniques,
such as parameter pruning operations, reshape network representation quality and generalizability.

Comparison with mechanistic interpretability. Mechanistic interpretability treats a neural net-
work as a collection of distinct components rather than a single black box (Zhou et al., 2019; Meng
et al., 2022; Wang et al., 2023). It studies the roles of individual neurons, attention heads, or sub-
networks, and how these parts work together to produce the model’s overall behavior. Instead of
physically dividing a neural network into sub-components, symbolic generalizability treats a neural
network as a whole and explains the inference logic equivalently encoded by the network using a set
of AND-OR interactions.

B PRACTICAL VALUE OF OUR FINDINGS

According to our findings, low-order generalizable interactions are removed at higher pruning ra-
tios than high-order non-generalizable interactions. Based on this observation, in follow-up studies
we penalize the strength of all non-generalizable interactions during DNN training. This method
encourages the DNN to encode more generalizable interactions.

We trained VGG-16 (Simonyan & Zisserman, 2015) and AlexNet (Krizhevsky et al., 2012) on the
TinyImageNet dataset (Le & Yang, 2015), both with and without the proposed penalty.

As shown in Figure 6, DNNs trained with this penalty maintained their performance under higher
pruning ratios compared to DNNs trained without it.

VGG-16 AlexNet

pruning ratio pruning ratio

To
p

-5
 A

cc
u
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cy

 (
%

)

To
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-5
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u
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%

)

w/o penalty on
non-generalizable
interactions strength

w/ penalty on
non-generalizable
interactions strength

Figure 6: Top-5 classification accuracy of pruned VGG-16 and pruned AlexNet on TinyImageNet
under different pruning ratio.

C PROPERTIES OF THE AND INTERACTION

The Harsanyi interaction Harsanyi (1963) (referred to as the AND interaction in this work) has been
a conventional metric for measureing the effect of the AND relationship that a DNN encodes among
input variables. In this section, we introduce several desirable axioms that the AND interaction Iand

T

adheres to. These properties further underscore the reliability of using AND interactions to explain
the inference score of a DNN.

(1) Efficiency axiom (proven by Harsanyi (1963)). The output score of a model can be decomposed
into interaction effects of different patterns, i.e. v(x) =

∑
T⊆N Iand

T .

(2) Linearity axiom. If we merge output scores of two models v1 and v2 as the output of model v,
i.e. ∀S ⊆ N, v(xS) = v1(xS) + v2(xS), then their interaction effects Iand

T,v1
and Iand

T,v2
can also be

merged as ∀T ⊆ N, Iand
T,v = Iand

T,v1
+ Iand

T,v2
.

(3) Dummy axiom. If a variable i ∈ N is a dummy variable, i.e. ∀S ⊆ N \ {i}, v(xS∪{i}) =
v(xS) + v(x{i}), then it has no interaction with other variables, ∀ ∅ ̸= T ⊆ N \ {i}, Iand

T∪{i} = 0.

13
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(4) Symmetry axiom. If input variables i, j ∈ N cooperate with other variables in the same way,
∀S ⊆ N \{i, j}, v(xS∪{i}) = v(xS∪{j}), then they have same interaction effects with other variables,
∀T ⊆ N \ {i, j}, Iand

T∪{i} = Iand
T∪{j}.

(5) Anonymity axiom. For any permutations π on N , we have ∀T ⊆N, Iand
T,v = Iand

πT,πv, where πT
def
=

{π(i)|i ∈ T}, and the new model πv is defined by (πv)(xπS) = v(xS). This indicates that interaction
effects are not changed by permutation.

(6) Recursive axiom. The interaction effects can be computed recursively. For i ∈ N and T ⊆ N\{i},
the interaction effect of the pattern T ∪{i} is equal to the interaction effect of T with the presence of
i minus the interaction effect of T with the absence of i, i.e. ∀T ⊆N \{i}, Iand

T∪{i} = Iand
T,i present − Iand

T .
Iand
T,i present denotes the interaction effect when the variable i is always present as a constant context,

i.e. Iand
T,i present =

∑
L⊆T (−1)|T |−|L| · v(xL∪{i}).

(7) Interaction distribution axiom. This axiom characterizes how interactions are distributed for
“interaction functions” Sundararajan et al. (2020). An interaction function vT parameterized by a
subset of variables T is defined as follows. ∀S ⊆ N , if T ⊆ S, vT (xS) = c ; otherwise, vT (xS) = 0.
The function vT models pure interaction among the variables in T , because only if all variables in
T are present, the output value will be increased by c. The interactions encoded in the function vT
satisfies Iand

T = c, and ∀S ̸= T , Iand
S = 0.

D DIFFERENT PROPERTIES OF LOW-ORDER AND HIGH-ORDER
INTERACTIONS

As Figure 3 and Figure 26 show, interactions of different orders exhibit distinct properties.

(1) Among all low-order interactions (including interactions of the 1st and 3rd orders), there are
more low-order interactions with positive effects than those with negative effects, suggesting that
low-order interactions serve as the primary inference patterns to boost the classification confidence.
(2) Most high-order interactions, which range from the 4th to the n-th order, usually exhibit mutu-
ally offsetting effects, i.e., a half of the high-order interactions increase the classification confidence,
while the other half decrease the classification confidence.

E COMMON CONDITIONS FOR SPARSE INTERACTIONS

Ren et al. (2024a) have proved three sufficient conditions for the sparsity of AND interactions.

Condition 1. The DNN does not encode extremely high-order interactions: ∀ T ∈ {T ⊆ N | |T | ≥
M + 1}, Iand

T = 0.

Condition 1 is common because extremely high-order interactions usually represent very complex
and over-fitted patterns, which are unlikely to be learned by a well-trained DNN in real scenarios.

Condition 2. Let ū(k) def
= E|S|=k[v(xS) − v(x∅)] denote the average classification confidence of the

DNN over all masked samples xS with k unmasked input variables. This average classification
confidence monotonically increases when k increases: ∀ k′ ≤ k, ū(k′) ≤ ū(k).

Condition 2 implies that a well-trained DNN is likely to have higher average classification confi-
dence for less masked input samples.

Condition 3. Given the average classification confidence ū(k) of samples with k unmasked input
variables, there is a polynomial lower bound for the average classification confidence with k′(k′ ≤
k) unmasked input variables: ∀ k′ ≤ k, ū(k′) ≥ ( k

′

k
)p ū(k), where p > 0 is a constant.

Condition 3 suggests that the classification confidence of the DNN remains relatively stable even
when presented with masked input samples. In real-world applications, the classification or detec-
tion of masked or occluded samples frequently occurs. As a result, a well-trained DNN typically
develops the ability to classify such masked inputs by leveraging local information, which can be
derived from the visible portions of the input. Consequently, the model should not produce a sub-
stantially reduced confidence score for masked samples.
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F DETAILS OF EXTRACTING THE SPARSEST AND-OR INTERACTIONS

A method is proposed Chen et al. (2024); Li & Zhang (2023a) to simultaneously extract AND
interactions Iand

T and OR interactions IOR
T from the network output. Given a masked sample xL,

Li & Zhang (2023a) proposed to learn a decomposition v(xL) = uand
L + uOR

L towards the sparsest
interactions. The component uand

L was explained by AND interactions, and the component uOR
L was

explained by OR interactions. Specifically, they decomposed v(xL) into uand
L = 0.5 · v(xL) + γL

and uOR
L = 0.5 · v(xL)− γL, where {γL : L ⊆ N} is a set of learnable variables that determine the

decomposition. In this way, the AND interactions and OR interactions can be computed according
to Theorem 2.1, i.e., Iand

T =
∑

L⊆T (−1)|T |−|L|uand
L , and IOR

T = −
∑

L⊆T (−1)|T |−|L|uOR
N\L.

The parameters {γL} were learned by minimizing the following LASSO-like loss to obtain sparse
interactions:

min
{γL}

∑
T⊆N

|Iand
T |+ |IOR

T | (12)

The following pseudocode 1 outlines the core procedure of extracting AND-OR interactions.

Algorithm 1 Computing AND-OR interactions
1: Input: Input sample x, the DNN v(·)
2: Output: A set of interactions IAND

S and IOR
S

3: for S ⊆ N do
4: For each masked sample xS , compute the confidence score v(xS) based on Eq. (1);
5: end for
6: for S ⊆ N do
7: Given v(xS) for all combinations S ⊆ N , compute each AND interaction effect IAND

S and
each OR interaction effect IOR

S via min{γT }
∑

S⊆N,S ̸=∅[|IAND
S |+ |IOR

S |];
8: end for
9: return IAND

S , IOR
S

Furthermore, to extract interactions shared between the original DNN v(x) and the pruned DNN
v′(x), we modified the objective as:

min
{γL}

∑
T⊆N

(
|Iand

T |+ |Ior
T |+ |I ′and

T |+ |I ′or
T |

)
+

∑
T⊆N

(
|min(0, Iand

T , I ′and
T )|+ |max(0, Iand

T , I ′and
T )|

+ |min(0, Ior
T , I

′or
T )|+ |max(0, Ior

T , I
′or
T )|

)
(13)

Removing small noises. A small noise δ in the network output may significantly affect the extracted
interactions, especially for high-order interactions. Thus, Li et al. Li & Zhang (2023a) proposed to
learn to remove a small noise term δT from the computation of AND-OR interactions. Specifically,
the decomposition was rewritten as uand

L = 0.5(v(xL)−δL)+γL and uOR
L = 0.5(v(xL)−δL)+γL.

Thus, the parameters {δL} and {γL} are simultaneously learned by minimizing the loss function in
Eq. (12). The values of {δL} were constrained in [−ζ, ζ] where ζ = 0.02 · |v(x)− v(x∅)|.

G PROOF OF THEOREM 2.1

Proof G.1 (1) Universal matching property of AND interactions.

We will prove that output component uAND
S on all 2n masked samples {xS : S ⊆ N} could be

universally explained by the all interactions in S ⊆ N , i.e., ∀∅ ≠ S ⊆ N, uAND
S =

∑
∅̸=T⊆S IAND

T +

v(x∅). In particular, we define uAND
∅ = v(x∅) (i.e., we attribute output on an empty sample to AND

interactions).

15
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Specifically, the AND interaction is defined as IAND
T =

∑
L⊆T (−1)|T |−|L|uAND

L . To compute the
sum of AND interactions

∑
∅̸=T⊆S IAND

T =
∑

∅̸=T⊆S

∑
L⊆T (−1)|T |−|L|uAND

L , we first exchange
the order of summation of the set L ⊆ T ⊆ S and the set T ⊇ L. That is, we compute all
linear combinations of all sets T containing L with respect to the model outputs uAND

L given a set of
input variables L, i.e.,

∑
T :L⊆T⊆S(−1)|T |−|L|uAND

L . Then, we compute all summations over the set
L ⊆ S.

In this way, we can compute them separately for different cases of L ⊆ T ⊆ S. In the following, we
consider the cases (1) L = S = T , and (2) L ⊆ T ⊆ S,L ̸= S, respectively.

(1) When L = S = T , the linear combination of all subsets T containing L with respect to the
model output uAND

L is (−1)|S|−|S|uAND
L = uAND

L .

(2) When L ⊆ T ⊆ S,L ̸= S, the linear combination of all subsets T containing L with respect to
the model output uAND

L is
∑

T :L⊆T⊆S(−1)|T |−|L|uAND
L . For all sets T : S ⊇ T ⊇ L, let us consider

the linear combinations of all sets T with number |T | for the model output uAND
L , respectively. Let

m := |T | − |L|, (0 ≤ m ≤ |S| − |L|), then there are a total of Cm
|S|−|L| combinations of all sets

T of order |T |. Thus, given L, accumulating the model outputs uAND
L corresponding to all T ⊇ L,

then
∑

T :L⊆T⊆S(−1)|T |−|L|uAND
L = uAND

L ·
∑|S|−|L|

m=0
Cm

|S|−|L|(−1)m︸ ︷︷ ︸
=0

= 0. Please see the complete

derivation of the following formula.

∑
∅̸=T⊆S

IAND
T =

∑
∅̸=T⊆S

∑
L⊆T

(−1)|T |−|L|uAND
L

=
∑

L⊆S

∑
T :L⊆T⊆S

(−1)|T |−|L|uAND
L − uAND

∅

=uAND
S︸︷︷︸

L=S

+
∑

L⊆S,L ̸=S
uAND
L ·

∑|S|−|L|

m=0
Cm

|S|−|L|(−1)m︸ ︷︷ ︸
=0

−uAND
∅

=uAND
S − uAND

∅ = uAND
S − v(x∅)

(14)

Thus, we have ∀∅ ≠ S ⊆ N, uand
S =

∑
∅≠T⊆S Iand

T + v(x∅).

(2) Universal matching property of OR interactions.

According to the definition of OR interactions, we will derive that ∀S ⊆ N, uOR
S =

∑
T :T∩S ̸=∅ I

OR
T ,

where we define uOR
∅ = 0 (recall that in Step (1), we attribute the output on empty input to AND

interactions).

Specifically, the OR interaction is defined as IOR
T = −

∑
L⊆T (−1)|T |−|L|uOR

N\L. Similar to the
above derivation of the universal matching theorem of AND interactions, to compute the sum of
OR interactions

∑
T :T∩S ̸=∅ I

OR
T =

∑
T :T∩S ̸=∅

[
−
∑

L⊆T (−1)|T |−|L|uOR
N\L

]
, we first exchange the

order of summation of the set L ⊆ T ⊆ N and the set T : T ∩S ̸= ∅. That is, we compute all linear
combinations of all sets T containing L with respect to the model outputs uOR

N\L given a set of input

variables L, i.e.,
∑

T :T∩S ̸=∅,T⊇L(−1)|T |−|L|uOR
N\L. Then, we compute all summations over the set

L ⊆ N .

In this way, we can compute them separately for different cases of L ⊆ T ⊆ N,T ∩ S ̸= ∅. In
the following, we consider the cases (1) L = N \ S, (2) L = N , (3) L ∩ S ̸= ∅, L ̸= N , and (4)
L ∩ S = ∅, L ̸= N \ S, respectively.

(1) When L = N \S, the linear combination of all subsets T containing L with respect to the model
output uOR

N\L is
∑

T :T∩S ̸=∅,T⊇L(−1)|T |−|L|uOR
N\L =

∑
T :T∩S ̸=∅,T⊇L(−1)|T |−|L|uOR

S . For all sets
T : T ⊇ L, T ∩ S ̸= ∅ (then T ̸= N \ S, T ̸= L), let us consider the linear combinations of all sets
T with number |T | for the model output uOR

S , respectively. Let |T ′| := |T | − |L|, (1 ≤ |T ′| ≤ |S|),
then there are a total of C |T ′|

|S| combinations of all sets T ′ of order |T ′|. Thus, given L, accumulating

16



864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917

Under review as a conference paper at ICLR 2026

the model outputs uOR
S corresponding to all T ⊇ L, then

∑
T :T∩S ̸=∅,T⊇L(−1)|T |−|L|uOR

N\L = uOR
S ·∑|S|

|T ′|=1
C

|T ′|
|S| (−1)|T

′|︸ ︷︷ ︸
=−1

= −uOR
S .

(2) When L = N (then T = N ), the linear combination of all subsets T containing L with respect
to the model output uOR

N\L is
∑

T :T∩S ̸=∅,T⊇L(−1)|T |−|L|uOR
N\L = (−1)|N |−|N |uOR

∅ = uOR
∅ .

(3) When L ∩ S ̸= ∅, L ̸= N , the linear combination of all subsets T containing L with respect to
the model output uOR

N\L is
∑

T :T∩S ̸=∅,T⊇L(−1)|T |−|L|uOR
N\L. For all sets T : T ⊇ L, T ∩ S ̸= ∅,

let us consider the linear combinations of all sets T with number |T | for the model output uOR
S ,

respectively. Let us split |T | − |L| into |T ′| and |T ′′|, i.e., |T | − |L| = |T ′| + |T ′′|, where T ′ =
{i|i ∈ T, i /∈ L, i ∈ N \ S}, T ′′ = {i|i ∈ T, i /∈ L, i ∈ S} (then 0 ≤ |T ′′| ≤ |S| − |S ∩ L|) and
|T ′|+ |T ′′|+ |L| = |T |. In this way, there are a total of C |T ′′|

|S|−|S∩L| combinations of all sets T ′′ of
order |T ′′|. Thus, given L, accumulating the model outputs uOR

N\L corresponding to all T ⊇ L, then∑
T :T∩S ̸=∅,T⊇L(−1)|T |−|L|uOR

N\L = uOR
N\L ·

∑
T ′⊆N\S\L

∑|S|−|S∩L|

|T ′′|=0
C

|T ′′|
|S|−|S∩L|(−1)|T

′|+|T ′′|︸ ︷︷ ︸
=0

=

0.

(4) When L ∩ S = ∅, L ̸= N \ S, the linear combination of all subsets T containing L with respect
to the model output uOR

N\L is
∑

T :T∩S ̸=∅,T⊇L(−1)|T |−|L|uOR
N\L. Similarly, let us split |T | − |L|

into |T ′| and |T ′′|, i.e., |T | − |L| = |T ′| + |T ′′|, where T ′ = {i|i ∈ T, i /∈ L, i ∈ N \ S},
T ′′ = {i|i ∈ T, i ∈ S} (then 0 ≤ |T ′′| ≤ |S|) and |T ′| + |T ′′| + |L| = |T |. In this way,
there are a total of C |T ′′|

|S| combinations of all sets T ′′ of order |T ′′|. Thus, given L, accumulating

the model outputs uOR
N\L corresponding to all T ⊇ L, then

∑
T :T∩S ̸=∅,T⊇L(−1)|T |−|L|uOR

N\L =

uOR
N\L ·

∑
T ′⊆N\S\L

∑|S|

|T ′′|=0
C

|T ′′|
|S| (−1)|T

′|+|T ′′|︸ ︷︷ ︸
=0

= 0.

Please see the complete derivation of the following formula.

∑
T :T∩S ̸=∅

IOR
T =

∑
T :T∩S ̸=∅

[
−
∑

L⊆T
(−1)|T |−|L|uOR

N\L

]
= −

∑
L⊆N

∑
T :T∩S ̸=∅,T⊇L

(−1)|T |−|L|uOR
N\L

= −

 |S|∑
|T ′|=1

C
|T ′|
|S| (−1)|T

′|

 · uOR
S︸︷︷︸

L=N\S

− uOR
∅︸︷︷︸

L=N

−
∑

L∩S ̸=∅,L ̸=N

 ∑
T ′⊆N\S\L

|S|−|S∩L|∑
|T ′′|=0

C
|T ′′|
|S|−|S∩L|(−1)|T

′|+|T ′′|

 · uOR
N\L

−
∑

L∩S=∅,L ̸=N\S

 ∑
T ′⊆N\S\L

 |S|∑
|T ′′|=0

C
|T ′′|
|S| (−1)|T

′|+|T ′′|

 · uOR
N\L

= −(−1) · uOR
S − uOR

∅ −
∑

L∩S ̸=∅,L ̸=N

 ∑
T ′⊆N\S\L

0

 · uOR
N\L

−
∑

L∩S=∅,L ̸=N\S

 ∑
T ′⊆N\S\L

0

 · uOR
N\L

= uOR
S − uOR

∅

= uOR
S

(15)

(3) Universal matching property of AND-OR interactions.
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With the universal matching theorem of AND interactions and the universal matching theorem of OR interac-
tions, we can easily get v(xS) = uand

S + uOR
S = v(x∅) +

∑
∅≠T⊆S Iand

T +
∑

T :T∩S ̸=∅ I
OR
T , thus, we obtain the

universal matching theorem of AND-OR interactions.

H EXPERIMENTAL DETAIL

H.1 TRAINING SETTINGS

In this paper, we followed Fang et al. (2023) and trained VGG-19 Simonyan & Zisserman (2015)
and ResNet-56 He et al. (2016) on the CIFAR-10 dataset Krizhevsky (2009) for 200 epochs using
stochastic gradient descent (SGD) with a learning rate of 0.1, momentum of 0.9, and a weight decay
of 5× 10−4. The learning rate was decayed by a factor of 0.1 at epochs 120, 150, and 180. We used
a batch size of 128 in all experiments.

All experiments were conducted on a compute node equipped with dual Intel Xeon Silver 4310
CPUs (48 logical cores) and a combination of four NVIDIA A800 and two NVIDIA A100 GPUs
(each with 80GB memory).

H.2 PRUNING SETTINGS

Considering the adaptability of pruning algorithms to models, (1) we applied LLM-Pruner (Ma et al.,
2023) to prune DeepSeek-R1-Distill-LLaMA-8B model (DeepSeek-AI et al., 2025) and LLaMA-
3.1-8B model (Grattafiori et al., 2024); (2) we applied Isomorphic-Pruning (Fang et al., 2024) to
prune ResNet-50, ResNet-101 (He et al., 2016; Wightman et al., 2021), ViT-Small and ViT-Base
(Dosovitskiy et al., 2021; Steiner et al., 2022) pretrained on the ImageNet-1k dataset (Russakovsky
et al., 2015); (3) we used DepGraph (Fang et al., 2023) to prune VGG-19, ResNet-56 on the CIFAR-
10 dataset (Krizhevsky, 2009).

All other pruning settings followed the original settings in Ma et al. (2023); Fang et al. (2024; 2023),
respectively. No post-pruning finetuning was performed.

H.3 DETAILS ABOUT HOW TO CALCULATE INTERACTIONS FOR DIFFERENT DNNS

• For experiments on image classification models, since the computational cost of interactions
was intolerable, we applied a sampling-based approximation method to calculate AND-OR interac-
tions. Specifically, we considered the feature map after the low-layer as intermediate-layer features
of DNNs. We uniformly split each intermediate-layer feature map into s × s patches, and sampled
10 patches based on the highest significance values computed via gradient integration. For VGG-
19 and ResNet-56 on CIFAR-10, s = 8. For ResNet-50, ResNet-50, ViT-Small and ViT-Base on
ImageNet-1k, s = 7. These selected patches were considered as input variables for the correspond-
ing intermediate-layer feature. We used a specific feature vector as the baseline value to mask the
variables in N\T . The duration of the experiments ranges from 4 to 8 hours.

• For experiments on large language models, we manually collected 100 sentences for interaction
extraction, which cover topics such as corporate restructuring, science and technology, economic
policy, global trade, geopolitics, public health, political developments, cryptocurrency collapse,
monetary policy, and climate and energy equity. The zero-shot perplexity (PPL) analysis is per-
formed on WikiText2 dataset (Merity et al., 2017). We considered the outputs of the low-layer
corresponding to input words as input features. We considered the embeddings corresponding to
input features as input variables for each input sentence, and we randomly sampled 10 words, which
must have a specific meaning and not be stop words, to calculate interactions. We used the average
embedding over different input variables to mask the tokens in N\T . We used a specific feature
vector as the baseline value to mask the variables in N\T . The duration of the experiments ranges
from 6 to 8 hours.

Specifically, we empirically considered the first 4 convolutional layer of VGG-19 as the low layers,
and considered all the other 13 layers3 as the high layers. For ResNet-56, we consider the first 3

3VGG-19 for CIFAR-10 Krizhevsky (2009) has been simplified compared to the original VGG-19 archi-
tecture designed for ImageNet, by replacing the multi-layer perceptron (MLP) classifier with a single fully
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convolution layers as low layers. For ResNet-50 and ResNet-101, we consider the first 11 convolu-
tion layers as low layers. For AlexNet, ViT-Small and ViT-Base, we consider the first convolution
layer as low layers. Typically, we compute the mean distribution of interactions over 100 samples
for ResNet-56 on the CIFAR-10 dataset. We compute the mean distribution of interactions over 100
samples for VGG-19 on the CIFAR-10 dataset. We compute the mean distribution of interactions
over 100 samples for DeepSeek-R1-Distill-LLaMA-8B on the above manually collected data.

H.4 SETTINGS OF REFERENCE DNNS

We used VGG-19 and ResNet-56 as each other’s reference model. For ResNet-50 and ResNet-101,
we used the ViT-Base model as reference DNN. For ViT-Small and ViT-Base, we used the ResNet-
101 model as reference DNN. We used the Qwen-2.5-7B (Qwen et al., 2024) as the reference DNN
for the DeepSeek-R1-Distill-LLaMA-8B and LLaMA-3.1-8B model.

I ILLUSTRATION OF AND-OR LOGICAL MODEL

The following four figures show the logical models that mathematically represent the inference logic
of DeepSeek-R1-Distill-LLaMA-8B model and Qwen-2.5-7B on two input prompts, respectively.

+

𝐼𝑆
AND = 0.83

KN95

N95

𝐼𝑆
AND = 0.71

all people

𝐼𝑆
AND = 0.30

KF94 masksall people public

𝐼𝑆
AND = 0.33

KN95all people public

𝐼𝑆
AND = 0.18

public

𝐼𝑆
AND = 9.64

AND-OR Logical Model   h "𝑠𝑒𝑡𝑡𝑖𝑛𝑔𝑠" 𝒙

𝐼𝑆
AND = 2.15

KF94 masks

𝐼𝑆
AND = 1.10

publicKF94 masks

𝐼𝑆
AND = 0.47

publicKN95

𝐼𝑆
AND = 0.41

publicwear

𝐼𝑆
AND = 0.23

Health

𝐼𝑆
AND = 0.20

New York

N95wear KN95

𝐼𝑆
AND = 0.23

public

𝐼𝑆
OR = 0.15

wearall people

𝐼𝑆
OR = -0.17

publicKN95

all people

𝐼𝑆
OR = -0.18

publicwear

N95

𝐼𝑆
OR = -0.27

publicKN95

𝐼𝑆
OR = -0.73

publicKF94 masks

KF94 masksall people public

𝐼𝑆
OR = -0.17

KF94 masksN95 public

𝐼𝑆
OR = -0.33

KF94 masksKN95 public

𝐼𝑆
OR = -0.36

𝐼𝑆
AND = 0.24

wear

N95all people KN95

𝐼𝑆
AND = 0.18

KF94 masks public

𝐼𝑆
AND = 0.17

publicHealth

𝐼𝑆
AND = 0.17

recommends

N95all people public

𝐼𝑆
AND = 0.14

KN95

recommends

𝐼𝑆
AND = 0.15

KF94 masks public

N95all people KN95

𝐼𝑆
AND = 0.14

KF94 masks

N95all people public

𝐼𝑆
AND = 0.17

KF94 masks

recommendsNew York KF94 masks

𝐼𝑆
AND = 0.13

public

𝐼𝑆
AND = 0.38

publicN95

Figure 7: The logical model representing the inference logic of the DeepSeek-R1-Distill-LLaMA-
8B model on the input prompt “New York Department of Health recommends that all people should
wear N95, KN95, or KF94 masks in all public.” The predicted next word is “settings.”

connected layer and adapting the input resolution. The total number of layers, including both convolutional and
fully connected layers, remains 17 in the simplified VGG-19 model for CIFAR-10.
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Figure 8: The logical model representing the inference logic of the Qwen-2.5-7B model on the input
prompt “New York Department of Health recommends that all people should wear N95, KN95, or
KF94 masks in all public.” The predicted next word is “settings.”
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Figure 9: The logical model representing the inference logic of the DeepSeek-R1-Distill-LLaMA-
8B model on the input prompt “On June 11, 2018, OpenAI researchers and engineers published a
paper introducing the first generative pre-trained.” The predicted next word is “transformer.”
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Figure 10: The logical model representing the inference logic of the Qwen-2.5-7B model on the
input prompt “On June 11, 2018, OpenAI researchers and engineers published a paper introducing
the first generative pre-trained.” The predicted next word is “transformer.”

The following four figures show the logical models that mathematically represent the inference
logic of DeepSeek-R1-Distill-LLaMA-8B model (before and after pruning operation) on two input
prompts, respectively.
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Figure 11: The logical model representing the inference logic of the original DeepSeek-R1-Distill-
LLaMA-8B model on the input prompt “Earth’s greenhouse effect would be too weak to keep tem-
perature above freezing without.” The predicted next word is “carbon dioxide.”
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Figure 12: The logical model representing the inference logic of the pruned DeepSeek-R1-Distill-
LLaMA-8B model (under a pruning ratio of 41.01) on the input prompt “Earth’s greenhouse effect
would be too weak to keep temperature above freezing without.” The predicted next word is “carbon
dioxide.”

22



1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241

Under review as a conference paper at ICLR 2026

𝐼𝑆
AND = 2.650

+

AND-OR Logical Model   h "𝑏𝑜𝑛𝑑𝑠" 𝒙

called

financial

borrows

selling

products

borrows

by called

selling called

by called

financial called

𝐼𝑆
AND = 1.068

𝐼𝑆
AND = 0.623

𝐼𝑆
AND = 0.677

𝐼𝑆
AND = -0.660

𝐼𝑆
AND = 0.617

𝐼𝑆
AND = 0.737

borrows financial

𝐼𝑆
OR = 0.692

financialmoney

𝐼𝑆
OR = 0.338

selling products

𝐼𝑆
OR = 0.600

products called

𝐼𝑆
OR = 0.573

government

government

𝐼𝑆
OR = 0.365

financialby calledselling

𝐼𝑆
OR = -0.143

𝐼𝑆
OR = 0.092

𝐼𝑆
OR = -0.044

𝐼𝑆
OR = -0.035

𝐼𝑆
OR = -0.032

𝐼𝑆
OR = 0.031

calledborrows

government

moneyborrows products

𝐼𝑆
AND = -0.311

𝐼𝑆
AND = 0.303

𝐼𝑆
AND = 0.301

𝐼𝑆
AND = 0.418

calledsellingmoney

calledmoney

𝐼𝑆
AND = 0.264

money

borrows

products

𝐼𝑆
AND = -0.251

government

called

The

moneyborrows

𝐼𝑆
AND = -0.231

by calledselling

government sellingmoney financial

selling

𝐼𝑆
AND = 0.253

financial calledselling products

money selling financial

government sellingmoney financial called

moneyborrowsgovernment

called

The

by selling financial

moneyborrowsgovernment

called

The

selling products

borrowsgovernmentThe calledby financial

borrowsgovernment calledselling financial

𝐼𝑆
OR = -0.030

borrowsThe

𝐼𝑆
AND = 0.514

borrows called

𝐼𝑆
AND = -0.601

financial products

selling financial

𝐼𝑆
OR = 0.434

money financial

𝐼𝑆
OR = 0.416

money selling

𝐼𝑆
OR = -0.241

financial called

government money

𝐼𝑆
OR = -0.202

financial called

by financial

𝐼𝑆
OR = 0.179

Figure 13: The logical model representing the inference logic of the original DeepSeek-R1-Distill-
LLaMA-8B model on the input prompt “The government borrows money by selling financial prod-
ucts called.” The predicted next word is “bonds.”
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Figure 14: The logical model representing the inference logic of the pruned DeepSeek-R1-Distill-
LLaMA-8B model (under a pruning ratio of 41.01) on the input prompt “The government borrows
money by selling financial products called.” The predicted next word is “bonds.”
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J DETAILED RESULTS OF THE THREE-PHASE DYNAMICS OF INTERACTIONS

J.1 DETAILED RESULTS ON VGG-19
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Figure 15: The distributions of interactions and preserved interactions across different orders en-
coded by pruned VGG-19 at different pruning ratios.
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J.2 DETAILED RESULTS ON RESNET-56
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Figure 16: The distributions of interactions and preserved interactions across different orders en-
coded by pruned ResNet-56 at different pruning ratios.
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J.3 DETAILED RESULTS ON RESNET-50
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Figure 17: The distributions of interactions and preserved interactions across different orders en-
coded by pruned ResNet-50 at different pruning ratios.
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J.4 DETAILED RESULTS ON RESNET-101
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Figure 18: The distributions of interactions and preserved interactions across different orders en-
coded by pruned ResNet-101 at different pruning ratios.
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J.5 DETAILED RESULTS ON VIT-SMALL
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Figure 19: The distributions of interactions and preserved interactions across different orders en-
coded by pruned ViT-Small at different pruning ratios.
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J.6 DETAILED RESULTS ON VIT-BASE
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Figure 20: The distributions of interactions and preserved interactions across different orders en-
coded by pruned ViT-Base at different pruning ratios.
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J.7 DETAILED RESULTS ON DEEPSEEK-R1-DISTILL-LLAMA-8B
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Figure 21: The distributions of interactions and preserved interactions across different orders en-
coded by pruned DeepSeek-R1-Distill-LLaMA-8B at different pruning ratios.

J.8 DETAILED RESULTS ON LLAMA-3.1-8B
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Figure 22: The distributions of interactions and preserved interactions across different orders en-
coded by pruned LLaMA-3.1-8B at different pruning ratios.
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Figure 23: Changes of the distributions of I(m),+, I(m),−, I(m),+
preserved, and I

(m),−
preserved on eight DNNs when

the pruning ratio increases. These changes can be divided into three phases.

31



1674
1675
1676
1677
1678
1679
1680
1681
1682
1683
1684
1685
1686
1687
1688
1689
1690
1691
1692
1693
1694
1695
1696
1697
1698
1699
1700
1701
1702
1703
1704
1705
1706
1707
1708
1709
1710
1711
1712
1713
1714
1715
1716
1717
1718
1719
1720
1721
1722
1723
1724
1725
1726
1727

Under review as a conference paper at ICLR 2026

To
p

-1
 A

cc
 (

%
)

pruning ratio

(1) (2) (3)

ResNet-56

To
p

-1
 A

cc
 (

%
)

pruning ratio

(1) (2) (3)

VGG-19

To
p

-1
0

 A
cc

 (
%

)

pruning ratio

(1) (2) (3)

ResNet-50

To
p

-1
0

 A
cc

 (
%

)

pruning ratio

(1) (2) (3)

ResNet-101

To
p

-1
0

 A
cc

 (
%

)

pruning ratio

(2) (3)

ViT-Small

To
p

-1
0

 A
cc

 (
%

)

pruning ratio

(1) (2) (3)

ViT-Base

P
P

L

pruning ratio

(1) (2)

DeepSeek-R1-
Distill-LLaMA-8B

P
P

L

pruning ratio

(2)(1)

LLaMA-3.1-8B

R
at

io
 o

f 
st

re
n

gt
h

R
at

io
 o

f 
st

re
n

gt
h

R
at

io
 o

f 
st

re
n

gt
h

R
at

io
 o

f 
st

re
n

gt
h

R
at

io
 o

f 
st

re
n

gt
h

R
at

io
 o

f 
st

re
n

gt
h

R
at

io
 o

f 
st

re
n

gt
h

R
at

io
 o

f 
st

re
n

gt
h

Acc PPL

the ratio of preserved high-order
interaction strength

the ratio of preserved low-order 
interaction strength

classification accuracy language modeling perplexity

lowhigh

Figure 24: Changes of the ratio of preserved low-order interaction strength ρlow, the ratio of pre-
served high-order interaction strength ρhigh and classification accuracy (or language modeling per-
plexity) on eight DNNs when the pruning ratio increases.

Table 3: Efficiency of parameter pruning in the three-phases.
Architecture Phase 1 Phase 2 Phase 3

ResNet-56 e1.21→14.65 = 0.92 e14.65→39.68 = 0.78 e39.68→50.27 = 0.38

VGG-19 e21.64→62.02 = 0.89 e62.02→88.54 = 0.61 e88.54→99.23 = 0.36

ResNet-50 e1.28→6.10 = 0.91 e6.10→14.40 = 0.61 e14.40→21.52 = 0.72

ResNet-101 e0.22→3.46 = 0.93 e3.46→28.84 = 0.75 e28.84→41.90 = 0.70

ViT-Small − e1.14→43.79 = 0.57 e43.79→55.02 = 0.27

ViT-Base e0.65→5.00 = 0.87 e5.00→55.42 = 0.69 e55.42→75.57 = 0.55

DeepSeek-R1-Distill-LLaMA-8B e0.23→3.37 = 0.78 e3.37→20.96 = 0.75 −
LLaMA-3.1-8B e0.23→3.37 = 0.74 e3.37→20.96 = 0.70 −
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Figure 25: The distributions of the emerged interations introduced by the parameter pruning opera-
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emerged,gen on eight pruned DNNs. Emerged interactions are barely
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Figure 26: The distributions of interactions and generalizable interactions I(m),+, I(m),−, I(m),+
generalizable

and I
(m),−
generalizable encoded by eight original DNNs. Interactions of different orders exhibit different

generalizability.

L THE USE OF LARGE LANGUAGE MODELS (LLMS)

In this work, large language models (LLMs) were used solely as a general-purpose writing assistant
to polish the grammar and improve the clarity of the text. No part of the research ideation, experi-
ment design, data analysis, or substantive content generation relied on LLMs. The authors take full
responsibility for the content of the paper.
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