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Abstract

LLMs often struggle with complex logi-
cal reasoning, particularly in non-monotonic
reasoning (NMR), where conclusions may
be retracted in light of new evidence.
While autoformalization-based neuro-symbolic
frameworks offer a promising solution by trans-
lating text into logic programs, they often fail to
handle the ambiguity and noise present in real-
istic linguistic contexts. To address these chal-
lenges, we propose AS-NMRer, a framework
that enhances autoformalization through ab-
straction, search, and fine-tuning. First, we in-
troduce an abstraction module to extract atomic
facts and rules from noisy contexts. Next, a
step-wise Best-of-N search algorithm incre-
mentally maps these facts and rules into logic
programs with dual verification that ensures
both syntactic correctness and semantic fidelity.
Finally, we design an expert iteration loop that
leverages solver-verified examples to fine-tune
the model, enabling iterative self-improvement.
Extensive experiments on four NMR bench-
marks show that AS-NMRer significantly out-
performs competitive baselines. AS-NMRer
with gemma3-27B improves the F1 score by 7%
over the prompt-based DeepSeek-V3.2-671B
on the challenging LogicBench.

1 Introduction

Logical reasoning over natural language (NL) lever-
aging LLMs has attracted significant attention.
To benchmark this capability, diverse datasets
have been established, ranging from synthetic
rule-based corpora like RuleTaker (Clark et al.,
2020) to more complex benchmarks such as FO-
LIO (Han et al., 2024) and ProverQA (Qi et al.,
2025). Prior works have explored prompting strate-
gies (Wei et al., 2022; Kojima et al., 2022), fine-
tuning (Lewkowycz et al., 2022), and search-based
neuro-symbolic frameworks (Hao et al., 2023).
Recently, autoformalization-based neuro-
symbolic approaches integrate LLM-based

Raw Context: In a room filled with various objects, two
heavy blocks, Block A and Block B, stand out. Normally,
heavy blocks like these are placed on the table, but
surprisingly, Block A is not found on the table. On the other
hand, Block B grabs attention with its vibrant red color.

Question: Does the context imply that A is on the table?

ASP Context: standout(blockA). standout(blockB).
placeOn(blockB, table). color(blockB, red).
ASP Question: placedOn(blockA, table).

Predicted Answer: Unknown 3¢

Figure 1: A LogicBench example where DeepSeek-R1-
32B is distracted by irrelevant noise (red text). The
model formalizes the color details but misses the critical
fact and rule, leading to a logical reasoning failure.

translation from NLs to formal languages with the
rigorous reasoning of symbolic solvers. Represen-
tative frameworks include Logic-LM (Pan et al.,
2023) which introduces self-refinement to use
the symbolic solver’s error messages to refine the
formalization, and LINC (Olausson et al., 2023),
which uses majority voting to determine the result
across multiple formulations. Recently, Fang et al.
(2025) proposed LLM-ASPIC™, which integrates
neural grounding with formal argumentation to
resolve contradictions via argumentation theory.
Additionally, Hu et al. (2025) introduced a thought-
guided retrieval-augmented generation framework
to enhance the precision of autoformalization and
enable self-refinement.

Non-monotonic reasoning (NMR) is one of the
important reasoning modes in logic (Lukaszewicz,
1990), and has applications in daily decision mak-
ing (Szalas, 2019), medical diagnosis (Jackson,
1989), and legal reasoning (Pertierra et al., 2017).
NMR refers to the fact that conclusions may be
invalidated by new information. Recently, the eval-
uation of NMR in LLMs has garnered significant
attention. Various NMR datasets have been pro-
posed, and they can be broadly put into three cat-



egories. The first is built on existing datasets, in-
cluding 6-NLI (Rudinger et al., 2020), and datasets
built upon large-scale generics corpora (Calderén
etal., 2025) as introduced by Leidinger et al. (2024)
and Kirkpatrick and Sterken (2025). The second
category employs template-based synthesis, exem-
plified by LogicNMR (Xiu et al., 2022), and ASP-
Bench (Ren et al., 2025). Finally, to balance logical
rigor with realistic linguistic complexity, a third
category combines template synthesis with LLM-
based rewriting. This includes LogicBench (Par-
mar et al., 2024) and Multi-LogiEval (Patel et al.,
2024). Results on these benchmarks consistently
show LLMs’ deficiencies in NMR. To address the
issue, Xiu and Liu (2025) proposed MultiLogicN-
MRer, a search-based neuro-symbolic framework
for multiple-extension NMR tasks that is designed
based on symbolic solving strategies.

This paper explores the autoformalization-based
neural-symbolic approach for NMR. Most existing
work on logic reasoning adopts a monolithic for-
malization strategy, attempting to convert the entire
context into a logic program in a single pass. This
approach faces two primary challenges. First, it
diverges from human cognitive processes, where
humans typically perform abstraction first: filtering
out irrelevant information and simplifying relevant
details. Without abstraction, the inherent noise
in natural language makes direct formalization ex-
tremely challenging. As illustrated in Figure 1,
the raw context contains information irrelevant to
answering the question (marked in red). DeepSeek-
R1-32B is distracted by such salient but irrele-
vant details, explicitly formalizing the “vibrant red
color” into “color(blockB, red).”, yet it fails to cap-
ture the critical fact “blockA is heavy” and rule
“heavy blocks are usually on the table”, leading
to an incorrect answer. This demonstrates that
linguistic noise misguides the model’s attention,
causing it to prioritize superficial details over es-
sential logical structures. Secondly, this monolithic
paradigm lacks the granularity to verify intermedi-
ate steps, meaning that a single misinterpretation
of a noisy sentence can cascade into a completely
invalid logic program without any mechanism for
error localization.

To address these challenges, we propose AS-
NMRer, a framework to improve autoformaliza-
tion for NMR through abstraction, search, and fine-
tuning. First, we employ a novel LLM-based ab-
straction mechanism to leverage questions to distill
raw contexts into concise facts and rules. By fil-

tering out redundant information, the abstraction
module significantly reduces the input complexity
and mitigates the interference of irrelevant informa-
tion on the autoformalization process. Second, a
step-wise Best-of-N (BoN) search algorithm (Zhu
et al., 2025) is utilized to incrementally formalize
these abstracted sentences into ASP (Answer Set
Programming) (Gelfond and Lifschitz, 1988), a
declarative programming paradigm. The best can-
didate is selected by a dual-verification mechanism:
a symbolic solver-based syntax verifier ensures syn-
tactic correctness, while an LL.M-based semantic
verifier rates semantic fidelity to the original con-
text. Third, to iteratively improve the model’s abil-
ities of abstraction and formalization, we design
a self-improvement loop to finetune the model on
high-quality samples generated from training set.

Our contributions are as follows: First, we pro-
pose AS-NMRer, a framework utilizing an abstrac-
tion module to distill core facts and rules. Second,
we design a verification-guided step-wise search
strategy to ensure fine-grained formal sentence syn-
tactic and semantic correctness. Third, we design
an expert iteration mechanism to enable model self-
evolution through solver-verified samples. Finally,
extensive experiments show that AS-NMRer con-
sistently outperforms the strongest baselines, no-
tably enabling Gemma3-27B to improve the F1
score by 7% over prompt-based DeepSeek-V3.2-
671B on LogicBench.

2 Related Work

Autoformalization in Mathematical Theorem
Proving. Progress in Mathematical Theorem Prov-
ing has impacted logical reasoning research (Jiang
et al., 2023; Li et al., 2024; Lu et al., 2025). Cur-
rent approaches in Mathematical Theorem Prov-
ing integrate LLLMs with rigorous formal environ-
ments (e.g., Lean), providing deterministic feed-
back to guide the reasoning process (Wu et al.,
2022; Zhang et al., 2024). For instance, Trinh
et al. (2024) proposed the neuro-symbolic system
AlphaGeometry, which achieves near-human per-
formance on international mathematical olympiad
tasks. In addition, test-time search has proven crit-
ical for enhancing performance. Xin et al. (2025)
demonstrated that a scalable best-first tree search
can achieve State-of-the-Art results on MiniF2F by
effectively filtering reasoning paths. Moreover, to
address data scarcity, Lin et al. (2025a) trained a
model on large-scale autoformalized proofs. Their
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Figure 2: Overview of the AS-NMRer framework.

subsequent work (Lin et al., 2025b) introduced
verifier-guided self-correction, enabling the model
to master complex theorems through iterative re-
finement. Drawing inspiration from these advance-
ments, our work AS-NMRer adapts the paradigms
of verification-guided search and iterative refine-
ment to the domain of non-monotonic reasoning.
However, to minimize the interference of noise in
the original context, AS-NMRer introduces a novel
abstraction mechanism to distill core facts and rules
from raw context.

3 The AS-NMRer Framework

We present AS-NMRer, a neuro-symbolic frame-
work that integrates abstraction, step-wise formal-
ization, and symbolic solving, while utilizing veri-
fied samples for continuous self-evolution.

3.1 Preliminaries

Default logic (Reiter, 1980) and ASP (Gelfond and
Lifschitz, 1988) serve as the theoretical foundation
of our framework. A default theory I" = (W, D)
consists of facts W and default rules D, where
a default rule 2815 permits inferring ~ if the
prerequisite « holds and f,..., [, are consis-
tent with the logical context. Baral and Gelfond
(1994) showed that a literal-based default theory
can be conveniently transformed to an ASP pro-
gram, where such a default rule is translated into
the ASP rule v < «,not —f31, ..., not =8, where

not denotes negation-as-failure in logic program-
ming (Gelfond and Lifschitz, 1991).

3.2 Problem Formulation and Overview

We formulate the NMR task as an autoformaliza-
tion problem. Formally, given a raw natural lan-
guage context C'.q,, and a question g, the objective
is to translate them into an ASP logic program II
and a query literal [,. The answer y is then de-
rived from the answer sets produced by executing
IT with a symbolic solver, determining the status
of [, as True, False, or Unknown. As illustrated
in Figure 2, the proposed framework, AS-NMRer,
consists of three distinct stages: (1) Abstraction,
which filters irrelevant distractors to distill core
facts and rules; (2) Step-wise Formalization, which
generates I by incrementally generating formal
sentences through a verification-guided Best-of-N
search; and (3) Symbolic Solving, which executes
II to derive the answer based on the computed an-
swer sets. Finally, the model iteratively evolves
by collecting examples validated during the infer-
ence phase. The complete set of prompts employed
across all these modules is detailed in Appendix A.

3.3 Abstraction Module

To reduce linguistic noise, the abstraction module
distills raw contexts and questions into atomic facts
and rules. Conditioned on the question ¢, this mod-
ule uses an LLM-based abstractor to jointly map
the raw context C'.4,, and g into a set of atomic sen-



tences Sqps = {51, 2, - - -, Sm } and a refined query
Qabs 10 a unified pass, where m represents the total
number of extracted sentences. To guarantee relia-
bility, an auxiliary evaluator assesses S, against
two criteria: soundness, which ensures fidelity to
the source, and completeness, which verifies suf-
ficiency for reasoning. If the assessment fails, a
feedback loop triggers the abstractor to regenerate
Sabs, allowing for a maximum of three attempts.

3.4 Step-wise Formalization

To improve autoformalization reliability, we em-
ploy a step-wise Best-of-N search strategy that
incrementally maps abstracted sentences and the
question into ASP formulas. For each sentence
S; € Saps, the formalizer first leverages the LLM
to generate a set of candidate default logic formu-
las {d},d?, ..., dZN }, where N denotes the search
size. Subsequently, these candidates are auto-
matically converted into executable ASP rules
{r},r2,..,rN}. These candidates are then vali-
dated via a dual-verification mechanism. A sym-
bolic solver acts as a syntax verifier, assigning a
binary syntax score of 1 to candidates that exe-
cute without error and 0 to those that trigger solver
failures. Concurrently, an LLM-based semantic
verifier checks the consistency between the ASP
formula and the abstracted sentence, assigning a
score ranging from O to 1; candidates with a seman-
tic score at or below 0.1 are discarded. The optimal
candidate is then determined by calculating the
equally weighted average of the syntax and seman-
tic scores and selecting the highest-ranking formula.
If no candidate satisfies the verification thresholds,
the framework activates a Re-abstraction mecha-
nism, prompting the abstraction module to refine
the abstracted sentence s;,allowing for a maximum
of three sampling attempts to resolve the formaliza-
tion failure.

3.5 Symbolic Solving

The symbolic solving module leverages a de-
terministic ASP solver (Clingo) to execute the
verified logic program II and derive the la-
bel of the question [, from generated answer
sets. As illustrated in Figure 2, the solver de-
rives an answer set containing facts such as
“heavy(blockb)” and “onTable(blockb)”. Since the
question “onTable(blockb)” is explicitly present in
the answer set, the label of the question is True.
In addition, to address scenarios where the logic
program yields multiple answer sets, there are two

reasoning modes: skeptical and credulous reason-
ing, depending on whether to consider facts in all
answer sets or any one answer set. Thus, the sym-
bolic solving ensures the logical reliability and cor-
rectness of the reasoning process.

3.6 Self-Improvement via Expert Iteration

To enhance autoformalization, we design an expert
iteration mechanism using supervised fine-tuning
(SFT) on high-quality examples accumulated dur-
ing the inference stage. Within our framework, a
single LLM serves as the unified backbone, concur-
rently performing the roles of the abstractor, evalua-
tor, formalizer, and semantic verifier. To ensure the
correctness of the training samples, we retain only
the instances where the framework successfully de-
rives the correct final answer. As illustrated in the
data collection component of Figure 2, this mecha-
nism constructs distinct training samples for each
module; for instance, a training instance for the
formalizer is constructed by pairing an abstracted
sentence “Block b is heavy blocks” with its cor-
responding logical program “heavy(blockb)”. By
fine-tuning the unified backbone on these validated
corpora, the model progressively internalizes the
syntactic and semantic rules required for NMR.

4 Experiments

We evaluate AS-NMRer on four diverse bench-
marks. Beyond performance comparisons, we ana-
lyze the impact of search size and the expert itera-
tion strategy on reasoning performance. We then
perform ablation studies to verify the specific con-
tribution of each component. Finally, we present
qualitative case studies to investigate specific error
patterns in abstraction and formalization.

4.1 Experimental Settings

To evaluate the NMR capabilities of the AS-NMRer
across realistic contexts and complex logical struc-
tures, we employ four diverse benchmarks. We use
LogicBench (BQA task) (Parmar et al., 2024) and
Multi-LogiEval (Patel et al., 2024) to assess the
model’s robustness against realistic linguistic struc-
tures, the latter specifically focusing on multi-step
reasoning chains ranging from depth 1 to 5. Fur-
thermore, to isolate pure NMR from commonsense
priors, we use two synthetic benchmarks: Logic-
NMR (Xiu et al., 2022) to probe NMR capability
within dynamic knowledge bases, and MultiLogic-
NMR (Xiu and Liu, 2025) to assess reasoning in
scenarios with multiple answer sets.



Table 1: Main results of AS-NMRer compared with baselines across multiple datasets (F1 score %). Bold indicates
the best results, and underlined. Results for MultiLogicNMRer are taken from the original paper and the symbol ‘-’

indicates that the result is not reported.

. . . . MultiLogicNMR

Base Model Method LogicBench | Multi-LogiEval | LogicNMR Credulous | Skeptical
Zero-Shot 85.2 55.6 27.8 39.7 36.8
03-mini Few-Shot 86.4 58.3 339 67.2 71.7
LLM2ASP 81.6 72.9 58.0 76.9 76.9
Zero-Shot 78.8 38.8 32.7 45.9 38.1
Few-Shot 80.9 37.1 28.8 55.7 40.4
GPT-40-mini | MultiLogicNMRer - 70.9 74.3 82.8 74.9
LLM2ASP 57.2 50.3 52.8 59.6 63.8
AS-NMRer 76.5 65.5 95.8 88.4 88.6
Zero-Shot 73.5 51.7 37.3 40.4 39.2
DeepSeek-V3.2 | Few-Shot 77.2 55.1 47.6 49.8 56.3
-671B LLM2ASP 70.4 73.1 53.6 70.8 66.8
AS-NMRer 79.1 64.1 95.7 92.1 91.3
Zero-Shot 62.1 36.2 36.4 47.6 51.6
Few-Shot 76.2 57.3 42.9 39.8 49.2
Dee‘f?gg"m Fine-Tuned 80.1 645 94.0 798 | 761
LLM2ASP 68.7 60.8 47.3 52.1 52.1
AS-NMRer 85.1 72.8 92.8 79.2 78.6
Zero-Shot 60.9 41.0 38.2 61.1 41.1
Few-Shot 75.2 47.1 42.2 63.7 51.5
Gemma3-27B | Fine-Tuned 80.2 61.7 49.6 81.8 63.5
LLM2ASP 58.8 63.5 54.5 46.2 54.9
AS-NMRer 87.8 72.2 93.6 76.3 78.5

To verify the effectiveness of AS-NMRer, we
conduct a comprehensive evaluation against a
diverse suite of backbone models and competi-
tive baselines. Specifically, we select represen-
tative closed-source LLMs, including GPT-4o-
mini (Hurst et al., 2024) and 03-mini (Jaech et al.,
2024), alongside leading open-source models such
as DeepSeek-R1-32B (DeepSeek-Al, 2025) and
Gemma3-27B (Team, 2025). For comparison, we
employ standard zero-shot and few-shot prompting
strategies, as well as supervised fine-tuning (SFT).
Furthermore, we benchmark against two neuro-
symbolic approaches, including MultiLogicNM-
Rer (Xiu and Liu, 2025), a search-based framework
for multi-extension NMR, and LLM2ASP(Ishay
et al., 2023), a direct translation baseline which we
implemented by excluding constraint generation.
Implementation details are provided in Appendix B.
Following prior research, we report the F1-score as
the primary metric to evaluate reasoning accuracy.'

'The core data and code are available at https://
anonymous. 4open.science/r/AS-NMRer.

4.2 Main Results

Table 1 summarizes the comparative performance
of AS-NMRer against baseline methods across four
diverse benchmarks. These results validate the
effectiveness and robustness of the proposed AS-
NMRer. Due to space constraints, we report the
averaged F1 scores in the main text, while detailed
results across specific reasoning patterns are pro-
vided in Appendix C.

Overall, AS-NMRer demonstrates superior per-
formance across the majority of experimental set-
tings. On LogicBench, AS-NMRer with Gemma3-
27B achieves an average F1 score of 87.8%, sig-
nificantly outperforming both the fine-tuned base-
line at 80.2% and the few-shot prompting ap-
proach at 75.2%. Notably, AS-NMRer consis-
tently surpasses the LLM2ASP baseline across
most datasets. This performance gap highlights
the limitations of directly translating natural lan-
guage into ASP, validating the effectiveness of
our stepwise formalization strategy. Furthermore,
We observe a notable difference when comparing
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Table 2: Results of the AS-NMRer on the MultiLogicNMR at different search sizes, where E represents the number
of answer sets. Avg. denotes the average F1 score across different numbers of answer sets.

Search F1 (%

Dataset Model Size Mode F=l E=2 E=3 ( E)= I B Avg

1 527 655 646 611 639 618

3 credulous | 76.6 754 70.1 885 636 750

MultiLogic DeeRpfeek 5 822 736 752 867 713 792
-NMR 9B 1 772 688 635 798 78.8 757

3 skeptical | 86.0 70.0 81.1 84.6 656 785

5 789 794 785 810 756 789

our approach with MultiLogicNMRer. On Multi-
LogiEval, MultiLogicNMRer with GPT-40-mini
achieves a score of 70.9%, slightly outperforming
AS-NMRer, which attains 65.5%. This suggests
that the search-based MultiLogicNMRer exhibits
greater robustness in handling complex linguis-
tic patterns, whereas autoformalization-based ap-
proaches still encounter inherent challenges. How-
ever, on synthetic datasets, AS-NMRer with GPT-
40-mini demonstrates a substantial advantage, no-
tably achieving 95.8% on LogicNMR compared
to 74.3% for MultiLogicNMRer. Additionally, on
MultiLogicNMR, AS-NMRer with Gemma3-27B
achieves an F1 score of 78.5% in skeptical reason-
ing, marking a significant improvement over the
zero-shot baseline of 41.1% and the much larger
DeepSeek-V3.2-671B of 39.2%.

4.3 Analysis

Impact of Search Size. We first analyze the impact
of the search size IV in the Best-of-N strategy on
reasoning performance. Table 2 presents the per-
formance on the MultiLogicNMR dataset across
varying search sizes. As observed, increasing the
search width generally yields performance gains,
though these gains exhibit diminishing returns as
N increases. Notably, for DeepSeek-R1-32B in
the credulous setting, expanding N from 1 to 3
results in a substantial improvement, boosting the
F1 score from 61.8% to 79.2%. A similar trend is
observed on the LogicBench dataset, as detailed in
Table 3. Specifically, AS-NMRer with Gemma3-
27B improves from 85.8% at N = 1 to 86.6% at
N = 5. However, the gains from N =3to N =5
are marginal, indicating that our dual-verification
mechanism is highly efficient at identifying correct
formalizations early in the search process. This sug-
gests that a moderate search width (e.g., N = 3)
offers an optimal trade-off between computational
overhead and reasoning accuracy.
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Figure 3: Results of AS-NMRer over fine-tuning itera-
tions with different search sizes on LogicBench Dataset.

Efficacy of Expert Iteration. To evaluate the
expert iteration strategy, we track the performance
of AS-NMRer on LogicBench from the base stage
T = 0 through three subsequent fine-tuning itera-
tions. For each iteration, we construct the training
set using approximately 2,300 samples where the
framework correctly derives the answer. As shown
in Figure 3, AS-NMRer with Gemma3-27B ex-
hibits a steady improvement, confirming that learn-
ing from verified examples enhances reasoning ca-
pabilities. Notably, the benefits of larger search
sizes diminish as the fine-tuning progresses. While



Table 3: Results of AS-NMRer on LogicBench at different search sizes. The abbreviations DRD, DRI, DRS, DRO,
RE1-3, and RAP correspond to the reasoning patterns defined in LogicBench (Parmar et al., 2024). Avg. denotes

the average F1 score across all reasoning patterns.

. F1 (%)
Dataset | Model | Search Size | 55— BROG DRS REI RE2 RE3 RAP Avg.
DeepSeek 1 92.1 921 81.5 537 727 759 779 775 719
RI- 3 92.1 947 947 629 739 86.6 81.5 84.1 84.0
LogicBench 32B 5 947 89.4 947 562 81.8 784 80.9 81.3 822
Gemma 1 047 92.1 947 644 8483 81.3 840 90.7 8538
3978 3 947 894 947 73.6 81.8 83.8 78.7 92.1 85.7
5 947 838 974 69.6 84.8 86.6 84.0 92.1 86.6

the initial model (1" = 0) benefits from search (ris-
ing from 85.8% at N = 1 to 86.6% at N = 5), the
final model (7' = 3) converges, achieving 86.8%
with both N = 1 and N = 5. This indicates that
the model internalizes formal language constraints,
transforming the cost of test-time search into in-
trinsic proficiency. In contrast, DeepSeek-R1-32B
experiences a transient dipat 7' =1 (e.g., N =1
drops from 77.9% to 75.0%). This fluctuation is
likely due to the suboptimal quality of initial train-
ing samples. However, the model rapidly recovers
in subsequent iterations, eventually surpassing the
baseline to achieve a peak F1 score of 85.1%.
Ablation Analysis. To verify the contribution of
each component, we conducted an ablation study
on LogicBench, as shown in Table 4. First, the
abstraction mechanism is essential. Removing this
module (w/o Abstraction) causes the most signif-
icant drop in performance, falling to 49.2%. This
confirms that filtering linguistic noise is essential
for the formalizer to map raw narratives into valid
logical rules. Second, regarding the search strat-
egy, the performance of the monolithic variant (w/o
Step-wise BoN) drops from 84.0% to 72.8% on
DeepSeek-R1-32B. This indicates that single-pass
translation often misses critical details, whereas our
step-wise decomposition ensures granular correct-
ness. Third, the re-abstraction mechanism acts as a
critical refinement loop. Removing re-abstraction
(w/o Re-abstraction) leads to a moderate decline to
81.8%, suggesting that dynamic refinement based
on feedback enhances robustness against extrac-
tion errors. Finally, the dual-verification protocol
ensures program validity. Disabling the syntax ver-
ifier (w/o Syn. Verifier) yields 65.9%, as the solver
cannot execute malformed ASP sentences. Sim-
ilarly, removing the semantic verifier (w/o Sem.
Verifier) yields 66.4%, indicating that syntactically
correct programs may still lack semantic fidelity.

4.4 Case Study

Analysis of Abstraction Failures. The efficacy
of the abstraction module hinges on a trade-off be-
tween noise reduction and information retention,
presenting a significant challenge for the model. As
illustrated in Figure 9 in Appendix D, we identify
two primary failure modes arising from this trade-
off. First, Information Loss occurs when the ab-
stractor is overly aggressive, discarding critical de-
fault rules, such as “Parents are usually supportive”,
thereby severing the logical chain. Conversely, In-
formation Redundancy arises from excessive con-
servatism, where irrelevant narrative details like
“expecting a child” are retained. These redundant
distractors significantly increase the complexity of
the downstream formalization.

Formalization Errors. We analyze the dis-
tinct error patterns arising from monolithic versus
step-wise formalization. As shown in Figure 10
in Appendix D, monolithic approaches struggle
with information density, often failing to instanti-
ate essential atomic facts such as “heavy(blockb)”.
Such omissions result in structural information loss
that breaks the reasoning chain, demonstrating that
monolithic formalization lacks the granularity re-
quired for robust NMR. While our step-wise de-
composition mitigates these global failures, fine-
grained semantic misalignments persist at the sen-
tence level. Table 16 in Appendix D categorizes
these residual errors into three types: Logical Struc-
ture Errors, Predicate Mapping Errors, and Con-
flation of Facts and Rules. A notable instance of
conflation involves the mistranslation of strict facts,
such as “Dogs are animals”, into defeasible rules.
These findings indicate that, despite architectural
improvements, achieving precise semantic align-
ment in autoformalization remains a significant
challenge for LLMs.



Table 4: Ablation study results of AS-NMRer on LogicBench with search size of 3. The abbreviations DRD, DRI,
DRS, DRO, RE1-3, and RAP correspond to the reasoning patterns defined in LogicBench (Parmar et al., 2024). Syn.
and Sem. denote the Syntax and Semantic verifiers. Avg. denotes the average F1 score across all reasoning patterns.

Search F1 (%)
Dataset) Model | gy, | Method DRD DRI DRO DRS REI RE2 RE3 RAP Avg.
AS-NMRer 92.1 94.7 94.7 62.9 78.9 86.6 81.5 84.1 84.0
w/o Abstraction | 44.1 32.1 57.4 462 49.7 452 37.4 81.8 492
DeeRpfeek wlo Step-wise BoN| 693 553 44.1 61.7 67.5 67.6 63.7 532 72.8
3B w/o Syn. Verifier |86.6 78.4 74.9 50.9 72.1 83.8 72.5 91.6 65.9
w/o Sem. Verifier | 80.9 74.9 68.4 61.5 77.7 73.6 75.8 96.4 66.4
Logic 3 w/o Reabstraction | 86.6 94.7 86.6 54.2 77.3 84.0 83.8 85.4 81.8
Bench AS-NMRer 947 89.4 947 73.6 81.8 83.8 78.7 92.1 85.7
w/o Abstraction | 48.8 44.3 68.4 50.9 58.5 55.2 452 80.9 56.5
Gemma w/o Step-wise BoN| 97.4 72.5 749 61.5 84.2 63.8 749 77.9 759
3-27B w/o Syn. Verifier | 84.0 84.0 89.4 60.4 92.4 78.4 83.8 94.4 833
w/o Sem. Verifier | 84.0 84.0 89.4 66.8 88.6 80.9 78.4 93.4 83.2
w/o Reabstraction | 94.7 83.8 100 72.2 79.6 83.8 759 92.1 85.3

5 Discussion

Importance of Abstraction. Our findings suggest
that abstraction is not merely an optimization but
a prerequisite for NMR in realistic settings. By
prioritizing the extraction of core atomic facts and
default rules, AS-NMRer significantly reduces the
input complexity for the formalizer. This ensures
that the subsequent translation focuses solely on
essential reasoning components, effectively mitigat-
ing the interference of irrelevant linguistic details.

Granularity in Formalization. The superior
performance of our step-wise strategy over mono-
lithic baselines highlights the importance of verifi-
cation granularity. Monolithic translation suffers
from inherent brittleness, where a single syntax
error or semantic hallucination invalidates the en-
tire program. In contrast, our sentence-level dual-
verification acts as a fine-grained filter, localizing
errors to individual rules. This ensures that the
final logic program is constructed only from con-
stituents that are both syntactically executable and
semantically faithful.

Limitations of Supervised Fine-Tuning. Al-
though expert iteration successfully accumulates
validated examples, the performance gains from
SFT eventually reach a plateau. This saturation
suggests that the model tends to exploit surface-
level syntactic heuristics rather than internalizing
the underlying logical semantics, fundamentally
limiting its ability to achieve genuine mastery of
the logical language.

6 Conclusions

Non-monotonic reasoning (NMR) is a fundamen-
tal mode of logical reasoning, while autoformal-
ization has emerged as a vital neural-symbolic
approach for logical reasoning. This work ad-
dresses the fragility of autoformalization in NMR,
highlighting narrative noise and monolithic trans-
lation errors as critical bottlenecks. We propose
AS-NMRer, which enhances autoformalization for
NMR through abstraction, search, and fine-tuning.
First, to mitigate linguistic noise, we employ an
abstraction module to distill raw contexts into struc-
tured atomic facts and default rules before formal-
ization. Second, this approach significantly en-
hances the model’s autoformalization capability
through a verification-guided step-wise search that
ensures syntactic and semantic correctness. Fur-
thermore, we introduce an expert iteration loop
that fine-tunes the model to internalize the syntax
and semantics of the formal language. Empirical
evaluations across four benchmarks confirm that
AS-NMRer significantly enhances reasoning per-
formance, demonstrating that equipping smaller
open-source models with rigorous fine-grained for-
malization strategies enables them to offset the
scale advantage of massive proprietary baselines.
Future work could investigate integrating reinforce-
ment learning with structured search to address the
bottlenecks of supervised fine-tuning. Building on
this, we aim to extend the framework’s capability
to robustly solve non-monotonic reasoning tasks in
real-world scenarios like legal reasoning.



Limitations

While AS-NMRer demonstrates robust perfor-
mance across various NMR benchmarks, we iden-
tify several limitations inherent to the current
framework. First, regarding error propagation, the
framework operates as a pipeline, rendering the
downstream formalization quality highly depen-
dent on that of the initial abstraction module. While
the evaluator and re-abstraction mechanism miti-
gate explicit formalization failures, subtle semantic
deviations or omitted premises may evade detec-
tion and proceed to the symbolic solver. Second,
concerning computational efficiency, the step-wise
Best-of-N search strategy introduces significant in-
ference overhead. Specifically, the necessity for
multiple invocations of both the ASP solver and
the semantic verifier at every reasoning step ne-
cessitates a trade-off between accuracy and speed,
thereby restricting the framework’s deployability
in real-time or resource-constrained environments.
Finally, regarding the expert iteration mechanism,
the self-improvement loop exhibits sensitivity to
both the base model’s initial capabilities and the
scale of accumulated data. We observe that effec-
tive self-evolution relies on accumulating a critical
mass of high-quality, solver-verified samples; in-
sufficient initial data can lead to training instability
or slow convergence during the early phases of the
iteration loop.
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A Prompts for AS-NMRer Framework

This section presents the detailed prompts used in the AS-NMRer framework, including prompts for
the Abstractor (Figure 4), Evaluator (Figure 5), Re-abstraction (Figure 6), Formalizer (Figure 7), and
Semantic Verifier (Figure 8)

Prompt for Abstractor in Abstraction Module

Task Description: Given the natural language context and the question, you must first extract
predicates and entities. Then, extract atomic facts and default rules regarding these predicates
and entities from the context. The generated facts and rules are necessary for reasoning and
answering the question. A Fact is a specific, unconditional, and ground statement about particular
entities, their properties, or their relationships (e.g., entityA is predicateB). A Default Rule is
a general rule that applies to a class of entities but allows for exceptions (e.g., predicateA is
usually predicateB). Information in the context that is irrelevant to reasoning and answering the
question should be simplified or omitted. Furthermore, exceptions in facts and rules need to be
represented by corresponding predicates. Regarding the extraction order, you must first extract all
facts necessary for reasoning about the question, and then extract all default rules. The extracted
facts must not contradict each other. Individual facts and rules must be separated by periods.

The input format is: The natural language context sentences are: “”’. The questions are: “”.

The output format is: The extracted entities are: ‘. The extracted predicates are: . The

(131

extracted facts and rules from the context are: “”’. The extracted questions are: “’.

For Example: [Insert a manually annotated example specific to the current dataset here. This
example must demonstrate the abstraction process from the original natural language context to
the corresponding abstraction facts and rules.]

Do not output your reasoning or thinking process.

Figure 4: Prompt for Abstractor in Abstraction Module
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Prompts for Evaluator in Abstraction Module

Task Description: You are a rigorous logical analyst. Your task is to evaluate the correctness of a
set of facts and default rules extracted from a context, specifically for the purpose of answering
reasoning-based questions.

Note that the extracted facts and default rules must be necessary to answer the question; irrelevant
information should not be included. A Fact is a specific, unconditional, ground statement about
particular entities, their properties, or their relationships (often using copulas like ’is’). A Default
Rule is a general rule applying to a class of entities but allowing for exceptions (often signaled by
adverbs like typically’ or "usually’).

You must verify the input along two dimensions: 1. Soundness: All facts and rules must be entirely
derived from the context and faithful to its semantics. 2. Completeness: The facts and rules must
be sufficient to form a complete reasoning chain to definitively answer the question.

Please conduct your analysis and adhere to the following output rules:

If both soundness and completeness are met, your verification result must be ’yes’ and the
suggestion must be "None’.

If either criterion is not met, the verification result must be 'no’. You must then generate specific
suggestions for missing facts or default rules necessary to complete the reasoning. Do not repeat
facts and rules that are already correctly extracted.

The input format is: The natural language context sentences are: “’. The extracted facts and
default rules are: “”’. The questions are: ‘.
The output format is: The verification result is: “”’. The suggestion of extracted facts and default
rules is: “”’. The extracted questions are: “”.

Do not output your reasoning or thinking process.

Figure 5: Prompts for Evaluator in Abstraction Module

Prompts for Sentence Re-abstraction

Task Description: A sentence extracted from the context has failed during the formalization pro-
cess. Your task is to re-extract or refine this natural language sentence based on the original context
and the provided error message. The goal is to generate a sentence that preserves the original
meaning but resolves the formalization error. A Fact is a specific, unconditional, ground statement
about particular entities, their properties, or their relationships (e.g., entityA is predicateB). A
Default Rule is a general rule that applies to a class of entities but allows for exceptions (e.g.,
predicateA is usually predicateB).

Instructions: 1. Simplify or omit information in the context not related to reasoning or answering
the question. 2. Replace exceptions in facts and rules with corresponding predicates. 3. Focus on
fixing the specific sentence that caused the error.

The input format is: The natural language context sentences are: “”’. The questions are: “”’. The
previously extracted sentences are: . The incorrectly formalized natural language sentence is: “”.
The error message is: “”.

The output format is: The re-extracted sentence in the context is:
Do not output your reasoning or thinking process.

34

Figure 6: Prompts for Sentence Re-abstraction
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Prompts for Formalizer

Task Description: You are a Default Logic expert. Your task is to translate a given natural
language sentence into Default Logic formalism. First, determine whether the sentence is a Fact or
a Default Rule, and then translate it accordingly.

A Fact in Default Logic is represented as an atomic formula composed of predicates and entities,
such as “predicatel(entityl).”, stating that entity1 has the property predicatel. A Default Rule
is represented as a logical formula composed of predicates and variables. For example, the rule
“predicate1(X) : predicate2(X) / predicate2(X).” signifies that if X is predicatel, then X is typically
inferred to be predicate2.

Constraints: 1. Extract entities (or variables) and predicates from the sentence first. 2. No spaces
are allowed in entity names and predicates. 3. To ensure consistency, you must prioritize using
predicates and entities already extracted from the provided context.

The input format is: The natural language context sentences are: ‘. The extracted predicates
from context are: “”’. The extracted entities from context are: ‘. The translated formalized context
sentences are: “”’. The natural language sentence to be translated is: “”.

The output format is: The predicate of the sentence is: “”’. The entities of the sentence are:
The translated formal logic program sentence is: ‘.

For Example: [Insert a manually annotated example specific to the current dataset here. This
example must demonstrate the formalization process from the dataset’s natural language to the
corresponding Default Logic format.]

Do not output your reasoning or thinking process.

[332]

Figure 7: Prompts for Formalizer

Prompts for Semantic Verifier

Task Description: You are an expert in Answer Set Programming (ASP) logic and linguistics.
In ASP, a Fact is represented as an atomic formula composed of predicates and entities, such as
“predicatel(entity1).”, stating that entity1 has the property predicatel. An ASP Rule is represented
as a logical formula composed of predicates and variables. For example, the rule “predicate2(X)
:- predicate1(X), not -predicate2(X).” signifies a default inference: if X is predicatel, then X is
typically inferred to be predicate2 (assuming there is no evidence to the contrary).

Your task is to evaluate the correctness of the formalization from a natural language sentence to an
ASP statement based on the following criteria: 1. Syntactic Correctness 2. Semantic Equivalence
3. Consistency of Atomic Propositions 4. Conciseness You are required to provide a final overall
score ranging from O to 1, where 1 means the translated ASP statement is completely correct, and
0 means it is completely wrong. The input format is: The natural language sentences are: “”.
The translated logic program sentences are: ‘.

The output format is: The score is:

For example: [Insert a manually annotated example specific to the current dataset here. This
example must demonstrate the scoring based on the criteria above.]

Note that you only need to output the final overall score. Do not output your reasoning or thinking
process.

Figure 8: Prompts for Semantic Verifier
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B The Detailed Description for Model Fine-tuning

We employed the LoRA method to fine-tune the open-source LLMs, DeepSeek-R1-32B and Gemma3-27B.
The hyperparameters used for fine-tuning are detailed in Table 5. All experiments were conducted on a
single NVIDIA RTX 4090 GPU utilizing the Unsloth? framework."

Table 5: Fine-tuning parameters of open-source LLMs.

Parameter Value
per_device_train_batch_size 2
gradient_accumulation_steps 8
warmup_steps 10
max_steps 100
weight_decay 0.01
optim Adamw_38bit
seed 3407

Zhttps://github.com/unslothai/unsloth
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C Detailed Experimental Results

LogicBench serves as the primary testbed for evaluating robustness against linguistic noise in Binary
Question Answering (BQA) tasks, encompassing eight distinct deductive reasoning patterns. Table 6
details the comparative performance of AS-NMRer against Zero-Shot, Few-Shot, and Fine-Tuned base-
lines, stratifying results by specific logic types: Disjunction Resolution (DRD), Disjunction Introduction
(DRI), Double Negation Elimination (DRO), Disjunctive Syllogism (DRS), Reductio ad Absurdum (RAP),
and three variants of Reasoning by Cases (REI, RE2, RE3). To isolate the contributions of inference-
time mechanisms, Tables 7 and 8 present ablation studies for DeepSeek-R1-32B and Gemma3-27B,
respectively, quantifying the performance gains achieved by scaling the Search Size (V) and increasing
Fine-tuning Iterations (7).

Table 6: Results on LogicBench (BQA) across different methods and models. The abbreviations DRD, DRI, DRS,
DRO, REI1-3, and RAP correspond to the reasoning patterns defined in LogicBench (Parmar et al., 2024). Avg.
denotes the average F1 score across all reasoning patterns.

Base F1 (%)

Dataset | Method Model DRD DRI DRO DRS REI RE2 RE3 RAP Avg.

DeepSeek-R1-32B | 87.3 70.3 84.9 19.1 28.7 76.7 81.9 48.1 62.1

DeepSeek-V3.2-671B| 97.4 87.4 70.3 41.6 56.1 84.6 799 70.6 73.5

Zero-Shot Gemma3-27B 87.3 68.0 89.9 238 254 73.3 739 45.8 60.9

03-mini 100 92.5 90.0 62.1 72.5 84.6 84.9 95.0 852

GPT-40-mini 95.0 85.0 84.6 39.8 73.2 87.3 79.8 86.1 78.8

DeepSeek-R1-32B | 97.5 87.5 73.3 35.4 40.7 899 87.5 97.5 76.2

DeepSeek-V3.2-671B| 100 89.7 73.9 389 60.9 79.5 822 925 77.2

Few-Shot Gemma3-27B 97.5 87.5 763 342 40.6 925 824 912 75.2

03-mini 100 95.0 873 69.7 73.2 84.6 87.5 93.7 86.4

. GPT-40-mini 100 85.0 95.0 35.5 69.3 85.0 824 95.0 80.9
LogicBench

DeepSeek-R1-32B | 100 92.5 97.5 67.5 66.1 77.1 89.9 50.0 80.1

BOA .
(BQA) | Fine-Tuned |—= " = =8 100 89.9 950 664 69.1 84.8 87.4 48.6 802

DeepSeek-V3.2-671B | 749 83.8 779 70.9 69.6 649 71.7 49.1 70.4

GPT-40-mini 61.3 684 61.3 582 56.2 424 66.0 43.8 57.2

LLM2ASP 03-mini 92.1 94.7 83.8 89.1 70.9 89.4 86.8 46.4 81.6

DeepSeek-R1-32B | 749 72.5 684 68.0 62.5 62.7 81.3 58.6 68.7

Gemma3-27B 71.7 604 684 62.6 453 54.8 649 422 58.8

DeepSeek-R1-32B | 92.1 75.5 94.7 68.3 83.3 86.8 89.4 90.7 85.1

AS-NMRer | DeepSeek-V3.2-671B | 86.6 779 92.1 553 773 779 754 904 79.1

(ours) Gemma3-27B 894 86.8 92.1 659 924 100 83.8 92.1 87.8

GPT-40-mini 947 63.8 947 66.8 70.9 75.5 78.4 669 76.5
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Table 7: Results of DeepSeek-R1-32B on LogicBench with different iterations and search sizes. The abbreviations
DRD, DRI, DRS, DRO, RE1-3, and RAP correspond to the reasoning patterns defined in LogicBench (Parmar et al.,
2024). Avg. denotes the average F1 score across all reasoning patterns.

Search F1(%)
Dataset | - Model | Iter | "§jze " "SR5 DRI DRO DRS REI REZ RE3 RAP Avg
1 [ 921 921 815 537 727 759 719 715 719
0| 3 [921 947 947 629 789 866 815 84.1 840
5 [947 894 947 562 81.8 784 809 813 822
I [ 894 809 838 482 694 755 755 714 750
1| 3 [919 921 866 617 768 813 779 813 812
Logic | DeepSeek-R1 5 [974 813 830 641 758 838 809 841 8.5
Bench -32B I 1947 755 921 575 792 92.1 840 92.1 834
2| 3 [894 866 974 582 796 868 809 798 823
5 [ 974 866 868 683 787 842 894 894 85.1
T [ 921 779 921 606 796 815 81.3 907 821
3| 3 [947 725 947 543 787 947 840 894 829

5

92.1 755 947 683 833 86.8 894 90.7 85.1

Table 8: Results of Gemma3-27B on LogicBench with varying iterations and search sizes. The abbreviations DRD,
DRI, DRS, DRO, RE1-3, and RAP correspond to the reasoning patterns defined in LogicBench (Parmar et al., 2024).
Avg. denotes the average F1 score across all reasoning patterns.

Search F1(%)

Size |DRD DRI DRO DRS REI RE2 RE3 RAP Avg.
947 92.1 947 644 848 813 840 90.7 858
947 89.4 947 736 81.8 838 787 921 85.7
947 838 974 69.6 848 866 840 921 86.6
947 838 947 683 87.0 866 815 921 86.1
974 86.6 89.4 656 854 838 868 921 859
921 835 100 655 848 838 81.3 880 848
86.8 840 947 659 924 100 787 947 872
86.8 894 868 709 903 92.1 725 934 853
947 86.6 89.4 644 864 100 759 929 86.3
89.4 864 921 659 903 100 755 947 86.8
89.4 868 921 659 924 100 83.8 921 878
921 868 974 62.1 881 947 784 947 868

Dataset | Model | Iter

—

Logic | Gemma3
Bench -27B

N W =W W =W W =W W
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To assess the framework’s capacity for maintaining logical coherence over extended deduction chains,
we employ the Multi-LogiEval benchmark across increasing reasoning depths ranging from one to five.
Table 9 reports performance on the fundamental depth-1 subset (D1), establishing a baseline for single-step
deduction capabilities. A more granular analysis is provided in Table 10, which decomposes depth-2 (D2)
results into Modus Ponens (MP) and Modus Tollens (MT) categories to reveal specific deductive strengths.
Finally, Table 11 extends this evaluation to high-complexity scenarios, summarizing F1 scores for deep
reasoning chains (depths 3 through 5) where error propagation typically degrades performance.

Table 9: Results on Multi-LogiEval (d1) across different methods and models. The abbreviations DRD, DRI, DRS,
DRO, REI1-3, and RAP correspond to the reasoning patterns defined in LogicBench (Parmar et al., 2024). Avg.
denotes the average F1 score across all reasoning patterns.

Dataset Method Base Fl1 (%)
Model DRD DRI DRO DRS REI RE2 RE3 RAP Avg.
DeepSeck-R1-32B | 100 48.7 47.4 47.4 459 275 250 100 55.2
DeepSeek-V3.2-671B | 39.4 285 13.0 4.8 31.0 33.5 78.0 39.0 33.4
Zero-Shot Gemma3-27B 473 20.0 444 00 19.1 19.1 435 263 27.5
03-mini 459 231 47 48 167 335 643 459 298
GPT-40-mini 375 20.0 20.0 0.0 259 30.7 79.8 37.5 31.4
DeepSeck-R1-32B | 48.7 41.1 37.5 13.3 233 373 375 474 357
DeepSeck-V3.2-671B | 47.4 23.1 487 9.1 28.6 45.1 78.0 47.4 409
Few-Shot Gemma3-27B 100 23.6 459 275 100 44.4 253 459 516

03-mini 487 31.0 41.1 9.0 16.7 37.5 64.3 48.7 37.1
Multi- GPT-40-mini 394 20.0 13.0 0.0 33.3 31.0 89.5 47.3 342
LogiEval DeepSeek-R1-32B | 100 48.7 100 23.0 44.4 259 39.4 47.4 53.6

(d1) | Fine-Tuned\——c 378 100 42.8 487 375 428 259 375 459 47.6

DeepSeek-V3.2-671B| 40.6 40.6 5.0 0.0 174 9.5 36.7 20.8 21.3
GPT-40-mini 29.6 32.1 13.6 0.0 13.6 10.5 36.7 17.4 19.2
LLM2ASP 03-mini 100 44.1 0.0 29.6 269 15.6 29.0 17.4 329
DeepSeek-R1-32B | 47.2 424 13.6 0.0 29.6 15.6 352 13.7 247
Gemma3-27B 441 457 95 00 50 50 391 95 19.7
DeepSeek-R1-32B | 36.7 32.1 24.0 36.7 20.8 35.2 52.7 24.0 32.8
NII?/ISR_er DeepSeek-V3.2-671B| 36.7 52.4 0.0 40.8 20.8 15.6 57.8 33.3 32.1
(ours) Gemma3-27B 472 48.6 20.8 424 40.6 13.6 62.7 36.7 39.1

GPT-40-mini 36.7 32.1 50 321 269 15.6 62.7 36.8 309
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Table 10: Results on Eval-LogiEval (d2). The metrics BDR, DRD, DRI, PBD, REI, and REII are split into MP and
MT sub-metrics. Avg. denotes the average F1 score across all reasoning patterns.

Dataset

Method

Base
Model

F1 (%)

BDR

DRD

DRI

PBD

REI

REII

MP MT

MP MT

MP

MT

MP MT

MP MT

MP MT

Avg.

Eval-
LogiEval
(d2)

Zero-Shot

DeepSeek-R1
-32B

34.1 16.7

48.7 4.7

100

33.0{100 30.0

46.7 13.0

0.0 8.69

19.6

DeepSeek-V3.2
-671B

37.5 100

43.5 428

100

100

45.9 89.8

30.4 48.7

33.3 44.4

59.7

Gemma3-27B

53.1 44.4

48.7 394

100

100

473 64.3

42.8 25.0

13.0 42.8

51.7

03-mini

46.7 100

34.7 100

48.7

100

48.7 64.3

17.5 48.7

48.7 100

63.2

GPT-40-mini

54.8 47.4

43.5 459

74

100

394 64.3

28.7 45.9

28.6 44.4

49.2

Few-Shot

DeepSeek-R1
-32B

64.3 47.4

47.4 459

100

43.0

48.7 43.7

45.8 474

13.0 48.7

49.6

DeepSeek-V3.2
-671B

56.0 100

40.5 100

100

100

42.8 89.9

12.5 48.7

48.7 48.7

65.6

Gemma3-27B

41.2 3.2

48.7 0.0

100

47.0

48.7 33.3

25.6 0.0

0.0 13.3

30.1

03-mini

34.1 100

37.3 100

100

100

100 68.6

18.4 100

48.7 100

75.6

GPT-40-mini

60.0 100

46.7 459

474

100

47.3 60.1

333 444

355474

55.7

Fine-
Tuning

DeepSeek-R1
-32B

41.2 130

48.7 0.0

100

100

100 39.4

48.4 9.0

0.0 16.7

43.0

Gemma3-27B

41.2 23.1

48.7 0.0

100

100

100 52.0

48.4 0.0

0.0 16.7

44.2

LLM2ASP

DeepSeek-V3.2
-671B

42.4 100

24.4 100

100

100

472784

40.0 100

29.6 48.6

67.6

GPT-40-mini

40.6 42.4

20.2 100

100

45.7

38.7 72.8

40.0 100

36.7 47.2

57.0

03-mini

42.4 472

32.147.2

100

100

44.1 89.2

40.0 100

9.5 100

62.6

DeepSeek-R1
-32B

47.4 424

35.6 100

100

36.7

34.5 72.5

37.5 47.2

17.4 38.7

50.8

Gemma3-27B

38.7 100

42.4 48.6

100

36.7

26.9 529

44.4 441

24.0 40.6

50.0

AS-
NMRer
(ours)

DeepSeek-R1
-32B

39.1 100

20.2 100

48.6

100

47.2 62.7

31.8 100

26.9 100

64.7

DeepSeek-V3.2
-671B

43.4 100

20.2 100

48.6

100

472774

16.7 100

34.5 100

65.7

Gemma3-27B

42.4 100

24.4 100

47.2

100

44.1 68.3

31.8 100

32.1 100

65.8

GPT-40-mini

28.4 100

20.2 100

100

100

42.4 52.5

11.8 100

40.6 47.8

62.0
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Table 11: Results on Multi-LogiEval (d3/4/5) across different methods and models. The datasets D3 and D4 are

evaluated on two subsets (d1 and d2). Avg. denotes the average F1 score.

Base Fl (%)
Dataset Method Model D3 D4 D5 Ave.
dl d2 dl d2
DeepSeek-R1-32B 333 333 | 333 333 | 437 | 354
DeepSeek-V3.2-671B | 13.0 749 | 733 50.0 | 642 | 55.1
Zero-Shot Gemma3-27B 259 523 | 435 435 | 450 | 42.0
03-mini 435 560 | 846 1792 | 451 | 61.7
GPT-40-mini 333 333 | 43.6 43.6 | 285 | 365
DeepSeck-R1-32B 167 792 | 79.8 898 | 70.0 | 67.1
DeepSeek-V3.2-671B | 192 70.0 | 792 495 | 642 | 56.4
Few-Shot Gemma3-27B 259 583 | 478 60.1 | 642 | 513
03-mini 524 560 | 792 733 | 373 | 59.6
Multi- GPT-40-mini 23.1 333 | 436 333 | 259 | 31.8
LogiEval Fine- DeepSeek-R1-32B 340 949 | 849 100 | 627 | 753
(d3/4/5) Tuning Gemma3-27B 405 733 | 523 100 | 733 | 678
DeepSeek-V3.2-671B | 100 835 | 100 947 | 835 | 923
GPT-40-mini 526 734 | 627 504 | 521 | 585
LLM2ASP 03-mini 947 892 | 100 947 | 70.7 | 89.8
DeepSeek-R1-32B 947 57.8 | 840 100 | 66.1 | 76.2
Gemma3-27B 804 840 | 835 725 | 835 | 826
DeepSeek-R1-32B 100 892 | 947 892 | 70.7 | 88.8
Nﬁsﬁer DeepSeck-V3.2-671B | 100 83.5 | 83.5 892 | 552 | 742
(ours) Gemma3-27B 89.2 835 | 100 835 | 70.7 | 85.4
GPT-40-mini 774 774 | 835 892 | 635 | 782
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LogicNMR assesses the model’s capacity for NMR through the introduction of sequential updates to the
knowledge base, denoted by U. Table 12 aggregates F1 scores across varying update frequencies, ranging
from U = 1to U = 5, thereby tracking the stability of the reasoning process as the knowledge base evolves.
Complementing this, Table 13 details an ablation study using the Gemma3-27B backbone, analyzing how
the synergy between varying search sizes and expert iteration steps mitigates the performance fluctuations
associated with increasing knowledge base updates.

Table 12: Results on LogicNMR across different methods and models. U = 1 to U = 5 denote different uncertainty
levels or settings. Avg. denotes the average F1 score.

Base F1(Test)

Dataset Method Model U=1 U=2 U=3 U=4 U=5 A
DeepSeek-R1-32B 352 40.8 335 351 356 | 364

DeepSeek-V3.2-671B | 45.2 345 332 335 399 | 373

Zero-Shot Gemma3-27B 473 357 30.8 43.8 32.7 | 38.2
03-mini 248 27.6 287 229 335|278
GPT-40-mini 27.6 315 379 389 259 | 327

DeepSeek-R1-32B | 42.5 523 373 36.6 43.4 | 429
DeepSeek-V3.2-671B | 555 482 41.7 485 445 | 47.6

Few-Shot Gemma3-27B 58.3 383 367 409 370|422

03-mini 333 379 272 349 364 | 339

LogicNM GPT-40-mini 21.3 324 240 367 29.6 | 288
R Fine- DeepSeek-R1-32B | 989 91.8 95.1 92.1 94.0 | 944
Tuning Gemma3-27B 513 51.6 500 483 469 | 49.6
DeepSeek-V3.2-671B | 56.1 45.6 523 529 60.3 | 53.6

GPT-40-mini 448 608 51.1 51.6 551 | 528

LLM2ASP 03-mini 456 59.7 652 543 643 | 58.0
DeepSeek-R1-32B | 49.5 445 482 434 498 | 473

Gemma3-27B 512 554 478 57.8 60.0 | 54.5

DeepSeek-R1-32B | 93.8 964 93.6 923 882 | 92.8
AS-NMRer | DeepSeek-V3.2-671B | 949 96.2 952 93.1 98.9 | 95.7

(ours) Gemma3-27B 932 915 949 946 956 | 93.6
GPT-40-mini 949 946 969 948 972 | 958

Table 13: Results on LogicNMR using Gemma3-27B with varying iterations and search sizes. U denotes the number
of updates to the knowledge base. Avg. denotes the average F1 score across different numbers of knowledge base
updates.

Search F1(%

Rel’ Model | lter | “ize —gz1 U=z U=3 ( I)J=4 5 Ave
1 919 923 892 831 892 902

0 3 929 90.1 892 903 960 917

5 932 915 949 946 956 936

1 91.8 912 9.1 923 942 921

1 3 959 889 852 872 91.1 897

LogicN | Gemma3 5 929 922 941 91.0 930 927
MR -27B 1 929 91.1 941 91.I 930 925
2 3 929 922 941 9.1 941 929

5 929 922 922 90.1 921 918

1 939 922 932 90. 931 925

3 3 91.8 899 941 920 93.1 926

5 929 922 932 90.1 930 923
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The MultiLogicNMR benchmark evaluates reasoning in complex scenarios characterized by multiple
valid answer sets, where F represents the number of answer sets intrinsic to each sample. Table 14 focuses
on skeptical Reasoning, reporting F1 scores where conclusions must hold true across all valid answer sets,
stratified by extension counts from F = 1 to I/ = 5. Conversely, Table 15 evaluates credulous reasoning,
where a conclusion is deemed valid if it is supported by at least one answer set, assessing the framework’s
ability to identify potential truths within multi-extension environments.

Table 14: Results on MultiLogic NMR (skeptical) across different methods and models. £ = 1to E' = 5 denote
different evaluation settings or reasoning lengths. Avg. denotes the average F1 score.

Base F1(Test
Dataset Method Model =1 = =3 ( Ei I B | Avg
DeepSeek-R1-32B | 472 569 472 527 533 | 516
DeepSeck-V3.2-671B | 36.9 282 438 39.1 472 | 392
Zero-Shot Gemma3-27B 384 425 492 245 476 | 41.1
03-mini 38.1 294 294 444 405 | 36.8
GPT-40-mini 39.1 317 446 315 433 38.1
DeepSeck-R1-32B | 440 532 503 458 484 | 492
DeepSeek-V3.2-671B | 60.2 609 51.5 47.7 60.0 | 56.3
Few-Shot Gemma3-27B 569 527 549 417 503 | 515
03-mini 66.6 675 705 82.1 708 | 71.7
MultiLogic GPT-40-mini 344 428 445 333 465 | 404
NMR Fine- DeepSeck-R1-32B | 64.2 734 829 785 81.8 | 76.1
(skeptical) Tuning Gemma3-27B 589 61.6 673 649 650 | 635
DeepSeck-V3.2-671B | 83.8 660 53.8 57.8 723 | 66.8
GPT-40-mini 617 665 666 680 553 | 63.8
LLM2ASP 03-mini 854 80.6 741 609 789 | 769
DeepSeek-R1-32B | 458 59.6 55.6 487 488 | 52.1
Gemma3-27B 491 536 592 577 53.6 | 549
DeepSeek-R1-32B | 77.1 723 712 81.7 83.6 | 78.6
Nart | DeepSeck-V32:671B | 967 865 899 899 933 | 91.3
(ours) Gemma3-27B 86.0 70.0 81.1 846 65.6 | 785
GPT-40-mini 95.1 847 882 883 863 | 88.6
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Table 15: Results on MultiLogicNMR (credulous) across different methods and models. E=1 to E=5 denote different
evaluation settings. Avg. denotes the average F1 score.

Base F1(Test)
Dataset Method Model E=] E=2 E=3 B4 E=5 | Ag
DeepSeek-R1-32B 492 50.2 4777 408 488 | 47.6
DeepSeek-V3.2-671B | 50.8 42.6 43.8 30.2 334 | 404
Zero-Shot Gemma3-27B 60.6 60.5 563 672 60.1 | 61.1
03-mini 46.8 353 304 444 394 | 39.7
GPT-40-mini 482 483 43.4 457 413 | 459
DeepSeek-R1-32B 483 369 295 389 439 | 398
DeepSeek-V3.2-671B | 63.3 51.5 41.1 51.1 40.6 | 49.8
Few-Shot Gemma3-27B 557 64.8 60.7 73.1 627 | 63.7
03-mini 86.8 68.1 615 6277 538 | 67.2
MultiLogic GPT-40-mini 583 538 502 589 556 | 557
NMR Fine- DeepSeek-R1-32B 713 74.6 806 79.1 838 | 79.2
(credulous) | Tuning Gemma3-27B 853 794 826 789 827 | 8138
DeepSeek-V3.2-671B | 67.7 525 82.1 853 65.2 | 70.8
GPT-40-mini 537 61.1 511 697 613 | 59.6
LLM2ASP 03-mini 755 73.1 805 787 760 | 769
DeepSeek-R1-32B 572 44.6 543 563 46.5 | 52.1
Gemma3-27B 353 442 404 487 595 | 46.2
DeepSeek-R1-32B 822 736 752 8677 773 | 79.2
le‘/ISR_er DeepSeek-V3.2-671B | 983 854 934 949 879 | 92.1
(ours) Gemma3-27B 786 694 739 835 756 | 763
GPT-40-mini 95.0 80.1 90.0 900 865 | 88.4
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D Case Study

In this section, we provide detailed case studies to illustrate the abstraction and formalization challenges.
All examples presented in Figure 9, Figure 10, and Table 16 are derived from the experimental results of

DeepSeek-R1-32B.

suggestion=Add the default rule 'john is usually responsible’

S ——

Raw Context:
John and Mary were expecting their
first child, filled with the anticipation
and excitement that all parents feel.
Parents are usually loving and
supportive. Parents are normally
responsible. However, something
seemed amiss in their relationship.
Mary, usually affectionate and caring,
seemed distant and uninvolved. On
the other hand, John, known for his
responsible nature, started neglecting
his duties and became unreliable.

Question: Does the context imply
that mary is responsible and john is
loving and supportive?

Abstraction

Information Loss Abstraction 1
john are parents. mary are parents.
parents are usually loving.[Missing]
parents are usually responsible.

mary is usually affectionate.

mary is usually caring. mary is distant.
john is unreliable. john is not responsible.

. Abstraction 2
john are parents.mary are parents.parents

are usually loving. parents are usually
supportive. parents are usually responsible.
mary is usually affectionate.mary is usually
caring.john is usually responsible.mary is
distant.john is unreliable.john and mary are
expecting a child.

Information Redundancy

Figure 9: Case Study of Abstraction Errors Generated by DeepSeek-R1-32B.

Raw Context:

In a room filled with various
objects, two heavy blocks, Block A
and Block B, stand out. Normally,
heavy blocks like these are placed
on the table, but surprisingly, Block
A is not found on the table. On the
other hand, Block B grabs attention
with its vibrant red color.

Question: Does the context imply
that B is on the table?

Abstra

-ction

block a is heavy blocks.
block b is heavy blocks.
heavy blocks usually are
on the table.

block a is not on the table.
block b is red.

ASP Sentences:
(Missing)
onTheTable(X) :-
heavy(X),
not -onTheTable(X).-
onTheTable(blocka).
red(blockb).

Monolithic

Question:
onTable(blockB).

Figure 10: Case Study of Errors in monolithic Formalization by DeepSeek-R1-32B.
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Table 16: Examples of Formalization Errors from Natural Language to ASP by DeepSeek-R1-32B.

Natural Language Sentence

ASP Sentence

Error Type

Dogs are animals.

animals(X) :- dogs(X), not
-animals(X).

Conflation of facts
and rules

birds usually have great stamina if
they migrate long distances.

haveStamina(X) :- birds(X), not
-migrate(X).

Logical Structure
Error

. have(sedan).
sedan does not have high top speeds. _topSpeeds(sedan).
compact consumes less fuel. consumeFuel(compact).

Predicate Mapping
Error
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