Under review as a conference paper at ICLR 2026

REVISITING ACTOR-CRITIC METHODS IN DISCRETE
AcTION OFF-PoLICY REINFORCEMENT LLEARNING

Anonymous authors
Paper under double-blind review

ABSTRACT

Value-based approaches such as DQN are the default methods for off-policy
reinforcement learning with discrete-action environments such as Atari.
While soft actor-critic (SAC) is highly effective in continuous control, its
discrete counterpart (DSAC) performs surprisingly poorly on challenging
discrete-action domains such as Atari. Consequently, starting from DSAC,
we revisit the design of actor-critic methods in this setting. First, we
determine that the coupling between the actor and critic entropy is the
primary reason behind the poor performance of DSAC. We demonstrate
that by merely decoupling these components, DSAC can have comparable
performance as DQN. Motivated by this insight, we introduce a flexible
off-policy actor-critic framework that subsumes DSAC as a special case. Our
framework allows using an m-step Bellman operator for the critic update,
and enables combining standard policy optimization methods with entropy
regularization to instantiate the resulting actor objective. Theoretically, we
prove that the proposed methods can guarantee convergence to the optimal
regularized value function in the tabular setting, matching the convergence
rates in prior work. Empirically, we demonstrate that these methods can
approach the performance of DQN on standard Atari games, and do so even
without entropy regularization or explicit exploration.

1 INTRODUCTION

Value-based algorithms such as DQN (Mnih et al., 2013) and its derivatives (Rainbow (Hessel
et al., 2018), IQN (Dabney et al., 2018), M-DQN (Vieillard et al., 2020b)) are commonly used
in deep reinforcement learning. These methods can effectively learn from off-policy data,
making them sample-efficient in complex environments. In particular, they are well-suited
for environments with discrete actions and have achieved strong performance on large-scale
benchmarks such as Atari 2600 (Bellemare et al., 2013).

In contrast, common policy-based methods such as PPO (Schulman et al., 2017), TRPO (Schul-
man, 2015) are on-policy and do not effectively reuse the data collected by past policies,
making them sample-inefficient. Although prior work has developed off-policy variants of
these popular algorithms (Queeney et al., 2021; Meng et al., 2023; Gan et al., 2024), these
methods have not been thoroughly evaluated in discrete-action settings. On the other hand,
several works have primarily focused on off-policy actor-critic techniques in continuous
action spaces. In this setting, soft-actor critic (SAC) achieves strong empirical performance
on standard control benchmarks. More recent works in this setting include (Zhu et al.,
2024; Vieillard et al., 2021). While Zhu et al. (2024) introduce broader g-exponential policy
families that generalize beyond Gaussian parametrization, Vieillard et al. (2021) extend the
value-based M-DQN framework to a continuous action actor-critic method.

The strong empirical performance of SAC has motivated prior work to adapt it to offline
RL (Xiao et al., 2023) as well as the online off-policy discrete-action setting (Christodoulou,
2019) (the focus of our work). However, the resulting discrete variant of SAC (abbreviated
as DSAC) has poor empirical performance on standard benchmarks such as Atari. There
have been numerous other attempts to design an effective off-policy actor-critic algorithm in



Under review as a conference paper at ICLR 2026

this setting. For example, Neumann et al. (2018) proposes an alternative algorithm called
GreedyAC. This algorithm samples actions from an entropy-regularized proposal policy
and maximizes the actor policy’s log-likelihood on those samples (without employing an
additional entropy regularization). Although GreedyAC offers a new perspective, it has not
been evaluated on large-scale benchmarks such as Atari, nor directly compared to established
value-based methods like DQN.
Other lines of work, including alternative discrete-action extensions of SAC (Wang et al.,
2016; Xu et al., 2021; Zhou et al., 2022), do report results on large-scale domains against DQN,
but introduce multiple interacting components which complicate implementation and can
limit practical performance. For example, the ACER algorithm in Wang et al. (2016) requires
off-policy Retrace (Munos et al., 2016), bias correction, and a dueling network architecture,
while SD-SAC in Zhou et al. (2022) requires ad-hoc actor regularization and double-averaged
Q-clipping. Motivated by the gap between off-policy value-based and policy-based methods,
we aim to answer the question:
Can we design simple actor-critic methods that can approach the performance of DN in the
off-policy discrete-action setting?
Given the recent interest in applications such as reinforcement learning with human feed-
back (Ouyang et al., 2022), developing better actor-critic methods for discrete action envi-
ronments is increasingly important. Moreover, doing so can also help address the limitations
of value-based methods. For example, DQN and its successors lack a principled mechanism
for exploration, often relying on e-greedy strategies that require manual tuning and are
known to be brittle (Hessel et al., 2018). On the other hand, actor-critic methods such as
SAC rely on entropy regularization in both the actor and critic updates. Importantly, these
methods do not require explicit exploration making them potentially easier to tune on a new
environment. Furthermore, when used with complex function approximation, value-based
methods are prone to the delusional bias (Lu et al., 2018), which arises from independently
performing a greedy update per next state. This ignores the joint distribution over states
and actions and may yield a target @-function that is not realizable by the function class. In
contrast, SAC avoids the delusional bias by backing up the value function under the current
actor policy rather than using greedy max-based backups.

To make progress towards our goal, we first investigate the poor empirical performance
of discrete SAC (DSAC) in Christodoulou (2019) on Atari. Prior work attributes the poor
performance of DSAC to the use of a fixed target entropy (Xu et al., 2021) and Q-value
underestimation bias (Zhou et al., 2022). Proposed remedies include adaptive entropy
targets (Xu et al., 2021) and entropy coefficient regularization with a clipped double-averaged
Q objective (Zhou et al., 2022). Recent work (Neumann et al., 2025) modifies the DSAC
objective, and propose surrogates that include an explicit KL regularization term. While
all such modifications can improve the method’s stability, they introduce additional hyper-
parameters, complicating the method without matching the performance of DQN. Furthermore,
these modifications lack any theoretical justification even in the simple tabular setting.

Contribution 1: We perform an extensive ablation study on DSAC. Our results show that
simply disabling the entropy regularization in the critic update (i.e., using the standard Bell-
man operator for policy evaluation) while keeping all other components (entropy-regularized
soft actor update, automatic entropy tuning) fixed yields a stable variant of DSAC. This
variant does not require either double Q-learning or additional hyper-parameters, and is
competitive with DQN across Atari games (see Fig. 1). We also find that DSAC with a carefully
tuned per-game critic entropy coefficient can achieve similar performance as DQN. Hence, we
conclude that critic entropy substantially impacts the empirical performance of DSAC.

In order to explain the good empirical performance of the proposed DSAC variant, and to
systematically design related algorithms, it is necessary to develop a more general approach.
Prior works (Vieillard et al., 2020a; Xiao, 2022) have proposed actor-critic frameworks in
the discrete action setting. While Vieillard et al. (2020a) show that SAC falls within their
general framework, the proposed DSAC variant can not be captured by this framework. In
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Relative Performance of DSAC Compared to DQN Across Atari Games
DSAC (v, 7) DSAC (x,0)

Figure 1: Performance of DSAC relative
to DQN across 20 Atari games, with and
without critic entropy. The left plot shows
that the default DSAC underperforms DQN
on most games, whereas incorporating a
hard Bellman operator during policy eval-
uation (right plot) substantially improves
DSAC’s performance.
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particular, in Vieillard et al. (2020a), the actor and critic entropy is closely coupled, and
the framework cannot support using entropy regularization asymmetrically (e.g. entropy
regularization for actor, but not for the critic). On the other hand, Xiao (2022) propose a
policy gradient framework and analyze the actor objective in SAC. However, they assume
that @ is estimated via a black-box procedure and do not instantiate the critic update.
Contribution 2: In Section 3, we develop a general off-policy actor-critic framework for
the discrete-action setting, introducing new objectives, with variants of DSAC arising as
special cases. In particular, in the policy evaluation step for the critic, we use a look-ahead
target formed by either the soft critic entropy-regularized or the standard hard Bellman
operator. The policy optimization step for the actor consists of two stages: (i) computing
an intermediate policy (for example, by using either the NPG (Kakade, 2001) or SPMA (Asad
et al., 2024) updates), and (ii) projecting (using either the forward or reverse KL divergence)
the intermediate policy onto the class of realizable policies while simultaneously maximizing
a proximal entropy regularization term (referred to as the actor entropy). Importantly, our
framework decouples the use of critic and actor entropy is consequently more flexible.

Contribution 3: In Section 4, we analyze the proposed actor-critic framework in the
simplified tabular setting. In particular, in Theorem 1, we reduce the problem of analyzing
the sub-optimality in the entropy-regularized value function to (i) bounding the policy
evaluation error for the critic and (ii) bounding the regret for an online convex optimization
problem related to the policy update step for the actor. Our modular framework can be used
to analyze different combinations of the actor and critic. For example, in Corollary 13, we
use our framework to provide a theoretical guarantee for the NPG update with actor entropy
and m steps of the hard Bellman operator for policy evaluation, a variant that matches the
performance of DQN in the function approximation setting. Furthermore, for certain special
cases, our theoretical convergence rates match those in Vieillard et al. (2020a).

Contribution 4: In Section 5, we empirically evaluate the objectives instantiated using
our actor-critic framework and compare them against DQN. Our results reveal three key
findings. First, similar to DSAC, our objectives benefit from the hard Bellman operator for
policy evaluation, resulting in improved performance. Second, unlike DSAC, the proposed
objectives achieve performance competitive with DQN even without entropy regularization or
explicit exploration. Third, the choice of forward vs. reverse KL divergence when projecting
the intermediate policy onto the class of realizable policies does not matter in most cases.

2 PRELIMINARIES

We consider an infinite-horizon discounted Markov decision process (MDP), defined as
M= (S, A P,r p,), where S and A denote the state and action spaces, P : S x A — Ag
is the transition probability function, r : § x A — [0, 1] is the reward function, p € Ag is
the initial state distribution, and 7 € [0, 1) is the discount factor. Throughout this paper,
we assume that the state and action spaces are finite but potentially large.

For a fixed s € S, the policy 7 induces a distribution 7 (-|s) over the actions. The action-
value function ¢™ : § x A — R of policy 7 is defined as ¢" (s, a) := E[> 72 v'7(s¢, at)|so =
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s,ap = al], with s; ~ p(-|s;—1,a¢—1) and a; ~ w(-|s;). Given an initial state s ~ p, the
corresponding value function is defined as v™(s) := E,r(.|s)[¢"(s,a)]. The advantage
function a™ : § X A — R induced by 7 is represented by a™(s,a) := ¢"(s,a) — v™(s). We
define J(7) := v™(p) = Eqs~p[v7(s)] as the expected discounted cumulative reward.

Given the Shannon entropy function H(w) = — ) n(a) In(w(a)), if 7 > 0 is the entropy
coefficient, then, the soft (entropy-regularized) counterparts of the above functions (Liu et al.,
2024; Vieillard et al., 2020a) are defined as: v7(s) :=v™(s) + 7 Y207 [H(7(|s¢)) | s0 = ],
‘]‘F(’/T) = ESNP[U:(S)]’ q:(S,a) = Es’wP(~\s,a) [r(s,a) + f}/v:(sl)} and a;—r(sa a) = QZ(Sv a) -
vT(s) — 7 In(w(als)). Note that the soft value and action-value functions, v7(s) and ¢7 (s, a),

are bounded and lie within the interval [0, H,], where H, := %HW(A) (Liu et al., 2024).

Furthermore, for a fixed s € S and an arbitrary pair of policies m; and 7o, the soft Bellman
operator T7 is defined such that: (T7'0vI?)(s) = Equn,()s) [4F2(s,a) — 7 In(m1(als))] =
(T2 )(s) + TH (71 () and (T71672)(5,a) = (T™ 22) (5, 0) + Ty wp(.jo.0) Hlmi (1) 1
7 = 0, we refer to the corresponding operator as the hard Bellman operator. The objective
is to max,em J- (), where II is the set of feasible policies. We denote the optimal entropy-
regularized policy by 7 := argmax, J,(7) and its corresponding value function as v.

3 A GENERAL OFF-POLICY ACTOR-CRITIC FRAMEWORK

Building on the empirical findings from Section 1, we present a general off-policy actor-critic
framework that subsumes DSAC and results in new actor objectives. In Section 3.1, we focus
on the policy evaluation step and instantiate the resulting critic objective. In Section 3.2, we
focus on two alternative policy updates and instantiate the corresponding actor objectives.

3.1 PoLicy EVALUATION

At iteration ¢ € [K] of the actor-critic algorithm, we evaluate the current policy 7; using the
m-step entropy-regularized Bellman operator. The coefficient, > 0, controls the strength of
entropy regularization (referred to as the critic entropy). The corresponding estimate of the
entropy-regularized ¢ function at iteration ¢ is denoted by qé and computed recursively as:

@=q ; V=1, ¢ =Pou [(TF) ¢, (1)

where Pjg 77,1 projects each entry onto the [0, H,] interval. As m — oo, the algorithm exactly
evaluates the policy 7; and qz converges to the fixed point qg”. In this special case, setting
¢ = 0 recovers the standard ¢ function.

Handling function approximation: Eq. (1) requires updating the state-action value
function for each state and action. In settings where the state or action space is large, this
is not computationally feasible and we aim to approximate this update. To this end, we
focus on the off-policy setting and define the critic objective using the standard squared
loss (Haarnoja et al., 2018). Specifically, we use the replay buffer D, consisting of (state,
action, next state, reward) pairs obtained by the policies in the previous iterations. We
define ¢ as the parameters of a model (typically a neural network) parameterizing the critic
and ¢4 as the corresponding function. For defining the critic objective, the details of the
model are irrelevant and are implicit in the g, notation. We use Eq. (1) to construct a
one-step look-ahead target (corresponding to m = 1') and define the critic objective £;(¢) as:

E(s,a,5',r(s,0))~D,
o/ oy (1)

06(5,) ~ Bio s rls,0) + 7167 (5, 0) — @) (@)

With a slight abuse of notation, by (s,a,s’,r(s,a)) ~ D;, we mean that the tuple is
sampled from a discrete distribution over D;. We set qé = ¢4, where ¢, ~ argmin £;(¢).
Similar to Haarnoja et al. (2018), in practice, we do not clip the look-ahead target and the
optimization is done over the (s, a,s’,r(s,a)) tuples in a randomly-sampled batch from D;.

'We focus on m = 1 for simplicity. The objective for m > 1 can be defined analogously.
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3.2 Poricy OPTIMIZATION

At iteration ¢ € [K] in the actor critic algorithm, the policy optimization step uses the ¢
function estimates from Section 3.1 to update the policy. For a state s € S, we first compute
an intermediate policy 7,11/, using two representative methods — (i) the natural policy
gradient (NPG) or policy mirror descent (PMD) (Kakade, 2001; Xiao, 2022) update and (ii)
the recently proposed SPMA update (Asad et al., 2024). We note that the framework is not
limited to these choices. With a suitable step-size 1; and appropriate normalization,

Ti1/2(als) oc m(als) exp(ne gt(s,a))  (NPG) (3)

T1/2(als) oc m(als) [1 + (qé(s7 a) — vé(s))} (SPMA) (4)
In the special case, when ¢ = 0, we note that the SPMA update can use a sufficiently small
step-size to avoid an explicit normalization across the actions (Asad et al., 2024). On
the other hand, the NPG update always requires an explicit normalization across actions
to ensure that m, /o is a valid probability distribution. We now use a proximal update
to incorporate entropy-regularization in the policy optimization step. Given 711/ and
the entropy regularization parameter 7 > 0, the updated policy 741 can be computed in
two alternative ways that aim to find the “closest” policy 7 to 741/ while encouraging
the resulting policy to have sufficiently high entropy (referred to as the actor entropy?).
Specifically, if 74 := 71, > 0 is the entropy regularization parameter at iteration ¢, we use
either the forward KL (FKL) or reverse KL (RKL) divergence to measure the proximity
between policies. The resulting updates are given by:

T (c]s) = af% I)IéiilKL(7t+1/2('|5)H7"('|5)) — i H(m([s)) (FKL) (5a)
Tisa(c]s) = al(f% r)xéiEKL(st)\|7rt+1/2(-|s)) — i H (7 ([s)) (RKL) (5b)

Note that in the special case when 7 = 0, m41 = myq1/2. Furthermore, the objective
in Eq. (5b) is convex in 7 and the resulting update can be obtained in closed form where
mer1(als) o [7rt+1/2(a|s)]ﬁ for all (s,a). Combining Egs. (5a) and (5b) with Egs. (3) and (4)
gives rise to four possible ways of updating the policy. We instantiate the corresponding
actor objectives in the function approximation setting below.

Handling function approximation: Egs. (5a) and (5b) require updating the state-action
value function for each state and action. In order to scale to large state-action spaces, we use
function approximation in the policy space. Specifically, given the parameters 6 of a model
parameterizing the actor and 7(6) as the corresponding policy, we define Ily = {#|36 s.t 7 =
m(0)} as the set of realizable policies. Similar to Section 3.1, the choice of the model is
implicit in the 7(f) notation. Following Haarnoja et al. (2018), we modify Egs. (5a) and (5b)
to optimize (i) only over the states in the replay buffer D; and (ii) over the restricted policy

class Iy to get the following updates: 71 = argmin,cpy, >, p, |KL(7r1/2(]8)[|7(|s)) —

TtH(W('|S)):| and 1 = argminger, D, p, |:KL(7T(~|S)||7Tt+1/2(-|S)) — 1 H(m(]s))| for the

FKL and RKL variants respectively. Following Vaswani et al. (2021); Lavington et al. (2023);
Tomar et al. (2020); Xiong et al. (2024), we convert the above projection problem into an
unconstrained optimization over 6, and form /¢;(6), the corresponding actor objective. We
define 71 = m(0:41) where 011 = arg maxy £;(6). For each variant, we append the postfix
(1,¢) to denote its dependence on the actor and critic entropy. The actor objective ¢;(f) can
be defined as one of four possible choices:

Esnp; |Banr(ls) [0 (5,a) — 7 In(mo(als))] — %KL(MCIS) [7e(-|s)) (NPG-RKL(7, ())

2The actor entropy coeflicient 7 is independent from the critic entropy coefficient ¢. Intuitively,
actor entropy regularizes the distribution over actions at the current state, whereas the critic entropy
regularizes the distribution in the next-state.
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Esop, [Eqnmy(ls)[In (1 +m(g¢ (s, a) — v(5))) — 7 Inmg(als)] — KL(mo(-]s)||me(-]s))]
(SPMA-RKL(, ¢))

In (”‘9(‘”5)) ] + Tm(m(.p))]

exp(n: ¢¢ (s, a))
o Te(a’) exp(ne g¢ (s, a’))

ESN t Ea'\/ﬂ't -ls
b ¢l >[z m(als)

(NPG-FKL(, ())

(Lns.m o) (mfa\] L
e ] e e o Corm ) R ))1

] (SPMA-FKL(7, ()

Comparing the objectives: Note that the NPG-RKL and SPMA-RKL objectives differ in
the first term, which is linear in the ¢ function for NPG-RKL, while it is logarithmic in the
advantage for SPMA-RKL. Similarly, the FKL variants also differ in the first term. Crucially,
in the special case of zero critic entropy and n < 1 — ~, SPMA-FKL(7,0) does not require an
explicit normalization over the actions (Asad et al., 2024), making it easier to implement
in practice. Finally, we note that for the RKL variants, the expectation is over the actions
sampled from my. The objective can be optimized by calculating the full expectation,
using importance sampling, or applying the reparameterization trick. On the other hand,
the FKL variants involve an expectation over the actions sampled from m;, simplifying the
resulting implementation. In Algorithm 1 in Appendix B, we present the complete actor-critic
pseudo-code in the function approximation setting.

Comparison to existing methods: We note that NPG-RKL(T, 7) recovers the off-policy
variant of MDPO studied in Tomar et al. (2020). In the limit that 7, — oo, NPG-RKL(T, T)
recovers the original SAC objective in Haarnoja et al. (2018). This is intuitive since SAC
can be viewed as soft policy iteration. Importantly, NPG-RKL(7,0) and n; — oo recovers the
DSAC variant that demonstrated good empirical performance in Fig. 1. In the special case of
the tabular setting and ¢ = 7 (i.e. the actor and critic entropy is coupled and fixed), the
NPG-RKL variant is the same as that proposed in Vieillard et al. (2020a). On the other hand,
the SPMA-RKL(7, ) objective is novel, and has not been studied in the previous literature. In
the tabular setting, NPG-FKL(7, 7) is the same as the objective proposed by Mei et al. (2019),
but the two objectives differ under function approximation.

Finally we note that in the on-policy setting where states are sampled from d™, the
distribution induced by policy 7; (instead of D;), setting 7 = ¢ = 0 and m = oo for the critic
(corresponding to exact policy evaluation) we can recover the framework in Vaswani et al.
(2021), and its instantiations (Tomar et al., 2020; Asad et al., 2024). Next, we consider the
simplified tabular setting, and prove theoretical guarantees for the RKL variants.

4 THEORETICAL GUARANTEE IN THE TABULAR SETTING

We consider the tabular setting and analyze the actor-critic algorithm when using decoupled
non-zero critic and actor entropy. For the critic, we consider estimating the ¢ functions
using Eq. (1). For the actor, we consider using the RKL variant in Eq. (5b) in conjunction
with the NPG and SPMA updates in Eqgs. (3) and (4), and denote the corresponding variants
as soft NPG and soft SPMA respectively.

In Theorem 1 below, we first reduce bounding the sub-optimality in the entropy-regularized
value function to a per-state online convex optimization problem. It is important to note
that this reduction is independent of the specific actor and critic updates.

Theorem 1 (Generic Reduction with Actor Entropy). If 7% is the optimal entropy-regularized
policy whose value function is v, for a qz obtained via the policy evaluation scheme at
iteration t, define €; := qz — ¢™t. For any sequence of policies {mg,71,...,Tx_1}, if Tk is
the corresponding uniform mizture policy, then,

| | Regret(K)|| . 2 2eix l€tllo
K(1-7) K(l-7)

* TK
UT UT Hoo
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where (Regret(K))(s) i= 32,51 | (w5 (-|s) = mi([s), gt (s, ) + 7 [H(mi(]s)) — 771(7Tt('|8))]} is
the regret incurred on an online optimization problem for each state s € S.

The above result shows that the sub-optimality of a mixture policy (one that randomly
chooses a policy from {mg,m1,...,mx_1}) obtained by using a generic policy optimization
method can be bounded in terms of the regret incurred by the method, and the sum of the
policy evaluation errors incurred in estimating ¢7*. Since €; depends on 7, it depends on the
specific policy optimization method, and we now bound it for both soft NPG and soft SPMA.
Corollary 1 (Policy Evaluation Error). Using the policy evaluation update in Eq. (1)

and the soft NPG or soft SPMA policy update with ny = m for a constant ¢ > 0, if

§(r,¢) == w, the error €, can be bounded for all t € [K] as:

1 1 o(r,¢)
)+i) ] 1)
Note that as m (the number of steps of the Bellman operator) increases, the policy is
evaluated more accurately, and €; decreases. As m — 0o, ¢ — O(d(7,()). Moreover, as ¢
increases, €; decreases and as t — K — 00, € = O(d(7,()), which quantifies the mismatch
between the actor and critic entropy and is equal to zero when ( = 7.

Next, we show that both soft NPG and soft SPMA can control the regret for the online
optimization problem defined in Theorem 1.
Corollary 2 (Regret Bounds with Actor Entropy). Suppose mo(:|s) is the uniform distribution

m

o =l = 0 (2 | (w2 (3 +60m)

[SIE

over actions for state s. For a sequence {qé}tK:f)l with qZ ’ < H., the regret for soft NPG
oo
and soft SPMA with ny = m for constant ¢ > 0 can be bounded as:
K—1
. . In(K)
mae| 3 [(r2(1s) — mCJs). gh(s, ) + 7 (M3 (15)) - H(m(-IS))H| —o(15)
t=0

The actor entropy in Eq. (5b) makes the online functions strongly-convex and hence both
methods incur only a logarithmic regret (Orabona, 2019). Combining the results in Corollar-
ies 1 and 2 with Theorem 1, we obtain our main theorem for both soft NPG and soft SPMA.

Theorem 2 (Sub-optimality of Soft NPG/Soft SPMA). Let % be the optimal entropy-regularized
policy with value function vi. Consider the soft NPG or soft SPMA updates with step size

N = m for constant ¢ defined in Theorems 5 and 7 and 7y(+|s) as the uniform policy
_ l7=¢lIn(4)
1

over actions for all s € S. Using policy evaluation step in Eq. (1), with §(7,() : "
the resulting uniform mixture policy Tx satisfies the following sub-optimality bound:

e (S I Pt )

Hence, the sub-optimality can be bounded as O (% + % +0(7,¢ )) up to logarithmic factors.

Note that when the actor and critic entropy is coupled ({ = 7), both soft NPG and SPMA
have an O(1/K) convergence for the resulting mixture policy. For the practical variant that
uses m = 1 and ¢ = 0, the above result can achieve an O(1/K) convergence to an O(7)
neighbourhood of v}. All proofs are deferred to Appendix C, where we also explore the case
without actor entropy i.e. 7 = 0 and prove an O(1/VK) rate.

Comparison to existing results: Vieillard et al. (2020a) consider the special case of
soft NPG with coupled actor and critic entropy (( = 7) and m = 1, and also establish a
convergence rate of O(1/K). On the other hand, Xiao (2022, Theorem 4.4) analyze soft NPG
with coupled actor and critic entropy (¢ = 7) and m = oo, and prove an O(1/K) convergence
rate. In comparison, our framework can match these convergence rates while being more
flexible — we can support m € [1,00) (left as an open question in Vieillard et al. (2020a)),
allow for decoupling of actor and critic entropy and support policy optimization methods

*
T

TK _
ot o
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beyond NPG (e.g., SPMA) that have sublinear regret and Lipschitz policy updates (see the
proof of Theorem 3 in Appendix C). In the next section, we demonstrate that two methods
(soft NPG and soft SPMA with decoupled actor and critic entropy, m = 1) instantiated by our
framework have good empirical performance.

5 EMPIRICAL EVALUATION

We evaluate the proposed off-policy policy optimization methods on various Atari 2600
games (Bellemare et al., 2013). We first present an ablation study of DSAC, and subsequently
investigate the impact of actor and critic entropy and the direction of the KL divergence
on the empirical performance of DSAC and the proposed objectives. Following Tomar et al.
(2020); Asad et al. (2024), we use the stable-baselines3 framework (Raffin et al., 2021)
with five random seeds, reporting average expected returns with 95% confidence intervals.
Experimental details and hyper-parameters for all algorithms are provided in Appendix E.1.

Conclusion 1: Using ( = 0 Improves DSAC Performance: In Fig. 2, we ablate DSAC
(with a single @-network), comparing ¢ = 0 versus ¢ = 7 in the presence of actor entropy (i.e.,
7 #0). To set 7, we use either a fixed grid-searched entropy coefficient or use the adaptive
scheme in Christodoulou (2019). Our results indicate that both ¢ = 0 and ¢ = 7 can result
in good performance with a well-tuned fized per environment 7 (red and purple vs. blue).
Under this configuration, we also observe that on the discrete versions of MuJoCo’s Acrobot,
MountainCar, and Pendulum reported in Neumann et al. (2018), DSAC performs on par with
GreedyAC, which employs an alternative policy update (see Fig. 3). These observation are
consistent with Vieillard et al. (2020b), which tunes a fixed 7 for the entropy-regularized
value-based Soft-DQN and M-DQN methods?®.

On the other hand, the adaptive scheme in Christodoulou (2019) sets 7t &~ arg min &;(«) =
Eoun,Eamm,(.|s)[—a In(m¢(als)) — aH] where H is the fixed target entropy. When using this
adaptive scheme, ¢ = 0 yields performance comparable to DN (green vs. blue), same as the
20-game results in Fig. 1, while setting ¢ = 7 results in much worse performance (orange
line). Hence, in order to retain good empirical performance while avoiding the need for
manual tuning, we recommend using the adaptive scheme for 7 and setting ¢ = 0.

For this configuration, we test the hypothesis in Zhou et al. (2022) that double Q-learning (Fu-
jimoto et al., 2018) adversely affects DSAC performance. In Fig. 6 in Appendix E.2, we
compare single and double @Q-learning across 8 Atari games and observe that, under our setup,
double @-learning yields similarly strong results and does not degrade performance. We also
evaluate the hypothesis in Xu et al. (2021) that when using the adaptive scheme to set 7,
choosing a fixed target entropy # harms the DSAC performance. The results in Fig. 6 show
that our proposed DSAC configuration (using the same adaptive scheme as in Christodoulou
(2019)) significantly outperforms those reported in Xu et al. (2021, Figure 2).

Conclusion 2: All Proposed Objectives with ( = 0 Have Similar Good Perfor-
mance: From Fig. 4, we observe that when using adaptive 7, all proposed actor objectives
defined in Section 3 have relatively (compared to DQN) bad performance when ¢ = 7, and
good performance with ¢ = 0. Moreover, similar to DSAC(7,0), these methods have good
performance even with 1 gradient descent step (on a randomly sampled batch from the
replay buffer) for both the actor and critic objectives. Consequently, for the subsequent
results, we set ( = 0 with adaptive 7. Notably, the results in the second row, columns one
and three of Fig. 4 correspond to our novel objectives SPMA-FKL(7,0) and SPMA-RKL(T,0),
which are motivated by our empirical findings on DSAC. In addition, the results shown in the
second row and second column correspond to the NPG-FKL(7, 0) objective, which is different
from the formulation of Mei et al. (2019) in the function approximation setting. We also
compare with the common on-policy baseline PPO (Schulman et al., 2017) in Appendix E.6
(Fig. 19, Fig. 20), and observe that the proposed methods significantly outperform it.

3In contrast to DSAC, both Soft-DQN and M-DQN also require tuning an e-greedy parameter and
an additional parameter related to entropy regularization (Vieillard et al., 2020b).
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Figure 3: Comparing GreedyAC (Neumann et al., 2018) with the default DSAC (with and without
critic entropy and a fixed entropy coefficient) using batch size of 32.
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Figure 4: Disabling critic entropy while retaining the adaptive entropy coefficient loss, as in DSAC,
yields substantial performance gains for both our forward and reverse KL actors (top vs. bottom

rows).

Conclusion 3: Entropy Regularization is Only Sometimes Important:

We study

the effect of disabling entropy regularization for both actor and critic (i.e., 7 = 0 and
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¢ = 0) when the actor objective ¢;(f) is optimized by n gradient steps. For n = 1, all
objectives, including DSAC(0, 0), suffer from a sharp drop in policy entropy and degraded
performance (see Figs. 8 and 10), indicating insufficient exploration in the absence of entropy
terms. However, increasing n alleviates this effect for our objectives: on most games, setting
n = 10 preserves higher entropy and yields more stable learning, resulting in good overall
performance. Fig. 5 demonstrates that our methods can match DQN for large n, while
DSAC(0, 0) consistently underperforms.

This gap can be explained by the lack of regularization in DSAC. In particular, recall that
DSAC is a limiting case of NPG-RKL with 7, — oo, and hence does not have the reverse
KL regularization term (see the NPG-RKL objective in Section 3). Consequently, for n > 1,
NPG-RKL(0, 0) benefits from additional optimization steps under KL regularization, whereas
DSAC(0,0) lacks both the KL and entropy terms. Overall, Fig. 10 in Appendix E.4 shows that
several of our objectives remain competitive with DQN without explicit entropy regularization,
provided that the actor objective is sufficiently optimized.

DSAC (0,0) SPMA-RKL (0, 0) SPMA-FKL (0, 0) NPG-RKL (0,0) NPG-FKL (0, 0)

Alien |
Amidar {
Assault {
Asterix |

BattleZone |
BeamRider |
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CrazyClimber {
Enduro {
Freeway |
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Kangaroo {
MsPacman {

0 a0 0 0 200 4 o S0 a0 200 o 200 an G0 a0 0 o a0 40 &0 a0 20 o 20 a0 G0 a0 0 o a0
Relative performance (%) Relative performance (%) Relative performance (%) Relative performance (%) Relative performance (%)

Figure 5: Unlike DSAC(0, 0), our objectives can match DQN without entropy regularization, when
increasing the number of actor gradient updates n to 10.

Conclusion 4: Direction of KL Mostly Does Not Matter: Chan et al. (2022) have
studied the impact of the KL direction in the discrete-action setting when the intermediate
policy is Boltzmann i.e. w41/, o< exp(qL(s,a)/7), and have reported no significant differences
in the performance. We revisit this question in the context of our actor objectives, evaluating
SPMA and NPG under two regimes: (i) ¢ = 0,7 = 0 and (ii) 7 # 0 with ( = 0. In the
¢ =0,7 =0 case and with n = 10 (since n = 1 performs poorly), using forward KL results
in a clear advantage for SPMA, while NPG shows no consistent trend ( Figs. 13 and 14). In the
case T # 0 and ¢ = 0, we find no consistent evidence that either KL direction systematically
outperforms the other, regardless of n or the choice of intermediate policy (see Figs. 15 to 18
in Appendix E.5).

6 CONCLUSION AND FUTURE WORK

We revisited the design of off-policy actor-critic methods in the discrete-action setting, where
value-based methods such as DQN dominate. By decoupling the actor and critic entropy,
we identified a variant of DSAC that matches DQN. Building on this insight, we introduced
a flexible off-policy actor-critic framework that subsumes DSAC variants as a special case.
This framework resulted in novel actor objectives that can match or exceed DQN without
explicit exploration. For example, we introduced the SPMA-FKL(7,0) objective which samples
from 7; and avoids an explicit action normalization over the actions, making it easier to
implement in practice. Moreover, SPMA-FKL(7,0) admits a convex objective in 6 when
using log-linear policies, making it a prospective candidate for theoretical analysis when
incorporating function approximation. For future work, we aim to: (i) theoretically analyze
the actor objectives with function approximation and guide algorithmic design; (ii) develop
strategies for automatically adapting the actor step size n; (iii) further investigate the
behavior of the proposed objectives without entropy regularization; and (iv) extend the
framework to continuous-action settings.

10
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ORGANIZATION OF THE APPENDIX

A Actor Objective Instantiations
B General Off-Policy Actor-Critic Pseudocode
C Theoretical Results
C.1 Proof of Theorem 1
C.2 Proof of Corollary 1
C.2.1 Generic Policy Evaluation
C.2.2 (soft) NPG Corollaries
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C.4.2 soft SPMA
D Helper Lemmas

E Experimental Details and Additional Results

A ACTOR OBJECTIVE INSTANTIATIONS

In this section, we instantiate our forward and reverse KL-based objectives in Equations 5a
and 5b using soft NPG, and soft SPMA in the function approximation setting.

A.1 NPG-FKL(r,()

i1 = argminEoop, [KL(7er1/2([5)l|mo(-]5)) — mH(mo(:]5))]

o €I
exp(n: ¢¢ (s,a)) mo(als)
EaNm('\S) |:_ 2;(2) In < e (als) eip?l:qz(.s,u,)) ):| - TtH(WQ('s)):|

Z¢(s)

(Using the NPG update in Eq. (3))
¢
_ argminESNDt [EaNﬁt(.|s) [ eXp(m q((saa)) In (W(G|S) >‘| o TtH(We('|S))]

= argmin, i Esop,

o EIL Zt(s) 7Tt(0,|8)

(dropping the constant w.r.t )

= argmax,, ¢y Es~p, [Ea~m(-|s) [E exp(nt ¢ (s,a)) In (Zfé;lj)))} +7‘t7'l(779('|3))]

o me(a’) exp(n: g¢(s,a))

A.2  SPMA-FKL(, ()

M1 = argminByp, [KL(7y11/2(18)llmo (- |5)) — meH (o (-] 5))]
T E

_ . (1+n:(gf (s,0)—ve(s)Y)) mo(als)
= argming, .y Eswp, []Eamrt(-S) [_ Z:(s) In ¢ (al) (L+ng (af (5,0)—vE ()

Z:(5)
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- TtH(We('IS))l
(Using the SPMA update in Eq. (4))

1+77t(qt(57a)—vt(5)) To(als
Eanrm(ls) |~ ( Czt(s) : ) In (wfga:s)))

=argmin E,.p,
o €Il

— 7'{H(7T9(~|S))‘| (dropping the constant w.r.t )

=argmaxEsop, |Eqor,(|s)
o EIL

(14 m(at(s,0) = () N ( 7(als) )
S ml@ls) (1+mal(s.a) —vi(s))

+ TtH(fre(-ls))]
A.3 NPG-RKL(T,()

Ti+1 = arg Hlljin]Eth (KL (7o (-[s)||m41/2(:]5)) — e H(ma(]s))]
e E

=argminE,p, Eqory(1s) [(1+72) In(mg(als)) — In(mes1/2(als))]

eIl

=argminEswp,Eqor,(|s) [ (14 7¢) In(mp(als)) — In (m(a|s) exp(n: qé(s,a)))}

oIl
(Using the NPG update in Eq. (3) and since Z; can be marginalized out)

=argmin Esup,Eqor,(|s) [(1 + 7¢) In(mg(als)) — In(m(als)) — qé(s, a))]

eIl
. 1
= arg Hlljln]ESNDt]anﬂe(_‘s) [(1 + 7n) In(mg(als)) —nt (qz(s, a) + 77— ln(wt(as))>}
o E t

(Since 7 = n; 7)

1 7T9(CL|S)>:|
=argmaxEqup, Eoor,(ls) [25(5,a) — 7 In(mg(als —ln(
5961'1 P oCle) {qc( ) (mo(als)) U m¢(als)

— arg X o, [ancs) at(s,0) = 7 Wlrma(als))] - - KL(ra(5)| m<-|s>)}

Given an estimate of the entropy-regularized ¢ function, DSAC is a special of NPG-RKL by
setting 7; = oo resulting in the following surrogate loss:

Tyl = arg mnax Esnp, Eqmmo(.|s) [(qé(s, a)) -7 ln(we(a|s))}
ToE

A.4 SPMA-RKL(r,()
41 = argmin B, up, I:KL(TI'Q('|S)||7Tt+1/2('|5)) - Tt";'-[(ﬂ'g(~|s))]

eIl

= arg rrgnESNDt Eamrme(s) [(1+7) In(m(als)) — In(myp1/2(als))]
ToE

= argmin,, ey Esnp, Banrg(js) | (1 +73) In(mg(als)) —In (m(a\ Y1+ (qc s,a') — vi(s )}
(Using the SPMA update in Eq. (4))

= arg mr?XIESNDt [Eanro () In (14 n:(gé (s, a) — v(s))) — KL(mg||m) — 7 Inmg(als)]
as
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B GEeENERAL OrF-PoLicy ACTOR-CRITIC PSEUDOCODE

Algorithm 1: General Off-Policy Actor-Critic Framework

1: Input: 0y (mo’s parameters), ¢g (qg’s parameters), 7y (function approximation for
actor), g (function approximation for critic), £, (critic loss), ¢, (actor loss), K (total
iterations), N (number of environment steps), n (number of policy optimization steps),
« (inner-loop step-size)

2: fort=0to K —1do

3:  Interact with the environment for N steps to collect data using my:

Dy« D; U {Si, a;, ’I“(Si, ai), 5i+1}i1\;1

o0 = argmin £,(0) ; ¢! = s,

Initialize inner-loop: wy = 64

for j=0ton—1do
wj1 = wj — aVly(wj)

end for

9t+1 = Wn

10: mpa(t]s) = mo, 4 (+]8)
11: end for

12: Return: 0k

C THEORETICAL RESULTS

C.1 PROOF OF THEOREM 1

Theorem 1 (Generic Reduction with Actor Entropy). If 7% is the optimal entropy-regularized
policy whose value function is v¥, for a qé obtained via the policy evaluation scheme at
iteration t, define ¢; := qz — qTt. For any sequence of policies {mo,T1,...,TKk—1}, if Tk 1
the corresponding uniform mizture policy, then,

< || Regret(K)|| . n 2 ZtE[K] llet]] oo

lom =l = T ) K=
where (Regret(K)(s) i= 24" [(m2(ls) = mo(ls), b5, ) + 7 [H(m2([s)) = H(mi(]s))]] is

the regret incurred on an online optimization problem for each state s € S.

Proof.

v — Ut = 7';: v:: — vl (Since v:: is a fixed point of ’T::)
— T:i vX] (Add/subtract 'TTW: vT)
(Using the definition of T )

-1

)
— o7 — vl = (I —yPss) [Tfivf -T7 vf}

Summing up from t =0 to t = K — 1 and dividing by K,

K-1
Zf Jlom 1 . o
x (I =P, [TT m_m]
v — i% " (I —~Prx) 2 T7 7ot — T
(By definition of v)
K—1 Kot
= vy —uff = i(f YPrs) ! Z {’Tﬂ: vt —v’”} (Since vIx = Loy v )
t=
1 K—1
=K (I =~Pre) ™ {T Togt =T ”’} (Since vT = T™vT)
t=0
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K—-1
I P —1 TV: Tt th Tt
Y T Y

t=0

- 1
— [z - 2]l = %

e
K-1

[ ]
t=0 oo

(By definition of matrix norm)

| /\

1 —1
7 1@ =P=) 7

1 K—-1 .
Lt T ol — T o
T K(1-7) ; [ }
(Since [|(7 —7Px) Y|, = 125200 Pallll, < 5207 = 1)

Let us calculate [T:: vl — T U;—”] (s).

[Trrur = T (s) = (T77ur)(s) — (T 05 (s)
= Eq~r: [¢7' (s,a) — 7 In(77(als))]
Eo~r, (@74 (s,a) — 7 In(m(als))]  (By definition of 7.7 v2)
= (m2(]s) = m(-[s), 47" (5,-))
=7 [(72(ls), In(m7(-[5))) = (me(-]s), In(me(-]5)))]

= (m2([s) = m(-[s),q7"(s,)) + 7 [H(m7([s)) — H(me(:|s))]
(By definition of H(w(:|s)))

= (m2(1s) = m(ls),qc(s, ) + 7 [H(72 () — H(me(]s))]
+ (T (ls) = me(|s), a7t (s, 7) — gé(s,0))

(Add/Subtract (m7(-[s) — m(:|s), ¢ (s,+)))

< (mr(ls) = me(ls) ae(s, ) +7 [H( (1)) = H(mi(-]s))]

Iz Cls) = Gl (a7 (s.) — g s )| o
(By Holder’s inequality)

< (m(ls) = m(ls) (s, ) + 7 [H(m2(]s)) — H(me(]s))]

+2Ja7 (s,) = ac(s,)| o (Since [|77(-]s) = m(-[s)[l; < 2)

Define Regret(K,u,s) = Y/50" |(ulfs) = me(ls). (s, ) +7 [H(u(]s)) = H(mi(}s))]] as
the regret incurred for state s when the comparator is policy u. Hence,

K-1 .

Z [T;rrv:t — T v:t} (s) < Regret(K, 7, s) + 2 Z Hq - qc )||Oo

=0

K—1 X

Z [7':71);” — T v;”} < max Regret(K, 7}, s) +2 Z lled]l, (By definition of €;)

t=0 0

Using the definition of Regret(K) = [Regret(K, 7%, s; )] € R,

s s

. [Regret(K) o, 2 2reix €l

o=l = =) K(1—7)

O

In the special case (0,(), i.e., no entropy regularization from the actor side, the problem
reduces to online linear optimization, as in Politex (Abbasi-Yadkori et al., 2019), yielding
the following corollary.

Corollary 3 (Generic Reduction without Actor Entropy). If 7* is the optz'mal policy whose
value function is equal to v*, for an estimate of g7* at iteration t s.t. € = qC — g7 and for

17
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any sequence of policies {mo,m1,...,TKk_1}, if Tk is the corresponding mizture policy, then,
o — e < IReretFllg 2 2reir 1€t
* K(1-9) K(1-9)
where (Regret(K))(s) := figl [<7T*(|S) —7Tt(-|s),qé(s,-)>} is the regret incurred on an

online linear optimization problem for each state s € S.

C.2 Proor OoF COROLLARY 1
C.2.1 GENERIC PoLicy EVALUATION

Theorem 3 (Generic policy evaluation). Using the policy evaluation scheme in Eq. (1), if
§(7,¢) == #, and TV; := ||m;(-|s) — mi—1(|s)||y, then, for allt € [K],

et = el = ||a - qél\oo

Hey™

max [TV +7(1- |'H mi(+]s)) — 7‘[(7%'71('|5))|]

t

+ (™) 6 0)

=0

Furthermore, if for all i € [t], TV; < 3, then, for any constant C' € (0,1/2),

t
m , A In(A
7 Z:('ym)t_Z max {TVi +7(1—7) {TVi In () + ( n(4) + \/5) \/5”
-) = s C 2
t
+y ()0
=0
Proof.
e = |laf - qé”oo =||qr — ’P[O’HT][(T?)mqé I]HOO (Using the update)
= |[Polaz) = P Tz ™| (Since g7 € [0, H,))
= [ Po.salzyaz) = Pz 7| (Since g7 = T7q)
< |(T7)™a7t = (T7)™q z ! (Since projections are non-expansive)
S (Tm)m T (Tm)m 2 1 + H T7Tt m t—l o (Tgrt)mqé—lHoo

(Add/ Subtract (Tre)™mg t ! and using triangle inequality)

IN

(TF )™ a7 — (T7 )™ g |C -~ T| In(A) (Using Lemma 4)

oo 1-—
=6(7,0)
= [T - @rma|_+6en0)

<7 - qz ! H +4(7,¢) (Since T is a ~y contraction)
<A GE = gf e ™ (T - g 1“ +4(7,¢)

(Add/subtract ¢r'~' and using triangle inequality)
=" 7 — a7l +7™ @1 +0(7,C)

18
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The first term is the difference in the ¢, functions between two consecutive policies, and we
bound it next. For all (s, a),

¢ (s,a) — g7 (s,0) =7 27’ s, a)oT*(s) =y ZP(S'lsaa)vft’l(S’)

:’YES/NP( |S a)[ ’(S)—’U7Tr 1(8’)]
= g7 — a7 oo S vlloft — ol

Let us now bound the difference in the v, functions between two consecutive policies.
||’U ,Uﬂ't 1 ” — ”T:tv:t _ T:tU:t—l + Tﬂ'tvﬂ't—l _ Tﬂ't—lvﬂ't—l H

(Since T™v™ = v™ and add/subtract T tvr ")

<||TFewft = TT T o + I TF ofe = TR
(Triangle inequality)
< [loft — o g H [ TFT e = T T
(Since T is a y-contraction)

Tt gy Tt— 1” H ur? ‘ﬂ't 1 Tt—1 7Tt71||
= vt — o] T —Tr=tole=t||

> = 1
In order to bound ||T77.” vttt — Tft’lv:"l ||oo, consider a fixed state s. By definition of T

Trof =1 (s) = T it = (s) = (me(c[s) = me—1(t|s), (s, -))
+7 Z[Wt(fﬂs) — 7t-1(al8)] By p(.)s,a)05 1 (57)

+ 7[H(me(-]s)) — H(me—1(-]5))]
< me(ls) = me—ally [I7(s, )l
+ llme(-fs) = me—ally o7
+ 7[H(m(]s)) — H(m—1(-|s))] (By Holder’s inequality)
< L+ Hy) [Ime(tls) — m—1(1s)ll;
+ 7[H(m(|s)) — H(me—1(:s))]
(Since rewards are in [0,1] and vr' "' (s) < H,)

< Hy [|m(|s) — m—1([s)lly 4+ 7[H(me(:|s)) — Hlme—1(:]s
(Since 1 < 1+ 7In(A) = (1 —~) H,)

)

7)

\_/
~—

— |[Tr = TE= ol < Hy (max [TV +7(1 =) [H(m(ls)) = H(ma(1s))])

(Since 1 < (1 —~) H,)

Combining the above inequalities,

Tt—1

Y L
(1—-7)

H;
= llar =07l = gy max [TVi 4 7(1 =) [H(mi(]s)) = Hlm-a (fs))]

Joz — o

max [TV; +7(1 =) [H(m(-|s)) = H(m-1([s))]]

T
— EtS
(1=7)

max [T'V; +7(1 =) [H(m(-[s)) = H(me-1(:[s))[] +9™ €11 4 (7, ()

=B
= ¢ < Bi+7" €1+ 0(7,Q)

19



Under review as a conference paper at ICLR 2026

Bounding ¢,
€0 =47 — q7° = Eanp(fs.a) [1(5,0) + 707 ()] = Egrop(fs.a) [1(5:0) + 707 (8)]
(By definition)
= YEy p(fs,0) V7 (8") — v2°(s’)]

=9Ey '~P(-|s,a) +727 7T0 ‘St |80_3}
)+ ¢ Z*y (mo(-|st))]so = §']] (By definition)
< 'f'_lj” — 6(r,0) (Since H(x([s)) < In(4))

For a fixed t € [K], recursing from ¢ =t — 1 to ¢ = 1 and using that

e < 60+Z ") (Bi 4 6(7,0))

m

Z t—i rnax [TV +7(1 — ) [H(mi(+|s)) — H(mi—1(:]9))]]

—1—2 tléTC

Furthermore, if TV, % for all ¢ € [t], using Lemma 1, we can further upper-bound
|H (mi(+|s)) — H(mi—a(: | ))| to get that for any constant C € (0,1/2),

A In(A —
(1)~ HmiaCls)] < TV () + (25— 4 v2) VE
Combining the above relations, in this case, we get that,

o< 7 gwm)t-i ma [m +r(1—7) [Tw In (g) ; (1“(;‘> . \/i) \Fc”

t

> my o)

O

Corollary 4. Using the policy evaluation scheme in Eq. (1) with { =7, for allt € [K], if
for alli € [t], TV; == ||m;i(:|s) — mi—1(-|s)||; < 5, then, for any constant C' € (0,1/2),

57_7:) g(w)t—i masx [TVZ- +r(1-7) [TVZ- In (g) + (ln(zA) 2) \FC”

Proof. Setting ¢ = 7 in Theorem 3. O

€ <

Corollary 5. Using the policy evaluation scheme in Eq. (1) with ¢ =0, for allt € [K], if
for alli € [t], TV; := ||mi(:|s) — mi—1(-|s)||; < 5. then, for any constant C' € (0,1/2),

6 < (HT’Y ) g myt—i max {TV +7(1—7) {TVi In <é’> + (ln(2A) 2) \/5”
In(A)
i
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Proof. Setting ¢ = 0 in Theorem 3. O

The following proposition shows that the objective in Eq. (5b) admits a closed-form solution.
Substituting the intermediate policies NPG and SPMA into the closed-form expression in Eq. (6)
yields their entropy-regularized (actor entropy) counterparts, referred to as soft NPG and soft
SPMA.

Proposition 1. If a; :=
for any s,a is given as,

1

S the closed-form solution for the proximal update in Eq. (5b)

[Te11/2(als)]™

o Tey1/2(a’]s)]o

i1 (als) = 5 (6)

Proof.
T (]s) = al(f%f)nizl [KL(7(-[8)||s11/2(|5)) — TeH (7 (-]s))]

m(-|s)€E

= argmin o [(147) In(r(19) ~ It aC15)]
m(-|s)€

(Using the definition of H(w(:|s)))

= af% r)niil Eqmr(.|s) [ln(ﬂ(\s)) — oy 1n(7rt+1/2(~|s))} (Since ay = ﬁ)
7(|s)€E

=argminEq (s [ln(w(\s)) — 1n([7rt+1/2(~|s)]o‘t)]
w(-|s)EA

= argmin KL(7(.]s)|[m¢41/2(:[s)™*) (By definition of the KL divergence)
w(-|s)EA

Using the fact that KL projection onto the simplex results in normalization, we get that,

s 1(&‘3) — [ﬂ-t+1/2(a|s>]0{t
t+ Za/ [7Tt+1/2<a/|5)}at

O

Note that when 7 = 0, we have 7 = 0 and «; = 1 for all ¢, recovering the standard
unregularized updates for both NPG and SPMA. For 7 > 0, the soft updates can be expressed
as: for any s, a, with ay = ﬁ and 7. = T,

[mi(als)]* exp(ne o g (s, a))

Tig1(als) = Z , (7)

with Z; = Z[m(a’|s)]a‘ exp(ne ar g¢ (s, a’)), (Soft-NPG)
(maals))* [14+me (gbs0) —vi(s))]

mey1(als) = [ k SC ; )} : (8)

with Z; = Z[m(a’|s)]at (147 (gé(s,a") — Ué(s))]at , (Soft-SPMA)

a’

C.2.2 Poricy ERROR BOUND FOR (SOFT) NPG

In the next corollary, we use Theorem 3 with ( = 7 to instantiate the policy error bound for
soft NPG with entropy-regularized policy evaluation.
Corollary 6 (Policy evaluation with ¢ = 7). Using the policy evaluation update in Eq. (1) with

¢ =1, for soft NPG with n; = m and a constant ¢ > max {W%W,Z’QT ln(A)},
for allt € [K], e := ||&|| ., can be bounded as:

8(1 4+ 71In(A))y™
“= (1-7)3

(1+7In(AK"))
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(oo 5282) o) )

Proof. For a fixed iteration t € [K] and state s € S, let us first bound ||me41(:|s) — m(+]s)]];-

\\Wt+1('|3)—7ft('\8)||1 < Hﬂtﬂ('\ )—Wt+1/2 H1+H7Tt+1/2( |s) — me (] H1
(Triangle inequality)

We first bound H7rt+1/2(~| ) — (- Using the mirror descent view of NPG (Xiao, 2022),

the update can be written as:
Tev1/2(0]s) = arg min [=ne(az (s, ), 7(-]s)) + KL(7(-]s)||m:(|s))]
TE

= = {4 (5 ), o1 /2(19) + KL /2(19) |70 (19)) < =il (s,7), ma(0]9))
+ KL(7e(-]5)[ |2 (-] 5))

)],

1
=3 |7e1y2(-ls) = mi(- ||1 < KL (g1 /2(C19) 7 (-]5)) < nelas (s, ), megaya(-ls) — mie(-s))
(By Pinsker’s inequality)

<mellar(s )l llmealls DI
(By Holder’s inequality)

= ||mes1/2(ls) = m(ls)]], < 200 H, (Since [lg7 (s, )lloo < Hr)

Hl, we use the Eq. (5b) update. Specifically,

mi41(+|s) = arg min [KL(n(:[)llmes1/2(15) — mH(m(-]s))]

In order to bound H7Tt+1('| ) — Teg1/2(-

= KL(me41(8)|me51/2(:18)) — eH(me1(c[8)) < KL(mep1/2(]8)|[7meg1/2(c]5))

- TtH(Wt+1/2('|5))
1

3 |71 (:ls) = megasal- ”1 < KL(mes1l[meg1/2(-]s))
(By Pinsker’s inequality)
< T H(miga(tls)) — (g1 2(:]s))
<7 In(4)
— ||7Tt+1('| ) - 7Tt+1/2 Hl 2T7]t IH(A) (SiIlCe Tt = Tnt)

Combining the above relations,

i1 (-|s) — me(-ls)lly < V27 In(A) +2n H. 9)

Using Eq. (9) in Theorem 3, for the special case ||m41(:|s) — 77,5(~|s)||1 < i forallt € [K], n
must satisfy the following conditions:
. 277tH~r§% E mS%

L] 2TT]t 1D(A)<* — nt_m

For n, = ) < %, it is thus sufficient to ensure that,

1
c+7(t+1
8(1+ 7 In(A4))

327 ln(A)}
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Given this constraint on ¢, we use Theorem 3 with ( =7 and TV; := ||m;(-|s) — mi—1(|s) |1,
to get that, for any constant C' € (0,1/2), for all t € [K],
2) v |

H,~™ !
Observe that the choice of ¢ ensures ||m;41(-|s) — m¢(-]s)||; < 3. Using Lemma 2 we obtain,

“«< T > (™) max {TVi +7(1—7) [TVi In (g) N <ln(2A)

i=1

A 1
i1 (cls) = me(cls)lly < 47m W(5) +2v7CY +2n Hy

Combining the above with the upper bound on ¢;, we get,

(1 +7(1—7) ln(g)> <2m 27 ln(g) +H.)+ 2\5031)

€ <

=1

+7(1—7) (hl(QA)ﬁ—\/i) Ve

Setting C = 71,

HT ,)/'HL 4 4 H, t t i \/77_
S |2 (T As) ((21“(” +T) 2 2 et R >>
+ 1 _Twm <ln(2A) + \/§> % (since v < 1)
Using Lemma 3, we can bound Zle (Pa_);;? < 1_277" (% +(ym)?) < % (% + (y™)2).
H, ~™ 4
— ¢ < =) 4(1—|—Tln(AK ))
n 4 H 1 m\t/2 \/;
((rmaser= 2) (5 070%) 5=m)
n(A) 1
1o ( 5 ﬁ) K?]
8H77m HT 1 m\t \/’F
<o | m ARy ) ((nAKY + 25 G+ ™)) + )
7 (In(4) + 1) 1(1—2] (Since v < 1)

O

In the next corollary, we use Theorem 3 with ¢ = 0 to instantiate the policy error bound for
(soft) NPG with entropy-regularized policy evaluation.
Corollary 7 (Policy evaluation with ¢ = 0). Using the policy evaluation update in Eq. (1)
with ¢ =0, € = |||, can be bounded as:
o Soft NPG: If n; = m for a constant ¢ > max {W 327 ln(A)}, then,
for allt € [K],

8 —?;‘lniz;))’ym [(1 4+ 71n (A K4) )

((m(A K*) + HTIH(A)) (1 + (wm)t”) + \I/j)

€t >

T(1—7) t
47 (In(A) + 1) IH + ﬁ In (A)
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e NPG: If ny =m = % ”ln(A), then, for allt € [K],

. < In(A)~y™ 1
- VK

Proof. Using Theorem 3 for soft NPG and Corollary 5 for NPG, and following the same proof
as Corollary 6. 0

C.2.3 Poricy ERROR BOUND FOR (SOFT) SPMA

In the next corollary, we use Theorem 3 with ( = 7 to instantiate the policy error bound for
soft SPMA with entropy-regularized policy evaluation.
Corollary 8 (Policy evaluation with ¢ = 7). Using the policy evaluation update in Eq. (1) with

¢ =7, for soft SPMA with n; = m and a constant ¢ > max {W 327 ln(A)}
for allt € [K], € can be bounded as:

8(1+ 71In(A))y™
(1—=7)?

(1 4+ 71n (AK4))

((m(A K+ 1;;1“;‘;”) (1 + (7”)”2) + f)

7 (In(A) + 1) ;2]

€t = ||€t||o<, >

Proof. For a fixed iteration ¢ € [K] and state s € S, let us first bound ||7rt+1(-|s) —me(-]9)|;-
[7er1(ls) = me(-[s)[l; < HWtH |s) — 7Tt+1/2 H1 + ’|7Tt+1/2( |s) — me(- H1
(Triangle inequality)
< ||7Tt+1(" — Teq1/2(- ||1 +77tZ7Tt [ (s,a) — vi(s)]
(By the SPMA update in Eq. (4))

= |Imer1(ls) = meCls)lly < [[meraCls) = mpaye(ls)]|, +meH-
(Since |qt(s,a) —vi(s)| < H,)

In order to bound H7Tt+1('| ) — Teg12(- Hl, we use the Eq. (5b) update. Specifically,

Ti41(¢|s) = argmin [KL(7||m11/2(-]s)) — M (7 (-]s))]

TEA
= KL(me41([8)|Imeq1/2([8)) — H(me41(s)) < KL(mep12([8)]|mes1/2(18))
- TtH(Wt+1/2('|S))
1
5 H7Tt+1('| ) — 7Tt+1/2 Hl < KL(me41([s )||7Tt+1/2('|5))
(By Pinsker’s inequality)

< H(me1(o]8)) — H(meg1/2(¢]8))
<7 In(A)  (Since H(m) € [0,In(A)))

= H7Tt+1('| = my1/2(: H1 <271 In(A) (Since 7y = T11)

Combining the above relations,

[me1(ls) = m(-[s)lly < v27m n(A) +n H (10)

In order to use Theorem 3, we need to ensure that ||m1(-|s) — 7rt(~|s)||1 <1lforallte K]
Using Eq. (10), it is sufficient to ensure that 7; satisfies the following relations:
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. (1-7)
e mH, <5 = m < rrei

e V2t In(A) < = p <

— 327 ln(A)
For n, = m < %, it is thus sufficient to ensure that,
4(1 In(A
¢ > max {(_H—n()),?)QT ln(A)}
(1=2)
Given this constraint on ¢, we use Theorem 3 with ( =7 and TV; := ||m;(-|s) — mi—1(:|s) |1,

to get that, for any constant C' € (0,1/2), for all t € [K],

m

= ) i(v”‘)”’ max [Tv;- +7(1—7) (T% In <g) N <1n(2A)

=1

2) \Fcﬂ
Observe that the choice of ¢ ensures [|m;41(-|s) — m¢(-]s)||; < 3. Using Lemma 2 we obtain,

A 1
i1 (cls) = me(cl)lly < 47m W(5) +2v7CY +2n Hy

Combining the above with the upper bound on €;, we get,

t
E rrL —1

i=1

’H’L

(1 +r(l—) ln(g)> (2772» (27 n(5) + H,) +2\ﬁci)

+7(1—7) (1“(2‘4) + fz) Ve

Setting C' = K—

t

2 (147 In(AK?)) <(21H(AK4 +> > Z+1l (lﬁvm)>

T (ln(A) n \/§> 1 :

1—Am 2

o H "

T (1=9)

(since v < 1)

Using Lemma 3, we can bound Zl 1 (i;ki) : < 1—2~/m (% +(y™)H2) < % (% + (ym)t/2).

= g < (}117_77:) 4(1 + 7 In (AK4))
((2 k) + 5] (£ 07%) + )
o () ]
< ?fi 1) (1+7m(AK")) ((mAK") + %) (% + (™)) + g)
7 (In(A) + 1) ;Q] (Since v < 1)
O

In the next corollary, we use Theorem 3 with ¢ = 0 to instantiate the policy error bound for
(soft) SPMA without entropy-regularized policy evaluation.
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Corollary 9 (Policy evaluation with ( = 0). Using the policy evaluation update in Eq. (1)
with (soft) SPMA, €, := ||€|| . can be bounded as:

e Soft SPMA: if n; = m for a constant ¢ > max {W,:SQT ln(A)}, then,
for allt € [K],

€ < 81 _ElTlnf(yl)?)’ym [(1 +7ln (AK4) )

((m(A K%+ 1+7in(4) Tln(A)) (1 + (7’")“2) + ?)

T(1—"7) t
47 (In(4)+1) ]H + ﬁ In (4)

e SPMA: ifny =n= min{H (177) y/In(4) Vln(A)}, then, for allt € [K],

207 VK
ViIn(4)y™ 1
(1-7)? VK

€ = |l&l oo <

Proof. Using Theorem 3 for soft SPMA and Corollary 5 for SPMA, and following the same
proof as Corollary 8. Note that the requirement for n < 1777 is to ensure In(1 + n; A’(s, )
in the SPMA update is well-defined (see the proof in Corollary 11 for details) O

C.3 PRrOOF OF COROLLARY 2

C.3.1 GENERIC REGRET BOUND

Theorem 4 (Generic Regret Bound). Consider a sequence of linear functions fi(m) := (m, dy)
for a sequence of vectors {do,dy,...,dx_1} s.t. ||di||, < Dy. Consider the following update
at iteration t € [K|, if n is a step-size sequence, Tv = 1y T, mo (s the uniform distribution and

Ti41 = arg min {<7T, di) + KL(m||m) + Rt(ﬂ')}
TEA A

Ri(m) =1 R(m)
R(m) :=1n(A) —H(m) >0

then, for any comparator u € Ay,

K-1 K-1
—u. d KL KL
Z [W + 7 [H(u) H(Wt)]} < Z [ wim) _ ZHelmee) — 7KL(ul[mt11)
=0 Nt t= 1t "
K—-1 sz
+ T
—o °

Proof. The following properties will be helpful in proving the theorem. For policies 7, 7’ and
comparator u,

Ri(m) — Ri(n') = 7 (In(m), 7 — 7') — 7, KL(#'||7) (Entropy property)
(u— 7', In(7") — In(m)) = KL(u||m) — KL(u||7") — KL(#'||) (3 point property)
(m —7py1,de + In(mpp1) — In(my) + 7 In(megq)) >0 (Optimality condition)

[fe(me) = fe(u)] + Re(meq1) — Re(u) = (me — u, di) + (me In(me41), Teg1 — )
— TtKL(U||7Tt+1)
(Entropy property with @ = w1, 7 = u)

= (mpy1 — u, dy) + (T — Mg, dy)
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+ <Tt 11'1(7Tt+1), 41 — U> — TtKL(U||7Tt+1)
= <7Tt+1 —u, dt + Tt 1I1(7Tt+1) — ln(m) —|— 1n(7rt+1)>

<0 by the optimality condition for 7 — u
+ (i1 — u, In(me) — In(mes)) + (T — meq1, do)
— 1 KL(u||me41) (Dropping the negative term)
<A(Tep1 — w, In(my) — In(meq1)) + (7 — Tey1, dy)
— 7eKL(ul|m41)
= KL(u|m) — KL(u||m11) — KL(mep1||me)

+ (T — meq1, di) — TKL(ul|me 1)
(3 point property with u = u,m = 7, 7" = mp41)

< KL(ul|m) — KL(ul|me41) — KL(mgpa|me)

1 1
— 7KL (ul[me41) + §||7Tt —mpallf + §||dt”§o
(Fenchel-Young inequality)
< KL(ul[m¢) — KL(u||me 1) — KL(7g41]|m)

1
— 7KL (ul[mg 1) + KL(Tgq1||me) + §||dt\|2o
(Pinsker’s inequality)

1
= KL(ul|m¢) — KL(u||ms11) — 7eKL(ul|7e41) + §||dt||io
D2
< KL(ul|m) — KL(u||me41) — 7KL (w||me41) + 7t
(Since [|dy || < Dy)

2

D
= KL(ul|m¢) — KL(u||ms 1) — 07 KL(ul[m11) + 7t

(Since 7 = n; 7)

Rearranging and dividing both-sides by n; we get

T —u, d KL (ul|m KL(ul|m D?
< t t> +R(7Tt+1)—R(U) < ( || t) o ( H t+1) —TKL(’LL”’]TH,l)-i-it
Mt Mt Ur 2my
T —u, d KL (ul|m KL(ul|m
< t t> +R(7Tt)—R(u) < [R(ﬂ-t)_R(ﬂ-tJrl)]"' ( || t) _ ( || t+1)
nt un Mt
D2
— 7KL -t
KL(ulmi) + 5
Summing from ¢ =0 to K — 1,
K-1 K-1
T — U, d KL (ul|m KL(ul|m
Z |:< t t> +R(7Tt)—R(u):| < [R(?To)—R(WK)]+ ( || t) _ ( || t+1)
t=0 M t=0 M Mt
D2
— 7KL -t
TKL(ul|me41) + 2
N~ [KL(ullm)  KL(ul|re4n)
<Y | - ~ KL (uls)|
— Tt Tt

K-1
D
t2og,
t=0

(Since R(mp) = In(A) — H(m) = 0 and R(mx) > 0)
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C.3.2 REGRET BOUND FOR (SOFT) NPG

In this section, we instantiate the regret and policy evaluation bounds for (soft) NPG
Corollary 10 (Regret Bounds). Suppose mo(+|s) is the uniform distribution over actions

or each state s. For any sequence {q’ K:_l satisfying ||qt < H,, the regret for (soft) NPG
Y ¢Jt=0 ymg j\dc¢ g
oo

can be bounded as:

e Soft NPG: Setting n, = m for a constant ¢ > 0 to be determined later,
guarantees that,
K-1
max | Y [(wr(]s) = me(]s), ab(s,)) + 7 [H(mi(]s)) = H(me(]s))]
t=0

< H [1+In(K)] + (c+7) In(A)

=27

e NPG: Setting gy =n = % VIn(4) guarantees that,

K-1
U Cls) = m(ls), gb(s, )] | < \/@E
t=0

max
s

Proof. First note that by using the mirror descent view of the (soft) NPG update (Xiao, 2022),
it can be equivalently written as: for all s € S,

T (|s) = arg min [=mlac(s, ), w([s)) + KL(x(|s)l|m(-|s) — nH(m(]s))]

By comparing to the update in Theorem 4, we note that d; = —n, q{(s,-) and [|d[ ., =
i HqEH < nH;. If » = m7 and mo(-|s) is a uniform distribution for each state s, we
oo

can instantiate Theorem 4 for each state s, and obtain the following regret bound for the
comparator u.

K-1
3 [(u-19) = (o).t 5.) + 7 [CuC13)) = o))
t=0

K—-1

< 3 [P SRt )
t=0
H72. K—-1
+ T3 un

Now we consider two cases corresponding to NPG and its soft variant.
Soft NPG: Using that 7 # 0, setting v = 7 and bounding the RHS in the above inequality,

K-1
D[ Cls) = mils), b (s, ) + 7 [H(x3(]s)) = H(m(:]9))]]
t=0
= . 11 1 ) '
< XKL [ = =]+ KU ) + 5 S
2 K-l . )
= 77 2 crri+ 1) + (¢ + 1) KL(77(-|s)[|mo (-] 5)) (Setting ¢ = 777y)
5 K—1
< % 2 ﬁ + (c+7) In(A) (Since mo(-|s) is a uniform distribution for all s)
< 12%% [1+In(K)] + (c+7) In(A) (Since "1 1/t <14 In(K))
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Since the above bound holds for all s,

K-1

max > (@i Cls) = melcls), qb(s, ) + 7 [H(mE(-]s)) = H(me(:]s))]]
t=0
< Tf 14 In(K)]+ (c+7) In(A)

NPG: Using u = 7* and a constant step-size i.e. n; = 7 for all ¢, in which case the regret
bound can be simplified as:

K-1

* t 1 * UK
tz:; (7" (:ls) = me(-]s), aé(s, )] < 5KL(7T ([s)[lmo(-[s) + 20—
< In(A) N nK

T 2(1=9)?
(Since mp is the uniform distribution)

2In(A) VK V2 (1-7) \/In(A)
ST —xr )

T (Setting n =

Since the above bound holds for all s,

K-1
max Z (7" (-]s) = me(-]s), ¢ (s, )] | < @

¢
t=0 Y

C.3.3 REGRET BOUND FOR (SOFT) SPMA

In this section, we instantiate the regret and policy evaluation bounds for (soft) SPMA.
Corollary 11 (Regret Bounds). Suppose mo(-|s) is the uniform distribution over actions for
each state s, and let n, = % for some constant ¢ > 0 to be determined later. For any

c+T1
sequence {qé}f(:f)l satisfying ’qéH < H,, the regret for (soft) SPMA can be bounded as:
oo

o Soft SPMA: Setting n; = m for a constant ¢ > 2 max{H,,(In(A)}, guarantees
that,
K—1
max D[ Cls) = mills), gé(s, ) + 7 [H(x3([s)) = H(m(:]9))]]
t=0
3H?
< TT [14+In(K)]+ (c+7) In(A)

o SPMA: Setting n = n = min {127, % ”ln(A)} guarantees that,

max
s

= . 7VIn(A) VK 2
D[ Cls) = mills), QC(Sv')>]|§ i) 1 m(A).

t=0

Proof. For a fixed state s € S, first note that the (soft) SPMA update in Eq. (5b) can be
equivalently be written as follows: if A’(s,a) := g¢(s,a) —v(s) for dy := —1In(1+n, A'(s, ),

Tep1(|s) = arg min [KL(7(-|s)l|me(-]s) [L+me (A'(s,))]) = mH(m(:s))]

= afgergin [(di, w(-[5)) + KL(m(-[s)[|m:(-[s)) = 7eH (7 (-]5))] ,

where we require that 147, A’(s,-) > 0. Note that since

ats)|| < Ho 184, )l < H
and we require that 7, < +—. With this choice, [ Al(s,a)| < 3. By comparing to the

T
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update in Theorem 4, we note that d; = —In(1 + n; A’(s,-)). Since |In(1 + z)| < 2|z| for all
x> -1
- 27

| = In(L+n A'(s,a))| < 2m [AY(s,0)| < 2 He = ||dell o <20 Hr

Hence, Dy = 2, Hy. If 7 = my7 and mo(+]s) is a uniform distribution for each state s, we
can instantiate Theorem 4 for each state s, and obtain the following regret bound for the
comparator u,

KT u]s) = m(|s), In(1 + n, At(s, -
ZP(U ([8); In(1 +m A'(s,-)))

Mt

T H(u(s) — H(m<-|s>>]}
t=0
K—-1

(-] KL(u(-|s)||mer1(-|s
z%{ s)|m(-]s))  KL(u([s)||me41(-[s))

Mt Ui

. TKL(u('|S)||7Tt+1('5))}

t

+2H Z us
t=0
In order to simplify the above expression, first note that,

(me(:]s), In(1 +ne A'(s,-))) < In(1 = ne CH(me(]s)))
(Using Jensen’s inequality and the fact Y, m(als)Al(s,a) = —=C H(m(+|s))

If 1, is chosen such that 1, ¢ H(m(:|s)) < 1, and since H(m) € [0,In(A)], it suffices to ensure

e < m, and use the fact In(1 + z) < z for x > —1 to guarantee:

(me(-]s), (1 + 1 A'(s,)) < = CH(me(']5)) (11)
On the other hand, since choosing 1, < ﬁ ensures In(1 + 1;Al(s,-)) is well-defined,
(u([s), In(1 +neA'(s,0)) = [(u(]s), mA'(s,)) — (u(]s), n7[A"(s,)])]
(since In(1+4z) >z — 2% for x > —1/2)
5,1)) — vt (s)) — 72 (uCls), [AT(s, )
$,1)) = (m, gz (s, ) — CH(m(]s)))

(since v (s) = (me(-[s), g¢) + (H(me(:s)))

> 1 ((ul:ls), at(s,)) = (mells), at(s, ) = CH(me(-]s))) — niH7
(since [|A%(s,))l| o < Hr)

Combining the above inequalities with Eq. (11),

(u(-]s) = m([s), In(1 + s A'(s, )
Nt o

= (u([s) = m([s), q¢(s,)) — neH7

Using the above relation with the regret expression,

M

(u(-|s) = me(-]s),q¢(s, ) + 7 [H(ul-]s)) — H(m(]s))]]

t=0
= [EL@u]s)|lm(]s)  KL(u(|s)|[me(]5))
<> [ p - ! — K L(u(s)|[mes1(]5)
K-—1
+ 3 H? Z ur
t=0
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Note that we require 7, < ﬁ and ny < m simultaneously for all ¢t. Hence, it is sufficient

to ensure that 7; < m for all ¢, and hence require that ¢ > 2 max{H,,{In(A)}.
Now we consider two cases corresponding to SPMA and its soft variant.

Soft SPMA: Using that 7 # 0, setting v = 7* and bounding the RHS in the above inequality,

K—1
> [ Cls) = melc]s), gh(s, ) + 7 [H(mr(]s) — H(me(:]5))]]
t=0
K—1 1 1
< Y KU Cm U9 [ - - = 7] + KL 9lns)
=1 e M—1
K—1
+3H? Mt
t=0
K—1 1
— 2 - *(, . 1 — 71
=3H: 2oy TRy + (c+ 7) KL(72(:|8)||mo(-]$)) (Since n; e (t+1))
K—1 1
< 3H? -
<3H: 2 ) + (c+7) In(A)
(Since mo(-|s) is a uniform distribution for all s)
3H2 1
< T
RS " + (c+7) In(A)
3H? . K
< T 14+ In(K)]+ (c+7) In(A) (Since > ,~ 1/t <1+ In(K))
-

Since the above bound holds for all s,

K—1
max |37 [(r2(15) = miCls), at(s, ) + 7 [H(TECls)) — Hlmls)]
t=0
31;[2 [1+4In(K)]+ (c+7) In(A4)

SPMA: Using u = n*, 7 = ( = 0, and a constant step-size i.e. 1, = n for all ¢, in which case
the regret bound can be simplified as:

=, . 1 . 3nK
; [(7*(:|s) = me(-|s), gt (s,-))] < 5KL(7T CIs)llmo(-ls)) + -
In(A) 3nK
= 7 * (1—7)2

(Since mo(+|s) is a uniform distribution for all s)

Recall that in the presence of entropy ensuring In(1 + n;Al(s,-)) is well-defined required us

to choose 7, < . When 7 = 0 and 7, = 7, the condition simplifies to n < 5 2 . Setting
7 = min {1:}% ”m(A), 127} and using the fact that 7= = max{1/a,1/b}

mln{a b

VK 2
< In(4) max{ﬂu =) V()1 ‘”}

3K mm{ﬁu_y),/ln(/x) 17}

(1—=9)? VK L2
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7/In(A) VK 2
< VT +1_71n(A)

(Since max{a,b} < a+ b, min{a,b} < a)

Since the above bound holds for all s,

=L, , 7VIn(A) VK 2
max ; (7 (]s) = me(-s), q¢ (s, )] | < Vil T155 In(A).

C.4 PROOF OF THEOREM 2

Finally, we put everything together, and in the following two subsections, we prove theorems
that quantify the performance of (soft) NPG and (soft) SPMA when using the hard or soft
Bellman operator (i.e., { = 7 or ( = 0) as well as the case of no entropy regularization (i.e,
7=0and ¢ =0).

C.4.1 PUTTING EVERYTHING TOGETHER FOR SOFT NPG

Theorem 5 (Sub-optimality of soft NPG). Let 7} denote the optimal entropy-regularized

policy with value function vyi. Consider the soft NPG update with step size 0, = m,

c > max{w,?ﬂr ln(A)} and, §(t,¢) = ‘T_glfl;l(m. Let mo(|s) be the uniform

policy over actions for all s € S and assume the policy evaluation step in Eq. (1). Then the
resulting mixture policy g satisfies the following sub-optimality bound,
1 [(1+T In(A))?

TK __ %
[o77 = o7l =

[14In(K)]+ (c+7) In(A)

K(l—75) | 27(1—7)?2
16(1 + 7In(A))y™ 4
4 A=k [ 1+Tln(AK ))
4y, L+ 7In(4) n !
(In(AK*) + =) ) (1+1 (K)+1_ﬁ)
+ﬁ>
1], 200
+7 (In(4) +1) K] + T—7)?

Proof. Plugging the regret bound in Corollary 10 for soft NPG into the regret part of Theorem 1
immediately gives the first part of the upper-bound:

|Regret(K)|| 1 {(1 + 7 In(A))? }
X < 14+ In(K)|+ (c+7) In(A
K(l—’y) K(l—’}/) 27_(1_,)/)2 [ ( )] ( ) ( )
Using the result from Theorem 3 and Corollary 6 to upper-bound the error part Ex :=
2 €L oo
%in Theorem 1 we obtain:
16(1 4+ 71n(A))y™ 4
Ex < TS (1+7In (AK*"))
1+ 7In(A) 1
In(AK*) + ————2) (1 +In(K) + + VT
(st + S (1) + =)
1 26(7,¢)
In(A)+1) — —
+7 (In(A) +1) % + e

Where the above inequality can be obtained using the fact Zfi 11 < 1+In(K) (using

; <
integration) and z:tlil(wm)t/2 < H;m/g < ﬁ
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Corollary 12 (Sub-optimality of soft NPG with critic entropy). Let w denote the optimal

entropy-regularized policy with value function vi. Consider the soft NPG update with step
m and ¢ > max {w, 327 ln(A)}. Let 7o (+|s) be the uniform policy
over actions for all s € S and assume the policy evaluation step in Eq. (1) with ( = 7. Then
the resulting mizture policy T satisfies the following sub-optimality bound,

o1 [u+rmmn2
T K(1=9) | 27(1-9)
16(1 + 7In(A))y™ [(1 el (AK4))

(1=K
14+ 7In(A) N 1
i) ) (1+1 (K)+17ﬁ

size Ny =

TK __ %
lo7e = oz ]

14+ In(K)]+ (c+7) ln(A)]

(In(AK*) +

+ﬁ>

+7 (In(4) + 1) Il(]

Proof. Using Theorem 1 with Corollary 10 for soft NPG, Theorem 3, Corollary 6 and the
result from Theorem 5. O

Corollary 13 (Sub-optimality of soft NPG without critic entropy). Let 7% denote the optimal
entropy-regularized policy with value function v:. Consider the soft NPG update with step

m and ¢ > max {W,%T ln(A)}. Let mo(+|s) be the uniform policy

over actions for all s € S and assume the policy evaluation step in Eq. (1) with { = 0. Then
the resulting mizture policy Tk satisfies the following sub-optimality bound,

size Ny =

I =l < ey [ 1 0+ e ) )
" 16(1(3‘_7’133/2)77” [(1 +7ln (A K4))
4y, 1+7In(4) n !
(n(A K + —7=) (1 + () + T— =)
+ﬁ>

+7 (In(A) + 1) Il(] + m

Proof. Using Theorem 1 with Corollary 10 for soft NPG, Theorem 3, Corollary 7 and the
result from Theorem 5. O

Theorem 6 (NPG + policy evaluation without entropy regularization). If 7* is the optimal
_ V2(1-7) y/In(4)
= NI ,

mo(+|s) as the uniform initial policy for each s € S with the policy evaluation procedure
in Eq. (1) with ¢ = 0 satisfies the following sub-optimality bound for the mizture policy Tr,

policy whose value function is equal to v*, the NPG update with n; = 7

21n(A) N 4/In(A)y™
VE(1-9)? VK(@1-9)*

[l = v <
o<

Proof. Using Corollary 3 with Corollary 10 for NPG and Corollary 7. O

33



Under review as a conference paper at ICLR 2026

C.4.2 PUTTING EVERYTHING TOGETHER FOR SOFT SPMA

Theorem 7 (Sub-optimality of soft SPMA). Let w¥ denote the optimal entropy-reqularized

policy with value function vi. Consider the soft SPMA update with step size ny = m,

¢ > max {W,%T ln(A)}, and, §(7,¢) = w, Let mo(+|s) be the uniform

policy over actions for all s € S and assume the policy evaluation step in Eq. (1). Then the
resulting mizture policy T satisfies the following sub-optimality bound,

1 [3 (147 In(A))?
K(1-7v) [ 27(1-7)?

16(1 + 7In(A))y™ 4
A [(1 +rin (AKY))

TK __ g%
[o7re = vil| . =

14+ In(K)]+ (c+7) In(A)

14+ 7In(A) , 1
o) ) (1+1 (K)+1_ﬁ

((m(A K+

)

+ﬁ>

+7 (In(A) +1) Il(] + (215(_7—:52

Proof. Using Theorem 1 with Corollary 11 for soft SPMA, Theorem 3, Corollary 8 and the
facts from the proof of Theorem 5. O

Corollary 14 (Sub-optimality of soft SPMA with critic entropy). Let w* denote the optimal

entropy-regqularized policy with value function vi. Consider the soft SPMA update with step

A . .
m, c> max{%,%r 1n(A)}. Let mo(:|s) be the uniform policy
over actions for all s € S and assume the policy evaluation step in Eq. (1) with ( = 7. Then
the resulting mizture policy T satisfies the following sub-optimality bound,

R _yr 1 3(1+ 7 In(A4))?2
I =l < e |y
16(1 4+ 71n(A))y™
(1=K

size M =

14+ In(K)]+ (c+ 7) In(A)

[(1+Tln(AK4))

14+ 7In(A) 0 1
i) ) (1+1 (K)+17\ﬁ

((m(A K*) +

)
+ﬁ>

+7 (In(4) + 1) ;{]

Proof. Using Theorem 1 with Corollary 11 for soft SPMA, Theorem 3, Corollary 8, Theorem 7
and the facts from the proof of Theorem 5. O

Corollary 15 (Sub-optimality of soft SPMA without critic entropy). Let 7 denote the
optimal entropy-regularized policy with value function vi. Consider the soft SPMA update

m, ¢ > max {%,327’ ln(A)}. Let mo(+|s) be the uniform

policy over actions for all s € S and assume the policy evaluation step in Eq. (1) with { = 0.
Then the resulting mizture policy T satisfies the following sub-optimality bound,

1 3(1+7 In(4))2
== K- [ 27 (1= )2

with step size Ny =

TK __ %
ot — o

1+In(K)]+ (c+71) ln(A)}
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16(1 + 7In(A))y™
(1=K

[(1+Tln(AK4))

14 71In(A) 1

((IH(AK)+ 7_(1_7) )(1+1D(K)+W

)

+\E>

47 (In(A)+1) ;{] +

27 In(A)
(1=7)?

Proof. Using Theorem 1 with Corollary 11 for soft SPMA, Theorem 3, Corollary 9, Theorem 7
and the facts from the proof of Theorem 5. O

Theorem 8 (SPMA + policy evaluation without entropy regularization). If 7* is the optimal
policy whose value function is equal to v*, the SPMA update in Eq. (4) with ny = n =
min {1;7, % V1n(4) , mo(+|s) as the uniform initial policy for each s € S with the
policy evaluation procedure in Eq. (1) with ¢ = 0 satisfies the following sub-optimality bound
for the mizture policy Tx,

. VIn(A) VK 24/In(A) ™
vaK _ ot | < 1 7y/In(A) VK n 2 In(A)| + n(A)~y
T EKQA-7) | v20-y)  1-7 VE (1-9)*
Proof. Using Corollary 3 with Corollary 11 for SPMA and Corollary 9. O

D HELPER LEMMAS

Lemma 1. For any constant C € (0,1/2), if P and Q are discrete distributions with support
A7 Zpri QHl < %,then,

H(Q) ~H(P) <@ — P|l, In (g) . (“1“42‘” ; \/§> N

Proof. By Cover (1999, Theorem 17.3.3), if ||Q — P||; < 3, then,

A
Q) - #P) <10 Pl in (52 5 ) (12)
FoNle - Pl
Furthermore, using Sason (2013, Theorem 3), we also know that,
In(A—1)

H(Q) —H(P)| <

1
12~ Pll+ 0 (5 10 PlL)

where h is a binary entropy, i.e. for 0 < x <1, h(z) = —zIn(z) — (1 — z) In(1 — z). Using
the fact that h(z) < 2/z(1 — z),

<BAD oo Py, 4 \@\/IIQ -, (1- 19570

- 2 2

In(A-1)
2

IA

1Q = Pll, +v2,/llQ = PlI,

Assuming ||Q — P||; <2

In(A—-1)

@ -y = (M4 v o7, (13)
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We will use each of these inequalities for different cases of ||Q — PJ|;, where ||Q — P||; <
Case (1): For any constant C' € (0,1/2), if |Q — P||, > C, then, using Eq. (12),
Q) - ) <Pl 1 (5)
Case (2): On the other hand, if || — P||; < C, then we use Eq. (13) to get that,
H(Q) — H(P)| < (IH(A2 D +\f> Ve

Combining both cases, if |Q — P||; < #, then, for a constant C' € (0,1/2),

IH<Q>—H<P>|<||Q—p||11n(A)+(ln<A >+f>f

1
5

C 2
O

Lemma 2. For any constant C € (0,1/2), and a =n7 for0<n <1 to be determined, if P
and Q are discrete distribution with support A such that ||Q — P|j; < %, then,

— 27
1
5IQ = Pli < a(H(Q) = H(P)) = Q- Plh <4ntin(Z )+2f04
Proof. If the condition on the left-hand side of the lemma is true we have:

IQ =PI < 2n7(H(Q) — H(P))

<2nt (2 |Q — Py In(= ) +2 \/>> (Using the result from Lemma 1)

A
§477THQ_P||1]~H(6)+4T\/5 (since n < 1)
After completing the square w.r.t ||Q — PJ|; we obtain:

A 1
IQ = Pl <4n7In(Z) +2v7Cx

O
Lemma 3. For all k € [K],
k k—i
> 2+
P (14+1) 1—-7) 1-—v
Proof. Define j = k — i, in which case, we need to bound,
= L=
= kE—j+1 k—j —Lk/2J+1k_J+1
Term (i) Term (ii)
For bounding Term (i), note that j < <k 5 + 1, meaning that k —j +1 > k . Hence,
Lk/2] i Lk/2] )
2 2 1
T i <=z <Z -
erm ( Zk g+1—k27—kz; k1—~
For bounding Term (ii), note that since j < k, k — j + 1 > 1. Hence,
k—1 ’Yj k—1 , 9] , 'Yk/2
Term (i) = > P > Y= ) Y1,
J=lk/2]+1 J=lk/2]+1 J=lk/2]+1
Combining both terms,
j k/2
o o2 Lo
7:ok_]+1 Ekl—v 1—7v
O
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Lemma 4. For any state-action value function q, for any m > 1,

(7)™ 50) ~ (@20 (5, < T m ()

Proof.
m—1
(TF q)™(5,0) = By, s op(lsian | O 7 (1(st,ae) — 7In i (aglsy)) (14)
ay~my(-|st) t=0

+ 9" q(sm; am) ‘ S0 =8, ap = a} (By definition of T7)

m—1 m—1
=E[Zvt<r<st,at>>+wq<sm,am> —7E Zwtlnm(atst))] (15)
t=0 t=0

+(CE

m—1 m—1
> 4 (71(Gt|5t))1 —(CE lz 7' In (Wl(at|3t))1
t=0 t=0
(Add/Subtract ¢ E [z;’;gl ~t o (my (at|st))} )

m—1
= (I q)"(s,a) — (1 —QE Z 7" In (71 (aglst))| (By definition of )
t=0

) m<m<.|st>>]
a (By definition of H(m1(.|s:)))

= (T )" (s,0) + (= QFE

< (T7'q)"(s,a) + |71—__§| In (A) (Since E[H(m1(.|s:))] <1n(A))

O
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E EXPERIMENTAL DETAILS AND ADDITIONAL RESULTS

E.1 DETAILS FOR STABLE BASELINES EXPERIMENTS

Following Tomar et al. (2020); Asad et al. (2024) we use the default hyperparameters from
stable-baselines3 (Raffin et al., 2021) for each method. This choice is motivated by prior
work, which focuses on evaluating the effectiveness of different surrogate losses rather than
performing exhaustive hyperparameter searches. Such searches are particularly impractical
for CNN-based actor and critic networks, where tuning multiple hyperparameters (e.g.,
framestack, buffer size, minibatch size, discount factor) is computationally expensive. The
full list of hyperparameters for the Atari experiments is provided in Table 1.

For our forward and reverse KL objectives, we set 7; to a constant chosen via a small grid
search over [0.01,0.1,1.0]. Following prior work (Haarnoja et al., 2018; Christodoulou, 2019;
Mnih et al., 2013) for policy evaluation, qéfl in Eq. (2) is parameterized using a separate
target network, whose parameters are updated via an exponential moving average of those
in the critic model. For on-policy PP0O, we adopt the optimal hyperparameters reported in
RL Baselines3 Zoo (Raffin, 2020).

Hyperparameter FKL Objectives | RKL Objectives | DSAC DQN
Reward normalization X X X X
Observation normalization X X X X
Orthogonal weight initialization X X X X
Value function clipping X X X X
Gradient clipping X X X X
Probability ratio clipping X X X X
Entropy coefficient auto auto auto | e-greedy
Adam step-size 3x 1077

Buffer size 106

Minibatch size 256

Framestack 4

Number of environment copies 8

Discount factor 0.99

Total number of timesteps 107

Number of runs for plot averages 5

Confidence interval for plot runs ~ 95%

Table 1: Hyper-parameters for Atari experiments.
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E.2 DOES DOUBLE ) LEARNING HURT OR IMPROVE PERFORMANCE?
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Figure 6: When critic entropy is disabled, Double-@Q learning performs comparably to using a
single @, with no conclusive evidence that one approach consistently outperforms the other.

In Fig. 6, we evaluate single vs. double Q-learning on 8 Atari games under our setup, which
uses the hard Bellman operator, adaptive entropy via entropy coefficient loss, and a fixed
target entropy. Double @Q-learning performs comparably to single @-learning. Notably, for
the bottom four games, our DSAC configuration substantially outperforms the results reported

in Xu et al. (2021), despite their use of an adaptive target entropy (see Figure2 in Xu et al.
(2021))
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E.3 OuUR OBJECTIVES BENEFIT SIMILARLY FROM THE HARD BELLMAN OPERATOR

Using our proposed objectives, we consistently observe the same trend as with DSAC: em-
ploying the soft Bellman operator (¢ = 7) with an adaptive entropy coefficient leads to poor
performance compared to DQN. In contrast, switching to the hard Bellman operator yields
substantial improvements (see left vs. right columns of Fig. 7).
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Figure 7: Disabling critic entropy while retaining the adaptive entropy coefficient loss, as in DSAC,
yields substantial performance gains for both our forward and reverse KL actors (left vs. right

columns).
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E.4 ADDITIONAL RESULTS: IS ENTROPY REGULARIZATION NECESSARY 7
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Figure 8: Policy Shannon entropy during training. Without entropy regularization, increasing
n from 1 to 10 substantially increases and stabilizes the Shannon entropy for our forward and
reverse KL-based methods, compared to DSAC, across four Atari games. The rows correspond to
MsPacman-v4, Seaquest-v4, Freeway-v4, and Breakout-v4.
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Figure 9: KL divergence during training. Consistent with the Shannon entropy results, in the
absence of entropy regularization, increasing n to 10 allows our forward- and reverse-KL-based
actors to achieve higher KL divergence than DSAC, which also stabilizes over the course of training.
The rows correspond to MsPacman-v4, Seaquest-v4, Freeway-v4, and Breakout-v4.
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Figure 10: Effect of the number of actor optimization steps n without entropy regularization.
Unlike DSAC, all our objectives (except SPMA-RKL(0, 0)) achieve performance comparable to DQN when
n is increased from 1 to 10 (left vs. right columns).
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E.5 AbDDITIONAL RESULTS: DIRECTION OF KL MosTLY DOES NOT MATTER
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Figure 11: Direction of KL divergence without entropy regularization, using n = 1 and NPG as the
intermediate policy. Across nearly all games, performance remains poor relative to DQN, and the KL
direction has no conclusive effect.
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Figure 12: Direction of KL divergence without entropy regularization, using n = 1 and SPMA as
the intermediate policy. Across nearly all games, performance remains poor relative to DQN, and the
KL direction has no conclusive effect.
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Figure 13: Direction of KL divergence without entropy regularization, using n = 10 and NPG as
the intermediate policy. Both NPG-RKL(0, 0) and NPG-FKL(0, 0) achieve performance comparable to
DQN, but no KL direction consistently outperforms the other.
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2525 Figure 14: Direction of KL divergence without entropy regularization, using n = 10 and SPMA as
2526 the intermediate policy. SPMA-FKL(0, 0) achieves performance comparable to DQN, and overall, the
2597 forward KL direction appears to outperform SPMA-RKL(0, 0).
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Figure 15: Direction of KL divergence with actor entropy regularization, using n = 1 and NPG as
the intermediate policy. Both NPG-FKL(7,0) and NPG-RKL(7, 0) achieve performance comparable to
DQN, even with n = 1 but no KL direction consistently outperforms the other.
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Figure 17: Direction of KL divergence with actor entropy regularization, using n = 10 and NPG
as the intermediate policy. In the presence of actor entropy, both NPG-FKL(7, 0) and NPG-RKL(r, 0)
achieve performance comparable to DQN, but no KL direction consistently outperforms the other.
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z;z: E.6 COMPARISON TO ON-POLICY PPO
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2772 Figure 19: Performance of on-policy PPO relative to DQN across 20 Atari games. Overall, PPO
2773 underperforms DQN on most games.
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E.7 COMPARISON TO ApaM LMCDQN
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Figure 21: Performance of the objectives from our proposed framework relative to Adam LMCDQN
across 20 Atari games. Overall, we observe performance comparable to Adam LMCDQN.
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Figure 22: Comparing Adam LMCDQN with all off-policy objectives presented in this paper over the
full training horizon. Overall, the objectives from our proposed framework exhibit performance
comparable to Adam LMCDQN.
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E.8 DSAC ABLATION ON PONG

Pong-v4 Pong-v4

Expected Reward
Expected Reward

0.0 02 04 06 08 10 0.0 02 04 06 08 10
Timesteps le7 Timesteps le7

—— DQN  —— DSAC-ada-ent (t,0) —— DSAC-fixed-ent (7, 0)

Figure 23: Left: With a single actor update, DSAC underperforms DQN under both adaptive and
fixed entropy coefficients, even in the absence of critic entropy. Right: Increasing the number of
actor updates substantially improves performance, and using a small fixed entropy coefficient (i.e.,
DSAC-fixed-ent (7, 0)) yields the strongest results.
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E.9 COMPARISON TO GREEDYAC

We examine the empirical finding in our DSAC ablation in Section 5 (see Fig. 2) on MuJoCo’s
discrete control tasks. The results in Figures 24 and 25 support our observation: DSAC with
a fixed, per-environment tuned entropy coefficient, with or without critic entropy, attains
strong performance on par with the prior discrete actor-critic framework GreedyAC (Neumann

et al., 2018).
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Figure 24: Comparing GreedyAC with the default DSAC (with and without critic entropy and a
fixed entropy coeflicient) using batch size 32.
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Figure 25: Comparing GreedyAC with the default DSAC (with and without critic entropy and a
fixed entropy coefficient) using batch size 256.
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When ablating the default DSAC on four Atari games in Section 5 (Fig. 2), we find that
it performs well on some games but fails on others (Alien and BeamRider). The results
in Fig. 26 show that poor performance correlates with a collapse in policy entropy (columns
1 and 3, orange curve). Prior work (Xu et al., 2021) attributes this collapse to the fixed
target entropy in DSAC, and our observations support this: reducing the learning rate for the
entropy coefficient loss improves performance (blue curve). Nevertheless, removing critic
entropy eliminates this issue, without requiring additional tuning of the entropy coefficient
loss and results in strong performance.

E.10 ENTROPY COLLAPSE OF DEFAULT DSAC
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Figure 26: The poor performance of default DSAC (orange curve) correlates with a collapse in
policy entropy (columns 1 and 3). Although lowering the learning rate for the entropy coefficient
loss improves performance, removing the critic entropy term resolves the issue without additional
hyperparameter tuning.
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F  LLM USAGE

We acknowledge the use of OpenAI’s ChatGPT to improve the grammar and compactness
of sentences originally written by the authors, helping them fit within the page limit. All
ideas, results, and contributions in this paper are solely those of the authors.
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