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Abstract

Modern language models demonstrate a remarkable ability to capture lin-
guistic meaning despite being trained solely through next-token prediction
(NTP). We investigate how this conceptually simple training objective leads
models to extract and encode latent semantic and grammatical concepts.
Our analysis reveals that NTP optimization implicitly guides models to en-
code concepts via singular value decomposition (SVD) factors of a centered
data-sparsity matrix that captures next-word co-occurrence patterns. While
the model never explicitly constructs this matrix, learned word and context
embeddings effectively factor it to capture linguistic structure. We find that
the most important SVD factors are learned first during training, motivating
using spectral clustering of embeddings to identify human-interpretable se-
mantics, including both classical k-means and a new orthant-based method
directly motivated by our interpretation of concepts. Overall, our work
bridges distributional semantics, neural collapse geometry, and neural net-
work training dynamics, providing insights into how NTP’s implicit biases
shape the emergence of meaning representations in language models.

1 Introduction

Next-token prediction (NTP) is conceptually simple: predict the next word given a preceding
sequence (aka context). Yet it trains models with remarkable ability to capture meaning.

A foundational step toward understanding how NTP leads to models acquiring semantic
information is to first understand how explicit textual inputs—words and contexts—are
represented in the models” d-dimensional word and context vector representations (embed-
dings). Zhao et al. (2024) recently proved that in well-trained models, the geometry of these
learned representations is characterized by the factorization of a data-sparsity matrix S whose
entries encode whether a particular word follows a given context in the training corpus.

While this characterization explains how models encode explicit training signals, it does not
address the deeper question about semantic learning. Language conveys meaning through
latent concepts that exist beyond explicit (context, word) pairs, leading us to investigate:
How do NTP-trained models extract and encode these latent concepts? For instance, how do they
capture semantic dichotomies like male/female, or grammatical categories like nouns and
verbs? In other words, how does latent information shape the embedding geometry, and does
this suggest ways to identify interpretable semantic structures in the embedding space? These
questions are challenging because linguistic concepts are never explicitly given as inputs in
the NTP objective. Yet, by analyzing the geometry of learned representations and its relation
to the data-sparsity matrix, we show that latent linguistic structure emerges from the latter.
Concretely, our contributions are summarized as follows. Please see also a statement on the
scope in A.1.

C1. Geometric emergence of latent concepts: We demonstrate that latent linguistic concepts
learned by a large neural model through NTP emerge as principal components in the
singular value decomposition of a centered data-sparsity matrix S (defn. in Sec. 3.1, see Fig.

1 row (A) for illustration). While S is never explicitly formed during training, its structure
naturally shapes the geometry of learned representations: concepts can be recovered as
weighted combinations of word and context embeddings, where the weights are determined
by the singular vectors of S. This extends the characterization of the unconstrained-features
model (UFM) by Zhao et al. (2024), revealing how embeddings inherently organize around
latent concept dimensions.
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Figure 1: (A) Singular Representations. Semantic structure extracted via SVD of the centered data
matrix S (rank = 6). Data is shown in Fig. 2C. (a) Left singular vectors U (word analyzer vectors):
the first direction separates “plants” (e.g., apple, tulip) from “animals” (e.g., dog, shark); the second
further separates mammals (e.g., dog, cat) from non-mammals (e.g., eagle, trout). (b) Right singular
vectors V (context analyzer vectors): the first direction separates plant-specific contexts (e.g., “uses
sunlight for food”) from animal ones (e.g., “hunts in groups”); the second splits mammalian traits
(e.g., “stays warm-blooded”) from aquatic ones (e.g., “lives in water”). (c) Singular values, ordered
by magnitude, indicate the relative importance of each semantic direction. (B) Combined Concepts.
Higher-order combinations of singular directions yield finer-grained semantic partitions. Combining
the first and second vectors gives distinction among plant, mammal and non-mammal. Including a
fourth separates animal subtypes such as canine, feline, bird, and fish. (C) Semantic Emergence Over
Time. Confusion matrices from a 2-layer transformer (embedding dim. = 128) trained on synthetic
structured data at steps 0, 20, 40, and 200. Semantic classes are distinct support sets and are annotated
in brackets (e.g., “Animals”) when applicable. Early in training (e.g., step 20), broad distinctions like
“Plant” vs. “Animal” emerge. Finer features (e.g., “Reproduces with pollen”, “Lives in water”) appear
later, reflecting a coarse-to-fine learning pattern: high-variance (large singular value) concepts are
acquired earlier, while specific, low-variance features emerge gradually.

C2. Rate of learning: Singular values of the data-sparsity matrix quantify the significance of
their corresponding concepts. By recognizing a connection between UFM with square-loss
and the closed-form training dynamics of two-layer neural networks with orthogonal inputs
derived by Saxe et al. (2013), we show that concepts associated with larger singular values
are learned faster during training.

C3. Semantics' as orthant-based clustering: Not all concepts have human-interpretable
meaning. Guided by the insight that top concepts are learned first during training, we
find that human-interpretable semantic information is captured through specific posi-
tive/negative configurations (indicating how present/absent the specific concept is in that
word or context) across a few top singular concept dimensions (see Fig. 2B for illustration).
Identifying semantics through such sign configurations geometrically manifests as (spectral)
clustering of word/context embeddings in orthant slices. Through experiments, we verify
that this approach identifies distinct human-interpretable linguistic categories.

C4. Connecting distributional semantics and neural collapse (NC) geometries: On the one
hand, linking to classical distributional semantics approaches based on heuristic forms of
matrix factorization of data co-occurrences, we find using model abstractions popularized in
the NC literature that NTP implicitly favors SVD factorization of the centered data-sparsity
matrix. On the other hand, we broaden the scope of NC geometries of embeddings to
encompass geometries of latent semantics — making the connection explicit, we show the
emergence of semantics even for the default one-hot data setting in the NC literature.

'We broadly define “semantic” to encompass linguistic factors that humans consider when producing
text, including grammatical (e.g., tense), syntactic (e.g., verb), and semantic (e.g., sentiment) elements.
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(A) Embedding geometry (B) Orthant-based clustering (C) Training data

eeeeeee i uses sunlight for food -
stays in one place il 0.7
Yol grows roots -

Figure 2: NTP-trained word embeddings naturally organize into semantic clusters. (C) Training
data (showing P ") consists of pairs using the template “The organism that [attribute] is [subject]”,
where attributes are rows and subjects are columns. (A) When trained with d > V > rank(S) = 6 and
visualized in 3D PCA projection, both words (dots) and contexts (triangular marks) cluster by semantic
category—animals (green/blue), and plants (red/orange). This demonstrates how semantic structure
emerges naturally from the underlying data sparsity pattern. (B) Visualization of orthant-based
clustering and hierarchical semantic structure in a 3D subspace of context-analyzer vectors. Selected
dimensions K = {kq,kp,k3} = 1,2,4 correspond to columns of U in Fig. 1 (A)(a). Colored blocks
represent different sign configurations: Green (p = 1): ¢, = —1 captures "animal" semantic. Blue (p =
2): [k, Ck,] = [—1, —1] refines to "mammal" semantic. Yellow (p = 3): [cx,, Ck,, Ck,] = [—1,—1, 1]
further specifies "feline" semantic. This nested structure illustrates how increasing the number of
active dimensions (p) yields progressively finer-grained semantic categories, where "mammal" is a
subset of "animal", and "feline" is more specific within "mammal". Contexts shown with same color
within each suborthant are example members according to Defn. 1.

2 Related Work

We bring together, in the context of NTP-trained language models, the following two
classical ideas: (1) semantic patterns emerge from linear relationships between vector
representations of textual inputs, and (2) these learned representations form geometries tied
to language statistics via count matrices.

Semantics from Distributed Representations. The idea of extracting semantics from
distributed representations, while rooted in earlier works Bengio et al. (2000), was popu-
larized through word embedding research Mikolov et al. (2013a). Two classically popular
approaches include: (i) constructing semantic axes from centroids of pole words An et al.
(2018); Fast et al. (2016), evolving from lexicon-based sentiment analysis Taboada et al. (2011);
Hu and Liu (2004), and (ii) investigating semantic patterns through “word analogies,” which
reveal that semantic relationships manifest as linear directions in embedding space Mikolov
et al. (2013c); Levy et al. (2015); Drozd et al. (2016); Ethayarajh et al. (2019); Allen and
Hospedales (2019). In the context of modern LLMs, word analogies have been empirically
observed Rezaee and Camacho-Collados (2022); Wijesiriwardene et al. (2024). However,
recent focus has shifted to techniques for distilling interpretable semantics through dictio-
nary learning or sparse autoencoders Cunningham et al. (2023); Bricken et al. (2023), further
showing these can be used for model steering Turner et al. (2023); Li et al. (2024) (techniques
that in fact trace back to early work with static word embeddings, e.g., Murphy et al. (2012);
Faruqui et al. (2015); Arora et al. (2018); Zhang et al. (2019)). Alternative approaches include
geometric studies showing how linguistic features cluster in embedding spaces Coenen
et al. (2019); Hewitt and Liang (2019). Simultaneously, supervised methods such as linear
probing have been employed to extract semantic and syntactic information from modern
LLMs Alain and Bengio (2017); Hewitt and Manning (2019); Marks and Tegmark (2023),
relying on the same principle of linear representation found in word analogies. Unlike
these aforementioned works that empirically analyze trained models post-hoc, we focus on
formalizing the mechanisms by which semantic structure emerges during NTP training. Our
goal is not to introduce a state-of-the-art method for extracting semantics, but rather to understand,
from an optimization viewpoint, how semantics emerge as a consequence of next-token prediction.
While Park et al. (2023; 2024) have explored similar questions, here, rather than relying on a
model for concept generation and its link to words/contexts, we directly analyze NTP.

Geometry from Co-occurrence Statistics. Vector space representations emerge from two
approaches: (i) traditional count-based models using co-occurrence matrices, and (ii)
prediction-based models that optimize token prediction objectives like Skip-gram or NTP.
Levy and Goldberg (2014); Pennington et al. (2014) demonstrate that these approaches
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are fundamentally similar, as both probe underlying corpus co-occurrence statistics. Zhao
et al. (2024) have extended this insight to causal NTP models with a key distinction: the
co-occurrence matrix between contexts and words is inherently sparse, unlike the dense
word-word co-occurrences in prior work. This distinction makes relevant recent advances in
implicit regularization Ji and Telgarsky (2019); Ji et al. (2020) and neural collapse geometries
Papyan et al. (2020b); Mixon et al. (2020); Fang et al. (2021), through which Zhao et al.
(2024) analyze how word and context embeddings converge via an unconstrained features
model, relating them to singular factors of the centered co-occurrence probability matrix’s
support set (see Eq. (2)). We show that these singular factors encode rich semantic structure.
While we argue that the natural language’s inherent multilabel nature is responsible for
the emergence of rich semantics, making full circle to the neural-collapse literature, we
show that the semantic interpretation applies to as simple a setting as one-hot imbalanced
classification. Moreover, by connecting to the closed-form analysis of learning dynamics of
linear neural networks by Saxe et al. (2013; 2019); Gidel et al. (2019), we show how singular
values determine the learning order during training. More details on related works deferred
to App. E. See also Remark 1.

3 Background

Notations. For any integer k, k] := {1,...,k}. Matrices, vectors, and scalars are denoted by
A, a, and a respectively. For matrix A, A[i, j] is its (i, j)-th entry, and for vector 4, ali] is its
i-th entry. 1 is the all-ones vector and ® is Kronecker product.

3.1 NTP Objective as Sparse Soft-Label Classification

Let vocabulary V = [V], where z; € V are tokens/words within sequences z1; = (z1,...,2z¢).
NTP predicts a target token z := z; from context x := zj,_; using training data 7, :=

{(xi,2i) tiepn), where x; € Vi~land z; € V for each i € [n], and the context length t — 1
ranges from 0 to T — 1. For the prediction, a model with logits Whg(x), where W € RV >4
is the decoding matrix and 0 parameterizes (using either MLP, LSTM, Transformer (TF), or
state-space models) the context-embedding map hg : X — RY, is trained to minimize the
empirical cross-entropy (CE) loss. Following Zhao et al. (2024), we cast the NTP objective
as classifying among m < n unique contexts %;,j € [m], each associated with a sparse
label vector p; € AV=1,j € [m] in the probability simplex, representing the conditional
distribution of next tokens. The sparsity of the conditional distributions is both a sampling
artifact and inherent at the population level since not all tokens from the vocabulary are
valid next-tokens of a given context in natural language data. We further let 71; denote the
empirical probability for context x;. With these, the NTP objective becomes

L(W,0) =Y 7 £ (Whe(%); ;) , 1

where the loss ¢ penalizes deviations between the model’s logits Why(%;) for context j and
its corresponding soft-label vector p;. Unless otherwise specified, we use the standard
cross-entropy loss we set the loss £ to be the standard CE loss, i.e., CE (S(Why(;)) || p;),
where S() denotes the softmax map of logits to the probability simplex.

For later use, define the support matrix S € {0,1}V*" of the conditional probability matrix
P = [p1,...,pm] € RV Formally, S[z,j] = 1 < PJz,j] > 0. For context j, we refer to
tokens z for which S[z, j] = 1 as in-support tokens, and refer to all others as off-support.
Central to our analysis is the centered support matrix

~ 1
S:=(Iy — Vﬂvﬂg)s. 2)

For convenience, we refer to S as the data-sparsity matrix, though note that unlike the
support matrix S, its entries are not binary due to the centering operation:

< . [1=ISl/v ifS[z,]]
S[z,j] = {_sj/v if S[z, j]

1,
0.
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3.2 Geometry of Words and Contexts

Following Yang et al. (2017), we assume the model is sufficiently expressive to allow
optimizing context embeddings in (1) freely, instead of abiding by their architecture-specific
parameterization. Concretely, this modeling abstraction yields a simplified training objective

. A A
minw,g L(WH) + 3 [|WI*+ Z|H|?, (NTP-UFM)

which jointly optimizes W € RV*¢ and H := [hy,. .., h;] € R¥", where h;j is the freely
optimized embedding of context ¥;. Since the minimization is unconstrained for both
variables, we follow Mixon et al. (2022); Wojtowytsch (2021); Fang et al. (2021) in referring
to this as the unconstrained features model (UFM) for NTP training. We refer to W and H
as the word and context embedding matrices.

Eq. (NTP-UFM) includes ridge-regularization with weight A > 0. Zhao et al. (2024) have
analyzed the geometry of solutions to (NTP-UFM) when A — 0. This limit (referred to
in the literature as the regularization-path) serves as a proxy for the limiting behavior of
gradient descent (GD) training as the number of iterations approaches infinity Ji et al. (2020).

For large embedding dimensions d > V, 2as A — 0, Zhao et al. (2024) show the following:

1. Logits Convergence: The logit matrix L = WH decomposes into two orthogonal
components: one that grows unboundedly during training and another that remains finite.
After normalization (required to characterize the convergence of diverging logits), only the
unbounded component becomes dominant, denoted as L™™. Crucially, L™™ depends only
on the data support matrix S (see Zhao et al. (2024) for details).

2. SVD factors of L™™: Like logits, word and context embeddings grow unboundedly
in magnitude, but converge in direction to W™ = UZ!/?R and H™ = RTZ!/2vT,
respectively. Here, ULV ' is the SVD of L™™ and R is a partial orthogonal matrix.

3. Data-sparsity matrix as proxy: The matrix S (see Eq. (2)) is a good proxy for L™, 3 Put
together, the singular factors of S play a crucial role in determining the geometry of word
and context embeddings learnt by NTP training. Denote this SVD as

S:=uxv’, 3)

where U € RV, V. € R™ with U'U = V'V = 1, the singular values & =
diag(c4,...,0;) are ordered: 04 > 0 > ... > 0, > 0,and r < V — 1 denotes the rank.

4 Geometry of Concepts

4.1 Motivating Questions

While prior work explicitly describes the geometry of word and context embeddings, it
leaves open two key questions: (i) What is the latent information that drives the word/context
embeddings to this geometry? And, (ii) does the resulting geometry form structures (e.g. in the form
of clusters) that lend themselves to human-interpretable semantics?

To illustrate this, Fig. 2A shows a 3D projection of trained word and context embeddings
on a simplified dataset for visualization. The conditional probability matrix P is shown on
the right. The geometry reveals clear structure: animal-related words and contexts cluster
on the left, plant-related ones on the right. This suggests the emergence of latent concept
information—specifically, a positive/negative semantic distinction.

From Sec. 3.2, we know word embeddings take the form W = U+XIR, where U encodes

the row-space of S (Eq. (2)). Since rows of S correspond to words, and words that appear
in similar contexts (e.g., “the organism that grows roots is...” vs. “the organism that has
green leaves is...”) have similar patterns, U may naturally encode semantic relationships.
Its columns can be interpreted as a “concept basis”, where a word’s projection reflects its
association with these latent concepts.

2See Sec. A.2 for a discussion on this assumption.
3This is formally proven in symmetric cases and supported by extensive empirical evidence.
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4.2 Principal Components as Concepts

We term each dimension k € [r] resulting from the SVD of S as a concept. Adopting
terminology from Saxe et al. (2019), we call the columns u; € RV and v; € R™ of matrices
U and V the “word analyzer vectors” and “context analyzer vectors,” respectively. These
vectors represent the alignment of tokens and contexts with each concept: for word z and
concept k, the sign of uy[z] indicates association (ux[z] > 0) or opposition (ux[z] < 0) to
the concept, while its magnitude quantifies the strength of this relationship.  Words for
which |uy[z]| is small are neutral to this concept. The same interpretation applies to context
components v [j], measuring each context’s alignment with the respective concept. Fig. 1(A)

verifies the SVD of § captures the dataset’s semantic information for the simplified® dataset
with syntax "The organism that [attribute] is [subject]" (see Fig. 2).

To represent concepts in the embedding space and thus directly characterize their relation-
ships with word and context embeddings, we define the d-dimensional “word-concept

representations” u,‘? and “context-concept representations” v,f for k € [r] as projections onto
the respective spaces of words and contexts, that is (see also Sec. B for details), ug =Wy

and v = Hvy. This ensures that words or contexts more closely aligned with a specific
concept have embeddings closer to the concept’s representation. Similar to classical seman-
tic axes formed by averaging relevant words, these representations are weighted averages
where weights (uy) reflect concept relevance. Fig. 8 visualizes two most significant concept
representations and their relationships with word/context embeddings. For background
and related developments on matrix-based semantic representations and their connection
to our framework, see Remark 1.

4.3 Orthant-based Clustering in Singular Spaces

Concepts extracted from S, represent significant components from data. However, as noted,
for example, by Chersoni et al. (2021); Piantadosi et al. (2024), not all concepts individually
correspond to linguistically interpretable factors. Instead, we posit that human-interpretable
semantics can be identified by specific combinations of several concepts. Here, we formalize
this hypothesis by relating it to an orthant-based clustering of word /context representations.

Recall from Sec. 4.2 that the k-th word analyzer vector u; categorizes words z based
on sign(uy(z]): words with large |uy[z]| exhibit strong correlation with concept k, with
sign(u[z]) indicating whether this correlation is positive/negative. We extend this catego-
rization beyond single dimensions to multiple concept dimensions simultaneously.

Let £ = {ki,...,kp} denote a set of p < r selected dimensions k; € [r],i € [p]. Given
K, we define 27 possible signature configurations C = C(K) = [ck,,...,ck,] € {£1}P,
where ¢, € {£1} indicates whether dimension k; contributes positively or negatively to the

semantic category. Each signature configuration represents a potential semantic category,
characterized by its member words and their degrees of association with the category.

Definition 1. For C = [cy,, ..., cx,] with sign configurations cy, € {+1} for dimensions k; € [r]:
* A word z is a member of C (denoted z € C) if and only if sign(uy, [z]) = cx, forall k;,i € [p].
* The typicality of a member z € C is defined as: Typicality(z; C) = Lie(y) |ux,[2]] -

Analogous definitions hold for contexts.

Geometrically, each configuration corresponds to a p-dimensional orthant (or orthant sheet)
in the d-dimensional embedding space. Membership indicates which word/context embed-
dings lie within this orthant, effectively creating an orthant-based clustering in the subspace
spanned by the selected concept dimensions K. The typicality of a member measures the

“Note that each word analyzer vector uy, k € [r] has both positive and negative entries (corresponding
to association and opposition), because 1 is orthogonal to 1y, (which is in the nullspace of S).

5This design isolates semantic concept extraction by minimizing grammatical influences. These
simplifications are for visualization clarity only—the principles apply to complex datasets with
combined grammatical /semantic attributes and to full autoregressive training (see Secs. 5 and A.3).
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L1-norm (other choices are also possible) of its representation’s projection (the z-th row of U
for words, j-th row of V for contexts) onto the selected concept dimensions. Fig. 2B and Sec.
5 demonstrate that this orthant-based clustering reveals interpretable semantic categories,
while also inducing a hierarchical structure, where the number of concept dimensions
determines the semantic granularity: broad linguistic categories (e.g., verbs) require fewer
dimensions, while more specific categories (e.g., past-tense verbs) need more dimensions
for precise characterization. See also Sec. C and Fig. 9 in the appendix.

4.4 Rate of Learning

We show that the hierarchical structure of semantics discussed in Sec. 4.3 is reflected in
their emergence over the course of training: broad distinctions are learned earlier than fine-
grained features. We study this both in synthetic language and in a controlled imbalanced
setting, and provide theoretical support via training dynamics under square loss.

Spectral progression in natural language. We track the singular values of the logit matrix
L; = W;H; at training step t, where (W;, H;) evolve under the unconstrained objective
(NTP-UFM). Figure 16 shows that singular values increase at different rates: those with
larger final magnitudes begin diverging earlier. This suggests that concepts aligned with
dominant singular directions of the data are acquired earlier. This trend is evident in
natural language experiments. As shown in Figure 1(C), confusion matrices from a 2-
layer transformer trained on structured synthetic language reveal that coarse categories
(e.g., “Animals” vs. “Plants”) are learned in early epochs (step 20), while finer semantic
distinctions (e.g., “Lives in water”, “Reproduces with pollen”) emerge later (step 40 onward).
This coarse-to-fine learning order aligns with the ordering of singular values in the support
matrix.

Controlled validation via class imbalance. To isolate this effect and remove semantic
confounds, we construct a step-imbalanced one-hot classification task where two majority
classes appear in many contexts, while two minority classes occur only once. This setting

allows us to directly manipulate the spectrum of the support matrix S. As shown in Figure 7,
the model first predicts all tokens as the dominant majority class (Step 0), then separates
the two majority classes (Step 13), begins identifying the minority classes (Step 30), and
only later resolves confusion between them (Step 55). This progression follows the order
of singular values, despite the absence of semantic structure, confirming that the model
prioritizes directions with higher spectral mass. The imbalanced setting thus provides
strong causal evidence for spectral bias in learning dynamics.

Theoretical justification. To analyze this behavior formally, we consider the square loss
version of (NTP-UFM). As discussed in Appendix D, this setting reduces to the well-studied
linear training dynamics of Saxe et al. (2013), where each singular direction k exhibits a sharp

transition in L; at time Tj o 1/0}, with o the k-th singular value of S. Hence, directions
aligned with larger singular values (i.e., broader or more frequent concepts) are learned
earlier. Although this analysis is limited to square loss, we observe similar learning patterns
under cross-entropy empirically. Extending this theory to CE loss remains an open question.

5 Experiments

51 Setup

Datasets. We conduct experiments on both synthetic data and pretrained models. For
our synthetic experiments, we constructed two datasets by subsampling from two distinct
corpora: TinyStories Eldan and Li (2023) and WikiText-2 Merity et al. (2017). For both
datasets, we fix the vocabulary size to V = 1,000 and extract m = 10,000 contexts, creating
the "Simplified TinyStories/WikiText" datasets. We extracted the contexts by sampling
frequent contexts of lengths 2-6 from the entire datasets. This variation in context-length
emulates the autoregressive nature of training with sliding window, which yields rich
data-sparsity patterns that in turn result in richer semantic information (compared to the
last-token visuals in Sec. 4). See Sec. E2 for details on OpenWebText data with GPT2
embeddings.

Concepts and semantics. Following Sec. 4, for the simplified datasets where it is compu-
tationally feasible, we construct the V x m data-sparsity matrix S and compute its SVD.
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Figure 3: Semantic clusters based on signature configurations of Sec. 4.3. Top: §1mp‘f11:ﬂ ed TinyStories
dataset showing Past-tense verbs, Present-tense verbs, Prepositions, and Proper names. Bottom:
Simplified Wikitext dataset showing Months, Numbers, Units, and Prepositions/Conjunctions. Each
configuration is shown in its title.

The left/right singular vectors serve as our word/context concepts. As per Sec. 4.3, we
also consider signature-based concept combinations, which we examine for semantic in-
terpretability as discussed in Visuals below. For completeness, we also experiment with
k-means spectral clustering as an alternative way to derive interpretable semantics from

top important concepts. For larger-scale experiments, where direct SVD of S is infeasible,
we work with the embeddings from pretrained models. In particular, for GPT-2 trained on
OpenWebText, we analyze the spectral structure of its learned token embeddings (Sec. E.2).
To test generality across architectures and objectives, we additionally evaluate orthant-based
clustering on BERT (a masked language model) and Qwen-7B (a multilingual model with
4096-dimensional embeddings). In these cases, we approximate concept axes via SVD on
filtered subsets of embeddings. See Secs. F.4 and E.5 for experimental details.

Visuals. To interpret the semantic information, we visualize the top 40 words/contexts
associated with each concept. “Top” here is measured with respect to the typicality score in
Defn. 1. For visualization, we use word clouds where size is proportional to its typicality
score. We often use the pound sign (#) to indicate token start.

5.2 Findings

Individual concepts are not interpretable. We have seen in Sec. 4 that not all concepts
individually correspond to linguistically interpretable factors. For completeness, we verify
this conclusion for the Simplified TinyStories/WikiText datasets in Fig. 12 in the appendix.
This observation is well-reported in the literature, e.g., Chersoni et al. (2021), and is also
related to the recently popularized superposition hypothesis Elhage et al. (2022).

Combining concepts with signature-configurations reveals semantics. We demonstrate
that combining non-interpretable concepts can reveal human-interpretable semantic infor-
mation. Here, we show this by implementing the idea of orthant-based clustering of Sec.
4.3. Specifically, we combine p = 5 to 7 concepts in successive order starting from the most
important one, i.e. K = {1,..., p}. Fig. 3 shows human-interpretable semantics identified
by orthant-based clustering in Simplified TinyStories and WikiText-2 datasets. In Fig. 9, we
show how orthant-based clustering progressively reveals hierarchical semantic structure
as we combine more concept dimensions, illustrated through the example of verb forms
organized by grammatical distinctions. Starting with a single dimension (K = {1}), the
categories remain broad and difficult to interpret. However, as we incorporate additional
dimensions, increasingly refined semantic categories emerge, ultimately distinguishing
between different verb forms such as past/present tense, and present continuous forms.

As a complementary method to orthant-based clustering, we also explore k-means spectral
clustering over concept subspaces. This also reveals interpretable groupings such as past-
tense verbs, proper names, and numerical tokens. For methodology and full results, see
Appendix F.7.

Relation of words and context semantics. Figure 2A shows that words and contexts sharing
semantic categories (e.g., plant vs. animal) cluster closely in embedding space—a pattern
that extends to richer datasets. To verify this, we apply orthant-based clustering to words
and contexts using the same signature pattern across a subset of concept dimensions. In
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Simplified TinyStories (Fig. 4), contexts with modals like “want/like/love/have to” align
with clusters of infinitive verbs; intensifiers like “was so/very” correspond to descriptive
adjectives. This duality reflects how contexts encode meaning both via their surface words
and via the semantics of likely next tokens—a view naturally supported by the predictive
nature of NTP.

Neg, Pos, Neg, Pos, Pos Neg, Pos, Neg, Pos, Pos Neg, Neg, Pos, Pos, Neg

she_wanted_to ..lovedto show: = gouiig watch U
Wanted~ tO sMe t;m—' - 1 - hot

he wanted_to i alk rUnNpickm:’ good h(rﬂbrave

Figure 4: Context-word cluster pairs sharing identical sign patterns across top 5 concepts. Left and
right pair illustrates the “verb+to infinitive” and “was so/very + adj” structures, confirming semantic
alignment between contexts and their in-support words.

Semantics in pretrained models. Simplified datasets primarily reveal grammatical and
syntactic structure due to limited size and context diversity—making them analytically
tractable but semantically constrained. To test whether richer sparsity induces richer
semantics, we analyze pretrained models.

Neg, Neg, Pos, Pos, Neg

dlffer ent

In GPT-2 (Fig. 5), orthant-based clustering recovers categories such as medical terms,
emotional tone, entertainment, and political figures. In BERT (Fig. 17), we observe clusters
reflecting numerical patterns (e.g., 3-digit numbers), action verbs, administrative phrases,
and morphological forms. Applying the same method to Qwen-7B, a 4096-dimensional
multilingual model, yields clusters like UI phrases, programming keywords, numeric tokens,
and functional Chinese expressions. Qwen requires more concept directions (7-11 vs. 5-7
for GPT-2) to isolate coherent groups (Table 1), suggesting a more distributed semantic
encoding. These results suggest that spectral semantic structure generalizes across objectives
and embedding scales.
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Figure 5: Semantics identified by orthant-based clustering on GPT2’s word embeddings.

6 Conclusion and Limitations

While continuing to advance LLMs’ capabilities, understanding their inner workings is
crucial. We study how NTP optimization guides the geometry of word and context repre-
sentations to organize around latent semantic information. Without explicitly computing it,
the model encodes such information in the SVD factors of an implicit data-sparsity matrix.
As an early contribution in this direction, our analysis motivates several future directions:
(1) While the assumption d > V allows for rich geometric structures, a formal investigation
is needed for the d < V case prevalent in practice (see Sec. A.2). (2) Our analysis assumes
sufficient expressivity and training time, which may become increasingly relevant with
improved compute or in data-limited regimes, but relaxing them or experimentally validat-
ing their applicability in the spirit of our GPT-2 experiments (e.g., in the spirit of Wu and
Papyan (2024)) is important. (3) Understanding how transformer architectures specifically
fit into our analytical framework remains an open challenge. (4) Some conclusions rely on
square loss and our work highlights a significant gap in understanding CE loss dynamics,
even in simple bilinear models. (5) While our approach differs from concurrent efforts to
explain semantic emergence in LLMs via probing or sparse-dictionary learning, future work
could explore connections and potential applications to model improvement techniques.
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Figure 6: Illustration of setup and terminology.

A Additional Discussions

Al Positioning and Scope.

This work adopts a first principles and bottom up approach to understanding how semantic
structure emerges during next token prediction training. Rather than analyzing large
language models directly, we focus on simplified and analytically tractable settings such
as synthetic datasets and the unconstrained feature model. These abstractions allow us
to isolate and study fundamental mechanisms with mathematical clarity. While they do
not capture the full complexity of real models, they reveal core geometric and learning
dynamics that are otherwise difficult to observe. As we later show, insights gained from
this analysis extend qualitatively to more realistic settings, including pretrained GPT-2 and
BERT embeddings, and can inform future empirical investigations.

A.2 On the Assumptiond > V

Our analysis has assumed the embedding dimension d is at least as large as the rank of the
data-sparsity matrix (guaranteed when d > V), allowing word and context embeddings
to form geometric structures representing all concepts encoded in the matrix’s singular
factors Zhao et al. (2024). As noted in Zhao et al. (2024), while this assumption differs
from current practice in LLMs, the geometry of embeddings remains rich in this setting.
Importantly, this assumption is less restrictive than requiring d > C in one-hot classification
with C classes. There, due to collapse of embeddings from the same class, d > C effectively
requires the dimension to exceed the number of training examples. In contrast, for NTP,
the number of contexts m can be (and typically is) much larger than d, allowing for rich
geometric arrangements of context embeddings in the lower-dimensional space and non-
trivial emergence of concepts, which is confirmed throughout our case studies.

That said, the current trend of modern language models typically employing d < V, raises
the question: Which concepts are prioritized when the model cannot capture all of them?
We hypothesize that during NTP training, models learn to represent the 4 most significant
concepts, corresponding to the largest singular values of the data-sparsity matrix. While this
requires a separate study that is beyond our current scope, our preliminary investigation
using NTP-UFM with square-loss on a synthetic dataset supports this hypothesis. Fig. 18
shows the learned logit matrix’s singular values converging to the d largest singular values
of the data-sparsity matrix during training. Following Sec. 4.4, we used square loss rather
than CE to ensure bounded singular values. While a rigorous analysis for d < V remains
future work, since meaningful semantic categories emerge from combinations of concepts,
even a reduced set of core concepts could enable rich semantic representations through the
orthant clustering mechanism of Sec. 4.3.
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A.3 Role of Autoregression

We have shown that concepts emerge during NTP training as principal directions of S, a
centered version of the support matrix S. Each column j of S corresponds to a context and
can be viewed as a binary (multi-)label vector s;, where entries of 1 indicate tokens that
appear as next-tokens for that context in the training data. While concepts are determined by
the principal directions of this label matrix, this might seem limiting: contexts can relate not
only through shared next-tokens but also through their intrinsic structure (e.g., overlapping
constituent tokens).

The autoregressive nature of training naturally captures these structural relationships
as follows. As the model processes labels for progressively longer contexts, each con-
text (z1,...,2¢) contributes to concept formation both through its distribution over next-
tokens z;1 and through the labels of its shorter subsequences (z1,...,z-1), (z1,...,2t-2),
etc.—each representing distinct columns in S. This overlapping window structure produces

fine-grained label information, creating rich sparsity patterns in S (and consequently in S)
that yield nontrivial concepts with varying significance, as reflected in word and context
embeddings.

A.4 Relationship to Spectral Clustering

The orthant-based clustering approach introduced in this work shares foundational similari-
ties with spectral clustering while providing distinct advantages for linguistic interpretation.
Both methods operate in reduced-dimensional spaces and leverage embedding geometry
to identify meaningful clusters. First, while both approaches leverage singular factors, the
orthant-based method provides a more direct link (in view of concept definition in Sec. 4)
between NTP and the emergence of semantic structure by explicitly interpreting the sign
patterns of SVD dimensions as semantic indicators.

An interesting property of our method is its selective nature: while p dimensions generate
27 potential orthants, only a subset contains semantically coherent word groupings. This
selectivity reflects linguistic reality, where not all mathematical combinations yield mean-
ingful semantic categories. In contrast, spectral clustering typically partitions the space
completely, which may not always align with natural semantic boundaries in language.
Finally, the orthant-based method offers semantic interpretation of membership and typi-
cality, and dimensionality control through parameter p. This aligns with language model
training dynamics, as the most important singular value components are learned first dur-
ing training, making the resulting clusters reflective of the model’s knowledge acquisition
process. To this respect, note that unlike orthant-based clustering producing a potential
maximum of 27 clusters when selecting p top concepts, typical clustering algorithms such as
vanilla k-means on principal components would result in p-clusters with the same number
of selected concepts. Thus, when we evaluate spectral methods in our experiments, we
choose k on the order of 27 for the value of p that we find orthant-based clustering reveals
semantically informative orthants.

A.5 Neural Collapse Meets Semantics

The emergence of concepts with rich semantic meanings stems from the interplay of labels
(encoded in S or its centered version S) across different contexts. Consider the minimal label
richness case: each context has exactly one next-token, with contexts distributed equally
across the vocabulary. Here, S can be rearranged as Iy @ 1] /v yielding trivial concepts
where all singular directions contribute equally. This setting parallels standard balanced
one-hot classification studied in neural collapse literature, where last-layer embeddings
and weights form highly symmetric aligned structures Papyan et al. (2020a), reflecting the
symmetric nature of S where labels induce no interesting conceptual structure.

However, such balanced settings never occur in autoregressive NTP, which as discussed
in Sec. A.3, produces rich label formations. In these richer settings, S induces a geometry
of concepts that provides semantic interpretation to the embedding geometry studied in
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the neural collapse literature. To illustrate this new perspective, we demonstrate that
meaningful concepts emerge even in one-hot classification—the traditional focus of neural
collapse literature—given minimal deviation from perfect balance. Specifically, consider
STEP imbalances with ratio R: V /2 majority classes each have R > 1 times more samples
than minority classes.

Here, Thrampoulidis et al. (2022) shows the learned logit matrix converges to S, whose
singular values exhibit a three-tier structure:

o = ... =0yp-1 = \/E > Oy/p = \/(R+1)/2 > Oy/pe1 = ... = 0y = 1. The left
singular vectors matrix U takes a sparse block form:

u-| ¥ *\/;1 0| RV*(V-1)
0 Ji1 F
where F € RV/2%(V/2-1) js an orthonormal basis of the subspace orthogonal to 1y /,.% The
structure of U reveals three distinct types of concepts, corresponding to the three tiers of
singular values: (1) First V /2 — 1 columns (non-zero only for majority classes) represent
distinctions among majority classes; (2) Middle column (singular value /(R + 1) /2) has
opposite-signed entries for majority versus minority classes, encoding the majority-minority
dichotomy; (3) Last V /2 — 1 columns (non-zero only for minority classes) capture distinc-
tions among minority classes. This hierarchical structure shows the network learns concepts
in order: first majority class distinctions, then the majority-minority split, and finally minor-

ity class differences. See Fig. 11 for a visualization of U and Fig. 7 for an experiment that
confirms the above semantic interpretation of concepts (columns of U).

Step 0 Step 13 Step 30 Step 55 Step 60

e,

maj1 maj2 min1 min2 majl maj2 min1 min2 ™majl Maj2 minl min2 majl M32 minl min2 majl maj2 minl min2

Predicted Class

min 2 min 1 maj 2 maj 1

True Class

Figure 7: Experimental illustration of the fact that important concepts are learned first. Confusion
matrix evolution during training of a 3-layer convolutional network on an imbalanced MNIST data.
The matrices show five snapshots at different training steps (0, 13, 30, 55, 65) for four classes: two
majority classes (Majl, Maj2) with 100 samples each and two minority classes (Minl, Min2) with 10
samples each. Training progresses from left to right: initially classifying all data as Maj1 (Step 0),
then correctly identifying majority classes while misclassifying minority classes (Step 13), gradually
improving minority class recognition (Step 30), confusion between minority classes only (Step 55),
and finally achieving perfect classification by Step 60.

B From Sparsity Language Pattern to Concepts Geometry

Recall the centered data-sparsity matrix § and its SVD
S=UzZV', where UcR",ZecR™,VeR™ and U'U=V'V =1,
and the singular values £ = diag(cy, ..., 0y) are ordered:

>0 >...20 >0.

6For concreteness, IF can be constructed using the discrete cosine transform matrix, excluding the
constant column: F[i, j] = |/ - cos (M) forie [V/2],je[V/2-1]
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Adopting terminology from Saxe et al. (2019), we interpret the columns u; € RY,v; €
R™, k € [r] of U,V as word and context analyzer vectors for concept k. For each word z € V
and each word-concept k € [r], the component uy[z] represents how present or absent is a
word z in context k. Respectively for contexts.

Specifically, we think of column dimensions of U as semantic dimensions that capture
semantic categories.

Q: How do we define word-concept and context-concept representations, i.e. d-dimensional
representations of word and context analyzer vectors for various concepts?

Let W € RV*4 and H € R*" be the representations of words and contexts. We then define

word-concept representations u,‘? and context-concept representations v,‘j for k € [r] as
projections onto the spaces of word and context representations, respectively. Specifically,
for projection matrices

Pw=W' WW")"W and Py=HH'H) 'HT,
let
ud = Py Wy
v? =PyxHvy.
Let’s now simplify these by using the known SVD representation of W and H. Using this
representation (i.e. use W <— W™™, H < H™) we compute
Pw =RR' = Py.

Thus,
ug = RRTR\/EUTuk = oy Rep = Wi (4a)
ZJ? = oxRey = Hoy = Z Z)k[j] h] (4b)
j€lm]

We conclude that the d-dimensional representations of word and context analyzer vectors
are the same. This is intuitive since concepts are categories in a certain sense broader than
words/contexts, where the latter can be thought of as realizations of the concept in the
form of explicit constituents of natural language. We thus refer to ug = v,‘j = Rey as the
representation of concept k. See Fig. 8 for a visualization.

Finally, observe from Eq. (4) that the k-th concept representation is given by a weighted
average of word or context embeddings with weights taken by the resppective context
analyzer vectors.

| M 1st concept

stays warm-blopded I 2nd concept
fpunts in group® le hunts alone

reproduces with poller|

e needs oxygen
o
ove around

uses sunlight for food
o staysin one placq
Jhas feathers

ohas edible seeds

I 1st concept
7| W 2nd concept
T T

Figure 8: Left: Context embeddings; Right: Word embeddings. In both plots, concept representations
(blue, green) are computed using Eq. (4). Projections onto these concept axes (vf, v§) quantify semantic

relevance. The first concept (v?, blue line) defines a spectrum from plant-related to animal-related
elements, with animals (“hunts in groups”, “dog”) projecting positively and plants (“uses sunlight
for food”, “apple”) projecting negatively along the same axis. The second concept (vg, green line)
represents a continuum from non-mammalian to mammalian traits, with mammalian words and
features (“cat”, “stays warm-blooded”) having positive projections and non-mammalian ones (“trout”,
“has feathers”) having negative projections. Please note that the concepts are not orthogonal in the
plots because it is PCA projection to 2D space.
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Figure 9: Hierarchical semantic structure revealed by orthant-Based clustering on Simplified
TinyStories. Top: Hierarchical semantic structure emerges as we combine concepts. Each
row represents clusters formed by combining an increasing number of concept dimensions
(from 1 to 5), with each word cloud displaying the most typical words for a specific sign
configuration. Semantic categories become progressively more fine-grained moving down-
ward as additional concept dimensions refine the classifications. Bottom: Detailed view
of verb semantics. The combination of the first two concept dimensions (K = {1,2} with
configuration Cx. = {+1, +1}) identifies verbs. Adding the third dimension further distin-
guishes between past tense (Cic = {+1,+1,+1}) and present tense (Cx = {+1,+1, —1}).
The present tense category is further refined by the fifth dimension to differentiate present
action verbs from present continuous (-ing) forms. This hierarchical organization mirrors
linguistic grammar structures and supports our hypothesis that language models learn
fundamental grammatical distinctions (verb vs. non-verb) before more specific ones (tense
and aspect distinctions).

C On the hierarchical structure of language

As discussed in Sec. 4.3, language semantics exhibit a hierarchical structure, with more
comprehensive semantics involving numerous concepts being inherently more detailed.
Each concept’s significance is indicated by its associated singular values; higher values
denote concepts critical for differentiating words or contexts. Moreover, as discussed in Sec.
4.4, broader semantic categories are acquired more rapidly, indicating a sequential learning
progression from general to more specific concepts. Fig. 9 below provides an illustration of
this hierarchical structure.
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D Connections to closed-form training dynamics Saxe et al. (2013)

Consider the following square-loss NTP-UFM proxy:

m
i 5. —Whl?*=|S—WH|?*} .
min {j_l 5 il =l [ } (5)

which fits logits WH to the centered sparsity matrix S. For one-hot labels, this reduces
to standard square-loss classification, which has shown competitive performance to CE
minimization in various settings (Hui and Belkin (2020); Demirkaya et al. (2020)). However,
in our soft-label setting, the choice of loss function requires more careful consideration.
While one could follow Glove’s approach Pennington et al. (2014) by using log(P) instead
of s, this creates issues with P’s zero entries. Since CE loss minimization leads W and H to
factor s, we thus maintain s as the target in (5).

The neural-collapse literature has extensively studied Eq. (5) for one-hot s, primarily in
the balanced case (e.g., Mixon et al. (2020); Han et al. (2021); Stikenik et al. (2023); Tirer
and Bruna (2022); ?) but recently also for imbalanced data (e.g., Liu (2024); Hong and
Ling (2023)). Most works focus on global minima of regularized UFM, with less attention
to unregularized cases or training dynamics. While some landscape analyses provide
partial answers about global convergence (e.g., ), they are limited to regularized cases and
don’t characterize dynamics. Even for square loss, where Mixon et al. (2022); Han et al.
(2021) study training dynamics—notably Han et al. (2021)’s analysis of the ’central path’
in balanced one-hot cases—these results rely on approximations. Thus, a significant gap
remains in understanding UFM training dynamics, even for simple balanced one-hot data
with square loss.

By interpreting the UFM with square loss in Eq. (5) as a two-layer linear network with
orthogonal inputs, we identify an unexplored connection to Saxe et al. (2013); Gidel et al.
(2019)’s analysis. They provide explicit characterization of gradient descent dynamics (with
small initialization) for square-loss UFM. The key insight is rewriting (5) as };c () [5; —
WH e]-|2 with orthogonal inputs e; € R™. This enables direct application of their result,

originally stated in Saxe et al. (2013) and formalized in Gidel et al. (2019). For completeness,
we state this here in our setting and terminology as a corollary below.

Proposition 1. Consider gradient flow (GF) dynamics for minimizing the square-loss NTP-UFM
(5). Recall the SVD § = ULV . Assume weight initialization

W(0) =e®UR" and H(0)=e °RV'

for some partial orthogonal matrix R € R (RTR = 1) and initialization scale e=°. Then the
iterates W (t), H(t) of GF are as follows:

W(t) = UVZ\JA(HDRT  and  H(t) = RVI\/A(H)VT (6)
for A(t) = diag(ai(t),...,ar(t)) with

a;(t) !

T 1+ (0% —1)e 2t

ielr]. @)

Moreover, the time-rescaled factors a;(5t) converge to a step function as & — oo (limit of vanishing
initialization):

a;(6t) — 1t =T+ 1]t > Ty, (8)

1+(Tl'

where T; = 1/0; and 1[A] is the indicator function for event A. Thus, the i-th component is learned
at time T; inversely proportional to o;.

Proof. After having set up the analogy of our setting to that of Saxe et al. (2013); Gidel et al.
(2019), this is a direct application of (Gidel et al., 2019, Thm. 1). Specifically, this is made
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Figure 10: (Top) Support matrix and SVD factors of centered support matrix for a synthetic
example. (Bottom) Training dynamics of GD minimization of NTP-UFM with square loss
(Eq. (5) for two initializations: (i) SVD: initialize W and H as per Thm. 1 for § = 8. (ii)
Rand: intialize W and H random Gaussian scaled to match the norm of SVD initialization.
Dynamics with the two initialization are shown in red (SVD) and blue (Rand), respectively.
Qualitatively the behavior is similar. Left: Training loss and norms of paramteres. Middle-
Left: Convergence of word and context gram-matrices and of logits to the theory predicted
by Thm. 1. Middle-Right: Convergence of singular values of logit matrix to those of I (see
Thm. 1. Right: Projection of logits to subspace orthogonal to U and V; Logits with Rand
initialization initially have non-zero projection but it becomes zero as training progresses.

possible in our setting by: (i) interpreting the UFM with square-loss in (5) as a two-layer
linear network (ii) recognizing that the covariance of the inputs (which here are standard
basis vectors ej, j € R™) is the identity matrix, hence the (almost) orthogonality assumption
(see (Saxe et al., 2013) and (Gidel et al., 2019, Sec. 4.1)) holds. O

The result requires initializing word/context embeddings aligned with the SVD factors of
the data-sparsity matrix. While this might appear as a strong assumption, Saxe et al. (2013;
2019) conjectured and verified experimentally that the characterization remains qualitatively
accurate under small random initialization. Our experiments with the data-sparsity matrix
confirm this - Fig. 16 shows the singular values of the logit matrix during training closely
follow the predicted exponential trend in Eq. (7). This reveals that dominant singular
factors, corresponding to primary semantic concepts, are learned first. In the limit t — oo,
the theorem shows convergence to:

W(t) - We := UVERT  and  H(t) - He :=RVEIV',. )

This aligns with Zhao et al. (2024)’s regularization-path analysis of NTP-UFM with CE loss,
where normalized quantities converge as A — 0 (recall Section 3.2):

W(A) > UVEIRT  and  H(A) = RVIV.

D.1 An example of controlling the rate of learning via reweighting

Consider minimizing the following weighted version of (5):

min |- wa)al a0
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where ) = diag([wy, ..., wy]) is a diagonal matrix of weights, one for each context. Here,
we consider the STEP-imbalanced one-hot classification setting described in Sec. A.5.
Concretely, let the support matrix be

s [va®ly Oypvy 11)
Ovsoxrvz vz

where R is the imbalance ratio and without loss of generality we assumed that the first
V /2 classes are majorities and that minorities have 1 example (in our language: context)
each. (Thus, the total number of examplesis m = RV /2+V /2 = (R+ 1)V /2.) Recall that

S=(Iy — $1v1})S.

Recall from Sec. A.5 that S = ULV " where the singular values and the left singular vectors
are explicitly given by:

v1 0
L= dlag( [\/E]IV/271 \/m ]lv/2,1] ), \/\/77]1 c ]RVX(V*l)

with F € RY/2%(V/2=1) an orthonormal basis of the subspace orthogonal to 1y /5. According
to (Thrampoulidis et al., 2022, Lem. A.3) we also have

JFT®]1T

V71)><m
R+1 RV/Z R+1 V V/2 :

We now set the weight matrix as follows:

Q:=diag(|\/ 1k, 17,))- (12)

Direct calculation yields

\/TJFT@)]N

via=
R+1 RV/Z R+1 V V/2

]PT®]1T 0
— di 14T 2 T T 14T —y-1lyT
—d1ag([ Rlvpa Ve Ly 1}) ~Vrvlry, Volyp, | =2V
i 0 FT
=VT
(13)

where in the last equation, we recognized the diagonal matrix is equal to &~ ! and called the
other matrix V € R"™*(V=1)_ Thus, the effective sparsity matrix Sq =: SQ is equal to

So=uzva=uv'.

It is now easy to check that V'V = Iy_;. Thus, the display above is the SVD factorization
of Sq. Note that the singular values of this effective sparsity matrix are all equal, unlike the

singular values X of the original data-sparsity matrix S. With this at hand, we can show
analogous to Proposition 1 that the eigenvalues of W (t) and H(t) are now all learned at the
same time T = 1. We also confirm this experimentally in Fig. 11.

E Extended Discussion on Related Works

Word embeddings and semantic analysis in neural probabilistic language models. The
word2vec architecture Mikolov et al. (2013d;b) and its variants, notably GloVe Pennington
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Figure 11: (Top) Support matrix and SVD factors of centered support matrix for a one-hot
STEP-imbalanced example. (Middle) Training dynamics of GD minimization of NTP-UFM
with square loss (Eq. (5); same setup and visualizations as Fig. 10. (Bottom) Training
dynamics of GD minimization of NTP-UFM with weighted square loss (Eq. (10)) with
weights as in Eq. (12). Note that thanks to the weighting all singular factors are now learned
simultaneuously.

et al. (2014), represent seminal early neural probabilistic language models. These simple
log-bilinear models, trained on large text corpora, revolutionized word embedding learning.
As noted in Zhao et al. (2024), NTP-UFM shares structural similarities with these early
models, though in both their work and ours, it serves as a tractable abstraction rather
than a practical architecture. Our approach differs by learning both context and word
embeddings, following modern practice. The foundational work of Levy and Goldberg
(2014) connected word2vec’s geometry to matrix factorization of the pointwise mutual in-
formation (PMI) matrix—a specialized word co-occurrence matrix. Subsequent works Levy
et al. (2015); Turney and Pantel (2010); Baroni and Lenci (2010) empirically demonstrated
semantic interpretations of the PMI matrix’s singular factors and principal components.
Building on Zhao et al. (2024), which formalizes a modern version of Levy and Goldberg
(2014)’s results, our investigation of concepts differs from this classical literature in two
key aspects: (a) We study the NTP setting where both context and word embeddings are
learned, yielding concepts that relate to both words and contexts; (b) Our data-sparsity
matrix differs fundamentally from classical PMI matrices: it is a centered version of the
data support matrix (independent of specific next-token probabilities) and has different
structural properties—being orthogonal and non-square, unlike the word2vec setting.

Superposition and feature steering. Our work was partly motivated by recent compelling
literature suggesting that embeddings can be decomposed into linear combinations of a
finite set of semantic concepts Bricken et al. (2023); Yun et al. (2023); Park et al. (2023). These
insights from mechanistic interpretability have led to practical applications in "feature steer-
ing"—where model behavior can be controlled by manipulating concept representations
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through addition or subtraction Durmus et al. (2024); Konen et al. (2024). Our analysis
complements the mechanistic interpretability approach by providing a systematic frame-
work for understanding how concepts emerge naturally as principal components from
training data statistics. Exploring deeper connections between our theoretical framework
and the mechanistic interpretability literature remains an intriguing direction for future
work. For completeness, we note that Park et al. (2023; 2024) also investigate geometric prop-
erties of concept directions, albeit through fundamentally different technical approaches,
assumptions, and perspectives.

Saxe et al.’s closed-form dynamics of two-layer linear network training. Our work
draws inspiration from Saxe et al. (2019). Conceptually, Saxe et al. (2019) uses a two-layer
linear neural network as a theoretical proxy to study the emergence of semantic knowledge
in human cognition, providing mathematical justifications for phenomena observed in
cognitive semantics literature. A key insight from their work is that even a simple two-
layer linear network with orthogonal inputs can yield rich and meaningful conclusions
about semantic learning. While two-layer neural networks represent perhaps the simplest
instances of non-linear learning, their training dynamics generally remain analytically
intractable. However, Saxe et al. (2013) (with aspects later formalized in Gidel et al. (2019))
demonstrated that with square loss, orthogonal inputs, and sufficiently small initialization,
these dynamics admit exact closed-form solutions. This mathematical characterization
underlies their results on semantic information development through singular factors
of the network’s input-output correlation matrix. We make a novel connection to this
line of work: the UFM fits perfectly within the framework studied by Saxe et al. (2013;
2019). Specifically, the UFM can be viewed as a linear two-layer network where the input
dimension equals the number of input examples (in our case, the number of contexts m).
This connection is valuable in two directions: First, the UFM—recently popularized through
neural collapse literature (see below)—provides perhaps the most natural and practical
setting satisfying Saxe et al.’s seemingly restrictive orthogonal input assumptions. Second,
this connection allows us to leverage Saxe et al.’s earlier results in the evolving neural
collapse literature. Despite these methodological similarities with Saxe et al. (2019), our
work differs in motivation and interpretation. We focus specifically on NTP and how
semantic and grammatical concepts emerge from natural language data, rather than general
cognitive development. Additionally, we primarily focus on CE loss which is typically used
in NTP training.

Neural-collapse geometries. Our results contribute to the recent literature on the neural
collapse (NC) phenomenon Papyan et al. (2020a). Originally observed in one-hot classi-
fication training of DNNs, neural collapse describes two key properties of well-trained,
sufficiently expressive DNNs: (1) NC: embeddings of examples from the same class collapse
to their class mean, and (2) ETF-geometry: class-mean embeddings form a simplex equian-
gular tight frame (ETF), being equinorm and maximally separated, with classifier weights
exhibiting the same structure and aligning with their respective class-mean embeddings.
This phenomenon, consistently observed across diverse datasets and architectures, has
sparked extensive research interest, generating hundreds of publications a complete review
of which is beyond our scope. Instead, we discuss below the most closely-related line of
works. One fundamental direction, which forms the basis for many extensions, focuses
on explaining NC’s emergence through the UFM. This model abstracts training as joint
optimization of last-layer embeddings (unconstrained by architecture) and classifier weights
Mixon et al. (2022); Fang et al. (2021). Multiple influential works have proven NC emergence
by analyzing the UFM’s global optima (e.g., Zhu et al. (2021); Garrod and Keating (2024);
Jiang et al. (2023)), with extensions to various loss functions beyond cross-entropy, including
square loss Zhou et al. (2022a); Han et al. (2021); Tirer and Bruna (2022); Stikenik et al. (2023;
2024) and supervised contrastive loss Graf et al. (2021); Zhou et al. (2022b); Kini et al.. Most
early works maintained the original assumptions from Papyan et al. (2020a): balanced
data (equal examples per class) and embedding dimension d exceeding the number of
classes C. Recent work has explored d < C settings, though often requiring additional
assumptions on the loss function Jiang et al. (2023); Liu et al. (2023). More substantial
progress has emerged in the d > C regime with unbalanced data, where Thrampoulidis
et al. (2022) provided a complete characterization for step-imbalanced data (where examples
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are distributed equally within minority classes and equally within majority classes). They
introduced the SELI (simplex-encoding labels interpolation) geometry, showing that logits
interpolate a simplex-encoding matrix—a centered version of the one-hot encoding matrix.
The embeddings and classifier vectors are then determined, up to rotation and scaling, by
the singular vectors of this matrix. The SELI geometry emerges as a special case of the richer
geometries characterized in the NTP setting by Zhao et al. (2024). Together with Li et al.
(2023), these works stand alone in extending geometric characterization beyond one-hot
encoding—to soft-label and multilabel settings respectively. Specifically, Zhao et al. (2024)
analyzes the soft-label setting arising in NTP training on natural language, showing that
word and context embeddings are determined by the singular factors of the data sparsity
matrix. Our work deepens this understanding by revealing that these SVD factors encode
conceptual meaning, thereby extending neural collapse geometry to capture not only the
structure of embeddings but also the organization of latent concepts.

Connections to Classical Co-occurrence-Based Semantics

Remark 1. The idea that SVD factors of a co-occurrence-type matrix convey latent semantic informa-
tion dates back at least to latent semantic analysis of word-document co-occurrence matrices Landauer
(1997); Deerwester et al. (1990) and later to pointwise mutual information matrices of word-word
co-occurrences Levy and Goldberg (2014); Levy et al. (2015). Beyond SV D factorization, researchers
have explored alternative factorization techniques, such as non-negative matrix factorization Lee
and Seung (1999); Ding et al. (2006) and sparse dictionary learning Murphy et al. (2012); Faruqui
et al. (2015), and have applied them to various transformations of co-occurrence data, including
modifications that address the sparsity of PMI matrices by eliminating negative entries (e.g., PPMI)
or applying probability smoothing techniques Levy et al. (2015). Our key conceptual contribution is
that we let the training dynamics NTP optimization determine both the matrix representation of the
data and the factorization method used to encode latent semantics: the model naturally utilizes the

centered support matrix S and its SVD factorization. We validate through structured examples in
this section and through experiments in Sec. 5, that the model’s emergent representational choices
successfully encode linguistic components without explicit engineering of the representation space.

F Additional Experiment Results

F1 Semantics for Individual Concept

In this section we include the plots illustrating that individual concept do not contain
interpretable semantics as discussed in sec 5

Pos Pos Neg
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g Wlt o 2 b S
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Figure 12: Word clouds of top words from individual concept dimensions across datasets,
illustrating their lack of human-interpretable semantics without combination. Shown: posi-
tive 2nd dimension (Simplified TinyStories), negative 6th dimension (Simplified TinyStories),
negative 2nd dimension (Simplified WikiText), positive 4th dimension (Simplified WikiText).

E2 Experiment on the Semantics of Pretrained Context Embeddings

To identify the semantics in context embeddings from pretrained transformers, we chose
GPT-2 Radford et al. (2019) and extracted 50, 000 text sequences, each 11 tokens in length
from GPT-2’s training corpus, the OpenWebText dataset. By segmenting these sequences
into contexts of varying lengths (1-10 tokens), we generated 500,000 contexts, which we
designate as the "simplified OpenWebText" dataset.

25



928
929
930
931
932
933
934

935

936
937

938
939

940

941
942

943

944
945

Preprint

Neg, Neg, Neg, Neg

Neg, Neg, Neg, Pos

Neg, Neg, Pos Neg

Neg, Neg, Pos, Pos

1\]1‘3; 100‘ Drop S;etf_w:l” L: M‘”‘: .“‘.‘oryaysg‘c o m o5 changes ‘e & Output ; Infoumt)on

- A & 'm‘“getx e ;ﬁshliz £ G vhg .:t S: Ihrl]tt Q.C.Ed]c?nci-rzlal
| {7 VISR o8- SO e ationdl-o
3 M N\ foshezy b (@ IS ;::ih‘p'utS lx Government
bobox®: #a skt "inulFS'@ “rederatpublic

Neg, Pos, Neg, Neg

Neg, Pos, Neg, Pos

Neg, Pos, Pos, Neg

Neg, Pos, Pos, Pos

£ =how e dAibunny rol Herr-catholicBer:=|5y it P “institutions
Sbo S‘ dl’ © Bow &2 uibr bubbles g
9'7';1 s 3Chr15mtlgm i g0\ U,@,!’nme.”t
CiC) Tdartic 2 EMar: Cemp GITIckS sl relnond adeémic:
by ; ; ! Tk e inancia Z
gfls‘g QD Ve s L polltlcalz
wolFMflashihn 1 anMaTtens Faetosions mismeducation
Pos, Neg, Neg, Neg Pos, Neg, Neg, Pos Pos, Neg, Pos, Neg Pos, Neg, Pos, Pos
bOlt rack wson;an Jtsch qu tem BILTTY T S VID SPONSORED ' loyment L.egal
© \Eholer 0} gtho LOAD EA ‘\}DWE G ent
P dunp_ LIL md E%gg E C tlon "' ic
r—H—J] eon 24, robe ke ¥ Fontsizei SLo C
3 elXelBALL H 5 tte Q@ le-t uu_' SIgn E \/EV mm@nt
gele /L BIS@ IE Ic
1 ebin GGGG < Lad Feements | Effective
Pos Pos, Neg, Neg Pos, Pos, Neg Pos Pos, Pos, Pos, Neg Pos, Pos, Po‘5‘, Pa.s .
SGORELIE ’E{me”C‘ ro a,t% ESTIEEamF "4 | s Aboriginal
L f;F Wi = 0 Orhvdalw Ukraln 5 = DES acron S pSyChlatrlStS
E u L g:“y ] ; 5 e Yo el L “‘ Citizenship
i bltstersquuﬁ & < el Wighic e © psychiatry gumes

Figure 13: orthant-based clustering on Pretrained word embedding, p = 4,
GPT2

To obtain concepts from pretrained models, instead of performing SVD on S (which is com-
putationally expensive to construct and factorize), we work directly with the embeddings
of the pretrained model. For word concepts, we extract W from GPT-2’s decoder and take
the matrix U of word concepts to be its left singular matrix. For context concepts, we form a
d x m matrix H by concatenating the embeddings (last-MLP layer representations before the
decoder) of GPT-2 for each context in our subset. This matrix corresponds to only a portion
of the “true” embedding matrix for the entire dataset. To ensure the coupling between W
and H that is inherent to the SVD of S (which we don’t have direct access to), we compute

the matrix V of context concepts as V = H' RE~1/2, where UZ!/?R denotes the SVD of W
that we already computed.

We include the orthant-clustering result on GPT2’s pretrained word embedding with p =
4,5,6. (Fig. 13,14, 15)

E3 Rate of learning

Fig. 16 shows the evolution of singular values during training for both squared loss and
cross-entropy loss as described in Section 4.4.

F4 Extension to Masked Language Models

While our primary analysis focuses on next-token prediction (NTP), the underlying princi-
ples of our framework are also applicable to masked language modeling (MLM) objectives.
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Evolution of Singular Values During Training with squared loss Evolution of Singular Values During Training with CE loss

Singular Value Magnitude

Figure 16: Evolution of singular values of the logit matrix during training.
Both plots show that dominant concepts (corresponding to larger singular
values) are learned first. (Left) With squared loss, singular values converge to
those of the optimal solution, demonstrating learning saturation. (Right) With
CE loss, singular values grow unboundedly while maintaining their relative
ordering, reflecting the continuous growth of embedding norms characteristic
of CE training.

Both settings rely on context-token co-occurrence patterns, with the key difference being
how contexts and targets are defined. In NTP, the context is a sequence of input tokens,
and the label is the next token. In MLMs, the context is formed by masking tokens within
a sequence, and the objective is to predict those masked tokens given their surrounding
context.

To explore this connection, we applied orthant-based clustering to token embeddings from
a pretrained BERT model. As shown in Fig. 17, the method recovers a range of inter-
pretable semantic categories, including numerical patterns (e.g., 3-digit numbers, historical
years), functional word types (e.g., action verbs, administrative terms), and morphological
structures (e.g., verb suffixes, name suffixes, given names).

This example illustrates the broader applicability of our framework and opens up fur-
ther questions on how co-occurrence structure affects semantic emergence under different
training objectives.

3-digit Number Historical Years Action Administration
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Figure 17: Semantics identified by orthant-based clustering on BERT’s word embeddings.
The sign configuration (e.g., Pos, Neg, Neg, Pos) indicates the directionality of the concept in

the top-p embedding axes. In BERT’s tokenizer, tokens prefixed with ## represent subword
units that appear within or at the end of a word.

E5 Extension to Higher-Dimensional Embeddings

To assess the applicability of our framework in large-scale settings, we extend our analysis
to the Qwen-7B model, which features a 4096-dimensional embedding space. Despite the
increased dimensionality, we find that orthant-based clustering on the learned embeddings
continues to reveal semantically meaningful structure.
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Given that Qwen’s tokenizer includes a large number of Chinese characters, many of which
cannot be reliably visualized in our word cloud plots, we instead summarize representative
semantic categories for selected orthant configurations in Table 1. These configurations
correspond to sign patterns along the most significant concept directions (i.e., the top
singular vectors) derived from the word embedding matrix W.

The discovered clusters include interpretable groupings such as punctuation symbols,
programming-related terms, popular acronyms, and functional Chinese words or prompt-
like expressions commonly found in UI or news content. Interestingly, we observe that
Qwen requires more concept directions to isolate some specific semantic categories (e.g.,
grammatical function words) compared to smaller models like GPT-2 (5-7 concepts for
GPT-2 vs. 7-11 concepts for Qwen). We hypothesize that this may be due to the higher
embedding dimensionality and the broader linguistic coverage of Qwen.

This result provides further evidence that the spectral geometry we study has the potential
to generalize to more complex, multilingual, higher-dimensional language models.

Configuration C = [c;, .. .,ckP] Possible Semantic Language Examples
[+1,41,+1,—1,-1] Punctuation / Code Mixed LG8, >,/
Symbols (mostly code
symbols)
[+1,41,+1, -1, +1] Code / Programming English in, id, app, list, data
Identifiers
[-1,-1,-1,-1,-1,+1] Programming Mixed minecraft, ScrollView,
Frameworks and Objects UIImagePickerController,
PIXI, kontrol
[-1,-1,41,-1,+1,-1,-1] Two-letter tech English mt, vc, AL, ML, ios
acronyms / platforms
[=1,41,—1,+1,—1,41,+1] Chinese UI/Content Chinese Wl PASE LT, WA, 25000,
Descriptions AN EERE, b
[=1, =1, 41,41, 1,41, 1,+1] Programming / GUI English PIXEL, MainMenu, Snackbar,
Class Names PyQt, StringUtil
[~ 41, 41,41, ~1, 1,41, +1] Colloquial Chinese Chinese SR, A R, B, T
Expressions T3k, TiFE
[+1,41,+1,+1,-1,-1,~1,+1,-1,-1] Digits + Operators Mixed 2,1,3 ", +
[=1,41,—1,-1,—1,-1,+1,+1,-1,-1,+1] | News / Official Terms Chinese oo, FieHE, 1IE3C, fE,
3k, Y
[#1,-1,-1,-1,-1,+1,-1, 1,41, -1,~1] Chinese Function Words | Chinese i, #, 48, 5, 5
/ Grammar

Table 1: Examples of semantic categories recovered from Qwen-7B using
orthant-based clustering on its 4096-dimensional word embeddings. Each row
corresponds to a specific sign configuration C = [ck,, ..., ckp} along the top

singular concept directions.

F6 d>V

Fig. 18 shows the evolution of singular values for squared loss when the network’s embed-
ding dimension is smaller than the vocabulary size, i.e., d < V, as described in Section A.2.

E7 Semantics from K-means Spectral Clustering on Simplified TinyStories and
Wiki-Text

k-means spectral clustering. As a complementary approach to our orthant-based clustering,
we also investigate k-means spectral clustering. Specifically, we perform k-means clustering
according to pairwise distances of analyzer vectors with their top p = log, (k) dimensions
(corresponding to top-p most important concepts). Vanilla k-means spectral clustering
selects k principal dimensions. The modification here is inspired by the orthant-based
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Evolution of Singular Values During Training with squared loss.

Singular Value Magnitude

Figure 18: evolution of the learned logit matrix’s singular values during
training for 3 = d < V, note that the 3 singular values are converging to the 4
largest singular values

clustering for which p concepts correspond to 27 orthants. Fig. 19 shows semantic meaning

in a subset of the recovered clusters with k = 32 and k = 64 for Simpliﬁed TinyStories and

WikiText-2, res];ectlvely, see Sec. F.7 for full results. See also discussion in Sec, A.4,
Past-tense ve Proper names Numbers Con]unctlons

Cluster 16
Cluster 14 C‘ ster 8

agreEd”’ nr- mittens _nemo a]_though though
Wa 1’ : S | 120 &n according

remempere % S a r m]ae;l;}é 3 Jusjtmm Weverwnting

began] learnedbecamequickly jane tweetietommypopo 1 OO pg”esplten O

Figure 19: k-means cluster with top-p = log, (k) dimensions of word-analyzer vectors. Left: 2 of
32-means clusters with K = {1,...,5} on Simplified TinyStories representing Past-tense verbs and
Proper names; Right: 2 of 64-means cluster with K = {1,...,6} on simplified WikiText, representing

Numbers and Conjunctions.
Please also see Fig. 20 and 21 for full result.

E8 More orthant-based clustering result on Simplified TinyStories and Wiki-Text
We include some examples of orthant-based clustering results in Fig. 22 to 25. We selected

p = 4, p = 5 for Simplified TinyStories and p = 5, p = 6 for Simplified WikiText because
we observe the most human-interpretable concepts.
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Figure 23: Orthant-based clustering, p = 5, Simplified TinyStories
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Figure 24: Orthant-based clustering, p = 5, Simplified Wiki-Text
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Figure 25: Orthant-based clustering, p = 6, Simplified Wiki-Text
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