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ABSTRACT

We propose ZeroSARAH—a novel variant of the variance-reduced method
SARAH (Nguyen et al.,[2017)—for minimizing the average of a large number of
nonconvex functions = > " | fi(x). To the best of our knowledge, in this noncon-
vex finite-sum regime, all existing variance-reduced methods, including SARAH,
SVRG, SAGA and their variants, need to compute the full gradient over all n data
samples at the initial point 2°, and then periodically compute the full gradient once
every few iterations (for SVRG, SARAH and their variants). Note that SVRG,
SAGA and their variants typically achieve weaker convergence results than vari-
ants of SARAH: n?/? /€2 vs. n'/? /2. Thus we focus on the variant of SARAH.
The proposed ZeroSARAH and its distributed variant D-ZeroSARAH are the first
variance-reduced algorithms which do not require any full gradient computations,
not even for the initial point. Moreover, for both standard and distributed set-
tings, we show that ZeroSARAH and D-ZeroSARAH obtain new state-of-the-art
convergence results, which can improve the previous best-known result (given by
e.g., SPIDER, SARAH, and PAGE) in certain regimes. Avoiding any full gradient
computations (which are time-consuming steps) is important in many applications
as the number of data samples n usually is very large. Especially in the distributed
setting, periodic computation of full gradient over all data samples needs to pe-
riodically synchronize all clients/devices/machines, which may be impossible or
unaffordable. Thus, we expect that ZeroSARAH/D-ZeroSARAH will have a prac-
tical impact in distributed and federated learning where full device participation is
impractical.

1 INTRODUCTION

Nonconvex optimization is ubiquitous across many domains of machine learning (Jain & Kar,|2017),
especially in training deep neural networks. In this paper, we consider the nonconvex finite-sum
problems of the form

. 1
min {f(:c) = ;fz(:v)} : M
where f : R? — R is a differentiable and possibly nonconvex function. Problem captures the
standard empirical risk minimization problems in machine learning (Shalev-Shwartz & Ben-David,
2014). There are n data samples and f; denotes the loss associated with i-th data sample. We
assume the functions f; : R — R for all i € [n] := {1,2,...,n} are also differentiable and
possibly nonconvex functions.

Beyond the standard/centralized problem (TJ), we further consider the distributed/federated noncon-
vex problems:

i {f(ar) - fi<a:>} L )= 3 fulo) @
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where n denotes the number of clients/devices/machines, f; denotes the loss associated with m data
samples stored on client ¢, and all functions are differentiable and can be nonconvex. Avoiding any
full gradient computations is important especially in this distributed setting (2)), periodic computation
of full gradient over all data samples needs to periodically synchronize all clients, which may be
impossible or very hard to achieve.

There has been extensive research in designing first-order (gradient-type) methods for solving cen-
tralized/distributed nonconvex problems (I)) and () such as SGD, SVRG, SAGA, SCSG, SARAH
and their variants, e.g., (Ghadimi & Lan, 2013} Ghadimi et al., 2016} |Allen-Zhu & Hazan, 2016;
Reddi et al.| 2016; Lei et al., |2017; L1 & Li, 2018} [Zhou et al.,2018; |Fang et al., [2018}; [Wang et al.,
2018 IGe et al., [2019; [Pham et al., [2019; L1, [2019; L1 & Richtarikl 2020; [Horvath et al., [2020; L1
et al.,|2021)). Note that SVRG and SAGA variants typically achieve weaker convergence results than
SARAH variants, i.e., n2/3 /€% vs. /n/e?. Thus the current best convergence results are achieved
by SARAH variants such as SPIDER (Fang et al.|[2018), SARAH (Pham et al.,[2019) and PAGE (L1
et al., 2021} [Lil [2021).

However, all of these variance-reduced algorithms (no matter based on SVRG, SAGA or SARAH)
1

require full gradient computations (i.e., compute V f(z) = = > | V f;(x)) without assuming ad-
ditional assumptions except standard L-smoothness assumptions. We would like to point out that
under an additional bounded variance assumption (e.g., E;[|V f;(z) — Vf(2)||?] < 0%, Vo € R?),
some of them (such as SCSG (Lei et al.|2017), SVRG+ (Li & Li, |2018), PAGE (Li et al., 2021)) may
avoid full gradient computations by using a large minibatch of stochastic gradients instead (usually
the minibatch size is O(c?/¢?)). Clearly, there exist some drawbacks: i) o2 usually is not known;
ii) if the target error € is very small (defined as E[||V £(Z)]|?] < €2 in Deﬁnition or o is very large,

then the minibatch size O (o2 /€?) is still very large for replacing full gradient computations.

In this paper, we only consider algorithms under the standard L-smoothness assumptions, with-
out assuming any other additional assumptions (such as bounded variance assumption mentioned
above). Thus, all existing variance-reduced methods, including SARAH, SVRG, SAGA and their
variants, need to compute the full gradient over all n data samples at the initial point 2°, and then
periodically compute the full gradient once every few iterations (for SVRG, SARAH and their vari-
ants). However, full gradient computations are time-consuming steps in many applications as the
number of data samples n usually is very large. Especially in the distributed setting, periodic com-
putation of full gradient needs to periodically synchronize all clients/devices, which usually is im-
practical. Motivated by this, we focus on designing new algorithms which do not require any full
gradient computations for solving standard and distributed nonconvex problems (I)—(2).

2 OUR CONTRIBUTIONS

In this paper, we propose the first variance-reduced algorithm ZeroSARAH (and also its dis-
tributed variant D-ZeroSARAH) without computing any full gradients for solving both standard
and distributed nonconvex finite-sum problems (I)—(2). Moreover, ZeroSARAH and Distributed
D-ZeroSARAH can obtain new state-of-the-art convergence results which improve previous best-
known results (given by e.g., SPIDER, SARAH and PAGE) in certain regimes (see Tables for
the comparison with previous algorithms). ZeroSARAH is formally described in Algorithm[2] which
is a variant of SARAH (Nguyen et al.| [2017). See Section [Z_f] for more details and comparisons
between ZeroSARAH and SARAH. Then, D-ZeroSARAH is formally described in Algorithm (3| of
Section 5] which is a distributed variant of our ZeroSARAH.

Now, we highlight the following results achieved by ZeroSARAH and D-ZeroSARAH:

e ZeroSARAH and D-ZeroSARAH are the first variance-reduced algorithms which do not require
any full gradient computations, not even for the initial point (see Algorithms 2H3] or Tables [TH2).
Avoiding any full gradient computations is important in many applications as the number of data
samples n usually is very large. Especially in the distributed setting, periodic computation of full
gradient over all data samples stored in all clients/devices may be impossible or very hard to achieve.
We expect that ZeroSARAH/D-ZeroSARAH will have a practical impact in distributed and federated
learning where full device participation is impractical.

e Moreover, ZeroSARAH can recover the previous best-known convergence result O(n + %)
(see Table[I] or Corollary [I)), and also provide new state-of-the-art convergence results without any
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Table 1: Stochastic gradient complexity for finding an e-approximate solution of nonconvex prob-
lems (), under Assumption T]

Algorithms

Stochastic gradient

Full gradient computation

GD (Nesterovl 2004)

SVRG (Reddi et al., 2016
Allen-Zhu & Hazan,|2016),
SCSG (Lei et al.,[2017),

SVRG+ (Li & Li,[2018)

complexity
O( "I;#) Computed for every iteration
Computed for the initial point
2/3
0] (n + = /EZL AO) and periodically computed

for every [ iterations

SNVRG (Zhou et al.,|2018),
Geom-SARAH (Horvath et al., [2020)

0 (n -+ Y220

Computed for the initial point
and periodically computed
for every [ iterations

SPIDER (Fang et al., [2018),
SpiderBoost (Wang et al., [2018),
SARAH (Pham et al.,[2019),
SSRGD (Li, [2019),
PAGE (Li et al.,[2021)

0] (n + LZLQA“)

Computed for the initial point
and periodically computed
for every [ iterations

ZeroSARAH o (n 4 V/ALA ) Only computed once for
(this paper, Corollary < the initial point '
ZeroSARAH

o0 (M) Never computed >

(this paper, Corollary @)

" In Corollary [I| ZeroSARAH only computes the full gradient V f(2°) = 13"  Vfi(2°)
once for the initial point z°, i.e., minibatch size by = n, and then by = /n for all iterations
k > 1in Algorithm[2]

% In Corollary 2 ZerOSARAH never computes full gradients, i.e., minibatch size by, = +/n for
all iterations & > 0.

full gradient computations (see Table [I] or Corollary [2) which can improve the previous best result
in certain regimes.

o Besides, for the distributed nonconvex setting @]) the distributed D-ZeroSARAH (AlgorithmE]) en-
joys similar benefits as our ZeroSARAH, i.e., D-ZeroSARAH does not need to periodically synchro-
nize all n clients to compute any full gradients, and also provides new state-of-the-art convergence
results. See Table 2]and Section [3] for more details.

e Finally, the experimental results in Section [6] show that ZeroSARAH is slightly better than the
previous state-of-the-art SARAH. However, we should point out that ZeroSARAH does not compute
any full gradients while SARAH needs to periodically compute the full gradients for every [ iter-
ations (here | = y/n). Thus the experiments validate our theoretical results (can be slightly better
than SARAH (see Table[I))) and confirm the practical superiority of ZeroSARAH (avoid any full gra-
dient computations). Similar experimental results of D-ZeroSARAH for the distributed setting are

provided in Appendix
3 PRELIMINARIES

Notation: Let [n] denote the set {1,2,--- ,n} and || - || denote the Euclidean norm for a vector
and the spectral norm for a matrix. Let (u, v) denote the inner product of two vectors u and v. We

use O(-) and €2(+) to hide the absolute constant, and O(-) to hide the logarithmic factor. We will
write Ag = f(2°) — f*, f* = minzeRdf( ) =5 X IVAEOIP Ag = f(2°) = f7,
f* =1 Z _y Mingega f3(x) and G == - ij= 11||vfm( 2)|?.
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Table 2: Stochastic gradient complexity for finding an e-approximate solution of distributed non-
convex problems (2), under Assumption 2]

hasti "
Algorithms Stoc astlcl gl:::dlent Full gradient computation
complexity
DC-GD '
— - — O(LZAO) Computed for every iteration
(Khaled & Richtarik, [2020; |Li & Richtariki 2020) €
Computed for the initial point
D-SARAH * S Tom
(Cen et al.2020) O (m + %) and periodically computed
i across all n clients
Computed for the initial point
D-GET *
(Sun et all 2020) (0] (m + @) and periodically computed
u J .
across all n clients
SCAFFOLD * o (m 4 om LAO) Only computed once for
(Karimireddy et al.; 2020) nl/3 e the initial point
Computed for the initial point
DC-LSVRG/DC-SAGA '
. P O(m+ m278 Loo and periodically computed
(Li & Richtarikl 2020) ni/% e P y comp
across all n clients
FedPAGE 3 Computed for the initial point
© O (m 4 2 L5o and periodically computed
(Zhao et al., 2021) Vo€
across all n clients
. Computed for the initial point
Distributed) SARAH/SPIDER/SSRGD *
(Distributed) - 0] (m + /= L%”) and periodically computed
(Nguyen et al.}|2017; |Fang et al.| 2018} |Li, [2019) noe .
across all n clients
D-ZeroSARAH @ (- JE Lag ) Only computed once for
(this paper, Corollary B the initial point
D-ZeroSARAH /
. @) (‘ /= %) Never computed
(this paper, CorollaryEI) noooc

! Distributed compressed methods. Here we translate their results to this distributed setting @.

? Decentralized methods. Here we translate their results to this distributed setting ().

? Federated local methods. Here we translate their results to this distributed setting ().

* Distributed version of previous SARAH-type methods (see e.g., Algorithmin Appendix .

Definition 1 A point T is called an e-approximate solution for nonconvex problems and if
E[|Vf(@)]%] < ¢

To show the convergence results, we assume the following standard smoothness assumption for
nonconvex problems ().
Assumption 1 (L-smoothness) A function f; : R% — R is L-smooth if 3L > 0, such that

IVfi(x) = Vi)l < Llz —yl, Yo,y eR™ 3)
It is easy to see that f(z) = 13" | fi(x) is also L-smooth under Assumption [I| We can also
relax Assumption [I] by defining L;-smoothness for each f;. Then if we further define the average

L? = 5750 Li, we know that f(x) = 5 377", fi(x) is also L-smooth. Here we use the same L
just for simple representation.

For the distributed nonconvex problems (2)), we use the following Assumption 2]instead of Assump-
tion (I} Similarly, we can also relax it by defining L; ;-smoothness for different f; ;. Here we use
the same L just for simple representation.

Assumption 2 (L-smoothness) A function f; ; : R? — R is L-smooth if 3L > 0, such that

IVfii(@) = Vi@l < Lz —yll, Ve,y € R™ 4)
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Algorithm 1 SARAH (Nguyen et al., 2017 [Pham et al.,[2019)
Input: initial point 2°, epoch length I, stepsize 7, minibatch size b
~ 0

ILx=x

2: fors=0,1,2,...do

3 V=7 .

4 " =Vf(=") =13 Vi) // compute the full gradient once for every [ iterations
i=1

50 al=2%— nvo

6: fork=1,2,...,1do

7: Randomly sample a minibatch data samples I, with |I| = b

8: vk = % Z (sz(xk) — Vfi(‘fkil)) + Dl

i€l

9: ohtl =gk — m}k

10:  end for

11:  Z randomly chosen from {z*} ¢ or 7 = 2!}

12: end for

Algorithm 2 SARAH without full gradient computations (ZeroSARAH)

Input: initial point 2°, stepsize {7}, }, minibatch size {bs }, parameter {\; }
-1 _ .0

=z

v 1=0, yl_l = y2_1 = .=y 1=0 // no full gradient computation

:fork=0,1,2,...do

Randomly sample a minibatch data samples I with |I}F| = by,

AN

ielf ielf
/l no full gradient computations for oPs
6:  aFtl =gk — ok
v [Vfi(z*) for ieIf
e {yf_l for i ¢ Iy
/I the update of {yic } directly follows from the stochastic gradients computed in Line
8: end for

~

4 ZeroSARAH ALGORITHM AND ITS CONVERGENCE RESULTS

In this section, we consider the standard/centralized nonconvex problems (I). The distributed setting
is considered in the following Section 3]

4.1 ZeroSARAH ALGORITHM

We first describe the proposed ZeroSARAH in Algorithm 2] which is a variant of SARAH (Nguyen
et al.,|2017). To better compare with SARAH and ZeroSARAH, we also recall the original SARAH
in Algorithm 1]

Now, we highlight some points for the difference between SARAH and our ZeroSARAH:

e SARAH requires the full gradient computations for every epoch (see Line [d] of Algorithm [I)).
However, ZeroSARAH combines the past gradient estimator v*~! with another estimator to avoid
periodically computing the full gradient. See the difference between Line([8|of Algorithm|[I]and Line
[5] of Algorithm 2] (also highlighted with blue color).

e The gradient estimator v* in ZeroSARAH (Lineof Algorithm does not require more stochastic
gradient computations compared with v* in SARAH (Line [8] of Algorithm [1) if the minibatch size
b = 0.

e The new gradient estimator v* of ZeroSARAH also leads to simpler algorithmic structure, i.e.,
single-loop in ZeroSARAH vs. double-loop in SARAH.

ok = 3 (VAi(@?) =V fi(a" 1)) +(1 = Ao + Ak(i > (VhEYD) =y ) + £ i:l

k—1
Y;

)
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e Moreover, the difference of gradient estimator v* also leads to different results in expectation, i.e.,
1) for SARAH: E4[v* — Vf(2*)] = vF~1 — V f(2F~1); 2) for ZeroSARAH: Ei.[vF — V f(2*)] =
(1= A" =V fF ).

4.2 CONVERGENCE RESULTS FOR ZeroSARAH

Now, we present the main convergence theorem (Theorem|T)) of ZeroSARAH (Algorithm[2) for solv-
ing nonconvex finite-sum problems (I)). Subsequently, we formulate two corollaries which present
the detailed convergence results by specifying the choice of parameters. In particular, we list the
results of these two Corollaries [[H2]in Table [I] for comparing with convergence results of previous
works.

1

—————— forany k > 0,

L(14+y/Mi11) for any k =
L 2 8App1n? - 2nA

where My, 1 1= v e + b’l‘ill . Moreover, let \g = 1, vy > Q"T"l and o > %, Then the

following equation holds for ZeroSARAH (Algorithm 2) for solving problem (1)), for any iteration

K >0:

Theorem 1 Suppose that Assumptionholds. Choose stepsize i, <

27¢ (n — bo)(4’}/0 + 2040()0)(;0
"1 + .

E[|Vf(@%)]?) < =
k=0 Tk nbg Zf:ol Nk

&)

Remark: Note that we can upper bound both terms on the right-hand side of (3)). It means that there
is no convergence neighborhood of ZeroSARAH and hence, ZeroSARAH can find an e-approximate
solution for any € > 0.

In the following, we provide two detailed convergence results in Corollaries [T| and 2] by specifying
two kinds of parameter settings. Note that the algorithm computes full gradient in iteration k if the
minibatch by, = n. Our convergence results show that without computing any full gradients actually
does not hurt the convergence performance of algorithms (see Table [I).

In particular, we note that the second term of (3)) will be deleted if we choose minibatch size by = n
for the initial point 2° (see Corollaryfor more details). Here Corollaryonly needs to compute the
full gradient once for the initialization, and does not compute any full gradients later (i.e., by, = \/n
for all &£ > 0).

Also note that even if we choose by < n, we can also upper bound the second term of (3)). It means
that ZeroSARAH can find an e-approximate solution without computing any full gradients even for
the initial point, i.e., minibatch size by < n for all iterations £ > 0. For instance, we choose
by, = /nforall k > 0in Corollary, i.e., ZeroSARAH never computes any full gradients even for
the initial point.

Corollary 1 Suppose that Assumption |I| holds. Choose stepsize n < m forany k > 0,

minibatch size by, = /n and parameter \, = g—j;for any k > 1. Moreover, let by = n and \y = 1.
Then ZeroSARAH (Algorithm[2) can find an e-approximate solution for problem (1)) such that

E[|Vf@")] < €
and the number of stochastic gradient computations can be bounded by

2(1+v8)y/nLAo _ O(n+ M).

K—1
#grad := Z b <n+
k=0

n
once for the initial point 2°, i.e., minibatch size by = n, and then b, = \/n for all iterations k >

in Algorithm[2]

Remark: In Corollary ZeroSARAH only computes the full gradient V f(z°) = £ " | V£ (2°)
1

In the following Corollary 2] we show that ZeroSARAH without computing any full gradients even
for the initial point does not hurt its convergence performance.
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Corollary 2 Suppose that Assumption |I| holds. Choose stepsize M < m for any k > 0,

minibatch size by, = \/n for any k > 0, and parameter \g = 1 and X\, = for any k > 1. Then
ZeroSARAH (Algorithm[2) can find an e-approximate solution for problem (1) such that

E[|VfE")|) < €

and the number of stochastic gradient computations can be bounded by

LAg+ G
it - o YLy o)
Note that Go can be bounded by Gy < ZLEO via L-smoothness Assumption then we also have
LA + LA
Horad = o(\/ﬁ( ot 0)).

Remark: In Corollary 2} ZeroSARAH never computes any full gradients even for the initial point,
i.e., minibatch size by, = /n for all iterations k& > 0 in Algorithm If we consider L, Ag, Gg or

30 as constant values then the stochastic gradient complexity in Corollary [2|is #grad = O(g),
i.e., full gradient computations do not appear in ZeroSARAH (Algorithm [2)) and the term ‘n’ also
does not appear in its convergence result. Also note that the parameter settings (i.e., {n }, {bx} and
{A\x} in Algorithm[2) of Corollaries|I]and 2] are exactly the same except for by = n (in Corollary
and by = /n (in Corollary [2). Moreover, the parameter settings (i.e., {7}, {bx} and {\x}) for
Corollaries[I]and 2] only require the values of L and n, which is the same as all previous algorithms.
If one further allows other values, e.g., €, Gy or Ag, for setting the initial by, then the gradient
complexity can be further improved (see Appendix [D]for more details).

5 D-ZeroSARAH ALGORITHM AND ITS CONVERGENCE RESULTS

Now, we consider the distributed nonconvex problems (2), i.e., min,cga { flx):= % > fi(:c)}
with f;(z) == L Z;”:l fi,;(z), where n denotes the number of clients/devices/machines, f; denotes

the loss associated with m data samples stored on client i.

5.1 D-ZeroSARAH ALGORITHM

To solve distributed nonconvex problems (2)), we propose a distributed variant of ZeroSARAH (called
D-ZeroSARAH) and describe it in Algorithm@ Same as our ZeroSARAH, D-ZeroSARAH also does
not need to compute any full gradients at all. Avoiding any full gradient computations is important
especially in this distributed setting, periodic computation of full gradient across all n clients may be
impossible or unaffordable. Thus, we expect the proposed D-ZeroSARAH (Algorithm 3)) will have a
practical impact in distributed and federated learning where full device participation is impractical.

5.2 CONVERGENCE RESULTS FOR D-ZeroSARAH

Similar to ZeroSARAH in Section we also first present the main convergence theorem (The-
orem [2) of D-ZeroSARAH (Algorithm [3) for solving distributed nonconvex problems (2). Subse-
quently, we formulate two corollaries which present the detailed convergence results by specifying
the choice of parameters. In particular, we list the results of these two Corollaries in Table
for comparing with convergence results of previous works. Note that here we use the smoothness
Assumption 2] instead of Assumption [I|for this distributed setting (2)).

Theorem 2 Suppose that Assumption [2| holds. Choose stepsize 0, < ————— for any k > 0,
L (1+ Wk+1)

L 2 8Ag11mn m? 4 A b
where Wk+1 S VA Szillbsk+1 n’ﬁ;‘?é;o 0
Then the following equation holds for D-ZeroSARAH (Algorithm B)) for solving distributed problem
@), for any iteration K > 0:

- Moreover, let Ao = 1and 6y := = y5 +

~ 2A nm — sobp)noboG{
B[V )P < om0 Lom = sobo)uoboCly ©
k=0 "k nmsobo Y p—g Mk
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Algorithm 3 Distributed ZeroSARAH (D-ZeroSARAH)

Input: initial point 2°, parameters {nz }, {s%}, {bx}, {\x}

1: :E_l =20

2: v =0, y_l y_l ==y, 1=0 // no full gradient computation
3: for k = 0 1,2,...do

4: Randomly sample a subset of clients S* from n clients with size |S*| = s,
5. for each clienti € S* do
6: Sample the data minibatch I)° (with size |1} | = by) from the m data samples in client i
7: Compute 1ts local minibatch gradlent 1nformat10n
ok ko
gz,curr - bk Z vf’hj( )’ gz,prev - b,C Z vf’h]( 1)’ yi,prev - Z y
JEIf, JEIf, 161‘
yho = {Vig(@®) for GE T 1 oy
2,7 yfjl for ] ¢ Iii ’ % m = 1,]
8: end for
. E_ 1 k k k— 1 k k k—
% v=a Z (giacu" - gianCV) + (1 - )\k)v L+ )‘kﬁ Z (gi,prev - yi,prev) + Aky !
ieSk €Sk
// no full gradient computations for v*s
10: okl = gk — nkvk
n
11: =1 231 Yy I/ here yF = yF~! for client i ¢ S*
i=
12: end for

Corollary 3 Suppose that Assumption H holds. Choose stepsize n, < ﬁ for any k > 0,

clients subset size sk = \/n, minibatch size b, = \/m and parameter \i, =
Moreover, let so = n, bp = m, and \g = 1. Then D-ZeroSARAH (Algorlthml) can ﬁnd an
e-approximate solution for distributed problem [2)) such that

E[|Vf@")IP) < €

and the number of stochastic gradient computations for each client can be bounded by

#grad = O(m—k\/:LﬁO).

Corollary 4 Suppose that Assumption |2| holds. Choose stepsize mi < ﬁ forany k > 0,

clients subset size s;, = /n and minibatch size by, = \/m for any k > 0, and parameter Ao = 1 and
Ak = S"b’“ ok for any k > 1. Then D-ZeroSARAH (Algorlthm can find an e-approximate solution for
dlstrlbuted problem @)) such that

E[||Vf@")|] <

and the number of stochastic gradient computations for each client can be bounded by

#orad = O( mlm;r(;f))_
V n €

Remark: Similar discussions and remarks of Theorem [1] and Corollaries [[H2] for ZeroSARAH in
Section also hold for the results of D-ZeroSARAH (i.e., Theorem [2]and Corollaries [3H4).

6 EXPERIMENTS

Now, we present the numerical experiments for comparing the performance of our ZeroSARAH/D-
ZeroSARAH with previous algorithms. In the experiments, we consider the nonconvex robust linear
regression and binary classification with two-layer neural networks, which are used in (Wang et al.,
2018 |Zhao et al.| [2010; [Tran-Dinh et al.l [2019). All datasets used in our experiments are down-
loaded from LIBSVM (Chang & Lin, [2011). The detailed description of these objective functions
and datasets are provided in Appendix
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Figure 1: Performance between SARAH and ZeroSARAH under different datasets (columns) with
respect to different stepsizes (rows). In rows, we have stepsizes 0.01,0.1, 1, respectively. In
columns, we have LIBSVM datasates ‘abalone’, ‘triazines’, ‘mg’, ‘pyrim’, respectively.

In Figure [I] the z-axis and y-axis represent the number of stochastic gradient computations and
the norm of gradient, respectively. The numerical results presented in Figure [T] are conducted on
different datasets with different stepsizes. Regrading the parameter settings, we directly use the
theoretical values according to the theorems or corollaries of SARAH and ZeroSARAH, i.e., we do
not tune the parameters. Concretely, for SARAH (Algorithm |T[), the epoch length [ = \/n and the
minibatch size b = /n (see Theorem 6 in [Pham et al.| (2019)). For ZeroSARAH (Algorithm ,
the minibatch size by = /n forany & > 0, \yp = 1 and )\, = g—q’; = ﬁ for any £ > 1
(see our Corollary 2). Note that there is no epoch length [ for ZeroSARAH since it is a loopless
(single-loop) algorithm while SARAH requires [ for setting the length of its inner-loop (see Line [6]
of Algorithm (). For the stepsize 7, both SARAH and ZeroSARAH adopt the same constant stepsize
n = O(%) However the smooth parameter L is not known in the experiments, thus here we use
three stepsizes, i.e., n = 0.01,0.1, 1.

Remark: The experimental results validate our theoretical convergence results (our ZeroSARAH can
be slightly better than SARAH (see Table[T)) and confirm the practical superiority of ZeroSARAH
(avoid any full gradient computations). To demonstrate the full gradient computations in Figure
we point out that each circle marker in the curve of SARAH (blue curves) denotes a full gradient
computation in SARAH. We emphasize that our ZeroSARAH never computes any full gradients. Note
that in this section we only present the experiments for the standard/centralized setting (). Similar
experiments in the distributed setting (2) are provided in Appendix[A.2] e.g., Figure 2] demonstrates
similar performance between distributed SARAH and distributed ZeroSARAH.

7 CONCLUSION

In this paper, we propose ZeroSARAH and its distributed variant D-ZeroSARAH algorithms for solv-
ing both standard and distributed nonconvex finite-sum problems (I)) and (Z). In particular, they are
the first variance-reduced algorithms which do not require any full gradient computations, not even
for the initial point. Moreover, our new algorithms can achieve better theoretical results than previ-
ous state-of-the-art results in certain regimes. While the numerical performance of our algorithms
is also comparable/better than previous state-of-the-art algorithms, the main advantage of our algo-
rithms is that they do not need to compute any full gradients. This characteristic can lead to practical
significance of our algorithms since periodic computation of full gradient over all data samples from
all clients usually is impractical and unaffordable.
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A EXTRA EXPERIMENTS

In this appendix, we first describe the details of the objective functions and datasets used in our
experiments in Appendix [A.T] Then in Appendix [A.2] we present the experimental results in the
distributed setting (2).

A.1 OBIECTIVE FUNCTIONS AND DATASETS IN EXPERIMENTS

The nonconvex robust linear regression problem (used inWang et al.| (2018)) is:
min { f(z) = © iﬁ(bl —oTay) ™
$€Rd . n gt K3 7 I’

where the nonconvex loss function ¢(z) := log(é +1).

The binary classification with two-layer neural networks (used in/Zhao et al.|(2010); [Tran-Dinh et al.

(2019)) is:
1 ¢ A

Rd
TE =1

where {a;} € RY b; € {—1,1}, A > 0 is an {y-regularization parameter, and the function / is

defined as
0z, y) (1 L >2
T = -] .
Y 1 + exp(—y)

All datasets are downloaded from LIBSVM (Chang & Lin| [2011). The summary of datasets infor-
mation is provided in the following Table

Table 3: Metadata of datasets
| Dataset | n (# of datapoints) | d (# of features) |

a9a 32561 123
abalone 4177 8
mg 1385 6
mushrooms 8124 112
phishing 11055 68
pyrim 74 27
triazines 186 60
w8a 49749 300

A.2 EXPERIMENTS FOR THE DISTRIBUTED SETTING

Before presenting the experimental results in the distributed setting (2)), we also need a distributed
variant of SARAH-type methods in order to compare with our distributed variant of ZeroSARAH.
Here we describe one possible version in Algorithm [d] Note that distributed SARAH also requires
to periodically computes full gradients (see Line [7] of Algorithm [, but it is not required by our
D-ZeroSARAH (Algorithm 3)).

In order to mimic distributed setup, we represented clients as parallel processes. We implement the
training process using Python 3.8.8, mpidpy library. We run it on the workstation with 48 Cores,
Intel(R) Xeon(R) Gold 6246 CPU @ 3.30GHz. We partition the dataset among 10 threads; having
M datapoints and n clients, k-thread gets datapoints in range k|22 | +1,..., (k + 1)[2£]. In case

of n| 2| +1 < M, datapoints n| 2L | +1,... M are ignored.

12



Under review as a conference paper at ICLR 2022

Algorithm 4 Distributed SARAH-type methods (one possible version)

Input: initial point 2°, epoch length [, stepsize 7, client minibatch size s, data minibatch size b
1:a=t =29
2: for k=0,1,2,...do

3: if k mod [ = 0 then

4: for each clienti € {1,...,n} do

5 Compute full gradient of each client: gf = L i Vfi () 1=V fi(x®)
6 end for . =

7: vk = % > gf /1 full gradient computations

8: else =

9 Randomly sample a subset of clients S* from n clients with size |S*| = s

10 for each client i € S* do

11: Sample minibatch I¥ of size |I¥| = b (from the m data samples in client 7)
12: Compute the local minibatch gradient information:
gz]'g,curr = % Z Vfi’j (xk) and gf,prev = % Z Vfi’j (xk_l)

jery jEIt
13: end for
14: vk = % Z (gz]'icurr - gz]'iprev) + vk_l

i€ Sk

15:  endif
16: k= a2k — ok
17: end for

phishing mushrooms a%
B X
¥ e i o R Y
v zeosaal | 101 . ZeroSaRAl +z$m,;fmﬁ§_&i,ﬁé§%&&$
v 107 - SARAH o« \ X SARAH o 1g-4] - zerosARAH
5 5 A SARAH 5 i\ A~ SARAH = - Zero-SARAH
= = 3 *- SARAH = AN - SARAH & | ¢ saran
8 2 -
=2 =2 !‘?‘;—‘»«th o> 21077 s 2107 4 saran
e AN $—He—x Wi U - SARAH
*x Ahahy e h * My OO0 10-8
* " A A A
1074 - 10-3 s ] " — ——1
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Figure 2: Performance between distributed SARAH and distributed ZeroSARAH under different
datasets (columns). We show convergence using the theoretical stepsize in red lines; in blue lines,
we scale it by factor x3; in green lines, we scale it by factor x9.

In Figure 2] we present numerical results for the distributed setting. The solid lines and dashed lines
denote the distributed ZeroSARAH and distributed SARAH, respectively. Regrading the parameter
settings, we also use the theoretical values according to the theorems or corollaries. In particular,
from Tran-Dinh et al,| (2019), we know that the smoothness constant L = 0.15405 max; ||a;||* + A

for objective function (8). We choose the regularizer parameter to be A = 0.15405-10~% max; |Ja; .
In order to obtain comparable plots similar to the standard/centralized setting (Figure [T), we also

use multiple stepsizes. We choose the theoretical stepsize from Corollary E| (.e., m) scaled
by factors of x1 (red curves), x3 (blue curves), x9 (green curves), respectively.

Remark: Similar to Figure [T} the experimental results in Figure [2] also validate our theoretical
convergence results (distributed ZeroSARAH (D-ZeroSARAH) can be slightly better than distributed
SARAH (see Table[2)) and confirm the practical superiority of D-ZeroSARAH (avoid any full gradi-
ent computations) for the distributed setting (2).
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B MISSING PROOFS FOR ZeroSARAH

In this appendix, we provide the missing proofs for the standard nonconvex setting (). Concretely,
we provide the detailed proofs for Theorem|[I]and Corollaries [TH2| of ZeroSARAH in Section 4]

B.1 PROOF OF THEOREMI[I]

First, we need a useful lemma in|L1 et al.| (2021) which describes the relation between the function
values after and before a gradient descent step.

Lemma 1 (Li et al. (2021)) Suppose that function f is L-smooth and let £*11 := 2% — n;v*. Then
for any v* € R and n;, > 0, we have

P < ) - I - (-

4 k+1 o ky2 . kg k k(2
o) LA = A OO

Then, we provide the following Lemma 2]to bound the last variance term of (9).

Lemma 2 Suppose that Assumption |I| holds. The gradient estimator v* is defined in Line E of
Algorithm[2] then we have

- _ 212 -
Ex[llo" = VF(@")]?] < (1= A)? 0"t = V(" )]1* + Kllw’“ — a2
207 1 _ _
+ 550 2 IV EET) =y (10)

j=1

Proof of Lemma EI First, according to the gradient estimator v* of ZeroSARAH (see Line [5| of
Algorithm [2), we know that

b = i D (VAER) = VHETH) + (1= M)+ A (i Yo (VhHEY) =) + %ny—l)
ielk ielk j=1
(1T)
Now we bound the variance as follows:
Ex[|[v* = V f(2*)[%]
@ Ek Hb];c Z (Vfl(l'k) — Vfi(l'k_l)) + (1 — )\k)Uk_l
ielf
n 2
+ A (i ; (Vfi(a"1) - yf_l) + i;yf_l) — Vf(z") 1
=E; i S (VHER) = VAEET) + V) = VEER) + (1= )@ = V)
ielf
1 k—1 k—1 1 ¢ k—1 k—1 ?
“!‘)\k(az (Vfi(z" 1) =y )+Ezyj ~Vf(x )) 1
icrk j=1
_E ] S (VA(a*) = VAE) + V) - V()
ey
n 2
+>‘k<i Z (vfi(xkfl)iyllp—l) +%Zy§—l 7Vf((£k71)) ]
ielf Jj=1
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2
< 2Ky i > (VHia®) = V@) + V) = V@b 1
ielf
n 2
+ 2By, | X} i > (VAET) -y + % Doy = VIEY ]
ielf j=1

+ (1= )"t = V)

<2L 2h1)2 ”‘il - V(2P kL2 1= A2 (R = W F(F 1|12
o = * 2 4+ SR S VAR = g 4 (1= AR = DRI,
j=1
(12)

where (T2) uses the L-smoothness Assumptionand the fact that E[||z — Ez||?] < E[||z||?], for any
random variable z. U

To deal with the last term of (I0), we use the following Lemmal3}

Lemma 3 Suppose that Assumptlonlholds The update of {y¥} is defined in Llneﬁof Algorlthml
then we have, for V3, > 0,

LSS o] <0 B s S -
j=1 =
bi 1 2 k 1912
(1= )+ ) Ll =t (13)

Proof of Lemma EI According to the update of {y¥} (see Line[7|of Algorithm , we have

1 n
B gzwfj(x’f) —y;?nﬂ
=1
(1-— Z IV £ ) = )2 (14)
1-— Z IV fi(2") = V f(2"1) + V(a5 =gy
<1_b ln kl k—1)2 1— b 1 7,2 257112 (15
_( +Bkn2||vfj —Y; | +( )( +5) ||$ %, (15)
where (T4) uses the update of {y}} (see L1nelof Algorlthm , and (T3] uses Young’s inequality
and L-smoothness Assumption [I] (]

Now we combine Lemmas [TH3](i.e., (9), (I0) and (13)) to prove Theorem I}

Proof of Theorem|[I] First, we take expectation to obtain

1 L I
E|f@*) =+ (= ) I0* = VAP + (5= = 5 ) 125 = b2 + cus ST IV (") — o) ||2]
j=1

20,

<E lf(xk) A 17*2'€||Vf(93’“)||2 (1= A)? ot = V()

2”YkL2 k k—12 2%)‘%1 S k—1 k—12
# e T SR S I

b 1 by _
Fon(l = P14 L - (L= T+ B ZWf —yt 1|2]
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=E lf(xk) - - 17*2k||Vf(ﬂck)Il2 k(1= A2 = V()2

2y, L? bk Loro\ ok k=12
+ (T ta (1_n)(1+ﬁ)L)||x — 2k

T L T A ZHWJ SORT L

k

"]kl

(16)

Now we choose appropriate parameters. Let v, = and v < Ygx—1, then 'yk(l )\k) < Yg—1—

2nA 2y A2
Pt Let By, = g’;l,ak = % and o, < o1, we have =

2L g (1 - B)(1+ A)L2 <

We also have 5 by further letting stepsize

_217

,<7
Nk I_L(1+\/m>7

+ 8\pn?

where My, := s
k

2
Summing up (T6) from k = 1 to K — 1, we get

K-1

0<E|f TIVFEH) 2+ (1= 2%’ = VF ()|
k=1
2y1L? b1 2n
+( p (= (L ) ot —af)?
2’}/ /\2 bl
+ (2 0= ) ZHWJ y?IIQ].

For k = 0, we directly uses (@), i.e.,

E[f@") ~ £ <E[fa) — 7' = 297 - (5 — 5) I’ — "l + Do’ -

2770 2

Now, we combine (I8) and (I9) to get
Z LV ||2]
< E[f(a: )= F o+ (n =)+ B = V)

s (A -t )l Zuwy )= o117

1

<B[se") - g+ U =2 o g oy 4 2pm ) Z IV

n

SE[f(%) — 1+ 20lln® = VFEOI? + a0 S IV55%) — 5]

j=1

< f(z%) - f+o an ||2+a01—— an )|I”
—-b

=f(x°)—f*+(voﬁ+ )ZHWJ Il

16

’“+Oék( )(1+5k)§04k—1-

A7)

(18)

viE)?).

19)

(20)

°) = 11
21

(22)
(23)

(24)
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where (20) follows from the definition of 7o in (T7), ZI) uses v1 = 5 and ay = 2";\7%”0, 22)
holds by choosing 7o > 58 > W and og > 2”;\7%"0, and (23) uses Ao = 1. By

randomly choosing 7% from {z*} X! with probability 7,/ 31" ; for z*, (4 turns to

Ell|V ~K\ (|12 < (f(xo)_f*)_i_ 2 n—bo +a v] 2
IV < = emr = + rer (g =y *+ 0 ) ZH i)
Q(f(l‘o) = f*) , (n—bo)(4v0 + 2a0b) 1 9
< + v, (25)

Zk o Mk nbg Ek o Mk Z” it H

O

B.2 PROOFS OF COROLLARIES[IIAND
Now, we prove the detailed convergence results in Corollaries [IH2] with specific parameter settings.
Proof of Corollary|[I] First we know that (Z5) with by = n turns to
2060~ 1),

E[||Vf@E5)[17] < (26)
Zk o "k
Then if we set A\, = and by, = +/n for any k > 1, then we know that M}, := Akbk + 8)‘1%”2 =8
L = > 0. < 1
and thus the steps1ze e < L(1+ Mk+1) (1+\/§)L for any £ > 0. By plugging 7, < RV

into (26), we have

vz < 20 VEILUEO) — )
B[V £@)I1) < > -,

where the last equality holds by letting the number of iterations K = 2(1+‘/§)Ls(zf @)=1") Thus the

number of stochastic gradient computations is

K-1 K-1 .
#orad = Zbk:bo+Zbk:nJr(K—l)\/ﬁgnJr2(1+\/g)\/i§(f(xo)’f ).
k=0 k=1

Proof of Corollary 2| First we recall (23)) here:

=~ Q(f(xo) = f*) | (n—bo)(4y0 + 2010b) 1 2
E[|V @5 < + Vfi(x (27)
IV FE™)I7] SET o S § IV £ (%),

In this corollary, we do not compute any full gradients even for the initial point. We set the minibatch
size by = \/n for any & > 0. So we need consider the second term of (27) since by = /n is

not equal to n. Similar to Corollary I 1f we set A\, = b’;L for any k£ > 1, then we know that
M, = )\k2bk + SAb’g" = 8 and thus the stepsize 7, < (1+ 1Mk+1) = (1+\1/§)L for any k > 0. For

Mo _ 2nAino _ 1 :
the second term, we recall that vo > S = (1+f)L and o > B = GVeLva It is easy to

see that g > apbg since by = v/n < n. Now, we can change 27) to

~xy2 < 20+ VBL(f(a%) = f*) | 6(n—vn) 1§ 0y(|2
E[VrE™)IF] < 7 + EZHij(w )l

nk ,
J=1

2(1 + VB)L(f(a) — f*) + 6Go

% (28)

= 62’
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where (28) is due to the definition G := 2 > | ||V f;(2°)]|?, and the last equality holds by letting

2(14+VB) L(f (=)= f*)+6Go
62

the number of iterations K =
computations is

. Thus the number of stochastic gradient

#grad:KZ_:lbk _ K = \/52(1+\/§)L(f(€9320) — [*) +6Go :O(W)-
k=0

Note that G can be bounded by Gy < 2L(f(2°) — f*) via L-smoothness Assumption then we
have

€2

sigrad = O(ﬁ(LAO + Lﬁo)) .

Note that A = f(z°) — f*, where f* := min, f(z), and Ag := f(z°) — f*, where f* =
iy ming fi(x). 0

C MISSING PROOFS FOR D-ZeroSARAH

In this appendix, we provide the missing proofs for the distributed nonconvex setting (2)). Concretely,
we provide the detailed proofs for Theorem 2]and Corollaries [3H4] of D-ZeroSARAH in Section 5]

C.1 PROOF OF THEOREM[2]

Similar to Appendix [B.I] we first recall the lemma in[Li et al.| (2021 which describes the change of
function value after a gradient update step.

Lemmall] (Li et al.| 2021)) Suppose that function f is L-smooth and let %+ := 2% — nv*. Then
for any v* € R and ny, > 0, we have

1 L
P < F@R) = FITFEIP = (5 = 5 )1t = b+ Tl = viahIP @9)

Then, we provide the following Lemmafd]to bound the last variance term of (29).

Lemma 4 Suppose that Assumption @ holds. The gradient estimator v* is defined in Line @ of
Algorithm[3] then we have

_ _ 212 _
Ex[llv" = V@) < (1= M)? [0 = VP + == fla® — 277

Skbk
222 1 XK
- Vi k=1y _ k-1 2. 30
skbknmlgln fJ(x ) yz,] || ( )

Proof of Lemma | First, according to the gradient estimator v* of D-ZeroSARAH (see Line |§| of
Algorithm 3), we know that

1 1
vk = Z (gzl‘c,curr - gil'c,prev) + (1 - Ak)vkil + Ak; Z (gzk,prev - y:jprev) + Akykil (31)

s
k icsk kicsk
Now we bound the variance as follows:

Ex[llv" = Vf(")[?]

1 _ 1 _
@ Ek ‘ Z (gz]‘icurr - gz]'iprev) + (1 - Ak)vk ! =+ Ak (7 Z (gzk,prev - yﬁprev) + yk 1) - vf(xk)
Sk €Sk Sk €Sk
1 _ _ _
N Ek ‘sk Z (gik,curr - gik,prev) + vf(‘rk 1) - vf(‘rk) =+ (1 - )‘k)(vk t— vf(xk 1))
€Sk
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+Ak<§i§:(gﬁwv_yﬁm0‘+yh4-—Vf@W*5>

T

i€Sk
1 _
=Eyx ; Z (gf,curr - gf,prev) + vf(xk 1) - vf(‘rk)
ieSk
1 2
+ >‘k (; Z (glk,prev - yzliprev) + ykil - vf(xkil)) ]
€Sk
+ (1= A)? ot =V f )
1 2
<y || = 0 DT (Vi) = Viig (@) + Vb = V() ]
Kok esk JEL,
1 - - - - 2
+ 2Ky, [ A7 e S (Vh T =gl )+ = VMY ]
€Sk jerf
+ (1= Ap)? ot = V)
2L? k k—12 2)% 1 & k—1 k—12 2),,k—1 k—1y(2
< = ||lzF = Tk i — b 11— - 7
< el I e 2 Il (0 A - 9]

(32)

where (32) uses the L-smoothness Assumption[2} i.e., |V fi j(z) = V f; ;(y)|| < L]z — y||, and the
fact that E[||z — Ez||?] < E[||z||?] for any random variable z. O

To deal with the last term in (30), we uses the following Lemma3]

Lemma 5 Suppose that Assumption |2| holds. The update of {yf j} is defined in Line E of Algo-
rithm 3] then we have, for V3j, > 0,

1 n,m Skbk 1 n,m B B
x| — > |Vfi,j(xk)—y§fj||21 <=2+ 8)— > Vet = w5 P
i,j=1,1 i,j=1,1
510k Ly ok k=12
1- 1+—)L - .
+ (1= ) (A g ) Lot (33)

Proof of Lemma EI According to the update of {ylC j} (see Line|7|and Line|l1|of Algorithm , we
have

1 n,m
IMl Z:HVﬂJ@h-ﬂﬁNﬂ

nm

i,j=1,1
= (1= 2 S V) - (34)
nm’ nm 4 J b
3,7=1,1
skbey 1 = k k—1 k-1 k=12
=(1-—)— Vfi —Vfi; \vap —
( nm>nmi;1n Fig @) = V iy (@) + Vi@ ) =yl
< (1= 204 g0 ST WA - g R (1 - 2 (14 L) r2ek — ok,
- nm nm & %3 nm B

(35)

where (34) uses the update of {yJ;} in Algorithm 3| and (33) uses Young’s inequality and L-
smoothness Assumption 2} O

Now we combine Lemmas [T} f] and ] (i.e., (29), (30) and (33)) to prove Theorem 2]

19



Under review as a conference paper at ICLR 2022

Proof of Theorem 2 First, we take expectation to obtain

1 L
— 5 )llat = a2

R e A R ) LA Gl €

1 n,m )
+Oék% Z va’b,j(x) yz,]”]

i,j=1,1

F@) = 7 = V@I + (L = M) o = Vf(k )2

n,m

2 _ 29 A2 1
L eI N A o Rt e
. i,7=1,1

1

+ L2 mk *$k71 2

LRl — 2t
1

b
+ak(1—%)(l+ﬁk)% Z ||Vfld(x ) yz] ||2‘|

i,7=1,1

n,m

=E|f(") - f* - %HVf(xk)Hz (1= A2 [0 = V()2

2’}%[12 Skbk 1 2 k71 2
F (7t =T (e L)t =t

n,m

TN L S ) I S 2 T l“’] (36)

skb nm
kPk ij=1,1

Now we choose appropriate parameters. Let v, = "k L and Ve < Vi 1, then v; (1 —M\g)? < Yp_1—

Nk—1 skbr _ 2nmAgne—1 27k A7 _ skbi
et Let By = ap = 5= and oy, < a1, we have = o (1— 2£22) (14 ;) <

2nm? 2b2
ay_1. We also have 27’“L + a1 - g’“b")(l—l— )L < g — L by further letting stepsize
1
< 37
2 8Axn?m?
where Wi, 1= =4 + :ibi
Summing up (36) from k = 1 to K — 1, we get
K—1
* Nk
0<E|f(z!) - f* - gllvf( P+ (1= 2)? [ =V f(2°))?
k=1
2y L? s1b1 2nm, o 1 on2
1- 22 12)a! —
+( s1b1 ta ( nm)( + slbl) o™ =
2’)/1)\% Slbl 51b1 1 < 0 2
—_— 1-— 1 )— Vi . 38
+(S1b1 +a1( nm)( +2nm) nmigln f’ﬂ(z) yMH (38)

For k = 0, we directly uses (29), i.e.,

Blf(@) = 11 <E[f60) — £ = RIVIOI - (5= - 5)la’ ="+ R = VO],
(39)

Now, we combine (38) and (39) to get
K—1

E ’g’ﬂwm’“)n?]

k=0
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SE[f(@") = f*+ (n(@ = M)+ D)l = VI

271 A7 51b s1b1 1 X
1-==)(1 — g 4
(a2 +2nm))nmi;1|w,g<x> Wil7 @0
. T—A(1— A
<E[7@?) - g+ P02 0 g e

1

2nmAing 1 =
g 2 IV 7] (1)

i,j=1,1

n,m

< f@) - fr4 0 _nm—sobo 1 S V@)

2M1 (nm — 1)spbg nm

ij=1,1
2nmAino nm — soby 1 o= 0412
- Vi 42
+ $2b2 . nm ”2221 IV fii ()]l (42)
0 ., (nm —s0bo)noby -,

- gy AT 500010090 ¢y 43
f(x ) f + 2nmsob0 0> ( )
where [@0) follows from the definition of 79 in (37), (1) uses v1 = 5% and ay = 2”:%;)\%"0,
(@2) uses Ao = 1, and @3) uses the definitions O = M55 + 4”’2%\550% and G :=

am L1 IV i (@)

By randomly choosing ZX from {z*} X with probability n;,/ S 1 for 2, @3) turns to
Q(f(xo) - ) + (nm — s0bo)noboGj
Yo nmsobo Yo 1Mk

E[[Vf(@9)|?] < (44)

O

C.2  PROOFS OF COROLLARIES 3] AND[4]
Now, we prove the detailed convergence results in Corollaries [BH4] with specific parameter settings.
Proof of Corollary 3] First we know that @4) with so = n and by = m turns to
2(f (xo) -/

Zk o "k .
Then if we set A\, = $:% s, = \/n, and by, = /m for any k > 1, then we know that Wj, =

2nm?

E[IV£@E5)|1?] < (45)

2 8A\pn?m? _ . 1 —
Neseon T g%Sﬁ = 8 and thus the stepsize n; < = for any £ > 0. By

L(14+/Wits) (1+f)L
plugging m;, < m into (@3), we have

2y o 20 VB)L(f(a%) — f*)
E[||Vf(@")|?] < i =€,

where the last equality holds by letting the number of iterations K = 2(1+\/§)Ls(zf @)=1") Thus the

number of stochastic gradient computations for each client is

- K—-1 2(1 4+ V)L(f(2°) — f*
#grad:kz_obk:m—i_(\/ﬁ)\/mgn—i_\/f(+f)€(2f(x) f)
|
Proof of Corollary [} First we recall (@4) here:
B[V /@) < 2L =S | (o = sobo)mfoGy (46)

K—1 :
Zk o "k nmsobo Y p—g Mk
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In this corollary, we do not compute any full gradients even for the initial point. We set the client
sample size s = +/n and minibatch size by = /m for any & > 0. So we need consider the
second term of #0) since soby = /nm is not equal to nm. Similar to Corollary 3] if we set

_ Sgbg o 2 8Apn?m? _ :
A = Sk for any k£ > 1, then we know that Wy, := Soer T ’5252 = 8 and thus the stepsize

e < P (i = (1+\1/§)L for any k& > 0. Now, we can change {6) to

201+ VOILU() = 1) (= s0bo)doG
K nmsobo K

_ 204 VBILU @) ~ ) +464

- K

E[|Vf@EI] <

47

€,

where holds by plugging the initial values of the parameters into the last term, and the last

2(1+\/§)L(f(§0)7f*)+406. Thus the number

equality holds by letting the number of iterations K =
of stochastic gradient computations for each client is

K-1 . ) /
sgrad = 3 by = KW:\/RQ(l-F\/g)L(f(ﬂ;O)—f ) + 4G, :O(\/WLA();GO)
k=0 n n € n

Vn €
Note that Ag := f(z°) — f* where f* := min,, f(x). O

D FURTHER IMPROVEMENT FOR CONVERGENCE RESULTS

Note that all parameter settings, i.e., {nr}, {br} and {\;} in ZeroSARAH for Corollaries [IH2] only
require the values of L and n, and {n;}, {sx}, {bx}, {\x} in D-ZeroSARAH for Corollaries [3{]
only require the values of L, n and m, both are the same as all previous algorithms. If one further

allows other values, e.g., €, Gg or 30, for setting the initial by, then the gradient complexity can be
further improved. See Appendices[D.I|and[D.2]for better results of ZeroSARAH and D-ZeroSARAH,
respectively.

D.1 BETTER RESULT FOR ZeroSARAH

Corollary 5 Suppose that Assumptionholds. Choose stepsize i, < forany k > 0, mini-

1
(1++8)L
batch size by, = \/n and parameter \j, = % for any k > 1. Moreover, let by = min{ ”g” , n}

and \o = 1. Then ZeroSARAH (Algorithm [2) can find an e-approximate solution for problem (1)
such that

E[|Vf@")|) < €

and the number of stochastic gradient computations can be bounded by

Horad — O(ﬁ(Lﬁo + min{ % \/ﬁ}))

Similarly, Gy can be bounded by Gy < QLAO via Assumption Let by = min{ ”LEQ&’ , n} then
we also have

#erad = O(\/E(LE%O +min{ Lgo,\/ﬁ})>

Remark: The result of Corollary [5|for ZeroSARAH is the best one compared with Corollaries
In particular, it recovers Corollary [l when by = n. In the case by < n (never computes any full

gradients even for the initial point), then #grad = O (\/ﬁ (Le—%‘“ + %)) which is better than the
result O (M) in Corollary Similar to the Remark after Corollary if we consider L,
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Ay, G or 30 as constant values then the stochastic gradient complexity in Corollaryis #grad =

O(g), i.e., full gradient computations do not appear in ZeroSARAH and the term ‘n’ also does not
appear in its convergence result. If we further assume that loss functions f;’s are non-negative, i.e.,

Va, f;(x) > 0 (usually the case in practice), we can simply bound Ay := f(z°) — fr< f(2°) and
then by can be set as min { ”Li =) n} for Corollary

Proof of Corollary 3] First we recall here:

E[|V £(5)||12] < 2(f<950) - f) n (n — bo) (470 +2040bo v 2 (48)
V@) SET, oS ZH Fi®)|?.

Note that here we also need consider the second term of (48] since by may be less than n. Similar

to Corollary , if we set A\, = ;’—’;‘L and by = +/n for any k > 1, then we know that M :=

)\kak + 8/\b%kn = 8 and thus the stepsize 1, < L(1+ 1 Hl) = (1+f) for any £ > 0. For the
Vvn 2nAino __ :
second term, we recall that vy > 2)\1 = VoL and g > e (1+\/§)L\/ﬁ' It is easy to see

that vg > by since by < n. Now, we can change (48) to

2(1+ V8)L(f(2°) — A

E[|[VA@E)I) < e fb 2 Z IV 151
20 VLU ) | S h)Gy
= 7 + b K (49)

= 627
where ([@9) is due to the definition G := 2 37" ;(z°)||%, and the last equality holds by letting
2(1+vB)L(f(«%)—f*) 4+ 8(n—bo)Go

=] V/nbge?

the number of iterations K = . Thus the number of stochastic

gradient computations is
K-1 K—1
#grad = Zkabo-f— Zbk
k=0 k=1

b+ (K — 1)V < bo + 201+ VB)VIL(f (") = f*) | 6(n—bo)Go

€2 boe?

nGo

By choosing by = min{

#grad§ﬁ<2(1+\/§)L(2f(x0)f*)+mm{7 ffﬁ})

€

~ofva(“22 min{ %, va})).

Similarly, G can be bounded by Gy < 2L(f(z") — f*) via Assumption |1| and let by =

,n}, we have

min{ ”Lf‘“ ,n}, then we have
LAg .
trarad = O V(25 min {\ 230, v} ).
Note that Ag := f(z°) — f*, where f* := min, f(z), and Ay := f(z°) — 7*, where f* :=
1 L3 ming fl(x) O

D.2 BETTER RESULT FOR D-ZeroSARAH

Corollary 6 Suppose that Assumption 2| holds. Choose stepsize n < m forany k > 0,

clients subset size sy = +/n, minibatch size by, = /m and parameter N\, = kb for any k> 1.

2nm
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Moreover, let so = min{\/ Zgz,n} and by = m (or by = min{ Z—Z‘G?m} and sy = n),
and \o = 1. Then D-ZeroSARAH (Algorithm[3) can find an e-approximate solution for distributed
problem @) such that

E[|Vf@")|] < €

and the number of stochastic gradient computations for each client can be bounded by

)

Proof of Corollary 6] First we recall here:
Q(f(xo) - f") 4 (nm — Sobo)noaoGo

E[IVE)I"] < = (50)
k=0 Tk nmsobg Zk =0 "k
Similar to Corollary ] here we also need consider the second term of (30) since soby may be less
than nm. Szimilaﬂg/),\ iizv:; set A\, = 22%, sk = +/n, and by, = \/ﬁlfor any k > 1, then we know that
R k = i
Wy = pywT i 133 = 8 and thus the stepsize 1, < L(1+ Wk+1) (1+f)L forany k > 0.
Then (30) changes to
- 21+ VB)L(F@®) = ) . (nm — sobo) 0o
ElllV K\ (12 < 0
IV £ @) < - + T
o K vnmsobg KK

where (51)) by figuring out 6, with the initial values of the parameters, and the last equality holds

by letting the number of iterations K = 20+vB)L (f @)=f7) 4 6(%3:222 Thus the number of

stochastic gradient computations for each client is

K—1

S0 (K —1)y/m

Horad = 3 by = py 4 SV
prd n° N

< \/ﬁ2(1 +VB)L(f(2°) — f*) N Sobo N 6(nm — sobo) G}

€2 n nsoboe2

<\/T<2(1+\/§)L€(Qf(x0)—f*)+min{7 GQOMD (52)

~o (e {y/ T m))).

where (52) holds by choosing sobg = min{ nn:GO nm} It can be satisfied by letting sg =

min {\/ Ziz , n} and by = m (or s = n and by = min {\/ mG; , }) The last equation uses the

definition Ay := f(z°) — f* where f* := min, f(z). O
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