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ABSTRACT

It has been demonstrated in many scientific fields that artificial neural networks,
like autoencoders or Siamese networks, encode meaningful concepts in their latent
spaces. However, there does not exist a comprehensive framework for retrieving
this information in a human-readable form without prior knowledge. In order to
extract these concepts, we introduce a framework for finding closed-form inter-
pretations of neurons in latent spaces of artificial neural networks. The interpre-
tation framework is based on embedding trained neural networks into an equiva-
lence class of functions that encode the same concept. We interpret these neural
networks by finding an intersection between the equivalence class and human-
readable equations defined by a symbolic search space. The effectiveness of our
approach is demonstrated by retrieving invariants of matrices and conserved quan-
tities of dynamical systems from latent spaces of Siamese neural networks.

1 INTRODUCTION

The current Al revolution is driven by artificial neural networks (ANNS), particularly deep learning
models. These models have enabled machines to achieve superhuman performance in a variety of
tasks, such as image recognition, language translation, game playing, and even generating human-
like text. However, this remarkable power comes at the expense of interpretability, often referred
to as the “’black box” problem. The representational capacity of artificial neural networks relies
on interactions between possibly billions of neurons. While each single neuron is easy to describe
mathematically, as networks become larger, it becomes increasingly difficult to understand how
these interactions give rise to a neural network’s overall prediction.

The black-box nature of neural networks can be acceptable in applications where prediction is the
primary goal. However, in science, where the goal is not just prediction but also understanding the
underlying phenomena, interpretability is crucial. Moreover, in medicine, it is important to under-
stand why an Al system has made a particular diagnosis or treatment recommendation to avoid risks
of dangerous or ethically questionable decisions (Jin et al., [2022; |Amann et al., 2022). Al inter-
pretability in the law domain is crucial for understanding and explaining how automated decisions
are made, which helps ensure transparency and accountability. It also allows for the identification
and correction of biases, compliance with regulations, and maintains the integrity of legal processes
(Hacker et al., 2020; Bibal et al., [2020).

In many scientific applications of neural networks, it can be verified that neural networks often learn
meaningful concepts, similar to those that humans use, to describe certain phenomena (Ha & Jeong,
20215 Desai & Strachan, 2021; Nautrup et al., [2022)) . Unfortunately, without a method to distill this
learned concept in a human-interpretable form, the only way to reveal it is by directly comparing it
to a set of candidates that the researcher is already aware of. Clearly, it is not possible to make new
discoveries in this way.

To address this problem, symbolic regression techniques have been proposed to interpret neural
networks by deriving closed-form expressions that represent the underlying concepts learned by
these networks (Cranmer et al.,2020; [Mengel et al.l 2023)). These approaches involve exploring the
space of potential mathematical expressions to identify those that best replicate the predictions of
a neural network. Unfortunately, such methods are limited to interpreting output neurons of neural
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networks performing regression, where the concept that is recovered is the global function learned
by the neural network.

Neural networks applied to perform scientific discovery are often tasked with solving problems that
cannot be formulated under the umbrella of regression. Further, it is often necessary to interpret a
simpler sub-concept encoded in hidden layers. For these reasons, it is desirable to have a frame-
work capable of interpreting concepts encoded in arbitrary intermediate neurons of artificial neural
networks.

Prominent artificial scientific discovery methods have been proposed based on networks like autoen-
coders (Wetzel, 2017} Tten et al., Miles et al, 2021}, [Frohnert & van Nieuwenburg, [2024) or
Siamese networks (Wetzel et al., [2020; [Patel et al., [2022; [Han et al.,[2023). These networks can dis-
till meaningful concepts inside their latent spaces without explicit training information in the form
of labeled targets. The crucial obstacle to their wider adoption is the lack of tools that enable the re-
covery of such concepts without prior knowledge. Removing this bottleneck would allow scientists
to use these tools to discover potentially new scientific insights.

In this paper, we describe a framework that can be employed to interpret any single neuron within an
artificial neural network in closed form. Concepts encoded in neurons in hidden layers are generally
not stored in a human-readable form, but instead get distorted and transformed in a highly non-linear
fashion. Hence, the interpretation method is based on constructing an equivalence class around
a certain neuron that contains all functions encoding the same concept as the target neuron. In
practice, we interpret the neuron by searching a closed-form representative function contained in
this equivalence class. We demonstrate the power of our framework by rediscovering the explicit
formulas of matrix invariants and conserved quantities from the latent spaces of Siamese networks.

The capability of interpreting any single neuron in closed-form closes a significant gap regarding
the problem of neural network interpretability. The main targets of our interpretation framework
are neural networks tasked with solving scientific problems on structured data sets where the ulti-
mate level of interpretation is a scalar symbolic equation capturing the learned concept. The three
obstacles towards having a full interpretation of neural networks are:

1. scaling of symbolic representations: Any form of symbolic search algorithm scales
poorly with the complexity of the underlying equation. Many scientists are working on
competing symbolic search algorithms mainly tailored to symbolic regression, a list can be
found in the subsequent paragraph.

2. dimensional mismatch of neural networks storing information distributed among multiple
neurons. Common methods to eliminate this mismatch are based on disentangling features
learned by different neurons within the same layer (Higgins et all 2017) or to enforce a

bottleneck (Koh et al| [2020) such that single neurons capture individual concepts.

3. distortions of concepts within a neural network in highly non-linear form. If neural net-
works learn concepts, there is no reason to store them in a form which is aligned with a
human formulation of the concept. For example, if a neural network learns the concept
of temperature, there is no reason to choose the Celsius or the Fahrenheit scale, nor does
this encoding need to be linear. In practice, it turns out that this non-linear distortion can-
not even be captured with symbolic equations. This problem prevents symbolic search
algorithms from interpreting anything beyond output neurons in the context of regression.
Until the invention of the interpretation framework presented in our manuscript, solving
this problem was impossible.

Hence our method is highly complementary with other publications and is currently the only option
to overcome obstacle 3.

2 RELATED WORK

The current manuscript concerns the domain of artificial neural network interpretability, with a fo-
cus on enabling new scientific discovery through latent space models. Much of the neural network
interpretability research adresses the question of whether or not neural networks learn certain known
scientific concepts. While verifying a neural network is an important task, it is unsuitable for gain-
ing novel scientific insights. There has been limited progress toward revealing scientific insights in
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symbolic form from artificial neural networks that do not require previous knowledge of the under-
lying concept beforehand (Wetzel & Scherzer, 2017; |Cranmer et al., 2020; [Miles et al.| 2021} [Liu
& Tegmarkl [2021). These cases are rare examples where the underlying concept is encoded in a
linear manner, or where other properties of the concept simplify the interpretation problem. While
there are no unified approaches to interpreting latent space models, it might in principle be possible
to build such models based on architectures with symbolic layers (Martius & Lampert, |2016;|Sahoo
et al.| 2018} Dugan et al.[2020; [Liu et al., 2024)

Our article aims instead to interpret existing latent space models. We extend an interpretation frame-
work (Wetzel, 2024)), originally developed to interpret neural network classifiers, to interpret neural
network latent spaces.

The interpretation method relies on efficiently searching the space of symbolic equations, which
can be achieved by genetic search algorithms which form the backend of many symbolic regression
algorithms. These include Eureqa (Schmidt & Lipson, 2009), Operon C++ (Burlacu et al., [2020),
PySINDy (Kaptanoglu et al., 2022), Feyn (Brolgs et al., 2021), Gene-pool Optimal Mixing Evolu-
tionary Algorithm (Virgolin et al.l 2021), GPLearn (Stephens, [2022) and PySR (Cranmer, [2023).
Other symbolic regression algorithms include deep symbolic regression uses recurrent neural net-
works (Petersen et al.,2020), symbolic regression with transformers (Kamienny et al., 2022} Biggio
et al.| 2021) or Al Feynman (Udrescu & Tegmark, [2020).

An overview of interpretable scientific discovery with symbolic Regression can be found in (Makke
& Chawla, [2022; |Angelis et al.| 2023)).
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Figure 1: (a) The Siamese network consists of two pairs of identical sub-networks f. From the
first pair, we compute the distance between the anchor and the positive example d(f(za), f(zp)),
which should be as close to zero as possible. From the second we compute d(f(z4), f(zn)), which
should be as large as possible. This facilitates a latent space where similar items are close together,
while dissimlar ones are far apart. (b) Most existing approaches attempt to interpret a neural network
latent space by comparing the latent with known candidate concepts. In this case, it is necessary to
have the correct concept at hand, which is unsustainable for scientific discovery. (c) Our method
requires only a dataset and a trained neural network to be used in conjunction with a symbolic
search algorithm, which then discovers a closed-form expression describing the concept encoded in
the network’s latent space.
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3 METHOD

3.1 SIAMESE NEURAL NETWORKS

Siamese neural networks (SNN) (Baldi & Chauvinl [1993}; Bromley et al.} [1993)) were originally in-

troduced to solve fingerprint recognition and signature verification problems. SNNs consist of two
identical sub-networks with shared parameters, each receiving distinct inputs which are then pro-
jected to an embedding space. These projections are then compared by a distance metric, which
joins each sub-network f together at their output. Inputs belonging to the same class should ob-
tain high similarity, while those belonging to different classes should obtain low similarity. Such
a framework allows for generalization to infinite-class classification problems. The distance met-
ric d(-) is chosen according to the specific problem at hand, and in our case we use the squared
Euclidean distance.

The network F' can be trained effectively using a contrastive or triplet loss (Schroff et all, 2013),
wherein a set of triplets are supplied to the energy function,

L(za,zp,xn) = max(d(f(za), f(xp)) = d(f(za), f(zn)) + @, 0).

The anchor x 4 is the ground truth class, the positive sample z p is of the same class as x 4, whereas
the negative sample NV is of a different class. Instead of using a twin network, this setup requires a
triplet of identical networks, each still sharing the same weights. The triplet loss is minimized when
the distance between the anchor and positive sample is minimized in the embedding space, while the
distance between the anchor and negative sample is maximized. The margin parameter « is a positive
constant which encourages separation between positive and negative samples, as « = 0 would mean
that the loss could be trivially minimized by projecting all samples to the same location. Finally, the
max(-) operation ensures that the distance between positive and negative samples remains finite.

It has been shown that in scientific settings SNNs can be trained to learn conserved quantities and
symmetry invariants of the underlying system. For this purpose, training data is collected where data
points belonging to the same class are defined through a connection via trajectories obeying laws
of motion (conserved quantities) or a desired symmetry group (symmetry invariants)
2020).

The architecture of the sub-network f depends on the underlying data. In our case, we implement
it as a fully-connected network. We note that our framework interprets single neurons, hence our
latent layer, which we wish to interpret, consists of only one neuron. The details of our architecture

and training hyperparameters can be found in[subsection C.2]

3.2 INTERPRETATION FRAMEWORK

The interpretation framework is designed to extract concepts in the form of symbolic equations from
any single disentangled or concept bottleneck neuron within an artificial neural network. While the
interpretation framework can be applied to any single neuron, for the purpose of this manuscript we
perform an interpretation of the output neuron f(x) of a single sub-net of a Siamese network defined
by equation [T]which produces a scalar mapping of the input into a latent space.

f(x) contains the full information about a certain symbolic concept g(x) if g(x) can be faithfully
reconstructed from f(x). Conversely, if f(x) only contains information from g(x) it is possible to
reconstruct f(x) from the knowledge of ¢g(x). In mathematical terms that means that there exists
an invertible function ¢ such that f(x) = ¢(g(x)). An example of the same concept embedded in
different forms is the temperature, it can be measured in Fahrenheit or Celsius and there exists a
linear transformation that maps one version of the temperature onto the other.

In general, this means that if we aim to extract information from a neural network f, we need to
account for any nonlinear and uninterpretable transformation ¢ that conceals the human formulation
of a concept,

f(x) = ¢ (

g(x)
~— ~~

uninterpretable transformation closed form concept

)- (D

Different realizations of neural networks might learn the same concept g and therefore contain the
same information. More formally, these realizations are all members of the following equivalence
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class:
Hy = {f(x) € C(D C R",R) | invertible ¢ € C*(R,R) : f(x) = $(g(x))}. (2

While each network f € H, ¢ 1s related to g via a different unique invertible transformation ¢, they
are functionally equivalent in that they learn the same concept from the data. At this point, we ask
the question, whether it is possible to identify the concept g without knowing the function ¢.

9(x) = ¢~ (f(x)). (3)
In order to avoid the necessity of knowing ¢, we rewrite the equivalence class equation [2 such that

membership can be defined without explicit information about ¢. Since all f € H, are required to
be continuously differentiable, we can show that the gradients of the two functions f and g point in
the same direction,

V(x)=¢'(g9(x)) - Vg(x) where [|¢(g(x))[| > 0. )

Here we used that ¢, by construction, is invertible. Since ¢’(g(x)) is merely a scaling factor, this
equation allows us to define a new equivalence class H, € H, = H,, U H,_, where

Vi) _ £Vg(x)

IV Ve

H, = {f(x) € CY(D c R",R)| VVf(x)=Vg(x)=0Vxe D}.

o)
Trivially, if f € H, then H, = Hy. It can be proven that [, = H g» S€E under mild

assumptions. In[subsubsection A.I.I|we explore whether these assumptions are justified in typical
neural network settings. In order to execute the interpretation framework we look at the definition
of this equivalence class in reverse. We define an equivalence class anchored on the neural network
H and use a genetic algorithm to retrieve the most likely symbolic concept g within Hy.

3.3 SYMBOLIC SEARCH

Symbolic regression is a regression analysis technique that has traditionally been used to find closed-
form expressions that approximate the relation between target and input variables for a given dataset.
Typically, this is done by employing a genetic algorithm, which evolves a population of candidate
formulas using genetic operations like selection, crossover, and mutation, aiming to find the least
complex tree of operators 7' that best maps inputs X to outputs Y according to some objective
function. This tree consists of a set of nodes, each containing either a number, variable, or a unary
or binary operator (see[Figure 3| (c) for an example tree) that represent a mathematical expression. In
the context of neural network interpretation, symbolic regression is employed to convert a complex
model into an interpretable tree representation.

In our case, we search for a symbolic tree 7" which represents a function g € H ., meaning, we look
for a symbolic concept g within the equivalence class anchored on the neural network f. During
this step we choose a symbolic quantity whose gradient points in the same direction as the gradient
of the network f. This is possible because H y_ can be mapped to H ;. simply by multiplying each
element with —1. Hence, it is enough to focus on H ;.. However, instead of performing regression
on a set of prediction targets to find the best fitting function, we search for an analytical expression
whose normalized gradients are as close as possible to those of f. Because of this difference, we
refer to this approach as symbolic search instead of symbolic regression. Note that this requires
that T" consists of operators that yield a differentiable function. To implement our symbolic search
algorithm, we modify the the SymbolicRegression.jl module from the PySR package

2023).

The objective function we choose is the mean-squared-error (MSE), which measures the distance

between the normalized gradients g7 (x) = %, and gs(x) = %,

MSE(gr(X),97 (X)) = = 3~ llgr(x) — g5 (x0). ©

Nodes are mutated and added by the modified symbolic search algorithm in order to minimize
this objective function. The unary operators we use include {sqrt, square, sin, exp}, and for binary
operators we use {+, —, *, /, A}. The setup we use is described in |subsection C.ll
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3.4 ALGORITHMS

Implementing our framework involves three main algorithms which summarize the preceding sec-
tions:

1. Train the model fy to learn the invariant. See

2. Choose a neuron to interpret. This neuron computes hg/(x), where 8’ C 0, i.e., we are
using a subset of the network. In our specific case, we are interested in interpreting the
latent space of the Siamese network, hence we choose to interpret the final neuron, which
means we use the entire sub-network fy, and 8’ = 6. Compute its gradient with respect to

the input, i.e., Vx fp(x). Seelalgorithm 2
3. Apply symbolic search to find a symbolic tree T' whose gradients point in the same direction

as fo. Seealgorithm 3

ALGORITHM 1: Training a Siamese Neural Network to Learn an Invariant

Data: Dataset of triplets D = {(X 4, Xp, X~ )i tiz1
Input: Neural network hyperparameters

Output: Trained network fy

for each epoch do

end

for each mini-batch {(Xa, Xp, Xn)} from D do

fa = fo(Xa)
fp = fo(Xp)
In = fo(Xn)

L =max(0, [ fa — frl3 —|Ifa — fnl3 + @)
Backpropagate the loss and update the model parameters 6
end

ALGORITHM 2: Extracting the Gradients from the Siamese Network

Data: Unlabelled dataset (X)

Input: Trained network fo

Output: (X, gr)

g5 « [V fo(x) for x in X] > Evaluate gradients w.r.t. input at neuron f

gr = [% for V fo in gy] > Normalize Gradients

ALGORITHM 3: Symbolic Search

Data: Gradient data set (X, gy)

Input: Symbolic search hyperparameters; a set of unary and binary operations.
Output: Symbolic model 7'

Initialize symbolic model T'

Evolve T" with (

gr < [VT'(x) for x in X] > Gradients of symbolic model
gr < [if VT'(x) #0: VI'(x)/||VT(x)]]

else VT'(x) for VI'(x) in gr] > Normalize Gradients

) to minimize MSE(gy, g7)

4

4.1

EXPERIMENTS

DATASET GENERATION

To test the effectiveness of our method, we demonstrate it on 12 different datasets. Each dataset
consists of N triplets, which we construct in the following way: once the anchor x4 is sampled,

the

positive sample xp is obtained via zp = M (x4), where M is a placeholder operator for a

specific transformation that is defined for each experiment in[Appendix D} and finally « y is sampled
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independently. The operation implemented by M transforms x 4 to x p such that certain properties of
x 4 are inherited by x p, but the two points are otherwise unique. We consider the trace, determinant,
sum of principal minors under the similarity transformation, the inner product and spacetime interval
under the Lorentz transformation, and the energy and momentum in a variety of potentials. More
details about each dataset, including how to reproduce them, can be found in

Table 1: Matrix Invariants

Exp. No. | Name d Transformation Invariant Analytical Expression Retrieved Expression

1 2x2 4 Similarity Transformation | Trace A+ Agp %

2 Determinant Ay Age — Ay Aoy AjpAgy — A1 Ao

3 3x3 9 Similarity Transformation | Trace A+ Ay + Az A+ Ay + Az

4 3 x 3 Antisymmetric Sum of Principal Minors | A%, + A3, + A2, AjpAgy + AgzAszs + A13A3
5 4 x4 16 | Similarity Transformation | Trace A+ Ago + Asz + Auy | Ain + A + Azz + Ay

6 6 Lorentz Transformation Inner Product F1By + E3Bs + FE3Bs F1By + E3Bs + E3B3

Table 2: Potentials

Experiment No. | d | Potential V' Invariant Analytical Expression Retrieved Expression

7 1] 1a? Energy L+ 12 v? 4 2?

8 sin(z) 0% +sin(z) v? + sin(z) + sin(z)

9 %zz + tat 0%+ 2% + ot v-v+a-z+0.513(x - 7)?

10 s2% +exp(z+1) 302+ 22% + exp(z + 1) | square(v) + @ - x + exp(z + 1.684)
11 2| —r2 Angular Momentum | 210y — 220, ToU] — T1U2

Table 3: Spacetime
Experiment No. [ d | Transformation [ Invariant [ Analytical Expression | Retrieved Expression
12 | 4 | Lorentz Transformation | Spacetime Interval | t* — 27 — 2 — a3 [ @1 - @1 + square(wz) — ((¢ - t) — square(a3)) |

4.2 RESULTS
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Figure 2: The latent space encodings of Siamese neural network applied to different data sets are
compared with the corresponding ground truth concept for each data point. In all cases, it is possible
to see a clear correlation. However, this correlation is mostly non-linear causing direct symbolic re-
gression methods to fail, since they would attempt to fit additional variables for slopes and intercepts
as well as the deformation to a non-linear dependency.
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We summarize the results of our experiments in Tables [IH3] For each experiment, we use the
method outlined in to obtain a set of predicted expressions from the symbolic search
algorithm, which we present as a Pareto chart in |Figure 4| and [Figure 3| The pareto chart plots each
of these expressions as a bar chart in decreasing order of loss. Of these expressions, we identify
the one that most closely matches the correct expression, and present it under the column titled
retrieved expression in tables [TH3] It is interesting to note that the correct expression is often the
one corresponding to the steepest drop in the loss. We note that in some cases, the network learns a
polynomial approximation to the desired expression, which we rectified by increasing the sampling
range used to produce the dataset.

All obtained solutions match the correct expressions. It is also possible for the symbolic search
algorithm to instead return a solution that matches the ground truth one up to a piecewise invertible
transformation, although we do not observe this in our experiments. Furthermore, we observe that
the symbolic search algorithm may approximate the correct solution, or add simplifications to it. For

example, the solution denoted by the striped pink bar in(c) auses exp(ry-x1) ~ 1+2%+ L; i
which matches the correct solution up to the fourth order in z. In (d), the expression
2 exp(z + 1) was simplified to exp(z + 1 + In(2)) = exp(z + 1.684).

Furthermore, because the network’s latent layer consists of only a single neuron, we can directly
compare the value it encodes f(X) for all inputs on the data set X to the true underlying concept
9(X). We plot these quantities against each other in Eigure 21 Note that these correlation plots
are not a necessary component of our interpretation framework. We use them only to highlight
the non-linear manner in which the neural network encodes the concept. In most experiments, the
values encoded in the latent space are highly correlated with some well-known concept. In fact,
the correlation plots for the trace in (a), (), and (e) are almost linear, which is expected
as they can trivially be learned by a single-layer neural network with no non-linearities. In such
cases, it may be possible to use other methods to interpret the neural network. However, most
invariants are significantly more complex, and the neural network will encode them in a non-linear
manner, in which case most other interpretation methods will fail. All of these methods fail for
the same reason - they attempt to retrieve the distorted version of the concept ¢(g(x)), rather than
the concept itself. In comparison, our method searches for a symbolic tree whose gradients are
aligned with the network f. This means that the tree is not restricted to representing the distorted
concept, and coupled with the complexity penalty of symbolic search, it often yields the simplest
possible expression whose gradients match the network f. We provide a comparison of our method
to performing symbolic regression directly on the latent space (Cranmer et al.|[2020) in[Appendix E}
where only 7 of 12 experiments are successful. Interestingly, direct symbolic regression manages to
successfully retrieve the expression for the 3 x 3 antisymmetric matrix, which is encoded in a highly
non-linear manner according to the correlation plot in We speculate that the symbolic
regression algorithm finds a tree using a linear sub-region of the data that achieves a low loss.

5 CONCLUSIONS

In this manuscript, we develop a framework to interpret any single neuron in neural network latent
spaces in the form of a symbolic equation. It is based on employing symbolic search to find a
symbolic tree that exhibits the same normalized gradients as the examined latent space neuron. The
approach is suitable to interpret all kinds of neural networks applied to structured data within settings
where concepts are formulated as scalar equations, like in science. The approach is limited by the
expressibility of symbolic search algorithms and the challenge of isolating single neurons through
bottlenecks or disentanglement.

We justify this procedure by defining an equivalence class of functions encoding the same concept,
in which the membership criterion is that all members have parallel gradients at every point on the
data manifold. Through this procedure, we enable the extraction of concepts encoded by latent space
models.

We demonstrate the power of our approach by interpreting Siamese networks tasked with discover-
ing invariants of matrices and conserved quantities of dynamical systems. We are able to uncover
the correct equations in all of our examples. It is important to note that the symbolic search al-
gorithm sometimes made clever approximations. For example, the anharmonic potential was sum-
marized by an exponential function whose Taylor expansion agrees to fourth order in z. Further,
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Figure 3: The Pareto front for experiments involving conserved quantities, summarizing the results
of the symbolic gradient-based interpretation framework to find a candidate concept that is contained
in the corresponding neural network latent space. Several possible equations are plotted in order of
decreasing Mean Square Error (MSE) and increasing complexity. The red bar indicates the candidate
that resembles the ground truth concept, which is often found at the point of steepest change of the
Pareto front. The striped pink bar denotes a solution that approximates the correct one up to the
fourth order.

the approach simplified expressions, for example, the term 2exp(x + 1) was transformed into
exp(x + 14 1n(2)) ~ exp(z + 1.684).

It is impossible to compare our results to other methods because our approach is the only general
method that allows for the extraction of concepts encoded in latent spaces in closed form. As we
have seen, sometimes the latent space encodings are approximately linearly correlated with the
human-readable ground truth concept. In these cases, it is possible to retrieve the expression with
traditional symbolic or polynomial regression. However, this is not the general case. It is important
to note that there might exist publication bias towards linear encodings, since non-linear encodings
cause traditional interpretations to fail.

The pathways to scientific understanding via interpretable machine learning might lead down dif-
ferent roads. On one side there are inherently interpretable ML models, like PCA or support vector
machines. On the other side, there are powerful artificial neural networks, which are difficult to
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Figure 4: The Pareto front for experiments involving matrices, summarizing the results of the sym-
bolic gradient-based interpretation framework to find a candidate concept that is contained in the
corresponding neural network latent space. Several possible equations are plotted in order of de-
creasing Mean Square Error (MSE) and increasing complexity. The red bar indicates the candidate
that resembles the ground truth concept, which is often found at the point of steepest change of the
Pareto front.

interpret. Further, there is a middle ground implementing layers resembling symbolic calculations
inside artificial neural networks. Until recently, none of these approaches was able to truly dis-
cover human-readable concepts from latent space models. We hope that through our approach many
scientists will understand the potential discoveries that their latent space models might make.

The code used for this project is provided in an anonymized repository here.

10


https://anonymous.4open.science/r/symbolic-regression-NN-B9C2/

Under review as a conference paper at ICLR 2025

REFERENCES

Julia Amann, Dennis Vetter, Stig Nikolaj Blomberg, Helle Collatz Christensen, Megan Coffee,
Sara Gerke, Thomas K. Gilbert, Thilo Hagendorff, Sune Holm, Michelle Livne, Andy Spez-
zatti, Inga Striimke, Roberto V. Zicari, and Vince Istvan Madai. To explain or not to ex-
plain?—artificial intelligence explainability in clinical decision support systems. PLOS Digital
Health, 1(2):e0000016, February 2022. ISSN 2767-3170. doi: 10.1371/journal.pdig.0000016.
URLhttp://dx.doi.org/10.1371/journal ..pdig.0000016.

Dimitrios Angelis, Filippos Sofos, and Theodoros E. Karakasidis. Artificial intelligence in physical
sciences: Symbolic regression trends and perspectives. Archives of Computational Methods in En-
gineering, 30(6):3845-3865, April 2023. ISSN 1886-1784. doi: 10.1007/s11831-023-09922-z.
URLhttp://dx.doi.org/10.1007/s11831-023-09922~z|

Pierre Baldi and Yves Chauvin. Neural networks for fingerprint recognition. Neural Computation,
5(3):402-418, May 1993. ISSN 1530-888X. doi: 10.1162/neco0.1993.5.3.402. URL http:
//dx.doi.org/10.1162/neco.1993.5.3.402,

Adrien Bibal, Michael Lognoul, Alexandre de Streel, and Benoit Frénay. Legal requirements on ex-
plainability in machine learning. Artificial Intelligence and Law, 29(2):149-169, July 2020. ISSN
1572-8382. doi: 10.1007/s10506-020-09270-4. URL http://dx.doi.org/10.1007/
s10506-020-09270-4.

Luca Biggio, Tommaso Bendinelli, Alexander Neitz, Aurelien Lucchi, and Giambattista Paras-
candolo. Neural symbolic regression that scales. In Marina Meila and Tong Zhang (eds.),
Proceedings of the 38th International Conference on Machine Learning, volume 139 of Pro-
ceedings of Machine Learning Research, pp. 936-945. PMLR, 18-24 Jul 2021. URL https:
//proceedings.mlr.press/v139/biggio2la.html.

Kevin René Brolgs, Meera Vieira Machado, Chris Cave, Jaan Kasak, Valdemar Stentoft-Hansen,
Victor Galindo Batanero, Tom Jelen, and Casper Wilstrup. An approach to symbolic regression
using feyn, 2021. URL https://arxiv.org/abs/2104.05417.

Jane Bromley, Isabelle Guyon, Yann LeCun, Eduard Sickinger, and Roopak Shah. Signature verifi-
cation using a” siamese” time delay neural network. In Advances in neural information processing
systems, volume 6, 1993.

Bogdan Burlacu, Gabriel Kronberger, and Michael Kommenda. Operon c++: an efficient ge-
netic programming framework for symbolic regression. In Proceedings of the 2020 Genetic
and Evolutionary Computation Conference Companion, GECCO *20. ACM, July 2020. doi:
10.1145/3377929.3398099. URL http://dx.doi.org/10.1145/3377929.3398099.

Miles Cranmer. Interpretable machine learning for science with pysr and symbolicregression.jl,
2023. URL https://arxiv.org/abs/2305.01582

Miles Cranmer, Alvaro Sanchez Gonzalez, Peter Battaglia, Rui Xu, Kyle Cranmer, David Spergel,
and Shirley Ho. Discovering symbolic models from deep learning with inductive biases. Advances
in neural information processing systems, 33:17429-17442, 2020.

Saaketh Desai and Alejandro Strachan. Parsimonious neural networks learn interpretable physical
laws. Scientific Reports, 11(1), June 2021. doi: 10.1038/s41598-021-92278-w. URL https:
//doi.org/10.1038/s41598-021-92278-w.

Owen Dugan, Rumen Dangovski, Allan Costa, Samuel Kim, Pawan Goyal, Joseph Jacobson, and
Marin Soljaci¢. Occamnet: A fast neural model for symbolic regression at scale, 2020. URL
https://arxiv.orqg/abs/2007.10784.

Felix Frohnert and Evert van Nieuwenburg. Explainable representation learning of small quantum
states. Machine Learning: Science and Technology, 5(1):015001, January 2024. ISSN 2632-2153.
doi: 10.1088/2632-2153/ad16a0. URL http://dx.doi.org/10.1088/2632-2153/
adleal.

11


http://dx.doi.org/10.1371/journal.pdig.0000016
http://dx.doi.org/10.1007/s11831-023-09922-z
http://dx.doi.org/10.1162/neco.1993.5.3.402
http://dx.doi.org/10.1162/neco.1993.5.3.402
http://dx.doi.org/10.1007/s10506-020-09270-4
http://dx.doi.org/10.1007/s10506-020-09270-4
https://proceedings.mlr.press/v139/biggio21a.html
https://proceedings.mlr.press/v139/biggio21a.html
https://arxiv.org/abs/2104.05417
http://dx.doi.org/10.1145/3377929.3398099
https://arxiv.org/abs/2305.01582
https://doi.org/10.1038/s41598-021-92278-w
https://doi.org/10.1038/s41598-021-92278-w
https://arxiv.org/abs/2007.10784
http://dx.doi.org/10.1088/2632-2153/ad16a0
http://dx.doi.org/10.1088/2632-2153/ad16a0

Under review as a conference paper at ICLR 2025

Seungwoong Ha and Hawoong Jeong. Discovering invariants via machine learning. Physical Review
Research, 3(4), December 2021. doi: 10.1103/physrevresearch.3.1042035. URL https://
doi.org/10.1103/physrevresearch.3.1042035.

Philipp Hacker, Ralf Krestel, Stefan Grundmann, and Felix Naumann. Explainable ai under contract
and tort law: legal incentives and technical challenges. Artificial Intelligence and Law, 28(4):
415-439, January 2020. ISSN 1572-8382. doi: 10.1007/s10506-020-09260-6. URL http:
//dx.doi.org/10.1007/s10506-020-09260—-56.

Xiao-Qi Han, Sheng-Song Xu, Zhen Feng, Rong-Qiang He, and Zhong-Yi Lu. Framework for
contrastive learning phases of matter based on visual representations. Chinese Physics Letters,
40(2):027501, January 2023. ISSN 1741-3540. doi: 10.1088/0256-307x/40/2/027501. URL
http://dx.doi.org/10.1088/0256-307X/40/2/027501l

Irina Higgins, Loic Matthey, Arka Pal, Christopher P Burgess, Xavier Glorot, Matthew M Botvinick,
Shakir Mohamed, and Alexander Lerchner. beta-vae: Learning basic visual concepts with a
constrained variational framework. ICLR (Poster), 3, 2017.

Raban Iten, Tony Metger, Henrik Wilming, Lidia del Rio, and Renato Renner. Discovering phys-
ical concepts with neural networks. Physical Review Letters, 124(1), January 2020. ISSN
1079-7114. doi: 10.1103/physrevlett.124.010508. URL http://dx.doi.org/10.1103/
PhysRevLett.124.010508\

Di Jin, Elena Sergeeva, Wei-Hung Weng, Geeticka Chauhan, and Peter Szolovits. Explainable deep
learning in healthcare: A methodological survey from an attribution view. WIREs Mechanisms
of Disease, 14(3), January 2022. ISSN 2692-9368. doi: 10.1002/wsbm.1548. URL http:
//dx.doi.org/10.1002/wsbm.1548.

Pierre-Alexandre Kamienny, Stéphane d’ Ascoli, Guillaume Lample, and Frangois Charton. End-to-
end symbolic regression with transformers. Advances in Neural Information Processing Systems,
35:10269-10281, 2022.

Alan Kaptanoglu, Brian de Silva, Urban Fasel, Kadierdan Kaheman, Andy Goldschmidt, Jared
Callaham, Charles Delahunt, Zachary Nicolaou, Kathleen Champion, Jean-Christophe Loiseau,
J. Kutz, and Steven Brunton. Pysindy: A comprehensive python package for robust sparse system
identification. Journal of Open Source Software, 7(69):3994, January 2022. ISSN 2475-9066.
doi: 10.21105/j0ss.03994. URL http://dx.doi.org/10.21105/joss.03994l

Pang Wei Koh, Thao Nguyen, Yew Siang Tang, Stephen Mussmann, Emma Pierson, Been Kim, and
Percy Liang. Concept bottleneck models. In Hal Daumé IIT and Aarti Singh (eds.), Proceedings of
the 37th International Conference on Machine Learning, volume 119 of Proceedings of Machine
Learning Research, pp. 5338-5348. PMLR, 13-18 Jul 2020. URL https://proceedings.
mlr.press/v119/koh20a.htmll

Ziming Liu and Max Tegmark. Machine learning conservation laws from trajectories. Physical
Review Letters, 126(18), May 2021. ISSN 1079-7114. doi: 10.1103/physrevlett.126.180604.
URLhttp://dx.doi.org/10.1103/PhysRevLett.126.180604.

Ziming Liu, Yixuan Wang, Sachin Vaidya, Fabian Ruehle, James Halverson, Marin Soljacié,
Thomas Y. Hou, and Max Tegmark. Kan: Kolmogorov-arnold networks, 2024. URL https:
//arxiv.org/abs/2404.19756.

Nour Makke and Sanjay Chawla. Interpretable scientific discovery with symbolic regression: A
review, 2022. URL https://arxiv.org/abs/2211.10873.

Georg Martius and Christoph H. Lampert. Extrapolation and learning equations, 2016. URL
https://arxiv.org/abs/1610.02995.

Tanner Mengel, Patrick Steffanic, Charles Hughes, Antonio Carlos Oliveira da Silva, and Christine
Nattrass. Interpretable machine learning methods applied to jet background subtraction in heavy-
ion collisions. Physical Review C, 108(2), August 2023. ISSN 2469-9993. doi: 10.1103/physrevc.
108.1021901. URL http://dx.doi.org/10.1103/PhysRevC.108.L021901.

12


https://doi.org/10.1103/physrevresearch.3.l042035
https://doi.org/10.1103/physrevresearch.3.l042035
http://dx.doi.org/10.1007/s10506-020-09260-6
http://dx.doi.org/10.1007/s10506-020-09260-6
http://dx.doi.org/10.1088/0256-307X/40/2/027501
http://dx.doi.org/10.1103/PhysRevLett.124.010508
http://dx.doi.org/10.1103/PhysRevLett.124.010508
http://dx.doi.org/10.1002/wsbm.1548
http://dx.doi.org/10.1002/wsbm.1548
http://dx.doi.org/10.21105/joss.03994
https://proceedings.mlr.press/v119/koh20a.html
https://proceedings.mlr.press/v119/koh20a.html
http://dx.doi.org/10.1103/PhysRevLett.126.180604
https://arxiv.org/abs/2404.19756
https://arxiv.org/abs/2404.19756
https://arxiv.org/abs/2211.10873
https://arxiv.org/abs/1610.02995
http://dx.doi.org/10.1103/PhysRevC.108.L021901

Under review as a conference paper at ICLR 2025

Cole Miles, Matthew R. Carbone, Erica J. Sturm, Deyu Lu, Andreas Weichselbaum, Kipton Barros,
and Robert M. Konik. Machine learning of kondo physics using variational autoencoders and
symbolic regression. Physical Review B, 104(23), December 2021. doi: 10.1103/physrevb.104.
235111. URL https://doi.org/10.1103/physrevb.104.235111.

Hendrik Poulsen Nautrup, Tony Metger, Raban Iten, Sofiene Jerbi, Lea M Trenkwalder, Henrik
Wilming, Hans J Briegel, and Renato Renner. Operationally meaningful representations of phys-
ical systems in neural networks. Machine Learning: Science and Technology, 3(4):045025,
December 2022. doi: 10.1088/2632-2153/ac9ae8. URL https://doi.org/10.1088/
2632-2153/ac9ae8.

Zakaria Patel, Ejaaz Merali, and Sebastian J] Wetzel. Unsupervised learning of rydberg atom array
phase diagram with siamese neural networks. New Journal of Physics, 24(11):113021, November
2022. ISSN 1367-2630. doi: 10.1088/1367-2630/ac9c7a. URL http://dx.doi.org/10.
1088/1367-2630/ac9c7al

Brenden K Petersen, Mikel Landajuela Larma, Terrell N Mundhenk, Claudio Prata Santiago,
Soo Kyung Kim, and Joanne Taery Kim. Deep symbolic regression: Recovering mathematical
expressions from data via risk-seeking policy gradients. In International Conference on Learning
Representations, 2020.

Subham Sahoo, Christoph Lampert, and Georg Martius. Learning equations for extrapolation and
control. In International Conference on Machine Learning, pp. 4442-4450. PMLR, 2018.

Michael Schmidt and Hod Lipson. Distilling free-form natural laws from experimental data. Science,
324(5923):81-85, April 2009. ISSN 1095-9203. doi: 10.1126/science.1165893. URL http:
//dx.doi.org/10.1126/science.1165893.

Florian Schroff, Dmitry Kalenichenko, and James Philbin. Facenet: A unified embedding for face
recognition and clustering. CoRR, abs/1503.03832, 2015. URL http://arxiv.org/abs/
1503.03832L

Trevor Stephens. Gplearn version 0.4.2. https://github.com/trevorstephens/
gplearn), 2022.

Silviu-Marian Udrescu and Max Tegmark. Ai feynman: A physics-inspired method for symbolic
regression. Science Advances, 6(16), April 2020. ISSN 2375-2548. doi: 10.1126/sciadv.aay2631.
URLhttp://dx.doi.org/10.1126/sciadv.aay2631.

M. Virgolin, T. Alderliesten, C. Witteveen, and P. A. N. Bosman. Improving model-based genetic
programming for symbolic regression of small expressions. Evolutionary Computation, 29(2):
211-237,2021. ISSN 1530-9304. doi: 10.1162/evco_a_00278. URL http://dx.doi.org/
10.1162/evco_a_00278.

Sebastian J. Wetzel. Unsupervised learning of phase transitions: From principal component anal-
ysis to variational autoencoders. Physical Review E, 96(2), August 2017. ISSN 2470-0053.
doi: 10.1103/physreve.96.022140. URL |http://dx.doi.org/10.1103/PhysRevE.
96.022140.

Sebastian J. Wetzel and Manuel Scherzer. Machine learning of explicit order parameters: From the
ising model to su(2) lattice gauge theory. Physical Review B, 96(18), November 2017. ISSN
2469-9969. doi: 10.1103/physrevb.96.184410. URL http://dx.doi.org/10.1103/
PhysRevB.96.184410.

Sebastian J. Wetzel, Roger G. Melko, Joseph Scott, Maysum Panju, and Vijay Ganesh. Discovering
symmetry invariants and conserved quantities by interpreting siamese neural networks. Physical
Review Research, 2(3), September 2020. ISSN 2643-1564. doi: 10.1103/physrevresearch.2.
033499. URL http://dx.doi.org/10.1103/PhysRevResearch.2.033499.

Sebastian Johann Wetzel. Closed-form interpretation of neural network classifiers with symbolic
regression gradients, 2024. URL https://arxiv.org/abs/2401.04978|

13


https://doi.org/10.1103/physrevb.104.235111
https://doi.org/10.1088/2632-2153/ac9ae8
https://doi.org/10.1088/2632-2153/ac9ae8
http://dx.doi.org/10.1088/1367-2630/ac9c7a
http://dx.doi.org/10.1088/1367-2630/ac9c7a
http://dx.doi.org/10.1126/science.1165893
http://dx.doi.org/10.1126/science.1165893
http://arxiv.org/abs/1503.03832
http://arxiv.org/abs/1503.03832
https://github.com/trevorstephens/gplearn
https://github.com/trevorstephens/gplearn
http://dx.doi.org/10.1126/sciadv.aay2631
http://dx.doi.org/10.1162/evco_a_00278
http://dx.doi.org/10.1162/evco_a_00278
http://dx.doi.org/10.1103/PhysRevE.96.022140
http://dx.doi.org/10.1103/PhysRevE.96.022140
http://dx.doi.org/10.1103/PhysRevB.96.184410
http://dx.doi.org/10.1103/PhysRevB.96.184410
http://dx.doi.org/10.1103/PhysRevResearch.2.033499
https://arxiv.org/abs/2401.04978

