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Abstract

Bilevel optimization is widely applied in many
machine learning tasks such as hyper-parameter
learning and meta learning. Recently, many algo-
rithms have been proposed to solve these bilevel
optimization problems, which rely on the smooth-
ness condition of objective functions of the bilevel
optimization. In fact, some machine learning
tasks such as learning language model do not sat-
isfy the smoothness condition of objective func-
tions. More recently, some methods have be-
gun to study generalized smooth bilevel optimiza-
tion. However, these proposed methods for gen-
eralized smooth bilevel optimization only focus
on the (strongly) convex lower objective func-
tion. Meanwhile, these methods only consider
the generalized-smooth upper-level objective, but
still require the standard smooth lower-level ob-
jective in the bilevel optimization. To fill this
gap, in the paper, thus we study the generalized-
smooth bilevel optimization with the nonconvex
lower-level objective function, where both upper-
level and lower-level objectives are generalized-
smooth. We propose an efficient single-loop
Hessian/Jacobian-free penalty normalized gra-
dient (i.e., PNGBiO) method. Moreover, we
prove that our PNGBiO obtains a fast conver-
gence rate of O(ﬁ) for finding a stationary
solution, where 1" denotes the iteration number.
Meanwhile, we also propose a stochastic version
of our PNGBIO (i.e., S-PNGBiO) method to solve
stochastic bilevel problems, and prove that our S-
PNGBIO has a fast convergence rate of O(=i7).
Some experimental results on hyper-parameter
learning and meta learning demonstrate efficiency
of our proposed methods.
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1. Introduction

In this work, we focus on studying the following nonsmooth
nonconvex bilevel optimization, defined as

min z,Y), UL 1
z€R yey* () fe.y) b W
st. y*(z) £ arg min g(z,y), (LL)

yERP

where the upper-level (UL) function f(z,7) : R?xRP — R
is generalized-smooth, and nonconvex with respect to (w.r.t)
the variables x and y, and the lower-level (LL) function
g(z,y) : RY x RP — R is generalized-smooth and weakly
convex w.r.t the LL variable y. Problem (1) frequently
appears many machine learning tasks such as meta learn-
ing (Hao et al., 2024; Gong et al., 2024b) and deep neural
network pruning (Gao et al., 2024). Recently, bilevel opti-
mization has widely received attention in machine learning
community, due to its ability of capturing the hierarchical
structures in many machine learning tasks such as meta
learning (Ji et al., 2021; Hao et al., 2024) and reinforcement
learning (Hong et al., 2023). Meanwhile, many algorithms
have been developed to solve the bilevel optimization prob-
lems.

When the lower-level objective function g(z, y) on the vari-
able y is strongly convex and twice differential, fortunately,
we can get a closed-form gradient of the upper-level objec-
tive function F'(z) = f(x,y*(z)), defined as

VEF(z) =Vif(x,y"(z)) 2
— Vig(z, y* (2)) Vg (x, y* (2) "' Vaf(z,y* ().

Recently, based on the above closed-form gradient (2), some
effective approximated gradient algorithms (Ghadimi &
Wang, 2018; Ji et al., 2021; Hong et al., 2023) have been pro-
posed to solve bilevel optimization by using the following
approximated gradient:

Vi(z,9) = Vif(z,9) (3)
- V%QQ(% g)vglg(xv g)71V2f(CL', Q)a

where § is an approximate of the solution y*(x) =
arg min, g(z,y). For example, (Ghadimi & Wang, 2018)
proposed a class of approximated gradient methods based
on approximate implicit differentiation. (Ji et al., 2021) pro-
posed an effective approximated gradient methods based on
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Table 1. Comparison of our method and the existing methods for generalized-smooth bilevel optimization. Here S denotes the standard
smoothness condition. GS denotes the generalized-smoothness condition. SC denotes the strongly convex condition. NC denotes the
non-convex condition. H.J.F. stands for Hessian/Jacobian-Free. Here f(-,-) and g(-, -) denote the upper-level and lower-level objective
functions, respectively. g(x, -) denotes function on the second variable y with fixing variable x.

Algorithm Reference g(,) | f(,) | g(z,-) | Single-Loop | H.J.F.
BO-REP (Hao et al., 2024) S GS SC
SLIP (Gong et al., 2024b) S GS SC v
ACCBO (Gong et al., 2024a) S GS SC
PNGBiO/S-PNGBiO ours GS GS NC Vv N4

the iterative differentiation. More recently, (Huang, 2023;
2024) studied the nonconvex bilevel optimization where the
lower-level objective function g(z, y) on the variable y is lo-
cal strongly convex based on the following projection-aided
approximated function, defined as

ﬁf(xvg) :vlf(xag) 4
- V%ZQ(wv g) (S[;L,Lg] [V%QQ((E, Q)] ) 71v2f(1'7 g)a

where S, 1,,1[] denotes a projection on the set {X € R%*? :
< o(X) < Ly}, and p(-) denotes the eigenvalue func-
tion. In particular, (Huang, 2024) proposed an optimal
Hessian/Jacobian-free method by using finite-difference es-
timator to approximate the projection-aided function (4).

When the lower-level objective function g(z, y) on the vari-
able y is not (local) strongly convex, unfortunately, we can
not get a closed-form gradient defined in (2). Thus, most of
the existing methods (Liu et al., 2021; 2022; Kwon et al.,
2023a; Liu et al., 2024) solve the following single-level con-
strained optimization problem instead of directly solving
the bilevel optimization problem, defined as

min

,y) stg(w,y) — min g(z,y) <0. (5
pemmin  f@y) stog(z,y) - min g(z,y) ®)

For example, (Liu et al., 2021) proposed a value-function-
based interior-point method for nonconvex bilevel optimiza-
tion. Meanwhile, (Liu et al., 2022) designed an effective
dynamic barrier gradient descent method for bilevel opti-
mization. More recently, (Liu et al., 2024) solve a variant
of the single-level constrained optimization problem (5),
where uses its Moreau envelope instead of the problem
minyere g(2,y) in the problem (5), defined as

[z, y) 6)

min

.t — <
mERd’,yERP s.t g(xay) U’Y(xay) — 07

. 1
vy(@,y) = moin g(z.6) + 7116 — "

So far, the above methods for bilevel optimization rely on the
smoothness of its objective functions. In fact, some machine
learning tasks such as learning language model (Zhang et al.,
2019) and distributionally robust optimization (Chen et al.,
2023) do not satisfy the smoothness condition of objective

functions. More recently, thus, some methods (Hao et al.,
2024; Gong et al., 2024b) have begun to study generalized
smooth bilevel optimization. However, these proposed meth-
ods for generalized smooth bilevel optimization only focus
on the (strongly) convex lower objective function. Mean-
while, these methods only consider the generalized-smooth
upper-level objective, but still require the standard smooth
lower-level objective in the bilevel optimization.

In this paper, to fill this gap, we study the generalized-
smooth bilevel optimization problem (1), where both upper-
level and lower-level objectives are generalized-smooth,
and its lower-level is nonconvex. We propose an efficient
Hessian/Jacobian-free penalty normalized gradient (i.e.,
PNGBIiO) method to solve the deterministic problem (1).
Meanwhile, we also propose a stochastic PNGBiO (i.e.,
S-PNGBiO) method to solve the stochastic version of prob-
lem (1), defined as

i Eep[F (2, y;8)];
e, e p[F(z,y;¢)]

st y*(z) £ arg min Ecoo[G(z,45¢)],  (LL)

(UL) (M

where f(z,y) Eevp[F(z,y:¢)] and g(z,y)
Ecro[G(z,y;¢)]. Here £ and ¢ are random variables.

In summary, our contributions are as follows:

(1) We propose an efficient single-loop PNGBiO method to
solve the generalized-smooth nonconvex bilevel prob-
lem (1). Meanwhile, we also present a stochastic ver-
sion of PNGBIO (i.e., S-PNGBiO) method to solve
problem (7). In particular, our methods only use the
first-order gradients instead of high computational Hes-
sian/Jacobian matrices, so it has a lower computation
at each iteration.

(2) We present a solid convergence analysis for our meth-
ods. Under some mild conditions, we prove that ob-
tains a fast convergence rate of O(ﬁ) for finding a
stationary solution of the problem (1). Meanwhile, we
also prove that our S-PNGBIiO has a fast convergence
rate of O(ﬁ) for finding a stationary solution of the
problem (7).
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(3) We provide some numerical experiments on data hyper-
cleaning, hyper-parameter learning and meta learning
to demonstrate efficiency of our methods.

2. Related Work

In this section, we review the generalized smoothness condi-
tion in optimization algorithms and the algorithms of bilevel
optimization with nonconvex lower-level.

2.1. Generalized smoothness condition

The generalized smoothness condition firstly was studied in
(Zhang et al., 2019), and was applied to the gradient clipping
and normalized gradient methods. Subsequently, (Zhang
et al., 2020) studied the momentum-based gradient clip-
ping method under the generalized smoothness condition.
Meanwhile, (Qian et al., 2021; Zhao et al., 2021) studied
the incremental gradient clipping and stochastic normalized
gradient methods under the generalized smoothness condi-
tion, respectively. Recently, (Chen et al., 2023) proposed a
new symmetric generalized smoothness, which extends the
standard (Lo, L1)-generalized smoothness, and studied the
variance reduction under this symmetric generalized smooth-
ness condition. Subsequently, (Li et al., 2023) presented a
more generalized smoothness condition and studied various
gradient-based methods under this condition. More recently,
(Hao et al., 2024; Gong et al., 2024b) studied the bilevel
optimization under the generalized-smoothness condition.
Meanwhile, (Xian et al., 2024) also studied the nonconvex
minimax optimization under the generalized-smoothness
condition.

2.2. Bilevel optimization with nonconvex Lower-Level

In recent years, numerous methods have been proposed
to solve the bilevel optimization with nonconvex lower-
level. For example, (Liu et al., 2022) proposed a first-order
method for nonconvex-PL bilevel optimization with noncon-
vex LL satisfying the PL condition. (Shen & Chen, 2023)
designed a penalty-based gradient method for constrained
nonconvex-PL cases. Subsequently, (Huang, 2023) pro-
posed momentum-based gradient methods for nonconvex-
PL bilevel optimization. Meanwhile, (Kwon et al., 2023a)
studied nonconvex bilevel optimization with LL meeting the
proximal error-bound (EB) condition similar to PL. (Kwon
et al., 2023b) proposed the FZBA method for nonconvex-
PL bilevel optimization, achieving the O(e~!) gradient
complexity when finding e-stationary solutions. However,
this method requires stricter conditions such as the Lips-
chitz Hessian of the upper-level function f(z,y). Although
achieving certain results, they both rely on computation-
ally expensive projected Hessian/Jacobian matrices. To
address this issue, (Huang, 2024) proposed the HIFBiO
method, using a finite-difference estimator and a new pro-

jection operator to replace high-cost matrices with low-cost
first-order gradients. On the other hand, (Liu et al., 2024)
proposed the MEHA method for general bilevel optimiza-
tion with nonconvex and possibly non-smooth LL objective
functions, avoiding Hessian-related approximations and en-
abling single-loop implementation.

Notation

For notational simplicity, let V1 f(z,y) and Vo f(x,y) de-
note the partial differentiation of function f(z,y) on the
first variable = and the second variable y, respectively. || - ||
denotes the ¢ norm for vectors and spectral norm for ma-
trices. (x,y) denotes the inner product of two vectors x
and y. F; := a(xo,yO,HO,SO,Sg,Sg, . ,St,S;,S;) is
a o-algebras. E[-|F;] is the conditional probability given
the ¢-th iteration. And E[] is the expectation operator w.r.t.
stochastic variables. Let {z'} denote a sequence.

3. Preliminaries

In the problem (1), since lower-level objective g(x,y) is
nonconvex on variable y, we can not easily get the mini-
mum of lower-level problem minyecgrr g(z,y). Thus, we
reformulate the lower-level problem by using a value func-
tion defined as:

A .
v(w) = min g(z, y). ®)
Then, the problem (1) is equivalent to the following nonlin-
ear programming problem

f(z,y),

min

(2,5)ERI xRP st.g(z,y) —v(x) <0, (9)

which was initially introduced by (Outrata, 1990). Unfortu-
nately, the local solutions of the reformulated problem (9)
do not necessarily correspond to the stationary points of the
problem (1) (Alcantara & Takeda, 2024). Therefore, we
consider a Moreau envelope problem of problem (9) as in
(Liu et al., 2024), which also can be seen as an approximate
problem:
min
(z,y) ERIXRP

flz,y), stg(xy) —vy(r,y) <0, (10)

, 1
vy(@,y) = poin g(x.6) + 7|16 — I

where v > 0 is regularization tuning parameter. Here we
solve the following Lagrange function ( i.e., penalized func-
tion) instead of directly solving the problem (10), defined
as:

min

peiiin @)+ e (9(z,y) —vy(z,)), (D

where ¢; > 0 is a penalty parameter.
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Figure 1. Relationship of the bilevel optimization problem (1) and
the approximated optimzation problem (10).

i 5, y), ostogle,
i L, f@ ), stley)

) A mi .
v(z) £ min g(z,y)

For the problem (11), we consider the following residual
function, defined as

Ry(x,y) := dist(0, Vf(z,y) + c(Vg(z,y) —

This residual function is a stationary measure for the prob-
lem (11). When (z,y) is the stationary point to the
problem (11), it follows that V f(z,y) + ¢(Vg(z,y) —
Vo, (z,y)) = 0. Based on Theorem A.4 of (Liu et al.,
2024), it is known that any limit point (Z, 7) of sequence
(xt,y') is a solution to the problem (10).

4. Penalty Normalized Gradient Methods

In this section, we propose an effective single-loop penalty
normalized gradient (PNGBiO) method to solve the deter-
ministic bilevel optimization problem (1). Meanwhile, we
present a stochastic PNGBIiO (i.e., S-PNGBiO) method to
solve the stochastic bilevel optimization problem (7).

The PNGBIO algorithm is provided in Algorithm 1. From
the above section, our PNGBiO method solve the bilevel
optimization problem (1) by directly solving the approxi-
mated problem (10). Figure 1 shows that the relationship of
these problems. Here we use the penalty method to solve the
approximated problem (10) by directly solving the problem

(1D).

In Algorithm 1, given the current {x?, 3, 0}, we begin with
updating the variable 6, defined as

9t _ yt
9t+1 — et _ nt(v2g(xt,9t) + > )’ (12)
where 7; > 0. Then we give two gradients:

1
&, = TVt y) + Vigla',y) — Vaglat, 67,

t

(13)

1 pt+1 _ yt
dzt/ — ZVQf(It+1,yt) + Vgg(l’t+1, yt) + #7

t

(14)

Vo, (2.9))).

Algorithm 1 PNGBiO Algorithm

Input: Iteration number 7', initialization 29, yO, 90, learning
rates 7, o, Bt, proximal parameter v > 0, penalty parame-

ter c; > 0;
Output: 27, y7
I: fort=0,1,---, T —1do

2 9 =0 —ny (Vag(at,0") + (Gt —y");
Compute d. = Cltvlf(a? y) + Vig(a',y) —
Vaglat, o),

4:  Update z'+! = 2t — Qi giys
Compute df, = LV, f(z", 4"
Lo )

dt
— A
Yy = Pryaty-

t

)+ Vag(z',y") +

6:  Update y'*?
7: end for

to update the variables x and y, respectively. At the lines
4 and 6 of Algorithm 1, we use the normalized gradient
descent to update the variables x and y. Compared with the
MEHA algorithm of (Liu et al., 2024), our PNGBiO algo-
rithm uses the normalized gradient descent iteration, which
unify the feature scales to make the gradient update more
stable and efficient, and facilitating the rapid convergence
of algorithm.

Algorithm 2 provides an algorithmic framework for our S-
PNGBiO method, which extends Algorithm 1 to a stochastic
setting. At the line 2 of Algorithm 2, we randomly draw
three independent minibatch samples S} = {en B,

D, St = {¢} ~ 0, and St = {¢!}7) ~ O. Then at
its line 3, we update the variable 6 as follows,

o1 — ( Zw (@06 + (0 ))-

(15)

The gradients for updating the variables x and y are given,

By
~ 1 /1
d = B( S ViFG gl (16)
=1
B:
Y (VIO ~ TG0 ).
=1
L1l &
di, = Bt(CtZVzF(xt“,yt;éf) an
i=1
gt+1 _ yt

By
3Vt cf)) n
=1
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Algorithm 2 S-PNGBiO Algorithm

Input: Iteration number 7', initialization 29, yO, 90, learning
rates 7, o, Bt, proximal parameter v > 0, penalty parame-
ter ¢; > 0 and mini-batch size B; > 1;
Output T yT
:fort=20,1,---, T —1do
2: Randomly drawn three independent minibatch sam-
ples Sp = {g]}i2) ~ D. S) = {¢[}iy ~ O, 8} =
¢ }?:tl ~0
3:  Update §'F! = 6 —n, (
20" —=y"):

B iy VaG(at, 048 +

g B,

4 Compute d! = B%Zi:l (évlF(l”t?yt%ff) +
ViG(at,y' ¢f) — VaG(at, 0775 )

5. Update z'*! = 2t — atﬁ;

6:  Compute JZ = B% Zﬁl (C%VzF(thayt;ff) +

gt+l_yt
VoG(ath yt () + 5=
gt
7. Update y'+! =yt — 5t%—f.
lldt ]

8: end for

5. Convergence Analysis

In this section, we study the convergence properties of our
PNGBIiO and S-PNGBiO method under some mild assump-
tions. All related proofs are provided in the following Ap-
pendix A. We first give some standard assumptions on the
lower-level objective f(z,y) and the upper-level objective

9(x,y).

For notational simplicity, let v = (x,y), v = (2,
p € (0,1)and u,, = pu’ + (1 — p)u. Further let p6 + (
)8 (z,y) and M = max,c(o.1] [V1g(x,0,)|, where

Yy,
1_

1
0:(w,y) = arg min g(x,0) + allﬁ —y|I%.

Assumption 5.1. The upper-level objective function f(u)
is bounded below, i.e., f* = inf, cpayps f(u) > —o0.

Assumption 5.2. (Generalized Smoothness of UL
Function) There exists Ly.0, Ljfz1, Lypyo and
Ly such that [|[Vqf(u) — Vif(W)]] < (Lyzo +
Lpo1max; o) [Vif(w)|?)|u — o' and [V f(u) —
Vo (W) < (Lpyo+Lyyamaxueo, [IVaf (u)]?)lu—
u'||, where p € [0, 1] is a constant.

Assumption 5.3. (Generalized Smoothness of LL Func-
tion) There exists Lgz 0, Lgz,1, Lgyo and Lgy 1 >
0 such that ||[Vig(u) — Vig(W)|| < (Lgzo +
Ly maxyego 1) [V19(u,)[17) [ — ' and [|Vag(u) -
Vag(W')|| < (Lgy,0 + Lgy,1 maxyeo,1) [[Vag(up)[|?)]Ju—
u’||, where p € [0, 1] is a constant.

Assumption 5.4. The lower-level objective function g(-, )
is (Kg,, kg, )-weakly convex on R x RP, i.e., g(z,y) +

29 || 2||? + 222 y[|? is convex on R x RP.

Assumption 5.1 gives a lower bound of the upper-level ob-
jective function, which ensures the feasibility of the prob-
lem (1). Assumption 5.2 shows the generalized smoothness
condition of the upper-level objective as in (Chen et al.,
2023), which is milder than the generalized smoothness
condition used in (Hao et al., 2024; Gong et al., 2024b).
Moreover, we also give the generalized smoothness condi-
tion of the lower-level objective in Assumption 5.3, which
instead of the standard smoothness condition of lower-level
objective used in (Hao et al., 2024; Gong et al., 2024b).
Assumption 5.4 shows that the lower-level objective func-
tion is weakly convex as in (Liu et al., 2024). In fact, this
nonconvex lower-level objective condition used in our paper
is also milder than the strongly-convex lower-level objective
condition used in (Liu et al., 2024).

5.1. Deterministic Setting

Theorem 5.5. Under Assumptions 5.1, 5.2, 5.3
and 5.4, given v € (0,52), ¢, = c(t + HV*

g2
with ¢ > 0, and when p € [0,1) let 0 < oy <
Il Vs (@t y)I+1Vig(z®y")ll

4(K0+m+K1+2K2)+8(1+WJ YL2C+6[V1g(zt,0tF )|’
2 V2 f(z*y*) I+ V2g(z’y")ll
0<B = A(Ka+rt Kat2Ks) 18(1+ 7 ) L3C when p = 1
v f(wt,yt)HHW 9=yl
l€t0<0tt§ - 21 & gtr1y||?
(L0+H+L1)+8(1+ mrrgg ) LACH6[Vig(at 0t )]
&V f(Tt,yt)H-HIV gyl
0 < B < T 2 —, and
4(L2+K+L3)+8(1+ntﬁg )L2C

1+4C ((ng,oJrng,l M)”;f;”ﬂzﬁ;%)

2k, C ’

1+
n € (
1/v—Kgy

where
(1/v+Lgy,0+Lgy,1 max,e(o,1) IVzg(zﬁ:(m,y)u)l”V)’

C = Lgzo + LgaaMP + %
{xt,yt, 0P}, generated by Algorithm 1 satisfies

The the sequence of

1

t g/t ot —

On}fm 10" — 03 (z ,y)H*O(Tl/Q)’
1

. 1, 141

OglélTRt(x YT) = O(Ti)
1

9@’ y") —vy (=" y") = O( ).
Tz

Remark 5.6. From the above Theorem 5.5, the two
terms ming<i<r [|0° — 0% (2', yh)|| = O(ﬁ) and
ming<;<7 Ry (2t yttl) = O(i) shows that our PNG-
BiO algorithm has a convergence rate O( T ) to obtain
the stationary solution of the problem (10). Adding the
term g(z7,yT) — v, (2T, yT) = O(T%) ensures that the

sequence {g(z", y*)} approaches the sequence {v (2", y")},
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so the above three terms show that our PNGBiO algorithm
has a convergence rate O( ) to obtain the stationary so-

lution of the problem (1). Thus our PNGBiO method can
obtain a gradient complexity of O(¢~*) for finding an e-
stationary solution of the problem (1).

5.2. Stochastic Setting

Assumption 5.7. The stochastic gradient is unbiased, i.e.,

Een[VE(z,y;:6)] = V(2,y), EcvolVG(2,y; ()] =
Vg(x,y). The variances of stochastic gradient estimators
are bounded:

Eep[l|VE(z,y;€)
E¢~olllVG(z,y;C)

— Vf(z,y)|°] <67,
— Vg(z,y)|*] < 62

Assumption 5.7 is the classical assumption for stochastic
algorithms (Hong et al., 2023; Kwon et al., 2023b). By As-

. . ~ 1524202
sumption 5.7, we have the variance ||d’, —d’||* < “=5—*

and ||d!, — d!||* <

Theorem 5.8. Under Assumptions 5.1, 5.2, 5.3, 5.4 and

5.7, given v € (0, 2; ) e = c(t + 1)Y* withe > 0
g2

and B; = O(T/2), and when p € [0,1) let 0 < a; <
2 Vif (@ ") I+1Vig(z®y")ll

1 2 2
205ty
By

4(Ko+m+K1+2Kz+2)+8(1+nMJ Y L2CT 0V 1g (@t o)’ 0 <
3 12 Va2 f (et y") |+ V20(a? 7y Ol h 1 let
U= 4(Ks+rt+Kat2K5+2)+8(1+ when p =1 le

T30
0 < a < I Vst y)I+IVig(zt,y")ll
t = 4(L0+H+L1+2)+8(1+77M YLZC+6[[V1g(zt,0tt )|’

(s sz(wt,yt)HHIVzg(:ct,yt)H
0 < 51& S 4(L2+'€+L3+2)+8(1+ntn )LQC; and
1+
Nt € (
1/v—kgy

where
(1/v+Lgy,0+Lgy,1 max,e(o,1) IVzg(rﬁ:(x,y)u)lf’V)’

C = Lgm’() + Lgx’lMp + %
(xt,yt, 0) generated by Algorithm 2 satisfies

1+4C ((Lga. ot+Lgaz, 1]\/[) ||dt 1 + 2||dt )

2Kg,C ’

Then the sequence of

1
t t ,t _ R
omtm E[|6° — (ﬂ? Ol = O(T1/2)’
1
. t+1 ) t+1N]
ogltlélTE[Rt(x W= (Tl/ﬁ)’
1
E[g(xT,yT) - v"y(xT; yT)] = O(T1/4)‘

Remark 5.9. From the above Theorem 5.8, the two
terms ming<i<r E|0° — 03(a",3")|| = O(zi7) and
Lyt )] = O(TL) shows that our S-

PNGBIiO algorithm has a convergence rate O ( poe:

ming<;<7 E[Ry(x
) to obtain
the stationary solution of the problem (10). Adding the term

E[g(:z:T, yT) — v, (27, yT)] = O(T%) ensures that the se-
4
quence {g(z',y")} approaches the sequence {v,(z*,y")},

so the above three terms show that our S-PNGBIO algorithm
has a convergence rate O( ) to obtain the stationary solu-

tion of the problem (7). Thus, our S-PNGBiO method can
obtain a gradient complexity of Zthl By =TB; = 0(¢7?)
for finding an e-stationary solution of the problem (7).

6. Numerical Experiments

In this section, we conduct some experiments on data hyper-
cleaning, hyper-parament learning and meta learning to
verify efficiency of our proposed methods. We evaluate the
performance of our PNGBiO and S-PNGBiO algorithms in
terms of loss and test accuracy by comparing it with sev-
eral competitive baseline algorithms, including BOME (Liu
et al., 2022), F2SA (Kwon et al., 2023a), PBGD (Shen &
Chen, 2023), MEHA (Liu et al., 2024) and SLIP (Gong
et al., 2024b). Due to a high computational cost of com-
puting Hessian and Jacobia matrices required in the SLIP
algorithm, we omit it on conducting the meta learning task
at theCIFARI10 dataset (Krizhevsky et al., 2009).

6.1. Data Hyper-Cleaning

In this experiment, we conduct the data hyper-cleaning task
(Franceschi et al., 2017; Shen & Chen, 2023) on the on
MNIST (Deng, 2012) and FashionMNIST (Xiao et al., 2017)
datasets, respectively. Specifically, we solve the following
bilevel optimization problem

I’Illn |S l| Z E'ual xZaylae (A))

1€Syal

s.t. 0%(\) = argmm

Z Ai Efr xzayza )7

lES

where S,4; and Sy, denote validation and training datasets,
respectively, and 6 = (w, b) denotes the parameter of logis-
tic regression.

In the experiment, the dataset is partitioned into a training
set, a validation set, and a test set at a ratio of 1:1:2. For

our algorithm, we set 7, = 0.01, ay = H({lg’s, By =
% in MNIST dataset and 7, = 0.01, oy = %,

By = % in FashionMNIST dataset. The learning rate

settings of other algorithms are shown in the following Table
2 and Table 3.

From Figures 2 and 3, we can find that our PNGBiO algo-
rithm achieves a higher accuracy and a lower loss value on
the test set. However, during the experiment, the conver-
gence speed of our algorithm is slower compared to that of
the F2SA. This disparity can be attributed to the fact that the
F2SA employs a momentum acceleration technique, which
is absent in our algorithm.
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Figure 3. Experimental results of data hyper-cleaning on FashionMNIST dataset.

Table 2. Data hyper-cleaning learning rates of other algorithms on
MNIST dataset.

BOME F?SA PBGD MEHA SLIP
oy 1.05 0.05 0.1 0.01 1.3
B 1.05 0.05 0.1 0.03 0.5
Nt 0.01 0.01 0.01 0.01 -

Table 3. Data hyper-cleaning learning rates of other algorithms on
FashionMNIST dataset.

BOME F’SA PBGD MEHA SLIP
a 0.00T r 0.00T 0.1 0.0005 0.00T
T AN 7 )
B| el B 01 0001 2%
m | 001 001 001 001 -

6.2. Hyper-Parameter Learning

In this experiment, we conduct the hyper-parameter learning
task (Franceschi et al., 2018) on MNIST (Deng, 2012) and
FashionMNIST (Xiao et al., 2017) datesets, respectively.
Specifically, we solve the following bilevel optimization
problem

Z L(zi,yisw ()‘))

m/\in Csmz (

|Sval| 1€Syal
1
st w*(\) = argmln 5 g (L(zi, yi;w) + Ruwn),
tr
€Sty

where w denotes parameters of model, and A denotes pa-
rameters of regularization. Here S,,; and S, are valida-
tion and training data, £ is the cross-entropy loss, and
R, is a regularizer. In the experiment, we use logis-
tic regression. For our algorithm we set n; = 0.01,
a = ﬁ, B = 2T in MNIST dataset and

(t+1)
= 0.01, oy = ﬁ, By = W in FashionM-
NIST dataset. The learning rate settings of other algorithms

are shown in the following Table 4.

Figures 4 and 5 also show that our PNGBIiO algorithm
achieves a higher accuracy and a lower loss value on the
test set. Similarly, the convergence speed of our algorithm
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Figure 4. Experimental results of hyper-parameter learning on MNIST dataset.

\ —— PNGBIO

70

Train Loss
Train Accc(%)

—— PNGBIO

i sLp
i —= MEHA
i wiese PBGD
i — FsA
—— BOME

) 100 200 300 400 500 ) 100 200 300 400 500
Iterations. Iterations.

TEST Loss

\ —— PNGBIO

70

TEST Acc(%)

) 100 200 300 400 500
Iterations.

100 200 300 400 500
Iterations.

Figure 5. Experimental results of hyper-parameter learning on FashionMNIST dataset.

Table 4. Hyper-parameter learning rates of other algorithms on
MNIST(FashionMNIST) dataset.

BOME F?’SA PBGD MEHA SLIP
oy 1.05 0.05 0.1 0.01 1.3
Bt 1.05 0.05 0.1 0.03 0.5
Mt 0.01 0.01 0.01 0.01 -

is slower compared to that of the F2SA.

6.3. Meta Learning

In this experiment, we conduct the meta learning
task (Franceschi et al., 2018), which can be represented
by a bilevel optimization problem. Specifically, given K
tasks and training sets {D!"|i = 1,--- , K} and validation
sets {D¥%|i = 1,--- , K}, we solve the following bilevel
optimization,

1 K

B

Table 5. Meta learning rates of other algorithms on CIFARI10
dataset.

BOME F?SA MEHA PBGD
o 0.03 0.01 0.05 0.05
Bt 0.03 0.02 0.01 0.01
u 0.03 0.04 0.03 0.01

where y = (y1,y2, - ,yx). In the experiment, a fully-
connected 3-layer used as a classifier for the LL, and a
neural network consisting of one convolutional layer and
three residual layers used as the UL.

We construct K = 5, where D! and DY randomly sample
disjoint categories from the CIFAR10 dataset (Krizhevsky
etal., 2009), respectively. We use Resnet-18 (He et al., 2016)
as task-shared model at the UL problem, and use a 2-layer
neural network as task-specific model at the LL problem.
Clearly, both UL and LL problems are non-convex. To
ensure fairness, we adopt runtime as the metric. We run each
method for 1800 seconds (CPU time) with minibatch size
64 for both training and validation set. For our algorithm,
we set 7, = 0.05, ax = 7310, Bt = (7140 in CIFARIO
dataset. The learning rate setting of other algorithms are
shown in the following Table 5.
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Figure 6. Experimental results of meta learning on CIFAR10 dataset.

Figure 6 illustrates that under the same time, our S-PNGBiO
algorithm achieves a faster convergence rate than these base-
lines, and achieves higher accuracy and lower loss values
on the test set. In other words, our algorithm S-PNGBiO
consistently yields higher test accuracy and lower loss val-
ues while maintaining performance stability throughout the
evaluation, thereby showcasing a robust generalization ca-
pability.

7. Conclusion

In this paper, we studied the generalized smooth bilevel
optimization with the nonconvex lower-level objective, and
proposed an efficient penalty normalized gradient (i.e., PNG-
BiO) method to solve the deterministic bilevel problem (1).
Moreover, we proved that our PNGBiO method has a fast
convergence rate of O(T%) to find a stationary solution
of the problem (1). Meanwhile, we proposed a stochastic
version of PNGBIO (i.e.,S-PNGBiO) method, and proved
that our S-PNGBiO method has a fast convergence rate
of O (i%) to obtain a stationary solution of the stochastic

bilevel problem (7). In particular, our methods do not com-
pute expensive Hessian/Jacobian matrices and also do not
require any conditions on Hessian/Jacobian matrices, and
can simultaneously deal with the generalized smooth upper-
level and lower-level objectives in bilevel optimization.
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A. Appendix

In this section, we provide the detailed convergence analysis of our algorithm. We first review some useful lemmas and give
some new lemmas.

Lemma A.l. (Lemma A.7 of (Liu et al., 2024)) Let vy € (0, 52—), (2',y') € R? x RP. Then for any kv, > kgy, v, > %

7 2R,

and (z,y) on R? x RP, the following inequality holds:
K
_UW($7y) < _U’Y(xlvy/) - <V’U’Y($/7 y/)a (x,y) - (1‘/, y/)> + 5”(@"7:‘/) - (xlay/)HQ’ (18)

where k := max{ky, , Ky, |-
Lemma A.2. (Lemma 2 of (Chen et al., 2023)) f is generalized smooth if and only if for any u, u' € R% x R?,

1
IVLf() = Vi f )] < (Lpeo + Lyoa / IV f(w)lPdp)l’ — ul), (19)

and

1
IVaf(u') = Vaf(u)l < (Lyzo+ fo,l/o IV 2 f () 1P dp) 1’ = wll, (20)

where u, = pu' + (1 — p)u, p € [0, 1].
Lemma A.3. (Lemma 5 of (Chen et al., 2023)) For any x > 0, C € [0,1], A > 0and 0 < w < W', such that A > v’ — w,
the following inequality holds

Cx¥ <o +C%. 21)
Proposition A.4. Under Assumptions 5.2 and 5.3, we have

(i) For p € [0,1), then for any u,u’ € R? x RP,

)+ gl0) £ () + gla) + (T £+ Vag(u) o’ ) + 5 (Ko + K1V f@)]” + [Vig(w)])
+ 20 u’ — ul 7 )|’ —ul?, (22)

and

)+ gl0) £ () + gla) + (Tal F(@) + gl =+ 5 (Ko + Kall - Vaf ()] + [ Tagla) )

+ 2K |0’ — | 77 ) [ — ulf?, (23)

p? 02 1 1
where KO = (%Lfmo + Lgx’())(2m =+ 1), K1 = max{fo,l,Lgm_rl} . 2m . 3/)’ K2 = (L};ﬁ =+ L;;’pl) .
2 p2 2
275 - 3°(1 — p)T7, K3 = (£Lpy0 + Lgyo)(277 + 1), Ky := max{Lyy1,Lgy1} - 277 - 3 and K5 =
1 1 2
(Lj,5+ Lo, h) 277 - 30°(1— p)T7.
(ii) For p = 1, then for any u,u’ € R% x RP,
1., L1 1 ) 1 1
) + o) S -0 + 900 + (2T17w) + Faglauf =)+ 3 (Lo + Lall =91 + [9ag(0)])

lu’ = ull® exp(Ly [ — ull), (24)

and

L F() + g(u) < () + 9(u) + (Vo () + Vaglu),u — ) + 3 (L + Lo(l--Vaf @)l + | Vag(w)])
t Ct Ct Ct
' = ull* exp(Ls||u’ = ul), (25)

where LQ = %Lfm,() + ng’o, L1 = HlaX{sz,l7 ng,l}’ LQ = éLfy,O + Lgy,O: L3 = maX{Lfyyl, Lgy,l}'

11
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Proof. According to Assumptions 5.2 and 5.3,

(i) for p € [0,1), we have
Cltﬂu’) + () — Citﬂu) — g(u) - <v1§tf<u> + V1g(u), — u)
1
- /O (vlcltﬂuu) + Vig(u,) - vlcitﬂu) — Vig(w) (' — w)dy
1 1 1
< [ 1902 ) + Vgl = V11 0) = Vil = uld
0 Ct C

For i/ € [0,1], we have u,, = p/v’ + (1 — g )u, such that p'uy, + (1 — p')u = p/ pu’ + (1 — ¢/ )u = .. Therefore,
we obtain

1 1
[ —=Vif(un) = =Vif(u)
Ct Ct
1 b )
< (= Lpeo+ Lyaa | 1= Vi) Pdpe) 1w, — ol
Ct o Ct
1 b ) ,
= ;thx,OH+fo,l ||;tv1f(uu/u)|| pdp ) Jlu” — ul]. (26)
0

Let H(i') := L Lypop' + Lo fy |2V1f ) |Pi'din = L Lyaop! + Lyos i |12V f(uz)]?dz, we have the
derivative formula

1 1 1 1
OH(i') < ;thm,o + fo,l\lavlf(uuf) - *Vlf(U)Ilp + fo,l\\;tvlf(U)ll”
1
< —Lyeo + Lyl = ul"H(W)” + Lyaall Vlf( )I?
Ct
1
1 1.1 (LLfa0)?\”
S3sz,1(3IIU'UIIH(u')+3IIC flu )I+‘) : (27)
t L7, .

where the last inequality applies Jensen’s inequality to the concave function h(z) = z”. Rearranging the above
inequality yields that

317 Lo (1= p)llu’ —ull

1 1 i 1 (1wa0)% -’ /
= (L= pl = ull{ o = ullH() + | =Vaf ()l + =—=——) OH()
¢ L})xl
d 1 (LLpao)?\' "
= — (Il =ul|H@) + | =Vif)| + ] .
dp Ct e
fx,1

Integrating the above inequality over p/ € [0, u] yields that

1 AN
(10 = bt + 1 -9 s + )
t 3L;§x71

1— / ’ 1 ( wa U)% 1=p
<37 PLppa(1—p)llu’ —ullp+ <||u —ul[H(0) + ||gV1f( u)|| + 14—

L;‘)x,l
1
1 1 (& . Lf:v 0)?\'"
=7 (3(Lfm,1(1 =)l —ullp) 7 + ||cjv1f( u)|l + ) :
Lp
fx,1

12
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where the last inequality follows from H (0) = 0 and Jensen’s inequality to the concave function h(x) = 2*~7. Thus,
we can obtain
lu — ul| H ()
1 1
(éLfva); 1 prO
) - Ivas) - —2

o e 1
<21F (3(sz,1(1 =)l =)=+ =V f )l + = ’
¢t L7, . (ceLyen)?

)

such that
1 1 1 1
I=Vafw)ll < - Vif@)ll + 1 =Vif(up) = =Vif(u)]
t Ct Ct Ct

< Vi s )+ o’ = ul H i)

1

D=

. / = 1 L?‘T’O
<275 (3L (1= )’ — )™ + |2V fl)) + —320 ).
Ct (ctLfan)

Then we have
1 , 1
[=Vif(u') = =Vif(u)]
Ct Cy

1 1
< (=L - Pl —
< (- Lyno+ max | 1S @) )~ v

1

1 2 , I Lf.o ,
<\ = Lpeo+ Lien277 (| 3(Lza(1 = p)|lu’ —ul) ™= + | =Vif(u)| + ———= v — ull
C¢ & (Cthx,l)”

s

1 o2 | Lis
< (SLpm0+ L0ea2™ (P(Lpaa1 = Dl =) + 12V £ 1+ 22 !~
Ct Ct (Cthz 1)
1 2 22 1 = 2 oy o ,
< (2 Lpeo(U+2557) + Lyey - 25 -3 Vaf )+ L7 - 2757 301~ p) 25 o’ — | 757 ) Juf — u]|
t t
Similarly, we have

[Vig(u') = Vig(u)||
< (Lgx,o(l +270) + Lgg1 - 2777 - 3°||Vig(u) || + L, 5 - 2757 - 30(1— p) 77 | — u||1£ﬂ> (=

Therefore, we can obtain

1
/0 IIVlcltf(uu) + Vig(uy) - vlcltﬂu) — Vig)l|lle’ — ulldy

1
1 % o2 1 = .t o o
< /0 [ty — U||(afo,0(21‘“ +1)+ Lpgn- 277 ~3”||C—tV1f(u)||” + L5277 3 (1= p) e luf — T

0?2 02 4 0?2 P P
+ Lga,0(2777 + 1) + Lga1 - 2777 - 37| Vag(u)||” + Ly, - 2777 - 37(1 = p) 77 |u’ — || 77) o — ul|dp

1 7 2 1 /72 {72 1 < ﬂ2 P ’ P
—/ pllv” = ull (= Lya0(2777 + 1) + Lyo - 277 3P| =V f(w)|” + Ly - 2777 - 37 (1 = p) =7 [lu’ — || 7=
0 t t

el % P o = -2 o e, o
+ Lgz,0(277 + 1) + Lgz1 - 2777 - 37| Vag(u)[|” + Ly, 5 - 2777 - 37(1 — p) 77 [[u’ — ul[ 77 )dp

1 1 2 2% 1
= 5l = ulf? ((Qfo,o + Loz0) (277 + 1) A max{lye, Lgaa} - 2077 - 37(| =V f (@) + [Vag(w)ll”)+

= = p? p —p !
(LT, + L7) - 255 301 — p) ™55l — u||’f—ﬂ) | s
0

1 .
[u" — ull? <Ko + K1(||;tV1f(U)||p +[Vig(u)[|?) + 2Kz[u” — ull 1"),

DN | =

<
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2

where Ko := (£ Lyy0+ Lga0)(277 1), Ky = max{L sy 1, Lgp1}- 275 .30 and Ko _(waﬁ-Lng) 2757 .
3°(1 - p)T55.
Similarly, (23) can be proved.

(ii) For p = 1, we prove (24) as follows.
1 , , 1 1 ,
—f) +g(u') — —f(u) —g(u) = (Vi—f(u) + Vig(u),u" — u)
Ct Ct Ct
! 1 1 T/ ./
= (Vlaf(uu) + Vlg(uu) - vl;tf(“) - le(“)) (u - u)d,u
0
! 1 1 ,
< [ 191 ) + Fig(u) = 912 0) = iglf — uld
0
When p = 1, by (27), we have
1 1
OH() < —Lyan + Lyaaltd = ulH() + Lyoall V1 £

where H(y') := ?lthx,o// + Lyza foﬂ/ ||V10—1tf(uu)||d,u. It follows that

Ly |u” = ul|OH (1)
Lz + Lyzallw/ —u H(W) + Lo 1 [ Vi g, f ()]
d

1 1
o (=Lypo+ Lepalle —ul|H() + Ly il ,
G W Lo Lyealld —ullHGE) + Lyl V2 f)])

Lz allu” — ull

and integrating the inequality over i’ € [0, u], we have
1 , , 1 1 1 ,
(= Lo+ Lysalw’ =l HG) + Lyoa[V = F@)l) (oo + Lyl V1 — F@I) + Lyeal’ = ul,
which implies that

1
Ligallu’ —ullH(p) < (;thz,o + Lfya

1 1 1
IVi—fl) exp(Lyzalu’ —ull) = —Lgzo — Lyzal[Vi— f(u)]]-
Ct Ct Ct
Then, we have

||v1§tf<uu>|| < ||v1§tf<u>|| + ||vlcltf<un - vlcltﬂu)u

fo,O

1 1 1
<||Vi— —
<z fl+ (G

- waJHVllf(u)H)

f(w)l]) exp(

u' —ull) -

Ct

Lfajo ! wao
= L v a - 7’7
(c Ly + V1 f( )H) exp(Lisa,1llu’ — ull) ctLz

and

1 1
I917) = T < (5 Lo+ Loeal Va2 FO] ) exp(Epa ol = ul) o = ul.

Similarly, we have
IV1g(u') = Vag(u)]| < <Lgx,o + Lgaa[[Vig(u )II) exp(Lga.1[[u" — ul)Ju’ — ul.

14
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Therefore, we can obtain
1
1 1
[ 192 fw) + Fuglu) = Vo fla) = Vigll o'~ ulds
0
! 1 1 ,
< [ =l (5-Erno + Loaa I912-£ @I ) exp(E gl =) + ( Zgno + Lo | Tr9(0)]
exp(Lzaltf — u|>) I — ulldp

1
1 1
< [t =t (( gm0+ Ly I922 501 ) exp(palld = ul) + (Zan + e
0 t t

|vlg<u>||)
exp(Lgsalltf U|)>du
1 , 9 1 1 ,

= 3 =l (( 2L+ Loall V1 @I ) expE g = ) + (Lo + Lywa V29001
exp(Lgx,lnu'um)

< 5l —ul*(Lo + L1(||Vlc%f(U)|| +[[Vig(w)l) exp(Laf|u’ — ul)),

DN =

where LO = %fo@ + ng,Oa Ll = maX{foJ, ng,l}-
Similarly, (25) can be proved. O
Lemma A.5. Let v € (0, ). Then, there exists Ly > 0 such that for any (z,y), (z',y") € R? x RP, the following
92

K

inequality holds:
105 (2, y) — 05(=", )| < Loll(z, ) — (", 9/l (28)

. * 1 —
where Ly = [y E— max { Lgy,0 + Lgy.1 maxyepo,y) [|Vag (@, 05 (@, )17, 3} 2y o= pa + (1 — p)a’.

Proof. Since 0% (x,y) is the optimal solution of mingeg» g(z, ) + % 10 — y||?, we have for any (,y), (z',y') € R% x RP,
Vag. 03 ) + (03 09) ~1) =0
Vagla'. 030" ') + (03" ') ') = 0.
Then we can obtain
165 (z,y) — 05(=", )
= 105 (a) = s(Vag .03 ) + ~(030.9) =) = 03(a".5") + 5(Vag (e, 03w'1/)) + ~(030"0/) = /)]

<102 ( ) — $(Vag(z, 0% (2, y)) + %(emx, y) =) — 05 o) + 5(Vag(w, 05( o)) + %(e:u', ) — )l
+ He,’;(.ﬁl,y/) - S(V2g(a?,9:(x/, y/)) + %(9?;('%'/7?/) - y)) - '9:;('7"/7?/) + S(V2g(‘r/7 9;<xl>yl)>
+ %(ew,y') — )l (29)

Due to v € (0, --), the function g(z, ) + % 16— ylI? is (% — Kg, )-strongly convex respect to § € RP, it follows that

(Vag(z,05(x, 1)) + iwz(w) )~ Vag(e, 0% () — %(0:@',@/) )0 (y) — 052 y))

1 * *
> (; - H92)||9'y(xa 7y) - ay(x/ay,)HQ'

15



Generalized-Smooth Bilevel Optimization with Nonconvex Lower-Level

. 1/v—k
Given 0 < s < 92 we have
<SS W/ HLy 0 Lay s max,c o) V2905 (@0),)17)

105 (2, y) — s(Vag(z, 05 (2, y)) + ;(f%(x, y) —y) = 05(z",y") + s(Vag(z, 05 (2, y')) + ;(97(1", y) —y)l?
1 1 * * *
< (1 - 23(; — Kgy) + 32(; + Loy + Loy max IVzg(I,%(m,y)u)l”f) 103 (2, y) — 02 (2", )12

1
< (1 ~s(t - )) 162 (2, y) — 02 (&) P (30)
and

105(2", ') — 5(Vag(x, 03 (=", ) + %((ﬁ(x', y) =) — 05" o) + s(Vag(a', 05(2", 1)) + %(92(1?’, y) =)

N s
< slle = 2ll(Lgyo + Loy1 max [[Vag(ay, 3",y DI?) + Zlly = ¢/l 31

where z,, = px + (1 — p)a’, 0% (x,y), := poi(z,y) + (1 — p)03(z',y'). By combining the above inequalities (29), (30)
and (31), we have

167 (x,y) — 0%(«", )|l

1 * * * 1
S 15 el (@ y) = 03"yl + s((Lgy.0 + Lgys max [[Vag(ay, 03 (@, y)) 1)l — 'l + Sy = y'ID-

Finally we can obtain

167 (=, y) — O5(", )|
S

B (1— 1—8(%—/4392)
< LG”('T?y) - (‘r/vyl)||7

* 1
g (Lowo + Lows g Ve 50 e =1 Sl =)

S

where Ly = P e max { Lgy,0 + Lgy,1 max,efo 1] [|V2g(z,, 05 (2, )|, 5 }. It implies that the solution 67 is
generally smooth with (z,y).

O

Lemma A.6. Under Assumptions 5.2 and 5.3, let U, (x,y) = éf(z, y) + g(z,y) — vy(x,y) with ci41 > ¢ > 0 for all
t > 0, we have '

V10, (2" ') — ViU, (2, ")

| < Ly, |21y — (2%, 1), (32)

||V2\I]Ct (xt+1a yt+1) - VQ\IICt (xtv yt)

| < L, |21y — (2, ). (33)

where Ly, = %Lfac,o + Lz maXx,.e(o,1] ||C%V1f(zwyu)||p + Lgzo + Lgz max,,eo,1] ||v19(55;u yu)Hp + (Lngo +
ng’l maXlte[o,l] Hvlg(xl“ 9:(‘%#’ y/_t))”p(]- +L9)) and L‘Ilz = éLfy_’O + Lfy,l maXlu.E[O,l] ||év2f(xﬂv yll«)Hp +Lg'970 +
Ly max o) [ Vag(w y)ll? + 2.

16



Generalized-Smooth Bilevel Optimization with Nonconvex Lower-Level

Proof. When p € [0, 1], we have

a0 ) = 910, 0, 4)
—II*Vlf( Lyt — Clt%f(wt,yt) + Vig(a™h ) — Vig(ah,y) — Vig(a™1, 05 ("1, )
T Vaglat, 0 (a0 |
<V g ) = SVt g+ [Vag ) = Viglaty') |+ [ Vaglat 5y )
— Vaglat, 05ty |
<(5 Lm0+ Lyoa 1 1292 ()P + Lo+ Lo 1 1910 ) )1+, 40) = (040

+ (Lo + Lgen. mis (V190,03 (e, ) (1 + Lo)) | (@ ) )
1 1
= *L x L x - ) P L x L x ) r L T
(Ct fo0 + Ly Hrél[%ﬁ] ||Ctv1f($u Y ll” + Lgao + Loz Hrél[%ﬁ] IVig(zu, yu)lI” + (Lga,o

+ Lyea 1 (V2900085 1+ 20) )1 50) = (a2 ), (34)

where the first inequality follows from triangle inequality and the second inequality follows from Assumptions 5.2, 5.3 and
Lemma A.5. Similarly, we have

H%\I/cf (@Y ™) = Vol (2, )|
g (a1, yt+l) — i+l - 9:(1,157yt) — oyt

1
Vf( Ty = SRSy + Vag @y - Vag(et ') + 2

Y v
fy,0 fy,1 m[%ﬁi] — Vo (T, Yu 9y,0 gylurél[ax 29Ty, Ypu Y — Yy
L +L | Vf( N+ Lgyo+ L [V2g( P )@y ) = (2, )|
1+L9
+ —— 1@y ) — (2%, )]
P 0 1+ Ly
qu70+Lfy1 max ||*V2f(x,“y,,)|\ + Lgy,0 + Lgy1 :&%’i] IVag(zp, yu)|I” + ———
(2 t“ y*h) (@ ,y)ll, (35)

where the first inequality follows from triangle inequality and the second inequality follows from Assumptions 5.2, 5.3 and
Lemma A.S. O

A.1. Deterministic Setting

. 1/y—
Lemma A.7. Given € (0, 2K ) and n, € (0, Y CES e Inax;(:ffuwg(wﬂ*(w’y)ﬂ)l‘p)g ), the sequence {z*,y", 0"}
generated by Algorithm 1 satlsﬁes

041~ ()l < e’ — 6t )| o

where oy = \/1 —n:(1/7 — Kg,).

Proof. Let 0% (", y") be the optimal solution of minger» g(z', 6) + % 16 — y||, we have

* (.t ot __p*
e’y(zay)*efy

(2, 4") — 1e(Vag(z, 0%z, y)) + %(ffg(asﬁyt) —yh).

17



Generalized-Smooth Bilevel Optimization with Nonconvex Lower-Level

By using the update rule for 8%+ in the Algorithm 1, we can obtain
t+1 w (ot ot
167 = 65(2", )|
1 * * 1 *
< [16" = ne(Vag(a', 0") + ;(9t =) = 05(a"y") + m(Vag(a', 05 (2", ")) + ;(%(mt,yt) — )

< 1= m(1fy = g, 07 = 07 (2%, )]

O

Lemma A.8. Under Assumptions 5.1, 5.2 and 5.3, suppose v € (0, %) the sequence of {zt,yt,0'} generated by
92

Algorithm 1. We define a function V., (z,y) = c—ltf(sc, y) + g(z,y) — vy(z,y) with ¢, > ¢ > 0 for all t > 0, which
satisfies

(i) when p € [0,1),
\IJc ($t+17yt+1)

ay 25 .
< \I/ct (xt’ yt) + <|dt || (L!]LO + ng,lMp) + '72Hdt || ) ||9t+1 - H'y(xt7 yt)||2
T Y

2L st o)+ Taglat, )| + Sl Taglat 0 + 2 (K + Ky 2+t
4 |le ’ ’ 4 ’ 2 v2||dL |
1 2
_ % ;vzf(xt+17yt) +V2g(xt+1,yt) + %(Kg +1%4»[{4 +2K5),
¢

(ii) when p =1,
\I’ct (ajt+17 yt+1)

Qg 2Bt *
S \I’Ct (xt7yt) + (”dt”(LgJL’,O + ng,lMp + ’}/QHdt || > ||0t+1 - Hy(mta yt)HZ
T Yy

Qy 1 t ot t .t 3 t pt+l af 45,
S = 2 9 A L
1 (Hctvlf(xw)HJrV1g(17,y)|| +4at||V1g(x, )+ 5 0o+ r+ 1+’72Hd§,||

1 2
= B (I Tar @yl + IWag ) + (B4t L),

Proof. By the definition of function ¥, (z, y), we have
(i) when p € [0,1),
1 1
o0 St ol o) - e ) + (ST + Taglat g o )
EKKL tt\||p t o t\p Kt+17t1J_JT) tH1 )2
+ 5 (Ko + Kl = Vaf @ yoll” + [IVagat, y)lI7) +2 2 || || [ |

1
<Ue, (o', y") + (Vile, (2', "), a1 —af) + (K0+K1(CVlf(xt,yt)lhrIIVlg(xt,yt)llp)
t

N | =

P
# 2K ot = a7 4 ) ottt — P
:‘l,ct(xt’yt) + <V1\Ifct(xt,yt) _ d;’xt+1 _ l‘t> + <dtaj,xt+1 _ l‘t>
1 1 o
+ 5 (Kot Kol 290017 + 1910t )1P) + 26 o = 75 ) a0 — o
(37

18



Generalized-Smooth Bilevel Optimization with Nonconvex Lower-Level

where the first inequality holds by Proposition A.4, and the second inequality holds by the Lemma A.1.
Considering the update rule for the variable x in Algorithm 1, it follows that

(dy o' — ) = —a||di | (38)
And we have
(V1W,, (!, o) — db, ot — o)
= (Vig(z",0"") = Vig(a', 05 (a", ")), 2" — 2")
< [ Vagla,07) = Vig(at, 03 (', y)) [+ — o'

< (Lan+ Ly o [Wag(at 1 1= 03ty DI ) 16500 ) = 0"+ = o)
HElO,

| d% | t+1 112 A t | ogt+1
< == — L, Lys \% ottt 1— )0 (2t y)||1P) 105 (2, y') — 012,
< T I =2 g (B L o [Vag(at, 0" 4 (1= 05ty I3 ) = 0

(39)
where the last inequality follows from Young’s inequality.

For the sake of simplicity in presentation, let M = max,,co,1] || V1g(z", pf"*+(1—p)0% (z', y*)) ||, by combining (38)
with (39), we have

\cht ($t+1, yt)

dg | A

< W, (28,4t ot (La: Lpr) Ot+L _ p* (2t ot)I12 lldz t+1 2 W%l t41 42

— t([)ﬁ Y ) + ”dg:H g ’0+ gz,1 || ’y(‘r Y )H + 4at ||.’L‘ T H ay H.”L' €z ”
1 1 o

+ 5 (Kot K290 P + 1910 5)1P) 4 26 41 =257 ) o o

@ N 3
< e atsy) + i (Bamo + Laea M2) 16 = 630ty = Jeulldt|
@ 1
+ gt {3(—’(0 + K)ag + 3(||avlf($t7yt)|| + [ Vig(a', ")) + 6K + 6K20¢t]

o N o 1
< W0 y) + i (Lomo  LaeaM2) 10 = 0500 = GOV G )+ V190t 0 )
xT
3a a?
+Tt||V1g($t,9t+1)”+7t(K0+Ii+K1+2K2), 40)
where the second inequality follows from the above Lemma A.3.
Similarly, we have

\ch (xt—i-l’yt—i-l)
1 1
< W, () + (Ve (@9, " =y 4 5 <Ks + K4(||;tV2f(wt“7yt)H” +[[Vag(z", y")1°)

+ 2K |yt — | T+ ﬁ) [y = yt|?

V2l |l 4By 2

20 . 2 3||dy | 1
< \I}Ct(xt+1’yt) 4 t (H9t+1 _ g’y(l,t’yt)H + ”xt+1 . xt”2> _ 7y||yt+1 B yt||2 i Ks
1 o
+ K4(H;tV2f(ﬂ:t“,yt)Hp + [Vag(@™, y)17) + 2K5|ly"™ — o™ + H) [

2/ N 2 I 1
< W, @y + e ([0 = 05t )|+ 2t = ) —t<Hv2f(xt“7yt)
Il | 4 \Jle

2
19 ) + D e Ko+ 2K).

5 (41)

19
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By combining the above inequalities (41) with (40), we can obtain

\I/ct (.’L‘t+17 yt—i-l)

@ 25 .
< \Ilct (xt7yt) + <||d:| (Lg:v,O + LgxylMp) + 72“6; ) ||0t+1 - G’Y(xt’yt)”2
x Yy

ap,, 1 3 4
- Zt(||;v1f(xt,yt)\\ +IVag(e', yO)ll) + el Vag(a® D+ = 5 <K0 TR+ K +2K + 2||ﬂdt ||)
B B

2 U= Vf( LY+ IV2g(= Ly + (K3+H+K4+2K5)

(il)) When p = 1, similarly, we have

\I/Ct (xt+1a yt+1) - \I’ct (xt7 yt)

Qi 28 t+1 oot oty2 | Y 1 t oot
<\ 7 (Lgs Loy M)+ [ L - , L ) | ,
— <dtw||( g 0+ gz,1 ) 'Y ||dt|)|| ,Y(LL‘ y)” 4 ctvlf(x y)

§ t+1 4»3t _ &
+ atllvlg( Y+ L (L0+I€+L1+ L] 1
Bt

(LQ + K+ L3) 42)

Vg, yt>||)

1
—Vaf(z"1y")
Ct

n ||vzg<xt+%yt>||)

The proof have completed. O

Lemma A.9. Under Assumptions 5.2 and 5.3, suppose v € (07%), ct+1 > ¢ > 0 and ny satisfies ny >
g2

1+ 1+4(ng,O+Lgac,1Mp+_\{%)) ((an‘ 0+Lg7,‘ 1A[p) Hdt I + 2 \df )

2"'3!72 (ng,O‘l’Lgm)l]\/[/’«f»’Y%) , we have
Qi1 —
o 1 3 1 *
< _§t(||gtv1f(xt7yt)|| + ||V1g(mt7yt)||) - gt(||gtv2f(xt7yt)|| + IIVzg(mt,yt)ll) _ ntﬁgznet—&-l - 97($t,yt)|\.
43)
2
where Q1 = \Ilct+1(xt+1,yt+1) + (ng,o + Ly 1 MP + 7272) H9t+1 _ ei(xt+1’ yt+1)|| _
Proof. We first define a useful Lyapunov function,
0 ( 2
Qt:qjc‘(gjt’yt)+ (L9T0+LgT 1Mp+ )Het )H ’ (44)

where W, (z,y) = & f(z,y) + g(2,y) — vy(z,y) and ct11 > ¢; > O forall ¢ > 0.
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Generalized-Smooth Bilevel Optimization with Nonconvex Lower-Level

By the above definition of ;, when p € [0, 1), we have

Qur —

:\Ichl(xtH,ytH)—\I/ct(a?t,yt)—i- (Lywo + Lyw1 M? + j )0 = 0% (2t ||
— (Lo + Lga i M? + )Hef—e* ol

<, (21, ) — O, (2 ,y)—f—(ngo-i-LwlM +j 671 — 07 (2t gt ||

_(ng0+L9w1M + )Het_e* )H2

o 273 .
<(dtt” (Lgg,0 + Lgza M? )+ 2||dt |>||9t+1 — ew(mt,yt)HQ
xr

3 46,
Sl Vas )l + [Vagle )+ ol Taglat, 6] + 5 (K”“““Kﬁ I |)
ﬁ

B2
t
4

(K3+5+K4+2Kr)

(Ilfvaf(x“l,yt)ll +[[Vag (=", ) +

+ (Lgro + Loan M +fy)lle‘f“ 9§<xt“vyt“>\| (Lgwo + Loea M? + )HGt 03ty

4
<= 2 (129G + 919t 10l = 3190 9f+1>||—2at<Ko+n+K1+2Kz+ =)

-7 <||ctv2f(mt“,yt)ll V29" y0l = 26Ky + o+ Ko+ 2K5’>

(L LM+ 205 05 (Ey + a7+ 20— 030500

O 26 t+1 w (ot t\]|2
(g (Bomo 4 onad?) 4+ 2 Y040 = 0300t ) P
(i (Boea+ 2o Pl

v (45)
where the second inequality follows from Lemma A.7 and the last inequality by rearrangement
Next, we demonstrate that
101 — 052",y P — 110 — 05 (', y")1* + IIdt H 16" — 652", y") |12
* * 1 * *
(1 + v + T ”> ||9t+1 97($t7yt)”2 . Het . ev(xt’yt)HQ + (1 + Vt) ||97(mt+17yt+1> . ev(xt7yt)||2
* ¥ 1
< (1wt ) oRl0 — 0t = 10 = 051 + (1 ) BB - @ 6o

where the first inequality follows from Young’s inequality with parameter 1, and the last inequality follows from Lemma
AT.

Given vy = n;kyg,, we have

||9t+1 _ 9f/(:ct+1,yt+1)||2 _ ||9t _ 9*(3775, t)||2

”dtH ||9t+1 9:($t7yt)”2

1
2 t * t 2
— T)KZ 6" — 07 +(1+

thvgs

JLglI (=g ) — (2 ) |12 (47)
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Similarly, we have

1071 — 05 (@ y I = 116" — 05 (=", y") 1 + I t” 107+ — 05 (", )|

2 1
< (1t ) oBl0 5t I — 10 = 85 + (1 ) Z )~ (et
y t
254 N 1
<= ming, — o 10" =05 yOI* + 1+ Lyl "y — ") (48)
7] o

Putting the above inequalities (45), (47) into (48), we have

Qi1 —

454 )

<_<|V1f(ar yOll+ V190", 5 = 31 91g(at, 0 )] = 204 (Ko + 5 + Ko + 2K + 2]t

2 8, (.1
_4 1 L2 L - L . Mp 0 _ - t+1 t t+1 t
1+ ) (Lyra + Ly 207+ 55 ) ) = 5 (1S90 )] + [ Va1
1 2 2
—2B,(K3 4+ K+ Kq + 2K5) — 48, (1 + o ——)L§(Lgw,0 + Lgu1 M” + ,yg)) - ((LgLO + Lgp 1 M? + ;)773’132
Bt " 12
— (Lgz,0+ Lgz 1 MP) 16 — 0% («*, y")||>.
J J Hdt [RREIEAl
. Il Vif(ey)I+IIVigle'y")ll
Given 0 < a = R K2 Pl T 920+ Loa 1 M7+ ) 6 Vig(@? 67D
2 Vaf(a' y")I+I1Vag(z’ )H
0 < 6t S 4(K3+K+K4+2K5)+8(1+nth )L2( gz,0+ng,1Mp+,Y%)’ and Nt >
1+ 1+4(Lgm,0+ng»1Mp+ﬁ%2)) ((LqT 0+ Lga, 1 MP) 7o Hdt Tt szr )
T (L%OJFLQ“M%LW%) , We can obtain
Qi1 —
Be 1 »
< —*(valf( Lyl 4+ Vgt ) — gt(H;th(xt,yt)H + [IVag(@®, y")) = kg, 107! — 052", y") |12
49)
When p = 1, according to Lemma A.2, we have
Qt+1 - Qt
Qi 25, t+1 st oty2 M 1 t ot tot
< HTtH(Lgr,O + Loz M) + W 077" — 05 (2", y")||” — 1 ;V1f(x )|+ 1Vag@® yo)ll
3 4
R e ”) - i( SVt )| + |v29<xt+1,yf>||)
57 . 2
B Lt L)+ (a4 LM 210 0 (L + Fgea M+ 2)[0 0520
<- (Hvlf o' )|+ IVt 9l = BIV gt 0] = 200(Eo + 4+ L) = (14 ) TR (g
thvga
2 1
#Lgnadt 4 5)) = G (|2 r@ 0 | + 19200000 = 28102 + Lot )~ 40+ )Ly
thvgs
# LoeaM + 55)) = (Lo + Lma M + 25202 (Lywo + Lyan M) 25— st ) I = O3 P
¥ ¥ el ~2IIdy |l

where the last inequality follows from Young’s inequality with parameter 7, and rearrangement.
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Il Vaf(ey)I+IIVigle'y")ll 0 < B <
A(Lo+r+L1)+8(1+ 55 —) L3 (Lw 0t Loz, 1 Mo+ 5)+6]Vig(a? 07+ D) ¢ -

ntkgo

Given 0 < oy <

144 | 14+4(Lgo,0+Lgw, 1 MP+2)) | (Lgo,0+Lgs,1 MP) -2+ —0
2 Vaf @'y ) I+1Vag(=' 3l ’ ’ v g g AR

and
L2+t L) 4801t 5 V3 (Ege ot Lge i Mt ) 204 T 2 2igs (Lgmrot Lga 1 371 5) ’

we can also obtain

Qi1 —

a1 Bt 1 .
< *gt(\lcftvlf(fft,yt)\\ +11Viga®, y")l) - gt(\lavzf(xt,yt)|\ + [ Vag(a@', y)lI) — mersg, 1071 — 05 (2", 4112,
(50)

Thus the function €2; is descent. O

Based on the Lyapunov function, the non-asymptotic convergence rate can be shown as:

Theorem A.10. (Restatement of Theorem 5.5) Under Assumptions 5.1, 5.2, 53 and 54, given

v € (Qﬁ), e = ct + OY* with ¢ > 0, and when p € [0,1) let 0 < o <
llZ; Vif " y)I+1Viga'y")ll 0 < B < 2 Vaf @' y)+Vag(" g when — 1
4(K0+H+K1+2K2)+8(1+W)Lgc+6|\vlg(mt,9t+1)H, = 4(K3+K+K4+2K5)+8(1+W)Lgcr p =

2 Vs y)lI+IViga' yh)l 2 Vaf @' y)I+1Vag(=' 3l

let 0 < o < 4(L0+N+L1)+8(1+mig2 )L2C+6[[V1g(z? 07t 1)’ 0 < B < 4(L2+n+L3)+8(1+m;92 YL2C” and
1+ 1+4C((ng,o+ng,1M) EAREera
o 7% 1/v—Kgy here
e € 2rg,C * /7 Layot Loyt maxueon) V29(@,05 @) 0l | Ve
C=Lgyo+ Lgz 1 MP+ 72—2 The the sequence of {z*,y',0'}1_ generated by Algorithm I satisfies
min [0 - 032", ")]| = O(=7)
0<t<T A T2/’
1
. t+1 tHly (o
OglélTRt(x Y ) O(Ti),
1
9@ y") v (@ y") = O(=)-
Tz
Proof. By using the above Lemma A.9, telescoping the above inequality (43) over the range ¢ = 0,1,--- ,T — 1, given
7 = ming<¢<7-1 Nt, W have
T-1
a1 t ot t ot Be 1 t ot t ot t pxot o ty)2
> 5 U ViF @Syl + 1919t g0l + U=Vl @0 Ol + [V20(2% 50l + g, 167 — 05.(7, )
t=0
<Qo—Qr
1
<Qo— —f* <o, (1)
cr

where the last second inequality holds by Assumption 5.1. We obtain

Z ||0t - gi(xtayt)HQ < 00,
t=0
and then

1
. t_ gt oty
oin 16" = 05(2" y))ll = O 5)-
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According to the update rule of variables (x, y) in Algorithm 1, we have

dt, c
gt o, T =0 (52)
dt Ct t+1 N 0 53
“ay ta YT =0 63
Let
(ehoeh) = V(@™ 4 e (Vg™ y ™) — oy (a5 1),
with
to._ t41 41y gt collds | t+1 ¢
e, = ViU, (", y") — cud, 0 (x zh), (54)
t
to._ L Ly gt Ct”dw 1t
ey = etVaUe, (27 y' ) — ¢ Y 7ﬁ (y Y. (55)
t

clldt
ekl e[V, (4, 5) 1, a1+ e, o) — e+ U o
¢

g cildt |
<L Iy ) = ) el Ve (ot y) = b+

cilldt| *
=ecLu, @,y = @)+ TS e =t [Vag(at, ) = Vigle! 65t y))]
(i) col|dt .
L) = @+ Lt gt LM - 050

where the above inequality (i) holds by the Lemma A.6, and the above inequality (ii) is due to Assumption 5.3. Thus, we
can obtain

Cy d
Jebl < e o570 = @l + LB =t (g + Lo M) 100 = 05003
Similarity, based on Lemma A.6, we can obtain

ct|dy |
lebll < ceLuy (@1, y+0) = (2, )|+ 2y =y + 2 (||9t

B
where Ly, = Z(Lfyvo + Ly maxyeo1) |V f (@, yu)ll?) + Lgyo + Lgya max,eo1) [|Vag (@, yu) |7 + idle,

Since Ry (z,y) = dist(0, V f(z,y) + ¢:(Vg(z,y) —

05 (", y" )| + Lolla™" — ")),

Vo, (z,y))), we have

dt L crl|dt
Rt(xtJrl yt+1) <c L\I’”( t+1 yt+1) _ (ast,yt)” + (CtHazl + Ct,y€> ||zt+1 fazt” + t|l|8y||
t

[y — ol

+i(Lygao + Lgen MP + )||9t 05",y ).

Given Cr < min{HVlf(wt,y”HVm(wtyy")H,Hvaf(mt,y”)+Vzg(z‘7y")ll} we have
R = nrgy max{|[dL[|,[Id} [} ’

—R (11, yt+1)2

Ct

(0% 1 ﬂ 1 *
<Cr <8t(ctV1f(It,2/t)| + I Vig(a', ")) + gt(\\;tvzf(it,yt)|| + 1 Vag(a’, y")1) + nrig, 167 — ay($t7yt)||2> :
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By using the above inequality (51), then we have

— Ri(z",y"1)? < oo (56)

HOMH

Since ¢; = ¢(t + 1)% with ¢ > 0, we have

-1 T-1 1/2 (T+2)_1/2
ST RN

Based on the above inequalities (56) and (57), we can obtain
min R ($t+1 yt+1) -0 1
o<t<T ’ T1/4 | °
Since {2,y }o<i<7 is a sequence generated from Algorithm 1, we can find m = maxo<;<7 U, (zf,y") = éf(xt, yh) +
g(z',y") — vy (2, y"), and f(a',y") > f* for any ¢. Then we have
Ct(g(xt7yt)_v’y(xtayt)) Sm_f*v vt > 0.

Based on ¢; = ¢(t 4 1)'/4, we can obtain

1
9", y") = vy (2", y") = OlZ7)-

A.2. Stochastic Setting

1/v— Kgo
1/7+Lgy,0+Lgy,1 max,co,1) [V29(=, 9* (z,y)u)llP)?

Lemma A.11. Given~y € (0, 5 ) and 1, € (0, T ). the sequence {z', y", 0"}

generated by Algorithm 2 sansﬁes

252
! * 0
E[]0 — 0%, y") 1P < 716" — 05" )II* + 5+ (58)

where oy = \/1 — (1] — kg,) and 0% (x,y) = arg ming{E¢o[G(z, 0; ()] + %Hy —0|]?}.
Proof. By the update rule of # in Algorithm 2 in line 3, we have

H9t+1 _ 9*(1,1& t)||2

o= n(5 Z% Gl 0530) + 20 =) - 050" )

2

0 = (Tag(a',0) + (0"~ ) - 03(a",5) ( §jvz (@.05) + 20"~ )

2

VMWﬂw+ywa

2

ZVQ at, 0% ¢ — Vag(at, 0Y)

1
=[6" — n.(Vag(a',0") + ;(9’5 —y") = 05" ) + 7

1 . 1 .
- 277t<9f - nt(V29($t7 91‘) + ;(91‘ - yf)) - ey(xtayt)v E Z V2G(xt7 91‘,; C’Z) - VQQ(xtaet»'
=1
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Then,
E[[|6°F" — 0% (2", y")[1*| F4]
1 By . 2
=[160° = n:(V2g(a',6%) + ;(0’5 —y") = 05 (" )P + me szG(xtﬁt;Cf) — Vag(a',6") Ft]
=1
t t gt Lo t AL 77?53
<[0" = ne(Vag(x ,9)+;(9 —y")) = 05" y)|I" + B,

N7z
< —ne(1/y = Kg))NI6" — O3 (", y)II” + ?;7

where the first equality and first inequality follows from Assumption 5.7 and the last inequality follows from Lemma
AT, O

Lemma A.12. Under Assumptions 5.1, 5.2, 5.3,and 5.7, suppose y € (0, 5 ) the sequence of {x',y', 0'} generated by
Algorithm 2. We define a function ®.,(z,y) = E[E (z,y;€) + G(z,y; () — vw(x, y)] with ci11 > ¢ > 0 forallt > 0,
and 6 = é&? + 25;, which satisfies

(i) when p € [0,1),
]E[(I)Ct (xt+17 yt+1)|]:t]

2
<&, (2 y) + E [(H i (Lano+ Ly M)+ Pr )of“—e:(xt,ytn?

)
V2 ldy |

oy, 1 3 4
- STl + 910D + Sl Tagla 07+ 5 (Ko K+ 20+ 2+ Q@t”)

Bt

1 d
= Vel g+ Vel + S 4 w4 K 2K+ 2) 4 7+ )

(ii) when p =1,
E[®,, (", y" )| F]

! 28 N e} 1
< 0 (o) + | (S Lo + Lyead) + >||et“—0y<xﬂyt>||2\ft] (||

V2l

3 4
I Vig(at,y )||>+ ol Vaglat, 071 + &L (L0+/~€+L1+2+ &l )ij(

1
2V, f(ztt gt
’YQHdZH 2 f( y')

Ct

Iy “Fﬁt).

+ [|[Vag (x| (Lg +rx+Ls+2)+
2B,

Proof. By the definition of function ®., (x, y), we have

(i) when p € [0,1),
E[®, (¢, y")|F]
S(I)Ct (xtvyt) + <v1(I)Ct ('Itvyt) - dﬁ:’mwrl - 'rt> + <dtx7xt+1 - xt>

1 1 o
+5 <Ko + K (| =V f @ )P + [Vaglat,y')|17) + 2K [ — o] + ) o+t =2, (59)
t
Considering the update rule for the variable z in Algorithm 2, it follows that
(dt, 2ttt — 2ty < (d' —db +db, ot — 2t

1 . d,
7l - dy || + [|lz*F — 2" — 951 [ (60)
673

IN
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where the first inequality follows from Young’s inequality and the update rule for variable x in Algorithm 2. And
similar as (39), we have

(V10 (i g1) — by a1 =ty < Dl e e

Qi s t ot t+112
— (L s Ly, 1M")|0 , -0 , 61
= 4oy ||d§6||( gz,0 T Lige1 )” 'y(x y') I (61)

where M = max,,¢c(o,1] IVig(zt, o™t + (1 — p)ﬂj(mt,yt))ﬂ.

By combining (59) with (61), we have

E[(I)Ct (xtJrlv yt) |‘Ft]

* 1 T
< ., (2", y" )+E[” H ( 920 + Lgx,lM”) 6711 — 0% (', ") |1* + i||d; —d

2 ft:|
3

- Samld) F] + 2 [3(Ko s+ (V) + V1)) + 6K+ 6Kz + 1>at]
toot Qi y) t+1 wit o2, Ly 312
< @ (o'9") 4 B| 1o (Loma & Lymad? 107! = 05 o) + 71 = P72

3 le%
= ol + G 300 + s+ 301 V)] + [¥1(a' ) + O + 60z + D

1 ~
< D, (', y') +E[”d;|(ng,o + Lora M? )67 = 032ty + 7 lldt — &2 ft]

« 1 3o
- f(ll;tv1f(wt7yt)|| + IVag(a®, vl + fHVuJ( )+ S (Ko +r+ K +2K2+2),  (62)

where the first inequality follows from the above Lemma A.3 and Assumption 5.7, the second inequality follows from
Jensen’s inequity E[||d’|||F;] > |d.|| and the last inequality follows from ||a — b|| > ||a|| — ||b]|.

Similarly, we have

E[(I)Ct ('rtJrla ytJrl) ‘]:t}

1 1
< q)Ct (It+1ayt) + <v2q)ct (xt+17yt)7yt+1 - yt> + 5 (K3 + K4(|‘aV2f(It+1, yt)”p + ||V29(xt+1’yt)||p)

+ 2K [yttt -yt T+ “) Iy — 2

3)\d | ) f}
-5 t
48,

1 1 o
+ 3 (K Kol 2Vaf @ g+ [Vaga* ) + 2Bl = 75 4 42 ) =

273 N 2
S éct(zt+1’yt) +E|:72||(§t || (||0t+1 - 07(xt7yt)“ + th+1 - xtH2> ‘ft:| - E|: || e -
y

1 -
E[4||d; —dy|? ]—"t]
<P t+1 ¢ E 26 Ot _ p* (pt ot 2 t+1 )2 1 dt — dt?
<0 @) HE| 5o (ll6+ = ozt ) |* + o+t — o )+ gld - di 12|
Y
2
5t(|| V 2f (@ YO+ V292 90 + (K3+H+K4+2K5+2) (63)
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By combining the above inequalities (63) with (62), we can obtain

E[(I)Ct (xt+17 yt+1) |]:t]

, a 2B , ot
e [ N ) L Ll

a1 3 4
—f(llfvlf(wtyyt)ll+IIV19( Ly + el Vgl o) + 5 <Ko+f€+K1+2f7<2+2+ 2@3”)
Bt

B

o
7= V 2f (@ Ly + IVag(2™ Ly ) + 5 (K + ko Ko 4 2K+ 2) + o (o + Br) (64)

2B,

(i1) When p = 1, similarly, we have

E[cbct (xt+1a yt+1) |]:t]

e 20 . @ 1
< @, (2, y") + ]EKHJ:l(LgI,o + Lgz1 M) + 72”5 ”> |6ttt — Hy(xt,yt)Hz‘}'t] — Zt (Hctvlf(xf,yt)

4
[ Vigla! >||)+ SallVaglat, o) + % (Lo+m+L1+2+ L )_@(

1
—Vaf(z"*y")

Y2 d | 4 \let
1)
+ | Vag(z*,y )II) (Lz +r+Ly+2)+ ﬁ(at + By). (65)
O
Consider
2
Iy = (Lgz0+ Lgo, 1 MP + ~ )||9t+1 05 (" Y| + e, (2", 9Y). (66)

Thus, we have the following Lemma.

Lemma A.13. Under Assumptions 5.2, 5.3 and 5.7, suppose v € (0,%), Cci+1 > ¢ and ny satisfies ny >

1+ 1+4(ng,o+Lgm,1Mp+fz>)<(Lg,U+LgT 1 MO) TSt )
Y

2K g, (Lgm,o+Lgm,1M"+Wf2)

, we have

E[Ft+1 *Ft|~7:t]
1
< —*(H*Vlf(x YO+ 1Vig(@®, ) - %(Ilgvzf(xt,yt)ll +11Vag(a’, y")) — nerg, (10° — 05 (2",y")II?

252 25
D%y 4 2% (0 + B) (67)

+B) By
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Proof. By the definition of I';. when p € [0, 1), we have

E[liy1 — Ty F)

a 28 .
_E|:<||d.tt||(Lgaj7O + Lge 1 M?) + ny||dft ”> - Hv(xt,yt)||2’ft]

« 1 4
—j<||—v1f<xt,yt>||+||vlg< P+ el ot 0+ 5 (B ok Ko+ 22 )
Bt

)
4(|| Vaf (@) + V29 (@ yh)]) + (K +H+K4+2K5+2)+§(at+6t)

2
+ (Lg:v:U + Lgaa M? + ﬁ)]E[Het—H - ez(xtﬂ»ytﬂ)u | Fi] — ( gx,0 + Lgp 1 M? —|— Het 05 ( (z',y )||

o 1 4
<= 2 (129t gl + [¥ag(at ] = 31 Tag(a 6400~ 2 (Ko ot K+ 200 424 ) )
t y

)
B <||V FET )| + [ Vag(@ ™, yh)l| — 28¢(Ks + 5 + Ky + 2K5 + 2)) + ﬁ(at + Bt)
2 *
+ (Lga,o + Lgan M? + ﬁ)]E[H@t+1 =05« y P F] = (Lgaso + Loz MP + )Hﬂt — (')
2
+1EK” i (Fano + Lyra M) + Qift ”>|9t+1 o (at ) ;t} (68)
TGy

Next, we demonstrate that

* * « *
E[[j67 — 05 ("1 y )12 — 16" = 05, y)|P + =116 — 65 (et )P R

A
2t*tt2n1526.§ P N
<E[ (14 v+ 22 ) 20108 — 0t P + T2y ot — 2 (at, )]
IO B,
1
n <1+Vt) L3Iyt — @ IPIF, (©9)

where the last inequality follows from Lemma A.11.

Given vy = n¢kg,, we have

* * — *
E[J[07F — 63 (" y )12 — 116" — 05 (2", y") 1> + ”df” 107+ — 05 (", ") 12| F]
252

;0 1
<E P, — ) 0" — 0 (" y")|IP + —2) + (1 +
< { (m "o~ @ (16" = 5"y " + ) + e

VL[ (2 g — (L ) PR (70)

g2

Similarly, we have

E[[6 — 65y ) — 16" — 5 (a', )P + =107 = 65 (2 ) |17 F

i1
) 252
<z| (1 bt 2 ”> 216" — 03 o) + T00) — 9 — 03 )|
t
1
w14 5 ) Bl - P
t
2B 170, 1
<E| — 2:‘{12 _ - > et_e* ZCt, t 2+ 9 + 1+ L2 mt+1, t4+1y .'I,'t, t 2]_‘ . 71
<B| (st — g ) 00 = I+ T+ (1 e BRG] o
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Putting the above inequalities (70), (71) into (69), we have

E[Ty11 — T4\

4
S- <||V1f( Lyl Vg, g = 3 Vag(a', 0| — 204 (Ko +r+ K+ 2K +2+ 72|B;t ||)
v

2 1
(14 ) (L T Lon MP ) ) -4 (llv2f<xt+l,yt>|| + [ Vag(a* )|
NtKgy v 4\ "¢

—2B)(K3 + k+ Kq 4+ 2K5 +2) — 458, (1 +

2 2
)LG(Lga0 + Loz 1 M” + 72)> —-E K(Lgm,o + Loea M+ 75)

Nthogs
78, = Ugn b L M) 06 = DY 10— 0t 4 ) ) 4 S ) a2
- ;0 ’ 1 - = - ) —_—.
B A AT ’ B, "t " 2B,
Given 0 < < Il Vaf(e"y)I+lIVigle'y")ll
© “ - 4(K0+"~+K1+2K2+2)+8(1+Wg )Lz( 92,01 Lgo 1 MP+Z) +6[[V1g(at 67+ 1)[°
2 Vaf(a y)I+lIVag(e' y")ll
0 < Br < 4(K3+K+K4+2K5+2)+8(1+Wg VI3 (LgrotLye i M+ 5) and >

1| 144(Lgz,0+ Loz MP+ ) <(Lgm,o+Lgm,1M”> Tt )

n in
QKHQ(LgI’OJrLgx,lMPjL’%) , We can obta

E[l:11 — I‘t|}"t]

1
< —*(H*Vlf( Lyl Vgt yhl) - %(Ilavzf($t7yt)ll + 1 Vag(a", y")) — mersg, (107 — 05 (2, 4"

n7o2  26(oy + fBr)
Mt 9 t+ B
B, )+ B, . (73)

When p = 1, according to Lemma A.12, we have

E[lt41 — I'e|F)

i ) oG- <H 1 g4 H g4 )
= 2.0 + Lga 1 M) + 3 07" —05(", ——||=Vaf(z, +[|Vig(z®,
{<|d ||( 520+ Loz M) ~2dt | I @yl 1\ 1f (@90 + Vg, 9l

4
+ OétHVlg(x 9t+1)H + = (LO+K+L1+2+ 2|ﬁdtt ”) _it(‘ +|v29($t+1,yt)|>
Bt

2
+ (Lo 4 5+ Lo +2) + (Lgno + Lgea M + )H9t YD) = (Lo + LoaM + )

Jor - 50t | 7

—Vaf(z"*y")

Ct

<(HV1f "y

4
(', )| — 3| Vig(z", 0" )| — 204 (Lo + K + L1 + 2 + 2|ﬂdt”)

2
— 20 (1 + )LZ(LW,O + Lgza M + 72)) Bt ( Vo f(x t+1’yt)

4

+ [ Vag(z" T, ")l
MKgy

— 268, (La + L + 2+ k) — 26, (1 +

2 2
L2(Lozo+ Lox M+>—IEKL% + Log 1 M + =)n?k2
ﬂtﬁgg) a( 9,0 gz,1 72) ( 9,0 gz,1 ’Y)nt g2

252
Qi

1)
Q. o' — 0% (o 2+77t79
RS dtu)(” A+ )

where the last inequality follows from Young’s inequality with parameter 7, and rearrangement.

25(0(,5 + ﬂt)
By ’

- (LQ%O + ng,lM)

]:t:|+

. I Vif(=' y")I+I1Vig(a’, yf)\l
<
Given 0 < o < 4(Lo+n+L1+2)+8(1+,,tm )Lz(ng 0+ Loz 1 M+2)+6[[Vig(zt 0] 0 < A

IN
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2 By
12 Vs @' ) I+ Vag(a' )] d - 1+4(Lgm’0+L”’lM+”2))<(L”°+L”1M)f“ Vd?f”)
4(L2+n+L3+2)+8(1+W VEE(Lgrot Lor i Mt 5) 204 T =
we can also obtain

2Kg2(ng,o+ng,1M+,%2) ’

E[l:11 — Ft|}"t]

el «
< —*(H*Vlf( Lyl Vgt vl - %(Ilavzf($t7yt)ll + 1 Vag(a", y")) — mersg, (107 — 05 (2", 4"

nt(sg ]_—t] +2 (Olt+5t).

+ Bt) By

Theorem A.14. (Restatement of Theorem 5.8) Under Assumptions 5.1, 5.2, 5.3, 54 and 5.7, given =y

S

(0,52), ¢ = c(t + DY* with ¢ > 0 and B, = O(TY?), and when p € [0,1) let 0 < oy <
92

& Vif( y)I+IIVigla'y")ll =

0 < 3 Va2 f(z!, yt)H+HVzg(Tty)H
4(K0+K+K1+2K2+2)+8(1+m LFCH6[Viga o ] =

4(K3+5+K4+2K5+2)+8(1+ L350 when p = 1
et 0 < an < || = Vil @y )+ Vg vl 2, Vaf (@t ") I+ Vag(zty")ll
t =

Kg

WL e e 0 < P S sns s ear e 9
14, [ 1+4C ((Lm,ngz,lM) AR
el - 7= ldy 1/v—kgy here C = L +
Mt € 2Kg,C > (1/v+Lgy,0+Lgy,1 max,,e(0,1) HV29(110;(I7?J)#)HP)2 » where — “gz,0
Lgp 1 MP + % Then the sequence of (x*,y', 0') generated by Algorithm 2 satisfies
min E[|0° — 032", 4")]]] = Ol )
0<t<T ’ T1/27?
1
. t+1 t+1 _
OgmtlélTE[Rt(x Y )] - O(Tl/ﬁ)a
1
E[g(‘rTvyT) o U’Y(xTayT)] - O(T1/4)
Proof. By using the above Lemma A.13, telescoping the above inequality (67) over the range t = 0,1, ;T — 1, given
7 = ming<¢<7-1 7, and take the total expectation, we have
E[l'r] — E[lo]
= o, 1 B 1
¢ ¢
< SB[ - SV + ITs0lat ) - UL T2 00+ [Fa(at 50
t=0
252
¢ et oty % 20(a + Br)
g (10 = 05y + T 4 2200
T-1
< STE[(= YU+ Va9 ) = S Tar )+ [ Fagte )
t=0
t w ot N2 ﬂ25§ 20(ov + Be)
— (16— 050ty P+ L2 ) + AR, 74)
It follows that
T-1
g 3 ElI0° = 830", 4")|[2) <E[Lo] ~ BT +z (= 202w+ 19100
t=0

252
_ By L t ot N 0, 26(ovs + By)
(12927 + 92t ) — s &)* -

31



Generalized-Smooth Bilevel Optimization with Nonconvex Lower-Level

and let B; = O(T"/?),

Tz: T1/2)

t

i=0
Consequently,
1
. ¢ pr (b V] —
According to the update rule of variables (x,y) in Algorithm 2, we have
d Ct /41 t
cp—= — (2" —2") =0, (75)
g )
dt c
y ool by
Ct—= — (' —z") =0. (76)
Tagl T 5! )
Let
(€zrey) = VI ™y + (Vg™ g — o, (271" ),
with
to._ t+1 tH1y Gt _CtHGEH t+1 ¢
er = Vi, (27 y') — ¢d, (x x'), (77)
Qi
s celldyll

e'; = ¢, Va®,, (x4t 1) — ctdg - (ytT —yh). (78)

B
Considering the term ||e. ||, we have
cel|d
Bl 1173] L9100 ) — 91, (o)1 ¥, () — ] + AU gt

Hleodl, — crds ||| F]
L L) (gt gt toty gt cel|d | t+1 ¢ i
<E[Lg, ||(x ) = @yl + el [Vide, (27, ") — d || + o | o' + e Bt|ft]

ctl|d N
—lecLa |0y — )+ Lt ot 90t 0) - gt 050 911

+c i
t\/Bt

<EleiLa, | @, 4+ — (@, y1) | + <) :H 12 — 2"l + et(Lga.0 + Loz 1 MO0 — 05 (2", ") | 7]

]

+Ct E

Thus, we can obtain
Bl 1)

| d, . )
< Ble L 1,0+ — )+ Bttt (L + L MO — 050 1

Similarity, based on Lemma A.6, we can obtain

Ellley [[17:]

cil|dy | . 5
Bij’llyt+1 gl + 2 (IW 05 (', y") Il + Lolla™" — ' )| F] + e B

< ElecLa, || (2, g™+ — (2, )| +

32



Generalized-Smooth Bilevel Optimization with Nonconvex Lower-Level

where Lg, = %(Lfy,o + Ly maxpeo,n) [[Vaf (@, yu)l1?) + Lgy0 + Loy, maxepo,1) [[Vag (@, yu)|” + % Since
Ri(z,y) = dist(0, Vf(z,y) + ct(Vg(z,y) — Vo, (z,y))), we have

el dt e L e ||dt
B[R, (o1, 4+1)] <ElecZall (w1, 1) — (o, )] + ('a' + T) ot o)+ 2y g

0
+i(Lgzo + Lgo 1 MP + )\\9t—9*( t,yt)\|]+2cm/§t.

min {H LV YOI+ Vgt w2 Vo F @y ) I+ Vg y) I}

s I
Given Cp < oo maX{l‘Jil‘,IlJbl‘} , we have
1 tH1, t41)2
C
o Be 1 *
< Cﬁz( g = Vlf( Lyl + Vgt ) + g(llc—t%f(xt,yt)ll + [ Vag(a', y")) + nrig, 167 — Gw(xt,yt)lz))
L1
B’
By using the above inequality (74), then we have
~ 1. =2
Z SE (2 YT < E[Dg] - ETr] 4+ ) =2+ o + By)
B,
t—o “t i=0
T-1 o5
<E[Fo) ~ ELing] + Y - (2+ e + 5)
B,
=0
-1
<y + 46l (79)
B’
=0
where E[I';,,¢] is the lower bound of E[I';], l5 is the upper bound of a; + 3 from i € {0,--- , T} and [y, l; are positive
constants.
Based on the above inequalities (79), let ¢; = ¢(t + 1)1/ 4. we can obtain
min B[R (2", y")] = O(—17)
o<t<T =t ' T1/67"

Since {2, y'}o<t<T is a sequence generated from Algorithm 2, we also can find m’ = maxo<i<1 E[®,, (2, y")] =
[t yh) + g(at,y') — vy (af,y"), and f(a',y") > f* for any . Then we have

CtE[(g(xtvyt) - ’U,Y(,I't, yt))] < m/ - f*a vt > 0.

Based on ¢; = ¢(t + 1)/, we can obtain
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