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Bayes-Optimal Coexistence via Fact Localizability in
Trainable-Feature Decoder-Only Transformers
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Abstract
We give a representation-theoretic account of
when exact memorization of sparse facts can
coexist with Bayes-optimal rule generalization
in trainable-feature decoder-only transformers.
For a causal rules-and-facts model, we define
the Bayes-coexistence gap ∆Fm

(T ) and the
fact-localizability functional ΛFm

(T ;Prule), and
prove the exact squared-loss identity ∆Fm

=
ΛFm . A minimal trainable-feature decoder then
admits a rule–residual factorization AΘ̄(X) =
(S⋆(X), Z⊥(X), 0), where S⋆ carries the Bayes
rule and Z⊥ is an independent Gaussian resid-
ual block; sparse ReLU tents in this block in-
terpolate arbitrary bounded facts with excess
rule risk at most ∥δ(Fm)∥2∞[me−25d⊥/128 +
m(m − 1)e−75d⊥/224]. Conversely, the affine
lazy/tangent class of the same decoder has a non-
vanishing coexistence gap unless its tangent ker-
nel has sufficiently large effective dimension. The
construction also yields exact structural deletabil-
ity: selected memorized residual facts are re-
moved by zeroing their residual-only MLP output
coefficients, while the Bayes rule is unchanged.

1. Introduction
Foundation models must use data in two incompatible-
looking ways: they should extract reusable structure,
but they also often store rare, idiosyncratic, and non-
compressible facts. For trustworthy deployment this dis-
tinction is not cosmetic. A memorized fact may be private,
copyrighted, or otherwise sensitive, yet deleting it should
not damage the rule-like knowledge that makes the model
useful. We ask a class-level question: when can a decoder-
like architecture exactly memorize sparse exceptions while
paying no asymptotic population cost on the underlying
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rule?

The rules-and-facts model isolates simultaneous rule learn-
ing and fact memorization in a solvable teacher–student
setting (Farné et al., 2026). Attention-indexed models give
tractable high-dimensional theories of attention-based learn-
ing (Boncoraglio et al., 2025), and one-layer transformer
analyses have clarified mechanisms of factual acquisition,
recall, and storage (Xu & Chen, 2025; Nichani et al., 2024;
Dong et al., 2025). These results do not by themselves sepa-
rate three issues that are central here: exact interpolation of
arbitrary finite exceptions, vanishing excess Bayes rule risk,
and structural removability of the memorized residuals. Nor
do they show whether such coexistence is a genuine feature-
learning phenomenon or already present in the lazy/kernel
limit of the same decoder.

We study a controlled causal decoder class with trainable
attention features and a final ReLU MLP. The first object is
the Bayes-coexistence gap ∆Fm

(T ), the minimum excess
rule risk among predictors in T that exactly interpolate
a finite fact set Fm. The second is the fact-localizability
functional ΛFm(T ;Prule), the minimum L2(PX)-mass of a
Bayes-centered correction that implants the fact residuals.
Our first theorem proves

∆Fm(T ) = ΛFm(T ;Prule)

under squared loss. Thus the cost of memorization is ex-
actly the population visibility of the smallest fact-correcting
perturbation.

The positive theorem constructs learned features of the form

AΘ̄(X) =
(
S⋆(X), Z⊥(X), 0

)
,

where S⋆ is sufficient for the teacher rule and Z⊥ is a high-
dimensional Gaussian residual block independent of the
teacher sigma-field. ReLU tent functions in the residual
block interpolate arbitrary bounded fact residuals while
having exponentially small L2(PX)-mass. The negative
theorem proves an effective-dimension lower bound for the
affine tangent class of the same decoder, even when the
kernel class is granted the Bayes rule for free. Finally, in
the positive construction, fact residuals are represented by
sparse residual-only MLP units; zeroing the units attached
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Fact Localizability in Decoder Transformers

to any selected fact deletes that residual exactly, and zeroing
all fact units recovers f⋆ on the whole input space.

Contributions. The paper proves four claims. Theo-
rem 3.1 gives the exact coexistence–localizability identity.
Theorem 3.2 proves Bayes-optimal coexistence for trainable-
feature causal decoders via a rule–residual factorization and
sparse residual localization. Theorem 3.4 gives a lazy/kernel
converse in the standard NTK regime (Jacot et al., 2018;
Chizat et al., 2019). Theorem 3.6 proves exact structural
deletability. Full constants, proofs, and the novelty boundary
relative to prior work are in the appendices.

2. Setup and Definitions
Fix L ≥ 2 and d. Inputs are X = (x1, . . . , xL) ∈
Xd = (Rd)L, with xL the readout/query token and position-
augmented tokens zt(X) = (xt, et) ∈ Rd+L. In the
main theorems x1, . . . , xL

i.i.d.∼ N (0, Id); the appendix
records the subgaussian standing notation. The Bayes rule
is a rank-r causal attention-indexed teacher. For bounded
(q⋆a, k

⋆
a, v

⋆
a, β

⋆
a)
r
a=1, set

S⋆a(X) =

L−1∑
t=1

ψ(⟨q⋆a, zL(X)⟩⟨k⋆a, zt(X)⟩) ⟨v⋆a, zt(X)⟩,

(1)
and

f⋆(X) :=

r∑
a=1

β⋆aS
⋆
a(X). (2)

Here ψ(0) = 0 and ψ has at most linear growth. The
structured response is Y = f⋆(X) + ε, with E[ε | X] = 0
and finite variance. We write PX for the marginal law of X
and Prule for the law of (X,Y ); then f⋆ = E[Y | X]. Let

U⋆ = span{Πcntq
⋆
a,Πcntk

⋆
a,Πcntv

⋆
a : a ∈ [r]},

p⋆ := dim(U⋆) ≤ 3r.

and choose residual dimensions d⊥ ≤ d− p⋆.

A fact set is Fm = {(Xµ, ξµ)}mµ=1, where the locations
are i.i.d. from PX and the values are arbitrary. Its residual
vector is

δµ := ξµ − f⋆(Xµ), δ(Fm) := (δ1, . . . , δm), (3)

and Fm is Bδ-admissible if ∥δ(Fm)∥∞ ≤ Bδ. A predictor
memorizes Fm exactly if f(Xµ) = ξµ for all µ.

The trainable decoder hasH scalar causal heads and a width-
Wf ReLU MLP. Each head is

Ah(X) =

L−1∑
t=1

ψ(⟨qh, zL(X)⟩⟨kh, zt(X)⟩) ⟨vh, zt(X)⟩,

(4)

with qh, kh, vh ∈ Rd+L, and AΘ(X) =
(A1(X), . . . , AH(X)). The output is

fΘ(X) = c+ ⟨w,AΘ(X)⟩+
Wf∑
j=1

αjσ(⟨bj , AΘ(X)⟩ − τj) ,

(5)
where σ(u) = u+. The class Tdec(H,Wf , B) consists of
such predictors with all head, readout, MLP-input, output,
and threshold parameters bounded byB (Theorem B.11). At
a base point Θ0, the lazy comparison class uses the tangent
kernel

KΘ0
(X,X ′) = ⟨∇ΘfΘ0

(X),∇ΘfΘ0
(X ′)⟩

and

Tlazy(R; Θ0) =

{
X 7→ fΘ0(X) + ⟨∇ΘfΘ0(X), u⟩ :
∥u∥2 ≤ R

}
.

Let M2(PX) be the measurable square-integrable predic-
tors and

Rrule(f) := EPrule
[(f(X)− Y )2],

RBayes := Rrule(f
⋆).

(6)

For T ⊆ M2(PX), define

∆Fm
(T ) := inf

f∈T
f(Xµ)=ξµ ∀µ

(Rrule(f)−RBayes) , (7)

and

ΛFm
(T ;Prule) := inf

g∈M2(PX)
f⋆+g∈T

g(Xµ)=δµ ∀µ

∥g∥2L2(PX). (8)

Both infima are +∞ if infeasible. Thus ∆Fm
measures

the population price of exact memorization, while ΛFm

measures the smallest rule-distribution mass of the corre-
sponding Bayes-centered correction.

3. Main Results
3.1. Coexistence Is Exactly Fact Localizability

Theorem 3.1 (Coexistence–localizability identity). Let
T ⊆ M2(PX) be any predictor class and let Fm =
{(Xµ, ξµ)}mµ=1 be any finite fact set. Under squared loss,

∆Fm
(T ) = ΛFm

(T ;Prule), (9)

and equivalently

ΛFm
(T ;Prule) = inf

g: f⋆+g∈T
g(Xµ)=ξµ−f⋆(Xµ) ∀µ

∥g∥2L2(PX).
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Fact Localizability in Decoder Transformers

The proof is only Bayes orthogonality. For every f ∈
M2(PX),

Rrule(f)−RBayes = ∥f − f⋆∥2L2(PX),

because f⋆ = E[Y | X]. Translating f = f⋆ + g converts
exact interpolation into g(Xµ) = δµ, giving the identity;
see Section C.

3.2. Trainable-Feature Decoders Achieve
Bayes-Optimal Coexistence

The upper theorem uses the learned split AΘ̄(X) =
(S⋆(X), Z⊥(X), 0), where Z⊥(X) ∼ N (0, γ2ψId⊥) is in-
dependent of the teacher sigma-field. Conditional on the
generic fact locations, the residual codes are in Gaussian
general position, and three-ReLU tent functions centered
at high-threshold projections interpolate the fact residuals
with exponentially small mass.

Theorem 3.2 (Bayes-optimal coexistence for trainable-fea-
ture decoders). Assume the standing Gaussian teacher as-
sumptions of Section 2 and Sections B and D. Fix d⊥ ≤
d − p⋆, and suppose H ≥ r + d⊥ and Wf ≥ 3m.
Let Fm be a Bδ-admissible generic fact set. For every
B ≥ Bupper(d⊥, Bδ), with Bupper explicit in Theorem F.1,
the decoder class satisfies, with probability at least

1− 2me−d⊥/128 − 2m(m− 1)e−d⊥/128,

over the fact locations, writing TD := Tdec(H,Wf , B),

∆Fm
(TD) ≤ ∥δ(Fm)∥2∞

[
me−25d⊥/128

+m(m− 1)e−75d⊥/224
]
.

(10)

Equivalently, on the same event there is fΘF
∈

Tdec(H,Wf , B) such that fΘF
(Xµ) = ξµ for all µ, and its

excess rule risk is bounded by the right-hand side of (10).

Corollary 3.3 (Vanishing coexistence gap). Under Theo-
rem 3.2, if

logm = o(d⊥), ∥δ(Fm)∥∞ = O(1),

me−25d⊥/128 → 0.

then
∆Fm

(
Tdec(H,Wf , B)

)
→ 0

with high probability over the generic fact locations.

The construction is uniform over all bounded fact values:
randomness is used only for high-dimensional separation of
the locations. The proof is in Sections D to F.

3.3. A Lazy/Kernel Converse

The preceding mechanism is learned residual geometry. To
show it is not a generic interpolation artifact, compare with

the affine tangent class of the same decoder. Let K = KΘ0

be the tangent kernel, HK its RKHS, and

NK(ζ) := tr
(
TK(TK + ζI)−1

)
.

For signed facts ξµ = f⋆(Xµ) + τωµ with ωµ
i.i.d.∼

Unif{−1,+1}, we have:

Theorem 3.4 (Lazy/kernel coexistence lower bound). As-
sume the trace-class kernel conditions of Section G. Suppose
fΘ0

− f⋆ ∈ HK , and set R0 := ∥fΘ0
− f⋆∥HK

. For any
ζ > 0 and η ∈ (0, 1), with probability at least 1 − η over
the τ -signed generic facts,

∆Fm

(
Tlazy(R; Θ0)

)
≥
(
η2

τ2m

NK(ζ)
− ζ(R+R0)

2

)
+

.

(11)

Corollary 3.5 (Effective-dimension bottleneck). If, for
some ζd, ηd → 0, and CN <∞,

NK(ζd) ≤ CNη
2
dm, ζd(R+R0)

2 ≤ τ2

2CN
,

then

∆Fm

(
Tlazy(R; Θ0)

)
≥ τ2

2CN

with probability at least 1− ηd.

The appendix first grants the kernel class the Bayes rule f⋆

and proves, via a localized Rademacher anti-interpolation in-
equality, that bounded RKHS corrections cannot interpolate
independent signs with small L2(PX)-mass unless NK(ζ)
is large. The affine lazy statement follows by containment;
see Section G.

3.4. Structural Localization and Exact Deletability

Corollary 3.6 (Structural localization and deletability). Un-
der the hypotheses of Theorem 3.2, on the same high-
probability event, the coexistence predictor decomposes
as

fΘF
(X) = f⋆(X) + gF (Z

⊥(X)),

where f⋆ is implemented by the first r rule coordinates
and gF by at most 3m ReLU units whose input weights
are supported only on the residual coordinates. For any
U ⊆ [m], zeroing the three output coefficients associated
with each µ ∈ U gives a predictor f

Θ
(−U)
F

satisfying

f
Θ

(−U)
F

(Xν) = ξν (ν /∈ U),

f
Θ

(−U)
F

(Xν) = f⋆(Xν) (ν ∈ U).

In particular,

f
Θ

(−all)
F

= f⋆ on Xd, Rrule(fΘ(−all)
F

) = RBayes.

3
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Fact Localizability in Decoder Transformers

Thus the same construction gives coexistence and exact
residual deletion: the rule lives in a low-dimensional atten-
tion/readout block, whereas memorized facts live in sparse
residual-only MLP coefficients. The coefficient-space rule–
fact Gram coupling is shown in Section H to vanish under
the same high-dimensional scaling, giving a theorem-level
separation between reusable rule computation and deletable
factual residue.

4. Proof Architecture and Implications
The proof stack is intentionally modular. The identity
∆Fm = ΛFm is the only place where the squared-loss Bayes
structure is used. Since f⋆ = E[Y | X], every g ∈ L2(PX)
is orthogonal to the residual Y − f⋆(X), and hence

Rrule(f
⋆ + g)−RBayes = ∥g∥2L2(PX).

Exact memorization of Fm is the pointwise constraint
g(Xµ) = ξµ − f⋆(Xµ). Thus all coexistence questions
reduce to whether the architecture contains fact-correcting
perturbations of small PX -mass. This formulation also ex-
plains why unrestricted measurable classes would make the
problem trivial: one could modify f⋆ only on the finitely
many fact locations. The nontrivial content is therefore the
geometry imposed by the decoder and its lazy tangent class.

The upper theorem builds that geometry explicitly. The
teacher depends only on the finite content subspace U⋆.
Under the Gaussian specialization, coordinates in U⊥

⋆ are
independent of the teacher sigma-field. Position-selective
causal heads, using the fixed positional augmentation and
ψ(0) = 0, recover prescribed linear coordinates of one
residual token. Together with the teacher heads this yields
the exact split

AΘ̄(X) =
(
S⋆(X), Z⊥(X), 0

)
,

Z⊥(X) ∼ N (0, γ2ψId⊥).

with Z⊥ independent of S⋆, f⋆, and Y . For a generic
fact set, the residual codes Z⊥(Xµ) are independent Gaus-
sian points. With probability at least 1 − 2me−d⊥/128 −
2m(m−1)e−d⊥/128, their norms concentrate and their pair-
wise normalized projections are small. On this event, a
width-three ReLU tent centered at the projection level of
Z⊥(Xµ) equals one on that code and zero on all other fact
codes. Summing these tents with coefficients δµ gives exact
interpolation, and Gaussian tail bounds give precisely the
single-bump and pairwise-overlap terms in (10). Combining
this mass bound with Theorem 3.1 proves Bayes-optimal
coexistence.

The lazy converse proves that the preceding construction
is not merely finite sample interpolation. We first enlarge
the lazy class by granting it the Bayes rule and allowing
only a bounded RKHS correction h. For independent signed

facts, any interpolant must satisfy
∑m
µ=1 ωµh(X

µ) = τm.
A localized Rademacher bound over {h : ∥h∥HK

≤
R, ∥h∥L2(PX) ≤ ρ} gives

E sup
h

m∑
µ=1

ωµh(X
µ) ≤

√
mNK(ζ)(ρ2 + ζR2).

Therefore a small-L2(PX) bounded-RKHS interpolant ex-
ists with probability at most controlled by the effective di-
mension. The affine tangent class is then contained in an
oracle-centered RKHS ball of radius R+R0, yielding The-
orem 3.4.

Finally, the same parameters that prove the upper bound
give the deletion statement. The linear readout on the first r
coordinates implements f⋆; the facts appear only through
the 3m residual-only MLP output coefficients. Deletion
is therefore a deterministic parameter projection: zero the
three coefficients attached to a chosen fact and leave the at-
tention backbone and rule readout fixed. In the constructed
model this removes exactly the residual δµ and preserves all
undeleted facts. Moreover, the population Gram coupling
between the rule dictionary and the residual fact dictionary
is exponentially small, so the rule and fact blocks are not
only functionally separated but asymptotically orthogonal in
the rule distribution. This is the paper’s trustworthiness con-
clusion: under the stated high-dimensional conditions, mem-
orized residuals can coexist with, and be removed from, a
Bayes-optimal rule without entangling the two components.

Several scope restrictions are essential to the statement.
First, the results are representation and lower-bound theo-
rems, not optimization theorems: no claim is made that gra-
dient descent necessarily discovers the displayed split. Sec-
ond, the fact labels are arbitrary but finite and bounded; the
exponentially small coexistence cost is paid in the residual-
code geometry, not by assuming a probabilistic model for
the labels. Third, the lazy result is an effective-dimension
bottleneck, not a universal impossibility theorem for all
kernels. A kernel with sufficiently many high-resolution
degrees of freedom may interpolate many facts; what fails
is bounded low-effective-dimension interpolation with van-
ishing PX -mass. Finally, the exact deletion operation is
structural for the constructed predictor. It should be read as
a mathematical model of what disentangled memorization
would make possible, not as a claim that arbitrary trained
foundation models already expose such fact-indexed coef-
ficients. These restrictions are deliberately explicit: they
are what make the coexistence, separation, and deletability
claims sharp rather than merely qualitative.

4
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Fact Localizability in Decoder Transformers

Impact Statement
This paper develops a theoretical framework for understand-
ing when sparse memorized facts can coexist with Bayes-
optimal rule generalization in foundation-model-like de-
coders. Its primary positive impact is conceptual: it identi-
fies fact localizability as the population quantity governing
the cost of exact memorization, and it exhibits a regime in
which memorized residual facts are structurally separated
from reusable rule computation. This separation may inform
future work on privacy auditing, targeted unlearning, and
architecture design for models that retain useful abstractions
while avoiding unnecessary retention of sensitive training
examples.

The results also have a trustworthiness implication. In the
constructed coexistence representation, facts are not merely
interpolated; they are localized in sparse residual-only MLP
units and can be deleted exactly by zeroing the correspond-
ing output coefficients. This provides a theorem-level model
for a desirable property in trustworthy foundation models:
removing memorized residual information without degrad-
ing the Bayes rule. The result is related in motivation to
work on training-data memorization and extraction in lan-
guage models (Carlini et al., 2021; 2023), and to machine
unlearning (Cao & Yang, 2015; Bourtoule et al., 2021),
but it should not be interpreted as a complete unlearning
algorithm for arbitrary trained systems.

There are also potential risks. A better theoretical under-
standing of how architectures localize sparse facts could be
misused to engineer models that store selected information
more efficiently, or to design harder-to-detect memorization
mechanisms. The lazy/kernel converse and the deletability
theorem are therefore best viewed as tools for principled
auditing and mitigation, not as prescriptions for increasing
unwanted memorization. Our theorem package is restricted
to a controlled causal rules-and-facts model; extending these
ideas to deployed foundation models requires additional em-
pirical, legal, and governance analysis.
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facts model for simultaneous generalization and memo-
rization in neural networks, 2026.

Huang, Y., Zhu, H., Guo, T., Jiao, J., Sojoudi, S., Jordan,
M. I., Russell, S., and Mei, S. Generalization or hal-
lucination? understanding out-of-context reasoning in
transformers, 2025.

Jacot, A., Gabriel, F., and Hongler, C. Neural tangent ker-
nel: Convergence and generalization in neural networks.
In Advances in Neural Information Processing Systems,
volume 31, 2018.

Nichani, E., Lee, J. D., and Bietti, A. Understanding factual
recall in transformers via associative memories, 2024.

Vasudeva, B., Deora, P., Bietti, A., Sharan, V., and Thram-
poulidis, C. Understanding contextual recall in transform-
ers: How finetuning enables in-context reasoning over
pretraining knowledge, 2026.

Xu, R. and Chen, K. Filtering with self-attention and storing
with MLP: One-layer transformers can provably acquire
and extract knowledge, 2025.

5



275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329

Fact Localizability in Decoder Transformers

A. Exact Novelty Boundary and Relation to Prior Theory
This appendix states precisely what is, and is not, proved by the present paper. The purpose is to make the novelty boundary
checkable. The paper is closest to recent theoretical work on simultaneous memorization and generalization, attention-
indexed teacher–student models, factual recall in transformers, component specialization, lazy/NTK theory, and machine
unlearning. Our contribution is not a new empirical memorization metric and not a claim about arbitrary trained large
language models. It is a theorem-level separation: a trainable-feature causal decoder class admits Bayes-optimal coexistence
of a structured rule and arbitrary sparse facts through a localized residual subspace, whereas a bounded lazy/kernel version
of the same architecture has a nonvanishing coexistence gap unless its effective dimension is sufficiently large.

A.1. What This Paper Proves

For clarity, we summarize the theorem package as a sequence of logically independent advances.

1. A variational invariant for coexistence. We introduce the Bayes-coexistence gap

∆Fm(T )

and the fact-localizability functional
ΛFm

(T ;Prule).

Theorem C.5 proves the exact identity
∆Fm

(T ) = ΛFm
(T ;Prule)

under squared loss. Thus the population price of exact fact memorization is exactly the minimum L2(PX)-mass of a
Bayes-centered fact-correcting perturbation.

2. A trainable-feature rule–residual factorization. Theorem D.9 constructs a causal decoder representation

AΘ̄(X) =
(
S⋆(X), Z⊥(X), 0

)
,

where S⋆(X) is sufficient for the Bayes rule and Z⊥(X) is a Gaussian residual block independent of the teacher
sigma-field.

3. Sparse fact localization in the residual block. Theorem E.9 constructs explicit residual-only ReLU tent functions
that exactly interpolate arbitrary bounded fact residuals and have exponentially small population mass:

∥gF ◦ Z⊥∥2L2(PX) ≲ ∥δ(Fm)∥2∞
[
me−25d⊥/128 +m(m− 1)e−75d⊥/224

]
.

4. Bayes-optimal coexistence for trainable-feature decoders. Theorem F.4 combines the previous ingredients to show
that trainable-feature decoders can exactly memorize all facts while paying vanishing excess rule risk whenever the
residual dimension dominates the number of facts in the stated exponential regime.

5. A lazy/kernel converse. Theorems G.9 and G.12 prove that a bounded lazy/tangent class cannot generally realize the
same localizability phenomenon unless its kernel effective dimension NK(ζ) is large relative to m.

6. Structural deletability. Theorems H.6 and H.7 show that in the coexistence construction the fact residuals are
represented by sparse residual-only MLP units. Zeroing the corresponding output coefficients deletes chosen fact
residuals exactly while preserving the Bayes rule block.

A.2. Relation to Rules-and-Facts Theory

The closest conceptual predecessor is the Rules-and-Facts (RAF) model of Farné et al. (2026). RAF studies a mixture in
which a structured teacher rule generates most labels while a subset of labels are unstructured facts. It gives a solvable
framework for simultaneous generalization and memorization and analyzes capacity allocation between rule recovery and
factual storage.

Our paper differs from RAF in four precise ways.
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Fact Localizability in Decoder Transformers

First, RAF is primarily a rules-and-facts statistical-physics model for classical learner families such as perceptrons, random
features, and kernels. Here the learner is a causal decoder class with trainable attention features and an MLP correction
layer.

Second, RAF characterizes when rule learning and fact memorization can coexist, whereas our central object is the exact
variational identity

∆Fm = ΛFm .

This identity reduces coexistence to a geometric localization problem inside an architecture class.

Third, the main upper theorem here is not only a capacity statement. It proves a constructive representation theorem:

fΘF
= f⋆ + gF ◦ Z⊥,

where f⋆ lives in a low-dimensional rule block and gF lives in a high-dimensional residual block.

Fourth, our lazy/kernel lower bound is architecture-relative: it compares the trainable-feature decoder to the tangent/lazy
version of the same parameterization. This isolates the role of feature learning in creating the localized residual geometry.

Thus the present paper should be read as a decoder-theoretic extension and separation theorem for the rules-and-facts
question, not as another analysis of the RAF model itself.

A.3. Relation to Bayes-Optimal Attention Theory

Boncoraglio et al. (2025) introduce attention-indexed models and derive Bayes-optimal predictions and phase transitions for
learning in deep attention layers. Their framework is highly relevant because it shows that tractable attention models can
support sharp high-dimensional theory. Our teacher rule is deliberately attention-indexed for this reason.

The difference is that AIM studies structured attention learning, whereas our problem contains an additional adversarial
finite fact set

Fm = {(Xµ, ξµ)}mµ=1

whose values are arbitrary and need not follow the teacher. The central question is therefore not only whether the attention
model learns the Bayes rule, but whether it can simultaneously implant arbitrary sparse exceptions with vanishing population
cost. This requires the fact-localizability identity, the residual Gaussian block, and the sparse ReLU localization construction.
None of these objects appears in AIM.

A.4. Relation to Factual Recall and Knowledge Extraction in Transformers

Recent work has made substantial progress on theorem-level models of factual knowledge in transformers. Nichani et al.
(2024) analyze factual recall through associative memories and prove near-optimal storage behavior in shallow transformer
abstractions. Xu & Chen (2025) study a one-layer self-attention-plus-MLP model and prove conditions under which the
model can acquire and extract knowledge. Vasudeva et al. (2026) analyze how fine-tuning can enable in-context access to
pretrained knowledge.

These works address storage, recall, or extraction of factual knowledge. Our theorem package addresses a different question:
whether arbitrary memorized facts can be added on top of a Bayes-optimal structured rule without degrading the population
rule risk. The distinction is formal. In our notation, factual storage alone asks whether there exists f such that

f(Xµ) = ξµ ∀µ.

Bayes-optimal coexistence asks whether this can be done while also making

Rrule(f)−RBayes → 0.

By Theorem C.5, this is equivalent to constructing fact corrections whose L2(PX)-mass vanishes. The sparse fact-bump
theorem is precisely this stronger statement.

A.5. Relation to Generalization–Hallucination Mechanisms

Work on out-of-context reasoning and hallucination, such as Huang et al. (2025), gives a theory for how one-layer attention-
only transformers may generalize or hallucinate through associative mechanisms. That line of work is complementary. It
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Fact Localizability in Decoder Transformers

studies when a model extrapolates factual implications, including spurious implications. Our paper instead fixes a Bayes
rule f⋆, injects a finite arbitrary fact residual vector δ(Fm), and studies the exact population cost of forcing those facts to be
memorized.

The technical objects are different. OCR-style analyses concern the mechanism by which a model associates facts or
implications. Our analysis concerns a variational localizability functional and an explicit decomposition

rule block ⊕ residual fact block.

The deletability theorem then shows that the residual facts in our construction are structurally removable. This is not
a hallucination mitigation theorem for arbitrary models; it is an exact structural theorem for a controlled coexistence
representation.

A.6. Relation to Component-Specialization Work

Dong et al. (2025) study how different transformer components contribute to memorization, retrieval, and algorithmic tasks;
their findings suggest that MLPs and attention mechanisms play different roles. Related one-layer theories also distinguish
between attention-mediated selection and MLP-mediated storage (Xu & Chen, 2025).

Our result is not an empirical component ablation and not a qualitative claim that “attention retrieves” while “MLPs
memorize.” Instead, Theorems H.3 and H.13 prove a structural separation for the constructed coexistence predictor:

fΘF
(X) = f⋆(X)︸ ︷︷ ︸

rule block

+ gF (Z
⊥(X))︸ ︷︷ ︸

residual fact block

.

The rule block is supported on the first r attention coordinates, while the fact block is supported on at most 3m residual-only
MLP units. Moreover, the coefficient-space cross Gram between rule and fact dictionaries vanishes in the coexistence
regime. This is a theorem-level localization statement rather than a component-level empirical observation.

A.7. Relation to Lazy Training and Kernel Interpolation

The lazy/tangent regime of neural networks is classically modeled by the neural tangent kernel (Jacot et al., 2018) and
by lazy-training analyses (Chizat et al., 2019). Kernel methods can certainly interpolate data, and our paper does not
claim otherwise. The question is sharper: can a bounded kernel correction interpolate arbitrary signed fact residuals while
remaining L2(PX)-invisible?

Theorem G.9 proves an effective-dimension bottleneck. Even if the kernel class is granted the Bayes rule f⋆ for free, a
bounded RKHS correction cannot interpolate independent signed facts with small population mass unless

NK(ζ)

is large relative to the number of facts. The affine lazy result then follows by containment of the tangent class in an
oracle-centered RKHS ball. This converse is deliberately not a universal impossibility theorem for all kernels; it is a
separation between learned residual geometry and bounded fixed-representation interpolation.

A.8. Relation to Machine Unlearning

Machine unlearning asks for mechanisms by which trained systems can remove the effect of selected data (Cao & Yang,
2015; Bourtoule et al., 2021). The present paper does not propose a general-purpose unlearning algorithm for arbitrary
trained foundation models. Instead, it proves an exact deletability corollary inside the coexistence construction.

The distinction is important. General unlearning is algorithmic and distributional: after training has occurred, one asks for a
procedure whose output resembles retraining without the deleted data. Our result is structural: for the constructed predictor,
the memorized residuals are represented by identifiable residual-only MLP units. Therefore, deletion is implemented by a
deterministic parameter projection:

ΘF 7→ Θ
(−U)
F ,

which zeroes the output coefficients of the three units attached to each deleted fact µ ∈ U . This gives exact identities

f
Θ

(−U)
F

(Xν) = f⋆(Xν) (ν ∈ U), f
Θ

(−U)
F

(Xν) = ξν (ν /∈ U),

8
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Fact Localizability in Decoder Transformers

and full deletion recovers
f
Θ

(−all)
F

= f⋆

on the entire input space. Thus the result is narrower than general unlearning, but stronger within its theorem-level model.

A.9. Summary Table

Table 1. Novelty boundary relative to the closest theoretical lines.

Prior line What it establishes What this paper adds

Rules-and-facts theory (Farné
et al., 2026)

Solvable framework for simultaneous rule
learning and fact memorization.

Causal decoder theorem with trainable attention
features, fact localizability, lazy/kernel converse,
and exact deletability.

Bayes-optimal attention theory
(Boncoraglio et al., 2025)

Bayes-optimal learning and phase transi-
tions in attention-indexed models.

Adds arbitrary exception facts and proves coex-
istence via a residual Gaussian block and sparse
fact localization.

Factual recall/storage theory
(Nichani et al., 2024; Xu & Chen,
2025)

Mechanisms and capacity for storing or
extracting factual knowledge.

Proves exact fact memorization with vanishing
excess Bayes rule risk.

Component-specialization stud-
ies (Dong et al., 2025)

Evidence and theory that transformer com-
ponents contribute differently to retrieval,
memorization, and sequence modeling.

Proves a sparse-plus-low-rank functional decom-
position and vanishing rule–fact Gram coupling
for the constructed coexistence predictor.

Lazy/NTK theory (Jacot et al.,
2018; Chizat et al., 2019)

Fixed-representation kernel description of
lazy neural networks.

Shows an effective-dimension bottleneck for fact
localizability in bounded lazy decoder classes.

Machine unlearning (Cao &
Yang, 2015; Bourtoule et al.,
2021)

Algorithmic goals and protocols for remov-
ing data effects from trained models.

Proves exact structural deletion of memorized
residual facts in the constructed coexistence rep-
resentation.

A.10. Claims Deliberately Not Made

We close by listing claims that are outside the scope of the theorem package.

First, we do not claim that arbitrary trained large language models learn the specific split representation constructed in
Theorem D.9. The result is a theorem about an explicit causal decoder class.

Second, we do not claim an optimization theorem for stochastic gradient descent. The core results are representation,
localization, and lower-bound statements. Any optimization result would require a separate analysis and should not be used
as a hidden premise.

Third, we do not claim that kernels cannot memorize. The lazy converse is an effective-dimension lower bound: sufficiently
rich kernels may interpolate many facts, but bounded low-effective-dimension tangent classes cannot do so with vanishing
population mass.

Fourth, we do not claim a general-purpose machine-unlearning algorithm. The deletability theorem is exact for the
constructed sparse residual representation and should be understood as a structural possibility result.

These restrictions are not weaknesses of the theorem package; they are the conditions that make the separation mathematically
precise.

B. Formal Setup, Assumptions, and Notation
This appendix fixes the theorem-level model used throughout the paper. Our setup combines the structured/fact decomposition
of the Rules-and-Facts (RAF) model (Farné et al., 2026) with a causal decoder architecture closer to recent tractable attention
models and one-layer transformer abstractions (Boncoraglio et al., 2025; Xu & Chen, 2025; Nichani et al., 2024; Vasudeva
et al., 2026; Dong et al., 2025). The role of this appendix is purely foundational: it specifies the ambient probability
space, the teacher rule, the finite fact set, the decoder function classes, the lazy/tangent class used in the converse, and the
exact risk functionals optimized in the subsequent appendices. Unless explicitly stated otherwise, Appendices C–H are
representation-first: they establish existence and separation results for function classes and do not assume that a particular
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Fact Localizability in Decoder Transformers

optimization algorithm finds the relevant predictors.

B.1. Ambient Space, Tokens, and Asymptotic Regime

Fix an integer L ≥ 2, interpreted as the observed prefix length of a decoder-only next-token prediction problem. For every
ambient dimension d ∈ N, define the raw content-token space

Xd := (Rd)L.

An input sequence is denoted by
X = (x1, . . . , xL) ∈ Xd,

where xL is the final observed token and plays the role of the readout/query token. We write [m] := {1, . . . ,m} for every
m ∈ N.

To retain exact positional information without burdening the analysis with learned positional embeddings, we work with
position-augmented tokens. Let e1, . . . , eL denote the canonical basis of RL, and define

zt(X) := (xt, et) ∈ Rd+L, t ∈ [L].

Thus the model has access to both content and position, but only through a fixed, deterministic augmentation.

Assumption B.1 (Input law). For each d, the random vectors x1, . . . , xL are independent and identically distributed
according to a distribution Dd on Rd satisfying

E[xt] = 0, E[xtx⊤t ] = Id,

and
sup

∥u∥2=1

∥⟨u, xt⟩∥ψ2
≤ κ

for some finite constant κ > 0 independent of d and t. Here ∥ · ∥ψ2 denotes the usual subgaussian Orlicz norm.

Remark B.2 (Why this stylized input model). Theorems about coexistence are simplest when the input law is isotropic
and high-dimensional, as in teacher–student and modern attention-indexed models (Farné et al., 2026; Boncoraglio et al.,
2025). The position augmentation above is a deterministic device that makes the causal ordering explicit while preserving
the concentration geometry of the content coordinates.

Assumption B.3 (Asymptotic regime). All statements are indexed by d→ ∞. The sequence length L, the teacher rank r
introduced below, the subgaussian parameter κ, and all structural constants appearing in the standing assumptions are fixed
with respect to d. The quantities

n = n(d), m = m(d), H = H(d), Wf =Wf (d), B = B(d)

may vary with d. When a residual dimension parameter d⊥ = d⊥(d) appears later, it is understood to satisfy 1 ≤ d⊥ ≤ H−r.
Unless explicitly stated otherwise, the budget B(d) is allowed to grow at most polynomially in d.

Throughout, c, C, c0, C0, . . . denote positive constants whose values may change from line to line; they may depend on fixed
structural parameters such as L, r, κ, and the teacher/activation constants, but never on d, n,m,H,Wf unless explicitly
indicated. We write ad ≲ bd if ad ≤ Cbd for all sufficiently large d, and ad ≍ bd if both ad ≲ bd and bd ≲ ad. The phrase
with high probability means probability tending to one as d→ ∞.

B.2. Teacher Rule and the Rule Distribution

The structured part of the data is generated by a finite-rank causal attention-type teacher. This matches the score nonlinearity
used by the student architecture and isolates the coexistence question from approximation error. Such matched teacher–
student abstractions are standard in solvable theory for memorization/generalization and attention-based models (Farné
et al., 2026; Boncoraglio et al., 2025).

Assumption B.4 (Score nonlinearity and MLP activation). The scalar attention score map ψ : R → R is fixed, twice
continuously differentiable, satisfies ψ(0) = 0, and obeys

sup
u∈R

(
|ψ′(u)|+ |ψ′′(u)|

)
≤ Bψ, |ψ(u)| ≤ Bψ(1 + |u|)

10
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Fact Localizability in Decoder Transformers

for some finite constant Bψ > 0. The hidden activation in the final MLP is the ReLU

σ(u) := u+ := max{u, 0}.

Assumption B.5 (Rank-r causal teacher). Fix r ∈ N. There exist parameters{
q⋆a, k

⋆
a, v

⋆
a, β

⋆
a

}r
a=1

⊂ Rd+L × Rd+L × Rd+L × R

such that
max
a∈[r]

{
∥q⋆a∥2, ∥k⋆a∥2, ∥v⋆a∥2, |β⋆a|

}
≤ B⋆

for a constant B⋆ > 0 independent of d, and the teacher rule is

f⋆(X) =

r∑
a=1

β⋆aS
⋆
a(X), S⋆a(X) :=

L−1∑
t=1

ψ
(
⟨q⋆a, zL(X)⟩⟨k⋆a, zt(X)⟩

)
⟨v⋆a, zt(X)⟩. (12)

The observed response is
Y = f⋆(X) + ε, (13)

where ε is independent of X , centered, and subgaussian with

E[ε2] = σ2
ε <∞.

Let PX denote the law of X , and Prule the joint law of (X,Y ) induced by Theorems B.1 and B.5. By construction,

f⋆(X) = E[Y | X],

so f⋆ is the unique L2(PX)-Bayes regressor.

Definition B.6 (Square-integrable predictor space). We write M2(PX) for the set of all measurable functions f : Xd → R
such that

∥f∥2L2(PX) := EX∼PX
[f(X)2] <∞.

Whenever g ∈ M2(PX), we also write

∥g∥2L2(Prule)
:= E(X,Y )∼Prule

[g(X)2] = ∥g∥2L2(PX).

B.3. Regular Samples, Fact Sets, and the Representation-First Viewpoint

For a regular sample size n, let
Sn := {(Xi, Yi)}ni=1

be i.i.d. draws from Prule. In addition to these structured examples, we consider a finite set of facts (or exceptions)

Fm := {(Xµ, ξµ)}mµ=1,

where the locations Xµ are sampled from the same input marginal PX , but the values ξµ are arbitrary responses that need
not follow the teacher rule. This models sparse exceptions or memorized facts on top of the structured rule, in the spirit of
RAF (Farné et al., 2026), but in a causal decoder setting.

Definition B.7 (Fact residual vector). Given a fact set Fm, define its residual vector

δ(Fm) := (δ1, . . . , δm)⊤ ∈ Rm, δµ := ξµ − f⋆(Xµ).

Definition B.8 (Admissible fact set). Fix Bδ > 0. A finite fact set Fm is called Bδ-admissible if

∥δ(Fm)∥∞ = max
µ∈[m]

|ξµ − f⋆(Xµ)| ≤ Bδ.

11
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Fact Localizability in Decoder Transformers

Definition B.9 (Generic fact set). A random admissible fact set Fm is called generic if its locations X1, . . . , Xm are i.i.d.
draws from PX , independent of the regular sample Sn and of any random initialization introduced later, while the residual
vector δ(Fm) may be arbitrary (possibly deterministic), subject only to the admissibility constraint ∥δ(Fm)∥∞ ≤ Bδ .

Whenever a theorem is stated for generic fact sets, the probability is over the draw of the locations X1, . . . , Xm, and the
conclusion is uniform over all admissible residual vectors δ(Fm).

Definition B.10 (Evaluation operator on a fact set). For a fixed fact set Fm, define the evaluation operator

EFm
: M2(PX) → Rm, EFm

(g) :=
(
g(X1), . . . , g(Xm)

)⊤
.

The central theorems in this paper are class-level statements. Thus, rather than postulating a specific training algorithm, we
study the existence or nonexistence of predictors in a function class that simultaneously achieve low rule risk and exact
interpolation of the fact set. For intuition only, one may view this as the constrained empirical problem

min
Θ

1

n

n∑
i=1

(
fΘ(Xi)− Yi

)2
subject to fΘ(X

µ) = ξµ ∀µ ∈ [m], (14)

but Appendices C–H do not assume that any specific algorithm solves Equation (14). Optimization is deferred to a separate,
optional appendix.

B.4. Trainable-Feature Decoder Class

We now define the decoder-only architecture that underlies the upper theorem. It is intentionally minimal: a single causal
self-attention block, evaluated at the final readout token, followed by a one-hidden-layer ReLU MLP. This class is rich
enough to contain the teacher rule and, later, a sparse fact-correction layer, while still remaining explicit enough for exact
analysis.

Fix integers H ≥ 1 and Wf ≥ 0, interpreted as the number of scalar attention heads and the width of the final MLP,
respectively.

For each head h ∈ [H], let
qh, kh, vh ∈ Rd+L.

Define the h-th scalar causal head by

Ah(X; θh) :=

L−1∑
t=1

ψ
(
⟨qh, zL(X)⟩⟨kh, zt(X)⟩

)
⟨vh, zt(X)⟩, θh := (qh, kh, vh). (15)

The full attention representation is

AΘ(X) :=
(
A1(X; θ1), . . . , AH(X; θH)

)⊤ ∈ RH . (16)

The final scalar predictor is

fΘ(X) = c+ ⟨w,AΘ(X)⟩+
Wf∑
j=1

αj σ
(
⟨bj , AΘ(X)⟩ − τj

)
, (17)

where
w, bj ∈ RH , c, αj , τj ∈ R.

The full parameter vector is
Θ =

(
(θh)

H
h=1, w, c, (αj , bj , τj)

Wf

j=1

)
.

Definition B.11 (Trainable-feature decoder class). For integers H,Wf and a budget B > 0, define Tdec(H,Wf , B) as the
set of all predictors fΘ : Xd → R of the form Equations (15) to (17) such that

max
h∈[H]

{
∥qh∥2, ∥kh∥2, ∥vh∥2

}
≤ B, ∥w∥2 ≤ B,

12
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and
max
j∈[Wf ]

{
∥bj∥2, |αj |, |τj |

}
≤ B, |c| ≤ B.

When the dependence on H,Wf , B is clear from context, we abbreviate this class by Tdec.
Remark B.12 (Matched teacher inclusion). If H ≥ r, then the teacher rule f⋆ belongs to Tdec(H,Wf , B) for all sufficiently
large B: one may set the first r heads equal to the teacher heads {q⋆a, k⋆a, v⋆a}ra=1, switch off the remaining heads, take
Wf = 0, and choose the linear readout w to equal (β⋆1 , . . . , β

⋆
r , 0, . . . , 0). This observation is purely representational and

will be used later to eliminate approximation error from the coexistence analysis.

B.5. Lazy/Tangent Class and the Associated Kernel

The lower-bound appendix compares the fully trainable decoder class above to the lazy (or tangent) regime of the same
architecture. We therefore record the corresponding tangent kernel and affine tangent class here.
Definition B.13 (Tangent kernel and lazy class). Fix a base point Θ0 such that X 7→ ∇ΘfΘ0(X) is square-integrable under
PX . The associated tangent kernel is

KΘ0
(X,X ′) :=

〈
∇ΘfΘ0

(X),∇ΘfΘ0
(X ′)

〉
. (18)

For R > 0, define the affine lazy class

Tlazy(R; Θ0) :=
{
X 7→ fΘ0(X) +

〈
∇ΘfΘ0(X), u

〉
: ∥u∥2 ≤ R

}
. (19)

We write HKΘ0
for the reproducing kernel Hilbert space (RKHS) associated with KΘ0

.
Remark B.14 (Why the lazy class is the correct converse baseline). The lower-bound theorem will compare a fully trainable
feature-learning decoder to the tangent class of the same parameterization. This isolates the gain from feature learning itself,
rather than from changing the architecture class.

B.6. Risks, Exact Memorization, and the Two Central Functionals

We now define the functionals that quantify coexistence between rule generalization and exact fact memorization.
Definition B.15 (Rule risk and Bayes risk). For any f ∈ M2(PX), define the squared rule risk

Rrule(f) := E(X,Y )∼Prule

[
(f(X)− Y )2

]
. (20)

The Bayes risk is
RBayes := Rrule(f

⋆) = E[ε2]. (21)

Definition B.16 (Exact memorization of a fact set). A predictor f ∈ M2(PX) is said to exactly memorize the fact set
Fm = {(Xµ, ξµ)}mµ=1 if

f(Xµ) = ξµ for every µ ∈ [m].

Equivalently, f exactly memorizes Fm if and only if

EFm
(f) = (ξ1, . . . , ξm)⊤.

Definition B.17 (Bayes-coexistence gap). Let T ⊆ M2(PX) be any predictor class and let Fm be any fact set. The
Bayes-coexistence gap of T with respect to Fm is

∆Fm
(T ) := inf

f∈T
f(Xµ)=ξµ, ∀µ∈[m]

(
Rrule(f)−RBayes

)
. (22)

By convention, ∆Fm
(T ) := +∞ if the feasibility set is empty.

Definition B.18 (Fact localizability). Let T ⊆ M2(PX) be any predictor class and let Fm be any fact set. The fact
localizability of Fm in T under the rule law is

ΛFm
(T ;Prule) := inf

g∈M2(PX)
f⋆+g∈T

g(Xµ)=δµ, ∀µ∈[m]

∥g∥2L2(PX). (23)

Again, ΛFm(T ;Prule) := +∞ if the feasible set is empty.

13
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Fact Localizability in Decoder Transformers

Remark B.19 (Interpretation of the two functionals). The quantity ∆Fm
(T ) measures the unavoidable excess rule risk

that the class T must pay if it insists on exact memorization of all facts in Fm. The quantity ΛFm(T ;Prule) measures the
minimum L2(PX)-mass of a perturbation that implants those facts on top of the Bayes rule f⋆. Appendix C will show that,
under squared loss, these two quantities coincide exactly whenever f⋆ ∈ T .

B.7. Standing Conventions for Later Appendices

For later use, we record the following conventions.
Remark B.20 (Uniformity conventions). Whenever a theorem is stated for generic fact sets, the probability is over the
random locations X1, . . . , Xm, and the conclusion is uniform over all admissible residual vectors δ(Fm). Whenever a
theorem involves the lazy class, any probability over random initialization is stated explicitly in that theorem.
Remark B.21 (Representation-first scope). Appendices C–H are concerned with existence, lower bounds, and structural
separation inside the classes Tdec and Tlazy. No claim about gradient descent, stochastic gradient descent, or any other
training dynamics is made in those appendices. If an optimization theorem is added, it should appear separately and should
not be used as a hidden premise for any of the core representation theorems.
Remark B.22 (Loss model). The exact identity between coexistence cost and localizability is cleanest under squared loss,
which is why the core theory is developed in that setting. This choice is standard in theorem-level analyses of synthetic
transformer tasks and teacher–student models. A local extension to Bernoulli/cross-entropy losses around the Bayes logit
can be stated separately without altering the setup above.

C. Proof of the Coexistence–Localizability Identity
This appendix proves the exact identity that underlies the entire paper. At the level of function classes, the coexistence
problem considered here is the problem of simultaneously achieving Bayes-optimal rule prediction under the structured rule
distribution Prule while exactly interpolating a finite fact set Fm. The key point is that, under squared loss, this problem is
exactly equivalent to a constrained minimum-seminorm perturbation problem around the Bayes regressor f⋆. This reduction
is what converts the rules-and-facts coexistence perspective of Farné et al. (2026) into a tractable geometric question for
causal decoder classes: all subsequent upper and lower bounds reduce to quantifying the minimum L2(PX)-mass of a
fact-implanting perturbation.

Throughout this appendix, we adopt all notation and assumptions from Section B. In particular, f⋆ is the explicit teacher
rule defined in Equation (12), Prule is the corresponding joint law of (X,Y ), ∆Fm

(T ) is the Bayes-coexistence gap from
Theorem B.17, and ΛFm

(T ;Prule) is the fact localizability functional from Theorem B.18.

C.1. Feasible Sets and a Semiinorm Convention

Because exact memorization is imposed by pointwise constraints at the realized fact locations X1, . . . , Xm, we work with
actual measurable predictors rather than PX -almost-sure equivalence classes. Consequently,

⟨g, h⟩X := EX∼PX
[g(X)h(X)], ∥g∥2L2(PX) = ⟨g, g⟩X ,

is, strictly speaking, a semi-inner-product and a semi-norm on M2(PX): nonzero functions supported on PX -null sets may
have zero L2(PX)-mass. This distinction is essential in exact memorization problems and will be exploited later. None of
the proofs in this appendix requires quotienting by PX -almost-sure equality.

For any predictor class T ⊆ M2(PX) and fact set Fm = {(Xµ, ξµ)}mµ=1, define the feasible predictor and feasible
correction sets

AFm
(T ) :=

{
f ∈ T : f(Xµ) = ξµ ∀µ ∈ [m]

}
, (24)

GFm
(T ) :=

{
g ∈ M2(PX) : f⋆ + g ∈ T , g(Xµ) = δµ ∀µ ∈ [m]

}
, (25)

where δµ = ξµ − f⋆(Xµ) is the fact residual from Theorem B.7. By definition,

∆Fm
(T ) = inf

f∈AFm (T )

(
Rrule(f)−RBayes

)
, (26)
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Fact Localizability in Decoder Transformers

and
ΛFm

(T ;Prule) = inf
g∈GFm (T )

∥g∥2L2(PX), (27)

with the convention that the infimum of the empty set is +∞.

C.2. The Bayes Orthogonality and Pythagorean Identity

The next lemma is the only place where the distributional structure of Prule enters this appendix. It is the precise orthogonality
statement that makes the coexistence problem an exact minimum-seminorm problem.

Lemma C.1 (Bayes orthogonality). For every g ∈ M2(PX),

E(X,Y )∼Prule

[
g(X) (Y − f⋆(X))

]
= 0. (28)

Equivalently,
⟨g, Y − f⋆(X)⟩L2(Prule) = 0 for every g(X) ∈ L2(PX).

Proof. Fix g ∈ M2(PX). Since g(X) ∈ L2(PX) and Y − f⋆(X) = ε has finite second moment by Theorem B.5, the
product g(X)(Y − f⋆(X)) is integrable by Cauchy–Schwarz. Hence conditional expectation is well-defined, and

E
[
g(X)(Y − f⋆(X))

]
= E

[
E
[
g(X)(Y − f⋆(X)) | X

]]
= E

[
g(X)E

[
Y − f⋆(X) | X

]]
.

By construction of the teacher model,
f⋆(X) = E[Y | X]

almost surely under Prule. Therefore

E
[
Y − f⋆(X) | X

]
= 0 almost surely,

and the last display is zero.

Proposition C.2 (Bayes Pythagorean identity). For every f ∈ M2(PX),

Rrule(f)−RBayes = ∥f − f⋆∥2L2(PX). (29)

Equivalently,
Rrule(f) = RBayes + ∥f − f⋆∥2L2(PX). (30)

Proof. Let f ∈ M2(PX). Since f − f⋆ ∈ M2(PX), all terms below are integrable. Expanding the square gives

Rrule(f) = E
[
(f(X)− Y )2

]
= E

[
(f(X)− f⋆(X) + f⋆(X)− Y )2

]
= E

[
(f(X)− f⋆(X))2

]
+ E

[
(f⋆(X)− Y )2

]
+ 2E

[
(f(X)− f⋆(X))(f⋆(X)− Y )

]
.

By Theorem C.1 applied to g = f − f⋆, the cross term is zero. Since RBayes = Rrule(f
⋆) = E[(f⋆(X)− Y )2], the claim

follows.

Remark C.3 (Loss specificity). Theorem C.2 is exact because squared loss induces a genuine Pythagorean identity around
the Bayes regressor. For other losses, one typically obtains only local or inequality-based comparisons around the Bayes
predictor, not an exact global identity. This is why the core theorem of the paper is formulated under squared loss.
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Fact Localizability in Decoder Transformers

C.3. Translation of Feasible Sets

The next lemma isolates the purely algebraic part of the argument: exact memorization constraints translate one-to-one
between predictors f and Bayes-centered perturbations g = f − f⋆.
Lemma C.4 (Translation bijection between predictors and corrections). Let T ⊆ M2(PX) be any predictor class, and let
Fm = {(Xµ, ξµ)}mµ=1 be any fact set. Define

Φf⋆ : AFm(T ) → GFm(T ), Φf⋆(f) := f − f⋆.

Then Φf⋆ is a bijection with inverse

Ψf⋆ : GFm
(T ) → AFm

(T ), Ψf⋆(g) := f⋆ + g.

In particular,
AFm

(T ) = ∅ ⇐⇒ GFm
(T ) = ∅. (31)

Proof. Take f ∈ AFm(T ). By definition, f ∈ T and f(Xµ) = ξµ for all µ ∈ [m]. Let g := f − f⋆. Then g ∈ M2(PX)
because both f and f⋆ are square-integrable, and

f⋆ + g = f ∈ T .
Moreover, for each µ ∈ [m],

g(Xµ) = f(Xµ)− f⋆(Xµ) = ξµ − f⋆(Xµ) = δµ.

Hence g ∈ GFm(T ), so Φf⋆ is well-defined.

Conversely, take g ∈ GFm
(T ) and define f := f⋆ + g. Then f ∈ T by definition of GFm

(T ), and for each µ ∈ [m],

f(Xµ) = f⋆(Xµ) + g(Xµ) = f⋆(Xµ) + δµ = ξµ.

Thus f ∈ AFm(T ), so Ψf⋆ is well-defined.

Finally, for every f ∈ AFm(T ),
Ψf⋆(Φf⋆(f)) = f⋆ + (f − f⋆) = f,

and for every g ∈ GFm(T ),
Φf⋆(Ψf⋆(g)) = (f⋆ + g)− f⋆ = g.

Therefore Φf⋆ and Ψf⋆ are inverse bijections. The equivalence Equation (31) follows immediately.

C.4. The Core Identity

We can now state and prove the exact identity that grounds the rest of the paper. Importantly, no assumption that f⋆ ∈ T is
needed.
Theorem C.5 (Coexistence–localizability identity). Let T ⊆ M2(PX) be any predictor class, and let Fm be any fact set.
Then

∆Fm(T ) = ΛFm(T ;Prule). (32)
Equivalently,

∆Fm(T ) = inf
f∈AFm (T )

∥f − f⋆∥2L2(PX) = inf
g∈GFm (T )

∥g∥2L2(PX). (33)

Proof. If AFm(T ) = ∅, then ∆Fm(T ) = +∞ by definition. By Theorem C.4, this is equivalent to GFm(T ) = ∅, in which
case ΛFm(T ;Prule) = +∞. Hence the identity holds in the infeasible case.

Assume now that AFm(T ) ̸= ∅, and equivalently GFm(T ) ̸= ∅. Using Equation (26), Theorem C.2, and then Theorem C.4,
we obtain

∆Fm
(T ) = inf

f∈AFm (T )

(
Rrule(f)−RBayes

)
= inf
f∈AFm (T )

∥f − f⋆∥2L2(PX)

= inf
g∈GFm (T )

∥g∥2L2(PX)

= ΛFm
(T ;Prule).
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Fact Localizability in Decoder Transformers

This proves both Equation (32) and Equation (33).

Corollary C.6 (Asymptotic coexistence criterion). Let {Td}d≥1 be any sequence of predictor classes and {Fm(d)}d≥1 any
sequence of fact sets in the asymptotic regime of Theorem B.3. Then

∆Fm(d)
(Td) → 0 ⇐⇒ ΛFm(d)

(Td;Prule) → 0.

Proof. Immediate from Theorem C.5.

Corollary C.7 (Monotonicity under class enlargement). If T1 ⊆ T2 ⊆ M2(PX), then for every fact set Fm,

∆Fm
(T2) ≤ ∆Fm

(T1), ΛFm
(T2;Prule) ≤ ΛFm

(T1;Prule).

Proof. Both feasible sets enlarge under class inclusion:

AFm
(T1) ⊆ AFm

(T2), GFm
(T1) ⊆ GFm

(T2).

Taking infima over larger sets cannot increase the value.

C.5. Why Structured Function Classes Are Necessary

The next proposition is not used as a technical ingredient later, but it is conceptually important: without architectural or
regularity constraints, coexistence is trivial. This explains why all nontrivial content in the paper lies in the geometry of
structured decoder classes.

Definition C.8 (Closure under finite modifications). A predictor class T ⊆ M2(PX) is said to be closed under finite
modifications if for every f ∈ T , every m ∈ N, every pairwise distinct points x1, . . . , xm ∈ Xd, and every coefficients
c1, . . . , cm ∈ R, the function

x 7→ f(x) +

m∑
µ=1

cµ 1{x=xµ} (34)

also belongs to T .

Proposition C.9 (Triviality for classes allowing point spikes). Assume that the input marginal PX is non-atomic. Let
T ⊆ M2(PX) be a predictor class that contains f⋆ and is closed under finite modifications in the sense of Theorem C.8.
Then for every finite fact set Fm = {(Xµ, ξµ)}mµ=1 whose locations X1, . . . , Xm are pairwise distinct,

∆Fm
(T ) = ΛFm

(T ;Prule) = 0. (35)

In particular, for generic fact sets under a non-atomic PX , the conclusion holds almost surely.

Proof. Define the spike correction

gF (x) :=

m∑
µ=1

δµ 1{x=Xµ}, δµ = ξµ − f⋆(Xµ). (36)

Since the locations are pairwise distinct and PX is non-atomic,

PX({Xµ}) = 0 for every µ ∈ [m],

hence

∥gF ∥2L2(PX) = E
[
gF (X)2

]
=

m∑
µ=1

δ2µ PX({Xµ}) = 0.

Because f⋆ ∈ T and T is closed under finite modifications, the function f⋆ + gF belongs to T . By construction,

(f⋆ + gF )(X
µ) = f⋆(Xµ) + δµ = ξµ for every µ ∈ [m],

17
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Fact Localizability in Decoder Transformers

so f⋆ + gF ∈ AFm
(T ), while gF ∈ GFm

(T ). Therefore

ΛFm
(T ;Prule) ≤ ∥gF ∥2L2(PX) = 0.

Since ΛFm(T ;Prule) ≥ 0 by definition, it follows that ΛFm(T ;Prule) = 0. The identity ∆Fm(T ) = 0 then follows from
Theorem C.5.

Finally, if PX is non-atomic and X1, . . . , Xm are sampled i.i.d. from PX , then they are pairwise distinct almost surely, so
the last claim follows.

Remark C.10 (Why later appendices are nontrivial). Theorem C.9 shows that the coexistence problem is vacuous in
unrestricted measurable classes: one can implant finitely many facts at zero population cost by modifying the predictor
only on PX -null sets. Thus the entire difficulty of the paper lies in proving that structured decoder classes Tdec and their
lazy limits Tlazy do not admit arbitrary point spikes. The upper theorem later will show that trainable-feature decoders
nevertheless admit approximately localized fact corrections whose rule mass decays exponentially in a residual dimension
parameter; the converse theorem will show that the lazy/kernel regime cannot make this mass vanish.

D. Rule–Residual Factorization of Trainable-Feature Decoders
This appendix proves the structural representation theorem that makes the later fact-localization argument possible. The
statement is deliberately stronger than the qualitative module-specialization narratives that have recently appeared in
transformer theory (Boncoraglio et al., 2025; Xu & Chen, 2025; Nichani et al., 2024; Dong et al., 2025): we construct an
exact causal decoder representation in which the first r attention coordinates coincide with the teacher rule statistics and the
remaining d⊥ coordinates form a Gaussian residual block independent of the teacher sigma-field. In particular, this appendix
isolates a finite rule-relevant subspace of the representation and a complementary residual subspace that is available for later
fact implantation.

D.1. Additional Specialization for Exact Factorization

The subgaussian input model of Theorem B.1 is sufficient for the general formalism, but exact independence between rule
and residual coordinates is most transparent under a Gaussian specialization. From this appendix onward, whenever exact
independence is invoked, we strengthen Theorem B.1 as follows.

Assumption D.1 (Gaussian specialization). In this appendix and all later appendices that explicitly invoke Theorem D.1,
the content-token law is

Dd = N (0, Id).

Equivalently, x1, . . . , xL are independent standard Gaussian vectors in Rd.

We also exclude the degenerate case in which the attention score map vanishes identically.

Assumption D.2 (Nontrivial attention gate). The score map ψ from Theorem B.4 is not identically zero. Fix once and for
all a scalar ρψ ∈ R such that

γψ := ψ(ρψ) ̸= 0. (37)

Remark D.3 (Why the Gaussian specialization is the right theorem-level model). The later upper theorem hinges on exact
statistical orthogonality between the rule block and a residual block that can host localized fact corrections. For general
subgaussian inputs, one can still hope for approximate decorrelation, but exact independence is no longer automatic. The
Gaussian specialization captures the essential high-dimensional geometry while keeping the factorization theorem exact.

D.2. Content/Position Projections and the Teacher Content Subspace

For any u ∈ Rd+L, write
u = (ucnt, upos) ∈ Rd × RL,

and let
Πcntu := ucnt ∈ Rd, Πposu := upos ∈ RL.

Recall that the position-augmented token at location t is

zt(X) = (xt, et) ∈ Rd+L,
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Fact Localizability in Decoder Transformers

so for any u = (ucnt, upos) ∈ Rd+L,
⟨u, zt(X)⟩ = ⟨ucnt, xt⟩+ ⟨upos, et⟩. (38)

Definition D.4 (Teacher content subspace). Define the teacher content subspace

U⋆ := span
(
{Πcntq

⋆
a}ra=1 ∪ {Πcntk

⋆
a}ra=1 ∪ {Πcntv

⋆
a}ra=1

)
⊆ Rd, (39)

and let
p⋆ := dim(U⋆) ≤ 3r.

We write P⋆ and P⊥
⋆ for the orthogonal projectors onto U⋆ and U⊥

⋆ , respectively.

Definition D.5 (Teacher sigma-field). Define the sigma-field generated by the teacher-relevant content coordinates

F⋆ := σ
(
P⋆xt : t ∈ [L]

)
. (40)

The key point is that the teacher depends only on the F⋆ part of the input.

Lemma D.6 (Teacher measurability through a low-dimensional content subspace). Under Theorem B.5, the vector of
teacher statistics

S⋆(X) :=
(
S⋆1 (X), . . . , S⋆r (X)

)
is F⋆-measurable. Consequently, the Bayes rule

f⋆(X) =

r∑
a=1

β⋆aS
⋆
a(X)

and the response Y = f⋆(X) + ε are measurable with respect to F⋆ ∨ σ(ε).

Proof. Fix a ∈ [r] and t ∈ [L]. Since Πcntq
⋆
a,Πcntk

⋆
a,Πcntv

⋆
a ∈ U⋆, we have

Πcntq
⋆
a = P⋆Πcntq

⋆
a, Πcntk

⋆
a = P⋆Πcntk

⋆
a, Πcntv

⋆
a = P⋆Πcntv

⋆
a.

Hence, by Equation (38),

⟨q⋆a, zL(X)⟩ = ⟨Πcntq
⋆
a, xL⟩+ ⟨Πposq

⋆
a, eL⟩

= ⟨Πcntq
⋆
a, P⋆xL⟩+ ⟨Πposq

⋆
a, eL⟩, (41)

⟨k⋆a, zt(X)⟩ = ⟨Πcntk
⋆
a, P⋆xt⟩+ ⟨Πposk

⋆
a, et⟩, (42)

⟨v⋆a, zt(X)⟩ = ⟨Πcntv
⋆
a, P⋆xt⟩+ ⟨Πposv

⋆
a, et⟩. (43)

Each right-hand side is F⋆-measurable. Since ψ is Borel measurable, every summand in the definition

S⋆a(X) =

L−1∑
t=1

ψ
(
⟨q⋆a, zL(X)⟩⟨k⋆a, zt(X)⟩

)
⟨v⋆a, zt(X)⟩

is F⋆-measurable, and therefore so is S⋆a(X). This proves the measurability of S⋆(X). Since f⋆(X) =
∑r
a=1 β

⋆
aS

⋆
a(X),

the Bayes rule is also F⋆-measurable. Finally, Y = f⋆(X) + ε is measurable with respect to F⋆ ∨ σ(ε).

D.3. Position-Selective Causal Heads

The next lemma is purely constructive. It shows that, because positions are hard-coded into the augmented tokens and
because ψ(0) = 0, a single scalar causal head can isolate one chosen position and return an arbitrary linear functional of its
content coordinates.

Lemma D.7 (Exact position-selective scalar head). Fix s ∈ [L− 1] and u ∈ Rd. Define

q
(s)
gate := (0, eL) ∈ Rd+L, k

(s)
gate := (0, ρψes) ∈ Rd+L, v(u) := (u, 0) ∈ Rd+L. (44)
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Then the scalar causal head

A(s,u)(X) :=

L−1∑
t=1

ψ
(
⟨q(s)gate, zL(X)⟩⟨k(s)gate, zt(X)⟩

)
⟨v(u), zt(X)⟩

satisfies, for every X ∈ Xd,
A(s,u)(X) = γψ ⟨u, xs⟩. (45)

Moreover,
∥q(s)gate∥2 = 1, ∥k(s)gate∥2 = |ρψ|, ∥v(u)∥2 = ∥u∥2.

Proof. For every X ∈ Xd,
⟨q(s)gate, zL(X)⟩ = ⟨(0, eL), (xL, eL)⟩ = 1.

Likewise, for every t ∈ [L− 1],

⟨k(s)gate, zt(X)⟩ = ⟨(0, ρψes), (xt, et)⟩ = ρψ 1{t=s},

and
⟨v(u), zt(X)⟩ = ⟨(u, 0), (xt, et)⟩ = ⟨u, xt⟩.

Therefore,

A(s,u)(X) =

L−1∑
t=1

ψ
(
ρψ 1{t=s}

)
⟨u, xt⟩

= ψ(ρψ) ⟨u, xs⟩+
∑
t̸=s

ψ(0) ⟨u, xt⟩.

By Theorem B.4, ψ(0) = 0, and by Theorem D.2, ψ(ρψ) = γψ ̸= 0. Hence

A(s,u)(X) = γψ ⟨u, xs⟩,

which proves Equation (45). The norm identities are immediate from Equation (44).

D.4. Gaussian Orthogonal Complement Coordinates

The next lemma turns the orthogonal complement of the teacher content subspace into a genuine residual block.

Lemma D.8 (Gaussian residual coordinates are independent of the teacher sigma-field). Assume Theorem D.1. Let
u1, . . . , ud⊥ ∈ U⊥

⋆ be orthonormal, where 1 ≤ d⊥ ≤ d− p⋆, and define

G⊥(X) :=
(
⟨u1, x1⟩, . . . , ⟨ud⊥ , x1⟩

)
∈ Rd⊥ . (46)

Then:

1. G⊥(X) ∼ N (0, Id⊥).

2. G⊥(X) is independent of F⋆.

3. Consequently, G⊥(X) is independent of S⋆(X), f⋆(X), and Y .

Proof. Since x1 ∼ N (0, Id) and u1, . . . , ud⊥ are orthonormal, the random vector G⊥(X) is centered Gaussian with
covariance matrix

Cov
(
G⊥(X)

)
=
(
⟨ui, uj⟩

)d⊥
i,j=1

= Id⊥ ,

so G⊥(X) ∼ N (0, Id⊥).

To prove independence from F⋆, decompose each token as

xt = P⋆xt + P⊥
⋆ xt.
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Under Theorem D.1, xt is Gaussian and P⋆xt is orthogonal to P⊥
⋆ xt. Therefore P⋆xt and P⊥

⋆ xt are independent Gaussian
vectors for every t. Since the tokens are also independent across t, the entire family

{P⋆xt : t ∈ [L]} is independent of {P⊥
⋆ xt : t ∈ [L]}.

Because each uj ∈ U⊥
⋆ , we have

⟨uj , x1⟩ = ⟨uj , P⊥
⋆ x1⟩,

so G⊥(X) is measurable with respect to σ(P⊥
⋆ x1), whereas F⋆ = σ(P⋆xt : t ∈ [L]) is measurable with respect to the

teacher projection family. Hence G⊥(X) ⊥⊥ F⋆.

Finally, Theorem D.6 implies that S⋆(X) and f⋆(X) are F⋆-measurable, so they are independent of G⊥(X). Moreover, ε
is independent of X by Theorem B.5, hence independent of G⊥(X). Since

Y = f⋆(X) + ε

is measurable with respect to F⋆ ∨ σ(ε), it follows that G⊥(X) is also independent of Y .

D.5. The Exact Rule–Residual Factorization

We can now state the main representation theorem of this appendix. The theorem is existential and constructive: it builds a
specific causal decoder backbone whose attention representation splits into a rule block and a Gaussian residual block.
Theorem D.9 (Rule–residual factorization of a trainable-feature causal decoder). Assume Theorems D.1 and D.2 and let U⋆
be the teacher content subspace from Theorem D.4. Fix an integer d⊥ satisfying

1 ≤ d⊥ ≤ d− p⋆,

and suppose the number of heads satisfies
H ≥ r + d⊥.

Choose any orthonormal family
u1, . . . , ud⊥ ∈ U⊥

⋆ .

Then there exists a tuple of head parameters

Θ̄split = (θsplit1 , . . . , θsplitH )

with the following properties:

(i) For every X ∈ Xd, the attention representation equals

AΘ̄split(X) =
(
S⋆1 (X), . . . , S⋆r (X), γψ⟨u1, x1⟩, . . . , γψ⟨ud⊥ , x1⟩, 0, . . . , 0

)
. (47)

(ii) Defining
Z⊥(X) :=

(
γψ⟨u1, x1⟩, . . . , γψ⟨ud⊥ , x1⟩

)
∈ Rd⊥ , (48)

we have
Z⊥(X) ∼ N (0, γ2ψId⊥) and Z⊥(X) ⊥⊥ F⋆.

In particular,
Z⊥(X) ⊥⊥ S⋆(X), Z⊥(X) ⊥⊥ f⋆(X), Z⊥(X) ⊥⊥ Y.

(iii) There exists a linear readout vector
w⋆ = (β⋆1 , . . . , β

⋆
r , 0, . . . , 0) ∈ RH

such that, with zero bias and all MLP coefficients set to zero, the resulting predictor satisfies

fΘrule(X) = f⋆(X) for every X ∈ Xd. (49)

Equivalently, the Bayes rule is represented exactly using only the first r coordinates of Equation (47).

(iv) Let
Bsplit := max

{
B⋆, 1, |ρψ|, ∥β⋆∥2

}
, β⋆ := (β⋆1 , . . . , β

⋆
r ). (50)

Then the predictor in (iii) belongs to Tdec(H,Wf , Bsplit) for every Wf ≥ 0.

Proof. We construct the heads explicitly.
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Fact Localizability in Decoder Transformers

Step 1: Rule heads. For a ∈ [r], set
θsplita := (q⋆a, k

⋆
a, v

⋆
a).

By Equation (15) and Equation (12), the corresponding head output is exactly

Aa(X; θsplita ) = S⋆a(X).

Step 2: Residual heads. For j ∈ [d⊥], define the (r + j)-th head by

θsplitr+j :=
(
q
(1)
gate, k

(1)
gate, v

(uj)
)
,

where
q
(1)
gate = (0, eL), k

(1)
gate = (0, ρψe1), v(uj) = (uj , 0).

By Theorem D.7,
Ar+j(X; θsplitr+j ) = γψ⟨uj , x1⟩.

Step 3: Remaining heads. For all h > r + d⊥, set

θsplith := (0, 0, 0).

Since ψ(0) = 0, these heads are identically zero.

Combining the three steps yields the exact representation Equation (47), proving (i).

Assertion (ii) follows from Theorem D.8 applied to the orthonormal family u1, . . . , ud⊥ : the unscaled vector(
⟨u1, x1⟩, . . . , ⟨ud⊥ , x1⟩

)
is standard Gaussian and independent of F⋆, hence its scalar multipleZ⊥(X) is Gaussian with covariance γ2ψId⊥ and remains
independent of F⋆. The displayed independence relations from S⋆(X), f⋆(X), and Y then follow from Theorem D.6 and
the proof of Theorem D.8.

For (iii), define
w⋆ = (β⋆1 , . . . , β

⋆
r , 0, . . . , 0) ∈ RH , c = 0, αj = 0 ∀j ∈ [Wf ].

Then, by Equation (17) and Equation (47),

fΘrule(X) = ⟨w⋆, AΘ̄split(X)⟩

=

r∑
a=1

β⋆aS
⋆
a(X)

= f⋆(X),

which proves Equation (49).

Finally, (iv) follows from the explicit construction. The rule heads satisfy

max
a∈[r]

{
∥q⋆a∥2, ∥k⋆a∥2, ∥v⋆a∥2

}
≤ B⋆

by Theorem B.5. The residual heads satisfy

∥q(1)gate∥2 = 1, ∥k(1)gate∥2 = |ρψ|, ∥v(uj)∥2 = ∥uj∥2 = 1,

and the unused heads are zero. The readout norm is

∥w⋆∥2 = ∥β⋆∥2,

while all MLP parameters are zero. Hence the full predictor belongs to Tdec(H,Wf , Bsplit).

Remark D.10 (What the theorem actually proves). Theorem D.9 is not a statement about a particular training algorithm
discovering the split representation. It is a representation theorem for the trainable-feature decoder class itself. The key
structural consequence is that the same causal decoder family contains both an exact Bayes-rule backbone and a statistically
orthogonal residual block that is invisible to the teacher sigma-field.
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D.6. Consequence for Generic Fact Sets

The next corollary is the precise probabilistic input needed in the sparse fact-localization appendix.

Corollary D.11 (Residual codes of generic fact sets). Assume the hypotheses of Theorem D.9. Let

Fm = {(Xµ, ξµ)}mµ=1

be a generic fact set in the sense of Theorem B.9, and define

S⋆µ := S⋆(Xµ), Z⊥
µ := Z⊥(Xµ), δµ := ξµ − f⋆(Xµ).

Then:

1. (Z⊥
µ )

m
µ=1 are i.i.d. Gaussian vectors with law N (0, γ2ψId⊥).

2. (Z⊥
µ )

m
µ=1 are independent of (S⋆µ, Y

µ)mµ=1.

3. If the residual vector (δµ)mµ=1 is deterministic, or more generally independent of the fact locations (Xµ)mµ=1, then
(Z⊥

µ )
m
µ=1 are independent of (S⋆µ, δµ)

m
µ=1.

4. Conditional on (S⋆µ, δµ)
m
µ=1, the vectors (Z⊥

µ )
m
µ=1 remain i.i.d. with law N (0, γ2ψId⊥).

Proof. By Theorem B.9, the locations X1, . . . , Xm are i.i.d. draws from PX . Therefore the pairs(
S⋆(Xµ), Z⊥(Xµ), Y µ

)
, µ ∈ [m],

are i.i.d. copies of
(
S⋆(X), Z⊥(X), Y

)
. By Theorem D.9(ii), each Z⊥(Xµ) has law N (0, γ2ψId⊥) and is independent of(

S⋆(Xµ), Y µ
)
. This proves (1) and (2).

If the residual vector (δµ)mµ=1 is deterministic, or more generally independent of the locations (Xµ)mµ=1, then it is independent
of (Z⊥

µ , S
⋆
µ)
m
µ=1, which proves (3). The conditional statement (4) is then immediate from (1)–(3): conditioning on variables

independent of the Gaussian residual codes does not alter their law or their independence structure.

Remark D.12 (Why one token suffices for the residual block). The residual block in Theorem D.9 is extracted from the
orthogonal complement of a single token, x1. This is enough for the later localization argument because, for generic fact
sets, the resulting residual codes are already i.i.d. continuous Gaussian vectors in dimension d⊥. That is precisely the regime
in which localized fact bumps can be constructed with exponentially small L2(PX)-mass.

E. Sparse Fact Localization Geometry
This appendix proves the geometric localization theorem that drives the main upper bound. By Theorem D.9, the trainable-
feature decoder class contains an exact Bayes-rule backbone together with a residual Gaussian block Z⊥(X) ∈ Rd⊥
that is independent of the teacher sigma-field. The goal of this appendix is to show that, for a generic fact set, one can
implant an arbitrary bounded residual vector δ(Fm) = (δ1, . . . , δm) by a residual-only one-hidden-layer ReLU correction
whose L2-mass under the rule distribution is exponentially small in d⊥. In contrast to storage-capacity analyses based
on associative-memory scaling (Nichani et al., 2024; Xu & Chen, 2025; Dong et al., 2025), the mechanism here is a
high-threshold geometric localization in a residual Gaussian block.

Throughout this appendix, we assume all hypotheses of Theorem D.9. In particular:

• d⊥ ≥ 1 is the residual dimension from Theorem D.9;

• Fm = {(Xµ, ξµ)}mµ=1 is a generic fact set;

• Z⊥
µ := Z⊥(Xµ) ∈ Rd⊥ are the residual codes from Theorem D.11;

• δµ := ξµ − f⋆(Xµ) are the fact residuals.
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We abbreviate
γ̄ := |γψ| > 0, ν⊥ := N (0, γ̄2Id⊥),

so that, by Theorems D.9 and D.11,
Z⊥(X) ∼ ν⊥ under PX ,

and the random codes Z⊥
1 , . . . , Z

⊥
m are i.i.d. with the same law.

E.1. A Three-ReLU Tent Bump

The basic one-fact localizer is a one-dimensional tent function, realized by three ReLU units. Its only role is to create a
compact slab around a chosen high-threshold projection level.

Definition E.1 (Tent bump). For s ∈ R and w > 0, define

ϑs,w(t) :=
1

w

(
σ(t− s+ w)− 2σ(t− s) + σ(t− s− w)

)
, t ∈ R, (51)

where σ(u) = u+ = max{u, 0}.

Lemma E.2 (Elementary properties of the tent bump). For every s ∈ R and w > 0, the function ϑs,w : R → R satisfies:

1. 0 ≤ ϑs,w(t) ≤ 1 for all t ∈ R;

2. ϑs,w(s) = 1;

3. ϑs,w(t) = 0 whenever |t− s| ≥ w;

4. ϑs,w is piecewise linear, supported on [s− w, s+ w], and admits the explicit form

ϑs,w(t) =



0, t ≤ s− w,

t− (s− w)

w
, s− w ≤ t ≤ s,

(s+ w)− t

w
, s ≤ t ≤ s+ w,

0, t ≥ s+ w.

Proof. Fix s ∈ R and w > 0. The formula follows by checking the four regions t ≤ s−w, s−w ≤ t ≤ s, s ≤ t ≤ s+w,
and t ≥ s+ w directly from Equation (51). In particular, the function is supported on [s− w, s+ w], equals 1 at t = s, and
is affine on each subinterval. Since it linearly interpolates between 0 and 1 on [s− w, s] and between 1 and 0 on [s, s+ w],
it takes values in [0, 1].

E.2. A High-Probability Geometric Separation Event

The key geometric fact is that independent Gaussian residual codes are large in norm and almost orthogonal to one another
at the scale relevant for high-threshold projection tests.

Definition E.3 (Geometric separation event). Define the event Egeo by

Egeo :=
{

3
4 γ̄
√
d⊥ ≤ ∥Z⊥

µ ∥2 ≤ 5
4 γ̄
√
d⊥ ∀µ ∈ [m],∣∣⟨Ẑ⊥

µ , Z
⊥
ν ⟩
∣∣ ≤ 1

8 γ̄
√
d⊥ ∀µ ̸= ν

}
, (52)

where

Ẑ⊥
µ :=

Z⊥
µ

∥Z⊥
µ ∥2

whenever Z⊥
µ ̸= 0.
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Lemma E.4 (High-probability separation of Gaussian residual codes). There exists d0 ∈ N such that for all d⊥ ≥ d0,

P
(
Egeo

)
≥ 1− 2me−d⊥/128 − 2m(m− 1) e−d⊥/128. (53)

In particular, if logm = o(d⊥), then
P
(
Egeo

)
→ 1.

Moreover, on Egeo, for every µ ̸= ν, ∣∣⟨Ẑ⊥
µ , Ẑ

⊥
ν ⟩
∣∣ ≤ 1

6
. (54)

Proof. By Theorem D.11, the vectors Z⊥
1 , . . . , Z

⊥
m are i.i.d. with law N (0, γ̄2Id⊥). Write

Z⊥
µ = γ̄Gµ, Gµ ∼ N (0, Id⊥)

independently.

Norm concentration. The Euclidean norm is 1-Lipschitz on Rd⊥ , so by Gaussian concentration,

P
(∣∣∥Gµ∥2 − E∥Gµ∥2

∣∣ ≥ t
)
≤ 2e−t

2/2 ∀t > 0.

Since E∥Gµ∥2 ∈ [
√
d⊥ − 1,

√
d⊥], there exists d0 such that for all d⊥ ≥ d0,√

d⊥ − 1− 3

4

√
d⊥ ≥ 1

8

√
d⊥.

Hence, for d⊥ ≥ d0,
P
(
∥Gµ∥2 /∈

[
3
4

√
d⊥,

5
4

√
d⊥
])

≤ 2e−d⊥/128.

Rescaling by γ̄ gives
P
(
∥Z⊥

µ ∥2 /∈
[
3
4 γ̄
√
d⊥,

5
4 γ̄
√
d⊥
])

≤ 2e−d⊥/128.

A union bound over µ ∈ [m] yields the first failure term 2me−d⊥/128.

Cross-projection control. Fix µ ̸= ν. Conditional on Ẑ⊥
µ , the scalar ⟨Ẑ⊥

µ , Z
⊥
ν ⟩ is Gaussian with mean zero and variance

γ̄2, because Z⊥
ν is independent of Z⊥

µ and isotropic. Therefore,

P
(∣∣⟨Ẑ⊥

µ , Z
⊥
ν ⟩
∣∣ ≥ 1

8 γ̄
√
d⊥

∣∣∣ Ẑ⊥
µ

)
≤ 2e−d⊥/128.

Removing the conditioning leaves the same bound. A union bound over all ordered pairs (µ, ν), µ ̸= ν, gives the second
failure term 2m(m− 1)e−d⊥/128.

Combining the two bounds proves Equation (53). Finally, on Egeo,

∣∣⟨Ẑ⊥
µ , Ẑ

⊥
ν ⟩
∣∣ = ∣∣⟨Ẑ⊥

µ , Z
⊥
ν ⟩
∣∣

∥Z⊥
ν ∥2

≤ (γ̄/8)
√
d⊥

(3γ̄/4)
√
d⊥

=
1

6
,

which proves Equation (54).

E.3. One-Fact Tent Localizers

We now define the bump attached to each fact code.

Definition E.5 (Residual tent localizer). Fix the deterministic width

w⊥ :=
1

8
γ̄
√
d⊥. (55)

For each µ ∈ [m], define the residual tent localizer

bµ(z) := ϑ∥Z⊥
µ ∥2, w⊥

(
⟨Ẑ⊥

µ , z⟩
)
, z ∈ Rd⊥ . (56)
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Lemma E.6 (Exact pointwise localization on the fact codes). On the event Egeo, the localizers {bµ}mµ=1 satisfy:

1. bµ(Z⊥
µ ) = 1 for every µ ∈ [m];

2. bµ(Z⊥
ν ) = 0 for every µ ̸= ν;

3. 0 ≤ bµ(z) ≤ 1 for all z ∈ Rd⊥ .

Consequently, for every coefficient vector a = (a1, . . . , am) ∈ Rm, the function

ga(z) :=

m∑
µ=1

aµbµ(z) (57)

satisfies
ga(Z

⊥
ν ) = aν ∀ν ∈ [m].

Proof. Fix µ ∈ [m]. Since
⟨Ẑ⊥

µ , Z
⊥
µ ⟩ = ∥Z⊥

µ ∥2,
we have, by Theorem E.2,

bµ(Z
⊥
µ ) = ϑ∥Z⊥

µ ∥2,w⊥(∥Z
⊥
µ ∥2) = 1.

Now fix ν ̸= µ. On Egeo, ∣∣⟨Ẑ⊥
µ , Z

⊥
ν ⟩
∣∣ ≤ 1

8
γ̄
√
d⊥ = w⊥,

whereas
∥Z⊥

µ ∥2 − w⊥ ≥ 3

4
γ̄
√
d⊥ − 1

8
γ̄
√
d⊥ =

5

8
γ̄
√
d⊥.

Therefore
⟨Ẑ⊥

µ , Z
⊥
ν ⟩ ≤ w⊥ < ∥Z⊥

µ ∥2 − w⊥,

so ⟨Ẑ⊥
µ , Z

⊥
ν ⟩ lies outside the support interval [∥Z⊥

µ ∥2 − w⊥, ∥Z⊥
µ ∥2 + w⊥] of the tent function. Hence bµ(Z⊥

ν ) = 0.

The bound 0 ≤ bµ ≤ 1 is immediate from Theorem E.2. The interpolation identity for ga follows from

ga(Z
⊥
ν ) =

m∑
µ=1

aµbµ(Z
⊥
ν ) = aν · 1 +

∑
µ ̸=ν

aµ · 0 = aν .

E.4. Population Mass of One-Fact and Two-Fact Overlaps

The next two lemmas quantify the L2(ν⊥)-mass of a single localizer and the overlap of two distinct localizers.

Lemma E.7 (Single-localizer Gaussian mass). Let Z ∼ ν⊥ = N (0, γ̄2Id⊥), independent of the fact set. On Egeo, for every
µ ∈ [m],

E
[
bµ(Z)

2 | Fm
]
≤ exp

(
− 25

128
d⊥

)
. (58)

Proof. Fix µ ∈ [m]. By Theorem E.2, 0 ≤ bµ ≤ 1 and the support of bµ is contained in the slab{
z ∈ Rd⊥ :

∣∣⟨Ẑ⊥
µ , z⟩ − ∥Z⊥

µ ∥2
∣∣ ≤ w⊥

}
.

Hence, on Egeo,

E[bµ(Z)2 | Fm] ≤ P
(
⟨Ẑ⊥

µ , Z⟩ ≥ ∥Z⊥
µ ∥2 − w⊥

∣∣∣ Fm)
≤ P

(
⟨Ẑ⊥

µ , Z⟩ ≥
5

8
γ̄
√
d⊥

∣∣∣ Fm),
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because ∥Z⊥
µ ∥2 − w⊥ ≥ 5

8 γ̄
√
d⊥ on Egeo.

Conditional on Fm, the scalar ⟨Ẑ⊥
µ , Z⟩ is Gaussian with law N (0, γ̄2). Therefore, by the standard Gaussian tail bound

P(N(0, 1) ≥ t) ≤ e−t
2/2,

E[bµ(Z)2 | Fm] ≤ exp

(
−1

2

(5
8

√
d⊥

)2)
= exp

(
− 25

128
d⊥

)
.

Lemma E.8 (Pairwise overlap bound). Let Z ∼ ν⊥ = N (0, γ̄2Id⊥), independent of the fact set. On Egeo, for every µ ̸= ν,

E
[
bµ(Z)bν(Z) | Fm

]
≤ exp

(
− 75

224
d⊥

)
. (59)

Proof. Fix µ ̸= ν. Define
U := ⟨Ẑ⊥

µ , Z⟩, V := ⟨Ẑ⊥
ν , Z⟩.

Conditional on Fm, the pair (U, V ) is centered Gaussian with

Var(U) = Var(V ) = γ̄2, Cov(U, V ) = γ̄2⟨Ẑ⊥
µ , Ẑ

⊥
ν ⟩.

Hence, by Equation (54),

Var(U + V ) = 2γ̄2
(
1 + ⟨Ẑ⊥

µ , Ẑ
⊥
ν ⟩
)
≤ 2γ̄2

(
1 +

1

6

)
=

7

3
γ̄2.

By support inclusion and the same lower-threshold bound used in the proof of Theorem E.7, on Egeo,

bµ(Z)bν(Z) ̸= 0 =⇒ U ≥ 5

8
γ̄
√
d⊥ and V ≥ 5

8
γ̄
√
d⊥.

Therefore,

bµ(Z)bν(Z) ̸= 0 =⇒ U + V ≥ 5

4
γ̄
√
d⊥.

Using 0 ≤ bµ, bν ≤ 1, we obtain

E[bµ(Z)bν(Z) | Fm] ≤ P
(
U + V ≥ 5

4
γ̄
√
d⊥

∣∣∣ Fm).
Since U + V is centered Gaussian with variance at most 7

3 γ̄
2, the Gaussian tail bound yields

E[bµ(Z)bν(Z) | Fm] ≤ exp

(
−
(
5
4 γ̄

√
d⊥
)2

2 · 7
3 γ̄

2

)

= exp

(
−25

16
· 3

14
d⊥

)
= exp

(
− 75

224
d⊥

)
.

E.5. The Sparse Fact-Bump Theorem

We now assemble the exact interpolation result.
Theorem E.9 (Sparse fact-bump theorem). Assume the hypotheses of Theorem D.9. Let Fm = {(Xµ, ξµ)}mµ=1 be a generic
fact set, let δ(Fm) = (δ1, . . . , δm) be its residual vector, and define

∥δ(Fm)∥∞ := max
µ∈[m]

|δµ|.

Then, on the event Egeo, there exists a residual-only one-hidden-layer ReLU correction

gF (z) :=

m∑
µ=1

δµ bµ(z), z ∈ Rd⊥ , (60)

with the following properties:
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(i) gF exactly interpolates the fact residuals on the residual codes:

gF (Z
⊥
µ ) = δµ ∀µ ∈ [m]. (61)

(ii) gF is realized by 3m ReLU units:

gF (z) =

m∑
µ=1

δµ
w⊥

[
σ
(
⟨Ẑ⊥

µ , z⟩ − (∥Z⊥
µ ∥2 − w⊥)

)
− 2σ

(
⟨Ẑ⊥

µ , z⟩ − ∥Z⊥
µ ∥2

)
+ σ
(
⟨Ẑ⊥

µ , z⟩ − (∥Z⊥
µ ∥2 + w⊥)

)]
. (62)

(iii) If Z ∼ ν⊥ = N (0, γ̄2Id⊥) is independent of Fm, then

E
[
gF (Z)

2 | Fm
]
≤ ∥δ(Fm)∥2∞

[
me−25d⊥/128 +m(m− 1) e−75d⊥/224

]
. (63)

Proof. Define gF as in Equation (60). Property (i) follows immediately from Theorem E.6: for each ν ∈ [m],

gF (Z
⊥
ν ) =

m∑
µ=1

δµ bµ(Z
⊥
ν ) = δν .

Property (ii) follows directly from the definition of bµ via the tent formula Equation (51). Each bµ is a linear combination of
exactly three ReLU units sharing the same input weight vector Ẑ⊥

µ , with thresholds ∥Z⊥
µ ∥2−w⊥, ∥Z⊥

µ ∥2, and ∥Z⊥
µ ∥2+w⊥.

Summing over µ ∈ [m] yields Equation (62), which uses 3m units.

For (iii), expand the square:

E[gF (Z)2 | Fm] =

m∑
µ=1

δ2µE[bµ(Z)2 | Fm] + 2
∑

1≤µ<ν≤m

δµδν E[bµ(Z)bν(Z) | Fm].

Using |δµ| ≤ ∥δ(Fm)∥∞ for every µ, together with Theorems E.7 and E.8, we obtain

E[gF (Z)2 | Fm] ≤ ∥δ(Fm)∥2∞
m∑
µ=1

E[bµ(Z)2 | Fm]

+ 2∥δ(Fm)∥2∞
∑

1≤µ<ν≤m

E[bµ(Z)bν(Z) | Fm]

≤ ∥δ(Fm)∥2∞
[
me−25d⊥/128 +m(m− 1) e−75d⊥/224

]
.

This proves Equation (63).

Corollary E.10 (Simplified asymptotic form). Assume the hypotheses of Theorem E.9. If, in addition,

m ≤ exp(d⊥/256), (64)

then for all sufficiently large d⊥, on Egeo,

E
[
gF (Z)

2 | Fm
]
≤ 2 ∥δ(Fm)∥2∞me−25d⊥/128. (65)

Consequently, if me−25d⊥/128 → 0, then

E
[
gF (Z)

2 | Fm
]
→ 0 on Egeo.

Proof. By Equation (64),

m(m− 1)e−75d⊥/224 ≤ m2e−75d⊥/224 = me−25d⊥/128 ·
(
me−(75/224−25/128)d⊥

)
.
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Now
75

224
− 25

128
=

125

896
>

1

256
,

so Equation (64) implies
me−(75/224−25/128)d⊥ ≤ e−d⊥/256 → 0.

Thus, for all sufficiently large d⊥,
m(m− 1)e−75d⊥/224 ≤ me−25d⊥/128.

Substituting this into Equation (63) yields Equation (65). The final statement is immediate.

Remark E.11 (Lift to the full decoder architecture). The function gF acts only on the residual coordinates z ∈ Rd⊥ . In the
full decoder architecture from Sections B and D, these coordinates occupy a designated block of the attention representation

AΘ̄split(X) =
(
S⋆(X), Z⊥(X), 0

)
.

Hence each residual tent localizer bµ can be implemented by three hidden ReLU units whose input weight vectors are
supported only on the residual block, with zeros on the rule coordinates and on the unused heads. The resulting correction
therefore perturbs only the residual subspace and leaves the Bayes rule block untouched. This structural decoupling is
precisely what will be combined with Theorem C.5 in the next appendix.
Remark E.12 (Interpretation). The key point is not merely that finitely many facts can be interpolated. In unstructured
measurable classes this would already be trivial by Theorem C.9. What is nontrivial here is that the interpolation is achieved
by a structured residual-only ReLU correction whose population mass under the rule law decays exponentially in the residual
dimension. This is the geometric mechanism behind Bayes-optimal coexistence in the trainable-feature decoder class.

F. Proof of the Main Upper Theorem
This appendix assembles the representation and localization ingredients from Appendices D–E into the main positive
coexistence theorem. The proof has a simple logical form:

rule–residual factorization + sparse residual fact bumps
+coexistence–localizability identity =⇒ vanishing Bayes-coexistence gap.

The result is deliberately representation-theoretic: it proves that a trainable-feature causal decoder class contains predictors
that simultaneously realize the Bayes rule and exactly memorize arbitrary bounded facts, while incurring only exponentially
small excess rule risk. This is the positive half of the separation from lazy/kernelized decoders established later in
Appendix G.

Throughout this appendix, all notation from Appendices B–E remains in force. In particular, γ̄ = |γψ| > 0,

w⊥ =
1

8
γ̄
√
d⊥,

and Egeo is the high-probability geometric event from Theorem E.3. The fact residual vector is denoted by

δ(Fm) = (δ1, . . . , δm), δµ = ξµ − f⋆(Xµ).

F.1. Budget Needed to Realize the Fact Bumps

The residual tent construction in Appendix E uses thresholds of order
√
d⊥. We therefore first record an explicit deterministic

parameter budget sufficient to implement the construction inside the decoder class from Theorem B.11.
Definition F.1 (Upper-theorem parameter budget). Fix an admissibility level Bδ > 0. Recall Bsplit from Equation (50).
Define

Bbump(d⊥, Bδ) := max

{
1,

2Bδ
w⊥

,
11

8
γ̄
√
d⊥

}
, (66)

and
Bupper(d⊥, Bδ) := max {Bsplit, Bbump(d⊥, Bδ)} . (67)

Remark F.2 (Polynomial budget). If Bδ = O(1), then

Bupper(d⊥, Bδ) = O(
√
d⊥),

which is compatible with the polynomial-budget convention in Theorem B.3.

29



1595
1596
1597
1598
1599
1600
1601
1602
1603
1604
1605
1606
1607
1608
1609
1610
1611
1612
1613
1614
1615
1616
1617
1618
1619
1620
1621
1622
1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649

Fact Localizability in Decoder Transformers

F.2. Lifting Residual Bumps into the Full Decoder

We now show that the residual correction gF from Appendix E is not merely an abstract function of Z⊥(X), but is exactly
representable by the MLP block of the trainable-feature decoder, using the split attention representation from Appendix D.

Lemma F.3 (Decoder realization of sparse residual bumps). Assume the hypotheses of Theorem D.9. Let Fm be a
Bδ-admissible generic fact set and suppose

H ≥ r + d⊥, Wf ≥ 3m, B ≥ Bupper(d⊥, Bδ).

Then, on Egeo, there exists a parameter vector ΘF such that

fΘF
∈ Tdec(H,Wf , B)

and, for every X ∈ Xd,
fΘF

(X) = f⋆(X) + gF (Z
⊥(X)), (68)

where gF is the residual correction from Equation (60). In particular,

fΘF
(Xµ) = ξµ ∀µ ∈ [m]. (69)

Proof. Fix a fact set Fm and work on the event Egeo.

Step 1: Attention backbone. Use the split attention heads from Theorem D.9. Thus

AΘ̄split(X) =
(
S⋆1 (X), . . . , S⋆r (X), Z⊥

1 (X), . . . , Z⊥
d⊥

(X), 0, . . . , 0
)
,

where
Z⊥(X) =

(
Z⊥
1 (X), . . . , Z⊥

d⊥
(X)

)
∈ Rd⊥ .

Set the linear readout to
w⋆ = (β⋆1 , . . . , β

⋆
r , 0, . . . , 0) ∈ RH

and set the scalar bias c = 0. Then, by Theorem D.9,

⟨w⋆, AΘ̄split(X)⟩ = f⋆(X) ∀X ∈ Xd.

Step 2: MLP implementation of one tent bump. For each fact µ ∈ [m], define the vector in the full attention-coordinate
space

z̃µ :=
(
0r, Ẑ

⊥
µ , 0H−r−d⊥

)
∈ RH .

Since ∥Ẑ⊥
µ ∥2 = 1, we have

∥z̃µ∥2 = 1.

Moreover,
⟨z̃µ, AΘ̄split(X)⟩ = ⟨Ẑ⊥

µ , Z
⊥(X)⟩.

For each µ ∈ [m], allocate three hidden ReLU units with common input direction z̃µ, output weights

αµ,1 :=
δµ
w⊥

, αµ,2 := −2δµ
w⊥

, αµ,3 :=
δµ
w⊥

,

and thresholds

τµ,1 := ∥Z⊥
µ ∥2 − w⊥, τµ,2 := ∥Z⊥

µ ∥2, τµ,3 := ∥Z⊥
µ ∥2 + w⊥. (70)

All unused hidden units, if any, are assigned output coefficient zero.
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The contribution of the three units attached to fact µ is

δµ
w⊥

[
σ
(
⟨Ẑ⊥

µ , Z
⊥(X)⟩ − (∥Z⊥

µ ∥2 − w⊥)
)

− 2σ
(
⟨Ẑ⊥

µ , Z
⊥(X)⟩ − ∥Z⊥

µ ∥2
)

+ σ
(
⟨Ẑ⊥

µ , Z
⊥(X)⟩ − (∥Z⊥

µ ∥2 + w⊥)
)]

= δµ ϑ∥Z⊥
µ ∥2,w⊥

(
⟨Ẑ⊥

µ , Z
⊥(X)⟩

)
= δµbµ(Z

⊥(X)).

Summing over µ ∈ [m], the MLP block realizes

gF (Z
⊥(X)) =

m∑
µ=1

δµbµ(Z
⊥(X)).

Together with the linear readout, this proves Equation (68).

Step 3: Exact interpolation of facts. By Theorem E.9,

gF (Z
⊥
µ ) = δµ ∀µ ∈ [m].

Therefore,
fΘF

(Xµ) = f⋆(Xµ) + gF (Z
⊥(Xµ)) = f⋆(Xµ) + δµ = ξµ,

which proves Equation (69).

Step 4: Parameter budget. The split attention heads and the Bayes linear readout are bounded by Bsplit by Theorem D.9.
Each MLP input vector z̃µ has norm 1. Since Fm is Bδ-admissible,

|αµ,1|, |αµ,3| ≤
Bδ
w⊥

, |αµ,2| ≤
2Bδ
w⊥

.

On Egeo,

∥Z⊥
µ ∥2 ≤ 5

4
γ̄
√
d⊥,

and hence
|τµ,k| ≤

5

4
γ̄
√
d⊥ +

1

8
γ̄
√
d⊥ =

11

8
γ̄
√
d⊥ for k = 1, 2, 3.

Thus every attention parameter, linear readout parameter, MLP input weight, MLP output coefficient, and MLP threshold is
bounded by Bupper(d⊥, Bδ), and therefore by B. Hence fΘF

∈ Tdec(H,Wf , B).

F.3. Main Upper Theorem

We can now state the positive coexistence result in its final form.

Theorem F.4 (Main upper theorem: Bayes-optimal coexistence for trainable-feature decoders). Assume Theorems B.4, B.5,
D.1 and D.2. Fix d⊥ ≤ d− p⋆ and suppose

H ≥ r + d⊥, Wf ≥ 3m.

Let Fm be a Bδ-admissible generic fact set. If

B ≥ Bupper(d⊥, Bδ),

then, with probability at least
1− 2me−d⊥/128 − 2m(m− 1) e−d⊥/128, (71)

over the generic fact locations, the trainable-feature decoder class satisfies

ΛFm

(
Tdec(H,Wf , B);Prule

)
≤ ∥δ(Fm)∥2∞

[
me−25d⊥/128 +m(m− 1) e−75d⊥/224

]
. (72)
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Consequently,

∆Fm

(
Tdec(H,Wf , B)

)
≤ ∥δ(Fm)∥2∞

[
me−25d⊥/128 +m(m− 1) e−75d⊥/224

]
. (73)

Equivalently, on the same event there exists fΘF
∈ Tdec(H,Wf , B) such that

fΘF
(Xµ) = ξµ ∀µ ∈ [m],

and
Rrule(fΘF

)−RBayes ≤ ∥δ(Fm)∥2∞
[
me−25d⊥/128 +m(m− 1) e−75d⊥/224

]
. (74)

Proof. By Theorem E.4, the event Egeo holds with probability at least the quantity in Equation (71). We prove the claimed
bounds on this event.

By Theorem F.3, there exists fΘF
∈ Tdec(H,Wf , B) such that

fΘF
(X) = f⋆(X) + gF (Z

⊥(X)) ∀X ∈ Xd,

and
fΘF

(Xµ) = ξµ ∀µ ∈ [m].

Thus the function
g(X) := gF (Z

⊥(X))

is feasible for the fact-localizability problem

ΛFm

(
Tdec(H,Wf , B);Prule

)
.

Under the rule marginal PX , the residual vector Z⊥(X) has law ν⊥ = N (0, γ̄2Id⊥) by Theorem D.9. Therefore, conditional
on the fact set,

∥g∥2L2(PX) = EX∼PX

[
gF (Z

⊥(X))2 | Fm
]
= EZ∼ν⊥

[
gF (Z)

2 | Fm
]
.

Applying Theorem E.9 gives

∥g∥2L2(PX) ≤ ∥δ(Fm)∥2∞
[
me−25d⊥/128 +m(m− 1) e−75d⊥/224

]
.

Since g is feasible for the localizability variational problem, this proves Equation (72).

The coexistence bound Equation (73) follows immediately from the coexistence–localizability identity Theorem C.5. Finally,
because fΘF

= f⋆ + g, the Bayes Pythagorean identity Theorem C.2 yields

Rrule(fΘF
)−RBayes = ∥g∥2L2(PX),

which proves Equation (74).

Corollary F.5 (Simplified high-dimensional coexistence bound). Under the assumptions of Theorem F.4, suppose in addition
that

m ≤ exp(d⊥/256).

Then, with the same probability as in Equation (71),

∆Fm

(
Tdec(H,Wf , B)

)
≤ 2 ∥δ(Fm)∥2∞me−25d⊥/128. (75)

The same bound holds for the localizability functional

ΛFm

(
Tdec(H,Wf , B);Prule

)
.

Proof. This is immediate from Theorems E.10 and F.4.

32



1760
1761
1762
1763
1764
1765
1766
1767
1768
1769
1770
1771
1772
1773
1774
1775
1776
1777
1778
1779
1780
1781
1782
1783
1784
1785
1786
1787
1788
1789
1790
1791
1792
1793
1794
1795
1796
1797
1798
1799
1800
1801
1802
1803
1804
1805
1806
1807
1808
1809
1810
1811
1812
1813
1814

Fact Localizability in Decoder Transformers

Corollary F.6 (Vanishing Bayes-coexistence gap). Consider a sequence of problem instances indexed by d, satisfying the
assumptions of Theorem F.4. Suppose

logm = o(d⊥), ∥δ(Fm)∥∞ = O(1), m e−25d⊥/128 → 0,

and choose
H ≥ r + d⊥, Wf ≥ 3m, B ≥ Bupper(d⊥, Bδ).

Then
∆Fm

(
Tdec(H,Wf , B)

)
−→ 0

with high probability over the generic fact locations. Equivalently, the trainable-feature decoder class admits asymptotically
Bayes-optimal coexistence: it can exactly memorize all facts in Fm while paying vanishing excess rule risk.

Proof. The probability of Egeo tends to one by Theorem E.4 and the assumption logm = o(d⊥). On this event, Theorem F.4
gives

∆Fm

(
Tdec(H,Wf , B)

)
≤ ∥δ(Fm)∥2∞

[
me−25d⊥/128 +m(m− 1) e−75d⊥/224

]
.

The first term tends to zero by assumption. For the second term, observe that

m(m− 1)e−75d⊥/224 ≤ m2e−75d⊥/224.

Since logm = o(d⊥), for every fixed a > 0,
m2e−ad⊥ → 0.

Taking a = 75/224 proves that the second term also vanishes. The boundedness of ∥δ(Fm)∥∞ then gives the claim.

F.4. Uniformity over Arbitrary Bounded Fact Values

The upper theorem is uniform over bounded fact labels. This point is important: the proof does not assume random fact
values, random labels, or independence between the residual labels and the rule labels. Randomness is used only to place
the fact locations in high-dimensional general position.

Proposition F.7 (Uniformity over admissible residuals). Fix the fact locations X1, . . . , Xm and suppose Egeo holds. Then
the conclusions of Theorems F.3 and F.4 hold simultaneously for all residual vectors δ ∈ Rm satisfying

∥δ∥∞ ≤ Bδ.

Proof. On Egeo, the directions Ẑ⊥
µ , thresholds τµ,k, and localizers bµ are fixed functions of the fact locations. For any

residual vector δ, the correction

gF (z) =

m∑
µ=1

δµbµ(z)

interpolates the corresponding residuals by Theorem E.6. The only quantities in the parameter budget and in the L2-bound
that depend on δ are the output coefficients δµ/w⊥, −2δµ/w⊥, and the scalar ∥δ∥∞. If ∥δ∥∞ ≤ Bδ , then these coefficients
are uniformly bounded by 2Bδ/w⊥, exactly as in the proof of Theorem F.3. The risk and localizability bounds then follow
uniformly from the same calculation as in Theorem F.4.

Remark F.8 (What the upper theorem establishes). The result above should not be read as an optimization theorem. It
establishes that the trainable-feature decoder class contains a structured predictor of the form

fΘF
(X) = f⋆(X) + gF (Z

⊥(X)),

where f⋆ is the Bayes rule and gF is a sparse residual correction. The correction exactly memorizes arbitrary bounded facts,
but its mass under the rule distribution is exponentially small in the residual dimension. By Theorem C.5, this is precisely
the condition needed for asymptotically Bayes-optimal coexistence.
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Remark F.9 (Why feature learning matters). The proof relies on the existence of a learned split representation

AΘ̄split(X) = (S⋆(X), Z⊥(X), 0),

where S⋆(X) carries the rule and Z⊥(X) is statistically orthogonal residual structure. The next appendix shows that this
localization mechanism is not available in the lazy/kernelized version of the same decoder unless its effective dimension
is large enough. Thus the positive theorem is not merely a storage-capacity statement; it identifies a representation-level
mechanism by which trainable features separate reusable rule computation from sparse fact memorization.

G. Lazy/Kernel Converse
This appendix proves the negative half of the feature-learning separation. The main upper theorem in Appendix F used
trainable attention features to create a rule–residual split

AΘ̄split(X) = (S⋆(X), Z⊥(X), 0),

and then implanted facts in the residual Gaussian block with exponentially small L2(PX)-mass. We now show that this
phenomenon is not available to a bounded lazy/tangent model unless its kernel has sufficiently large effective dimension.

The converse is stated in a deliberately strong oracle form. Instead of penalizing the lazy model for failing to learn the
Bayes rule, we grant it the Bayes rule f⋆ for free and ask whether a bounded RKHS correction can memorize random fact
residuals while remaining invisible under PX . The answer is no whenever the kernel effective dimension is small relative to
the number of independent facts. This is the precise sense in which feature learning, rather than mere kernel interpolation
around a fixed representation, is responsible for the coexistence mechanism of Appendix F. This perspective is aligned with
the standard neural tangent and lazy-training view, where the model behaves as a kernel method around initialization (Jacot
et al., 2018; Chizat et al., 2019).

Throughout this appendix, fix a base point Θ0 and write

K := KΘ0

for the tangent kernel from Equation (18). All probabilities below are conditional on Θ0, unless explicitly stated otherwise.

G.1. Spectral Kernel Preliminaries

We begin with a standard spectral description of the RKHS associated with the tangent kernel.

Assumption G.1 (Trace-class tangent kernel). The kernel K : Xd × Xd → R is symmetric, positive semidefinite, and
satisfies

EX∼PX
K(X,X) <∞.

Let TK : L2(PX) → L2(PX) be the associated integral operator

(TKf)(x) :=

∫
K(x, x′)f(x′) dPX(x′).

We assume that TK admits a Mercer decomposition

K(x, x′) =
∑
j≥1

λjϕj(x)ϕj(x
′) in L2(PX ⊗ PX), (76)

where
λ1 ≥ λ2 ≥ · · · > 0,

∑
j≥1

λj <∞,

and (ϕj)j≥1 is an orthonormal family in L2(PX).

Definition G.2 (Effective dimension). For ζ > 0, define the kernel effective dimension

NK(ζ) := tr
(
TK(TK + ζI)−1

)
=
∑
j≥1

λj
λj + ζ

. (77)
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Lemma G.3 (RKHS spectral coordinates). Under Theorem G.1, every h ∈ HK admits a coordinate expansion

h =
∑
j≥1

ajϕj in L2(PX),

with

∥h∥2L2(PX) =
∑
j≥1

a2j , ∥h∥2HK
=
∑
j≥1

a2j
λj
. (78)

Conversely, every sequence (aj)j≥1 satisfying
∑
j a

2
j/λj <∞ defines an element of HK .

Proof. This is the standard spectral characterization of the RKHS of a trace-class positive kernel. For completeness, let
T

1/2
K be the positive square root of TK . The RKHS is isometrically identified with Range(T

1/2
K ) equipped with the norm

∥T 1/2
K u∥HK

= ∥P
Range(TK)

u∥L2(PX).

Since
TKϕj = λjϕj ,

a function h =
∑
j ajϕj lies in Range(T

1/2
K ) precisely when

∑
j≥1

a2j
λj

<∞,

and then its RKHS norm is the second quantity in Equation (78). The L2(PX) identity follows from orthonormality of
(ϕj)j .

G.2. Oracle-Centered Kernel Correction Class

The cleanest converse is obtained by granting the kernel class the Bayes rule and asking only whether the kernel can supply
a localized fact correction.

Definition G.4 (Oracle-centered kernel correction class). For R ≥ 0, define

K⋆R := {f⋆ + h : h ∈ HK , ∥h∥HK
≤ R} . (79)

Remark G.5 (Why this is a stronger baseline than the lazy class). The class K⋆R gives the kernel model the Bayes rule f⋆ for
free. Therefore, a lower bound for K⋆R is not caused by approximation error of the rule. It is a lower bound on the kernel’s
ability to implant facts invisibly under the rule distribution. The transfer back to the actual affine lazy class Tlazy(R; Θ0) is
given in Theorem G.12.

G.3. Random Signed Facts

The upper theorem in Appendix F is uniform over arbitrary bounded residual vectors. To prove that a lazy/kernel class
cannot have the same uniform coexistence property, it suffices to exhibit a distribution over bounded facts that it cannot
localize. We use independent Rademacher signs.

Definition G.6 (Signed generic fact set). Fix an amplitude τ > 0. A τ -signed generic fact set is generated as follows:

X1, . . . , Xm i.i.d.∼ PX , ω1, . . . , ωm
i.i.d.∼ Unif{−1,+1},

with the signs independent of the locations, and

ξµ := f⋆(Xµ) + τωµ, µ ∈ [m]. (80)

Thus the fact residual vector is
δµ = ξµ − f⋆(Xµ) = τωµ.
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G.4. A Local Rademacher Anti-Interpolation Bound

The next lemma is the core technical statement. It says that an RKHS ball whose functions have small L2(PX)-mass cannot
interpolate independent signs unless the kernel effective dimension is large.
Lemma G.7 (Local Rademacher complexity of an RKHS ball). Assume Theorem G.1. Let

X1, . . . , Xm i.i.d.∼ PX , ω1, . . . , ωm
i.i.d.∼ Unif{−1,+1},

independently. For R, ρ, ζ > 0, define the localized RKHS class

HK(R, ρ) :=
{
h ∈ HK : ∥h∥HK

≤ R, ∥h∥L2(PX) ≤ ρ
}
.

Then

E

[
sup

h∈HK(R,ρ)

m∑
µ=1

ωµh(X
µ)

]
≤
√
mNK(ζ)

(
ρ2 + ζR2

)
. (81)

Proof. Let h ∈ HK(R, ρ), and write
h =

∑
j≥1

ajϕj

as in Theorem G.3. Define

Sj :=

m∑
µ=1

ωµϕj(X
µ).

For any ζ > 0,
m∑
µ=1

ωµh(X
µ) =

∑
j≥1

ajSj

≤

∑
j≥1

a2j

(
1 +

ζ

λj

)1/2∑
j≥1

S2
j

1 + ζ/λj

1/2

=

∑
j≥1

a2j + ζ
∑
j≥1

a2j
λj

1/2∑
j≥1

λj
λj + ζ

S2
j

1/2

. (82)

Since h ∈ HK(R, ρ), the first factor in Equation (82) is at most

(ρ2 + ζR2)1/2.

Therefore,

sup
h∈HK(R,ρ)

m∑
µ=1

ωµh(X
µ) ≤ (ρ2 + ζR2)1/2

∑
j≥1

λj
λj + ζ

S2
j

1/2

.

Taking expectations and using Jensen’s inequality,

E

[
sup

h∈HK(R,ρ)

m∑
µ=1

ωµh(X
µ)

]
≤ (ρ2 + ζR2)1/2

E
∑
j≥1

λj
λj + ζ

S2
j

1/2

.

For each j,

E[S2
j ] = E

[
m∑

µ,ν=1

ωµωνϕj(X
µ)ϕj(X

ν)

]

=

m∑
µ=1

E[ϕj(Xµ)2] = m,

36



1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009
2010
2011
2012
2013
2014
2015
2016
2017
2018
2019
2020
2021
2022
2023
2024
2025
2026
2027
2028
2029
2030
2031
2032
2033
2034

Fact Localizability in Decoder Transformers

because the signs are independent, centered, and ∥ϕj∥L2(PX) = 1. Hence

E
∑
j≥1

λj
λj + ζ

S2
j = m

∑
j≥1

λj
λj + ζ

= mNK(ζ).

Substitution gives Equation (81).

Lemma G.8 (Anti-interpolation lower bound). Assume Theorem G.1. Let Fm be a τ -signed generic fact set in the sense of
Theorem G.6. Fix R, ζ > 0 and η ∈ (0, 1). With probability at least 1− η over the fact locations and signs, every h ∈ HK

satisfying
∥h∥HK

≤ R, h(Xµ) = τωµ ∀µ ∈ [m],

also satisfies

∥h∥2L2(PX) ≥
(
η2

τ2m

NK(ζ)
− ζR2

)
+

, (83)

where a+ := max{a, 0}.

Proof. Fix ρ > 0. If there exists h ∈ HK(R, ρ) satisfying

h(Xµ) = τωµ ∀µ ∈ [m],

then
m∑
µ=1

ωµh(X
µ) = τ

m∑
µ=1

ω2
µ = τm.

Consequently,

sup
g∈HK(R,ρ)

m∑
µ=1

ωµg(X
µ) ≥ τm.

By Markov’s inequality and Theorem G.7,

P (∃h ∈ HK(R, ρ) : h(Xµ) = τωµ ∀µ) ≤
√
mNK(ζ) (ρ2 + ζR2)

τm
. (84)

If

ρ2 < η2
τ2m

NK(ζ)
− ζR2,

then the right-hand side of Equation (84) is strictly less than η. Thus, with probability at least 1− η, no interpolant with
RKHS norm at most R and L2(PX)-norm at most such a ρ exists. Taking the supremum over all admissible ρ below the
displayed threshold proves Equation (83). If the threshold is negative, the claim is vacuous and follows from nonnegativity
of ∥h∥2L2(PX).

G.5. Kernel Converse for Fact Localizability

We now translate the anti-interpolation statement into a lower bound on the Bayes-coexistence gap.

Theorem G.9 (Oracle kernel converse). Assume Theorem G.1. Let Fm be a τ -signed generic fact set. Fix R, ζ > 0 and
η ∈ (0, 1). Then, with probability at least 1− η over the fact locations and signs,

ΛFm

(
K⋆R;Prule

)
≥
(
η2

τ2m

NK(ζ)
− ζR2

)
+

. (85)

Consequently,

∆Fm

(
K⋆R
)
≥
(
η2

τ2m

NK(ζ)
− ζR2

)
+

. (86)
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Proof. For the oracle-centered class

K⋆R = {f⋆ + h : h ∈ HK , ∥h∥HK
≤ R},

a correction g is feasible for ΛFm
(K⋆R;Prule) if and only if g ∈ HK ,

∥g∥HK
≤ R, g(Xµ) = δµ = τωµ ∀µ ∈ [m].

Therefore the localizability functional is precisely

ΛFm

(
K⋆R;Prule

)
= inf

g∈HK

∥g∥HK
≤R

g(Xµ)=τωµ ∀µ

∥g∥2L2(PX).

Applying Theorem G.8 to every feasible g gives Equation (85). The coexistence-gap lower bound Equation (86) follows
immediately from the coexistence–localizability identity Theorem C.5.

Corollary G.10 (Effective-dimension bottleneck). Let ηd ∈ (0, 1) be any sequence with ηd → 0. Suppose that, for some
ζd > 0 and constant CN <∞,

NK(ζd) ≤ CN η
2
dm, (87)

and

ζdR
2 ≤ τ2

2CN
. (88)

Then, for a τ -signed generic fact set Fm,

ΛFm

(
K⋆R;Prule

)
≥ τ2

2CN
(89)

and

∆Fm

(
K⋆R
)
≥ τ2

2CN
(90)

with probability at least 1− ηd.

Proof. By Theorem G.9, with probability at least 1− ηd,

ΛFm

(
K⋆R;Prule

)
≥ η2d

τ2m

NK(ζd)
− ζdR

2.

Using Equation (87),

η2d
τ2m

NK(ζd)
≥ τ2

CN
.

Using Equation (88), the right-hand side is at least

τ2

CN
− τ2

2CN
=

τ2

2CN
.

The same lower bound for the Bayes-coexistence gap follows from Theorem C.5.

G.6. Transfer to the Affine Lazy Decoder Class

We finally translate the oracle-centered kernel bound back to the affine lazy class from Theorem B.13. The argument is a
simple containment: if the initialization offset fΘ0

− f⋆ belongs to the RKHS, then the affine lazy class is contained in a
larger oracle-centered RKHS ball.

Lemma G.11 (Affine lazy class is contained in an oracle-centered RKHS ball). Assume Theorem G.1. Suppose that

fΘ0
− f⋆ ∈ HK and set R0 := ∥fΘ0

− f⋆∥HK
<∞.

Then, for every R ≥ 0,
Tlazy(R; Θ0) ⊆ K⋆R+R0

. (91)
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Proof. Take
f ∈ Tlazy(R; Θ0).

By Theorem B.13, there exists a parameter displacement u with ∥u∥2 ≤ R such that

f(X) = fΘ0
(X) + ⟨∇ΘfΘ0

(X), u⟩ .

The tangent feature map
ΦΘ0

(X) := ∇ΘfΘ0
(X)

generates the kernel
K(X,X ′) = ⟨ΦΘ0

(X),ΦΘ0
(X ′)⟩.

Therefore the function
hu(X) := ⟨ΦΘ0(X), u⟩

belongs to HK and satisfies
∥hu∥HK

≤ ∥u∥2 ≤ R.

By assumption, fΘ0
− f⋆ ∈ HK . Hence

f = f⋆ +
(
fΘ0

− f⋆ + hu
)
,

where
∥fΘ0

− f⋆ + hu∥HK
≤ R0 +R

by the triangle inequality. Thus
f ∈ K⋆R+R0

,

which proves the containment.

Corollary G.12 (Lazy/NTK converse for the decoder tangent class). Assume Theorem G.1 and the RKHS offset condition of
Theorem G.11. Let Fm be a τ -signed generic fact set. Fix R, ζ > 0 and η ∈ (0, 1). Then, with probability at least 1− η,

ΛFm

(
Tlazy(R; Θ0);Prule

)
≥
(
η2

τ2m

NK(ζ)
− ζ(R+R0)

2

)
+

. (92)

Consequently,

∆Fm

(
Tlazy(R; Θ0)

)
≥
(
η2

τ2m

NK(ζ)
− ζ(R+R0)

2

)
+

. (93)

Proof. By Theorem G.11,
Tlazy(R; Θ0) ⊆ K⋆R+R0

.

By monotonicity under class enlargement Theorem C.7,

ΛFm

(
Tlazy(R; Θ0);Prule

)
≥ ΛFm

(
K⋆R+R0

;Prule

)
.

Applying Theorem G.9 with radius R+R0 gives Equation (92). The coexistence-gap bound follows from Theorem C.5.

Corollary G.13 (Nonvanishing lazy coexistence gap). Let ηd → 0. Suppose the hypotheses of Theorem G.12 hold and that,
for some ζd > 0 and constant CN <∞,

NK(ζd) ≤ CNη
2
dm, ζd(R+R0)

2 ≤ τ2

2CN
.

Then, for a τ -signed generic fact set,

∆Fm

(
Tlazy(R; Θ0)

)
≥ τ2

2CN

with probability at least 1− ηd.

Proof. This is Theorem G.10 applied to the containing oracle-centered class K⋆R+R0
, followed by Theorem G.11 and

Theorem C.7.
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G.7. Interpretation of the Converse

Remark G.14 (What the converse proves). The upper theorem in Appendix F gives, for trainable-feature decoders, an
exponentially small coexistence bound of order

∥δ(Fm)∥2∞
[
me−25d⊥/128 +m(m− 1)e−75d⊥/224

]
.

By contrast, Theorem G.13 shows that a bounded lazy/tangent model with insufficient effective dimension has a nonvanishing
Bayes-coexistence gap for random signed facts, even when it is granted f⋆ as an oracle baseline. Thus the separation is
not due to failure to learn the rule; it is due to the inability of a fixed kernel representation to create fact corrections whose
population mass vanishes.
Remark G.15 (Why this is not a universal impossibility theorem). The lower bound is an effective-dimension bottleneck,
not a claim that no kernel can ever memorize. If NK(ζ) is of order m at a scale ζ compatible with the RKHS radius, then
the lower bound may become vacuous. This is the correct behavior: a kernel with sufficiently many high-resolution degrees
of freedom can in principle fit many facts. The separation established here is that the trainable-feature decoder construction
achieves vanishing coexistence through a learned residual geometry, whereas a bounded lazy/tangent model requires a
correspondingly large effective dimension.

H. Structural Localization and Deletability
This appendix proves that the coexistence construction from Appendix F is not only an existence result: the rule and fact
components are structurally separated. The Bayes rule is implemented by a low-dimensional attention/readout block, while
the memorized fact residuals are implemented by a sparse collection of MLP units whose input weights are supported
only on the residual coordinates. This yields an exact selective deletion operation: one can remove any chosen subset of
memorized fact residuals by zeroing the corresponding MLP output coefficients, without changing the learned rule block.

The result should be distinguished from empirical or mechanistic claims that “attention retrieves” and “MLPs memorize.”
Such phenomena have been suggested and studied in several recent transformer-theory and component analysis works
(Xu & Chen, 2025; Nichani et al., 2024; Dong et al., 2025). Here, the claim is a theorem about the explicit coexistence
construction: the rule and fact contributions are separated at the level of the represented function, the active coordinates, and
the coefficient-space Gram operator. The deletion corollaries are related in spirit to the goal of machine unlearning (Cao
& Yang, 2015; Bourtoule et al., 2021), but are stronger and narrower: they are exact for the constructed predictor and the
squared-loss population model considered in this paper.

Throughout this appendix, we assume the hypotheses of Theorem F.4 and work on the geometric event Egeo. Let ΘF denote
the parameter vector constructed in Theorem F.3. Thus

fΘF
(X) = f⋆(X) + gF (Z

⊥(X)), gF (z) =

m∑
µ=1

δµbµ(z), (94)

where bµ is the residual tent localizer from Theorem E.5.

H.1. Rule and Fact Dictionaries

We first isolate the two dictionaries that appear in the construction.
Definition H.1 (Rule and fact feature dictionaries). Define the rule-feature vector

ΦR(X) :=
(
S⋆1 (X), . . . , S⋆r (X)

)⊤ ∈ Rr, (95)

and, conditional on the fact locations, define the fact-feature vector

ΦF(X) :=
(
b1(Z

⊥(X)), . . . , bm(Z⊥(X))
)⊤ ∈ Rm. (96)

The constructed predictor can then be written as

fΘF
(X) = ⟨β⋆,ΦR(X)⟩+ ⟨δ,ΦF(X)⟩, (97)

where
β⋆ = (β⋆1 , . . . , β

⋆
r )

⊤, δ = (δ1, . . . , δm)⊤.
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Lemma H.2 (Finite rule-feature energy). Under Theorems B.4, B.5 and D.1,

C2
R := EX∼PX

[
∥ΦR(X)∥22

]
=

r∑
a=1

∥S⋆a∥2L2(PX) <∞.

Proof. Fix a ∈ [r]. By Equation (12),

S⋆a(X) =

L−1∑
t=1

ψ
(
⟨q⋆a, zL(X)⟩⟨k⋆a, zt(X)⟩

)
⟨v⋆a, zt(X)⟩.

The teacher vectors have bounded Euclidean norm by Theorem B.5. Under Theorem D.1, each inner product

⟨q⋆a, zL(X)⟩, ⟨k⋆a, zt(X)⟩, ⟨v⋆a, zt(X)⟩

has finite moments of all orders. Since ψ has at most linear growth by Theorem B.4,

|ψ(uv)| ≤ Bψ(1 + |uv|).

Therefore each summand in S⋆a(X) is bounded in L2(PX) by a finite linear combination of Gaussian moments, for example
by Cauchy–Schwarz applied to

(1 + |UV |)|W |,

where U, V,W are centered Gaussian variables with finite variances depending only on the teacher norm bound and the
fixed sequence length. Since L and r are fixed, summing over t ∈ [L− 1] and a ∈ [r] gives

r∑
a=1

E
[
(S⋆a(X))2

]
<∞.

H.2. Exact Parameter-Block Localization

The next proposition formalizes the structural support of the constructed coexistence predictor.

Proposition H.3 (Sparse-plus-low-rank structural decomposition). Under the hypotheses of Theorem F.3, the constructed
predictor fΘF

admits the following decomposition.

(i) The rule component
frule(X) := f⋆(X)

is implemented using only the first r attention coordinates and the linear readout

w⋆ = (β⋆1 , . . . , β
⋆
r , 0, . . . , 0).

(ii) The fact component
ffact(X) := gF (Z

⊥(X))

is implemented using at most 3m hidden ReLU units in the final MLP. Each such unit has an input weight vector
supported only on the residual attention coordinates

{r + 1, . . . , r + d⊥}.

In particular, every fact-unit input weight is zero on the first r rule coordinates.

(iii) The two components are additively separated:

fΘF
(X) = frule(X) + ffact(X) ∀X ∈ Xd.
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Proof. Part (i) is exactly the readout construction in Theorem D.9: the split attention representation is

AΘ̄split(X) =
(
S⋆1 (X), . . . , S⋆r (X), Z⊥

1 (X), . . . , Z⊥
d⊥

(X), 0, . . . , 0
)
,

and the linear readout
w⋆ = (β⋆1 , . . . , β

⋆
r , 0, . . . , 0)

therefore yields

⟨w⋆, AΘ̄split(X)⟩ =
r∑
a=1

β⋆aS
⋆
a(X) = f⋆(X).

For part (ii), Theorem F.3 constructs each tent localizer bµ using three ReLU units with full attention-space input direction

z̃µ = (0r, Ẑ
⊥
µ , 0H−r−d⊥) ∈ RH .

Thus the input weights of these ReLU units vanish on the rule coordinates 1, . . . , r and on the unused coordinates
r + d⊥ + 1, . . . ,H . Summing over µ ∈ [m] uses at most 3m units and implements

gF (Z
⊥(X)) =

m∑
µ=1

δµbµ(Z
⊥(X)).

Part (iii) is the identity Equation (94).

H.3. Selective Deletion Operators

We now define deletion at the parameter level. Since the construction attaches exactly three ReLU units to each fact, selective
deletion is implemented by zeroing the corresponding output coefficients.
Definition H.4 (Selective deletion mask). Let U ⊆ [m] be a set of facts to delete. The selective deletion operator

DelU

acts on the constructed parameter vector ΘF as follows:

• all attention-head parameters are left unchanged;

• the linear readout w⋆ and bias c = 0 are left unchanged;

• for every µ ∈ U , the three MLP output coefficients

αµ,1, αµ,2, αµ,3

attached to the localizer bµ are set to zero;

• all remaining MLP parameters are left unchanged.

We write
Θ

(−U)
F := DelU (ΘF ).

When U = [m], we write simply
Θ

(−all)
F := Θ

(−[m])
F .

Lemma H.5 (Idempotence and locality of deletion). For every U, V ⊆ [m],

DelU (DelV (ΘF )) = DelU∪V (ΘF ).

In particular,
DelU (DelU (ΘF )) = DelU (ΘF ).

Moreover, DelU modifies no attention-head parameter and no rule-readout parameter.

Proof. The operator DelU only sets to zero the MLP output coefficients associated with facts in U . Applying DelV first
zeros the coefficients indexed by V , and applying DelU afterwards zeros the coefficients indexed by U . The resulting zeroed
set is exactly U ∪ V . The idempotence statement is the special case V = U . The final claim follows immediately from
Theorem H.4.
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H.4. Exact Selective Deletability

The following theorem is the main result of this appendix. It says that the constructed memorized facts are exactly and
selectively removable.

Theorem H.6 (Exact selective deletability). Assume the hypotheses of Theorem F.4 and work on Egeo. Let U ⊆ [m] be any
subset of facts to delete, and let K := [m] \ U be the set of facts to keep. Then the deleted predictor satisfies, for every
X ∈ Xd,

f
Θ

(−U)
F

(X) = f⋆(X) +
∑
µ∈K

δµbµ(Z
⊥(X)). (98)

Consequently:

(i) every kept fact remains exactly memorized:

f
Θ

(−U)
F

(Xν) = ξν ∀ν ∈ K; (99)

(ii) every deleted fact has its residual correction exactly removed:

f
Θ

(−U)
F

(Xν) = f⋆(Xν) ∀ν ∈ U ; (100)

(iii) the rule-risk excess after deletion is bounded by

Rrule(fΘ(−U)
F

)−RBayes ≤ ∥δK∥2∞
[
|K| e−25d⊥/128 + |K|(|K| − 1) e−75d⊥/224

]
, (101)

where ∥δK∥∞ := maxµ∈K |δµ|, with the convention that the right-hand side is zero if K = ∅.

Proof. By construction of ΘF , the three ReLU units attached to fact µ contribute exactly

δµbµ(Z
⊥(X))

to the output. Applying DelU sets these three output coefficients to zero for every µ ∈ U and leaves all other parameters
unchanged. Therefore the resulting predictor is

f
Θ

(−U)
F

(X) = f⋆(X) +
∑

µ∈[m]\U

δµbµ(Z
⊥(X)),

which proves Equation (98).

Now fix ν ∈ K. By Theorem E.6,
bµ(Z

⊥
ν ) = 1{µ=ν} ∀µ ∈ [m]

on Egeo. Since ν ∈ K,
f
Θ

(−U)
F

(Xν) = f⋆(Xν) +
∑
µ∈K

δµbµ(Z
⊥
ν ) = f⋆(Xν) + δν = ξν .

This proves Equation (99).

If instead ν ∈ U , then ν /∈ K, and again using Theorem E.6,∑
µ∈K

δµbµ(Z
⊥
ν ) = 0.

Hence
f
Θ

(−U)
F

(Xν) = f⋆(Xν),

which proves Equation (100).

It remains to prove the risk bound. Define
gK(z) :=

∑
µ∈K

δµbµ(z).
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Then
f
Θ

(−U)
F

(X) = f⋆(X) + gK(Z⊥(X)).

By the Bayes Pythagorean identity Theorem C.2,

Rrule(fΘ(−U)
F

)−RBayes = EX∼PX

[
gK(Z⊥(X))2

]
.

The same proof as Theorem E.9, with the index set [m] replaced by K, yields

EX∼PX

[
gK(Z⊥(X))2

]
≤ ∥δK∥2∞

[
|K| e−25d⊥/128 + |K|(|K| − 1) e−75d⊥/224

]
.

This proves Equation (101).

Corollary H.7 (Full deletion recovers the Bayes rule exactly). Under the hypotheses of Theorem H.6,

f
Θ

(−all)
F

(X) = f⋆(X) ∀X ∈ Xd. (102)

Consequently,
Rrule(fΘ(−all)

F

) = RBayes. (103)

Proof. Apply Theorem H.6 with U = [m], so that K = ∅. Then the sum in Equation (98) is empty, hence

f
Θ

(−all)
F

(X) = f⋆(X)

for every X . The risk identity follows immediately from Theorem B.15 and Equation (21).

H.5. Residual Memorization Energy

To formalize what is erased by deletion, we measure memorization relative to the Bayes rule. This isolates the memorized
residual from the rule-predicted value at the same location.

Definition H.8 (Residual fact-memorization energy). For a predictor f ∈ M2(PX) and a fact set Fm, define

MFm(f) :=
1

m

m∑
µ=1

(
f(Xµ)− f⋆(Xµ)

)2
. (104)

Proposition H.9 (Deletion erases residual memorization). Under the hypotheses of Theorem H.6,

MFm
(fΘF

) =
1

m

m∑
µ=1

δ2µ, (105)

whereas
MFm

(f
Θ

(−all)
F

) = 0. (106)

More generally, for U ⊆ [m] and K = [m] \ U ,

MFm
(f

Θ
(−U)
F

) =
1

m

∑
µ∈K

δ2µ. (107)

Proof. For the original predictor, exact interpolation gives

fΘF
(Xµ)− f⋆(Xµ) = ξµ − f⋆(Xµ) = δµ,

so Equation (105) follows.

For the fully deleted predictor, Theorem H.7 gives

f
Θ

(−all)
F

(Xµ)− f⋆(Xµ) = 0
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for every µ, proving Equation (106).

For a selective deletion set U , Theorem H.6 gives

f
Θ

(−U)
F

(Xµ)− f⋆(Xµ) =

{
δµ, µ ∈ K,

0, µ ∈ U.

Substituting into Equation (104) proves Equation (107).

H.6. Coefficient-Space Block Diagonalization

We next prove a quantitative block-separation result. This is not a claim about the full nonlinear parameter Hessian of
gradient descent. Rather, it is a precise statement about the population quadratic form induced by the rule-feature and
fact-feature dictionaries in Theorem H.1. This is the appropriate object for the representation theorem: it measures the
functional coupling between the low-rank rule block and the sparse fact block.
Definition H.10 (Rule–fact Gram blocks). Conditional on the fact locations, define the Gram blocks

GRR := EX∼PX

[
ΦR(X)ΦR(X)⊤

]
∈ Rr×r, (108)

GRF := EX∼PX

[
ΦR(X)ΦF(X)⊤

]
∈ Rr×m, (109)

GFF := EX∼PX

[
ΦF(X)ΦF(X)⊤

]
∈ Rm×m. (110)

Equivalently, for coefficient vectors u ∈ Rr and a ∈ Rm,

Q(u, a) := EX∼PX

[
(⟨u,ΦR(X)⟩+ ⟨a,ΦF(X)⟩)2

]
(111)

has block matrix

G :=

(
GRR GRF

G⊤
RF GFF

)
.

The Hessian of Q with respect to (u, a) is 2G.
Lemma H.11 (Small rule–fact cross Gram). On Egeo,

∥GRF∥op ≤ CR

√
me−25d⊥/256, (112)

where
C2

R = E
[
∥ΦR(X)∥22

]
<∞.

Proof. For a ∈ [r] and µ ∈ [m], the (a, µ)-entry of GRF is

(GRF)aµ = E
[
S⋆a(X) bµ(Z

⊥(X))
]
.

By Cauchy–Schwarz,
|(GRF)aµ| ≤ ∥S⋆a∥L2(PX) ∥bµ(Z⊥(X))∥L2(PX).

Under PX , Z⊥(X) ∼ ν⊥, and by Theorem E.7,

∥bµ(Z⊥(X))∥L2(PX) ≤ e−25d⊥/256

on Egeo. Therefore
|(GRF)aµ| ≤ ∥S⋆a∥L2(PX)e

−25d⊥/256.

Taking the Frobenius norm gives

∥GRF∥op ≤ ∥GRF∥F

≤

(
r∑
a=1

m∑
µ=1

∥S⋆a∥2L2(PX)e
−25d⊥/128

)1/2

= CR

√
me−25d⊥/256.
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Lemma H.12 (Small fact Gram). On Egeo,

∥GFF∥op ≤ e−25d⊥/128 + (m− 1)e−75d⊥/224. (113)

Proof. The diagonal entries of GFF satisfy

(GFF)µµ = E
[
bµ(Z

⊥(X))2
]
≤ e−25d⊥/128

by Theorem E.7. For µ ̸= ν,

|(GFF)µν | = E
[
bµ(Z

⊥(X))bν(Z
⊥(X))

]
≤ e−75d⊥/224

by Theorem E.8. Since GFF is a symmetric matrix, Gershgorin’s circle theorem gives

∥GFF∥op ≤ max
µ∈[m]

|(GFF)µµ|+
∑
ν ̸=µ

|(GFF)µν |

 ≤ e−25d⊥/128 + (m− 1)e−75d⊥/224.

Theorem H.13 (Coefficient-space block localization). On Egeo, the coefficient-space Hessian of Q satisfies

∇2
(u,a)Q = 2

(
GRR GRF

G⊤
RF GFF

)
,

with
∥GRF∥op ≤ CR

√
me−25d⊥/256 (114)

and
∥GFF∥op ≤ e−25d⊥/128 + (m− 1)e−75d⊥/224. (115)

Consequently, if
me−25d⊥/128 → 0,

then
∥GRF∥op → 0 and ∥GFF∥op → 0.

Proof. The expression for the Hessian follows by differentiating the quadratic form

Q(u, a) = u⊤GRRu+ 2u⊤GRFa+ a⊤GFFa.

The two operator-norm bounds are exactly Theorems H.11 and H.12.

For the asymptotic statement, the assumption me−25d⊥/128 → 0 implies

√
me−25d⊥/256 =

(
me−25d⊥/128

)1/2 → 0,

so ∥GRF∥op → 0. It also implies
e−25d⊥/128 → 0.

Moreover,

(m− 1)e−75d⊥/224 = me−25d⊥/128 · e−(75/224−25/128)d⊥ · m− 1

m
→ 0,

because 75/224− 25/128 = 125/896 > 0. Hence ∥GFF∥op → 0.

Remark H.14 (Why this is the right Hessian object). Theorem H.13 concerns the Hessian of the population squared norm
over the fixed rule/fact dictionaries (ΦR,ΦF). It does not assert that the full nonlinear parameter Hessian of the transformer
is block diagonal around every parameterization. The theorem instead proves the structural fact needed for this paper: in
the constructed coexistence representation, rule variations and fact variations have vanishing population coupling in the
high-dimensional regime.
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H.7. Summary of the Trustworthiness Consequence

Combining the preceding results yields the exact structural statement used in the main text.

Corollary H.15 (Structural localizability implies exact residual deletion). Under the hypotheses of Theorem F.4, with the
same high probability as in Equation (71), there exists a predictor fΘF

∈ Tdec(H,Wf , B) satisfying:

1. it exactly memorizes all facts:
fΘF

(Xµ) = ξµ ∀µ ∈ [m];

2. it has vanishing excess rule risk under the scaling of Theorem F.6;

3. it decomposes as
fΘF

= f⋆ + gF ◦ Z⊥,

where f⋆ is implemented by the rule block and gF ◦ Z⊥ by at most 3m residual-only MLP units;

4. deleting those residual-only MLP output coefficients gives

f
Θ

(−all)
F

= f⋆

exactly, and therefore restores Bayes-optimal rule risk while erasing all residual fact memorization energy.

Proof. The existence and exact memorization claims follow from Theorem F.4. The decomposition and sparsity claims
follow from Theorem H.3. The exact deletion statement follows from Theorem H.7, and the residual-memorization statement
follows from Theorem H.9. The high-probability event is the same event Egeo used in Theorem F.4.

Remark H.16 (Interpretation for memorization and trustworthiness). The deletion result is exact because the theorem is
about the constructed coexistence representation, not because arbitrary trained transformers are guaranteed to possess such a
clean decomposition. Its significance is conceptual: it exhibits a regime in which Bayes-optimal rule generalization and
exact fact memorization coexist without entanglement. In this regime, memorized residuals are not merely detectable; they
are structurally localized and removable without damaging the rule predictor.
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